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ABSTRACT
We investigate the effect of mobile polymer brushes on proteins embedded in biological membranes by employing both Asakura–Oosawa
type of theoretical model and coarse-grained molecular dynamics simulations. The brush polymer-induced depletion attraction between
proteins changes non-monotonically with the size of brush. The depletion interaction, which is determined by the ratio of the pro-
tein size to the grafting distance between brush polymers, increases linearly with the brush size as long as the polymer brush height
is shorter than the protein size. When the brush height exceeds the protein size, however, the depletion attraction among proteins
is slightly reduced. We also explore the possibility of the brush polymer-induced assembly of a large protein cluster, which can be
related to one of many molecular mechanisms underlying recent experimental observations of integrin nanocluster formation and
signaling.

Published under an exclusive license by AIP Publishing. https://doi.org/10.1063/5.0048554

I. INTRODUCTION
In the 1950s, Asakura and Oosawa (AO) proposed a simple the-

oretical model to explain the interaction of entropic origin between
colloidal particles immersed in a solution of macromolecules,1,2

which is of great relevance to our understanding of organization
and dynamics in a cellular environment. According to the AO
theory, rigid spherical objects immersed in the solution of smaller
hard spheres representing the macromolecules are expected to feel
fictitious attraction, termed depletion force. While the interaction
energy of the system remains unchanged, the spherical objects can
be attracted to each other. Bringing the large spherical objects into
contact can increase the free volume accessible to the smaller hard
spheres comprising the medium, hence increasing the total entropy
of the hard sphere system (ΔS > 0). The free energy reduction due to
the gain in entropy is

ΔFHS = −TΔS = −(3
2

λ + 1)ϕkBT, (1)

where λ is the size ratio of large to small hard spheres and ϕ is
the volume fraction of small spheres comprising the surrounding

medium.1,3,4 For a fixed value of ϕ, the disparity in size between
colloidal particles (large spheres) and macromolecular depletants
(small spheres), characterized with the parameter λ, is the key
determinant of the magnitude of depletion free energy.5 The effect
of crowding environment on the aggregation of colloidal parti-
cles becomes substantial when λ≫ 1. The cellular environment is
highly crowded such that 30% of the cytosolic medium is filled with
macromolecules, rendering the interstitial spacing between macro-
molecules comparable to the average size of proteins ∼4 nm.6 More
specifically, this volume fraction of the Escherichia coli mixture is
contributed by 11% of ribosome, 11% of RNA polymerase, and 8%
of soluble proteins.7 In the cellular environment, the depletion force
is one of the fundamental forces of great importance.

The basic principle of the AO theory on rigid bodies with spher-
ical symmetry is straightforward; however, application of the idea to
the repertoire of biological and soft materials requires quantitative
assessment of entropy, which is nontrivial, especially when crowders
are characterized with a non-spherical shape and/or with polydis-
persity8–12 and when the system is under a special boundary condi-
tion.13,14 For the past few decades, there has also been much interest
toward understanding of the effects of crowding in biology,3,15–19
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which includes crowding-induced structural transitions in disor-
dered chiral homopolymers,20,21 protein/RNA folding,22–29 gene reg-
ulation through DNA looping,30 genome compaction,31 efficient
search of proteins for targets on DNA,32 and molecular motors.33,34

Furthermore, it is worth mentioning a series of efforts to under-
stand the dynamics of active matter in the language of depletion
forces.35–39

Besides the examples of depletion force-induced dynamics
that all occur in three dimensional space, the AO theory can be
extended to lateral depletion effects on the objects whose motion
is confined in flat surfaces.40,41 For a biological membrane where
the area fraction of membrane-embedded proteins is as high as
15%–30%, the formation of protein clusters or nano- or micro-
domains42–46 is of great relevance to understanding the regulation
of biological signal transduction and cell-to-cell communication.
Although other physical mechanisms are still conceivable, lateral
depletion interactions between membrane embedded proteins can
arise from the fluctuations of lipids40,47,48 or other polymer-like
components comprising the fluid membrane,49,50 contributing to
protein–protein attraction and clustering. In this context, the forma-
tion of integrin nanodomain enables cell-to-cell communications via
signaling,51–54 particularly the bulky glycocalyx-enhanced integrin
clusterings and the associated signaling-induced cancer metastasis
observed by Paszek et al.42 make the brush polymer-induced deple-
tion interaction between membrane proteins and their clustering a
topic of great relevance to investigate: Paszek et al. found that the
nanometer scale integrin clusters were induced only by the long
and bulky glycocalyx polymers,42 which are often thought to exert
mechanical force to clusters.55

Motivated by the above observation, here we study the lat-
eral depletion interactions between rigid inclusions embedded in
the mobile polymer brushes on a two-dimensional (2D) surface in

the spirit of the AO theory in its simplest form. We compare the
results from our simulations with our theoretical predictions. By
analyzing the distribution of brush polymer-enhanced protein clus-
ters obtained from our simulations, we attempt to link the brush-size
dependent populations of giant protein clusters with the strength of
signal transduction observed in the measurement of Paszek et al.

II. THEORY: BRUSH-INDUCED LATERAL DEPLETION
INTERACTIONS

As illustrated in Fig. 1(a), we consider flexible polymer brushes,
each consisting of N + 1 monomers of size (diameter) b. One end
of the individual chain is grafted to the surface but is free to move.
If the grafting density σ is large enough to satisfy σR2

F > 156–58 or,
equivalently, if the grafting distance (ξ) is smaller than RF = bN3/5,
i.e., ξ < RF , where RF is the Flory radius of the polymer in a good
solvent, each polymer reorganizes into a string of self-avoiding blobs
due to excluded volume interactions with the neighboring polymers,
forming a polymer brush of height H where N/g blobs of size ξ con-
sisting of g segments fill the space above the surface [Fig. 1(a)].56

In this case, the grafting density σ = Nb/A, the number of polymer
chains (Nb) grafted on an area A, is related to the blob size (or the
grafting distance) as σ ≃ 1/ξ2. It is straightforward to show using the
blob argument that the brush height H scales with N and σ as56,59,60

H = Nσ1/3b5/3. (2)

Our interest is in the lateral depletion force between two
cylindrical inclusions embedded in the polymer brush system,
when the two inclusions, constrained to move in xy plane, are
separated by a fixed distance r [Figs. 1(b) and 1(c)]. In the presence
of the cylindrical inclusions, the volume accessible to the individual
polymer chains is determined as follows, depending on r:

FIG. 1. Brush-induced depletion interactions. (a) Illustration of brush polymers, each of which is organized into a string of blobs of size ξ above the surface. (b) Two cylindrical
inclusions (red) separated by the distance r surrounded by brush polymers (gray). (c) Top view of (b). The lateral dimension of the brush polymer ξ corresponds to the size
of a blob depicted with gray spheres [see (a)]. (d) Diagram to calculate the brush-induced depletion interaction between the two cylindrical objects. The area inside the
dashed line, corresponding to 2π[(D + ξ)/2]2 − Aoverlap(r) in Eq. (3), is the area inaccessible to the blob of polymer brush of size ξ. The shaded region in pale red is the
overlapping area of the two discs of radius (D + ξ)/2, separated by the distance r .
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V(r) =

⎧⎪⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎪⎩

AH − [2π(D + ξ
2
)

2

− Aoverlap(r)]q(h, H) for D ≤ r ≤ D + ξ

AH − 2π(D + ξ
2
)

2

q(h, H) for r > D + ξ.

(3)

Here, Aoverlap(r) is the overlapping area between two circular
discs of radius (D + ξ)/2, the region demarcated in pale red in
Fig. 1(d),

Aoverlap(r) = 4∫
(D+ξ)/2

r/2
[(D + ξ

2
)

2

− ρ2]
1/2

dρ. (4)

This is maximized when r = D, and its value can be written in
terms of the area defined by the square of the grafting distance, ξ2,
multiplied with a dimensionless factor χ(λbr),

Aoverlap(D) = ξ2(1 + λbr)∫
1

λbr
1+λbr

(1 − x2)1/2dx

´¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¸¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¶
≡χ(λbr)

, (5)

where

χ(λbr) =
1
2
[(1 + λbr)2 cos−1( λbr

1 + λbr
) − λbr

√
1 + 2λbr]

≃

⎧⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎩

π
4
+ π − 2

2
λbr +O(λ2

br) for λbr ≪ 1

2
√

2
3

√
λbr for λbr ≫ 1

is a monotonically increasing function of λbr = D/ξ ≃ D
√

σ, the ratio
of the diameter of the inclusions to the grafting distance (or the
blob size). Next, the function q(h, H) ≡ HΘ(h −H) + hΘ(H − h),
defined with the step function, signifies (i) q(h, H) = H when the
brush height (H) is shorter than the height of the inclusion (h)
(H < h) and (ii) q(h, H) = h when the brush is grown over the inclu-
sion (H > h) [see Fig. 2(a)]. It is assumed that when H > h, the
volume above the inclusions, A × (H − h), is fully accessible to the
polymer chains, which is a reasonable assumption when H ≫ h. Fur-
thermore, under an assumption of no correlation between the poly-
mer chains, which ignores the inter-chain interactions, the partition
function for the brush system in the presence of the 2D inclusions
separated by r is Z(r) = [V(r)]Nb×(N+1), where Nb is the number of
polymers consisting the brush. The thermodynamic equilibrium is
attained by maximizing the total entropy of the system or minimiz-
ing the free energy βF(r) = −log Z(r) = −Nb(N + 1)log V(r).

In calculating the partition function, we ignore the correla-
tion (excluded volume interaction) between the brush polymers. In
fact, this amounts to the procedure taken in the original version
of the AO theory,1,2 in which the crowders (depletants) repel from

colloidal particles (inclusions) but behave like ideal gas particles to
each other with no correlation (e.g., excluded volume interaction).
Depletion force arising between colloidal particles maximizes the
accessible volume for crowders and hence the entropy of the entire
system. While there are a number of studies that take into account
the inter-crowder correlations by means of adapting the “scaled par-
ticle theory,”61–63 here we stick to the original idea of the AO the-
ory to discuss the key feature of brush polymer-induced depletion
interaction.

The gain in free energy due to depletion attraction can be
obtained by taking the difference after and before the inclusions
are in full contact with each other as βΔF = βF(D) − βF(r ≥ D + ξ)
(see Appendix A for an alternative derivation using the depletion
force),

FIG. 2. (a) Two different cases of brush-induced depletion interaction: h > H (left)
and h < H (right). (b) and (c) Free energy gain due to brush-induced depletion
interaction. Equation (6) was calculated as a function of N for varying σ (b) and as
a function of grafting density (σ) for varying N (c), with a cylindrical inclusion at a
fixed diameter D = 5b and height h = 5b.
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−βΔF = Nb(N + 1) log
V(D)

V(r ≥ D + ξ)

= Nb(N + 1) log
⎛
⎝

1 + Aoverlap(D)q(h, H)
AH − 2π(D+ξ

2 )
2

q(h, H)
⎞
⎠

≈ Nb(N + 1) ξ2χ(λbr)q(h, H)
AH

= (N + 1)χ(λbr)
q(h, H)

H

=
⎧⎪⎪⎪⎨⎪⎪⎪⎩

(N + 1)χ(λbr) for h > H

(N + 1)χ(λbr)
h
H

for h < H,
(6)

where a large volume (AH ≫ 1) was assumed for the brush system,
with Aoverlap(D) = ξ2χ(λbr) and σξ2 ≃ 1. Equation (6) suggests that N
and λbr (or σ) are the key parameters that determine the free energy
gain upon brush-induced clustering.

According to Eq. (6) plotted against N in Fig. 2(b), the brush-
induced depletion interaction, quantified in terms of stability gain
−βΔF, increases linearly with the polymer length (−βΔF ∝ N) when
the brush is kept shorter than the height of the inclusion (H < h).
However, as soon as the brush height exceeds the inclusion height
(H > h), the free energy gain is reduced. When H > h, the same
amount of accessible volume A(H − h) is added regardless of the
state of the two inclusions, increasing both the volume V(D) and
V(r ≥ D + ξ) accessible for brush polymers. This leads to the reduc-
tion of −βΔF. The factor h/H that appears in the last line of Eq. (6)
quantifies the extent of this reduction in free energy gain (see
Appendix B for further clarification).

For H ≫ h, the free energy gain converges to

− βΔF ∼ χ(λbr)h
σ1/3b5/3 < χ(λbr)N, (7)

where the inequality holds because of h < H = Nσ1/3b5/3. In addition,
in the limit of H ≫ h, it can be shown that −βΔF ∼ σ−1/12h, which
explains the σ-dependent limit of βΔF at large N in Fig. 2(b). The
crossover point of the polymer length N∗ changes with the grafting
density as N∗ ≃ hσ−1/3b−5/3.

There is a crossover in the stability gain as well when the graft-
ing density (σ) is increased [Fig. 2(c)]. The depletion free energy
scales with σ as

− βΔF ∼
⎧⎪⎪⎪⎨⎪⎪⎪⎩

(N + 1)σ1/4 for σ < σ∗

N + 1
N

σ−1/12 for σ > σ∗,
(8)

with the crossover grafting density σ∗b2 ≃ (h/Nb)3.

III. NUMERICAL RESULTS
To complement the theoretical argument and predictions given

in Sec. II, we perform coarse-grained molecular simulations by
explicitly modeling brush polymers and proteins on the 2D sur-
face. The details of models considered in simulations are differ-
ent from those of the theoretical model, which will be described

below. However, the key feature discovered in theory, i.e., the non-
monotonic dependence of depletion interactions between a pair of
proteins (inclusions) on the brush polymer size N, is confirmed in
the simulations.

A. Model
The system is defined by Nb brush polymers comprising the

brush and M membrane proteins embedded in the brush on the 2D
surface (Fig. 3). The center of the protein, modeled as a sphere whose
diameter (or vdW radius) is D = 5a, is constrained on the surface
at z = D/2, with a harmonic potential, to move only in parallel to
the surface. The individual polymer consisting of N segments (or
N + 1 monomers) is modeled using an energy potential for a bead-
spring chain with self-avoidance. Each monomer with diameter a is
connected via the harmonic potential

Vs(ri,i+1) =
ks

2
(ri,i+1 − b)2, (9)

where ks = 3000kBT/a2 is the spring constant and b = 21/6a is
the equilibrium bond length. Similarly to the protein, the first
monomers of the chain, grafted to the surface at z = a/2, are free
to move in the xy plain but constrained in the z direction via a har-
monic potential. Any non-grafted monomer whose distance from

FIG. 3. (a) A snapshot of simulations. The spheres (red) and polymers (gray)
represent membrane proteins and brush polymers grafted on the 2D surface,
respectively. (b) Lateral view of simulations for different brush sizes (N = 5, 10,
and 15).

J. Chem. Phys. 154, 214901 (2021); doi: 10.1063/5.0048554 154, 214901-4

Published under an exclusive license by AIP Publishing

https://scitation.org/journal/jcp


The Journal
of Chemical Physics ARTICLE scitation.org/journal/jcp

the grafting surface is z ≤ a is repelled by the Lennard-Jones (LJ)
potential truncated at z = a,

Vsurf
LJ (z) =

⎧⎪⎪⎪⎪⎨⎪⎪⎪⎪⎩

4kBT[(a
z
)

12
− (a

z
)

6
] for z ≤ a

0 for z > a.
(10)

Both intra-chain and inter-chain monomer–monomer interactions
as well as protein–monomer and protein–protein interactions are
modeled with the LJ potential

Vαβ
LJ (rij) =

⎧⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎩

4ϵαβ

⎡⎢⎢⎢⎢⎣
(dαβ

rij
)

12

− (dαβ

rij
)

6⎤⎥⎥⎥⎥⎦
for rij ≤ rc

0 for rij > rc.

(11)

Here, α and β denote different particle types, α, β ∈ {m, P}, with
m and P standing for monomer and protein, respectively. rij is
the distance between particles i and j, ϵαβ is the strength of the
interaction, and dαβ(= (dα + dβ)/2) is the contact distance between
the particle types α and β. We have chosen βϵαβ = 1.0 for all pos-
sible pairs of particle types; dP = 5a, dm = a; rc = 2.5 × dPP, dmP,
and dmm are the values of the cutoff distance for protein–protein,
monomer–protein, and monomer–monomer pairs, respectively. As
a result, monomer–protein and monomer–monomer interactions
are purely repulsive, and the protein–protein interactions in the
absence of polymer brush are effectively under the Θ-solvent con-
dition to yield a nearly vanishing second virial coefficient [B2 ≈ 0;
see Eq. (13)].

The simulation box has a dimension of Lx = Ly = 200a and
Lz = (N + 1)b + Δ with Δ = 5a, where a is the basic length unit of
our simulations. The system is periodic along the x and y direc-
tions and finite in the z direction. With the fixed number of
proteins M = 400, the area fraction of the membrane proteins is
ϕP = π(D/2)2M/(LxLy) = 0.2, which corresponds to the surface
density, σP = 0.01/a2. ϕP is related to σP as ϕP = σP × π(D/2)2.
The grafting density of the brush polymer is calculated using
σ = Nb/(LxLy − π(D/2)2M). In the simulations, σa2 is varied
between 0.05 and 0.09.

B. Simulations
For the efficient sampling of the configurations of the polymer

brush system including proteins, we used the low-friction Langevin
dynamics to integrate the equation of motion64,65

mẍi = −γẋi − ∂xi V({rk}) + ηi(t), (12)

where m is the mass of the ith particle. The characteristic time
of the equation is set to τ = (ma2/ϵ)1/2 with the characteristic
energy scale of inter-particle interaction ϵ = 1kBT specified in
the energy potential V({rk}). Then, the friction constant is set
to γ = 0.05m/τ. The last term ηi(t) acting on the ith particle
(i ∈ {m, P}) is the Gaussian white noise with zero mean, ⟨ηi(t)⟩ = 0,
satisfying the fluctuation dissipation theorem, ⟨ηi(t)ηj(t

′)⟩
= 2γkBTδijδ(t − t′). The equation of motion [Eq. (12)] was inte-
grated using the velocity-Verlet algorithm with the integration
time step δt = 0.0025τ.64,65 After the pre-equilibration that fully

randomizes the initial configurations of the system, the production
runs of 4 × 108 time steps were performed and collected for the
statistical analysis.

C. Second virial coefficient
The radial distribution function g(r) between the membrane

proteins (see Fig. S1 in the supplementary material) is associated
with the second virial coefficient and is calculated for different set of
parameters of the brush size (N) and grafting density (σ) as follows:

B2 =
1
2 ∫ (1 − e−βu(r))dr

≃ π∫
∞

0
(1 − g(r))rdr. (13)

We denote the second virial coefficient of a protein-only system as
Bref

2 and assess the depletion interaction in terms of ΔB2 = B2 − Bref
2 ,

which can be related to the depletion-induced free energy stabiliza-
tion as βΔF ∼ ΔB2σPσ. To simplify our interpretation of the simula-
tion result, we have chosen the parameters for the protein–protein
interaction to yield Bref

2 ≃ 0 (see Fig. S2 in the supplementary
material).

Overall trends of the simulation results indicate that the deple-
tion interaction between the proteins increases with the increasing
grafting density (σ) and brush size (N); however, this trend is sat-
urated or even inverted when the brush size is greater than a cer-
tain value (Fig. 4). The non-monotonic dependence of the depletion
interaction (ΔB2) on N becomes more pronounced at high graft-
ing density. Figure 4 shows that the depletion effect for σa2 = 0.09 is
maximized at N = N∗ ≃ 10, at which the brush height (H) becomes
comparable to the size of protein (D). This behavior is in agreement
with the theoretical prediction of crossover at h ≃ H = N∗σ1/3b5/3

[Fig. 2(b)]. With h = 5a, σa2 = 0.09, and b = 21/6a, we obtain N∗

= hσ−1/3b−5/3 ≃ 9.2 (see also Fig. S3 in the supplementary material),
which is in good agreement with Fig. 4. This demonstrates that
despite the difference in representing proteins, the non-monotonic
dependence of brush-induced depletion interactions on the brush

FIG. 4. The measure of the brush polymer-induced protein–protein interaction,
ΔB2 = B2 − Bref

2 , as a function of the polymer brush size (N) for different grafting
densities (σ). The data point at N = 0 is for the protein-only reference system.
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FIG. 5. Cluster size distribution. (a) A snapshot from simulation carried out with N = 10, σPa2
= 0.01, and σa2

= 0.09. (b) The cluster size distribution, P(c), with σPa2

= 0.01 for varying brush sizes (N = 5, 10, and 15) and grafting densities (σ). The dashed lines represent Pref(c), the cluster size distribution for the protein-only system.

polymer size N, predicted by the AO theory extended for brush sys-
tem, is still captured by the simulations, which complements our
theoretical argument.

D. Brush-induced protein clustering
One of the goals of this study is to identify the condition that

yields a large sized protein clustering. To this end, we analyze the
snapshots of simulations to calculate the cluster size distribution. We
consider that two membrane proteins form a cluster of size two if
the distance between them is less than the distance criterion of 6a,
which can be extended to identify a cluster of size c. From a number
of experimental studies,42,53,66 it is known that ligand binding to the
integrin cluster occurs cooperatively with a large Hill coefficient, and
the signaling intensity is proportional to the size of integrin clusters.
To this end, we hypothesize that there is a threshold size of integrin
clusters (c∗) for the downstream signaling.

FIG. 6. The intensity of signaling S(N; σ) normalized by S(N = 0) (circle) is cal-
culated based on Eq. (14), as a function of the brush size (N) for different grafting
densities (σ) with the threshold cluster size c∗ = 10.

Although the mean cluster size obtained from the simula-
tion results is small (⟨c⟩[= ∫c≥1cP(c)dc] = 2 − 3), the cluster size
distributions [P(c)] display long tails signifying the presence
of large clusters (Fig. 5). Deviation of P(c) from that of the
protein-only reference system [Pref(c)] is observed at c ≳ c∗ ≈ 10
(Fig. 5). With the assumption that the intensity of the down-
stream signal (S) is proportional to the size of a cluster
(c > c∗), which is greater than c∗, weighted by the population [P(c)],
we evaluate the signal relayed from the protein clusters by calculat-
ing the mean cluster size above the threshold,

S(N, σ)∝ ⟨c⟩> = ∫
c≥c∗

cP(c; N, σ)dc, (14)

with c∗ = 10. The signal intensity calculated for varying grafting den-
sities (Fig. 6) demonstrates a sigmoidal increase in S as a function of
brush size (N) up to N ≤ N∗, beyond which S decreases, suggestive of
the shrinking cluster size, reflecting the decrease in ∣ΔB2∣. The mid-
point of S(N) shifts to a smaller N from N ≃ 9 to N ≃ 6 as σ increases
from σa2 = 0.05 to 0.09.

IV. DISCUSSION
The AO theory extended to the brush system [Eq. (6)] dif-

fers from the hard sphere systems with two types (large and small
spheres) in three dimensions [Eq. (1)] in several aspects: (i) One
of the key parameters λbr(= D/ξ) is the ratio of inclusion size (D)
to blob size (ξ, grafting distance), whereas λ(= RL/RS) is the ratio
of large to small sphere sizes, RL and RS. The blob size (ξ ≃ bgν),
equivalent to the grafting distance, is decided, independently from
the size (b) of monomers, via the adaptation of the polymer configu-
ration. The term χ(λbr), which is a key determinant of the depletion
free energy, is maximized for a larger λbr value under the condition
of H < h; (ii) ∣βΔFHS∣ ∼ λ, whereas ∣βΔF∣ ∼

√
λbr for λbr ≫ 1; (iii)

Whereas βΔFHS, the depletion free energy of the hard sphere system,
depends linearly on the volume fraction of crowders ϕ [Eq. (1)], the
dependence of area fraction of the brush polymer (or grafting den-
sity, σ) is given as βΔF ∼ λ1/2

br ∼ σ1/4 for σ < σ∗ [Eq. (8)]. (iv) The
non-monotonic dependence of depletion free energy on the brush
size N is unique to the brush-induced depletion interaction (see
Appendix B); such a feature is absent in the hard sphere systems in
three dimensions.
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FIG. 7. The cluster size distribution, P(c), for βϵPP = 1 and 2. The two pan-
els shown on the right are the snapshots of simulations at βϵPP = 1 (top) and
2 (bottom).

The general consensus on the protein clusters on cell surface
is that the size of membrane protein assemblies is on the order
of ∼100 nm.67,68 On the plasma membrane of T-cells, CD4 pro-
teins form clusters of size varying from 50 to 300 nm.69 The size
of clusters formed by SNARE-protein syntaxin is 50–60 nm, con-
taining 50–75 molecules.70 This diverse range of the nanocluster
domain size may imply various effects that hinder (e.g., due to
the bulky extracellular domain of membrane proteins) or promote
the cluster formation. Compared with the quantitative knowledge
on nanodomains of membrane proteins, the size of protein clus-
ters implicated in Fig. 5(a) is smaller. Besides the brush polymer
enhanced assembly of a protein cluster, one can consider other
physical mechanisms that increase the effective attraction between
proteins, such as inter-protein helix–helix interactions,71–73 protein
sorting via hydrophobic mismatch,74–76 membrane curvature,77,78

and thermal Casimir-like long-range force resulting from membrane
undulation.79–81 Upon increasing the LJ potential parameter from
βϵPP = 1 to βϵPP = 2, which lowers the B2 coefficient below zero and
increases the direct protein–protein interaction drastically (Fig. S2 in
the supplementary material), the contribution of the tail part of P(c)
becomes significant, and a host of large and stable protein clusters
are more frequently found (Fig. 7). For βϵPP = 2, the protein cluster
size could be as large as m ≈ 100.

V. CONCLUDING REMARKS
We have studied polymer brush-induced entropic force in a

system of rigid bodies constrained to move on the surface. Both
our theory and simulation results show that the depletion free
energy is a non-monotonic function of brush height (H), which is
determined by the brush size (N) and surface grafting density (σ).
Our theoretical argument explaining the features of lateral deple-
tion force is based on the AO theory, which takes only the vol-
ume accessible to individual brush polymers into consideration to

calculate the depletion free energy in terms of geometrical factors
(N and λbr). Despite its simplicity, which not only represents the
proteins with cylinders but also ignores the inter-chain correlations,
the main features predicted by our theory concerning the brush-
induced depletion interaction are in qualitative agreement with
the simulation results. The basic theoretical idea presented in this
work, which models the brush polymers with flexible self-avoiding
chains, may be further extended to explore the effects of brush
polymers with different rigidities and morphologies on the protein
clustering.53,82

The size of protein clusters assembled due to the brush-
induced depletion interaction is slightly smaller than that esti-
mated from measurements, which requires other factors. Our study
reiterates that along with aforementioned membrane-undulation-
induced protein clustering,79–81 the brush-induced depletion inter-
action is one of the important entropic forces that may contribute to
bringing an order to the membrane environment.

SUPPLEMENTARY MATERIAL

See the supplementary material for the radial distribution func-
tion between the proteins, the second virial coefficients in the
protein-only systems, and the mean brush height.
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APPENDIX A: DEPLETION FORCE

The brush-induced 2D depletion force acting on the two objects
is β f (r) = −(∂βF/∂r)β,

β f (r) =
Nb(N + 1)A′overlap(r)q(h, H)

AH − [2π(D+ξ
2 )

2 − Aoverlap(r)]q(h, H)
(A1)

for D ≤ r ≤ D + ξ and βf (r) = 0 for r > D + ξ. For a very large sys-
tem [A≫ 2π((D + ξ)/2)2], the denominator of Eq. (A1) is dom-
inated by the term AH, and the depletion force for D ≤ r ≤ D + ξ
simplifies to

β f (r) = −2σ(N + 1)[(D + ξ
2
)

2

− ( r
2
)

2
]

1/2
q(h, H)

H
, (A2)

where the grafting density of the polymer brush σ = Nb/A was used.
For r > D + ξ, βf (r) = 0. It is noteworthy that the depletion force is
always attractive [ f (r) < 0] for D ≤ r ≤ D + ξ.

The free energy gain upon aggregation or the work needed to
separate the two inclusions in the brush system apart beyond the
distance D + ξ is obtained by integrating the depletion force from
r = D to r = D + ξ, which yields the expression identical to Eq. (6).
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APPENDIX B: NON-MONOTONICITY OF DEPLETION
FREE ENERGY GAIN WITH INCREASING BRUSH
POLYMER SIZE (H)

Here, we clarify how the non-monotonic change of −βΔF arises
with increasing H, starting from the expression of the free energy
gain (−βΔF) given in the first line of Eq. (6),

− βΔF ∼ NbH
σ1/3 log

V(D)
V(r ≥ D + ξ) . (B1)

To begin, we define ac as the area occupied by the inclusions when
they are in contact and a as the area occupied by the inclusions
when they are separated beyond r = D + ξ. Other parameters Nb,
H, h, and A are already defined in the main text. Below, we use the
condition that the overlapping area Aoverlap(D) = a − ac ≡ δa is small
compared to A (δa/A≪ 1).

(i) For H < h,

−βΔF ∼ NbH
σ1/3 log

(A − ac)h
(A − a)h

= NbH
σ1/3 log[1 + δa

A − a
]

≈ Nb

σ1/3 (
H

1 − a/A)
δa
A

≈ 1
σ1/3 (

H
1 − a/A)χ(λbr), (B2)

where δa = ξ2χ(λbr), Nb/A = σ, and σξ2 ≃ 1 were used to
obtain the expression in the last line. Thus, for H < h, −βΔF
increases linearly with H.

(ii) For H ≥ h,

−βΔF ∼ NbH
σ1/3 log

(AH − ach)
(AH − ah)

= NbH
σ1/3 log[1 + δa × h

AH − ah
]

≈ Nb

σ1/3 (
h

1 − ah/AH
)δa

A

= 1
σ1/3 (

h
1 − ah/AH

)χ(λbr). (B3)

Thus, for H ≥ h, −βΔF decreases with H from −βΔF
= 1

σ1/3 ( h
1−a/A)χ(λbr), which is the maximum value of −βΔF,

and converges to (h/σ1/3)χ(λbr) when H/h≫ 1.
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