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Experiments ...
… but with enough theory to understand as much of it as possible!
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E. coli Pt-PS Janus in H2O2

Detailed understanding of this in water
→ swimming in polymer solutions Maybe brief introduction

Focus on single-particle properties ...

… because there are still many mysteries!



Escherichia coli 



Section 0: Working with E. coli for physicists



Rule 1: 
E. coli comes in many strains. Handling K-12 and its relatives 

(‘Category 1’) is less dangerous than going to the toilet (‘Category 2’)

is a far greater danger to the average physicist!



Rule 2: 
Don’t believe the protocol of anyone who is not a motility expert

Growing in glucose gives few flagella
Everyday pipette tips/filtration will shear off flagella



Corollary: if in doubt (and even if not), look!



Rule 3: 
Assume everything is time dependent unless proven otherwise

How to keep Escherichia coli swimming 19

µ

Figure 1:Swimming E. coli in sealed capillary in ‘motility buffer’

O2 limitation → 3D 
experiments in dense 
systems are HARD!



Interlude: active matter on your T-shirt

← Local nematic order parameter <Q>

↓ Defect creation/annihilation



Back to swimmers



Section 1: Theoretical background

1. Revision (low Re theory)
2. Introduction to swimming micro-organisms
3. Real vs. model E. coli
4. Detailed theory of model E. coli
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Theorem:  Anything that’s worth hearing is worth 
hearing twice (from a different perspective).



Layer below: sliding slower

Layer above: sliding faster
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ū

dz̄

2
+ f̄ = 0

Re ! 0 ) �dP̄

dx̄

+
d

2
ū
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Full equations for Stokes (Re = 0) flow
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Just looking at       gives lots of insight!

→ Tutorial problem 1, 2, 3



1. Linearity
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G. I. Taylor



Re = 0.1

Re & 100



v

Does the wall exert a lift force on the sphere?

Assume force F
Reverse v and F - still a solution

F

Can’t both be true!
F = 0

→ Tutorial problem 4

Discuss!



Scallop Theorem: reciprocal motion does not propel at low Re

E. M. Purcell, ‘Life at Low Reynolds Number’, Am. J. Phys. 45 (1977) 3-11

Reversibility ⇒ 



Section 1

1. Revision (low Re theory)
2. Introduction to swimming micro-organisms
3. Real vs. model E. coli
4. Detailed theory of model E. coli



Microorganisms at low Re have to invent 
non-reciprocating cyclical motions to propel



Brian Chan, MIY

You can tell which way the movie is being played!



FLAGELLAR HYDRODYNAMICS 163

Fig. 1 to give a diagrammatic guide to many interesting groups of microorganisms
possessing flagella (all included within the central circle) and to related groups of
organisms. The definite boundary in the form of a circular arc separating
prokaryotes from eukaryotes recognizes the sharpness of that distinction.

SOME PtItOOR/NIStI / I:::LAGELL.K (,C.EN’TRtkL GI.’KCLF..) AN]) ,ELA3"F.’D 0RGANISPIS

FIG. 1. A general overview of microorganisms with flagella and related organisms

Amongst the eukaryotes, however, there are rather fine gradations between
the organisms most plant-like in character shown on the left and those most
animal-like in character shown on the right. A region of overlap between spheres
of interest of the botanists and the zoologists is particularly evident in the middle
column, where seven different groups of organisms are noted each of which is
studied by zoologists as an order within the flagellate protozoans and by botanists
as part of a class of algae. Throughout Fig. 1, a class or an order is indicated in

Lighthill, SIAM Review 1976



travelling wave along flagellum

Rotation of rigid chiral flagellum 
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sperm cell on a coarse-grained time scale, which averages over
several beat cycles. This effective motion is characterized by
effective translational and rotational speeds, v��s/�t and !��
/�t,
respectively. Here the time interval �t�nT comprises several beat
cycles, whereas �s measures the distance travelled along the path
r and �
 is the net rotation of the sperm head. It should be
emphasized that v is not simply the time average of the instantaneous
parallel velocity v1(t), but has to be determined from the averaged
swimming path r(t). The curvature of the averaged path r is given
by ��1/r0�!/v where r0 is the radius of the circular path r. In the
literature, v�|r| is sometimes referred to as curvilinear velocity (VCL)
and v�|r· | as velocity along the averaged path (VAP).

Reconstructing instantaneous velocities from flagellar beat
patterns

The swimming of sperm cells is characterized by low Reynolds
numbers implying that inertial forces are negligible (Purcell, 1977;
Landau and Lifshitz, 1987). We compute instantaneous swimming
velocities from recorded flagellar beat patterns in the limit of zero
Reynolds number using the resistive force theory introduced by Gray
and Hancock (Gray and Hancock, 1955). This local hydrodynamic
theory neglects long-range hydrodynamic interactions and assumes
that the hydrodynamic drag force density f(s) that acts on a
cylindrical portion of the filament at arc length s is linear in the
local velocity components v!(s,t)�[r(s,t)!t(s,t)]t(s,t) and v!(s,t)�
r(s,t)hv!(s,t) parallel and perpendicular to the filament centreline,
respectively:

f(s,t) � �!v!(s,t) + �!v!(s,t) . (5)

Here the dot denotes differentiation with respect to time t and t(s,t)
is the tangent vector of the flagellar centreline at position r(s,t).
Note that the proximal tip of the flagellum r(s�0,t) moves in
synchrony with the head centre, i.e. v!(s�0,t)�v1(t)e1(t) and
v!(s�0,t)�[v2(t)+r2�(t)]e2(t), as the sperm head is assumed to be
rigid. One can envisage the approach of resistive force theory by
approximating the bent filament as a sequence of straight rods

B. M. Friedrich and others

connected at their ends and then computing the drag force density
for the individual rods.

Force and torque balance
Since no external forces are acting on a freely swimming sperm
cell (Gray and Hancock, 1955; Jülicher and Prost, 2009), the total
hydrodynamic drag force F acting on the swimming sperm cell at
time t must vanish:

F(t) = Fhead (t) + dsf
0

L

∫ (s,t) = 0 . (6)
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Fig.�2. Fourier representation of the flagellar beat of a swimming
bull sperm cell. (A–C) Different Fourier modes of the tangent
angle 	(s) for the case of normal viscosity ��0.7�mPa�s (solid
circles) or increased viscosity ��10�mPa�s (open circles): panel A
shows the zeroth Fourier mode 	j 0(s) which characterizes the
asymmetry of the mean shape of the flagellum; panel B shows
the absolute value "�	j 1(s)" of the first Fourier mode which
characterizes the amplitude of the principal flagellar bending
wave; and finally panel C shows the phase angle f(s)�–arg	j 1(s)
of the first Fourier mode which characterizes the wave speed of
the principal flagellar wave. By fitting straight lines to these
experimental data, we derive three parameters which
characterize the shape of the flagellar beat; these parameters are
mean flagellar curvature K0 (A), the amplitude rise A0 of the
principal flagellar wave (B), and the wavelength � of this wave
(C). The linear fits are shown as solid and dashed red lines for
the case of normal and increased viscosity, respectively.
(D)�Shown in red are flagellar shapes reconstructed from the
zeroth and first Fourier component of the tangent angle 	(s,t) for
the case of normal viscosity at subsequent times 4�ms apart. For
comparison, the experimentally observed flagellar shape is
shown in black for eight subsequent frames (also 4�ms apart).
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20 µm 2 µm

e1(t)

r(t)
r–(t)

r–(t)

r(t)

Fig.�3. Trajectory r(t) of the centre of the head of a swimming bull sperm
cell (black) and averaged swimming path r(t) (red); see also supplementary
material Movie�1. (A)�The motion of the head is the superposition of a
uniform motion and a periodic movement with the frequency � of the
flagellar beat. Averaging over the period of the flagellar beat yields the
averaged swimming path. In the present case, the averaged swimming
path is a circular trajectory. For comparison, a schematic drawing of a
sperm cell is shown to scale in grey. (B)�Magnified view of the rectangular
portion of panel A. Black dots indicate the measured positions of the sperm
head; the black line interpolates between the data points. Grey arrows
indicate the vector e1 parallel to the long axis of the head. The sampling
rate was 250�frames�s–1.
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INTRODUCTION
Sperm cells are propelled in a liquid by regular bending waves of
a whip-like cell appendage called the flagellum (Gray, 1955).
Flagellar propulsion results in complex trajectories of sperm cells.
On short time scales, the sperm head undergoes a wiggling motion
with the same frequency as the flagellar beat. This wiggling of the
sperm head is a consequence of balancing the forces and torques
generated by the beating flagellum and characterizes the Ifine
structureJ of sperm swimming. On a time scale longer than the period
of the flagellar beat, sperm cells of many species swim along circular
or helical paths (Rikmenspoel et al., 1960; Goldstein, 1977; Brokaw,
1979; Crenshaw, 1996; Corkidi et al., 2008). The non-zero curvature
of their paths is a consequence of asymmetric flagellar waves, and
plays a vital role in sperm chemotaxis (Miller, 1985; Kaupp et al.,
2008; Friedrich and Jülicher, 2007).

How the observed complex swimming paths of sperm cells and
other microswimmers emerge from their swimming strokes is an
important question of long-standing interest (Gray and Hancock,
1955; Rikmenspoel, 1965; Brokaw, 1970; Yundt et al., 1975; Smith
et al., 2009). In pioneering work, Taylor demonstrated that self-
propulsion is possible due to purely viscous forces (Taylor, 1951).
Gray and Hancock introduced a local hydrodynamic theory of
flagellar propulsion that neglects long-range hydrodynamic
interactions and focuses on anisotropic local hydrodynamic friction
between the sperm surface and the adjacent fluid (Gray and
Hancock, 1955). This theory is commonly known as resistive force
theory. The net swimming speed predicted by this theory depends

strongly on the anisotropy ratio of flagellar friction coefficients. The
precise value of this key parameter has been subject to debate (Gray
and Hancock, 1955; Brokaw, 1970; Cox, 1970; Shack et al., 1974;
Lighthill, 1976; Brennen and Winet, 1977; Johnson and Brokaw,
1979). The theory of Gray and Hannock was later refined by
Lighthill using slender-body approximations for the thin flagellum
to include long-range hydrodynamic interactions (Lighthill, 1976).
Other groups proposed even more advanced hydrodynamic
simulation schemes (Dresdner and Katz, 1981; Elgeti and Gompper,
2008; Smith et al., 2009). For swimming in the vicinity of a solid
surface, resistive force theory provides a simple and concise
theoretical approach to flagellar propulsion. It has been used in
several studies to account for experimental data (Gray and Hancock,
1955; Rikmenspoel et al., 1960; Brokaw, 1970; Yundt et al., 1975;
Keller and Rubinow, 1976).

In the present work, we used theory and experiment to address
how the swimming path of a sperm cell is determined by the shape
of its flagellar bending waves. To test the resistive force theory
of flagellar propulsion, we accurately measured the fine structure
of the oscillatory movements of the sperm head. This approach
is novel and depends crucially on the precision of the tracking
data [see Yundt et al. for an early attempt (Yundt et al., 1975)].
To facilitate sperm tracking, we made use of the fact that sperm
cells become hydrodynamically trapped near a planar boundary
surface (Woolley, 2003): there they swim in a plane parallel to
the surface with an approximately planar flagellar beat, allowing
one to confine the analysis to two spatial dimensions. Using
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SUMMARY
The shape of the flagellar beat determines the path along which a sperm cell swims. If the flagellum bends periodically about a
curved mean shape then the sperm will follow a path with non-zero curvature. To test a simple hydrodynamic theory of flagellar
propulsion known as resistive force theory, we conducted high-precision measurements of the head and flagellum motions during
circular swimming of bull spermatozoa near a surface. We found that the fine structure of sperm swimming represented by the
rapid wiggling of the sperm head around an averaged path is, to high accuracy, accounted for by resistive force theory and
results from balancing forces and torques generated by the beating flagellum. We determined the anisotropy ratio between the
normal and tangential hydrodynamic friction coefficients of the flagellum to be 1.81±0.07 (mean±s.d.). On time scales longer than
the flagellar beat cycle, sperm cells followed circular paths of non-zero curvature. Our data show that path curvature is
approximately equal to twice the average curvature of the flagellum, consistent with quantitative predictions of resistive force
theory. Hence, this theory accurately predicts the complex trajectories of sperm cells from the detailed shape of their flagellar beat
across different time scales.

Supplementary material available online at http://jeb.biologists.org/cgi/content/full/213/8/1226/DC1

Key words: sperm cell, flagellar propulsion, flagellar beat pattern, curvature.

Bending waves along flagellum



Algae Chlamydomonas reinhardtii

chemotaxis relies on the stochastic bundling and
unbundling of flagella (13), resulting in individ-
ual random walks and the diffusion of popula-
tions (14).

Here, we ask whether eukaryotic locomotion
has any relationship to the run-and-tumble para-
digm, using the algaChlamydomonas reinhardtii
as a model (15, 16). Its two flagella are termed cis
and trans because of their positions relative to
the eyespot, a rudimentary light-sensing organelle.
Analysis of cells in the dark, over short (1- to 2-s)
intervals (17, 18), has shown two behaviors. Most
cells (~95%) beat with a synchronous breaststroke
interrupted occasionally by extra beats (Wslips”) of
the trans flagellum, a phenomenon confirmed by
later experiments over much longer periods (19).
In this regime, cells swim in a tight helix along an
almost straight center line. The remaining cells
(~5%) beat asynchronously, with a large inter-
flagellar frequency difference (10 to 30%), com-
patible with observations on demembranated cells
(20), where trans flagella often beat with a higher
frequency than cis flagella. These results have been
interpreted as representative of distinct subpopula-
tions. However, the underlying biochemical or phys-
ical processes that control synchronization remain
unknown.

Previous studies tracking C. reinhardtii swim-
ming (21–23) suggest that, like bacteria, entire
populations display diffusive behavior. Existing
interpretations (22) attribute diffusion to the ac-
cumulation of small deflections but lack explicit
references to the actual beating dynamics of the
flagella.

Here, we present three main experimental re-
sults on the beating of C. reinhardtii flagella and
its relationship to swimming in the dark, where
phototactic reorientations do not occur. First, we
demonstrate that individual cells stochastically
switch over the course of time between the two
regimes: synchronous with slips and asynchro-
nous. Second, we show that either the cis or the

trans flagellum can be the faster one during
asynchrony, so although their phototactic responses
are intrinsically different (17, 18, 20), there is no
absolute frequency asymmetry. Third, we present
strong evidence that the diffusion of populations
of C. reinhardtii is the result of localized events
of large nonphototactic reorientations, correspond-
ing to periods of asynchronous flagellar beating.
Taken together, these results strongly suggest that
the beating frequencies themselves are under the
control of the cell. The stochastic movement back
and forth between synchrony and asynchrony is
reminiscent of the run-and-tumble motion of bacte-
ria, with sharp turns taking the place of tumbles.

We first studied (24) the diffusion of a pop-
ulation of C. reinhardtii by gently centrifuging a
dilute suspension of cells to the bottom of a
plastic cuvette and analyzing the dynamics of the
concentration profile as it spread upward (Fig. 1,
A and B). In a region far from the bottom of the
chamber, where cell-cell interactions are rare, the

concentration flux is a linear function of the con-
centration gradient (Fig. 1C), and the slope of the
fitted line gives then an estimate of the diffusion
constant for an isolated individual:Dexp = (0.68 T
0.11) × 10−3 cm2/s. A random walk of typical
speed u and free-flight time t gives a diffusion
constant D ~ u2t, implying a characteristic time
on the order of 5 to 10 s for u ~ 100 mm/s.

To interpret this time and connect the macro-
scopic diffusive behavior to the dynamics of indi-
vidual cells, we analyzed in a separate experiment
high-speed movies of the flagella pairs of isolated
C. reinhardtii cells held by micropipettes. The fact
that a given cell moves back and forth between
synchronous and asynchronous states is illustrated
in Fig. 2. Figure 2A shows time series of the
individual signals from the left and right flagella
over a short (0.5-s) interval within a period of
synchrony several seconds long, whereas Fig. 2B
displays the asynchronous state in which the in-
terflagellar phase difference drifts linearly in time

Fig. 1. Diffusive behavior of a population of C. reinhardtii containing thousands of individual cells. (A)
Light scattered from the cells 1 min after being spun in a centrifuge. (B) Integrated light intensity as a
function of height x. (C) Flux versus concentration gradient at various points in space and time; the
linearity shows that cells spread according to Fick's law. Different-colored symbols correspond to inde-
pendent trials.

Fig. 2. A single C. reinhardtii cell
moves back and forth between syn-
chronous (A) and asynchronous (B)
states. Movie frames showing a few
cycles and the oscillatory intensity
signals XL,R(t) = GL,R(t)sin[2pqL,R(t)]
(X, signal; L, left; R, right; G,
amplitude; t, time; q, phase), ob-
tained by local sampling of the
video light intensity near the two
flagella, are shown for both cases.
(C) A long (70-s) time series of the
phase difference D(t) = qL(t) − qR(t)
contains periods of synchrony in-
terrupted by drifts of either sign. A
windowed Fourier transform of the
beating signals during the transition
from synchronization to drifting and
then back again to synchrony (inset)
shows a large frequency difference
in the asynchronous state. This be-
havior was characteristic of all 24
observed cells.

24 JULY 2009 VOL 325 SCIENCE www.sciencemag.org488
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‘Breast stroke’



Paramecium: layer of beating cilia

http://www.youtube.com/watch?v=HXcEACQv5-8



Linda Turner

E. coli - rotating rigid helical flagalla



All based long, thin filaments!



f? = ⇠?u? = ⇠kuk

⇠? ⇡ 2⇠k

x̂

The importance of being anisotropic

Local requirement: 
drag anisotropy

= (⇠? � ⇠k)(u sin ✓ cos ✓) ˆx

Global requirement:
non-reciprocating



Net propulsion from u sin ✓ cos ✓

(u, ✓) ! (�u,⇡ � ✓)

(u, ✓) ! (�u, ✓)

Finite average over cycle

Zero average over cycle

Criterion: must be able to tell if movie is run backwards …
… i.e. non-time-reversible (= non-reciprocating)
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→ Tutorial problem 5

Left-handed helix
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negative rotational-translational coupling



Section 1

1. Revision (low Re theory)
2. Introduction to swimming micro-organisms
3. Real vs. model E. coli
4. Detailed theory of model E. coli



Wild-type E. coli

~ 10 flagella
CCW = bundle & propel
CW of one or more = unbundle & tumble

Linda Turner



‘hairy hippy’



≈ 1s of movie

Smooth-swimming mutant
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Purcell’s E. coli model
Single ‘effective’ flagellum

Does it work?

Motor rotates at !m relative to stationary body
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! = !m � ⌦ or !m = ! + ⌦
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A0, D0, A, B, D > 0

Torque free : �D0⌦�Bv �D(�!) = 0 or D0⌦ = �Bv +D!

Force free : �A0v �Av �B(�!) = 0 or (A0 +A)v = B!

(Neglects hydrodynamic interaction between body and flagella!)



Decay of flow in ‘wake’ of sphere



(A0 +A)v = B! D0⌦ = �Bv +D!

⌦ !

v

2 equations, 3 unknowns → need extra information!

!m = ! + ⌦

Two equations alone: can eliminate one unknown …
… all relations are linear.
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(A0 +A)(D0 +D)�B2

�
!m

B 6= 0 and D0 6= 0 both crucial!

Exercise: discuss why ...

B 6= 0 and D0 6= 0 both crucial – generic feature
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Fig. 4. Torque versus speed. (a–d ) Methods of measuring torque–speed relationships. (a) Microscopy of
swimming cells. (b) Tethered cells. (c) Beads attached to flagella. (d ) Electrorotation of tethered cells :
microelectrodes generate a megahertz rotating electric field at the cell that applies an external torque (black
arrow), which adds to the motor torque (grey arrow). (e) Torque–speed relationships for flagellar motors of
various species measured using various methods. Except where indicated, all measurements were made at
room temperature. Symbols in (a–d ) indicate the methods used to obtain the data plotted with the same
symbols in (e). For more details, see references indicated in the legend. The E. coli experiments using
electrorotation (grey circles) and beads (black circles) did not report absolute torques – these curves have
been scaled to a stall torque of 1260 pN nm (Reid et al. 2006).
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Torque free : �D0⌦�Bv �D(�!) = 0 or D0⌦ = �Bv +D!

Force free : �A0v �Av �B(�!) = 0 or (A0 +A)v = B!

Completely specifies model E. coli, provided A0, D0, A, B, D are known

Nm(!m)

Nm

⌦

Nm = D0⌦

Load line

!m = ⌦+ ! = ⌦+ �⌦ = (1 + �)⌦

� = �(A0, D0, A,B,D)



Not really valid for E coli with b ≈ 2an… 
… but people use these anyway! 

A0 =
4⇡⌘b

ln
�
2a
b

�
� 1

2

D0 =
16⇡⌘a2b

3

Ellipsoid a, a ⌧ b

Much more interesting ...
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Treat local bits of helix as slender cylinders and integrate
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!!

�/a � 1 How come?



How do we get F = 6πηva for a 
sphere being dragged with force F?

Solve Stokes problem requiring stick 
boundary condition on sphere surface
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Suitable combination of Stokeslet and source doublet
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(1, 0, 0)

Satisfies boundary condition for sphere translating with v = (u, 0, 0)

Sphere exerts force F = 6⇡⌘av on fluid

Indeed F / v (linearity)

Fluid exerts drag F = �6⇡⌘av on sphere



Another property of Stokes (low Re) flow

Uniqueness

A solution that satisfies boundary conditions is the solution.

is the solution of uniformly 
translating sphere in infinite fluid
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Lighthill

c < 1

Self consistent argument: c ⇡ 0.18

(Impose variation on force along cylinder and consider resulting flow)

for uniform translation at u

Impossible to find linear combination of point force solution

with other solutions such that vS = u over any cross section
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Embarrassingly, these results depend on � (24), so that their use in any calculation
depends on an apparently rather arbitrary choice of this parameter. Lighthill’s interpre-
tation of the approximations necessitated by the Stokes paradox suggests that in the case
of a helical filament, in which the (linear) force density necessarily varies along the fila-
ment on the length scale of � (25), � should chosen so that the force density is e↵ectively
constant on this length scale, i.e. we should have � ⌧ �. A self-consistent argument in
fact returns the value � ⇡ 0.09�. Thus, Lighthill suggests the forms

⇠k =
4⇡⌘

2 ln
�
c�

a

�
� 1

(17)

⇠? =
8⇡⌘

2 ln
�
c�

a

�
+ 1

,(18)

with c ⇡ 0.18. Crudely, one could interpret this as saying that we consider just under
one fifth of one period of the helix as locally straight.

Irrespective of the exact form used for ⇠k and ⇠?, the resistive coe�cients for the
helical filament defined in Fig. 2(a) can be found in terms of these two coe�cients [44]:
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where �
k

= ⇠k/⇠?, and � = cos2  with  = tan�1(2⇡R/�) is the helix pitch angle. Note
that the all important rotation-translation coupling coe�cient, B, scales as 1 � �

k

. If
there is no anisotropy in the local friction coe�cients, i.e. �

k

= 1, then B = 0.

It appears that this model for self-propulsion in E. coli has only been rigorously tested
experimentally once: Chattopadhyay et al. [44] used an ingenious laser-tweezers set up
to measure A,B,D for the ‘e↵ective flagellum’ (i.e. the real flagellar bundle), calculated
A

0

and D

0

for ellipsoids with dimensions to fit actual cells, and reported that their
measurements agreed well with those calculated using Eqs. (17)-(21) and were consistent
with Eqs. (12) and (13). However, to arrive at this conclusion, Chattopadhyay et al. have
to use a value of c ⇡ 2.4 in Eqs. (17) and (18). Recall the geometric interpretation of this
admittedly somewhat arbitrary constant as the fraction of one period of the helix over
which the filament can be considered locally straight, so that using a value of c > 1 does
not make self-evident physical sense. Another cause for concern is that, as I have already

(24) Note that in the limit of �/a ! 1, the ratio �k = ⇠k/⇠? ! 0.5 independent of �.
(25) In fact, Lighthill was dealing with an undulating filament with wavelength �; for our helical
filament, the relevant length scale is ⇡ 2⇡R, Fig. 2(a); but 2⇡R ⇡ � in many cases.
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B ! Kn! ! "

2#" 1 $ %

%1/2 !1 $ &k", [2b]

D ! Kn! ! "

2#"2 1 $ %

%1/2 !1 ' &k
1 $ %

% ", [2c]

where ! is the length of the coil, " is the pitch, and % # cos2$
with $ being the pitch angle relative to the swimming axis (see
Fig. 1c). By using " and $, the radius of the helical coil is given
by R # ("#2#)tan$. The quantity &k is the ratio of the tangential
viscous coefficient Kt # 4#(#(2ln(c"#r) % 1) to the perpendic-
ular viscous coefficient Kn # 8#(#(2ln(c"#r) & 1), where r is the
radius of the coil filament and c is a constant. For a smooth
filament, Lighthill (7) showed using a mean-field approximation,
c $ 0.18 and &k # Kt#Kn ' 0.7, where the experimental data
("#r $ 100) from sea-urchin spermatozoa was used (8). The helix
loses its ability to propel if &k3 1, $3 0 (%3 1), or $3 ##2
(" 3 0) as expected.

To complete the description of the swimming bacterium, we
need the propulsion matrix P0 for the cell body. Unlike P for the
flagellum, P0 is diagonal (B0 # 0) because the cell body cannot
propel itself. The nonviscous force on the cell body consists of
two parts, the trapping force Ftrap due to the optical tweezers
holding the bacteria and the thrust Fthrust generated by the
flagella. The sum of these forces must balance the viscous force
Aov acting on the cell body. Likewise, the nonviscous torque
acting on the cell body %Nf l must balance the viscous rotational
drag. The above consideration gives the following:

Ftrap ' F thrust ! A0v , [3a]

D0( ! %N f l, [3b]

where ( is the angular velocity of the cell body. We treat the cell
body as a prolate spheroid with minor semiaxis a and major

semiaxis b. If the cell body is in the bulk of the fluid, the linear
and rotational drag coefficients are then A0 # 4#(b#(ln(2b#a) %
(1#2)) and D0 # 16#(a2b#3 (13). The optical trapping force is
harmonic Ftrap(z) # %k(z % z0), where k is the spring constant
and z % z0 is the displacement from the center of the trap (14,
15). Because the bacteria is held by the optical tweezers, its net
velocity in the lab frame is 0 (v) # v & U $ 0), and the relative
velocity v to the fluid is opposite to the external f low U.
Substituting v # %U into Eqs. 1 and 3 gives the following:

k!z $ z0" ! !A ' A0"U ' B), [4a]

D0( ! %BU $ D) . [4b]

This set of equations will be used below to analyze our data.

Results
We used a nontumbling strain of E. coli bacteria HCB30 in our
measurements. We found that a swimming bacterium near a
glass surface could be stably trapped by the optical tweezers
along its swimming direction. The bacterium is then manipulated
by an imposed uniform external f low U. Fig. 1 illustrates our
experimental setup along with the flow configurations. A bac-
terium swimming to the left (along the &Z direction) is held by
a strongly focused IR laser (" # 1,064 nm). In the absence of
flow, the bacterium is invariably held at the tail of the cell body
as shown in Fig. 1a. The thrust and trapping forces are balanced,
and the bacterium is stationary with respect to the trap. The
bacterium remains trapped at the tail for small negative U (%U *
Vswim). For larger flow speeds, the bacterium becomes trapped
at the head of the cell body as shown in Fig. 1b.

To measure the trapping force and the position of the trapped
cell tip, the transmitted IR beam was refocused and projected
onto a two-dimensional position-sensitive detector. This tech-
nique allowed us to measure the position of the trapped cell tip
with respect to the center of the trap. A nonflagellated bacterium
(YK4516) was used to calibrate the spring constant k of the
optical trap. A description of the calibration and measurement
procedure is presented in Materials and Methods.

Fig. 2 displays an example of the time trace z(t) of the
longitudinal displacement of the trapped cell tip along the
swimming direction of the bacterium. We observed large oscil-
lations overlying a systematic variation of z(t) as the external f low
is changed. These oscillations result from wobbling of the cell
body in response to the rotation of the flagellar bundle (4, 16).
The trapped bacterium was perturbed by the following sequence
of events. In regime I, U is linearly reduced from %40 *m#s to

Fig. 1. Two different trapping configurations are possible. (a) The bacterium
can be trapped horizontally at the tail of the cell body in the absence of a flow,
U # 0, and for a small negative U; i.e., %U% * Vswim, where Vswim is the
free-swimming speed of the bacterium. (b) The bacterium can also be stably
trapped at the head of the cell body in the presence of a larger negative U, i.e.,
%U% + Vswim. The forces and velocities are positive if they are along &Z. The
rotations are defined by the right-hand rule such that ) * 0 and ( + 0 as
depicted. (c) A schematic of an effective helical propeller: ! is the length, 2r is
the diameter of the filament, R is the radius, $ is the pitch angle of the helix
relative to the swimming axis, and " is the pitch.

Fig. 2. A typical experimental run for a swimming bacterium held in the
optical trap. In regime I, an uniform flow U # %40 *m#s is decreased to zero
linearly with time. The flow U remains zero in regime II. The laser is blocked
momentarily to let the bacterium escape, and the undeflected laser beam
position is recorded in regime III. The solid lines depict linear fits to each
regime.

Chattopadhyay et al. PNAS % September 12, 2006 % vol. 103 % no. 37 % 13713
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Section 2: Experimental tests

1. Coarse-grained description
2. Measuring the resistance matrix
3. Does it really fit?
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The dipolar flow field should be a good approximation in the far field ...
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were tracked as they swam through a suspension of fluorescent
tracer particles (see Materials and Methods). Measurements far
from walls were obtained by focusing on a plane 50 μm from
the top and bottom surfaces of the sample chamber, and record-
ing approximately 2 terabytes of movie data. Within this data we
identified approximately 104 rare events when cells swam within
the depth of field (2 μm thick) for >1.5 s. By tracking the fluid
tracers during each of the rare events, relating their position and
velocity to the position and orientation of the bacterium, and per-
forming an ensemble average over all bacteria, the time-averaged
flow field in the swimming plane was determined down to 0.1% of
the mean swimming speed V 0 ¼ 22" 5 μm∕s. As E. coli rotate
about their swimming direction, their time-averaged flow field
in three dimensions is cylindrically symmetric. The present mea-
surements capture all components of this cylindrically symmetric
flow except the azimuthal flow due to the rotation of the cell
about its body axis. In contrast with the flow around higher
organisms such as Chlamydomonas (37, 38) and Volvox (37), the
topology of the measured bacterial flow field (Fig. 1A) is that of a
force dipole (shown in Fig. 1B). Yet, there are some differences
between the force dipole flow and the measurements close to the
cell body, as shown by the residual of the fit (Fig. 1C).

The decay of the flow speed with distance r from the center of
the cell body (Fig. 1D) illustrates that the measured flow field
displays the characteristic 1∕r2 form of a force dipole. However,
the force dipole model significantly overestimates the flow to the
side and behind the cell body, where the measured flow magni-
tude is nearly constant over the length of the flagellar bundle. The
force dipole fit to the far field (r > 8 μm) was achieved with two

opposite force monopoles (Stokeslets) at variable locations along
the swimming direction. As r ¼ 0 corresponds to the center of
the cell body in Fig. 1D, and not the halfway point between the
two opposite Stokeslets, the fit captures some of the anterior–
posterior asymmetry in the flow magnitude u. From the best fit,
which is insensitive to the specific algorithms used, we obtained
the dipole length ℓ ¼ 1.9 μm and dipole force F ¼ 0.42 pN. This
value of F is consistent with optical trap measurements (39) and
resistive force theory calculations (40). It is interesting to note
that in the best fit, the cell drag Stokeslet is located 0.1 μm behind
the center of the cell body, possibly reflecting the fluid drag on
the flagellar bundle.

Flow Field Near a Surface. Having found that a force dipole flow
describes the measured flow around E. coli with good accuracy
in the bulk (far from boundaries), we investigated whether this
approximation is also valid when E. coli swim close to a wall.
Focusing 2 μm below the top of the sample chamber, and applying
the same measurement technique as before, we obtained the
flow field shown in Fig. 1E. This flow decays much faster than
that in the bulk due to the proximity of a no-slip surface (Fig. 1H),
and the inward and outward streamlines are now joined to pro-
duce loops (Fig. 1E). However, both of these differences are
consistent with a simple force dipole model and are therefore
not due to a change in bacterial behavior. In particular, closed
streamlines are known to be a rather general feature of point
singularities near no-slip surfaces (41). Using the solution of a
Stokeslet near a wall (31) to obtain that of a force dipole near
a wall yields streamlines (Fig. 1F) and a decay (Fig. 1H) of the

Fig. 1. Average flow field created by a single freely swimming bacterium far from surfaces (A–D) and close to a wall (E–H). Streamlines indicate the local
direction of flow, and the logarithmic color scheme indicates flow speed magnitudes. (A) Experimentally measured flow field in the bacterial swimming plane,
with the inset showing the anterior-posterior asymmetry close to the cell body. (B) Best-fit force dipole flow. (C) Residual flow field, obtained by subtracting the
best-fit dipole model from the measured field. (D) Radial decay of the flow speed u in different directions, with r ¼ 0 corresponding to the center of the cell
body. For distances r ≲ 6 μm the dipole model overestimates the flow field behind and to the side of the cell body. (E) Experimentally measured flow field in the
bacterial swimming plane, for bacteria swimming parallel to a wall at a distance of 2 μm. (F) Best-fit force dipole flow, where the presence of the wall causes
inward and outward streamlines to join. (G) Residual flow field. (H) The flow speed decays much faster for bacteria swimming close to a wall, as the fluid
velocity must vanish on the surface.

Drescher et al. PNAS ∣ July 5, 2011 ∣ vol. 108 ∣ no. 27 ∣ 10941
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were tracked as they swam through a suspension of fluorescent
tracer particles (see Materials and Methods). Measurements far
from walls were obtained by focusing on a plane 50 μm from
the top and bottom surfaces of the sample chamber, and record-
ing approximately 2 terabytes of movie data. Within this data we
identified approximately 104 rare events when cells swam within
the depth of field (2 μm thick) for >1.5 s. By tracking the fluid
tracers during each of the rare events, relating their position and
velocity to the position and orientation of the bacterium, and per-
forming an ensemble average over all bacteria, the time-averaged
flow field in the swimming plane was determined down to 0.1% of
the mean swimming speed V 0 ¼ 22" 5 μm∕s. As E. coli rotate
about their swimming direction, their time-averaged flow field
in three dimensions is cylindrically symmetric. The present mea-
surements capture all components of this cylindrically symmetric
flow except the azimuthal flow due to the rotation of the cell
about its body axis. In contrast with the flow around higher
organisms such as Chlamydomonas (37, 38) and Volvox (37), the
topology of the measured bacterial flow field (Fig. 1A) is that of a
force dipole (shown in Fig. 1B). Yet, there are some differences
between the force dipole flow and the measurements close to the
cell body, as shown by the residual of the fit (Fig. 1C).

The decay of the flow speed with distance r from the center of
the cell body (Fig. 1D) illustrates that the measured flow field
displays the characteristic 1∕r2 form of a force dipole. However,
the force dipole model significantly overestimates the flow to the
side and behind the cell body, where the measured flow magni-
tude is nearly constant over the length of the flagellar bundle. The
force dipole fit to the far field (r > 8 μm) was achieved with two

opposite force monopoles (Stokeslets) at variable locations along
the swimming direction. As r ¼ 0 corresponds to the center of
the cell body in Fig. 1D, and not the halfway point between the
two opposite Stokeslets, the fit captures some of the anterior–
posterior asymmetry in the flow magnitude u. From the best fit,
which is insensitive to the specific algorithms used, we obtained
the dipole length ℓ ¼ 1.9 μm and dipole force F ¼ 0.42 pN. This
value of F is consistent with optical trap measurements (39) and
resistive force theory calculations (40). It is interesting to note
that in the best fit, the cell drag Stokeslet is located 0.1 μm behind
the center of the cell body, possibly reflecting the fluid drag on
the flagellar bundle.

Flow Field Near a Surface. Having found that a force dipole flow
describes the measured flow around E. coli with good accuracy
in the bulk (far from boundaries), we investigated whether this
approximation is also valid when E. coli swim close to a wall.
Focusing 2 μm below the top of the sample chamber, and applying
the same measurement technique as before, we obtained the
flow field shown in Fig. 1E. This flow decays much faster than
that in the bulk due to the proximity of a no-slip surface (Fig. 1H),
and the inward and outward streamlines are now joined to pro-
duce loops (Fig. 1E). However, both of these differences are
consistent with a simple force dipole model and are therefore
not due to a change in bacterial behavior. In particular, closed
streamlines are known to be a rather general feature of point
singularities near no-slip surfaces (41). Using the solution of a
Stokeslet near a wall (31) to obtain that of a force dipole near
a wall yields streamlines (Fig. 1F) and a decay (Fig. 1H) of the

Fig. 1. Average flow field created by a single freely swimming bacterium far from surfaces (A–D) and close to a wall (E–H). Streamlines indicate the local
direction of flow, and the logarithmic color scheme indicates flow speed magnitudes. (A) Experimentally measured flow field in the bacterial swimming plane,
with the inset showing the anterior-posterior asymmetry close to the cell body. (B) Best-fit force dipole flow. (C) Residual flow field, obtained by subtracting the
best-fit dipole model from the measured field. (D) Radial decay of the flow speed u in different directions, with r ¼ 0 corresponding to the center of the cell
body. For distances r ≲ 6 μm the dipole model overestimates the flow field behind and to the side of the cell body. (E) Experimentally measured flow field in the
bacterial swimming plane, for bacteria swimming parallel to a wall at a distance of 2 μm. (F) Best-fit force dipole flow, where the presence of the wall causes
inward and outward streamlines to join. (G) Residual flow field. (H) The flow speed decays much faster for bacteria swimming close to a wall, as the fluid
velocity must vanish on the surface.

Drescher et al. PNAS ∣ July 5, 2011 ∣ vol. 108 ∣ no. 27 ∣ 10941

BI
O
PH

YS
IC
S
A
N
D

CO
M
PU

TA
TI
O
N
A
L
BI
O
LO

G
Y

A
PP

LI
ED

PH
YS

IC
A
L

SC
IE
N
CE

S

Drescher et al. PNAS108 (2011)10940

T
heory

D
eviation



Two kinds of force dipole exist

Point dipole @ origin Point dipole @ origin

Pusher/extensile Puller/contractile



U

F

U

dragged particle self-propelled swimmer

Isolated liquid drop with

Discuss!



Section 2: Experimental tests

1. Coarse-grained description
2. Measuring the resistance matrix
3. Does it really fit?
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We use measurements of swimming bacteria in an optical trap to
determine fundamental properties of bacterial propulsion. In par-
ticular, we directly measure the force required to hold the bacte-
rium in the optical trap and determine the propulsion matrix, which
relates the translational and angular velocity of the flagellum to
the torques and forces propelling the bacterium. From the propul-
sion matrix, dynamical properties such as torques, swimming
speed, and power can be obtained by measuring the angular
velocity of the motor. We find significant heterogeneities among
different individuals even though all bacteria started from a single
colony. The propulsive efficiency, defined as the ratio of the
propulsive power output to the rotary power input provided by
the motors, is found to be !2%, which is consistent with the
efficiency predicted theoretically for a rigid helical coil.

bacterial flagellum ! bacterial propulsion ! propulsion matrix

Bacteria swim by rotating helical propellers called flagellar
filaments. For Escherichia coli (E. coli), these filaments are

several micrometers in length and 20 nm in diameter, organized
in a bundle of four or five. Each flagellar filament is driven at its
base by a reversible rotary engine, which turns at a frequency of
!100 Hz (1). Many important properties of the swimming
bacteria, such as their average swimming speed, the rotation rate
of the flagellar bundle, and the torque generated by the molec-
ular motor, have been determined (1–5, 23). Other properties
such as the translational and rotational drag coefficients of
flagellar bundles, however, are difficult to measure, especially
for intact cells. These parameters are significant for quantitative
understanding of bacterial propulsion and are the subject of
extensive mathematical analysis and computer simulations (6–
10). In this work, we investigate the fundamental swimming
properties of intact E. coli by using optical tweezers and an
imposed external f low. We directly measure the force required
to hold the bacterium and the angular velocities of the flagellar
bundle and the cell body as a function of the flow velocity. The
propulsion matrix, which relates the translational and angular
velocity of the flagella to the forces and torques propelling the
bacterium, can thus be determined one bacterium at a time. We
find that the population-averaged matrix elements are in rea-
sonable agreement with the resistive force theory for helical
propellers (7), but there is a large variability even among bacteria
of similar length grown from a single colony.

The propulsion matrix also allows us to determine the pro-
pulsive efficiency !, which is defined as the ratio of the propulsive
power output (the part of the power used to push the cell body
forward) to the rotary power input (the power used to rotate the
flagellar bundle). We find the propulsive efficiency is strongly
dependent on growth conditions but is not very sensitive to
cell-body size. Despite the flexibility and internal friction be-
tween the filaments in the flagellar bundle, the measured
efficiency of !2% is close to the maximum efficiency for the
given cell body and shape of the flagella filament and is
consistent with the 1–3% efficiency predicted theoretically for a
rigid helical coil (9). Our experimental technique is versatile and
can be used to make comparative studies of bacteria under
different growth conditions, mutant strains of the same species,
or different microorganisms. Such measurements can shed light

on how this remarkable ability to swim evolves among different
microorganisms.

Propulsion Matrix
Bacterial swimming occurs at very low Reynolds numbers (Re "
10"4) such that the fluid motion is governed by Stokes flow, and
nonlinearities in the full hydrodynamic equation are irrelevant.
For peritrichously flagellated bacteria such as E. coli, the
flagellar bundle may be approximated as a single effective
propeller. Despite these simplifying features, the problem re-
mains theoretically difficult because of complicated time-
dependent boundary conditions. Theoretical studies, therefore,
usually assume that the flagellar filaments have very simple
geometries such as an infinite sheet (6) or a helical coil (7, 9). For
more realistic modeling, one must rely on numerical methods
(11). A second approach is not to take into account specific
geometries but to consider general relations appropriate in the
low Reynolds-number limit for a rigid object (10). In this regime,
the torque Nf l acting on the propeller and the thrust force Fthrust
generated by it are linearly related to the propeller’s angular
velocity " and the translational velocity v (relative to the
background fluid) as follows:

"F thrust # Av $ B" , [1a]

Nf l # "Bv % D" . [1b]

The above equations can be expressed in terms of the symmetric
propulsion matrix,

P # # A "B
"B D $ ,

also known as the resistance matrix (12). By using the coordinate
system in Fig. 1, Fthrust and v are positive if directed toward the
head of the cell, while the sign of " and Nf l obeys the right-hand
rule; i.e., the flagellar filament is a left-handed helix. The
coefficients A, B, and D are positive, proportional to fluid
viscosity &, and depend on the shape and size of the propeller.
The basic physics is that in the absence of an applied torque, a
translating propeller under the influence of an external force
must rotate, and in the absence of an applied force, a rotating
propeller under the influence of an external torque must trans-
late (10).

The propulsive matrix description is applicable to propellers of
any shape and size. However, for a rigid helical coil, the matrix
elements can be derived from resistive force theory (7) with the
result:

A # Kn!
1 $ '

'1/2 %1 % (k
'

1 $ '&, [2a]
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B ! Kn! ! "

2#" 1 $ %

%1/2 !1 $ &k", [2b]

D ! Kn! ! "

2#"2 1 $ %

%1/2 !1 ' &k
1 $ %

% ", [2c]

where ! is the length of the coil, " is the pitch, and % # cos2$
with $ being the pitch angle relative to the swimming axis (see
Fig. 1c). By using " and $, the radius of the helical coil is given
by R # ("#2#)tan$. The quantity &k is the ratio of the tangential
viscous coefficient Kt # 4#(#(2ln(c"#r) % 1) to the perpendic-
ular viscous coefficient Kn # 8#(#(2ln(c"#r) & 1), where r is the
radius of the coil filament and c is a constant. For a smooth
filament, Lighthill (7) showed using a mean-field approximation,
c $ 0.18 and &k # Kt#Kn ' 0.7, where the experimental data
("#r $ 100) from sea-urchin spermatozoa was used (8). The helix
loses its ability to propel if &k3 1, $3 0 (%3 1), or $3 ##2
(" 3 0) as expected.

To complete the description of the swimming bacterium, we
need the propulsion matrix P0 for the cell body. Unlike P for the
flagellum, P0 is diagonal (B0 # 0) because the cell body cannot
propel itself. The nonviscous force on the cell body consists of
two parts, the trapping force Ftrap due to the optical tweezers
holding the bacteria and the thrust Fthrust generated by the
flagella. The sum of these forces must balance the viscous force
Aov acting on the cell body. Likewise, the nonviscous torque
acting on the cell body %Nf l must balance the viscous rotational
drag. The above consideration gives the following:

Ftrap ' F thrust ! A0v , [3a]

D0( ! %N f l, [3b]

where ( is the angular velocity of the cell body. We treat the cell
body as a prolate spheroid with minor semiaxis a and major

semiaxis b. If the cell body is in the bulk of the fluid, the linear
and rotational drag coefficients are then A0 # 4#(b#(ln(2b#a) %
(1#2)) and D0 # 16#(a2b#3 (13). The optical trapping force is
harmonic Ftrap(z) # %k(z % z0), where k is the spring constant
and z % z0 is the displacement from the center of the trap (14,
15). Because the bacteria is held by the optical tweezers, its net
velocity in the lab frame is 0 (v) # v & U $ 0), and the relative
velocity v to the fluid is opposite to the external f low U.
Substituting v # %U into Eqs. 1 and 3 gives the following:

k!z $ z0" ! !A ' A0"U ' B), [4a]

D0( ! %BU $ D) . [4b]

This set of equations will be used below to analyze our data.

Results
We used a nontumbling strain of E. coli bacteria HCB30 in our
measurements. We found that a swimming bacterium near a
glass surface could be stably trapped by the optical tweezers
along its swimming direction. The bacterium is then manipulated
by an imposed uniform external f low U. Fig. 1 illustrates our
experimental setup along with the flow configurations. A bac-
terium swimming to the left (along the &Z direction) is held by
a strongly focused IR laser (" # 1,064 nm). In the absence of
flow, the bacterium is invariably held at the tail of the cell body
as shown in Fig. 1a. The thrust and trapping forces are balanced,
and the bacterium is stationary with respect to the trap. The
bacterium remains trapped at the tail for small negative U (%U *
Vswim). For larger flow speeds, the bacterium becomes trapped
at the head of the cell body as shown in Fig. 1b.

To measure the trapping force and the position of the trapped
cell tip, the transmitted IR beam was refocused and projected
onto a two-dimensional position-sensitive detector. This tech-
nique allowed us to measure the position of the trapped cell tip
with respect to the center of the trap. A nonflagellated bacterium
(YK4516) was used to calibrate the spring constant k of the
optical trap. A description of the calibration and measurement
procedure is presented in Materials and Methods.

Fig. 2 displays an example of the time trace z(t) of the
longitudinal displacement of the trapped cell tip along the
swimming direction of the bacterium. We observed large oscil-
lations overlying a systematic variation of z(t) as the external f low
is changed. These oscillations result from wobbling of the cell
body in response to the rotation of the flagellar bundle (4, 16).
The trapped bacterium was perturbed by the following sequence
of events. In regime I, U is linearly reduced from %40 *m#s to

Fig. 1. Two different trapping configurations are possible. (a) The bacterium
can be trapped horizontally at the tail of the cell body in the absence of a flow,
U # 0, and for a small negative U; i.e., %U% * Vswim, where Vswim is the
free-swimming speed of the bacterium. (b) The bacterium can also be stably
trapped at the head of the cell body in the presence of a larger negative U, i.e.,
%U% + Vswim. The forces and velocities are positive if they are along &Z. The
rotations are defined by the right-hand rule such that ) * 0 and ( + 0 as
depicted. (c) A schematic of an effective helical propeller: ! is the length, 2r is
the diameter of the filament, R is the radius, $ is the pitch angle of the helix
relative to the swimming axis, and " is the pitch.

Fig. 2. A typical experimental run for a swimming bacterium held in the
optical trap. In regime I, an uniform flow U # %40 *m#s is decreased to zero
linearly with time. The flow U remains zero in regime II. The laser is blocked
momentarily to let the bacterium escape, and the undeflected laser beam
position is recorded in regime III. The solid lines depict linear fits to each
regime.
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B ! Kn! ! "

2#" 1 $ %

%1/2 !1 $ &k", [2b]

D ! Kn! ! "

2#"2 1 $ %

%1/2 !1 ' &k
1 $ %

% ", [2c]

where ! is the length of the coil, " is the pitch, and % # cos2$
with $ being the pitch angle relative to the swimming axis (see
Fig. 1c). By using " and $, the radius of the helical coil is given
by R # ("#2#)tan$. The quantity &k is the ratio of the tangential
viscous coefficient Kt # 4#(#(2ln(c"#r) % 1) to the perpendic-
ular viscous coefficient Kn # 8#(#(2ln(c"#r) & 1), where r is the
radius of the coil filament and c is a constant. For a smooth
filament, Lighthill (7) showed using a mean-field approximation,
c $ 0.18 and &k # Kt#Kn ' 0.7, where the experimental data
("#r $ 100) from sea-urchin spermatozoa was used (8). The helix
loses its ability to propel if &k3 1, $3 0 (%3 1), or $3 ##2
(" 3 0) as expected.

To complete the description of the swimming bacterium, we
need the propulsion matrix P0 for the cell body. Unlike P for the
flagellum, P0 is diagonal (B0 # 0) because the cell body cannot
propel itself. The nonviscous force on the cell body consists of
two parts, the trapping force Ftrap due to the optical tweezers
holding the bacteria and the thrust Fthrust generated by the
flagella. The sum of these forces must balance the viscous force
Aov acting on the cell body. Likewise, the nonviscous torque
acting on the cell body %Nf l must balance the viscous rotational
drag. The above consideration gives the following:

Ftrap ' F thrust ! A0v , [3a]

D0( ! %N f l, [3b]

where ( is the angular velocity of the cell body. We treat the cell
body as a prolate spheroid with minor semiaxis a and major

semiaxis b. If the cell body is in the bulk of the fluid, the linear
and rotational drag coefficients are then A0 # 4#(b#(ln(2b#a) %
(1#2)) and D0 # 16#(a2b#3 (13). The optical trapping force is
harmonic Ftrap(z) # %k(z % z0), where k is the spring constant
and z % z0 is the displacement from the center of the trap (14,
15). Because the bacteria is held by the optical tweezers, its net
velocity in the lab frame is 0 (v) # v & U $ 0), and the relative
velocity v to the fluid is opposite to the external f low U.
Substituting v # %U into Eqs. 1 and 3 gives the following:

k!z $ z0" ! !A ' A0"U ' B), [4a]

D0( ! %BU $ D) . [4b]

This set of equations will be used below to analyze our data.

Results
We used a nontumbling strain of E. coli bacteria HCB30 in our
measurements. We found that a swimming bacterium near a
glass surface could be stably trapped by the optical tweezers
along its swimming direction. The bacterium is then manipulated
by an imposed uniform external f low U. Fig. 1 illustrates our
experimental setup along with the flow configurations. A bac-
terium swimming to the left (along the &Z direction) is held by
a strongly focused IR laser (" # 1,064 nm). In the absence of
flow, the bacterium is invariably held at the tail of the cell body
as shown in Fig. 1a. The thrust and trapping forces are balanced,
and the bacterium is stationary with respect to the trap. The
bacterium remains trapped at the tail for small negative U (%U *
Vswim). For larger flow speeds, the bacterium becomes trapped
at the head of the cell body as shown in Fig. 1b.

To measure the trapping force and the position of the trapped
cell tip, the transmitted IR beam was refocused and projected
onto a two-dimensional position-sensitive detector. This tech-
nique allowed us to measure the position of the trapped cell tip
with respect to the center of the trap. A nonflagellated bacterium
(YK4516) was used to calibrate the spring constant k of the
optical trap. A description of the calibration and measurement
procedure is presented in Materials and Methods.

Fig. 2 displays an example of the time trace z(t) of the
longitudinal displacement of the trapped cell tip along the
swimming direction of the bacterium. We observed large oscil-
lations overlying a systematic variation of z(t) as the external f low
is changed. These oscillations result from wobbling of the cell
body in response to the rotation of the flagellar bundle (4, 16).
The trapped bacterium was perturbed by the following sequence
of events. In regime I, U is linearly reduced from %40 *m#s to

Fig. 1. Two different trapping configurations are possible. (a) The bacterium
can be trapped horizontally at the tail of the cell body in the absence of a flow,
U # 0, and for a small negative U; i.e., %U% * Vswim, where Vswim is the
free-swimming speed of the bacterium. (b) The bacterium can also be stably
trapped at the head of the cell body in the presence of a larger negative U, i.e.,
%U% + Vswim. The forces and velocities are positive if they are along &Z. The
rotations are defined by the right-hand rule such that ) * 0 and ( + 0 as
depicted. (c) A schematic of an effective helical propeller: ! is the length, 2r is
the diameter of the filament, R is the radius, $ is the pitch angle of the helix
relative to the swimming axis, and " is the pitch.

Fig. 2. A typical experimental run for a swimming bacterium held in the
optical trap. In regime I, an uniform flow U # %40 *m#s is decreased to zero
linearly with time. The flow U remains zero in regime II. The laser is blocked
momentarily to let the bacterium escape, and the undeflected laser beam
position is recorded in regime III. The solid lines depict linear fits to each
regime.
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Their conclusion: ‘it fits’
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D ! Kn! ! "
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where ! is the length of the coil, " is the pitch, and % # cos2$
with $ being the pitch angle relative to the swimming axis (see
Fig. 1c). By using " and $, the radius of the helical coil is given
by R # ("#2#)tan$. The quantity &k is the ratio of the tangential
viscous coefficient Kt # 4#(#(2ln(c"#r) % 1) to the perpendic-
ular viscous coefficient Kn # 8#(#(2ln(c"#r) & 1), where r is the
radius of the coil filament and c is a constant. For a smooth
filament, Lighthill (7) showed using a mean-field approximation,
c $ 0.18 and &k # Kt#Kn ' 0.7, where the experimental data
("#r $ 100) from sea-urchin spermatozoa was used (8). The helix
loses its ability to propel if &k3 1, $3 0 (%3 1), or $3 ##2
(" 3 0) as expected.

To complete the description of the swimming bacterium, we
need the propulsion matrix P0 for the cell body. Unlike P for the
flagellum, P0 is diagonal (B0 # 0) because the cell body cannot
propel itself. The nonviscous force on the cell body consists of
two parts, the trapping force Ftrap due to the optical tweezers
holding the bacteria and the thrust Fthrust generated by the
flagella. The sum of these forces must balance the viscous force
Aov acting on the cell body. Likewise, the nonviscous torque
acting on the cell body %Nf l must balance the viscous rotational
drag. The above consideration gives the following:

Ftrap ' F thrust ! A0v , [3a]

D0( ! %N f l, [3b]

where ( is the angular velocity of the cell body. We treat the cell
body as a prolate spheroid with minor semiaxis a and major

semiaxis b. If the cell body is in the bulk of the fluid, the linear
and rotational drag coefficients are then A0 # 4#(b#(ln(2b#a) %
(1#2)) and D0 # 16#(a2b#3 (13). The optical trapping force is
harmonic Ftrap(z) # %k(z % z0), where k is the spring constant
and z % z0 is the displacement from the center of the trap (14,
15). Because the bacteria is held by the optical tweezers, its net
velocity in the lab frame is 0 (v) # v & U $ 0), and the relative
velocity v to the fluid is opposite to the external f low U.
Substituting v # %U into Eqs. 1 and 3 gives the following:

k!z $ z0" ! !A ' A0"U ' B), [4a]

D0( ! %BU $ D) . [4b]

This set of equations will be used below to analyze our data.

Results
We used a nontumbling strain of E. coli bacteria HCB30 in our
measurements. We found that a swimming bacterium near a
glass surface could be stably trapped by the optical tweezers
along its swimming direction. The bacterium is then manipulated
by an imposed uniform external f low U. Fig. 1 illustrates our
experimental setup along with the flow configurations. A bac-
terium swimming to the left (along the &Z direction) is held by
a strongly focused IR laser (" # 1,064 nm). In the absence of
flow, the bacterium is invariably held at the tail of the cell body
as shown in Fig. 1a. The thrust and trapping forces are balanced,
and the bacterium is stationary with respect to the trap. The
bacterium remains trapped at the tail for small negative U (%U *
Vswim). For larger flow speeds, the bacterium becomes trapped
at the head of the cell body as shown in Fig. 1b.

To measure the trapping force and the position of the trapped
cell tip, the transmitted IR beam was refocused and projected
onto a two-dimensional position-sensitive detector. This tech-
nique allowed us to measure the position of the trapped cell tip
with respect to the center of the trap. A nonflagellated bacterium
(YK4516) was used to calibrate the spring constant k of the
optical trap. A description of the calibration and measurement
procedure is presented in Materials and Methods.

Fig. 2 displays an example of the time trace z(t) of the
longitudinal displacement of the trapped cell tip along the
swimming direction of the bacterium. We observed large oscil-
lations overlying a systematic variation of z(t) as the external f low
is changed. These oscillations result from wobbling of the cell
body in response to the rotation of the flagellar bundle (4, 16).
The trapped bacterium was perturbed by the following sequence
of events. In regime I, U is linearly reduced from %40 *m#s to

Fig. 1. Two different trapping configurations are possible. (a) The bacterium
can be trapped horizontally at the tail of the cell body in the absence of a flow,
U # 0, and for a small negative U; i.e., %U% * Vswim, where Vswim is the
free-swimming speed of the bacterium. (b) The bacterium can also be stably
trapped at the head of the cell body in the presence of a larger negative U, i.e.,
%U% + Vswim. The forces and velocities are positive if they are along &Z. The
rotations are defined by the right-hand rule such that ) * 0 and ( + 0 as
depicted. (c) A schematic of an effective helical propeller: ! is the length, 2r is
the diameter of the filament, R is the radius, $ is the pitch angle of the helix
relative to the swimming axis, and " is the pitch.

Fig. 2. A typical experimental run for a swimming bacterium held in the
optical trap. In regime I, an uniform flow U # %40 *m#s is decreased to zero
linearly with time. The flow U remains zero in regime II. The laser is blocked
momentarily to let the bacterium escape, and the undeflected laser beam
position is recorded in regime III. The solid lines depict linear fits to each
regime.
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literature ψ, calculated A0, D0, measured A, B, D

! OK values for `,�, ⇠k/⇠?
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4⇡⌘

2 ln
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2 ln
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But ...

a = 20 nm, c = 2.4

Single flagellum: a = 10 nm
Lighthill: c < 1, perhaps 0.18

c� is locally straight!



Only used 2 equations ...

Nm

!m

*

Calculated torque/motor speed from data

… need to test consistency with 3rd source of info.



• Head-tail HI neglected

• Resistive force theory neglects HI within flagellum
→ slender body theory
 
•Movement of hairy flagellum body is complex, so 
power spectrum may not give ω.

Other caveats:
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Bacteria swim by rotating long thin helical filaments, each driven at its base by a reversible rotary motor.
When the motors of peritrichous cells turn counterclockwise (CCW), their filaments form bundles that drive
the cells forward. We imaged fluorescently labeled cells of Escherichia coli with a high-speed charge-coupled-
device camera (500 frames/s) and measured swimming speeds, rotation rates of cell bodies, and rotation rates
of flagellar bundles. Using cells stuck to glass, we studied individual filaments, stopping their rotation by
exposing the cells to high-intensity light. From these measurements we calculated approximate values for
bundle torque and thrust and body torque and drag, and we estimated the filament stiffness. For both
immobilized and swimming cells, the motor torque, as estimated using resistive force theory, was significantly
lower than the motor torque reported previously. Also, a bundle of several flagella produced little more torque
than a single flagellum produced. Motors driving individual filaments frequently changed directions of
rotation. Usually, but not always, this led to a change in the handedness of the filament, which went through
a sequence of polymorphic transformations, from normal to semicoiled to curly 1 and then, when the motor
again spun CCW, back to normal. Motor reversals were necessary, although not always sufficient, to cause
changes in filament chirality. Polymorphic transformations among helices having the same handedness
occurred without changes in the sign of the applied torque.

The peritrichous bacterium Escherichia coli executes a ran-
dom walk: an alternating sequence of runs (relatively long
intervals during which the cell swims smoothly) and tumbles
(relatively short intervals during which the cell changes course)
(8). A cell is propelled by several helical flagellar filaments,
each attached by a hook (a universal joint) to a reversible
rotary motor (7). During runs, the filaments coalesce into a
bundle that pushes the cell forward (24). When viewed from
behind the cell, the bundle rotates counterclockwise (CCW),
and, to balance the torque, the cell body rotates clockwise
(CW). Tumbles are initiated by CW motor rotation (21). Based
on studies of Salmonella using dark-field microscopy, it was
thought that the motors change direction synchronously, caus-
ing the bundle to fly apart (24, 25). Based on studies using
fluorescence microscopy, it became apparent that different fil-
aments can change directions at different times and that a
tumble can result from a change in direction of as few as one
filament (30). During a tumble, the reversed filament comes
out of the bundle and transforms from normal (a left-handed
helix with a pitch of 2.3 "m and a diameter of 0.4 "m) to
semicoiled (a right-handed helix with half the normal pitch but
normal amplitude) and then to curly 1 (a right-handed helix
with half the normal pitch and half the normal amplitude). The
change in direction of the cell’s track generated by the tumble
occurs during the transformation from normal to semicoiled,
so at the beginning of the subsequent run, the cell swims for a
time with left-handed filaments in a bundle turning CCW and

a right-handed filament outside the bundle turning CW, both
pushing the cell body forward. When the reversed motor
switches back to CCW rotation, the single filament regains its
normal conformation and rejoins the bundle. However, more
exotic things can happen; for example, several filaments can
undergo polymorphic transformations, and bundles can go di-
rectly from normal to curly 1 or from normal to a mixture of
normal and semicoiled or curly 1 (30). For recent reviews of
bacterial motility and chemotaxis, see references 4 and 31, and
for recent reviews of the flagellar rotary motor, see references
1, 6, and 11.

A limitation in our previous study of swimming behavior
(30) was the fact that images were recorded at 60 Hz, a rate
lower than the rate of filament rotation, so rotation frequen-
cies could not be measured and directions of rotation were
inferred from filament shape and cell motion. Here, to better
understand swimming in a dilute aqueous buffer or in a buffer
containing methylcellulose, we recorded the motion of fluores-
cently labeled cells at 500 Hz. Methylcellulose was used be-
cause it was included in early tracking experiments (8) as a
viscous agent to suppress Brownian motion and make cells
easier to follow; however, it did not alter the run-tumble sta-
tistics (our unpublished data). Using frame-by-frame analysis,
we measured the swimming speed, the rate of rotation of the
cell body, and the rate of rotation of the flagellar bundle. We
also measured the rate of rotation of single filaments on cells
stuck to glass and in buffer. We compared the shapes of normal
filaments when they were spinning to their shapes when they
were stalled. We estimated values for motor torque and for
filament stiffness.

MATERIALS AND METHODS

Labeling cells. E. coli strain AW405 (3) was grown as described previously
(30). All subsequent steps were carried out at room temperature (23°C). Bacteria
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Single ‘effective flagellum’ model remains ill tested …

… may be necessarily non-self-consistent!

Other ways of testing Stokes propulsion in Newtonian fluids ...



Democracy at work

Tomorrow: one more E. coli swimming story, and then ...

You vote!

or


