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Interplay between counterion-mediated interaction and stiffness inherent to polymer chain can bring
substantial complexity to the morphology and dynamics of polyelectrolyte brush condensates. Triva-
lent counterions induce collapse of flexible polyelectrolyte brushes, over a certain range of grafting
density, into octopus-like surface micelles; however, if individual chains are rigid enough, the ion-
mediated local nematic ordering assembles the brush chains into fractal-like dendritic condensates
whose relaxation dynamics is significantly slower than that in the surface micelles. Notably, the triva-
lent ions condensed in the dendritic condensates are highly mobile displaying quasi-one-dimensional
diffusion in parallel along the dendritic branches. Our findings in this study are potentially of great
significance to understanding the response of cellular organization such as chromosomes and charged
polysaccharides on membranes to the change in ionic environment. Published by AIP Publishing.
https://doi.org/10.1063/1.5027161

I. INTRODUCTION

Responses of polyelectrolytes (PEs) to the changes in
ionic environment and chain stiffness have been extensively
studied in polymer sciences.1–5 However, new discoveries
on the properties of PE are still being made through stud-
ies on biopolymers.6–9 Also under active investigation are
the effects of other variables and constraints on the higher
order organization and dynamics of PEs found in biological
systems.10–12

Demonstrated in both experiments and computational
studies,13–19 even the conformational adaptation of a single
PE chain can be highly complex. Whereas flexible PE chains
form compact globules in the presence of counterions,5 the
same condition drives semiflexible PE chains (e.g., dsDNA)
to toroidal conformations or metastable rod-like bundles com-
prised of varying number of racquet structures. Geometrical
constraints such as confinement20,21 and increasing the den-
sity of PE could add another level of complexity to the system.
For example, DNA chain in a viral capsid or cell nuclei adopts
a densely packed structure as the confinement and counteri-
ons suppress the swelling due to the volume exclusion.12,22–24

Further, statistically distinct conformations of DNA emerge
depending on the amount and type of counterions being
added.25,26

The PE brush,27,28 a spatial organization with one end of
many PE chains densely grafted to 2D surface, is another sys-
tem of interest to be studied. In particular, the novel functions
and adaptability discovered in a biopolymer brush29 deserve
much attention. For example, a brush layer of hyaluronic acid,
a negatively charged flexible polysaccharide molecule serving
as a main component of the extracellular matrix,30 modulates
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the interaction between cells and their environment.31 The
brush of Ki-67, a disordered protein bearing a large positive net
charge, found on the surface of mitotic chromosomes prevents
aggregation of chromosomes.32

The Morphology of a polymer brush condensed in a poor
solvent has been studied by using theories and simulations
for decades.33–41 Depending on the chain stiffness, brush con-
densates adopt diverse morphological patterns that vary from
semi-spherical octopus-like micelle domains to cylindrical
bundles of rigid chains which protrude from the grafting sur-
face. When the grafting density is in a proper range, multivalent
counterions can collapse a flexible PE brush even in a good sol-
vent into octopus-like surface micelles displaying substantial
lateral heterogeneity,42–44 which has recently been confirmed
experimentally for polystyrene sulfonate brush condensates in
Y(NO3)3 solution.45

However, we note that the aforementioned studies on
the formation of surface micelles from ion-induced collapse
of a PE brush are still at odds with the findings by Bracha
et al.46 which reported fractal-like dendrite domains as a
result of multivalent counterion (Spd3+) induced collapse of
the DNA brush. Although the previous studies on the flex-
ible PE brush42–44 captured a number of essential features
reported by Bracha et al.,46 qualitative difference in the mor-
phology of brush condensate still exists, thus requiring further
investigation. To our knowledge, PE brush condensates with
dendritic morphology remain unexplored both in theory and
computation. To this end, we extended our former work43

to scrutinize the effect of semiflexibility of the PE chain on
the brush morphology and dynamics in trivalent counterion
solution.

In this study, we adapted a well-tested coarse-grained
model of a strong polyelectrolyte PE brush.43,47–49 As shown
in Fig. 1(a), total M(= 16 × 16) PE chains were grafted to
the triangular lattice on an uncharged surface. Each PE chain
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FIG. 1. Model and morphologies of the brush conden-
sates at varying chain stiffness. (a) The polyeletrolyte
brush was modeled by 16 × 16 polymer chains, each car-
rying N = 80 negatively charged monomers, grafted in
a triangular lattice of spacings d = 16a on the surface at
z = 0. In the presence of trivalent cations (blue dots), a pre-
equilibrated brush forms multiple bundles and eventually
fully collapses onto the surface. For the sake of visual clar-
ity, monovalent cations released from the chains, as well
as monovalent anions added with trivalent cations, are
not shown. Individual chains are color-coded from blue
to red based on their end-to-end distance Ree. (b) Brush
height H and apparent persistence length lp of chains in
the brush (see Sec. V) normalized by L(= Na) at different
κ (main panel). The gray shade in the range of κ = 5–10
kBT /rad2 marks the morphology transition from surface
micelle to dendritic structure formation. Six snapshots of
brush condensates obtained from simulations performed
with different κ are depicted in the smaller panels.

consists of N(= 80) negatively charged monomers and a neutral
terminal monomer grafted to the surface. The lattice spacing
was selected to ensure the lateral overlap between neighboring
chains. The rigidity of PE chains was adjusted by varying the
bending rigidity parameter κ. We added trivalent salts to the
pre-equlibrated PE brush in a salt-free condition and induced
the collapse into brush condensate. Details of the model and
simulation methods are given in Sec. V. The results of this work
are organized such that we first address the overall morphol-
ogy of brush condensate under 1:3 stoichiometric condition
of trivalent counterion with respect to a monovalent charge
on each monomer. Next, the local structure of the brush chain
is characterized by exploiting the liquid crystal order parame-
ters. Finally, we investigate the dynamics of brush condensates
and of condensed counterions at varying κ by calculating
the intermediate scattering function and diffusion coefficient,
respectively.

II. RESULTS
A. Morphology of brush condensates

Regardless of the value of κ, the PE brush fully collapses
onto the grafting surface due to the osmotic pressure of ions,
which differs from neutral semiflexible polymer brushes or
salt-free PE brushes in poor solvent where the aggregated
bundles protrude out of the grafting surface.38,40,50 The mor-
phology of the condensate depends critically on κ [Fig. 1(b)].
(i) For small κ (.3 kBT /rad2, lp < L/10), the PE brush
forms octopus-like surface micelle domains demarcated by the
chain-depleted grain boundaries. The average height of the

brush H increases with κ (≤3 kBT /rad2). So does the sur-
face area of the domain projected onto the xy plane (see
also Fig. S1 of the supplementary material). (ii) For large κ
(>15 kBT /rad2, lp > L/2), the condensed chains are organized
into a dendritic assembly. Neighboring chains are assembled
together, forming axially coaligned branches of varying thick-
ness. The density of the chain monomer slightly increases as
the chain gets stiffer (see Fig. S2(A) of the supplementary
material), which reduces the brush height. It is also noted
that the end-to-end distance Ree of the collapsed polymers,
color-coded from blue to red for individual chains, displays
the broadest distribution at an intermediate stiffness 3< κ < 15
kBT /rad2, which indicates that the conformational ensemble
displays the most heterogeneous distribution in this range
of κ [see also Figs. S3(A) and S3(B) of the supplementary
material].

To quantify the in-plane lateral configuration of the brush,
we calculated the 2D static structure factor,

Sxy(k) =
〈〈 1

Nm



Nm∑
i,j=1

ei~k ·(~ri−~rj)

〉
|~k |

〉
, (1)

where Nm = M × N is the total number of non-grafted chain
monomers, ~ri is the position of the ith monomer, and ~k is a
2D wave vector in the xy plane. Sxy(k) is evaluated by first

integrating over the space of |~k | = k, followed by averaging
over the ensemble of MD trajectories. Sxy(k) exhibits dis-
tinct profiles when κ is varied [Fig. 2(a)]. For octopus-like
micelles, there is a primary peak (indicated by red circles)
characterizing the size (area) of the domain, whose position
shifts to a smaller wave number as κ increases, indicating that
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FIG. 2. Structure of brush condensates. (a) In-plane static structure factor
Sxy(k) as a function of wave number k for brushes of different κ. The gray
solid bar demarcates the range 2π/Lx ≤ k ≤ 2π/Ly, i.e., the periodic boundary
of the simulation box. The red circles highlight the position of primary peak
for κ ≤ 5 kBT /rad2. (b) Area of the condensate on z = 0 plane n(r), as a
function of a linear dimension r with respect to its center. A typical dendritic
pattern is shown in the inset. For visual clarity, the curves in [(a) and (b)] are
shifted upward progressively.

the domain size grows with κ. However, this peak gradually
vanishes as the stiffness of chain is increased. The absence
of the peak in Sxy(k) is due to the morphological transition
from the finite-sized surface micelles to the scale-free dendritic
assembly.

To quantify the dendritic patterns in 2D, we further
analyzed their fractal dimensions Df . We divide the graft-
ing surface into square grids with each cell size of a × a.
When at least one chain monomer is present in a cell, the
cell contributes to the “area” of the condensate. The area of
dendritic pattern within a radius r is n(r) = 〈a2 ∑

p,qop,qΘ

(r − rp,q)〉, where Θ(. . .) is the Heaviside step function,
op,q = Θ[

∑Nm
i=1 δ(xi − pa)] × Θ[

∑Nm
i=1 δ(yi − qa)], and rp,q is

the distance of the cell from a center of high monomer density.
n(r) was obtained by averaging over the cells with the five
highest monomer density in each snapshot.

n(r) scales as n(r) ∼ rDf , and the value of the scaling
exponent Df varies at different length scale [Fig. 2(b)]. (i) In
the range of 6< r/a< 40,Df ≈ 1.35 for brushes of rigid chains,
whereas Df ≈ 0 for flexible brushes. The transition from the
micelle domain with finite size (Df ≈ 0) to the scale-free den-
dritic assembly (Df > 0) is observed at κ ≈ 5 kBT /rad2 [see
Fig. 1(b)]. (ii) At r/a > 50, Df ≈ 1.75 for rigid brushes (κ > 15
kBT /rad2), and Df ≈ 2 for flexible brushes (κ ≤ 5 kBT /rad2).
The scaling exponent Df ≈ 2 arises when the monomer is
uniformly distributed on the surface such that the density of
condensates ρm = n(r)/πr2 is constant with respect to r. Unlike
the octopus-like micelles surrounded by the chain-depleted
zone, the dendritic condensate percolates over the entire sur-
face. Analyzing fluorescence images of dendritic condensate
of dsDNA brush through a similar method,46 Bracha et al.
reported Df = 1.75.

Another quantity often being used to address the fractality
is the 2D version of the radial distribution function, defined as
Cxy(r) =

∑
i> jδ(ri ,j − r)/πr2Nm. Cxy scales as rDf −2 in a fractal

aggregate of dimension Df .51–53 Consistent with the analy-
sis of n(r), Cxy of chain monomers indeed follows a scaling
Cxy ∼ r1.35−2 = r−0.65 in the intermediate range of r when κ is
large [Fig. S4(C) of the supplementary material].

B. Local chain organization

The local structure of chains in the brush condensates also
changes with κ [see the insets of Fig. 3(a)]. When chains are
flexible, the adjacent chains condensed to the same micelle
appear highly entangled. It is not visually clear whether two
monomers close in space are in the same chain or in different
chains. By contrast, when chains are rigid, they are parallelly
aligned, and the strong orientational correlation between con-
secutive bonds allows us to easily discern one chain from
another. Intra- and inter-chain monomer-monomer distribu-
tions clarify that there are more close monomers from different
chains in the rigid case than for the flexible case [see Figs.
S4(B) and S4(D) of the supplementary material]. In order to
characterize the local ordering of polymer segments in the
collapsed brush, we employed the liquid crystal order param-
eter.54,55 For any two consecutive monomers i, i + 1 in the
same chain, a unit bond vector b̂i is defined by its orientation
~ui = (~ri+1 −~ri)/|~ri+1 −~ri | and its position ~vi = (~ri+1 +~ri)/2. The
radial distribution of such two bond vectors can be evaluated
as

gb
0(r⊥, r‖) =

∑
i,j δ(rij,⊥ − r⊥)δ(rij,‖ − r‖)

πr2
⊥r‖Nb

, (2)

where~rb
ij = ~vj −~vi,~rij,‖ = ~rb

ij ·~u
b
i ,~rij,⊥ = ~rb

ij −~rij,‖ , and Nb = M

× N is the total number of bonds in the brush. The vector ~rb
ij,

FIG. 3. Local chain organizations. (a) Heat map of the density distribution
of bonds gb

0 [Eq. (2)], and (b) orientation order parameter gb
2 [Eq. (3)] as a

function of r⊥ and r‖ . From left to right panels demonstrated are the aggregate
morphologies of randomly aligned, partially aligned and well-aligned chain
organization at κ = 0, 5, 60 kBT /rad2, respectively. The insets depict the
snapshots of brush condensate covering the area of 32a × 32a. (c) Inter-chain
bond orientational order gb

2(r∗⊥, 0) as a function of κ, where r∗⊥ is the position

of the highest peak in gb
0(r⊥, 0). The transition in terms of chain alignment

captured by gb
2 parameter occurs at κ ≈ 5 kBT /rad2, which is consistent with

the transition region captured by the brush height H and apparent persistence
length lp in Fig. 1(b).
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pointing from bond b̂i to another bond b̂j, was decomposed into
the parallel and perpendicular components (~rij,‖ and~rij,⊥) with
respect to the orientation of b̂i. The heat map of gb

0(r⊥, r‖) in
Fig. 3(a), indicates that the bonds of flexible chains in a micelle
are isotropically distributed. As κ increases, density correlation
first rises along the axis of r ‖ . Because the effective attraction
between monomers from neighboring chains increases with
κ [Fig. S4(B) of the supplementary material], bond density
correlation also appears on the r⊥ axis when κ > 10 kBT /rad2.

The relative orientational correlation between bond vec-
tors, which cannot be described by gb

0(r⊥, r‖) alone, is quanti-
fied by calculating54,55

gb
2(r⊥, r‖) =

∑
i,j cos(2θij)δ(rij,⊥ − r⊥)δ(rij,‖ − r‖)∑

i,j δ(rij,⊥ − r⊥)δ(rij,‖ − r‖)
, (3)

where θij is the angle between b̂i and b̂j; thus cos(2θij)
= (~ui · ~uj)2 − 1. cos(2θ) ≤ 0 if π/4 ≤ θ ≤ 3π/4. In the
case of an isotropic distribution, gb∗

2 = ∫
π

0 sin(θ) cos(2θ)dθ/

∫
π

0 sin(θ)dθ = −1/3. For flexible chains with κ = 0 kBT /rad2

[Fig. 3(b) left], the positive correlation arises only from their
nearest neighboring bond along the chain, and the value of
gb

2 converges to −1/3 within a very short range (r < 2a). At
κ = 5 kBT /rad2, intra-chain bonds are well ordered, but on the
r⊥ axis gb

2 ≈ −1/3 when r⊥ > 2.5a, which suggests that except
for the nearest neighbors, the bonds from different chains are
still poorly aligned. Finally, at κ = 60 kBT /rad2, gb

2(r⊥, r‖) > 0
in both the r⊥ and r ‖ directions with r⊥, r ‖ � 1, which is in
agreement with the observation that rigid chains are bundled
together forming the branches of the condensate.

To highlight the effect of κ on the local inter-chain organi-
zation in the condensate, we plotted gb

2(r∗⊥, 0) [Fig. 3(c)] against
κ, by considering it as a single-valued estimate of the inter-
chain bond alignment, where r∗⊥ is position of the highest peak
of gb

0(r∗⊥, 0) (see also Fig. S5 of the supplementary material).
In the brush condensate, chains are randomly entangled with
each other when κ ≤ 3 kBT /rad2, but they display nearly per-
fect alignment when κ > 30 kBT /rad2. This disorder-to-order
“transition” takes place at the transition point around κ ≈ 5
kBT /rad2 [Fig. 3(c)].

C. Dynamics of brush condensates

In order to quantify the dynamics of the PE brush,
we calculated the intermediate scattering function, which is
the density-density time correlation function (the van Hove
correlation function) in the Fourier domain,

Fxy(k, t) =
〈〈 1

Nm

Nm∑
m=1

ei~k ·~rm(t+t0)
Nm∑
n=1

e−i~k ·~rn(t0)
〉
|~k |

〉
t0

, (4)

where 〈〈. . .〉
|~k |〉t0 is an average over time t0 and over the direc-

tion of a 2D wave vector~k of magnitude k. The dynamics of the
brush chain at different length scales can be probed in terms
of Fxy(k, t) evaluated at different k (ki = 2π/r∗i where i = 1, 2,
3 and r∗i /a = 1.1, 2.0, 3.6 are the positions of the three highest
peaks in the radial distribution function of chain monomers
[see Fig. S4(C) and S4(D) of the supplementary material].
The normalized function f xy(k, t) = Fxy(k, t)/Fxy(k, 0), with
k1 and k3, is shown in Fig. 4(a), and the corresponding mean

FIG. 4. Dynamic properties of brush condensate and counterions. (a) Normal-
ized intermediate scattering function f xy(k, t) = Fxy(k, t)/Fxy(k, 0) [Eq. (4)]
of chain monomers at wave numbers 2π/k1 = 1.1a and 2π/k3 = 3.6a. (b)
Conformational relaxation time of chains τi = ∫ f xy(ki, t)dt at varying κ. (c)
Mean square displacement of trivalent cations, either condensed in the brush
or free in the bulk. The symbols represent different κ values as the legend of
(a). (d) Diffusion coefficients of condensed trivalent cations (3+) and chain
monomers.

relaxation time τi = ∫
∞

0 fxy(ki, t)dt is presented in Fig. 4(b). At a
small length scale k−1

1 , f xy(k1, t) decays to zero within the time
scale of t < 10τBD, which implies that chain monomers are flu-
idic beyond this time scale. But, compared to the octopus-like
micelle (κ = 0 kBT /rad2), the dendritic assembly made of brush
chains (κ = 120 kBT /rad2) displays ∼14-fold slower relaxation
profile of f xy(t). The relaxation becomes much slower at a
larger length scale k−1

3 , and τ3 for the rigid chain compris-
ing the dendritic assembly is as long as our total simulation
time (∼ O(103)τBD). We also notice that the ratio of relax-
ation times, ηi = τi(κ = 120 kBT /rad2)/τi(κ = 0 kBT /rad2) at
three positions of r∗i (with i = 1, 2, 3) take an order of η3 >
η2 > η1. This is expected because the contribution from inter-
chain relaxation to the total relaxation time is higher at r3 than
at r1. A tight and well aligned chain organization at κ = 120
kBT /rad2 further increases τ3 in comparison to τ1. For the most
rigid dendrite, τ3 is ∼60-fold greater than that of the surface
micelle formed by the flexible PE brush.

Next, the mobility of trivalent cations were quantified
using an ensemble- and time-averaged mean squared displace-
ment, MSD(t) = 〈〈|~ri(t + t0)−~ri(t0)|〉t0〉, as shown in Fig. 4(c).
Regardless of the morphology of the brush, condensed ions
are referred to the ions within a distance of λB from any
chain monomer, and all other ions are regarded as free ions
in the bulk. When κ ≤ 5 kBT /rad2, although condensed ions
are mobile, MSD shows a long-time subdiffusive behavior
because ions are confined in individual micelles45 (Movie 1 of
the supplementary material). By contrast, for κ > 10 kBT /rad2,
condensed ions can freely diffuse along the dendritic branches.
As a result, MSD grows linearly with time.

The diffusion coefficient of the condensed trivalent cation,
estimated using D = MSD(t)/6∆t at the time interval ∆t = 1
× 103 − 1.5 × 103τBD, is non-monotonic with κ [Fig. 4(d)].
This change agrees with the change of the brush morphology

ftp://ftp.aip.org/epaps/journ_chem_phys/E-JCPSA6-149-039898
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where ions are confined. In the micelle phase, micelle size
grows with κ, which provides larger space for the condensed
ions to navigate. In the dendrite phase, the effective attrac-
tion between neighboring chains, mediated by the counterions,
increases with κ [see Figs. S2(A) and S4(B) of the supplemen-
tary material] and tightens the bundling of PE, which in turn
reduces the mobility of the condensed ions. The condensed
trivalent ions diffuse >10-fold slower than those in the bulk,
but still ∼100-fold faster than chain monomers in the dendritic
assembly, even though the same value of the bare diffusion
coefficient was assumed for all ions and chain monomers. The
bundles of rigid chains form a network of “highway,” on which
the condensed trivalent ions freely diffuse (Movie 2 of the
supplementary material).

III. DISCUSSION
A. Effect of grafting density on the morphology
of brush condensates

The morphological transitions from the octopus-like sur-
face micelles to the dendritic condensates are reminiscent
of sol-to-gel transition. Analogous to gelation transition, the
“bond probability” p can be tuned by changing either the chain
stiffness (κ) or grafting distance (d). Below the gelation point
(p < pc), isolated domains are observed and above the gelation
point (p > pc) the domains are all connected together, covering
the entire space. We further performed simulations of a semi-
flexible brush, at κ = 10 kBT /rad2, by varying the inter-chain
spacing d (see Fig. 5 and Fig. S6 of the supplementary mate-
rial). The heat maps of time-averaged monomer density of PE
brushes 〈ρ(x, y)〉 (Fig. 5) visualize how the morphology of
brush condensates changes as a function of the chain bending
rigidity parameter κ and the inter-chain spacing d.

Notably, changes in κ and d display qualitatively differ-
ent effects on the morphologies below and above the “gelation
point.” At d = 16a with increasing κ (panels enclosed by the

FIG. 5. Time-averaged monomer density heat maps of PE brush condensates
as a function of the bending rigidity parameter κ and the grafting distance d.
Visually distinct morphologies are colored differently: homogeneous compact
layer (black), octopus-like surface micelles (blue), single-chain tadpole-like
condensate (green), dendritic domains and networks (red and purple, respec-
tively). Those labeled with asterisks (∗) depict the simulation results of a
smaller brush (M = 4 × 4) from our previous study.43

magenta boundary in Fig. 5), the initially sol-like micelles
domain are percolated into gel-like dendritic pattern whose
branches span the entire surface. By contrast, when the chain
stiffness is fixed to κ = 10 kBT /rad2 and the grafting distance is
varied from a large value (d = 32a) to a small one (d = 8a) (pan-
els enclosed by the cyan boundary in Fig. 5), the initial sol-like
isolated domains are characterized by the heterogeneous con-
densates made of semiflexible chains, collapsed into toroids
or rod-like bundles on site, not by the tadpole or octopus-like
micelle condensates, and with decreasing d the chains col-
lapse and further assemble into a dendritic pattern, forming a
non-uniform fractal-like meshwork layer.

B. Size of octopus-like surface micelle

For octopus-like surface micelle, a scaling argument
is developed based on equilibrium thermodynamics.43 The
domain size is determined by the balance between the sur-
face tension resulting from the counterion-mediated attrac-
tion and the elastic penalty to stretch the grafted chains to
form a surface micelle. When κ ≤ 3 kBT /rad2, lp is small
enough to approximate the individual PE as a flexible chain
with Kuhn length 2lp. For an octopus-like domain contain-
ing n chains within a surface area ∼ R2

c ' l2
p(nN/lp)2ν ,

the surface energy is Fn,surf = ξkBTl2
p(nNa/lp)2ν , where

ξ sets the scale of attraction between chain segments and
ν is the Flory exponent. Meanwhile, the elastic penalty is
Fn,el = nkBTR2

c/l
2
pNs = nkBTRc/lp = kBTσR3

c/lp, where
N s = Rc/lp is the number of statistical segments in each chain
to be stretched to reach the micelle, and σ = n/R2

c is the
chain grafting density. The total free energy per area in the
octopus-like condensate with n arms is

focto

kBT
=

1
kBT

Fn,surf + Fn,el

R2
c

=
ξ(σNa)2νl2−2ν

p

R2−4ν
c

+
σRc

lp
. (5)

Minimization of f octo with respect to Rc provides the
micelle size corresponding to a minimum free energy

R∗c ∼ l
3−2ν
3−4ν
p (Na)

2ν
3−4ν σ

2ν−1
3−4ν . For ν = 1/3, R∗c increases as ∼ l7/5

p

(thus with κ), until the neighboring micelles are about to
overlap. Beyond this overlap point, the picture of isolated
semispherical micelles no longer holds.

C. Fractal dimension of dendritic condensate

In the case of dendritic condensate, we found that
n(r) ∼ rDf . In particular, Df ≈ 1.75 observed at large
r (r/a > 50) was also reported in Bracha et al.’s experiment.46

Incidentally, the morphology of the aggregate changes depend-
ing on how the trivalent salt is added.46 Thus, the formation
of dendritic morphologies are effectively made under kinetic
gelation rather than equilibrium one.

The premise that the process of dendritic assembly is
kinetically controlled guides the direction of our theoret-
ical analysis. Since the collapse is effectively irreversible
and the bundles grow preferentially from the “active front”
of the preexisting domain,56 we use the principle under-
lying the diffusion-limited aggregation57 (DLA) to explain

ftp://ftp.aip.org/epaps/journ_chem_phys/E-JCPSA6-149-039898
ftp://ftp.aip.org/epaps/journ_chem_phys/E-JCPSA6-149-039898
ftp://ftp.aip.org/epaps/journ_chem_phys/E-JCPSA6-149-039898
ftp://ftp.aip.org/epaps/journ_chem_phys/E-JCPSA6-149-039898
ftp://ftp.aip.org/epaps/journ_chem_phys/E-JCPSA6-149-039898
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the observed fractal dimension. DLA describes a far-from-
equlibrium growth phenomenon, where each particle diffuses
with a fractal dimension dw until it binds irreversibly to
any particles of the aggregate. A generalized Honda-Toyoki-
Matsushita mean-field approximation58,59 suggests that the
fractal dimension of the aggregate is

DMF =
d2

s + η(dw − 1)

ds + η(dw − 1)
, (6)

where in the presence of long-range attractive interactions the
probability of growth at a certain position is assumed to be
proportional to the gradient of a scalar field (e.g., monomer
density) as ∼|∇φ|η . For DLA (η = 1, dw = 2) in 2 dimen-
sion (ds = 2), Eq. (6) gives DMF = Df ,DLA = 5/3. Numerical
simulations report Df ,DLA = 1.71.52,53

DLA has also been exploited to explain the dynamics and
aggregation of a 3D gel-like network formed by rigid PE chains
in a poor solvent.60 The fractal nature of the dendritic pattern
may well be an outcome of premature quenching of the brush
configuration to condensates during the competition between
the gain in energy upon aggregation and the entropic gain of
chain fluctuations.

IV. CONCLUDING REMARKS

Collapse of the brush condensate into either surface
micelles45 or a dendritic pattern46 is controlled by the chain
flexibility. Fundamental differences are found in the dynamics
of chains and condensed ions as well as in the microscopic
chain arrangement. The new insights into the link between
the micro-scale details and brush morphology will be of great
use to design material properties and understand biological
functions of PE brushes.

V. MODEL AND METHODS
A. Model and energy potential

As in our previous study,43 we used a well-tested coarse-
grained model of a strong polyelectrolyte (PE) brush.47–49

Total M(= 16 × 16) polymer chains were grafted to the
uncharged surface of a 2D triangular lattice [Fig. 1(a)]. The
lattice spacing d was set to 16a, which is small enough to
ensure the lateral overlap between neighboring chains, where
a is the diameter of chain monomers and ions. Each chain con-
sists of N(= 80) negatively charged monomers and a neutral
terminal monomer grafted to the surface. The simulation box
has a dimension of Lx ×Ly×Lz = (

√
Md)× (

√
3Md/2)× (2Na)

= 256a× 128
√

3a× 160a. Periodic boundary conditions were
applied along the x and y axes, and impenetrable neutral walls
were placed at z = 0 and 2Na.

We considered the following energy potentials to model a
semiflexible PE brush in good solvents with multivalent salts.
First, the distance between the neighboring chain monomers
was constrained by a finite extensible nonlinear elastic bond
potential

Ubond(r) = −
k0R2

0

2
log*

,
1 −

r2

R2
0

+
-
, (7)

with a spring constant k0 = 5.83 kBT /a2 and a maximum exten-
sible bond length R0 = 2a. Second, the chain stiffness was

modulated with an angular potential

Uangle(θ) = κ(θ − π)2, (8)

where κ is the bending rigidity parameter and θ is the angle
between three consecutive monomers along the chain. Third,
the excluded volume interaction was modeled in between ions
and chain monomers by using the Weeks-Chandler-Andersen
potential

Uexcl(r) = 4ε

[(a
r

)12
−

(a
r

)6
+

1
4

]
Θ(21/6a − r), (9)

in which ε = 1 kBT and Θ(. . .) denotes a Heaviside step func-
tion. Fourth, the Columbic interactions were assigned between
charged particles i, j, which include both chain monomers and
ions,

Uelec(r) =
kBTλBzizj

r
, (10)

where zi ,j is the valence of charge. The Bjerrum length is
defined as λB = e2/(4πε0ε rkBT ), where ε0 is the vacuum per-
mittivity and ε r is the relative dielectric constant of the solvent.
Finally, the confinement of the wall was considered to repel
any monomer, that approaches the wall closer than a/2 such
that

Uwall(z) = 4ε

[( a
z + ∆

)12
−

( a
z + ∆

)6
+

1
4

]
Θ(a/2 − z), (11)

with ∆ = (21/6 − 1/2)a. For simplicity, we assume the same
diameter a for all the ions and chain monomers. For dsDNA,
the mean bond length 〈b〉 = 1.1a (≈a) in our model maps to the
effective charge separation (≈1.7 Å) along the chain. Consid-
ering λB = 7.1 Å in water at room temperature, we set λB = 4a
(≈7.1/1.7 × a). Since the focus of this study is on the effects
of the bending rigidity of PE chain, κ in Eq. (8) was adjusted
in the range 0 ≤ κ ≤ 120 kBT /rad2.

B. Simulation

For conformational sampling of the brush, we integrated
the Langevin equation at underdamped condition,61

m
d2~ri

dt2
= −ζMD

d~ri

dt
− ~∇~ri

U(~r1,~r2, . . .) + ~ξ(t), (12)

using a small friction coefficient ζMD = 0.1m/τMD and a
time step δt = 0.01τMD, with the characteristic time scale
τMD = (ma2/ε)1/2. We started from an initial configuration
where polymer chains were vertically stretched, and monova-
lent counterions were homogeneously distributed in the brush
region. This salt-free brush was first equilibrated for the time of
104τMD, then trivalent cations at a 1:3 stoichiometric concen-
tration ratio with respect to the polyelectrolyte charges43 were
randomly added together with its monovalent cations (anions)
into the brush-free zone [see Fig. 1(a)]. Depending on the value
of κ, trivalent cations induce an immediate collapse or bundling
of neighboring chains in the brush. In the latter case, an inter-
mediate bundle either merges into a thicker one with other
bundles nearby, or collapses onto the grafting surface irre-
versibly. For stiff chains with κ = 60 or 120 kBT /rad2, it takes
longer than 106τMD before the whole brush collapses and the
mean height of chains reaches the steady state. Production runs
was generated further for 5 × 104τMD. Brush configurations
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were collected every 50τMD for the analysis of static proper-
ties. Unless stated otherwise, all the conformational properties
reported here were averaged over the ensemble of trajectories.

To probe the dynamics of condensates, we performed
Brownian dynamics (BD) simulations by integrating the
following equation of motion:

d~ri

dt
= −

Di0

kBT
~∇~ri

U(~r1, . . . ,~rN ) + ~Ri(t), (13)

where Di0 is the bare diffusion coefficient of the ith parti-
cle, and ~Ri(t) is the Gaussian noise satisfying 〈~Ri(t)〉 = 0 and
〈~Ri(t) · ~Rj(t ′)〉 = 6Di0δijδ(t − t ′). Di0 was estimated via
kBT /6πηR, where η = 0.89 × 103 Pa s is the viscosity of water
and R is the hydration radius of all the particles. We chose an
integration time step δtBD = 2 × 10−4τBD with the Brownian
time τBD = a2/Di0 (∼4 ns, assuming that R ∼ 10 Å). Starting
from the last configuration of the brush in MD simulations, the
BD simulation was performed for 4 × 103τBD. Simulations
were all carried out by using ESPResSo 3.3.1 package.62,63

More details can be found in Ref. 43.

C. Apparent persistence length of brush chain

By using a simplifying assumption that as an isolated
semiflexible chain, the correlation between bond vectors expo-
nentially decays with the their separation along the chain
(g(s) = 〈~ui · ~ui+s〉 ∼ e−s/lp , where ~ui = (~ri+1 − ~ri)/|~ri+1 − ~ri |)
(Fig. S7 of the supplementary material), we quantified an
“apparent” persistent length lp.

SUPPLEMENTARY MATERIAL

See supplementary material for it contains the Figs. S1–S7
and Movies 1 and 2.
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