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From rigid base-pairs to a wormlike chain
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rigid base-pair model

wormlike chain



The problem

Galileo Galilei, Discorsi, 1638



The idea

Daniel Bernoulli, letter to Euler, 1742

I’d like to know whether you might not solve the curvature of the  
elastic lamina under this condition, that on the length of the lamina  
on two points the position is fixed, and that the tangents at these  
points are given. 
[…] 
I’d express the potential energy of a curved elastic  
lamina (which is straight when in its natural position) through               ,  
assuming the element ds is constant and indicating the  
radius of curvature by R. There is nobody as perfect  
as you for easily solving the problem.... 
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The solution

Leonard Euler, Methodus, 1744:
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Kinetic analogy

Gustav Kirchhoff, 1859:
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Euler elastica pendulum

Hamiltonian (wormlike chain): Lagrangian action:



Examples

m0 = 0.2

m0 = 0.3

m0 = 0.5

m0 = 0.65

m0 = 0.75

m0 = 0.8261

m0 = 0.9

m0 = 0.99

m,m0 ! 1
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m = 0.8

m = 0.4



DNA with a sliding loop under tension

sliding ring 
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Euler-Lagrange equation:

correlation length:

boundary conditions:



DNA with a sliding loop under tension

sliding ring 
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DNA with a sliding loop under tension
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lost length:

extension-force relation:

end-to-end distance contour length length loss due to loop



DNA with a protein-induced kink
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“Hot” DNA

Up to now we looked at “cold” DNA. 

But: The energy scales involved in biological systems are often 
on the order of the thermal energy: 

In case of DNA this means that it is “coiled up” at room 
temperature:

kBT = 4.1 pNnm

Ground state at T=0º Random coiled state at T=20º 



“Hot” DNA
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tangent-tangent correlation function:
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wormlike chain:

with the persistence length lP = A/kBT
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hard rod random coil
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see Omar Saleh’s lecture 
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Analogy to freely jointed chain
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Stretching DNA

low tension 

high tension 
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Strategy:  Calculate force-extension relation for freely jointed chain 
and then apply it to DNA with                . b = 2lP



Stretching a freely jointed chain
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Stretching DNA
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Comparison to experiment
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force-extension relation for 97 kbp DNA: 
Smith, Finzi, Bustamante, Science 258, 1122 (1992)
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Stretching DNA
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Stretching DNA
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Stretching DNA
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Odijk, Macromolecules 28, 7016 (1995)



Stretching DNA
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Stretching DNA
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Interpolation formula: 
Bustamante, Marko, Siggia, Smith, Science, 265, 1599 (1994)
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Stretching DNA

force-extension relation for 97 kbp DNA: 
Smith, Finzi, Bustamante, Science 258, 1122 (1992)
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freely jointed chain

L = 32.8µm

lP = 50nm



Comparison

sliding ring 
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Sliding loop with fluctuations

sliding ring 
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Kulic, Mohrbach, Lobaskin, Thaokar, HS, Phys. Rev. E 72 (2005) 041905 
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Looped/kinked DNA appears softer
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Example for kinked DNA: 
GalR repressor of E. coli

GalR dimer 1 GalR dimer 2 

GalR tetramer 

(a) 

(b) 

(c) 38 nm

f = 0.88 pN

18 nm

�l = 56nm

f = 0.88 pN

f = 0.88 pN

38 nm

Lia et al., PNAS 100 (2003) 11373 

parallel loop configuration

antiparallel loop configuration
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