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PART I.
Gaussian states and non-Gaussian states

Quantum harmonic oscillator
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Wavefunctions of a quantum harmonic oscillator
[https://en.wikipedia.org/wiki/Quantum harmonic_oscillator
b Quadrature Operator‘s Author: AllenMcC.]
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Quasi-probability distribution

« Characteristic function

x(&) =Tr[pD(é)]

with D(a) = exp(ead’ — a*a) : displacement operator

« Wigner function
W(a) = — [ d§2x(€) exp(ag” — a*§)
« Normalized, [da*W(a) =1
* Not always positive
* With a = \/%(x + ip), quadrature probability distribution is obtained by

P@) =3[ dpW(a), P(p) =5 [ dxWW (a)

Gaussian states

 States with Gaussian characteristic function 0 1
x(€) = exp[—€T(Qy Q¢ — V2i(Qx)T¢] Q= 0 1
cletx=0% D1 X D2 )
« First moment (displacement) x = Tr[xp]
» Second moment (covariance matrix) y;; = (% (A%;AR;+A%;AR;))

« Uncertainty relation y + %Q >0




Single-mode Gaussian operations

» Displacement operation //6

« Coherent states |a) = D(a)|0) /

- Single-mode squeezing S(r) = exp E (a + a“)]
+ Squeezed states |r) = S(r)|0)

» Phase rotation R(6) = exp(—ifata)

Two-mode Gaussian operations

- Two-mode squeezing S,(r) = exp[r(—a'hT + ab)]
+ Two-mode squeezed states (TMSV)
ITMSV) = $,(r)|04,05) = sechr Y%, tanh? r |ny, ng)
EPR correlation : (A2(%, — £5)) = (A2(p,4 + Pp)) = 52"

» Beam-splitter interaction B,(6) = exp|@(ath — ab')]




Single-mode non-Gaussian states

Fock states |[1), |2), -- 4

« Superposition of finite Fock states /‘;g 4“*

Col0) + c1]1), -+ /

Photon-added or subtraction

» Cat states W l“ - m B
7 (o) £ |=a)) A,

Quantifying non-Gaussianity

M. G. Genoni and M. G. A. Paris, Phys. Rev. A 82, 052341 (2010).
* Relative entropy of non-Gaussianity
§(p) = S(pllps) = S(pe) — S(p)

Gaussian state with the same
first and second moments

5(p) = 0 iff p is Gaussian.
Invariant under Gaussian unitary §(UpUT) = §(p)

Additive §(ps ® pg) = 8(pa)+6(ps)
Monotonically decreases under Gaussian channels 6(£G(p)) <(p)




Quantifying non-Gaussianity
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Quantum information processing with Gaussian states

S. L. Braunstein and H. J. Kimble,

Phys. Rev. Lett. 80, 869 (1998). D=
« CV teleportation Q
* Input state |a;jy,)
: coherent state with unknown displacement Al
1ce

* Resource state: TMSV
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| EPR 7

* Fidelity F = {ainlpout|®in)

. . 1 m
« Average output fidelity F,, = o Q —
* Classical bound F =% /A Unknown I

displacement




Quantum information processing with non-Gaussian states

* Improvement in CV teleportation

* Photon subtraction a
T. Opatrny et al., Phys. Rev. A 61, 032302 (2000).

« Photon addition af
Yang Yang et al., Phys. Rev. A 80, 022315 (2009).

« Coherent operation ta + rat

Su-Yong Lee et al., Phys. Rev. A 84, 012302 (2011).
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Gaussian vs non-Gaussian states

Jachak Lee et al., Phys. Rev. A 95, 052343 (2017).

* CV teleportation with resources under the same energy constraint
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Difference is very small,
but non-Gaussian is optimal!
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No-go theorems on Gaussian states

* Impossible tasks with Gaussian states and operations
» Entanglement distillation
* Universal quantum computation
* Quantum error correction

» Non-Gaussian operations are necessary.

PART II.
No-cloning bound




No-cloning theorem

* Perfect cloning is impossible. Alice Bob
[;) > [w;) @ [w;) ]
< =)
« Secure communication l
« Eve cannot obtain information Eve

without disturbing the state.

» How to assess security of the channel £7?

Secure communication

Alice Bob
Channel
< =
Eve
Fp < F,. < Fp

« Fidelity beyond the no-cloning bound guarantees secure communication!




No-cloning bound

« Optimal symmetric 1 — 2 cloning
* p1 = tr2(Pout), P2 = tri(Pout)
¢ Fldellty F = (winlpllwin>: F, = (lpinlpzllpin)

[Yin) —

Cloning
Machine

¢ Find the maximum fidelity F,. = max F; = maxF,

* No-cloning bound E,

* For a given channel &, if Bob obtains an output state

beyond the no-cloning bound, Fz > E,.,
then he has the best copy!

Pout \

No-cloning bound for coherent states

N. J. Cerf et al., Phys. Rev. Lett. 85, 1754 (2000).

* Gaussian cloning

« ES = § ~ 0.6667

N. J. Cerf et al., Phys. Rev. Lett. 95, 070501 (2005).

* Non-Gaussian cloning
* Fy. ~ 0.6826
* Employing non-Gaussian resource pr
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Fidelity region for coherent states

F

Foe = 0.68_]
g \/
F¢=2/37 Small gap between
A Gaussian vs. non-Gaussian
F,= 1/2
Classical
region

0t

« What if we employ non-Gaussian input states?

Input states with unknown displacement
 Coherent states
la) = D(a)|0) A
/ N

« Displaced Fock states (DFS)
|k, @) = D(a)|k)

» Several non-Gaussian states with unknown displacement




Covariant cloner

« 1 - 2 symmetric cloner poue = T([Yin){Winl)

* When distribution of a is completely unknown,
covariant cloner is optimal.

D®2()T (Y1) (Win )D€ (@) = T (D (@) [¥n)(Winl DT () )

* Implementation  [¥in)~ | nopa

v=201H}
.
’ Pout
Find the optimal
resource state pr

Displaced-Fock-state input

» Single-copy fidelity

 Gaussian cloning
* Among Gaussian states pr, pr = |0)(0] & |0){0] is optimal.

* Non-Gaussian cloning

* Find the maximum value of %(fk(l) +fk(2)>p
T




Numerical calculation of no-cloning bound

- Eigenvalues of %( = +fk(2)) in truncated Fock basis

* Matrix elements in Fock basis

. ‘ _ 02+ 2\ 2 4+ 12
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No-cloning bound of DFS

* No-cloning bound decreases with k increasing 4} | o5

0.6667 | <yu0 :
« Gap between Gaussian and non-Gaussian ————— 05145 © 05033 G
increases with k increasing =
* Non-Gaussian resources become essential. 0308
02716 —G

0 0.2241

k=0 k-1 k=2 k3




Secure teleportation

No-cloning bound decreases

* Teleportation with TMSV 0.8 ———— =
« Find the critical squeezing r, 0.6/
achieving the no-cloning bound < -
o 0.4) ?/
» Hard to achieve no-cloning bound - /
for non-Gaussian input states! 02—
0-‘...‘.‘\.....I....L/\..F/‘..
0 "0z "Tos 0s 0.8 1. 1.2

Same squeezing required d Squeezing increases
for Gaussian bound for non-Gaussian bound
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Several non-Gaussian input states
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« Hard to achieve secure teleportation for non-Gaussian states




Genuine non-Gaussianity
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 Gaussian mixture does not increase critical squeezing.




Summary

Optimal cloning of non-Gaussian input states requires non-Gaussian resource states.

No-cloning bound decreases as non-Gaussianity increases.

« Secure teleportation is hard to achieve for non-Gaussian input states.

Mixture of Gaussian states does not increases the critical squeezing.




