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ABSTRACT: Confined in two-dimensional planes, polymer
chains comprising dense monolayer solutions are segregated from
each other because of topological interaction. Although the
segregation is inherent in two dimensions (2D), the solution
may display different properties depending on the solvent quality.
Among others, it is well-known in both theory and experiment that
the osmotic pressure (Π) in the semidilute regime displays solvent
quality dependent increases with the area fraction (ϕ) (or
monomer concentration, ρ), that is, Π ∼ ϕ3 for good solvents
and Π ∼ ϕ8 for Θ solvents. The osmotic pressure can be associated
with the Flory exponent (or the correlation length exponent) for
the chain size and the pair distribution function of monomers; however, they do not necessarily offer a detailed microscopic picture
leading to the difference. To gain microscopic understanding into the different surface pressure isotherms of polymer solutions under
the two distinct solvent conditions, we study the chain configurations of the polymer solution based on our numerical simulations
that semiquantitatively reproduce the expected scaling behaviors. Notably, at the same value of ϕ, polymer chains in a Θ solvent
occupy the surface in a more inhomogeneous manner than the chains in good solvent, yielding on average a greater and more
heterogeneous interstitial void size, which is related to the fact that the polymer in the Θ solvent has a greater correlation length. The
polymer configurations and interstitial voids visualized and quantitatively analyzed in this study offer microscopic understanding to
the origin of the solvent quality dependent osmotic pressure of 2D polymer solutions.

■ INTRODUCTION
A flexible polymer chain in three dimensions (3D) exhibits a
coil-to-globule transition with varying temperature (T) or
solvent quality. The polymer size, the so-called Flory radius RF,
scales with the number of monomers (N) as RF ∼ Nν. The
scaling exponent ν, known as the Flory exponent, which is
tantamount to the correlation length exponent in the general
context of critical phenomena,1 changes from ν = 0.588 (good,T
> Θ) to ν = 1/3 (poor, T < Θ) as the temperature is lowered. At
T ≈ Θ, the exponent = 1/23D is identical to that of the
random walk (RW). The polymer chains in a Θ solvent are at a
point where the attraction and repulsion between monomers
compensate. The Θ point of a 3D polymer is determined as that
at which the second virial coefficient vanishes (B2 = 0). The
higher-order virial terms contribute only logarithmically to the
free energy so that the condition of N ≫ 1 yields RF ∼ N1/2.2 In
light of the polymer-magnet analogy, the condition B2 = 0
amounts to the tricritical point of the Landau free energy.3

In two dimensions (2D), the correlation length exponent is
= 4/72D , which is different from that of the RW. Since the

higher-order virial terms cannot be ignored in 2D, the Θ point of
a polymer chain in 2D is defined under a more subtle condition

than B2 = 0 in 3D.4−6 As a result, the Θ point of a 2D polymer, in
practice, has numerically been attained by tuning the relevant
parameters7 (see the Methods section). Historically, studies on
geometrical fractal objects in 2D, in particular, the Θ chain in 2D
and its exotic exponent = 4/7 0.5712D , culminated in the
1980s. Coniglio et al.7 posited that the fractal dimension

= =( ( ) 7/4)2D 1 of the 2D interacting self-avoiding walk at
the coil-to-globule transition point is identical to the dimension
of percolating clusters’ boundaries (hulls).8,9 Duplantier and
Saleur showed, using the conformal invariance, that the 2D Θ
chain, the hull of percolating clusters, and uncorrelated diffusion
fronts in 2D at the scaling limit are all characterized with the
fractal (Hausdorff) dimension of 7/4 and belong to the same
universality class.10−13 Later, this result was more rigorously
proven as the Hausdorff dimension of the curve
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= +( min(2,1 /8)) generated from the stochastic Loewner
evolution (SLE) process with parameter κ = 6, denoted by
SLE6.

14

The correlation length exponent ν of a 2D polymer has
indirectly been determined through surface pressure (Π)
measurements of thin polymer films formed at the air−water
interface as a function of the area fraction of the polymer
solution (ϕ).15,16 In the semidilute phase ϕ* < ϕ ≪ 1, where ϕ*
is the critical overlap area fraction (see Appendix A for the basics
of osmotic pressure of polymer solutions with increasing ϕ), Π
scales with ϕ as Π ∼ ϕq. Actual measurements of the surface
pressure (or osmotic pressure) have shown that q = 3 for 2D
polymer solutions in good solvents, whereas q = 8 in Θ
solvents.15−17 Since the exponent q is related with ν as q = 2ν/
(2ν − 1)1 (see Appendix A), it can be deduced from Π ∼ ϕq that
a single polymer chain in 2D obeys RF ∼ Nν with ν = 3/4 = 0.75
and ν = 4/7 ≈ 0.571 under good and Θ solvent conditions,
respectively. The difference between the exponents (q) of the
osmotic pressure against ϕ in the semidilute phase under the two
solvent conditions is significant. However, besides the difference
in ν, it remains elusive how the ϕ-dependent configurations of
individual polymer chains and their interface with neighboring
chains contribute to the surface pressure under the two different
solvent conditions.

Despite a number of extensive theoretical studies on the
thermodynamics and conformational properties of 2D polymer
solutions, their focus was predominantly on the solutionmade of
self-avoiding polymers.18−24 Here, using theoretical arguments
along with numerics, we aim to explore the microscopic
underpinning that leads to the solvent quality dependent Π−ϕ
isotherm of 2D polymer solutions. In this paper, we first
demonstrate the main result of the Π−ϕ isotherm calculated
from the simulations of polymer solutions composed of self-
avoiding walks (SAWs) and Θ chains. We next discuss the
difference of two polymer solutions in terms of the radial
distribution of monomers (g(r)), solvent quality dependent
conformations of individual polymer chains, and interstitial
voids formed in polymer solutions. Our study highlights the
distinct chain statistics and organization of a polymer solution
under good and Θ solvent conditions, offering a clear picture of
how these differences lead to distinct Π−ϕ isotherms of polymer
solutions in 2D.

■ METHODS
GeneratingΘ Chains in Two Dimensions.The following

energy potential was used to simulate a polymer chain composed
of N segments:

= +r r r( ) ( ) ( )b nb (1)

where r = {ri} and ri denotes the coordinate of the ith monomer
in a 2D plane. The first term models the chain connectivity with
the finite extensible nonlinear elastic (FENE) potential and a
shifted Weeks−Chandler−Anderson (WCA) potential:
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where ri,i+1 ≡ |ri+1 − ri| is the segment length, H(···) is the
Heaviside step function, and we chose the parameters k = 30 kBT

with Rc = 1.5a. The energy potential with these parameters
equilibrates the segments at bi ≈ a. The second term in eq 1
involves the nonbonded interactions between two different
monomers. For a good solvent =r r( ) ( )nb nb
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and for a Θ condition =r r( ) ( )nb nb
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where rij = |ri − rj|. For the Θ solvent, the Lennard-Jones
potential was shifted upward by Δs = 2 × 0.46 − 0.412 such that
the potential is continuous at rij = 2.5a, and the parameter ε was
set to εΘ = 1.013 which yields the scaling Ree ∼ N4/7 (see Figure
1).

Figure 1. Single chain size scaling and the Θ condition in 2D. (A)While
the end-to-end distance Ree of the SAW chain shows the expected
scaling behavior R N( )ee

2 3/2 , the monomer attraction strength (ε)
was fine-tuned such that Ree(N, ϵ) satisfies a power law R Nee

2 2 with
some value of ν. (B) χ2 and the best value of ν obtained by fitting the
data at different values of ε to the power law. Themost confident scaling
relation with ν ≃ 4/7 is acquired when εΘ ≃ 1.013. (C) Alternatively, if
we take Duplantier’s proposal ν = 4/7 as granted, R N/ee

2 2 should
become independent of N at the Θ condition, which again locates εΘ
around 1.013 in our model.
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To sample polymer solution configurations, we integrated the
underdamped Langevin equations:

= +m tr r r.. ( ) ( )i i iri (5)

with the random force satisfying ⟨ξi(t)⟩ = 0 and ⟨ξi(t) · ξj(t′)⟩ =
4ζkBTδijδ(t − t′). A small time step of δt = 0.005τ and a small
friction coefficient of ζ = 0.1 m/τ with the characteristic time
scale = ma( / )2 1/2 were employed to enhance the rate of
equilibrium sampling of the polymer configurations.

The polymer solutions of long chains (N = 80, 160, 320, 640,
1280) were simulated in an NVT ensemble in two steps. (i)
From the condition of a dilute solution (ϕ = π/400 ≈ 7.85 ×
10−3) that contains 36 pre-equilibrated chains, the size of the
periodic box was reduced step by step with L → ηL (η = 0.904)
so that the area fraction was increased by a factor of η−2 in each
step. At each value of ϕ, excessive shrinking-induced overlaps
between monomers were eliminated by gradually increasing the
short-range repulsion part of . More specifically, the
nonbonded poten t i a l r( )nb was rep l aced wi th

{ }u rmin , ( )c nb , in which uc was slowly elevated. (ii) For the

production run, the system was simulated for 500Nτ, and chain
configurations were collected every 0.1Nτ. For each combina-
tion ofN and ϕ, 10 replicas were generated from different initial
configurations and random seeds.

To facilitate the sampling to calculate Π more accurately,
polymer solutions of short chains (N = 40, 50, 56, 70) were
simulated in an isothermal−isobaric (NPT) ensemble, in which
the total number of monomers was fixed at 8400. During the
production run for 1.5 × 104Nτ, area-changing trial moves were
generated every Nτ time step via the Metropolis algorithm,
which helped maintain the system at a constant pressure.25 The
structural properties averaged over all replicas were demon-
strated in this study with the error bars denoting the standard
deviations. The simulations were performed using the
ESPResSo 3.3.1 package.26

Standard Isothermal Compressibility κT. As simulations
of short chain solutions were performed in an isothermal−
isobaric (NPT) ensemble, we calculated the standard isothermal
compressibility by

Figure 2.Difference between 2D polymer solutions made of SAW and Θ chains. (A) Π vs ϕ with varying N. (B)N-Dependent overlap fraction (ϕ*)
from dilute to semidilute solution. ϕ* for eachN is determined from the crossover point where the fits using ϕ and ϕ3 (or ϕ and ϕ8) lines meet in panel
A. For N = 70, * = ±0.054 0.004SAW and * = ±0.365 0.015. Dashed and solid lines are the N-dependencies expected for * N 1/7 and

* NSAW
1/2. (C) From left to right, shown are the SAW (top row) and Θ polymer solutions (bottom row) with increasing ϕ, encompassing the

nonoverlapping (ϕ/ϕ* < 1), semidilute (ϕ/ϕ* ≈ 1), and dense melt regimes (ϕ/ϕ* ≫ 1). The panels corresponding to the area fraction close to ϕ*
are enclosed in the red boxes. Each chain is shown in different colors. All the configurations of solutions consisting of monodisperse polymers withN =
70 are shown in the 2D box of the same size. As a result, only a part of the simulation is depicted except for the case with the highest ϕ. See Figures 3 and
S1 for the configurations of polymer solutions with N = 640.

The Journal of Physical Chemistry B pubs.acs.org/JPCB Article

https://doi.org/10.1021/acs.jpcb.2c05472
J. Phys. Chem. B 2022, 126, 9695−9704

9697

https://pubs.acs.org/doi/10.1021/acs.jpcb.2c05472?fig=fig2&ref=pdf
https://pubs.acs.org/doi/10.1021/acs.jpcb.2c05472?fig=fig2&ref=pdf
https://pubs.acs.org/doi/10.1021/acs.jpcb.2c05472?fig=fig2&ref=pdf
https://pubs.acs.org/doi/suppl/10.1021/acs.jpcb.2c05472/suppl_file/jp2c05472_si_001.pdf
https://pubs.acs.org/doi/10.1021/acs.jpcb.2c05472?fig=fig2&ref=pdf
pubs.acs.org/JPCB?ref=pdf
https://doi.org/10.1021/acs.jpcb.2c05472?urlappend=%3Fref%3DPDF&jav=VoR&rel=cite-as


=
k T

A A
A

1
T

B

2 2

(6)

where A is the fluctuating area of the simulated solution.27

For longer chains, κT was calculated by = k T( )T T B
1,

where the reduced isothermal compressibility χT was
determined with a spatial block analysis method.28 More
specifically, whereas χT can be calculated by

= N N
NT

2 2

(7)

where N is the particle number in a grand ensemble, various
finite-size effects need to be considered to extrapolate χT in a
simulated canonical (NVT) ensemble. B

T calculated from
subdomains in an NVT ensemble varies with the domain size B
(Figure S3A). When the ratio of subdomain size λ ≡ B/B0
approaches 1, where B0 denotes the size of the full simulation
box, χT approaches 0 as expected. Next, we extrapolated the
values of T by fitting the data to a function proposed in ref 28,

= c(1 )B
T T

3 (Figure S3B). The final results are
plotted as a function of the area fraction in Figure 4B.

■ RESULTS
Pressure Isotherm of a Polymer Solution Confined in

Two Dimensions. Figure 2A demonstrates the osmotic
pressure calculated for a 2D polymer solution consisting of
monodisperse chains with varying ϕ and N (N = 40, 50, 56, and
70) under good and Θ solvent conditions, with the chain
configurations withN = 70 shown in Figure 2C (see Figure 3 for
the chain configurations with N = 640 for increasing ϕ). The
polymer solutions were simulated on a 2D plane of area A (= L2)
along with the periodic boundary condition. The osmotic
pressure was computed by evaluating the virial equation:24

=
< =

k T
A

r
u r

r
1

2
d ( )

di j
ij

r r
B

ij (8)

where u(r) (see eq 1) is the interparticle potential between two
monomers separated by a distance r.

While the scaling regime demonstrated in Figure 2A is not
sufficiently clear because of the relatively short polymer chain
lengths being simulated, the theoretically anticipated scaling
behaviors for the polymer solution are semiquantitatively
reproduced (see Appendix A). (i) For ϕ < ϕ* the osmotic
pressure Π of the 2D polymer solution scales linearly with the
area fraction ϕ as Π ∼ ϕ/N. Note that, for the same ϕ, Π is

Figure 3. Polymer solutions of SAW and Θ chains in 2D with increasing area fraction ϕ (or equivalently the monomer density), from nonoverlapping
(ϕ/ϕ* < 1), semidilute (ϕ/ϕ* ≈ 1), and dense melt regimes (ϕ/ϕ* ≫ 1). Each chain with N = 640 is depicted in different colors. The threshold
overlap area fractions for SAW and Θ solutions with N = 640 are estimated by extrapolating the relation * NSAW

1/2 and * N 1/7 and the
knowledge of ϕ* at N = 70 (Figure 2B) to N = 640, which yields * 0.018SAW and * 0.266 for N = 640. Note that each panel is drawn by
maintaining the relation of ϕL2 = const. In other words, the number of polymers (monomers) in each panel is identical, and that a panel with smaller ϕ
displays a larger simulation box size (L × L). Figure S1 offers the snapshots of the simulations conducted at different ϕ’s in the 2D box at the identical
field of view.
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indeed smaller for a larger chain length N (see Figure 2A). (ii)
For ϕ* < ϕ ≪ 1, ΠSAW ∼ ϕ3, ΠΘ ∼ ϕ8, and the Π−ϕ isotherm
becomes independent of N (see Figure 2A and Appendix A).
(iii) In all values of ϕ, we find that ΠSAW(ϕ) > ΠΘ(ϕ). (iv) The
overlap area fraction ϕ* decreases with N as ϕ* ∼ N1−2ν. Using
the scaling relations * N 1/7 and * NSAW

1/2, one can
extrapolate ϕ* for large N (see Figure 2B).

■ DISCUSSION
Radial Distribution of the Monomers Determines the

Scaling Behavior of the Osmotic Pressure. The compres-
sibility equation from the theory of liquids27 associates the
number fluctuations (⟨(δN)2⟩) with the isothermal compressi-
bility (κT) and the radial distribution function (g(r)) as follows
(see Appendix B for the details of the derivation):

= = +N
N

k T g r r
( )

1 ( ( ) 1) d
2

B T
(9)

From the definition of isothermal compressibility

= =
A

A1 1

T N T N
T

, ,

i
k
jjj y

{
zzz i

k
jjj y

{
zzz

(10)

where ϕ ≃ Na2/A, it is straightforward to show that the scaling
relationship of Π ∼ ϕq signifies κT ∼ ϕ−q. The scaling regime
demonstrated in the isothermal compressibility with the area
fraction (Figure 4), which was calculated using longer chains, is,
albeit not perfect, more clearly seen than that in Figure 2A.

According to eq 9, the solvent quality dependent Π−ϕ
isotherm originates from the difference in g(r). Thus, there
ought to be a difference between g(r)’s of SAW and the Θ
polymer solutions, and the difference should yield the distinct
exponent q. Nevertheless, it is not straightforward to see the
difference between the g(r)’s of the two solvent conditions
except for the amplitude (Figure 5A). Only when the g(r) is
decomposed into the contributions from the particles
comprising the same chain (gintra(r)) and a different chain

(ginter(r)) (Figure 5B) (or see their Fourier-transformed version
of gintra(r), F(k), calculated in Figure S2), does it become clear
that there is a qualitative difference between g r( )inter

SAW and

g r( )inter ; however, such a decomposition is of limited use in that
it is not directly accessible in experimental measurements.
Chain Conformations in Polymer Solutions. The

conformations of polymer chains with increasing ϕ illustrated
in Figure 2C draw a distinction between the two types of
polymer solutions. Better visualization of the chain conforma-
tions in 2D polymer solutions calculated with longer polymer
chains with N = 640 is given in Figures 3 and S2.

First, the individual chains in a Θ solvent are more crumpled
than those in a good solvent. Over the intermediate regime of
the wave vector k (1/Rg < k < 1/ξ(ϕ)), corresponding to the
length scale of 6a < r < 60a, the structure factor F(k) scales with
k as F(k) ∼ k−4/3 and F(k) ∼ k−7/4 for polymer solutions under
good and Θ solvent conditions, respectively (see Figure S2),
reflecting the difference between the spatial arrangement of the
monomers in the two polymer solutions.

In the semidilute phase (ϕ >ϕ*), with increasingϕ, the size of
an individual chain (or domain size) decreases for the case of a
SAW solution; however, such tendency is effectively absent in a
Θ polymer solution for 0.02 ≤ ϕ ≤ 0.44 (see Figure 6A). The
snapshots of individual chains from the simulations at varying ϕ
shown in Figure 6A indicate that, compared to the chains in a Θ
solvent, the extent of size reduction in the chain under a good
solvent condition is greater. The size of the Θ chain is not
sensitive to ϕ as if each chain barely feels the neighboring chains.

Figure 4. Standard isothermal compressibility κT vs the area fraction.
(A) For short chains, simulations were performed in an isothermal−
isobaric (NPT) ensemble. The compressibility was calculated by κT =

A A A k T( )/2 2
B where A is the fluctuating area of the simulated

solution (ref 27). (B) For longer chains, κT was calculated from the
particle number fluctuations in subdomains in a canonical ensemble by
using a spatial block analysis method (ref 28). More details are
explained in Figure S3 and its caption. Since the dimensionless reduced
isothermal compressibility χT (= ρkBTκT), defined by the ratio between
the bulk isothermal compressibility and that of the ideal gas k T( )B

1, is
expected to scale with the blob size g(ρ),24 κT scales as ϕ−3 and ϕ−8 in
semidilute SAW and Θ chain solutions, respectively.

Figure 5. Radial distribution of monomers (g(r)) in SAW (left) and Θ
polymer solutions (right) at varying ϕ. The distribution was calculated
using polymer solutions withN = 70. (A) The full radial distribution of
the monomers. (B) The full radial distribution of the monomers
decomposed into the intra- (top) and interchain (bottom) radial
distributions.
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The insensitivity of Θ polymer size to the increasing ϕ can also
be confirmed with the intrachain form factor (F(k)) calculated
in Figure S2.

To be more quantitative, we calculate the mean end-to-end
distance of individual chains as a function of ϕ (Figure 6B). Two
points are noteworthy. (i) As long as the solution is not in the
concentrated regime (ϕ ≪ 1), Θ chains in solution (filled
symbols in Figure 6B)maintain their size. Theminor expansions
observed at ϕ < ϕ* are likely due to the effect of the neighboring
chains that attract. (ii) At sufficiently high area fraction (ϕ ≫
ϕ*), the polymer solution becomes a melt, the data points with
the same N from the two solvent conditions coincide, and the
effect of solvent quality on polymer size is no longer observed.
The sizes of chains are reduced as Ree ∼ ϕ−1/2.

Provided that a chain of length N in a 2D polymer solution is
divided into N/g blobs of size ξ, each composed of g correlated

monomers (ξ ≃ agν), the area fraction of the monomers inside
the blob is ϕ ≃ ga2/ξ2. From these two relations, it follows that

a( ) /(1 2 ) (11)

and

g( ) 1/(1 2 )
(12)

Since ν = 3/4, 4/7 > 1/2, the size and number of blobs decrease
with ϕ. With this blob picture in mind, the ϕ-dependent size of
the polymer Ree(ϕ) is expected to scale as

R N g( ) ( )( / ( ))ee (13)

Plotted by rescaling Ree(ϕ) with ξ(ϕ) and N with g(ϕ), the
individual curves of Ree(N, ϕ) obtained at varying N and ϕ in
Figure 6B collapse on the two distinct master curves (Figure

Figure 6. (A) Configurations of a polymer chain (N = 640) in a 2D polymer solution in good solvent and a Θ condition. The figure shows how the size
of a single polymer changes with varying ϕ. At the same value of ϕ, polymer chains in a Θ condition are generally more compact that those in a good
solvent condition. (B) The size of individual chain in terms of the end-to-end distance (Ree) vs ϕ. At high ϕ, both polymers under good and Θ solvent
conditions form dense polymer melts and their size scales with ϕ as Ree ∼ ϕ−1/2. (C) The chain size (end-to-end distance, Ree) rescaled with a blob size

a( )/(1 2 ) plotted againstN rescaled with the number of monomers in a blob g( )1/(1 2 ) for varying densities collapses to themaster curves
for SAW and Θ solutions. In both cases, the crossover points to dense polymer melts are identified at N/g(ϕ) ≃ 1 and Ree/ξ(ϕ) ≃ 1.
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6C). (i) For the value of ϕ in which the blob size is greater than
that of a chain (Ree/ξ(ϕ) < 1, N/g(ϕ) < 1), Ree/ξ(ϕ) ≃ (N/
g(ϕ))ν with ν = 4/7 for a Θ solvent and ν = 3/4 for a good
solvent condition (Figure 6C). (ii) For the opposite case (Ree/
ξ(ϕ) > 1, N/g(ϕ) > 1), all the data points obtained from
differentN’s and solvent qualities collapse onto the single master
curve Ree/ξ(ϕ) ≃ (N/g(ϕ))1/2. From i and ii, it is suggested that
the effect of solvent quality on the chain manifests itself only
inside blobs, beyond which the individual polymers obey the
statistics of polymer melts (Ree ∼ N1/2).

In fact, the blob size ξ(ϕ) is equivalent to the correlation
length of the polymer solution. In the semidilute phase, the
correlation length l(ϕ) can be associated with the Flory radius as

*l R( ) ( / )m
F

f .1 Since ϕ* ∼ N1−2ν, RF ≃ aNν, and l(ϕ)
should be independent of the chain length (N) of an individual
polymer in solution, one can determinemf from ν +mf(1−2ν) =
0. Thus, l(ϕ) ≃ aϕν/(1−2ν), which is equivalent to eq 11, allowing
us to interpret that the blob size ξ(ϕ) is tantamount to the
correlation length of the polymer solution in the semidilute
phase.

When g1/2 ≃ ϕ1/2ξ/a is substituted to eq 13 with ν = 1/2, it
yields Ree ≃ aN1/2ϕ−1/2, which accounts for the Ree ∼ ϕ−1/2 (ϕ
≫ ϕ*) shown in Figure 6B.
Interstitial Voids. The varying sizes of interstitial voids

interspersing the space between monomers in a Θ condition are
another key feature that differentiates a Θ polymer solution from
a SAW solution in 2D at the same ϕ (Figure 2C; see also Figures
3 and S2 calculated with N = 640 for clearer images). In
comparison with the interstitial voids in a Θ chain solution,
those in a SAW solution appear more uniform in size.

To make this observation more quantitative, we first identify
the voids from the configurations of the polymer solution and
calculate the void size distribution (Figure 7). The whole

simulation box was divided into the cells of a 1.5a × 1.5a square
lattice, and a void was defined as a cluster of empty cells that are
connected without being intercepted by the polymer chains.
The Hoshen−Kopelman algorithm, which is often utilized in
studies of percolation,29,30 was employed to quantify the size of a
void by means of the number of unoccupied cells (nv). The void
size distributions P(nv) in Figure 7 have exponentially decaying
tails. The tail of P(nv) for the Θ chain solution at the same ϕ is an
order of magnitude longer than that for the SAW solution.

Notably, the interstitial voids formed in a Θ chain solution
display a more heterogeneous distribution with heavier tails, and
hence, the average void size =( )n n P n n( ) dv v v v , which can
be calculated from Figure 7, is greater than that of a SAW chain
solution, i.e., >n n( ) ( )v v

SAW (Figure 8). Larger

interstitial voids in a polymer solution alleviate the intermo-
nomer repulsion, lowering the osmotic pressure. From the
analysis of our numerics, we find that the average size of the
interstitial void scales approximately with ϕ as ⟨nv⟩ ∼ ϕ−4 for a Θ
chain solution and ⟨nv⟩ ∼ ϕ−3/2 for a SAW solution for ϕ > ϕ*
(Figure 8). Notably, the average size of the interstitial void
displays the scaling relation identical to that of the blob size (or
correlation length). In fact, the surface pressure in a semidilute
phase is related with ξ(ϕ) as

k T k T
( )

B
2

B
2 /(1 2 ) (14)

Because of eq 14, the inequality of ξΘ(ϕ) > ξSAW(ϕ) (or
>n n( ) ( )v v

SAW ) for 0 < ϕ < 1 implies the inequality of
ΠΘ(ϕ) < ΠSAW(ϕ). For the case of a dilute solution (ϕ < ϕ*), Π
∼ (ϕ/N) + B2(ϕ/N)2 + B3(ϕ/N)3 + ··· (see Appendix A). Since
B2 > 0 and B3 > 0 for a SAW chain and B2(ϕ/N)2 + B3(ϕ/N)3 +
··· ≈ 0 for a Θ chain, the inequality ΠΘ(ϕ) < ΠSAW(ϕ) is
expected as well.

■ CONCLUDING REMARKS
Our numerics, although the chains are still not long enough to
generate scaling regimes clearly, have semiquantitatively
reproduced the basic features characterizing the experimentally
measured Π−ϕ isotherm of a thin polymer film.15,16 Polymer
configurations of a 2D polymer solution visualized through our
numerics clarify a qualitative difference between the polymer
configurations in good and Θ solvents.

Among the two fundamental scaling exponents involved in
polymer configurations, ν and γ, the one involved with the size
(R ∼ Nν) and the other with the entropy of the chain (ZN ∼
μNNγ−1),1 ν is the only exponent that decides the dependence of
the osmotic pressure on ϕ. It is worth noting that the exponent γ
(more specifically γ4 and γ2, where γL is the exponent for an L-
star polymer31), which may be linked to the correlation hole

Figure 7. Probability distribution of void size (nv) in semidilute
polymer solutions (ϕ* ≤ ϕ ≪ 1) with N = 640. The inset shows the
log−linear plot. The corresponding configurations of the polymer
solution are depicted in Figures 2 and S1.

Figure 8. Average size of interstitial voids, ⟨nv⟩, under good and Θ
solvent conditions are calculated from P(nv) in Figure 7. As expected,
the void size is a decreasing function of ϕ. For ϕ > ϕ* ( * 0.02SAW ,

* 0.27 forN = 640) the void size scales with ϕ as ⟨nv⟩ ∼ ϕ−4 and ∼
ϕ−3/2 for Θ and SAW solutions, respectively.
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exponent θ and the fractal dimension of the external perimeter
dp,

1,31 however, makes no contribution to determining the
osmotic pressure.

Visualizing the distributions of monomers (Figures 2, 3, and
5) and, more importantly, the distinct distributions of interstitial
voids for two different polymer solutions (Figures 7 and 8), this
study offers comprehensive understanding to the physical origin
of the differing surface pressure isotherms of a 2D polymer
solution under good and Θ solvent conditions.

■ APPENDIX

A: Osmotic Pressure of a Polymer Solution with Increasing
ϕ
The osmotic pressure of a polymer solution displays substantial
changes with increasing ϕ. Before our in-depth discussion on the
solvent quality dependent osmotic pressure, we briefly review
some basics of polymer solutions along with Figure A1.

(i) In the nonoverlapping dilute regime (ϕ < ϕ*) each chain is
effectively isolated and the property of the polymer solution can
be described with individual polymer chains that behave like a
van der Waals gas of radius RF ∼ Nν at a concentration of ∼ϕ/N.
In this regime, the osmotic pressure is given by a T/d ≃

+ + [ ]N B N N/ ( / ) ( / )2
2 3 , where a is the monomer size

and B R d
2 F .1

(ii) As ϕ increases, there is a point where the average distance
between the chains and their size (RF) becomes comparable, and
the polymer solution reaches the overlap concentration (ρ ≈ ρ*
or ϕ ≈ ϕ*). Beyond this point, it becomes difficult to tell
whether neighboringmonomers belong to the same chain or to a
different chain, and the global concentration of monomers
becomes identical to the intrachain monomer concentration

* = N R/ d
F . Hence, the corresponding volume fraction is

given as * = *ad = Na R/d d
F ∼ N d1 . For a polymer solution

in the regime of the semidilute condition, ϕ* < ϕ ≪ 1, its
osmotic pressure obeys the scaling law of adΠ/T ≃ (ϕ/N)f(ϕ/
ϕ*). Π in this regime is impervious to the actual length of the
polymer (N), and it is determined solely by the local volume
(area) fraction ϕ.1,15,16 The scaling ansatz that the scaling
function is given by f(x) ∼ xm results in *N( / )( / )m ≃

+ +Nm m d1 1 ( 1) ∼ N0, which determines m = (dν − 1)−1 and
yields the scaling relation d d/( 1).

(iii) When ϕ increases further, the pressure of the polymer
solution starts to deviate from d d/( 1),32 and in the
highly concentrated regime (ϕ ≫ ϕ*) the solution eventually
forms a polymer melt. In 3D (d = 3), the interactions between
monomers of polymer chains are effectively screened so that the
chains behave like ideal polymers with the size of individual
polymer chains scaling as =R R N( )gF

2 1/2 1/2. The
polymer chains interpenetrate each other, displaying a strong
correlation with their neighbors.1 By contrast, polymer melts in
2D are characterized by completely different physical properties
because of the topological interaction overwhelming other
interactions. Polymer chains segregate from each other and form
compact, space-filling domains whose size scales as RF ∼ N1/d

with d = 2. It is of particular note that, although the scaling
exponents in the melts are identical to ν = 1/2 for both 2D and
3D, the underlying physics giving rise to the exponent 1/2 are
fundamentally different.24 In 2D, the intrachain monomer
distributions of a polymer chain in a polymer solution under
both good and Θ solvent conditions differ from the distribution
of a Gaussian polymer (Figure S4).33

B. Connection between κT, g(r), and Number Fluctuations
For N indistinguishable particles distributed in space, a grand
partition function is written as

=
! =N

z r
1

d e
N

N N V

1

N

(B1)

where z ≡ eβμ, =r rd dN
i
N

i1 , VN ≡ V(r1, r2, ..., rN), and the
factor N! is introduced to account for the indistinguishability of
the particles. Then, the joint probability density of n
indistinguishable particles in space is given by
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where P(r1, r2, ..., rn) is the joint probability density of n
distinguishable particles. Then, it follows from eq B2 that

= !
!

N
N n

r r r rd ( , , ..., )
( )

n n
n

( )
1 2

(B3)

Now, we consider the joint probability density of two
indistinguishable particles at r1 and r2 with an assumption that
their distribution in space is homogeneous and isotropic, satisfying
ρ(2)(r1, r2) ≈ ρ2g(r12), where ρ ≡ N/V, r12 ≡ |r1 − r2| and g(r) is
the radial distribution function. Then, together with the

Figure A1. Diagram illustrating the polymer solution at three different
regimes of area fraction. In isolation, the size of the polymer scales with
N as R ≃ aNν. The average distance between polymers is denoted by r.
The threshold overlap area fraction (ϕ*, blue line) scales with the
length of the polymer chain as ϕ* ∼ N1−2ν in 2D (d = 2). Depending on
the value of the area fraction ϕ, the polymer solution is classified into
three regimes: (i) dilute (ϕ < ϕ*), (ii) semidilute (ϕ* < ϕ ≪ 1), and
(iii) concentrated (ϕ* ≪ ϕ < 1).

The Journal of Physical Chemistry B pubs.acs.org/JPCB Article

https://doi.org/10.1021/acs.jpcb.2c05472
J. Phys. Chem. B 2022, 126, 9695−9704

9702

https://pubs.acs.org/doi/suppl/10.1021/acs.jpcb.2c05472/suppl_file/jp2c05472_si_001.pdf
https://pubs.acs.org/doi/10.1021/acs.jpcb.2c05472?fig=figA1&ref=pdf
https://pubs.acs.org/doi/10.1021/acs.jpcb.2c05472?fig=figA1&ref=pdf
https://pubs.acs.org/doi/10.1021/acs.jpcb.2c05472?fig=figA1&ref=pdf
https://pubs.acs.org/doi/10.1021/acs.jpcb.2c05472?fig=figA1&ref=pdf
pubs.acs.org/JPCB?ref=pdf
https://doi.org/10.1021/acs.jpcb.2c05472?urlappend=%3Fref%3DPDF&jav=VoR&rel=cite-as


probability density for a single particle in homogeneous and
isotropic space, satisfying ρ(r) = ρ = N/V for d = 3 (or ρ = N/A
for d = 2), we obtain

[ ] = [ ]

=

N g

N N N

r r r r r r r r( , ) ( ) ( ) d d d ( ) 1(2)
1 2

(1)
1

(1)
2 1 2

2 2

(B4)

which yields ⟨(δN)2⟩/⟨N⟩ = 1 + ρ∫ [g(r) − 1] dr (eq 9).
Next, the total differential dΞ = −S dT + A dΠ − N dμ of the

grand ensemble Ξ = Ξ(T, Π, μ) gives the following relations at
constant temperature:
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with ρ ≡ N/A. Together with (∂ log Ξ/∂βμ)T,A = ⟨N⟩ and
(∂⟨N⟩/∂βμ)T,A = ⟨(δN)2⟩, it follows from eq B5 that

=N
N

k T
( )2

B T
(B6)
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