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Motivations: Optical Excitations
• Development of optical spectroscopy (high intensity photon 

source, e.g., synchrotrons, ultrafast lasers) involves electronic 
excitations

• Developments in nano- and bio(medical)-technologies

• Needs a reliable/efficient 1st-principles scheme to 
understand/predict optical spectrum

Marques et al., 
PRL 90, 258101 (2003)



Outline of the Tutorial
1. Density-functional theory (DFT): Ground-state

• Born-Oppenheimer approx.
• Hohenberg-Kohn Kohn-Sham XC energy & potential

2. Optical spectrum
• linear vs. nonlinear
• linear: N-1 N N+1

3. Time-dependent DFT: Excited state
• Runge-Gross theorem TD KS XC kernel
• Equations

4. Applications: finite systems
5. Applications: extended systems

• Good reference: Onida, Reining, Rubio, RMP 74, 601 (2002)



First-Principles (ab initio) Simulation
• We want to solve 

where 

in “atomic units”

or

• Since m/M is very small (~10000) and thus nuclei move much more 

slowly than electrons, we can approximately separate electronic &  

nuclear d.o.f. (Born-Oppenheimer approximation) 

– Electronic prob.

where

– Nuclear prob.

where

Ψ=Ψ totEĤ
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HF,DFT,QMC,…

MD,MC, …

“First-principles”



Density Functional Theory (DFT)
Want: solve ground-state of electronic d.o.f. quamtum mechanically 

within Born-Oppenheimer approx. 
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)(vxc rKS orbitals, eigenvlaues, and  

KSE0
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XC energy and potential
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Standard approximations: LDA and GGA
(Semi-)local approximations

• Cheap & successful for many total-energy related properties…

• However, has inherent deficiencies: 
vdW forces, chemical reactions (barrier heights underestimation), 
surfaces, 3D 2D behavior, eigenvalue spectrum & optical 
spectrum, etc.
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History of development
Mainly to improve XC “energy” …

– ~ mid-80’s: LDA by Kohn-Sham

Physicists: uniform electron gas basic principles 
Chemists: H and H2 parameter fitting based on extensive data

– ~ mid-90’s: GGA by Becke, Perdew, LYP (PW91,BLYP,…)

– ~ present: hybrid by Becke, … (B”3”LYP,…)
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Required Developments in DFT

More accurate (science)
• We need to approximate XC energy and potential for practical 

applications

Larger and faster (computation)
• Efficient basis for                   :

– LCAO e.g. Gaussians (chemists)

– Planewaves (physicists)

– grid?

• Can we solve                    in a local manner (order-N) or bypass it 
altogether? 

iiih φεφ =KS
ˆ

iiih φεφ =KS
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Spectroscopy: Nonlinear Phenomena
High intense short-laser (fs) pulses



Spectroscopy: Linear Response

Optical
Absorption

Photoemission

N1+N 1−NN



Macroscopic Dielectric Function: Solids

∫ ′′′= − )(),()( 1 rrrrr exttot vdv δεδ

“macroscopic dielectric function” for solids

Ĥ
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(e.g) ellipsometry: Herzinger et al., 
JAP 83, 3323 (1998)

Si

E1

E2

• E1 peak is excitonic
(electron <-> hole)
• E2 peak is one-particle 
(electron/hole)  



First-principles calculation of )(ωε
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Photoabsorption cross section: finite systems

“dynamical polarizability”



TDDFT
Want: solve evolution of electronic d.o.f. under the influence of 

a time-dep. ext. potential
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TDDFT
Want: solve evolution of electronic d.o.f. under the influence of 

a time-dep. ext. potential
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TD KS

Independent 
electron 
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Runge-Gross (`84) 
+ van Leeuwen (’99)
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XC effect within DFT and TDDFT
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The Equations: 1
1) Apply

& solve: )()()](v̂[ KS
2

2
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Octopus: http://www.tddft.org

• Grids based

• Time-evolution

Max. time step ~ 0.001 fs for 0.3 Bohr
15 fs for 0.1 eV accuracy 



The Equations: 2
2) Dyson-like eq. for the response function:
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The Equations: 3
3) Transform Eq. 2 into an effective eigenvalue problem:
(Jamorski et al., JCP 104, ’96; Petersilka et al., PRL 76, 1212 ‘96)

• Introduce ptl.-hole, hole-ptl. basis via density-matrix

• Tamm-Dancoff approx. M=0

• Real orbital case,

e.g



Performance of TDLDA: finite systems



Performance of TDLDA: solids

Eigenvalues (      or     )  and XC kernel (        ), and resulting optical 
spectrum (      and      ) from standard DFT methods are bad… (more 

details later)

xcv
KS
0χ χ

iε xcF

3.30 (Exp) 3.40

4.152.57 (LDA) 2.51

3.43

LDA band 
structure

LDA/TDLDA 
optical spectrum



‘State- of-the-art’: Green’s fxtn. approach

(1) DFT-LDA

(2) GW: quasiptl. (G1)
• (inverse)photoemission

(3) BSE: correlated QP e-h (G2)
• ellipsometry

3.30 (Exp) 3.40

4.153.25 (GW)
3.23

4.16



More on XC pot. & KS e.v.: localized system
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LDA/GGA and eigenvalues)(vxc r

[ ]
)(

),(
||
)()(

2
1

||
1),()()(

r
rr

rr
rrrr

rr
rrrrr

n
gnnddgndvxc δ
δ ′′′

′′−′
′′′

′′′+
′−

−′′
′=∗ ∫∫∫

r
1−→localized 

systems

IHOMO −<<∗ε
Xoften  :* )( HOMOm >ε

δ±∆ Nvxc with 

( )
)(

hom

rn
n xc

∂
∂

≈
ε

+⎥
⎦

⎤
⎢
⎣

⎡
∂∇
∂

⋅∇−
)(

hom

rn
FnF XC

xcXC ε

LDA GGA
re α−→

X
xcv∆NO

⇓ ⇓

Intrinsic shortcomings of 
LDA/GGA for band gaps

self-interaction local



New Alternative: Exact Exchange (EXX)
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EXX (continued)
• Stadele et al., PRL 79, 2089 (1997)
• Gorling, PRL 83, 5459 (1999); Ivanov et al., PRL 83, 5455 (1999); Yang & Wu,  
PRL 89, 143002 (2002) 
• Kumel & Perdew, PRL 90, 043004 (2003)



Response of Molecular Chains
Gisbergen et al., PRL 83, 694 (1999)

Kummel et al., PRL 93, 213002 (2004)



EXX band gap: e.g. Si

For infinite solids, band gap is also in good agreement 
with exp.

3.30 (Exp) 3.40

4.153.25 (EXX)
3.23

4.16

CONCLUSION: EXX provides a better approximation 
to the exact KS potential, orbitals, and eigenvalues



Optical spectrum: EXX
EXX (~KS) ‘quasiparticles’ are good (better than GWA!)

approximation of independent e-h (         )

EXX
0χχ ≈

EXX
0χχ ≈

* GW: Benedict & 
Shirley, PRL 80, 

4514 (1998)



Failure of LDA/GGA kernel for insulators

For insulators, careful analysis of            is necessary:

• introducing notation 

• & reminding

1. Known:

2. Can deduce:

3. But, 
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Optical spectrum: EXX + TDLDA
However, adiabatic LDA/GGA kernel is not enough for e-h 

interactions (missing excitonic effects) !!
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TDEXX: EXX kernel
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be used for future approximation



Interpretations of or          EXX
XF XH

• Localization of kernel: two                 Orbital-based, but
itself is orbital-indep.            significant numerical advantage
• nonlocal in real space (           ) & time (    )
• has the q dependence of exact 

• Meaning:

1st order slef-energy + 
vertex corrections to       :
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Optical spectrum: EXX+TDEXX

This work: constructed EXX kernel        and obtained optical 
spectrum of Si in good agrement with exp. including 

excitonic effects within adiabatic approximation
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• New EXX kernel is 
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New interpretation of KS ‘quasi-particles’
HF, GW quasiparticles :

~ elec. addition/removal
KS ‘quasi-ptl.’ : 

~ elec. promotion
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Summary
• To calculate electronic optical spectrum, one needs to consider 

individual electron/hole excitations (1-ptl.) + exciton (2-ptl.) 

• However, previous (semi)local DFT approximations failed @ both 1-
and 2-ptl. levels due to their inherent deficiencies

• Current objective: better XC potential & kernel…

• TDDFT w/ new EXX potential & EXX kernel includes correct 
ingredients for electronic excitations
– Adiabatic (      - independent) approx. is acceptable

– But, nonlocality in space (interaction of e-h pairs at points 
and incorporating correct behavior in  kernel) is crucial
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IJQC 91, 257 (’03); PRB 66, 035114 (’02); PRL 89, 096402 (’02)



Recent literature
• Botti et al., PRB 69, 155112 (2004): importance of long-range 

contribution to fxc

• Marini et al. PRL 91, 256402 (2003):
BSE TDDFT


