
Dissipation and Semigroups

Def:  A semigroup G is a set of elements which is closed  under composition.

Note: The composition is associative, as for groups.

G may or may not have an identity element I, and some of its elements may or may not have inverses.

Example:   The set  { exp(-t):  t>0}  forms a semigroup.
Example:   The set  { exp(-t): ≥ 0 }  forms a semigroup with identity.

Def: Nor m of an operator:            ||A|| = sup { || A ψ || / || ψ ||, ψ ∈ H}

Def: Bounded operator The operator A in H is a bounded operator if  ||A||  <  K for some real K.

Examples:    X ψ( x ) = x ψ( x) is not a bounded operator on H; exp(iX) IS a bounded operator.

Sets of Bounded Operators B(H) is the set of bounded operators on H.

Bounded Sets of operators:

Consider S-(A)  = { exp(-t) A;  A bounded, t ≥ 0 } . 

Then,  there exists a K such that ||B||  <  K for all Β ∈ S-(A) and S-(A) k  B(H).

Clearly S+(A)  = { exp(t) A;  A bounded, t ≥ 0 }  does not have this (strong) property.

Dissipation and Semigroups

One-parameter semigroups

T(t1)*T(t2)=T(t1 + t1)

with identity, T(0)=I.

Important Example: If L is a (finite) matrix with negative
eigenvalues, and T(t) =  exp(Lt).

Then  { T(t), t ≥ 0 }  is a one-parameter semigroup, with
Identity, and is a Bounded Set of Operators.

Evolution with Dissipation

Markovian Master  Equation
1. Hamiltonian Evolution: Operator  X
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Evolution with Dissipation

Markovian Master Equation

1. Hamiltonian Evolution: State ρρρρ ],[
.

ρρ Hi−=
2. Lindblad Form of Dissipation: State ρρρρ

3. Evolution with Dissipation (State ρρρρ)
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0. Dual maps (X, ρ ) = ρ ) = ρ ) = ρ ) = Trace(X ρ )ρ )ρ )ρ )
(L X, ρρρρ ) = (X, L* ρρρρ )
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Properties: Trace-preserving, Positivity.



Bloch Sphere for Qubit

Qubit:
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General 2-
level state:
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Example: Two-level System (a)
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Dissipation Par t:V-matr ices
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Hamiltonian Par t:  fx and fy controls

with
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Example: Two-level System (b)
(1) In Liouville form (4-vector Vρρρρ)
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Where LH has pure imaginary eigenvalues and LD real
negative eigenvalues.



Example: Two-level System(c)

(1) In Bloch vector form (3-vector Sρρρρ)

[ ], , + ρ ,1 2 ρ ,2 1 I ( ) − ρ ,1 2 ρ ,2 1  − ρ ,1 1 ρ ,2 2Sρρρρ =

(∂/ ∂ t)Sρρρρ = {2= {2= {2= {2ωωωω Rz + fx Rx + fy Ry + ,,,, C - (ΚΚΚΚ12- ΚΚΚΚ21) T } Sρρρρ

where

2222ωωωω Rz + fx Rx + fy Ry is a rotation in Bloch space

C is a contraction matrix

(ΜΜΜΜ = (ΚΚΚΚ12-+ΚΚΚΚ21) / ,,,,)
:=C
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and T is a translation.

‘Conformal’ Semigroup 


