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Lecture  1	

•  Hierarchy of biological organization 
•  Biomolecules: 1D polymers 

•  Examples of Polymers in Biology: DNA, RNA, Proteins, 
and Polysaccharides 

•  DNA: genetic material; double helix 

•  Central Dogma 

•  DNA thermodynamics 



Lecture  2	

•  Watson-Crick base pair 

•  Effects of chemical factors on DNA stability 

•  DNA sequence vs. charged polymer 

•  Mechanical models: Freely Jointed Chain model 

•  Persistence length, end-to-end extension, radius of 
gyration, force response 



Watson-­‐‑Crick  base  pair:  canonical	




Non-­‐‑canonical    
base  pairs	


•  Hoogsteen 

•  Wobble 

•  Reverse Hoogsteen 

•  Reverse Wobble 



Hoogsteen  base  pair	




Non-­‐‑canonical  DNA  structures	




Z-­‐‑DNA	


•  Left-handed double helix 
•  T. Jovin first discovered it (CD). 
•  A. Rich first determined its structure (x-ray, Raman, 

etc) 
•  Z-DNA has Watson-Crick base pairs.  



Both  WC  and  HG  basepairs  form  in  triplex.	




G-­‐‑quadruplex,  i-­‐‑motif	




•  q 



Atomic  vs.  coarse-­‐‑grain  pictures	

•  Atomic picture – PDB data 

•  Coarse-grain picture (The level of crudeness depends 
on what we are interested in and looking for.) 

•  More crude model for DNA – “uniform stiff” polymer 

•  Charged polymer surrounded by counter-ions 



DNA  mechanics	


•  DNA is highly charged à DNA is a stiff polymer 

•  Stiff unit segment contains many nucleotides and 
sequence information is averaged out.  

•  Sequence information does not matter 

•  On average, the same number of counter-ions are 
accumulated over DNA 



DNA  model:  FJC	


•  Random walk 
•  A:	
  1D	
  random	
  walk,	
  B:	
  3D	
  random	
  walk	
  (with	
  angle	
  restric:on	
  

and	
  segment	
  size	
  a)	
  	
  
•  cf.	
  Freely-­‐jointed	
  chain	
  model:	
  links	
  can	
  rotate	
  in	
  arbitrary	
  

direc:ons.	
  



Mean  size  of  a  random-­‐‑walk  macromolecules  
scales  as  √N	


•  In	
  random	
  walk	
  models,	
  every	
  macromolecular	
  configura:on	
  
is	
  equally	
  probable.	
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End-­‐to-­‐end	
  probability	
  distribu:on	
  for	
  
a	
  1D	
  “macromolecule”	
  

•  The	
  probability	
  of	
  a	
  given	
  macromolecular	
  configura:on	
  
depends	
  on	
  its	
  microscopic	
  degeneracy.	
  

•  Calcula:on	
  of	
  the	
  degeneracy	
  based	
  on	
  probability	
  theory.	
  
•  Ques:on:	
  what	
  is	
  the	
  probability	
  that	
  nr	
  of	
  N	
  steps	
  will	
  be	
  to	
  

the	
  right	
  (and	
  nl	
  of	
  N	
  steps	
  to	
  the	
  leO)	
  if	
  pr	
  =	
  pl	
  =	
  ½?	
  	
  
o  Probability	
  of	
  a	
  par:cular	
  sequence	
  of	
  N	
  leO	
  and	
  right	
  steps:	
  (	
  ½	
  )N	
  
o  Number	
  of	
  possibili:es:	
  	
  

o  Probability	
  of	
  taking	
  nr	
  right	
  steps:	
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End-­‐to-­‐end	
  probability	
  distribu:on	
  for	
  a	
  1D	
  

“macromolecule”	
  
•  End-­‐to-­‐end	
  distance:	
  R	
  =	
  (nr	
  -­‐	
  nl)	
  a	
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ln p(R;N ) = ... = ln2 − 1
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ln(2πN ) − R2

2Na2

p(R;N ) = 2
2πN

e−R
2 /2Na2

  with R being multiples of 2a.

p(R;N ) = 1
2πNa2

e−R
2 /2Na2

with pdR being the probability 

                                            that R falls within an interval of dR.

p(;N ) = 3
2πNa2

#
$%

&
'(

3/2

e−3R2 /2Na2

 for 3D random walk

ß  Derive  this.	




The	
  persistence	
  length	
  is	
  a	
  measure	
  of	
  the	
  length	
  
scale	
  over	
  which	
  a	
  polymer	
  remains	
  roughly	
  

straight	
  
•  The	
  persistence	
  length	
  is	
  the	
  scale	
  over	
  which	
  the	
  tangent-­‐

tangent	
  correla:on	
  decays	
  along	
  the	
  chain.	
  
•  It	
  is	
  the	
  length	
  scale	
  over	
  which	
  “memory”	
  of	
  the	
  tangent	
  

vector	
  is	
  lost	
  in	
  the	
  presence	
  of	
  thermal	
  fluctua:on.	
  

•  In	
  FJC	
  model,	
  Kuhn	
  length	
  a	
  is	
  twice	
  the	
  persistence	
  length.	
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Random	
  walk	
  models	
  for	
  force-­‐extension	
  curves	
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∂L

G(L) = − fL − kBT lnW (L;Ltot );L = (nR − nL )a;Ltot = Na

W (nR;N ) = N !
nR ! N − nR( )!

G(nR ) = −2 fnRa + kBT (nR lnnR + (N − nR )ln(N − nR ))
∂G
∂nR

= −2 fa + kBT lnnR − kBT ln(N − nR ) = 0

nR
nL

= e2 fa /kBT → z =
L
Ltot

=
nR − nL
nR + nL

= tanh fa
kBT

For fa kBT ,  L =
Ltota
kBT

f



Force-­‐extension	
  curves	
  	
  
by	
  various	
  FJC	
  (freely-­‐jointed	
  chain)	
  models	
  
•  A	
  3D	
  FJC	
  model	
  (monomer	
  points	
  in	
  one	
  of	
  six	
  direc:ons)	
  

•  A	
  3D	
  FJC	
  model	
  (off-­‐laZce)	
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ß  Derive  this.	




3D  FJC  under  tension	
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Bending  energy  and  persistence  length  	


Ebend =
Keff

2
dt
ds

2

ds
0

L

∫
•  Thermal	
  fluctua:ons	
  tend	
  to	
  randomize	
  the	
  orienta:on	
  of	
  

biological	
  polymers.	
  
o  Compe::on	
  between	
  thermal	
  effects	
  and	
  determinis:c	
  forces:	
  

Elas:c	
  forces	
  set	
  the	
  length	
  scale	
  over	
  which	
  thermal	
  fluctua:ons	
  are	
  
tolerated.	
  

•  The	
  persistence	
  length	
  is	
  the	
  length	
  over	
  which	
  a	
  polymer	
  is	
  
roughly	
  rigid.	
  
o  Roughly	
  speaking,	
  ξp	
  is	
  the	
  length	
  of	
  polymer	
  	
   	
   	
  

	
   	
  whose	
  radius	
  of	
  curvature	
  is	
  equal	
  to	
  its	
  length.	
  

•  The	
  persistence	
  length	
  characterizes	
  the	
  correla:ons	
  in	
  the	
  
tangent	
  vectors	
  at	
  different	
  posi:ons	
  along	
  the	
  polymer.	
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Persistence	
  length	
  vs.	
  

bending	
  s:ffness	
  

•  The	
  persistence	
  length	
  is	
  
obtained	
  by	
  averaging	
  
over	
  all	
  configura:ons	
  of	
  
the	
  	
  polymer.	
  

g(s) = e− s /ξp ≈ 1− s
ξp

Ebend =
Keff

2s
θ 2  where θ =

s
R

g(s) = cosθ(s) ≈ 1− θ 2 (s)
2

θ 2 (s) =
1
Z

dφ
0

2π

∫ dθ
0

π

∫ sinθθ 2e−β (Keff /2s )θ2

where Z = dφ
0

2π

∫ dθ
0

π

∫ sinθe−β (Keff /2s )θ2

θ 2 (s) = −2s ∂ lnZ
∂(βKeff )

Since sinθ ≈ θ   for small angles,

Z= 2π s
βKeff

du  e−u

0

∞

∫ =
2π s
βKeff

 where u = β(Keff / 2s)θ 2

Since ∂lnZ/∂(βKeff ) = −1 / (βKeff ),
g(s) = 1− s / βKeff →ξp = βKeff



Elas:city	
  and	
  entropy:	
  The	
  Worm-­‐Like	
  Chain	
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small force (β fa <<1)
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large force (β fa >>1)
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 For a given q, there are two transverse modes.
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For strong stretching, 
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Lecture  3	

•  Mechanical models: Worm Like Chain model 

•  DNA supercoils: definition (sign, magnitude) 

•  Linking number, twist, writhe 

•  Călugăreanu-White-Fuller theorem 

•  Energy associated with DNA supercoiling 

•  Non-canonical DNA structures (induced by SC) 



Lecture  4	

•  Single molecule methods (revisit) 

•  Hybrid single molecule technique of smFRET & MT 

•  Case studies: DNA mechanics via single-molecule 
methods 

•  Case studies: Non-canonical DNA and its dynamics 
via single-molecule methods  


