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HALF-DENSITY VOLUMES OF REPRESENTATION
SPACES OF SOME 3-MANIFOLDS AND
THEIR APPLICATION

JINSUNG PARK

§1. Introduction. In this paper we compute half-density volumes of the irre-
ducible SU(2)-representation spaces of Seifert fibred manifolds and graph mani-
folds. The half-density over the irreducible SU(2)-representation space of a
3-manifold comes from the Reidemeister torsion for Ad-SU(2)-representation.
More precisely, the determinant term of the first homology of the Reidemeister
torsion gives the half-density of the irreducible representation space. This is
because the tangent space of the irreducible representation space can be identi-
fied with the first cohomology of the twisted cochain complex.

The motivation of this paper is given by two sources. The first source is E.
Witten’s method to compute the symplectic volume of the irreducible SU(2)-
representation space of a Riemann surface. In [W2] Witten suggested a useful
method to compute the symplectic volume of this space using the Reidemeister
torsion and the character theory of the Lie group SU(2).

The second source is the invariant defined by L. C. Jeffrey and J. Weitsman
in [JW1]. This invariant is motivated by the asymptotic expansion of the Witten
invariant of a 3-manifold. Jeffrey and Weitsman define this invariant using the
Reidemeister torsion as a half-density measure of the irreducible SU(2)-repre-
sentation space. Hence, to compute this invariant we must compute the Reide-
meister torsion completely, including the determinant term of the homology,
which is the half-density measure of the SU(2)-representation space. In this
paper we call this invariant the Jeffrey-Weitsman-Witten invariant.

From the above motivations, we could consider naturally that this invariant
might be computed by the method of [W2]. The examples to which we apply
the method of Witten are Seifert fibred manifolds and graph manifolds. This is
because these manifolds are made from the trivial circle bundle over the Rie-
mann surfaces by twisting finite fibres. So the method of Witten is applicable
with some modification.

To compute the half-density derived from the Reidemeister torsion, we must
compute both the scalar part and the determinant part of the Reidemeister tor-
sion. The method to compute the scalar part comes from [F]. For Seifert fibred
manifolds and graph manifolds, this value gives the weight of the half-density to
each connected component of the irreducible SU(2)-representation space. So we
combine two methods of [F] and [W2] to compute the half-density volumes of
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the irreducible SU(2)-representation spaces for Seifert fibred manifolds and
graph manifolds.

Our computing method is “to cut and paste” with a topological viewpoint.
This can be comparable to the method of P. Kirk and E. Klassen to compute the
Chern-Simons invariants for 3-manifolds [KK]. We decompose the given mani-
folds into simple pieces with which we can deal easily, and then we glue the data
of the decomposed pieces and investigate the gluing maps. The data of the pieces
and the gluing maps gives the result that we want.

Now we explain how this paper is organized. In Section 2 we study basic
examples, which are the building blocks of Seifert fibred manifolds and graph
manifolds. We study the Reidemeister torsions and the SU(2)-representation
spaces of these basic examples. In Section 3 we compute the scalar part of the
Reidemeister torsions of Seifert fibred manifolds and graph manifolds for Ad-
SU(2)-representations. The computing method of Section 3 comes from [F].
This method is exactly “to cut and paste” so that we can apply the result of Sec-
tion 2. In Section 4 we integrate the determinant term of the first homology part
of the Reidemeister torsion over the irreducible SU(2)-representation space. The
integration process of this section is also “to cut and paste.” We get the half-
density volume of the irreducible SU(2)-representation space by investigation of
the pasting process for the half densities of the representation spaces of the
decomposed pieces. In Section 5 we apply the result from Section 4 to compute
the Jeffrey-Weitsman-Witten invariant for a Seifert fibred manifold whose irredu-
cible SU(2)-representation space is nondiscrete. This gives the exact value of the
Jeffrey-Weitsman-Witten invariant for a Seifert fibred manifold with the non-
discrete SU(2)-representation space combined with the result of D. R. Auckly for
the Chern-Simons invariant for this manifold.

§2. Basic examples. In this section we study some basic examples, which we
will use in Sections 3 and 4. We study the Reidemeister torsions and SU(2)-
representation spaces of S!, T2, and pants P. These examples are the building
blocks of some 3-manifolds with which we will deal later. From now on, R-
torsion always means the Reidemeister torsion. For the definition and the basic
property of the R-torsion, see [F].

Our first example is the circle S'. Every SU(2)-representation of m;(S') is
reducible, since m;(S!) is abelian. Hence the representation is determined by the
holonomy parameter u so that the SU(2)-representation p, has the following

form up to conjugation
e2niu 0
p“(l) = ( 0 e—2m'u)

for the generator 1 € n;(S!) = Z. Hence the SU(2)-representation space for m; (S')
is S!, which can be identified with the maximal torus T! of SU(2). We denote this
space by Z. This representation space will be used importantly later. The R-
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torsion of S! for Ad-SU(2)-representation is denoted by t(S*, Ad(p,)). R-torsion is
given by the torsion of the following chain complex C.(S!, Ad(p,)):

0 — Ci(RY) ®,su(2) = Co(R!) ®,su(2) — 0,

where R! is the universal covering space of ', and the tensor product is taken over
the 7 = m;(S!). Then the homology of C.(S',Ad(p,)) is

Ho(Sl,su(Z)p) =Rle® 1],
Hl(Sl,su(Z)p) =R[x®1],

where R is the real number field, e, x are the 0,1-cells of S!, respectively, and v is
the Ad(p)-invariant vector in su(2). Then we have that

(2.1) 1(S',Ad(p,)) = 4 sin>(2mu) Dy} 1) € det H.(S",5u(2),)~",

where Dy, sy = (e ® v) ® (x ® v) ™" and det H,(S?, su(2),) = det Ho(S', su(2),) ®
det H((S 1,su(2)p)_1. For the notation about the determinant line, we follow the
notation of [F].

The next example is the torus T2. Since m;(T?) is also abelian, every SU(2)-
representation of 7y (T?) is reducible with the following form:

2mio 0

pa,ﬂ((l!o)) = (eo e—-2nia)’ pa,ﬂ((o’ 1) = (ez(;tiﬂ e—(Z)niﬂ)

for a basis (1,0), (0,1) of n;(T?). We know that SU(2)-representation space
R(T?,SU(2)) is an object called the “pillowcase.” The R-torsion t(T2,Ad(p,g)) is
the torsion of the following chain complex C.(T?, Ad(p,p)):

0 — C3(R?) ®,s5u(2) — C1(R?) ®, su(2) = Co(R?) ®, su(2) — 0.
Then we have
Ho(T?, su(2),) = Rle ® 1,
Hy(T?, su(2),) =R[x®v,y ®],
H,(T?, su(2),) =Rxuy®1,

where R is the real number field, v is the Ad(p)-invariant vector in su(2), and
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e,x,y,x U y are the 0,1,2 cells of T2, respectively. From the Poincaré duality,
(2.2) 1(T%Ad(p)) = (e®1) ' @ (x®vAY®D) @ (xUy @ 1)~

= Dp!1s) € det H,(T?,5u(2),) ™",

where det H*(T2,su(2)P) =®?2, Hi(T? su(2)p)('l)i.

Our third example is the pants P. Contrary to above examples with abelian
fundamental groups, =i (P) is the free group with two generators. Hence there
are irreducible SU(2)-representations of m;(P). We can see that the SU(2)-repre-
sentation space R(P,SU(2)) is the quotient space of SU(2) x SU(2) by SO(3),
since P is homotopy equivalent to the figure-eight simplex P’. We denote the
irreducible SU(2)-representation space of =1 (P) by R(P,SU(2))” = R(P,SU(2)).
Since P is homotopy equivalent to P’, we consider a chain complex
C.(P',Ad(p)) instead of the chain complex C.(P,Ad(p)) for an irreducible
SU(2)-representation p

0 — Ci(P") ®,su(2) = Co(P") ®,su(2) =0,
where P’ is the universal covering space of P’. Then we have
Ho(P,su(2),) = Hy(P,su(2),) =0,

H1(P,su(2),) = R[x1 @ v1, X2 ® v2, X3 ® v3],

where R is the real number field, x;’s are the three boundaries of P, and v;’s are the
Ad(p(x;))-invariant vectors in su(2). The R-torsion 7(P, Ad(p)) is the scalar mul-
tiple of

(2.3) (x1 ® v1) A (x2 ® 12) A (x3 ® v3) € det H, (P, su(2)p)'1

where det H. (P, su(2),) = det H(P,su(2),) because the representation p is irre-
ducible.

In fact ©(P,Ad(p)) is a volume form of R(P,SU(2))”. Now we consider more
closely the volume form 7(P, Ad(p)). Let

o: R(P,SU(2))" = &1 x £, x &3

be the map induced by the restriction from P to dP = {x1, X2, x3}, where %, is the
SU(2)-representation space for a circle x; defined the same way as % for S. Recall
that ; can be identified with the maximal torus T of SU(2). By the definition, o
takes the conjugacy class of an irreducible representation p to the holonomies
of p(xi1),p(x2),p(x3). Since ¢ is injective map, there exists an object on
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&1 x L x ¥3 whose pullback is the volume form (P, Ad(p)). We denote this by
0,7(P,Ad(p)). Since we can identify .%#; with the maximal torus T, we have that

6.t(P,Ad(p)) = fvivavs

for some f € L2($1 X P x &¥3), where v; is a natural volume form on the max-
imal torus T! with [, v; = 1. From now on, Vol(G) is the volume of the compact
Lie group G. Then we have the formula

(2.4) o.t(P,Ad(p)) = Vo 1(SU(2))2 Z Hxa(p(x,))vlew,

where the above sum is taken over all the irreducible representations of SU(2), and
ny is the dimension of the representation space of an irreducible representation o.
Note that the equality in (2.4) holds in L?-sense. The proof of (2.4) is given in
[(W2].

If we assume that one boundary x3 of P has a fixed holonomy, we must mod-
ify (2.4). The following formula for a boundary with the fixed holonomy is also
used in [W2] without the explicit derivation. So we derive it here. In the follow-
ing proposition, we use the character theory of SU(2). For the details, see [BtD].

PROPOSITION 2.5. If the trace of p(x3) is fixed so that tr(p(x3)) = 2 cos(0) for
some fixed 6, then o.t(P,Ad(p)) is
2 Vol(5?) 1 sin(n,0)
Vol(SU(2))* 5~ 1« sin(0)

X (P(%1)) 1 (P(x2)) V12,

where the above sum is taken over all the irreducible representations of SU(2) and n,
is the dimension of the representation space of an irreducible representation o.
Vol(8?) is the volume of S? induced from a volume form of SU(2).

Proof. We can consider the set of conjugacy classes of representations sat-
isfying the given condition as the inverse image of the map

p3oc: R(P,SUQ2))” - L1 x X L3 — L3
for e(2™0) € 3 where ps is the natural projection. We denote this inverse image by
R(P,SU(2),0)". And let S%(6) be the subset of SU(2) with fixed trace 2 cos(6).
Then there exists the natural projection map p : SU(2) x S%(6) — R(P,SU(2),0)~
with a fibre SU(2)/Z,. As above, we have a map
¢': R(P,SU(2),0)” — %1 x &5,

which sends [p] in R(P,SU(2),0)" to the holonomies p(x1), p(x2).
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We push 7(P,Ad(p)) by ¢’ so that we get a volume form ¢,7(P,Ad(p)) on
%1 x Z,. Then this volume can be written by fv;v; for some f € L*(%; x %,).
To find f exactly, we integrate the character y, of p(xi), p(x2) for the irreducible
representation a of SU(2). This is because the set of characters {y,} for all the
irreducible representations of SU(2) is the uniformly dense subset of the con-
tinuous function space of #; x #. So we have the following equalities:

mhaz = j

L1 x

R (p(x1))xa, (P(x2))0,7(P, Ad(p))

2

= Vol(SU(2)) LU(Z)xsZ 0 P 6" (Xey (P(¥1)) ey (P(x2))) dU2 dg(6)

2

~ Vol(5U(2)) LU(Z)XSZ(G) 1y (9(6) ™ p(x2) ™)ty (0(x2)) U2 dg (6)

=22m [y (o(0)") dg(6)
52(6)

Ry,

= 260!1 02

&(in@——l—)va(s%o)).

We have that

2
o17(P, Ad(p)) =—2V—OXI‘Z’§%(%)2 ) 10O Pl o 2) 10

On the other hand, x,(g(6)™") = sin(n,8)/sin(6) and Vol(52(8)) = Vol(§2). So we
get the formula in the proposition. []

§3. R-torsion of Seifert fibred manifolds and graph manifolds. In this section
we compute the scalar part of the R-torsion of Seifert fibred manifolds and graph
manifolds for the Ad-SU(2)-representation. This quantity gives the weight of the
half-density for each connected component of the irreducible SU(2)-representa-
tion space of Seifert fibred manifold or graph manifold. Our computing method
in this section comes from [F].

First we consider the manifolds whose R-torsion we will compute. We denote
the Seifert fibred manifold with the Seifert invariant {g; (a1, B1), - - -, (%m, B)} bY
M = M(g; (a1, B1),-- ., (Om, Bn)). We have that (M) is

m g
{aia bi,qjah: [h, ai] = [h, bl] = [h’ q]] = l’ q;jhﬂj = 1, H qj H[aia bl] = 1} .
Jj=1 i=1
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We assume that g =22 from now on. The irreducible SU(2)-representation of
m1(M) is well known. (See [A], [FS], [KK].) We review some facts that we need.

Since h is central in n;(M), an irreducible representation p takes h to +1 in
SU(2). So the trace of p(q;) is 2 cos(nn;/a;). The set of numbers {ny,...,nn},
which are called “rotation numbers,” determines a connected component of the
irreducible SU(2)-representation space R(M, SU(2))”. The rotation number n; is
even (odd) if B; is even (odd).

Next we consider a graph manifold, which is made from two Seifert fibred
manifolds My, M,, which have a torus boundary each. We review some mate-
rials about graph manifolds of [KK]. M; is given by deleting a solid torus
D? x S from M, where a disk D? lies in the base surface £, and a circle S! is the
fibre component of the Seifert fibration. Then 7; (M) is

m1(My) = {ai,bi, gj, h: [h,a)] = [h,bi] = [h,qj] = 1,47 kP = 1}.

The other manifold M, can be constructed in the same way from another
Seifert manifold M(g'; (af, B1), - - -, (e}, B2)). Then 7y (My) is

m(My) = {a;"b;'ar]'"k: [k, a;'] = [k, b:’] = [k, ri'] = l’r;'jlkﬂ;l =1}.

Since OM;| = 0M, = T?, we can glue two manifolds M;, M, by an auto-
morphism ¢ of T2. We assume that the meridian, the longitude pairs of
0M,,0M,, is given by

[aiabi],h})

{/"21'12} = { Ly [a;'a :’]’k}

j'=1 g

m
1

-

Il
—_

qj

J= v

{ﬂhﬂ-l} ={

=
<

...
I
-

Define ¢: dM; — dM; by

$(u1) = apy + o,

$(A1) = yup + 642

3.1)

where a6 — fy = —1. Then we have a glued manifold N = M; Us M>, and we call
this manifold a graph manifold. Later we need to distinguish two cases, when y = 0
and y # 0. When we need to clarify the dependence of y, we denote the graph
manifold by N, to express the dependence of y. The natural question is how we
glue the irreducible SU(2)-representations p;, p, of the manifolds M, M, to get an
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irreducible SU(2)-representation of graph manifold N. In fact, there is a condition
of gluing representations. Since 7;(0M;) is abelian, we have

e2nity 0 e2mi 0
)=\ e | mGO={ 0 L )

e2m’¢z 0 e2m’|//2 0
o) = 0 ot ) pa(A2) = 0 -2 )

We can see that y,, ¥, € Z[1/2] since h,k are central. Then the condition that a
glued representation p exists is that

(3.2) $1 = ad, + By, Y1 =79, + 6Y,.

This condition comes from (3.1).

To compute the R-torsions of Seifert fibred manifolds and graph manifolds,
we decompose these manifolds into simple pieces, which we considered in
Section 2. For the Seifert fibred manifold M(g; (o, B1),-- -, (%m, Bm)), We can
decompose M into

m-solid tori A; =D? x S' and (2(g — 1) + m)-copies of X; = P; x §',

where a disk D? lies on the base surface Z,, S! is the fibre component, and P;’s are
the pairs of pants. The decomposition is the inverse process of construction of M
and the pants decomposition of X, — U;”=1D;2 We can assume that each X; meets
only one A4; or does not meet A; by the isotopic moves of the exceptional fibres.

For graph manifolds N = M; us M,, we decompose N into My, M3, and then
apply the same process to M; as above. So we have

m-solid tori A4;, n-solid tori By,

and (2g +m — 1)-copies of X, (29’ + n — 1)-copies of Yy

where X;, Yy are homeomorphic to P x S! and

2g+m—1 m 2g'+n—-1 n
M1 = U XiUAj and M2= U Yil le.
i=1 Jj=1 i'=1 Jj'=1

We can assume that X meets M,, Y; meets My, and X; (Yy) meets only one 4;
(Bj) or does not meet 4; (B;) as above.

We consider SU(2)-representations of n;(M) or n;(N) such that the induced
representations by restriction to each piece X; or X;, Yy are irreducible. We call
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such a representation a totally irreducible representation for M or N with respect
to the above fixed decomposition.
As in the previous section, we denote the highest wedge product of a basis of
Hi(X,5u(2), ) by Da(x,su(2),,) and Rro (D x sz )" by Da,x) for a mani-
fold X of d-dimension. We denote the dimension of H;(X, su(2), ) by hi(X) in the
following proposition.

PROPOSITION 3.3.  Let py, py, be irreducible SU(2)-representations of n1(M),
n1(N,) with rotation numbers {nj} {nj,n},}. We assume that py, py, are totally
irreducible for M, N,. The R-torsion of the Seifert fibred manifold M (g5 (o, B;))
and the graph manifold N, = Mi(g; (o, B;)) vy, M2(9'; («}:, ﬁj,)) is given by

m_sin (""’ﬂ ) . B
©(M,Ad(py)) =4" ]| ———-——D;,'(M) e det H,(M,su(2), )",
J=1 %

n sin? (8, sin?(Z22L
m+n % % -1
T(N?a Ad(pN,)) =4 f(y) 1_]1: o H O(]/-, DH.(N,)
j= j'=

€ det H, (N'y, Su(2)pN)_1
where

B;B; =1mod o;, BBj" =1mod o,

1 ify=0
f(y)={ﬁ[ if y %0,

hi(M) = hy(M) is 6(g — 1) + 2m and hi(N,) = ha(N,) is6(g + g’ — 1) + 2(m +n),
6(g+9g)+2(m+n)—Tify=0,y #0.

Before we prove the proposition, we remark on some facts. We can see that
the R-torsion depends on the gluing torus automorphisms of the decomposed
pieces by (ot,,ﬂ,) (o, ﬁ ,) and the representation p,s, py by rotation numbers
(n), (nj,n},). Since Ad-SU(2)-representat10n is unimodular, the highest wedge
product of DH,(Msu(z)M) does not depend on the basis change of C;(M) when
a basis of su(2) is fixed. In the above proposition, we have that DH )=

Dy, (. su2)) ® DH;(-, su(2))> Since we assume that the representations are irreducible.

Proof. We shall compute the R-torsion of graph manifold N, for the totally
irreducible SU(2)-representation with respect to the given decomposition. For
Seifert fibred manifolds, we get the result in the process of computation of graph
manifold.
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First we define some tori from the decomposed pieces such that

7}= aA,-, ’I;f =6B,~/,
Ty, = Xiy 0 X3y, T;Z,;:Y;{nY;é, T=M{nM,.

We have the following formula about the R-torsions of each piece and the given
manifold N, such that

34) ©(Ny) = @ t(Xi)-t(4)) o(¥r)-1(By)

{i,i",j,i'}
-1
o0
: ({ ® +(B) w(T}) - +(Tus) (T w(T)) @),
i)i,yjyjl r=

where - denotes the tensor product and the last term t(E”) is the torsion of the
spectral sequence of the generalized Meyer-Vietoris sequence. For the proof of
(3.4), see [F]. In the above formula, we omit the representation notation for
convenience.

Since A;, By are homotopy equivalent to S!, we can consider S! instead of
Aj, Bj: for the R-torsion. Let e be the 0-cell of each piece, and a;, by be 1-cells of
S™s which are homotopy equivalent to A;, B;. Then we have that Dy, (4 =
e®a;! and Dy,s,) =e®bj 1. We omit the notation of invariant vectors of
Ad(p)(aj), Ad(p)(b;) for convenience. Then we have the following formulas from
the construction of N, and (2.1):

.2 [TV -
1(4;) =4 s1n2( oc]~ ])DHE(A,)
i

. nnlv')),/ _
T(le) = 4 Sln2< a], J )DH}(BJI) 5
‘jt

(3.5)

where B;7; = 1 mod a;, ﬂ}y}, = 1 mod o}, and y;,y}, are given by the twists of the
exceptional fibres.

For X;, ¥, which are homeomorphic to P; x S!, P}, x S!, we can see that the
Sl-component has the trivial holonomy, since the given representations take h, k
into +1 € SU(2). Hence we have that

(X)) = @x}®x}) ® (x} uh) @ (x} UK ® (x} U k)™
= D;LI(X,)’
(3.6) B
() = ®y:®y}) @ (v Uk) ® (v Uk) ® (yj LU k)

=D\
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2 x3} and 0P, = {y},y%,y3}. We omit the notation of invari-
ant vectors under Ad(p(x;)), Ad(p(y;)) for convenience. For the tori T;, Ty, Ti; ,
T, , T, we have the value of R-torsion for these tori from (2.2).

where 0P; = {x},x?,x

Now we compute the spectral sequence terms E’. First E! is given by

I 13
0 — @D Hy(Z) &P HY(TP) — 0

i=1 i=1

h m+n b
0 — @ Hi(Z) @ Hi(C) <& @ Hy(T?) — 0
i=1 i i=1

i=1

m+n

b
0 — @ Ho(Cy) & @ H|(T?) — 0,
i=1 i=1

where Iy =2(g+g' — 1)+ (m+n),lb =3(g+g' — 1) + 2(m + n) and

L 2g—1+m 29'-14n
Uz,i= U xi» U v,
i i i
m+n

m n
U Ci =UAfUBi"
i Jj 7
13 m n
UrR=UnUT U T U Ty 0 T.
i=1 =t j'=t " {ii.} {ii'}
We can see that

do(e) =e for ee @ Ho(Th) D Ho(Ty),

(3.7)
50(8) =0 for ee€ {@} Ho(T,,) {@} Ho(Tlf,,) @ HO(T).

Hence the dimension of the kernel of dg is 3(g + g’ — 1) + (m + n).
Since every gluing is made from the torus automorphism, we have that

L
S(lum)=1um for abasisof lume @ Ha(T?).
i

Hence the dimension of cokernel of é; is 3(g + g’ — 1) + (m + n).
The map J; depends on the gluing-torus automorphism more explicitly. To
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describe this map, we introduce a natural basis of (—Bfil H{(T?) such that
H(Tj) = R[l;,m;], H:(T;) = R[l};,m}],

Hy(Ti;.) = R[lii.,mii), Hi(Tyy) = R[ly,miy],

il
Hy((T) = R[l,m],
where R is the real number field. Then we have that

d1(mj) = ayx; ® 0 € Hi(X:) @ Hi(4)),
(3.8)
01(l;) = y;x; ® a; € Hi(X;) @ H1(4;) for some i,

where i is given such that 4; meets X; and y; is given by the gluing torus auto-
morphism as (3.5). For other intersection tori, we have that

d1(mi;) =x; @ x; € Hi(X;) @ Hi(X;),
(3.9)
01(lii) =0e Hy(X;) ®@ Hi(X.).

Similar formulas hold in the gluing of the part of M;. And finally we have that
01(m) = x; @ ay; € Hi(X1) @ Hi(11),
o1() = 0@ yy; € Hi(X1) ® Hi(Y1).

The kernel of d; is generated by

( ) {li.i‘., l;{i{_} if y#0
3.10
s, Uy, 1} if y=0.

Hence the dimension of the kernel of 8;, which is same as the dimension of the
cokernel of 6y, 1s 3(g+4g'— 1)+ (m+n) or 3(g+g")+(m+n)—4if y=0 or
y #0.

From above we can see how E? is given. In fact E? is the H,(N). If we gather
(3.5)~(3.10) and apply these to (3.4), then we get the result about R-torsion in
the proposition. Moreover we can see that hy(N,) is the sum of the dimension of
the kernel of §, and the dimension of the cokernel of d;, and that hy(N,) is the
sum 1of the dimension of the kernel of §; and the dimension of the cokernel of é;
mE'. O



REPRESENTATION SPACES OF SOME 3-MANIFOLDS 505

§4. Half-density volumes of representation spaces. In this section we compute
the half-density volumes of the irreducible SU(2)-representation spaces of Seifert
fibred manifold M and graph manifold N. The half-density volume comes from
the R-torsion, more precisely, from the determinant term of the first homology in
the R-torsion. The tangent space of R(M,SU(2))™ at [py] can be identified with
the first cohomology H'(M, su(2),, ). So the determinant of the first homology
Dy, (Msu(2),,,) gives a volume form of R(M, SU(2))".

As we studied in Section 3, the sets of the rotation numbers {n;},{n;,n}} of
the SU(2)-representations p,,, py determine a connected component of the irre-
ducible SU(2)-representation spaces R(M,SU(2))”,R(N,SU(2))”. We denote
the connected component of irreducible SU(2)-representation spaces determined
by {m},{n;n;} by R(M,(n;)), R(N,(n;,n;;)). Hence we have the following
equalities about the volume of R(M, SU(2)) ", Vol(R(M,SU(2))") for the Seifert
fibred manifold M:

VOIR(MSU) )= [ <( Ad(o)”

j o(M, Ad(py)) /2
{n;} Y R(M,(ny))

sin (——1-2"”’ g ‘)

m
=2" -—OL—J D (a2,
%}g g2 Jroay

The similar formula holds for the graph manifold N. Hence we restrict our concern
to the connected component R(M, (;)), R(N, (nj,n},)).

Before we compute the term fR(M,(n,)) DH:(M,su(Z),,M)’ we remark on some facts.
The spaces over which we integrate are noncompact open manifolds. We will use
only the totally irreducible representations in the process of the integration to get
the half-density volume of the representation space. This is possible because the
complement of the totally irreducible representations are lower-dimensional, so
that the complement can be considered as the measure zero set. Hence we can get
the volume if we use only the totally irreducible representations with respect to the
given decomposition in Section 3.

We shall use the generic fibration structure of R(M,(n;)), R(N, (n;,n})) to
integrate the half-density volume form. So we introduce the generic fibration
structures of R(M, (n;)), R(N, (nj,ny)).

Recall the base surface £, of M. We delete the m-disks D?’s in £, where 0D} is
free homotopic to q;. We denote this by X, ,,. From the condition q;"hﬂj =1we
can give the holonomy conditions on 0Z,,. We denote the space of the irre-
ducible SU(2)-representations of (X, ) satisfying above holonomy conditions
by R(Zym, (nj)), where (n;) can be determined as the rotation numbers which
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determine the connected component of R(M, SU(2))™. In fact, we see easily that
R(Zym, (nj)) can be identified with R(M, (n;)), so we use this identification from
now on.

We decompose X, ,, into the 2(g — 1) + 2m-pairs of pants P; with 3(g — 1) + m
intersection circles S} between the pair of pants such that X; = P; x S! for the
fibre circle S!. We denote the SU(2)-representation space over S} by %; as in
Section 2. Then there is a natural map

P: R(Zgm, (1)) = L1 X -+ X Lyg-1)4m
induced by the restriction such that

p([p]) = ([plsi)s- -5 [plsy 1)

3(g-1)+m

We consider the SU(2)-representation ps_, of m1(Zym) such that the repre-
sentation p|p: induced by the restriction to each piece P; is irreducible. Such a
representation of m(X,,) corresponds to a totally irreducible representation
of m1(M) with respect to the corresponding decomposition of M. For such a
representation ps , the inverse image of p(pz ,) can be identified with the
3(g — 1) +m copies of the maximal torus T! divided by (2g +m — 3) copies of
the center Z, of SU(2). The maximal torus T! gives the gluing data between the
pair of pants, and the center Z, comes from some symmetry. For the details
about the proof of this fact, see [JW2, Proposition 3.8] and [W2, (4.65)]. So we
have a fibration structure of R(Z, ., (n;)) = R(M, (n;)) generically such that

(4.1) 0— C—-B T; 6—) Zy, — R(M, (n)) — @ % — 0.

i=1 i=1 i=1

3(g—1)+m 1/ 2g+m-3 3(g—1)+m

The “generic fibration” means that the fibration exists only for the totally irredu-
cible representations.

In a similar way, we can consider a generic fibration for the graph manifold
N,. But we need to distinguish the cases when y = 0 and y # O for graph mani-
folds. We recall (3.2)

(3.2) $1 = ag, + By, Y1 =6 + 0,

where y; is fixed for each connected component R(N, (n;,n;,)). If y = 0, we can see
that

Y1 =zx¥, and ¢ ==d,+ By,

since xé = —1. So the variables ¢,, ¢, are related by

$1=216¢,+ By,.
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If y # 0, we have that
1 0
¢ = " ¥ . ¥y
If we combine this with the first equality of (3.2), then we have that
o 1
= — + - y
s " 2 . 2}

so the variables ¢,, ¢, are fixed.

We can consider the base surface Z,; of M; and the base surface 2,/ ; of M,.
We delete m-disks, n-disks from X1, 2, 1, as above. Then we get Z,mi1, Zg/nt1.
Note the boundaries of Zjn.1, Zy a1 consist of m+1 circles, n+ 1 circles,
respectively. We decompose X, 11, Zg/ n+1 into

(29 + m — 1)-pair of pants P; and (2g’ + n— 1)-pair of pants P,

such that X; = P; x S!, ¥y = P}, x S!. Recall that X; = P; x S! meets M, and
Y1 = P} x S! meets M;.

As above, we may have the generic fibration of R(N,, SU(2))” from the corre-
spondence of Zg my1 and g1 to My and M,. But the generic fibration of
R(No, (nj,n})) is not the same as the generic fibration of R(N,,(n;,n;)) for
y # 0. If we consider the boundaries of P; and P{ around which the holonomles
of plp,, p are #1, ¢,, respectively, then we know that ¢, is fixed if y # 0 and
is free with the above relation if y = 0. Hence we have generic fibrations of

R(No, (n5,})), R(Nygo, (nj, })) such that

Iy 15(0)
0— @17;1/@22, — R(No, SU(2), (nj,n},)) — @ % -0

(4.2)
Is(1)

by
0— @ T;l/@ Zy, — R(Ny#O’SU(Z) (nfa nj')) - ("B % —0,
=1

where I3=3(g+g - 1)+ (m+n), lb=2(g+4g)+ (m+ n)—3, and I5(0) =
3(g+g — 1)+(m+n) Is(1)=3(g+4g")+ (m+n) -

To state our main result, we define a function A(s) defined for s e C with
Re(s) » 0, a finite set 4 € R — Z, and for k = 0,1. The function {¥(s) is defined

by |

for A = {ay,...,am}. For an empty set ¢, Cg(s) is the Riemann-zeta function.

sin(nna;)
sin(na;)

© _ m+0)* m
=3

n=1 i=1
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THEOREM 4.3.  The half-density volume of R(M, (n;)) is given by

B}
Vol(R(M, (n;))) = cm H| ( >ICAM(2(g 1) +m),

1/2
jot |,|/

where

ey = 2" Vol(S2)™ Vol(SU(2)) 01+

m 1™
AM={——,...,—}.
3] Om

The half-density volume of R(N,, (n;,n},)) is given by

Vol(R(No, (nj,n},)))

o 7 )] e PO
=ov [1 12 11 12 ek (2(g+4g — 1)+ (m+n)),
s u 7 i e G [
where
¢ = 2™y ol(S2)™ Vol (SU(2)) 0+ +mn-1)
f e {0 if PyeZ
1 if By,eZlf] -
Ay=1d2p. 24, Mmoo
N"{ P15 ¢2’a1""’am’ai"”’a{,}’
and

VOI(R(N'y#O’ (nj, n],’)))

sin (m’ﬁ )

» '|l/2 CAM(2g+m-—1)CAM(2g +n-1),

e [sin(%37)] 2
1 P
1 y
=N 172 H
|7|/ j=1 |“j|/ j'=1

where

cllV — 2m+n+1 VOI(S2)m+n+2 VO](SU(Z))_(‘H’QI""'”"'”),

! !

n Hm n n,
AM1={2¢1,_“a1,...,—'a }, AM2={2¢2,a—/,...,;" .

m 1 n
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Proof. We shall compute only the half-density volume of R(N,, (nj,n})). For
R(M, (n))), we can get the result by the same way.
From Proposition 3.3 and (4.2), we have that

Vol(R(N,, (my, 1)) = ©(N,, Ad(py,))"/?
v R(er("}v”;l))
man g2 Ty 15 (%) e o (@)
=20 ;1-—1 Joy |2 11;11 ot |2 JR(Ny,(m,n}:)) Pruiz),)
m+n 1/2 m sin (mzfﬁ ) . sin (nna,!'ﬁl )
=2 f()’) H |0!j|1/2 b |a§,|1/2 IF UF - JB., “By ’

where F = @®", T!/®",Z,, B, = DY % with k=0,1 if =0,7#0, and
Kp, Mp, are the volume forms of F, B, such that Dy, (v, su(2),,) = Up - D* Hp,- We see
easily that up on F is the 3(g+ g’ — 1) + (m + n) copies "of the natural volume
form v of the maximal torus T! with Jp1v=1.1In fact up is given by the volume
form of the kernel of dy in the proof of Proposition 3.3. So we have

1
JF Hr = 22(g+g')+(m+n)-3

The volume form pp on B, = @f’_(f).? is given by the volume form of the

cokernel of §; in the proof of Proposition 3 3 So pp, can be written by
Jovi -+ vig(0) OF fivo- -+ i1y for some fi eLz(@ )2) for k = 0,1. From (2.4),
Proposition 2.5, and the pants decomposition of Zg m+1, Zg',n+1, WE can see that
fo=f-9g, fi =fh, where f is the product of

2(g + ¢’ — 2) — copies of ———— Vo 1(SU(2))2 Z na H Xa(+)s

2Vol(s?) 1 Jsin(%52)]

m — copies of ——————;
VoI(SU(2))” M [sin(22)

Xa()2a(4),

n — copies of

2 Vol(S?)
Vo 1(SU(2))22
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and g is the product of

2 — copies of SU(2))2 Z HXa ,

and h is the product of

2 Vol(§?) 1 [sin(27nag, )|
Vol(SU(2))* 5~ e |sin(274y)|

Xa(')Xa(’)a

2 Vol(5?) _!_lsin(Znna¢2)| ‘ ‘
Vol(SU(2))* 5~ |sin(2n4,)| Xa()2a(+) 5

where the value of representation py ([x;]) or py, ([y;]) appears at the slot of ,(+)
if x; or y; is a homotopy class of a boundary of P or P}.

We use the orthogonal pairing of the characters on each intersection circle
between a pair of pants such that

L 1a(on () 2a(on ()™ )i = 8up VOI(SU(2)).

These pairings on %; for 1 < 15(1) with respect to v; give |, B, M5, for y #0, so
that we get the volume of R(Ny, (njyn};)) when y # 0. Note that this pairing does
not occur on the intersecting circle between P; and P since the holonomies ¢; and
¢, are fixed if y # 0.

When y = 0, the above pairings on .%; with respect to v; give the same result,
except for one %;, which comes from the intersection of P; and P{. This is
because the holonomies of py around a boundary of P; and P{ which give the
pairing do not coincide but have the relation $1 = £ ¢, + By,. So the pairing in
this case is given by

[, 1o (D))o (D) i = (~1)"81 VI(SU(D),

where D(e*™) is the SU(2)-matrix with the diagonal elements {¢**:, e~2"} and

. 0 if py,eZ
Tl 1 if P eZli -

Recall that g is given in (3.1). We have that {n,} is the set of the natural numbers
for the Lie group SU(2). For this, see the Proposition 5.3 of [BtD]. The constants
CY, C}, are given by gathering all the constants in the above pairings. []
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We remark on some facts about Theorem 4.3. We compute the half-density
volumes of R(M, (n;)), R(N,, (nj,n})) using the fibration structure of the repre-
sentation space R(Z,m, (n;)), which has the symplectic structure. In [W2] Witten
computes the symplectic volume of R(Z, ., (1;)). We use his method with some
modification. We point out two differences between the symplectic volume form
of R(Zym, (n;)) and the half-density of R(M, (n;)).

The first comes from two different volume forms of the fibre @24 V"™ T1/
@™ Z,,. In our case the volume form over the fibre comes from the natural
volume form v on the maximal torus T! of SU(2), but in [W2] the fibre volume
form comes from the volume form vy induced from the volume form of SU(2). Of
course, the difference comes from the different constructions of two volume forms.

The second is the term sin(n(nj/«;)). In [W2] this term is necessary to define
natural symplectic volume form of R(Zym, (n;)) so that this term cancels out a
factor of character term sin(mnn;/«;)/sin(nn;/a;) in [W2]. But we do not need
this term to give the cancelation.

§5. Application to the Jeffrey-Weitsman-Witten invariant. In this section we
apply our result of the previous section to compute the Jeffrey-Weitsman-Witten
invariant of a Seifert fibred manifold M with base surface ;5. In this case the
irreducible SU(2)-representation space R(M,SU(2))” is a nondiscrete set, so
that the R-torsion is used as the half-density of R(M,SU(2))” in defining the
Jeffrey-Weitsman-Witten invariant.

We review the Chern-Simons gauge theory to understand the definition of
the Jeffrey-Weitsman-Witten invariant. For details of the Chern-Simons gauge
theory, see [RSW], [JW1].

Let X be a 2-dimensional manifold and P be a principal SU(2)-bundle over X.
Let &/, o/F, % be the affine space of connection 1-forms of P, the space of flat
connections of P, and the gauge transformation group of P, respectively. Let 4>
be the moduli space of the flat connections of P.

We consider a 3-dimensional manifold Y; with a boundary X. Moreover, we
assume that a neighborhood of X in Y; is diffeomorphic to X x [0,1). For
Ae o, ,ge9, we consider a U(1)-valued function &(4, g) defined by

P (A4, g) = exp(2ni(CS(A%) — CS(A))),

where A and § are the extensions of 4 and g into Y, 3{5 is the gauge transfor-
mation of 4 by g, and the Chern-Simons invariant CS(4) is given by
CS(A) ——l-J r(dAnd+2AnANA
- 87'[2 Yy 3 )
Such an extension of § always exists since m;(SU(2)) = n2(SU(2)) = 0. We
choose the extensions so that 4 and § are pullbacks of 4 and g by the projection
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to X over X x [0, 1) respectively. Then & is mdependent on the extension Y;
and the extension 4 and §. In fact, the extensions (Al,gl) and (4, §,) into Y; and
Y, give a connection Banda gauge transformation honY = Y; u Y3 so that

exp(2mi(CS(AY) — CS(A1))) exp(2mi(CS(AJ) — CS(Az)))™
= exp(2mi(CS(B") — CS(B))) = 1.

The above function & over &/ X ¥ is a cocycle since

P(A,§)F (A%, h) = F(A,Gh).
We can define a line bundle % over .#, by

L =9of xg C,
where the right side is the quotient space given by the equivalence relation
(4,2) ~ (4%, #(4,9)2)

for Ae or,zeC.

We consider a 3-dimensional manifold Y and a principal SU(2)-bundle Py
over Y. We decompose Y into two handle bodies Y; and Y,. Let X be the inter-
section of Y; and Y,. We apply the above construction to 2-dimensional manifold
X and Py|y = P. We consider the restriction of line bundle ¥ to Lagrangian
submanifolds Li,L; of .#,, where L;,L, are made from the handle bodies
Yy, Y, of Y. Let %, be the restriction of the line bundle . to L;. Then there is a
section %;(A4) of &; over L; defined by

Fi(A) = exp(2niCS(Ay,))

for [A] € M5, and Ay, is an extension of 4 to Y;.

Now we consider the intersection of the two Lagrangian submanifolds Lj, L,
in #,. Then we can see that this intersection is the moduli space of flat con-
nections of Py over Y, which we denote by .#3. By the correspondence between
the flat connection A and the SU(2)-representation py of m1(Y), .#3 can be
identified with R(Y,SU(2)). There may occur singularities of .#, within .#3. But
the set of singularities is a measure zero set in .#3. So we may not consider these
singularities in the following construction, since we shall integrate over the dense
subset R(Y,SU(2))” of #3 = R(Y,SU(2)).

We consider the k-tensor power of &, & ®* over M> and th%ll‘ restrlctlons to
two Lagrangian submanifolds L1,L2 We denote these by ,S,’l .,?2@ Then we

can pair two sections ¥} = &, ®" of 28" in M3 by the hermitian product of
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the complex line C. We denote this pairing by (&f, #5>. Then this can be con-
sidered as an U(1)-valued function on .#3 = R(Y,SU(2)). We can see easily that
(FF, %> at a connection A4 is the exponential of the Chern-Simons invariant of
Y, that is, exp(2kniCS(A4)).

We recall that the half-density derived from the R-torsion 7(Y,Ad(py))"/* can
be considered as a measure of R(Y,SU(2))". The Jeffrey-Weitsman-Witten
invariant is defined by integrating the pairing (&, #¥> with respect to half-
density (Y, Ad(py))l/ 2 over R(Y,SU(2))” using the correspondence between
the flat connection 4 of P and the SU(2)-representation py of 7;(Y). We for-
mulate this construction as the following definition.

Definition 5.1. For an integer k, the Jeffrey-Weitsman-Witten invariant
Z(Y,k) is defined by

Z(Y,K) = j (S ST, Ad(py) 2.
R(Y,5U(2))

This definition is given in [JW1]. This definition is motivated from the
asymptotic expansion of the Witten invariant Zy(k) of 3-dimensional manifold
Y [W1]. The asymptotic expansion of Zy(k) is given by

Zy(k) ~ %Z(T(Y, ANV exp (- 3—’"”’2’;"———”—9‘—“)) exp(2(k + 2)miCSy(Ay),

i

where the sum is taken over the finite set of flat connections 4;, 7(Y, A4;) is the
Reidemeister torsion for A; of Y, and SF(4;) is the spectral flow from trivial con-
nection to the flat connection A;. The above formula is given in [FG]. We can see
that if the moduli space of flat connections is a discrete set, then Definition 5.1 is
almost the same as the leading term of the above asymptotic expansion, since the
the square root of the R-torsion becomes a point mass in this case.

Now we compute the Jeffrey-Weitsman-Witten invariant Z(M, k) of Seifert
fibred manifold M with the nondiscrete irreducible SU(2)-representation space
R(M,SU(2))” by applying the previous result. To compute Z(Y,k), we must
integrate the pairing (¥, #5> with respect to the half-density of the R-torsion
over R(M,SU(2))”. We know that the value {(&F, #¥) at the flat connection 4
is simply the Chern-Simons invariant of A. This invariant is constant in each
connected component R(M, (n;)). By the result of [A], the value for the fixed
connected component R(M, (n;)) is given by

m *2 m
(5.2) exp [ani (— > (Eai + 2_:'2) 4 g Z%)] ’
J j j

=1 =1

where ¢ = 1/2, 1 if py(h) = —1,1, and ;8 = 1 (mod) a; as above.
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So the value of the Jeffrey-Weitsman-Witten invariant Z(Y, k) over the con-
nected component R(M, (n;)) is given by

j (FE, FE(a(M, Ad(pyr))) 2
R(M,(n;))

2m<yk y2>:f[l% R(My(ny)) DHI(M’S“(z)pM).

So we have the following theorem from Theorem 4.3 and (5.2).

THEOREM 5.3. For the integer k, the Jeffrey-Weitsman-Witten invariant
Z(M, k) of the Seifert fibred manifold M(g, (o4, By, - -, %m, Bm)) is given by

m 2 m
M Z exp[2km’(——2( }an] +%§l> +822%>:|
j

{(n)} j=1 J 7 j=1

(i 25)

1 2 2(g—1)+m .
/ n2@=1) =1 \sm(#)

1)
X H ,
j=

where the above sum is taken over the finite set of the rotation numbers {(n;)},
= 21 Vol(82)™ Vol(SU(2))*™ !, and e = 1/2 or 1 if ppg(h) = —1 or 1.

We can see that Z(M, k) depends only on the manifold M via the Seifert
invariant (g; («;, B;)) since the set of all the rotation numbers (n;) is determined
by n;(M).
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