Dissipation and Semigroups
Def: A semigroup G is aset of eementswhich is closed under composition.

Note: The composition is associative, as for groups.

G may or may not have an identity element |, and some of its elements may or may not have inverses.

Example: Theset {exp(-t): t>0} formsasemigroup.
Example: Theset {exp(-t): = 0} formsasemigroup with identity.

Def: Norm of an operator: [[All=sup {I[AW]|I/||w], vOH}

Def: Bounded operator The operator A in H is abounded operator if |JA|| < K for some real K.
Examples: X @(x)=xy(x) isnot abounded operator on H;  exp(iX) IS a bounded operator.
Sets of Bounded Operators B(H) is the set of bounded operators on H.

Bounded Sets of operators:

Consider S(A) ={exp(-t) A; A bounded,t> 0}.

Then, thereexistsaK suchthat |B]| < K for al B 0 S(A) and S(A) k B(H).

Clearly S"(A) ={exp(t) A; A bounded,t> 0} does not have this (strong) property.

Dissipation and Semigroups

One-parameter semigroups
T(t)*T(L)=T(t, +t)
with identity, T(0)=I.

| mportant Example: If L isa(finite) matrix with negative
eigenvalues, and T(t) = exp(Lt).

Then {T(t),t= 0} isaone-parameter semigroup, with
Identity, and is a Bounded Set of Operators.

Evolution with Dissipation

Markovian Master Equation
1. Hamiltonian Evolution: Operator X

X=i[H, X]

2. Lindblad Form of Dissipation: Operator X

L ()= VXV
2

3. Evolution with Dissipation ()perator X)

X =i[H, X] +—;z V! [XV]]

Evolution with Dissipation

Markovian Master Equation

0. Dual maps (X,p)=Trace(Xp)
LX p)=(XXL*p)

1. Hamiltonian Evolution: Statep p=-i[H, o]
2.Lindblad Form of Dissipation: State p

2. VeV 1+V,, oV, ]
3. Evolution with Dissipation (State p)

. 1
p=-i[H, p] +§Z [\/jﬂ\/jT]+[\/’,0\/jT ]

Properties. Trace-preserving, Positivity.
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Example: Two-level System (a)
p=-i[H, p] +2 VAV T#V, 0V ]
Hamiltonian Part: fx and fy controls

1 O 0O 1 0 -l
HZ:W|: }+fx[ }+fy{ }
0 -1 1 O I O

Dissipation Part:V-matrices

] L

with =T, +Q/2) (Vo + V)

Example: Two-level System (b)
(1) In Liouvilleform (4-vector Vp)

Vo =1lP1,1:P1,2: P2 1: P2 2]
Vo, =(L, + L)V,

Where L, has pure imaginary eigenvaluesand LD real
negative eigenval ues.

Y21 0 0 vy
0O -r 0 0
0O 0 -r 0

LD :=

Yo 0 0 -yjo




Example: Two-level System(c)
(1) In Bloch vector form (3-vector Sp)

Sp= [p12+p2 1’I(pl 2P 1 Py, 1‘922]
(0/0t)8p={2(0R2+fX Rx +fy Ry+ vC'(K12' K21)T} Sp
where

2wR, +f, R, +f, R, isarotation in Bloch space

. ) . -1 0 O
C is a contraction matrix
C=(0 -1 O
M= (K,-+K,) /,
( ( 12 21) ) 0 0 -¢

and T is a translation.

‘Conformal’ Semigroup




