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¢ Introduction

* Quantum data compression
— Fixed length, asymptotically faithful compression
— Blind vs visible scenario
— Variable length, faithful compression

* Quantum teleportation

Structure of general mixed-state signals

A fundamental question in the information theory

Quantifying the randomness of a probabilistic source

source ABCDBCDBCABCDBC....

source AAAAAABAAAAACA....

l Compression (coding)
01001001...

l Decompression (decoding)

AAAAAABAAAAACA....

How many bits (per letter) are required to describe the sequence?

Fixed-length, asymptotically faithful coding
Characterization of a source

10,0} source'=——+* AorB
b/" : letter =
ba
probability u =ik
A sequence of n letters independently drawn from the source
BABBAABBBBABBAB (n-i.i.d. sequence)

l block coding
Ly, bits  (fixed-length)

010010010
l decoding
BABBAABBBBABBAB
With success probability 1 — e,
Requirement: “Asymptotically faithful” l_lgrcl)o en=">0
: (vanishing errors in large block length limit)
Compression rate = nh—>moo L / N (How many bits are used per letter?)

Minimum of this rate: optimal compression rate R(A);E

AEP (Asymptotic equipartition property)

Source {p;,i} n-i.i.d. sequence 219903+ . Iy
A particular sequence 712913 . .. %n(= \) appears with probability P)
DX = DiyPigPis - - Dy,

Consider a statistical variable X — _1 10g2 Py = l % <]

o
n n k=1 82 Piy

This is the average of — 10g2 Pi over n samples
Law of large numbers

When nis large, X ~ (X) =y —piloga p; = H({pz})
7

In almost all cases, we encounter a sequence with Py~ Q*HH

Evenly distributed ~ 2"H (typical) sequences
(other atypical sequences appear with negligible probability)

optimal compression rate ROADE(‘ =H ( {pz}) bits (per letter)




A fundamental question in guantum information theory
How many qubits (per system) are required to reproduce the state?

source {pipi}

l Compression (coding)

000 s
l Decompression (decoding)

CICICICIC,

How to quantify quantum information?

Quantum data compression (pure states) Schumacher, PRA 51, 2738 (1995).

source {p;, i)} —*

PETpili)il ——  Tagilb) bl
! diagonalize /

Typical subspace
s |bl1>|b22>|b7/3> i |bln> i %)ﬁ:‘ —logy ¢;, ~ H({g:})

# of such states '
(dimension)  ~ 2"H{a})

Transfer to
H({g;}) = —Trlplog, | = S(p) ,
Hal vori[lfo\léﬁrzni]nn etnlt)ropy nsS ( ,0) qubits

Atypical subspace

Probability of finding the state in this subspace is negligible when 1 — 00

optimal compression rate R(A)th‘ = S(p) qubits (per letter)

Quantum data compression (mixed states)

pi=x4"16)(@]"]
e —— OO0 0O0
p=Xpip l compress
This is not optimum
P . . . Sk Upper bound
Ex. all » orthogonal NS(o) ~ qubits

S(e) = H({p:}) + ZpiS(pi) l decompress
Measurement of i
Compression to H({p:}) bits Q O O Q Q

Lower bound ILH = S(p) -3 piS(pi) =classical information
) accessible through the
ensemble

Levitin-Holevo funczion

The operations that do not disturb {ri}

Quantum cryptography
Eavesdrop
Compression.
?compress W
M. L
(elepoiiati onEE S R




Principle

p; =

M= §H§” o H

source {pipi}

= (i) D) o (D)
g, =0\ "p ®p
P=Lpip; = %P(l)pgl) ® pﬁ) ! ! u
S(P) = H({p(l)}) e Zp(l)S(pSl)) o} %p(l)S(p&))
= IC = INC +- IR
System K is redundant.

; i) l freely
= o )

. '7l
g; = %q(lvl)pgz )

Compressibility of {r.r} isequal to that of {r.o}

K, n @ (1) U {pi,pi}  can be compressed into
pi=2q oy o pig 1 Do
! g, ol 4 Ly S(o) =H({p()})+§p( )s()
o Xl:lg ® UI((])E K = IC - INC (qubits per letter)
Replace the source with orthogonal pure states
Can we do better? b 0 .0)
TRy 00 11 ;
0 Oy s gl
i ?q] |2, 7)1, 51 Averaged state is still O
D@D @@
l compress l compress I, 5)
e QPP (P (0) () (#) ()| Transfer of letter (i.5)
decompress l decompress l compress S(o) bitg of information can be sent.
S(o) qubits are optimum.
HOOOO 00
AR
: . . This operation preserves 1) (i) decompress R()pt, = IC + 3 NC
Consider any asymptotically faithful 0, =% q(l»l) p JZ’
compression scheme. l l O Q O O 8= 50 [_ 1oz + (") + S(D)
I,J '
l ; ;
U:?Sl)@Ug) U:§1§I)®UIE3) LI+ Inclr I

Koashi and Imoto, PRL 87, 017902 (2001).




Information defect

AF
_i compress R, t decompress

blind scenario

visible scenario

Ig = Iy = 8(p) — %I%S(ﬁi)

_ pAF
Ap—y = Ropt — Iefi < Ic+ Inc — In
==piS(pi) ~
Ay_y =0 it {0;} areall pure.

Ab v can be nonzero even when {0’1'} commute.
(classical data)

Variable-length, faithful coding
source {p;;i} i —— 010010 ———> 7 with success probability 1.
coding L bits decoding

(length can be varied)

R(();)t : Minimum of expected length <L>
— 01001100010 ——
decoding

n-i.i.d. sequence
block coding Ly, bits

R(()g% : Minimum of expected length per letter, <Ln> /
By definition, Rx > RG: >+ > Ry >
(n)

optimal compression rate R(()p sl = nlgrolo Ropt

Variable-length, faithful coding R(();?)

more strict

more powerful
V.S.

Fixed-length, asymptotically faithful coding Ropt

Repeating n-block variable-length coding for m times

s T s

m

| n

B T (S
1 2 3
Expected length per letter is R((,gl
n)

Law of largc numbers
hen m becomes large, length per letter is almost always close to Ropt

!

Fixed-length, asymptotlcally faithful coding with rate Ropt
opt .- Ropt

R(()pt) Ropt

Classical case

source {p;.i}
H({pi}) < R < H{pi}) +

Applying this to the n-i.i.d. case,
H({pi}) < nRil < nH({pi}) +1

H({pl} Rnpt < H({p@}) " 1/"7

Rf)lo)? - ({pz} Ropt

Compressibility is the same for the two scenarios.




Quantum case
source &£ = {pl,p7}

compress W @

What do we mean by saying, “only L qubits are used this time.” ?

“OK, the rest of N-L qubits can be used in any other independent task.”

Information of L. comes out of the compression machine.

TG W

comPress W .

€ ={pi,pi} t
§ comPress Wv
HAf@H(’)(@Hﬁ) U-ai a0l
pi=@p"pf" ® oY p= @p"’p“’ ®
1

Consider another source &' = {g),0,} A=(ljg)
. ()1 a
=(@dmHN) 'Y o =1a)Nales 6= ®»"(dim 1)1 @ o)

The form U = ela i ® U} implies that it can faithfully compress the new source
with the same expected length.
RGM(E) > ROME
RGM(E" = RAS (€ = H({p"}) +3 U log, dim HY
= Ic(€) + Dyol(€)

Quantum case
source & = {p;, p;}
Io(E)+Dne(€) < R()pt(g) < Io(€)+Dnc(€)+2
Applying this to the n-i.i.d. case,
Io(€)+DNc(€) < RYE) < Io(€)+Dyc(€)+2/n
)pt () = Ic(€) + Dyc(€)
The quantum part (Hf.”} is incompressible.

R&L( ) = Ic(€) + Inc(E)
: l (1
Rg?)ct)) R(,pt = Zp(l)[logg dim 'H_(]) - S(pg ))]

Rf)m RUApt if all pi commute.

Nature of information and compressibility

_ classical
Information quantum

([pi, pjl = 0)

pure
P ) = g = L ) 2 R = o
(5(¢4) = 0)
mixed R(();?) R()pt [Ropt " 5 R()pt & Ioﬁ
016, Rp Ry L

variable-length fixed length

faithful asymptotically faithful
@ blind visible




Transfer of quantum states through a classical channel

?. MM Why? 0

B

Wave function could be measured.

Signals could be sent faster than light...

Entanglement

& e

| » ¥

" e ’WW’" /WW«‘

Quantum teleportation Entanglement can never be
increased over a classical

channel

d=2
One qubit in a completely unknown state

Teleported via one ebit

Bell pair %(1 whal =3 +1 al s)

Open question

How many ebits are required to teleport partially known state?

source {pipi}

A fundamental question in quantum information theory

source {pi,pi} [—

1 Compression (coding)

‘.‘ qubits

Minimum number of qubits

Teleportation cost

4 010100 bits
Transfer of one qubit
Tl l Decompression (decoding)

Sharing of one ebit

Barnum, Hayden, Jozsa, Winter,
Proc. R. Soc. Lond. A 457, 2019 (2001) (quant-ph/0011072)




Teleportation cost

source {pi,oi}

teleport

How many ebits are required?

(o) (o) (@) (o) ()

Consider any asymptotically faithful
teleportation scheme.

DO

teleport

a

HOOOO

This operation preserves S (i) (i )

l

Y= §1§l) o U

Replace the source with an entangled state pas
[

@)
pgl) qu()ll Il @@@@
W) 4 = zﬁ 1) all )

pAB = ?P w0y (v

Teleport
;p(” (p)) ebits

Marginal state is o
el | OGO
Mixture over index [

ZP” (ﬂ] ) ebits are shared //v At least ZP S(p) ebits
after teleportatlon

PAB

v—e el

are required to teleport

, , | S(p) = 0"~ logap” + (61" + S(oR)
=lIc +IR

source {pi,pi}

[ {
p=Spip; = §p(”p§) @ ol

S(p) = H({p}) + %p(l)s(pf]l)

# of bits # of qubits

H=sHP anl

T
1 l
pi= %q(z’ )p,(f ) g P%()

) + %p(l)s(pﬁ))

redundant

Koashi and Imoto, quant-ph/0104001.

. . Y ()P ()
Structure of quantum information = %H ® Hg
o i) (@ ) ()
= %q (i ) Py B pK
)
5(0) = 10D + 5p05() +£05(f0)
2 pure states Ml{xed st}ates in);grarfltzigin Stored in Tcleportatlon
Pis pPi
A
I intact bits free classical
e
orthogonal
A
() . : Consume
/ Hjy disturbed qubits o i it
nonorthogonal
T Hg) Aol hformation free free redundant
identical




