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Abstract

Electromagnetically induced slow-light medium is a promising system for
quantum memory devices, but controlling its noise level remains a major chal-
lenge to overcome. This work considers the simplest model for such medium,
comprised of three-level A-systems interacting with bosonic bath, and provides
a new fundamental trade-off relation in light-matter interaction between the
group velocity of light and the Fano factor of photon current due to radiative
transitions. Considering the steady state limits of a newly derived Lindblad-
type equation, we find that the Fano factor of the photon current maximizes to 3
at the minimal group velocity of light, which holds true universally regardless
of detailed values of parameters characterizing the medium.

Keywords: slow light, Fano factor, A-system, fluctuations,
electromagnetically induced transparency, coherent population trapping

(Some figures may appear in colour only in the online journal)
1. Introduction

Quantitative characterization of fluctuations in driven quantum dynamical processes has fun-
damental implications for quantum thermodynamics [1-6], and is a central issue to address for
the development of efficient quantum information [7-9] and sensing devices [10-12]. To this
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end, significant theoretical advances have been made in recent years, for example, by identify-
ing new relations and bounds for stochastic/quantum fluctuations through quantum extensions
[1, 13—18] of thermodynamic uncertainty relations [19-21] and related quantum fluctuation
theorems [5, 6, 22]. As yet, utilizing many of these relations for actual experimental measure-
ments/developments requires further theoretical analyses for establishing concrete and exper-
imentally testable relationships between physical observables. This work provides such an
analysis for a well known process that utilizes coherent driving of laser pulses to slow down
light propagation [23], and clarifies an important trade-off relation in the process.

There have been considerable efforts to develop optical quantum memory devices employ-
ing laser control [24-30] since Hau et al [23] demonstrated extraordinary slowdown of the
group velocity of light as slow as 17ms~! in an ultracold gas medium of sodium atoms.
The electronic states of a sodium atom constitute a A-type three-level system, which com-
prises two nearly degenerate ground states and a common excited state. Applying a control
pulse in resonance with the A-system can eliminate the linear absorption of a resonant probe
pulse via destructive quantum interference, generating a dark state where the atomic state is
effectively trapped in the two ground states without excitation (see appendix A for more pre-
cise description). Depending on the intensity of the control pulse relative to the probe pulse,
two distinct mechanisms, coherent population trapping (CPT) [31, 32] and electromagnetic-
ally induced transparency (EIT) [33], make an otherwise absorbing medium effectively trans-
parent and slow down the group velocity of the probe pulse propagating along the media of
atomic vapor [28]. While conceptually clear, realization of an actual quantum memory device
employing these phenomena has remained challenging due to a substantial level of noise [34,
35]. Although the major external sources of the noise have been identified and methods to sup-
press them have been developed over the years [28], there still exist fluctuations inherent in the
radiative transitions generating photon currents. Elucidating the origin and size of these fluc-
tuations under varying conditions could help understand the fundamental limit in achieving a
given quantum memory device.

The main objective of this work is to offer a quantitative understanding of how the relative
fluctuations of photon current associated with radiative transitions in a coherently controlled
ensemble of A-systems change as the group velocity of light is reduced. In a recent work on
a field-driven two-level system (TLS) weakly interacting with bosonic environment [17], we
have shown that the Fano factor (or relative fluctuations) of photon current associated with radi-
ative transitions is determined by the competition between the real and imaginary parts of the
steady state coherence formed between the excited and ground states, such that the imaginary
part of the coherence reduces the fluctuations, whereas the real part contributes to enhancing
them [17]. Employing a similar formalism for the A-system and through careful theoretical
analyses of a Lindblad-type equation while treating light-matter interaction at semi-classical
level, we discover a fundamental trade-off relation between the speed of light and the Fano
factor of photon current.

2. Theoretical model

A three-level A-system comprised of the electronic states |1), |2), and |3) is coupled to a
thermally-equilibrated bosonic bath at temperature 7. The system is illuminated with con-
trol (e = c) and probe (a = p) laser pulses, Eq (r,1) = éq (o (e Ko T=wal) 4 gilka T-wal)) ~
€aCa(e@e! 4 e~1wal) "each with the amplitude ¢, wave vector k, and the angular frequency
wq. The two polarization vectors, €. and €, are orthogonal to each other (€ - €, = 0), and the

dipole approximation (ko - r < 1) [36] is taken at the second equality of E,(r,7) since the
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Figure 1. Optical properties of A-system as a function of detuning frequency (dwp).
(A) Schematic of the system consisting of three electronic states, |1), |2) and |3), inter-
acting with the probe and control pulses of frequencies wyp and we. Here, w2 (= wi — wy)
and w3(= wi — w3) are the resonant frequencies. Further, dwe = we — w1z and dwp =
wp — wi3 denote the detuning frequencies. The condition dw, = dwe = 0 corresponds to
the two-photon resonance. (B) Populations in |1), |2), and |3) are shown in the panel (a).
Real and imaginary parts of the coherences p12, p13, and p3 are depicted in (b), (¢), and
(d) as a function of dw, with the solid and dotted lines, respectively. Here, we have used
Y =712/713 = 0.9, dwe = 0, 7 = 0, Qe = 0.56, and 2, = 0.50. All the frequencies are
scaled with 13 (=~ 0.62 x 10%s™1).

atomic length scale is much smaller than the wavelength of laser pulses. In addition, we sim-
plify the situation here by focusing on the linear response regime [28, 37] with respect to the
probe field and on the dilute sample limit where collective excitation or multiple atom-light
scattering does not make significant contribution. The full Hamiltonian representing this model
is provided in appendix B.

The atoms in |2) and |3) states are excited to a common excited state | 1) through interactions
of transition dipole operators, d> (between [1) and |2)) and ds (between |1) and |3)), with the
incident pulses (see figure 1(A)). This is represented by an interaction Hamiltonian Hjy =
—572 -EC — 5_1'3 -Ep, for which two Rabi frequencies (2. and (), characterizing the respective
interaction strengths can be defined (see appendix B for details). The state |1) can either decay
into |2) with a rate 7, or into |3) with 73. The transition between |2) and |3) is effectively
spin-disallowed with 723 < 712, v13. Employing the standard assumptions of the weak system-
bath coupling, Born—Markov, and the rotating wave approximations (RWAs), we find that the
dynamics of the A-system can be described by the following Lindblad-type equation for the
reduced density matrix p(7) (see appendix B),

Oip(1) = —(i/ h)[Hs + Hin, p(1)] + D(p(1)), (D

where Hs = (w1 |1)(1] + w2|2) (2] +ws|3) (3|) with fiw; denoting the energy level of the ith
state, and D(p(t)) is a Lindblad-type dissipator. Note that there are multiple ways to formu-
late the phenomenon of slow light. For example, one can study the light—matter interaction by
explicitly quantizing the electric field as well as the atomic state, but either by ignoring the
effect of bath [38] or by treating the effect of bath only phenomenologically [39]. Our for-
mulation in this study rests on a Lindblad-type equation that explicitly takes into account the
effect of fast relaxing background photon bath on the system, but treats the interaction with
primary control and probe pulses at semi-classical level.

Equation (1) can be transformed to até(t) = ,Cé(t) where ‘_5 = (ﬁllvﬁlZa p~13, p~21 y p~22,‘523,ﬁ31,
P32, p33)" is vector representation of p(t) in the rotating wave frame (see appendix C), and
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L represents the Liouvillian super-operator expressed as 9 x 9 matrix in the Fock-Liouville
space [40]. The steady-state value of each element pj is calculated from Lo* =0 (see
equation (E1)). Figure 1 shows the population in each state (5, which satisfies > . 12305 =
1) and coherences between the states |i) and [j) (o} = pf; + ip{i, i#j, with pj =Rp; and
p{j = Jpj;) as a function of the detuning frequency of the probe pulse (dwp).

The condition of two-photon resonance (dwp = dw, = 0) and €. ~ €2, engender a special
atomic state termed a dark state: the atom is locked in the states |2) and |3), without populating
the excited state |1), i.e. P22, p33 # 0 but p1; = 0 (panel (a) of figure 1(B)). In addition, except
for the real part of the coherence between |2) and |3) (o, # 0), all the coherence terms vanish,
such that pf, = pl, = pf, = pk, = pl. = 0. This situation corresponds to the CPT, where the
effects of control and probe pulses are cancelled off via destructive interference, and the atomic
state is delocalized between |2) and |3), forming a dark state. It is also noteworthy that in the
dark state, both the photon current between the atomic states and its variance vanish; yet their
ratio corresponding to the Fano factor remains finite, which constitutes the major result of our
work. Since there is neither dispersion (p%; = 0) nor absorption of light (p!; = 0), the atomic
medium looks effectively transparent to the probe pulse (see appendix A for more complete
description of the dark state, CPT and EIT).

3. Photon current, fluctuations, and Fano factor

Laser pulse applied to the system for a time interval sufficiently longer than the decay time
(T =13t > 1) establishes steady-state current of photon absorption and emission. With the
net number of radiative transitions in the A-system denoted as n(7), where n(7) > 0 is for
emissions and n(7) < 0 is for absorptions, the average photon current at steady state (Jpp), its
variance (Dpp), and the corresponding Fano factor (F) are defined as follows

{n(7))

Jon = 1i
=
Doy = lim Y2120]
T>1 T
D
_ ph = lim var[n(T)] (2)

Jon  m>1 (n(7)) "’

where var[n(7)] = (n(7)?) — (n(7))?%. Detailed expressions of these for the A-system can be
obtained by employing the method of cumulant generating function [13, 41] (see appendix D).

When the two energy gaps are identical (w;» = w3 = wp), the mean number of background
thermal photons at this frequency is given by 7115 = 7113 = 71 = (%" — 1)~!. Then, F simpli-
fies to (see appendices D and E)

F =coth (;‘) [1+R—T+q(-)], 3)

where A= fhwo, R=2,; (oF)", T=65, (o))" with ije{1,2,3}, and ()=
q(Q,Qp, 7y, A, dwe, dwp). Similarly to the Fano factor for the field-driven TLS [17], F of
the A-system is determined by the competition between the real (R) and imaginary (Z)
parts of steady-state coherence; however, there is an additional factor ¢(-) in the expression
(equation (3)), which is absent in the TLS but could be significant in determining the magnitude
of F for the A-system. The full expression of g(-) is rather complicated, but at the two-photon
resonance it is greatly simplified to
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o() = 2(v€° + 2964 +287 + 1)
(E+1)(E+7)?
where &(= /) is the experimentally controllable variable, and v =~i2/713 (see

equations (E4) and (E5)). Note that the result of TLS, i.e. g(-) =0 is recovered under the
limiting condition of > 1.

; “

3.1 Group velocity of probe field and Fano factor

Since the group velocity of light is defined as v, = [dk(w)/dw] ~! where k(w) = wn(w)/c with
n(w) denoting the real part of the refractive index and ¢ speed of light in vacuum, a change
in the refractive index gives rise to a change in the group velocity of probe field across the
medium as follows (see appendix F)

-1
dn(w)\  _ ¢
dw > 14 27Ngpks + 27w, Na (05, /Ow,)

Vg =C¢C (n(w) +w 5)
where Ny = N|313|/Cp(: N|313\2/h9p7]3) with N being the density of atoms comprising the
medium of atomic vapor.

The condition of two-photon resonance (Jwp = dw, = 0) simplifies equation (5) with
(pf3)5wp:0 =0 (figures 1(B) and 3(A) inset, and see equation (El)). Hence, v, is greatly
reduced by increasing the derivative term, (9p%,/ 0wy ) 5u,=0, Namely, by increasing the vari-
ation of refractive index (or coherence) involving the states |1) and |3) with respect to the
probe pulse frequency, wy, [23]. In fact, it is straightforward to show (9pf/0wp)sw,—0 =
Q; 1(p§3)§wp:0 (equation (E1)). Thus, v, in equation (5) is determined by the strength of
Raman coherence, i.e. the magnitude of the real part of coherence between the two ground
states |2) and |3) at two-photon resonance (dw. = dw, = 0) as follows

c
V=
¢ L+ N (p55)5.,—0

where N = 2w Ngw, /€Y, is a factor determined by the density of atoms comprising the medium,

(6)

the magnitude of the transition dipole moment |3 13
Q.
pAn important relation between v, and F for A-systems can be identified through & (see
figure 2(A) for vy = v,(£)). Figure 2(B) shows a curve of F versus v, parameterized with £ at
dwp = dw, = 0 for v =0.9, clarifying a trade-off relation between F and v, for experimentally
relevant range of variable, £ > 1. It is noteworthy that the Fano factor of photon transitions
sharply increase to F ~ 3 when v, approaches its minimal value vy ~ 7 ms~! (figure 2(B),
magenta line), which is even smaller than the one experimentally reported [23].
For A>1 (or n~0) with dw.=déw, =0, the expressions of coherence terms
(equation (E1)) are greatly simplified, enabling us to further clarify a relation between v, and

. 2 .
F. With (Pgs)awp=o =&/(€+1)%, phy = pfy = ply = ps = pi3 = 0 (equation (E1)) and the
expression of g(+) given in equation (4), the group velocity and the Fano factor read

, the resonant and Rabi frequencies, w;, and

c

BTN @
EGE

and
2(1++€%)

F~1+ Gre)

®)
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Figure 2. Group velocity (vg) and Fano factor (F). (A) vy = vg(§) in red, and vacuum
speed of light ¢ in blue. (B) F versus vy calculated by varying &(= ¢/€,) at two-
photon resonance (dwp = dwe = 0). Depending on whether £ < 1 or £ > 1, F changes
differently with vg. For the calculation, the parameters were taken from Hau et al

[23] that experimented on 23Na atom: ;=0 (A> 1), y(=v2/73) = 0.9, and N =
27Ng(wp/Qp) ~ 1.78 x 10%, which is estimated from Ny = N|di3]>/(hQpy13) = 0.11
with N~ 8 x 103 ecm™, |dj3] = 1.4 x 107 C-m ~ 4.2 x 10~ ¥ statC-cm, €, = 0.2
[42], v13~0.62 x 10°s™" = (16.23ns) ™", and wy = (27c/Ap) /113 = 27 x 8.21 x
10° with \p ~ 589 nm.

From equation (7), it is clear that v, minimizes to vg'" = ¢/(1 + /N /4) for £ =1, and satur-
ates to vy = ¢ for £ > VN oré<1 / VN (see figure 2(A)). Next, the term & in equation (7)
can be solved in terms of v,, yielding two expressions, & =& = 1[\/N/(c/ve— 1)+
VN /(c/vg—1) —4] 2 1. Insertion of & = ¢4 to equation (8) yields F = F (vy) for € =
£+(>1) (magenta line in figure 2(B)), and F = F(v,) for { =€_(< 1) (blue line in
figure 2(B)). We note that only the condition of £ > 1 is of practical relevance to the slow-
light experiment because the current fluctuations are smaller and more controllable with
F(vg) < 3. At =1 orequivalently at v, = vgmi“, one always obtains F = 3. The universality
of this value is a key outcome of our analyses.

For more general case with dwy, # 0 and dw, = 0, the expression of F is complicated; yet,
JF is still an even function of dw, (equation (E1)). Confining ourselves to the condition { > 1,

we resort to numerics to calculate F(dwy,$),) (figure 3), finding that F is maximized over
-1

the transparency window A, given by A, ~ {6/)’1?3/8(5%‘6 0} =0, (£ +1)%/€% Note
that Ap is narrow for the case of CPT ({~ 1) but is wide 5f01r EIT (¢ > 1). Over the nar-
row transparency window A, the coherence between atomic states |1) and |3) vanish (pf,
p’, 3 ~ 0) (figure 1(B)-(c)), and R and g display maximal contribution at two-photon resonance
(figures 3(A) inset, (B) and (D)), whereas Z = 0, i.e. the absorption is negligible (figures 3(A)
inset and (C)).

It is worth noting that the Fano factor of radiative transitions is maximally reduced under
a detuning condition dwj, # 0 where Z is maximized, R ~ 0, and ¢(-) < 0, resulting in F < 1
(figures 3(A) inset, (B), and (D)); however, such a condition is attained when the value of wy, is
beyond the transparency window, which does not correspond to the regime where absorption-
free slow light can be generated. Rather, under such condition, the absorption doublet arises
from the transitions from |0) to two eigenstates |4-) comprised of the three electronic states
[1), |2), and |3) [36] (see figure A1(B) and equation (A5)).
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Figure 3. Effect of detuning on the Fano factor of radiative transitions. (A) Diagram of
F(bwp,Yp) calculated for dwe = 0 with Qc = 0.56, v =0.90, A = 47. (Inset) F, R, Z,
and ¢ as a function of dwy, for €2, = 0.5. The blue vertical dashed line indicates the value
of dwp (= 0.8) that gives rise to the minimal F. The range of transparency window (Ap)
is indicated by the arrow. (B) Real (R) and (C) imaginary parts of coherence (Z) and
(D) the factor ¢ as a function of probe detuning dwjp and driving frequency €2;.

4. Concluding remarks

This work, which considers a model of a coherently controlled A-type three-level system inter-
acting with thermalized background photons, has established a fundamental trade-off relation
between the group velocity of light and the Fano factor of photon current of the radiative trans-
ition in electromagnetically induced slow light medium. In particular, the Fano factor of the
net number of radiative transitions n(7), which dictates the relative fluctuations of the laser
power (see appendix H, ((dn(7))?)/(n(7)) o< ((61)%)/{I)), is maximized to F = 3coth (A/2)
at the slowest group velocity, v, =~ (4//N)c. This indicates that slow light is attained at the
expense of relative fluctuations of the irreversible photon current. This trade-off, which may
be inevitable in the basic setup of CPT or EIT-based optical quantum memory device, is phys-
ically sensible in that as the light slows down, overall fluctuations in the photon current is
enhanced over the prolonged travel time of the photon inside the medium. At two-photon res-
onance, the real part of coherence between the two ground states (p5;), which engenders slow
light (equation (6)) and increases the Fano factor of signal (equation (3)), is maximized at
the regime corresponding to CPT, where the Rabi frequencies of control and probe pulses are
identical (§ = Q. /€, = ).
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Our results can also be applied to the medium consisting of '*3Cs atoms, one of two major
systems being used currently for EIT quantum memory scheme [28], whose D1 line con-
stitutes the three-level A-system. For Cs atoms, the frequency gap between the two ground
states 625 »(|F = 3)) and 628 »(|F = 4)), where F stands for the total angular momentum
quantum number, is ~ 9.2 GHz. The condition of p%; # 0 and p}; = 0 signifies a Raman coher-
ence between |F = 3) and |F =4) effectively with no absorption. The slowest group velo-
city achievable for the case of CPT regime (£ ~ 1) of '33Cs vapor [43] is v, ~ 38 ms~! with
N =27Ny(wp/€p) 3.2 x 107, which is estimated from Q, = 0.5, w, = (27c/Xp) /113 =
2.1 x 107 with A\, ~ 894 nm [43] and ;3 ~ 108 s~!, and Ng = N|c713|2/(7i9p’713) =0.12 with
N~ 102cm~2 and |dy3| = 2.7 x 1072 C-m = 8.09 x 108 statC-cm [44]. It is important to
note that our estimate for the slowest group velocity of light in the atomic vapor of cesium is
amenable for an experimental verification.

Our main result concerning the size of the relative fluctuations (Fano factor) of photon cur-
rent (or noise level) due to radiative transitions of three-level A-system at the slowest group
velocity is universal (F = 3) regardless of the atomic type, which warrants experimental con-
firmation. Our theory is formulated for the storage process, but not explicit in addressing the
fluctuations of signal upon retrieval. Yet, it is still known from direct experimental measure-
ments that the photon number statistics are preserved during the storage and retrieval processes
[45]. Thus, the noise level at the storage process discussed in this study is expected to carry
over to the retrieved signal as well. The formalism of this work can be extended to other
types of systems, for example, with V and ladder structures [28, 46—48] and also to Bose—
Einstein condensates that can serve as media where the light can stop completely [25]. How-
ever, in actual experimental situations, some effects that are not accounted for by our model
may have nontrivial effects. For example, there could be cases where control or probe field
interacts with another nearby energy level [23], resulting in additional decoherence mechan-
ism. Within our model, such an effect could in principle be incorporated by modifying the
p23-involving term in equation (6), which would lead to an observed group velocity deviating
from the fundamental limit predicted by equation (6). More challenging cases are when the
effects of collective emission [49] or multiple scattering effects [5S0] are significant, for which
formulation that goes beyond our model becomes necessary. Another important theoretical
challenge is treating probe and control fields fully quantum mechanically. How the trade-off
relation is altered for the different systems and by additional effects due to non-Markovian or
strongly coupled environments [51-53] remains an important theoretical issue that requires
further investigation.
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Appendix A. Coherent population trapping (CPT) and electromagnetically
induced transparency (EIT)

A.1 CPT

The absorption and dispersion profiles of probe pulse as a function of detuning (dw)) are
calculated in figure 1(B) in the main text. At the two-photon resonance (dw, = dw. = 0),
both the coherences between the states |1) and |3) and between the states |1) and |2) vanish
(% = pl3 =0and p§, = pl, = 0in figure 1(B)), which implies that the medium is effectively
transparent to the probe and control pulses. The two light pulses interacting with the matter
vanish via the destructive interference between two pathways between |3) = |1) — |2) and
[2) = |1) — |3) (figure A1(A)).

To show the destructive quantum interference more explicitly, we consider an addition of
two pulses with quantum coherence,

Psum = P12 + P13- (AD)

Note that j;; = |p;lexp(if;) with |p;|*> = (pf;)z + (pfj)2 and tan ;= (p;/pf;) . Numerical cal-
culation using the results in equation (E1) gives rise to figure A2, indicating that the amplitude
of psum vanishes at two-photon resonance (dw, = dw. = 0). Thus, the excitation transfer to
the state |1), and hence the photon current, is negligible, and almost all the atomic population
is trapped in the states |2) and |3) (figure 1(A) in the main text). The ‘coherent population
trapping’ (CPT) refers to such a trapping of atomic population in the two ground states via a
coherent superposition of the quantum states.

The destructive interference and hence population trapping in states |2) and |3) results in
strong coupling between these states, which is reflected in the high value of p%; (see figure 1(B)
in the main text).

More complete physical interpretation of CPT can be given in terms of the basis represent-
ing the dressed (or eigen) states. Under the following unitary transformation, which is equi-
valent to describing the system in the rotating frame,

) =U|9), (A2)
where U = eI {1=ilwp—we)r2) 2l the Schrodinger equation Oy|v) = —iH/h|) is written
as 8,|¢> = —iHeff/h|qf)> with

_yt st Y
Hgy =UMHU — i1 - =~ 1)(1] = (8 — 6e)[2)(2
~ (1) 3]+ 1) (2] +hic.). (A3)

When dw, = dw. = dw is assumed for simplicity, the energy eigenvalues and eigenstates of
Hg are

Ao =0
Ni = 0.5h (0w /02 + 423 +0)) (A4)

and
|0) =cosf|3) —sinb|2),
|—) = sinfcos¢|3) +cosOcos ¢|2) —sing|1),
|+) = sinfsin|3) + cosfsind|2) + cos@|1), (A5)
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A

_/_‘3)

13)(=10))

Figure A1. (A) Bare state basis to show the paths involved in the destructive interference
for 2/ ~ 1. And (B) the corresponding dressed state picture for the weak probe field
e/ > 1).

| Psum |
0.30 |
0.25
0.20,
0.15
0.10
0.05

T L T T [T T T T 7T

Figure A2. Plot of |psum| = |p12 + p13] with varying dw, with fixed dwe = 0 for Qe =
0.56, Qp = 0.50, 7 = 0.9, 71 = 0.

where the mixing angles 6 and ¢ are defined as

0 =tan~ ' (Q,/)

6=0.5an"" (2,/03+02 /o). (A6)

Under the two-photon resonance condition (dw = 0), the eigenstate |0), a coherent super-
position between the states |2) and |3), of the effective Hamiltonian (equation (A3)) has zero
eigenvalue. Hence, the state |0) is a dark state that does not evolve with time, and is decoupled
from the applied fields. Now the spontaneous emission from the state |1) always populates the
quantum states |2) and |3). Therefore, irrespective of the initial condition, the atomic popula-
tion is trapped in the dark state |0) for an extended period of time, 7 >> 1/+. This corresponds
to the CPT.

A.2. EIT

For a strong control field (§ = €. /€2, > 1) and dw = 0, a coherent superposition of states |1)
and |2), produces the dressed states |£), without affecting the state |3)(= |0)) (figure A1(B)).
The three energy eigen-states and corresponding eigenvalues (inside parenthesis) are obtained
as

0 =P (=0).
)= = (2]1) (e = £h0) (A7)

10
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In this case, the transition amplitude at the resonant probe frequency (dw, = 0) between
the ground state \O) |3> to the dressed states |+) can be written as (3|d|+) + (3|d]|—) ~
d32 + dm + d32 — dgl = 2d32 =0 because of the electric dipole selection rule that disallows
the transition between |2) and |3) (ds, = 0). Consequently, all the population is effectively
confined in the dark state |0). At dw, = 0, the media is transparent to the pulse, and does not
absorb the probe pulse. This strong control field-induced (£ > €2,) conversion of an absorpt-
ive medium to a transparent one is termed the EIT [36]. The EIT creates the destructive inter-
ference between the transition pathways |3) = |1) and |2) = |1) — |3).

The energy gap between the dressed states is 2A€).. Then, the conditions for the perfect
resonance between |0) and |£) appears when dw,, = %), resulting in the complete absorption
of probe pulse, giving rise to the Autler—Townes absorption doublet [36]. The off-resonant
probe pulse (dwp ~ 1) engenders the absorption doublet where again the dispersion becomes
zero (pf; = 0), but this time the absorption (p!5) is maximized.

Appendix B. Evolution equation
The total Hamiltonian in the presence of an external field is expressed as [36, 54]
H = Hs + Hin + Hp + Hsg, B1)

where

Hs = Nh(wi|1)(1] +w2|2) (2] +w3[3)(3])
Hipn :_d2'Ec_;i3'Ep
Hy ZZhwk,AbL,\bk,A

Kk,
Hsp = Zh {(8§,A)12bl,Al2><1\ + (8K, 12 (2|
k,A
(8i) 13 PN 1+ (81) 13 1) 3] B2)

with Hg denoting the A-system, Hg background quantized radiation, and Hsg the interaction
between the system and radiation. The control and probe fields, E, (f) = &4 Cq (6! 4 e~ 1%a?)
with a = ¢ and p where e, is the unit vector representing the direction of polarization and
Ca denotes the amphtude 1nteract with the A-system via the interaction energy Hamilto-
nian Hiy = —d> - E. —ds - E », inducing the excitations of |2) — |1) and |3) — |1> respect-

2(1]) +

(313\1)<3| +331|3><1|) with the dipole matrix elements, dj. Since the transition between

ively. The transition dipole operator is given by d =d, +ds = (dlg\ S

|2) and |3) is effectively forbidden, d; = d3, ~ 0. The summation >k, extends over the

wavevector k and polarization A. The symbols, bk y and by ) denote the creation and anni-
hilation operators of the harmonic oscillators of angular frequency wy constituting the reser-
voir. The dipole coupling constant, (gk ) —i\/wi/2heoVex z - dlj for j € 2,3, contains the
information of polarization ¢ », quantlzatlon volume V and vacuum permittivity €.

The density matrix for the total system, pyo(f), evolves with time, obeying the von Neumann
equation, dp (1) /dr = —% [H, prot]. In the framework of Lindblad approach, the reduced dens-
ity matrix after tracing out the bath degrees of freedom obeys the following evolution equation

1
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dp() i
T— ﬁ[HS""Hmbp]

F(m 1) (12010 - S0 )

e (112121 - 30220 )

St 1) (131D - S0 )

#nama (1B - 30330 ). (®3)

where 7i; = 4w, |dy;|*/(3he?) is the spontaneous decay rate from the excited state [1) to the
ground state |j) (j=2,3), ii;; = (€’ — 1)~ is the mean number of thermal photons with
B =1/kgT, and {A, B} = AB + BA denotes the anti-commutator.

After eliminating the terms violating the energy conservation [36], which amounts to taking
the RWA, the energy Hamiltonian for the light-matter interaction is simplified to

Hine = —hQ (67| 1) (2] +e“¥|2)(1]) — hSY, (7% |1) (3] + ¥ |3)(1])  (B4)

where Q. = (|é. -312\ /hand Q, = (ylép -6713| /] corresponds to the driving (Rabi) frequen-
cies. With Hg in equation (B2), Hj, in equation (B4), and transformations into rotating
frame which lead to p;; — fii, p12 — pr2e ™, p13 — prae ", and py3 — ﬁ23e_i(wp_”°)’ (see
appendix C), the transformed matrix elements p;;’s evolve with time as follows

% =72+ 1)1 +iQepro — iQepo1 — YR12P22

% = (3 + 1)p11 +iQpp13 — QP31 — R13P33

dff = —ifp11 + [zéwe — 5(2n12 +1) n13 +1) } P12+ Qo + Q032

% = —iQpp11 + [léwp — %(mz +1) 2n13 1 } P13 + i€ po3 + i 033

% =iQcp1z — iQppa1 + {(5%_5%) B ('Ynlz;rfll% } s, (B5)

where the equations are rescaled with 7,3, redefining the parameters and variables, such that
T = Y13, 7 = Y12/ 713. Hereafter, we implicitly assume that all the rates including Q, €, dwe,
and dw,, are those scaled with 13, e.g. Qc /713 = Qe, (We — wi2)/713 = dw, and so forth. The
equations for the remaining elements are obtained from the constraints > . p; = 1 and p;; = i

for i .
Appendix C. Transformation to the rotating frame

The following operation transforms the state vector |¢) in the rotating frame into the one in
the stationary frame (|¢/))

) =U(0)|9), (ChH
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with U () = e~ w!ID{=i(wp=we)rI2) 2l Then, the density matrix 5 =|¢)(¢| in the rotating
frame is transformed into the one in the stationary frame via [1)(¢)|(= p) = U| ) (p|UT (=
Uslh.

The Baker—Campbell-Hausdorff formula,

S Ao 2. .

sAp.—sA _ 7 - Bll...
e”Be " =B+ —[A, ]+2![A,[A,B]]

enables one to rewrite the diagonal elements as p; = pj;;, and the off-diagonal elements as
P12 = p12e™!, pi3 = p13e™r’, and foz = posel (),

Appendix D. The method of cumulant generating function

In order to calculate the current ({n(7))) and its fluctuations (var[n(7)]), we employ the method

of cumulant generating function.
We start by defining the cumulant generating function G(z,7) as follows:

G(z,7) =In(e") = IHZP(I’!,T)GZ”, (D1)

which allows one to calculate the kth cumulant

G (z,7)

() r) = =522 ®2)

z:O.

Here, P(n,7)=pn(n,7)+pnn,7)+ps3(n,7) with a normalization condition
>oo2  P(n,7) =1 denotes the probability that n net photons have been processed by the
three states of the A-system and eventually emitted to the environment for the time duration 7.
The terms, py;(n,7), pa2(n,7), and p33(n,7) are the population terms of the reduced density
matrix p(n,7) that satisfies the n-resolved master equation, which is explained below (see
equation (D4)).

The vectorized form of the reduced density matrix in Fock-Liouville space, ¢=

(P11, P12, P13, P21, P22; P23: P31, P32, f33) " obeys the Liouville equation

d-0(r) = Lo(7), (D3)
where L is the Liouvillian super-operator expressed as 9 x 9 matrix, and formally evolves
with time as §(7) = ¢£75(0). The vector §(7) is decomposed into §(n,7), such that (1) =
Soo2 . 0(n, ) with g(n,7) satisfying the n-resolved master equation [41]

0ro(n,7) = Loo(n,7) + Lio(n—1,7)+ L_p(n+1,7), (D4)
where the generators £ and £_ are the off-diagonal element of the £ corresponding to
the emissions (L2711, £33,11) and absorption (Ly; 22, £11,33), respectively, and Ly is for

the rest of the elements. Discrete Laplace transform ¢.(7) =, o(n,7)e”, which satisfies
lim,_,0 0,(7) = 0(7), casts equation (D4) into

070:(1) = L(2)2:(7) (D)
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with the modified super-operator in Laplace space £(z) = Lo + e*L + e *L_. Specifically,

—A, —iQ, —i, iQ, e ¢ 0 i, 0 e |
—iQ, iSw. — Ay 0 0 i, 0 0 iQ, 0
—iQ, 0 iSwy — As 0 0 iQ 0 0 i,
iQ 0 0 —isw, — A, —i0, —iQ, 0 0 0
L(2) = | y(a, + e i 0 —iQ, — i 0 0 0 0 > (D6)
0 0 i, —iQ, 0 iSwpe — Ag 0 0 0
i, 0 0 0 0 0 —iSw, — A, —iQ, —iQ,
0 iQ, 0 0 0 0 —iQ, —iSwp. — Ag 0
| (s + Del 0 iQ, 0 0 0 —iQ, 0 —iig3 |

with  dwpe = dwp —dwe, A1 =72+ 1)+ (i3 +1), Ay=~v2nn+1)/2—(n13+1)/2,
A3 =~(fn+1)/2—(2n13+1)/2, and Ag = (12 +7113) /2. Note that £(z) at z=0 reduces
to the original Liouvillian super-operator £ of the Liouville equation (equation (D3)), namely,
L(0)=L.

The ¢,(7) can be formally solved, and it can be approximated using the largest eigen-
value Ay(z) of the modified super-operator £(z), which satisfies Ao(z) > A1(z) > -+ > Ag(z2),
as follows

o:(1)= Y oln,m)e" =0T, (0) m MO 4 (D7)

Therefore, it follows from equation (D7) that for 7>> 1, Ing,(7) =In)>_~ _ p(n,7)e” ~
Mo(z)T, and hence

oo

G(zm)=In Y P(n,7)e” ~ Ao()T- (D8)

n=—oo

Therefore, equation (D8) along with equation (D2) offers the kth cumulant of the current at
steady states

L @) _ ()

T—00 T Ozk (D9)

z:0.

In principle, equation (D9) can be evaluated by calculating the largest eigenvalue \y(z) of
L(z) explicitly. However, drastic simplification in algebra can be made by using the follow-
ing two properties: (a) along with A\i(z) (k=1,2,...,8), A(z) is a root of the characteristic
polynomial (or the secular equation) of £(z)

9
0=det|\(z)Z — L(z)| = Za,,(z)/\”(z)
n=0
=ag(z) + a1 (2)A(2) + -~ a9 (2) N (2); (D10)

(b) Xo(0) =0, albeit Arxo(0) # 0, since p,(7) should converge to the steady state

z=0

~ p*. Equation (D10) differentiated with respect to z and
0

value at 7> 1, i.e. p,(00)

evaluated at z=0 yields af(0) + a1 (0)A4(0) =0, and a}’(0) + a/(0)\,(0) + a1 (0)AY(0) +
2a3(0)(A}(0))? = 0. Therefore, the average photon current and fluctuations due to radiative
transitions can be expressed in terms of the coefficients of the characteristic polynomial, ao(z),
a1(z), ax(z) and their derivatives at z =0 as follows [55]

14



J. Phys. A: Math. Theor. 56 (2023) 015001 D Singh et al

e )
Dy = lim <<nzz>(7) _(0) = — g’ (0) + 20{(0)/\25(()()); 2a2(0)(A§(0))?]
_ Dpn_4¢’(0) 2(a4(0))*a2(0) — 2a§(0)a; (0)a{(0)
P T ao |t 4]/ (0)(a1(0))? (D11)

Appendix E. Populations, coherences, and Fano factor

The general expressions for the density matrix elements at steady states are too lengthy to
display; however, for the case of resonant control pulse (dw, = 0) with A > 1 (or n ~ 0), they
are significantly simplified at steady state and written in a manageable form

A+ 1202002

P =
D
v {(v 1) 402} Swp + 4(07 + Q) (2 + )]
P2 = )
o Q2 [40wi 4+ { (v +1)* — 802 + 402} 6w? +4 (Q2 + Q2) (2 +7922)]
; D
R _ _4QCQ§ Q2+ 795) dwp
P12 D
g 29(v 4 1)Q0226w?
12 D
B 4(22(2p (Qg + 795 — (5w§) S
pl3 - D
;o 2(y + 120w,
pl3 D
kA28, [Qgéwg - (224 Qg) Q2+ 795)]
p23 - D
; 2(y+1) (92 +7925) Q0w
P =~ D (ED

with D = 4026w + [y(y + 1)2Q2 4 (7 + 1) (v + 1 +802) Q2 — 804 6w + 4 (02 + Q2)°
(Q+ 'ny,).

The coefficients of the characteristic polynomial of £(z) (equation (D10)) at z=0, which
are required for evaluating the quantities in equation (D11), are obtained as follows

ag(0) = ay'(0) = (v + 1)’ R dwy,
a1(0) = —(y+1) [935w3+ {(7+ Q2 (7+8Q§ + 1) 8O (v + 1)295}

X (8wl /4) + (QE + 95)2 (Q& n mg)} ,
a{(0) = (y+ 1) 1026w + {20 ((y+1)* - 82
v+ D2 (2093 +y+ 1) } (62 /4) + (Qg +Q§)2 (792 +Q§)} ,

15
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ax(0) = 1i6 {—4{8(7—%2)92 +(v+ 1)3}5003
+ {64(7 +2)0 — 802 (3(7 + 12446+ 7)95)
—(v+1) ((w * 4+ 8(4y + 1) (v + N2+ 1693)}6%2,
—4(22+9) {80+ 2028 + (74 DR ((r+ 1) (7 +5) + 2403 )

+8(27+1)Qg+(7+1)2(574—1)9}%”. (E2)

It can be shown that

2(“6(0))2‘12(0) — 2(16(0)(11 (O)a]’(O) _ ZZ(ﬁR)Z _ 62(,51)2 + q(Qm Qpaéwp7’7) (E3)

i<j i<j

2
o~
—~

S
£
—

B
—

S
=
=

(8]

where

2
(9, Qp, by, ) = q‘i" (E4)

with

an = 167Q36ws — 87 [8QF — {(v+ 1)* + 220} QF + (v + 1)*Q] 6w
+ [9672 — 16798 (v +1)* = (v+2)2) + (v + 1) (v(v +1)°
FAy(y+ 1) —32008) — 292 ((v+ 1)* +6(y + 1)*Q) + 1692
(v + 1)* Q] dwp — 4 169900 — 298 { (v +1)> = 2(2y + 7)%}
+ Ry (=7 +37+2) +4 (37 +y+1) 2}
F200Q (P + 1) (7 + 12+ 2((y = 3)y + )02}
+208 (v (v(2y+3) —49Q7) — 1) = 2y(y + 1)°Q] 6w
+16(Q2+02)7 (2 +702) (708 +290402 420204 + 0F)
qa= [4935003— {80 — (v + 1) (v + 14820 —v(y+1)°Q } 6w
2 2
+4(Q2 )" (2 +193)]
For éw, =0,

32(02 + Q2)* (02 +792) (78 + 290402 + 20204 + Q)
2
[4(Q2+ )" (22++9)]

C2(vES e 2824 1)
(e +1)(E+)?

q(*) lowy=0 =

(E5)

Whereas g = 0 in a coherently driven TLS [17], (€2, 2y, dwp,¥) # 0in the A-system contrib-
utes to the Fano factor of the transition current.

16
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Although the expressions for ag(z) and a, (z) are lengthy and complicated, the total average
photon current Jpy is straightforwardly decomposed into the two parts, Jpn = Jpn 12 + Jph, 13
with

Jon2 = (2 4+ 1) Py — yiiapss = 2051, (E6)
and
Jon13 = (13 + 1), — iz pls = 2,15 (E7)

The first equalities of equations (E6) and (E7) are consistent with the definition of reaction cur-
rent between two discrete states in classical Markov jump system, and this can also be related
with the imaginary part of coherence between the two quantum states, which is called current-
coherence relation [56]. Note that at two-photon resonance (dwp = dw, = 0) that engenders
the dark state, the mean current as well as its variance along the two channels vanishes, i.e.
Joh = 0and Dy, = 0 due to p, = pl; = 0 (equation (E1)) or a}(0) = a{’(0) = 0and \'(0) =0
(equation (E2))); yet the their ratio, the Fano factor of the photon current, F = Dy /Jpn,
remains finite with its maximal bound, F.x = 3.

Appendix F. Coherent control of dispersion of media

The probe pulse-induced polarization of the A_‘-system Is quantiﬁ_sed with the dipole moment
between [1) and |3) per unit volume as P3 =N(d3) = x13Ep, where N is the num-
ber density of atoms. ﬁ13 = épCpXBe*i“"’t +c.c., where 3 is the linear susceptibility
of the medium [36]. Since <33> = Tr(ﬁg) = ﬁ13331 +[>31c_z"13 = p13eiwp’331 + p3le*iwvtc_l'13 ~
eiWP’pB%l = ﬁ13331, the linear susceptibility can be expressed as xi3 = |1313\/|Ep| = Ngp13
with Ny = N|d,|/ (p- For the medium with |x3| < 1, the refractive index, dielectric constant
and linear susceptibility for the probe field are related with one another in Gaussian units as

7713(: R /613> = 1 +4’]TX13 ~1 +27TX]1€3 + l27TX{3 (Fl)

where x® and ! are the real and imaginary parts of the susceptibility. When the probe field,
Ey ~ eikpz ~ gifizg—0z/2 passes across the dielectric medium with a wave vector &,
_ wp Wp

1w
ky, = Sy =7 (1+2mx5y) +3 7‘”47%3, (F2)

=8 =a
it moves through the medium with a phase velocity ¢/(1+2mx%,), and is also attenuated
by the medium with an absorption coefficient .. Since X3 = Ngpi3, the real and imaginary

parts of the susceptibility is linked to the dispersion and absorption profiles of the medium,
respectively, as Y&, = Ngpf; and x1; = Nap! .

Appendix G. Relation between v, and 7

For the case of resonant control pulse (dw.=0) with A>1 (or n~0), when
(9% /0wp) suy=0 = 2,167 /(€2 +1)? s inserted to equation (6), we get an expression of
the group velocity in terms of £
c
2
1 + Nig
(& +1)?

(GD)

Vg:

with N = 27Nqw, /Qp.
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For the two-photon resonance (éw. = dw, = 0), the Fano factor is contributed only by the
real part of coherence between [2) and |3) (p5; # 0) while others vanish (pf, = pl, = p& =
P = pbs = 0), which simplifies F into

F=142(8)| _ +a&) (&)
with

52
5, o=@y
(e )‘ _2(567+2§47+2§2+1)
TSV im0~ T @+ 1)@ +7)

Insertion of equation (G3) into equation (G2) yields equation (8).

(G3)

Appendix H. Laser power and Rabi frequency

For a plane wave the average intensity can be expressed as
c
I,)=—¢ €ec,p. H1
{la) =g aCcp (HD)
Now by considering the polarization of incident light parallel to the dipole, we can write (, =
1§ /|dij| which yields
R*?
<Iot> - . 5
87T‘d,'j|2

(H2)

and from the spontaneous decay we know (%/|dj| )? = 1672h/ 37;iA3,. Thus, we obtain the rela-
tionship between the average intensity of the laser pulse ((1,)), reported in the literature [23],
and other quantities,

_ 2mheQ,

(Io) = 3%7/\3 (H3)
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