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From rigid base-pairs to a wormlike chain
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rigid base-pair model

wormlike chain



The problem

Galileo Galilei, Discorsi, 1638
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The idea

Daniel Bernoulli, letter to Euler, 1742

I’d like to know whether you might not solve the curvature of the
elastic lamina under this condition, that on the length of the lamina
on two points the position 1s fixed, and that the tangents at these
points are given.

... ]

I’d express the potential energy of a curved elastic

lamina (which 1s straight when 1n 1ts natural position) through
assuming the element ds 1s constant and indicating the

radius of curvature by R. There 1s nobody as perfect
as you for easily solving the problem....

ds
RR



The solution

| eonard Euler, Methodus, 1744:
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Kinetic analogy

Gustav Kirchhoff, 1859:

‘L_f Euler elastica pendulum

Hamiltonian (wormlike chain): Lagrangian action:

L T 2

A . MI? .

H:/ [592—fCOS(9] ds S:/ [71(92—]\49[(3089] dt
0 0



Examples

m’ —08261
m' = 0.75 m' = 0.9
m’ = 0.65
m' = 0.5 m’ = 0.99
m’ = 0.3
m' = 0.2

m,m — 1



DNA with a sliding loop under tension

sliding ring

L/2 _A- y
H:/ —0° — fcosf|ds
—r/2 L2 i

Euler-Lagrange equation: 9 — X %ginf
correlation length: A=+\A/f

boundary conditions: 9100p



DNA with a sliding loop under tension

solution:

cos Bloop () =1

eloop
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DNA with a sliding loop under tension

lost length:

O O 2
AL = 1 —cosBiyon (8)) ds = ds = 4\
/_oo( oop (5)) /_oo cosh® (s/)\) ’

extension-force relation:

Az=L—AL=L—4\/A/f

/ an

end-to-end distance contour length length loss due to loop

16 A 1
L? (1—-Az/L)

f =



DNA with a protein-induced kink

fraction of homoclinic loop

extension-force relation:

L )




"Hot™ DNA

Up to now we looked at “cold” DNA.

But: The energy scales involved in biological systems are often
on the order of the thermal energy:

kT = 4.1 pN nm

In case of DNA this means that it is “coiled up” at room
temperature:

Ground state at T=0° Random coiled state at T=20°



nar Salen’s lecture “Hot” DNA

see O
today
wormlike chain: A :
H = 5 /(92d8

tangent-tangent correlation function:

(t (s0)t (so +z)) = e */IP JSOHP

lp ~ 50 nm
S0

with the persistence length Ip = A/kpT

imits: L <lp L>lp

<R2> ~ LQ/ <R2> ~ 2lpL
hard rod random coll



Analogy to freely jointed chain

L b = 2lp JSOHP
lp ~ 50 nm

S0

(R%) = b*N (R?) ~ 20pL



Stretching DNA

low tension

0(s) <1 high tension

- /‘T’

Strategy: Calculate force-extension relation for freely jointed chain
and then apply it to DNA with b = 2{p.



Stretching a freely jointed chain
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Stretching a freely jointed chain
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Stretching DNA

low tension
- 3kpT

I =507

entropic spring

high tension




Comparison to experiment

force-extension relation for 97 kbp DNA:
Smith, Finzi, Bustamante, Science 258, 1122 (1992)
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Stretching DNA

low tension
- 3kpT

I =507

entropic spring

high tension
- e
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Stretching DNA

2

— fL

H = / { 92] ds — fL = Z<27T2An +%L>

/e

0 (s) = Z One™ 2™/ L Eorier series

n=——oo

equipartition theorem:
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characteristic length scale:
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Stretching DNA

Odijk, Macromolecules 28, 7016 (1995)
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Stretching DNA

end-to-end distance (2D):
L L 1
(Az) = / (cos B (s))ds ~ / (1 ~ 5 (67 (3)>> ds
0 0

)~1=5 |
N 2 ) o (4AT2/L)n? + fL

dn

final result:




Stretching DNA

sSummary:
kT
f = QZiL Az for Az < L
kT 1
f=— 5 for L —Az< L
te (1)

Interpolation formula:
Bustamante, Marko, Siggia, Smith, Science, 265, 1599 (1994)

S lp \4 (1 - Az 4 L




Stretching DNA

force-extension relation for 97 kbp DNA:
Smith, Finzi, Bustamante, Science 258, 1122 (1992)
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Comparison

loop under tension at zero temperature:

—f
N = L2 (1 - Z/ L)
high tension limit at finite temperature: same functional form
0(s) <1 high tension knT
- _ ks
@ £ /= 4lp (1 - Az/L)2




Sliding loop with fluctuations

Kulic, Mohrbach, Lobaskin, Thaokar, HS, Phys. Rev. E 72 (2005) 041905
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long calculation gives:

k T
(Az) =L — —= L 4w/ X
length loss due to /

fluctuations around straight configuration Ioop

fluctuatlon correction
due to loop



Looped/kinked DNA appears softer

J—r

T 1

T AFP (1— (Az) /L)

Example:

[3PP ~ 0.74lp for L/lp = 50
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Example for kinked DNA:
GalR repressor of E. ¢coli
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Lia et al., PNAS 100 (2003) 11373

a=1{(

GalR dim{\ /GalR dimer 2 experiment:
. ’ S =0.88pN Al = 55 &+ bnm
\ ' J ‘, I
38 nm |
GalR tetramer ;
/ I
f=0.88pN | |
—» parallel loop configuration
- =T
f= 0.588 pN
antiparallel loop configuration

18nm 38 nm
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Al = 56 nm

/AT (1-1/v2) = 180m



