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Motivations: Optical Excitations |

- Development of optical spectroscopy (high intensity photon
source, e.g., synchrotrons, ultrafast lasers) involves electronic

excitations
- Developments in nano- and bio(medical)-technologies

Photovoltaic devices

Marques et al.,
PRL 90, 258101 (2003)

* Needs a reliable/efficient 1s*-principles scheme to
understand/predict optical spectrum



Outline of the Tutorial |

1. Density-functional theory (DFT): Ground-state
Born-Oppenheimer approx.
Hohenberg-Kohn - Kohn-Sham > XC energy & potential

2. Optical spectrum

linear vs. nonlinear
linear: N-1& N> N+1

3. Time-dependent DFT: Excited state
Runge-Gross theorem > TD KS - XC kernel
Equations

4. Applications: finite systems
5. Applications: extended systems

* Good reference: Onida, Reining, Rubio, RMP 74, 601 (2002)



First-Principles (ab initio) Simulation |

We want to solve H|¥)=E,|¥)

B2 52 7 4e? F,Z523 e?
H=-—-%YV-Y V- £+ N
where - E E: AL ? rg‘“ 'Esgﬂf %r”
in “atomic units” H:-lzv?-szi-z—‘+ ) £+El.
25 A aMy A TA asB Rap YR
or B = Fu(R) + T.(r) + Von(r, R) + Van (R) + T.(r),

Since m/M is very small (~10000) and thus nuclei move much more
slowly than electrons, we can approximately separate electronic &
huclear d.o.f. (Born-Oppenheimer approximation)

?(r;R)x(R)
- Electronic prob.

where H,%(r;R) = E,2,(r;R) <— HF DFT.QMC
Hg = T,l:r) + '[:'I;H{r; R) + '[::l{r) ‘ / yos

n

"First-principles

HA N (R)=E 7y (R)
where R R < MD MC, ..
H, =Ty ¥E, +#V\

- Nuclear prob.




Density Functional Theory (DFT)

Want: solve ground-state of electronic d.o.f. guamtum mechanically
within Born-Oppenheimer approx.
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KS independent electrons and E,.[n] |
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KS orbitals, eigenvlaues, and V(") |

Energy
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XC energy and potential |

1 —
Eeln]= EJ drdr’ n(rl),Oxc(r, r
r—r| 2

-------------------------------------------------------------------
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Standard approximations: LDA and GGA|

(Semi-)local approximations

EXC(r’ r’)

[g(r,r)-1]
9(r1)

Ighom(l r—r |)) —1]_

—LDA/GGA(r r )

Cheap & successful for many total-energy related properties...

However, has inherent deficiencies:

vdW forces, chemical reactions (barrier heights underestimation),
surfaces, 30> 2D behavior, eigenvalue spectrum & optical
spectrum, efc.



History of development |

Mainly to improve XC “energy” ..
- ~mid-80's: LDA by Kohn-Sham

E2A[n] = [ ()™ (In(F)]; 7)dr

> Physicists: uniform electron gas - basic principles

» Chemists: Hand H, > parameter fitting based on extensive data

- ~mid-90's: GGA by Becke, Perdew, LYP (PW91,BLYP,...)
E*[n]= [ n(P)ee™ (N(F)F, [n(F),| Vn(F) [Idr

- ~ present: hybrid by Becke, ... (B"3"LYP,...)

£ n] = " [n] + B [n] + /L °[n]




Required Developments in DFT |

» More accurate (science)

* We need to approximate XC energy and potential for practical
applications

» Larger and faster (computation)

« Efficient basis for HK5¢, =@
— LCAO e.g. Gaussians (chemists)
— Planewaves (physicists)
- grid?
« Can we solve FIK5¢, =&¢ ina local manner (order-N) or bypass it
altogether?



Spectroscopy: Nonlinear Phenomena |

High intense short-laser (fs) pulses

s AL f u o
; ? {{ g:':, "'Il neSion

Aligrmet Structural Coulomb X-ray Muclear
delomation explosion Smission fusion
Coulombic regime Relativistic regimea
T T T T T T T }"
1012 1015 1018

Laser field intensity (W/cm?2)

K. Yamanouchi, Science 295, 1659 (2002)

reaction 1

_.. reaction n

Pret:ursur

reacuon 2

J.J. Levis, Science 292, 709 (2001) ;:t';“-"fg;;; g}fgﬁ f;;;g‘:;'_';r;lgﬁi:gm

pulses: ~fs



Spectroscopy: Linear Response |

Photoemission Optical
Absorption

Direct Inverse
photoemission photoemission Ef
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Macroscopic Dielectric Function: Solids |

Nyt (1) = [dr'e ™ (r, 1), (1)

"macroscopic dielectric function” for solids

colo)~ [+ D

- £,peak is excitonic
(electron <-> hole)

* £, peak is one-particle
(electron/hole)

(e.g) ellipsometry: Herzinger et al,
JAP 83, 3323 (1998)



First-principles calculation of &(w) |
=
= lim—;
e (0, 0)

Macroscopic G=G'=0
c;’/:e/ec; fric Microscopic
unction dielectric
maftrix

Ner (G0 ) = Zext (G.a;0) (Vg =& _15Vext)

e (q+G,q+G;w)

Osc +Fi (GC,Q)x (G, G',q;)

Linear response
maftrix




Photoabsorption cross section: finite systems |

4w

—Ima(w)
[ ﬂ

/ “dynamical polarizability"”
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TDDFT

Want: solve evolution of electronic d.o.f. under the influence of
a time-dep. ext. potential

A . O
H,, (t)| (1)) = 'E| P(t))

Runge-Gross (" 84) \@Qvext(t)
A=Edt<\1’\i%—ﬁa>\w>
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TDDFT

Want: solve evolution of electronic d.o.f. under the influence of
a time-dep. ext. potential

A . O
H,, (t)| (1)) = 'E| P(t))

Runge-Gross (" 84) ‘@Qvext(t)
+ van Leeuwen (‘99) _ _
A= |In<\P ‘U (7, ,z'i)‘\P>

— o . oy
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XC effect within DFT and TDDFT |

DFT TODFT
(@) toralenergy [ESGIA Acn(rv]
1 V...’. 1

(2) 1-e info.
(band structures)
(3) 2-¢ info. Lm;;r\\\“ﬂ

L . response
(excitation energies)

(4) S-matrix, etfc ...



The Equations: 1 |

1) Apply AH=-E-x 3
&solve: [V +V OO =i 740

Octopus: http://www.tddft.org

- 6rids based V2 () ~ ch,-w(rj)
j
- Time-evolution W(t + Af) = E—iﬁif+ﬂfl%’e—iﬁt”%’w(r]
v Max. time step ~ 0.001 fs for 0.3 Bohr Ar =0.001 fs K m(Ax)* /.

v' 15 fs for 0.1 eV accuracy



The Equations: 2 |

2) Dyson-like eq. for the response function:

on = YoV, = ¥ oKS Vs
~

@jo (1)@t (1 ors ()i, ()

Ny =0V, +(F, +F,_)on

ext

o0
XKsoo (1, r', ®) = bgq Z(fhﬁ - j;i"a:l
jk

w — (Eja - Ekcrj + ii’}‘

Solve iteratively:

“"Hartree kernel": "XC kernel":
1 , oV, (rt
|r'r,| Fxc(r!r;t_t): XC(,,)
on(r't’)

Matrix inversion: |y = [1_ ZoKS (F, + FXC)FZOKS
N

x has poles @ @ = Q,; , has poles @ w = & —&f®

J



The Equations: 3 |

3) Transform Eq. 2 into an effective eigenvalue problem:
(Jamorski et al,, JCP 104, '96; Petersilka et al., PRL 76, 1212 '96)

Introduce ptl.-hole, hole-ptl. basis via density-matrix
“}(r m) = E [Pfau(m)(bau(r)(bm(r) +P J'G(m)(bao‘( r)(b::r( r)]

i,a,0

e (%)= 3)F)

= Eur-rar'jaa&(eau- - 'Ena) + Kjacnj.bf'
=K

with
L

igo, jht

M

fax, bt iae bjT

+  Tamm-Dancoff approx. M=0

- Real orbital case,

o) < Vo . = gln
[m r-'f‘-"} ‘-',}.fcm ta “%-J'rt.".ff m;‘k‘ﬁ‘jk‘e‘m{’:ﬂ ! \.-"re'm fﬂms]‘i im— @ Cjg

e.g Vasiliev, L, 5. Ogit, and J. R. Chelikowsky, 1999, Phys. Rew.
' Lett. 82, 1919



Performance of TDLDA: finite systems

Strength Function {1ieV)

Strength Function (1/eV)

FIG. 15. Calculation of the strength function for Nay and SiHy
within TDDFT using different kernels (Marques er al., 2001 ):
solid line, TDLDA; dotted line, exact-exchange. Gray solid

line, expenimental results; dashed line, the Bethe-Salpeter

LTTTT T

HILE ¢
b, -

equation results of Omnida er al. (1995) for Na,. Vertical lines
are the lowest excitation energies obtained by Grossman et al.
{2001) for SiHy : solid vertical line, gquantum Monte Carlo cal-
culations; dashed vertical line, Bethe-Salpeter equation. In the
mset: solid line, self-interaction correction; dotted line, van
Leeuwen and Baerends (LB94) prescription.



Performance of TDLDA: solids |

orV, ) and XC kernel ( F.. ), and resulting optical
and 7 ) from standard DFT methods are bad.. (more
details later)

Eigenvalues ( &

spectrum (y ! d
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‘State- of-the-art’. Green’s fxtn. approach |

\ />/ Si
(2) . quasiptl. (6,) 2 > 3.40
- (1hverse)photoemission 330 (Exp) 3.23
o | 3.25 (GW) 415

70 — \ 4.16
— Exp. \ -2 \
. LDA 1
——- GW
—-— GW+BSE
| —4
; | \ L T X

(3) . correlated QP e-h (6,)
- ellipsometry

(1)

Energy [eV]
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More on XC pot. & KS e.v.: localized system |

[— VZ+V_ +V LtV e =c¢

ext

>x<ch(r) — jdr’ n(r ) (r r ) 1 _|_ jjdr’d ” n(r’)n(r”) @(r’, r”)

lr—r’] lr'=r"|  on(r)

-

AV, N+to

KS eigenvalues indeed have physical information...

*Ehomo = |
* o
Em(>HomMO) > Rydberg series
* & — Euomo ~ N-electrons excitation (singlet-triplet) energies!



LDA/GGA V. (r) and eigenvalues |

>X<ch(r) :jdr n(r) g(r r) 1 + jjdr’d r” n(r’)n(r”) @(r’, r”)

lr—r’] lr'=r"|  on(r)
//” - \\\ N 1 -
|I localized \\ = /r Ach WIthNi§
' systems
ot U self-interaction U local
N @(ﬂé‘hom )F _v.| nghom anc n X
on(r) ¢ " ovn(r)
LDA GGA NO Av
—> e “ !
* Ehomo <<~ — -

\\ ”
= -
i I

.’ Intrinsic shortcomings of
* Em(>Homo) - Often X ——— *\ LDA/GGA for band gaps __-

N\

\
!



New Alternative: Exact Exchange (EXX) |

Take 4 =0
Exc[n]:% [[dFdr NPT 5 gexr—s [Jarar

2. SO ) (F)c/ﬁ,- ()

Exact information of KS system at A=0
Constructed from orbitals
Fully nonlocal, self-interaction free

\'

Exx EXX _’"
)IfXX (r—:)_ 5E J‘drdrn 5E 5¢ (r ) + C.C. 5VKS (r )
5n(r) .§¢(r)5VKs(r”) 5n(r)

, .
--------

(—> —”) (—’” )
Be careful: orbital-indep. NOT HFIl
Results realistic XC potential and eigenvalues

Computation of Zc;l poses humerical difficulty



EXX (continued)

- Stadele et a/, PRL 79, 2089 (1997)
* Gorling, PRL 83, 5459 (1999); Ivanov et a/., PRL 83, 5455 (1999); Yang & Wu,
PRL 89, 143002 (2002)

* Kumel & Perdew, PRL 90, 043004 (2003)

vi’iﬁ.’-ﬂ'
_ _\? [mm{r}?qpm{r]l],} +c.c.
0
0.05
- -0
z
=
g 0.5
= 0.2 r
0.25
03 : : : : :
30 20 il 0 10 20 30 FIG. 3. The exchange potential “landscape™ for Na, in the y-z
yorz (ay) plane: v.(r) in hartrees defines the “height™ at each spatial point
. : : {y.z) for fixed x=0. Upper: exchange-only LDA potential Lower:
FIG. 2. The exact exchange potential of Nay in hartrees along exact exchange potential (OEP). Note the greater depth, slower de-

the = axis (solid line) and the v axis (dashed line) in bohrs, a,. The

} } ST T o cay, and pronounced “ridge” seen in the OEP.
potential goes to different asymptotic limits in different directions. ¥ P g



Response of Molecular Chains

Gisbergen et al, PRL 83, 694 (1999)

Density functional calculations on the (non)linear optical properties of conjugated molecular chains
using currently popular exchange-correlation (xc) potentials give overestimations of several orders of
magnitude. By analyzing “exact” and Kneger-Li-Iafrate xc potentials, the, srror.is. ttaced. back 1o..3n

Kummel et a/, PRL 93, 213002 (2004)
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EXX band gap: e.g. SI |

For infinite solids, band gap is also in good agreement
with exp.

s

| \ />/ Si
| |
3 24 -
R T ]:3,’1‘213 7
5 ol 3.25(EXX) 415
_o L V
_4
L I X

CONCLUSION: EXX provides a better approximation
to the exact KS potential, orbitals, and eigenvalues



Optical spectrum: EXX |

EXX (~KS) ‘quasiparticles’ are good (better than GWA/)
L . EXX
approximation of /ndependent e-h( ¥ = ¥Xo )

EXX

X = Xo

Ly
B0 experiment . A+ G a+C @) =— T
LOA 3{’-_.':"-] ':'l.. q a ;) I\'il "_-,k
o Gw ] Kekr

{IE,:'_,. k|L_-._||'l.1+i:_| |_-|I_:lI k + q?*ll'.".. k + q|€'l_L'_|+cr-| F|'F_:'_I_ l{:l
Ere T Er|'1<+-.]__- +w+id
{c, kle™"* o, k + qio, k + q|¢9" M, kﬁ}}
T /

Sk T Squrg T W T o

—- - EXX |:

*GW: Benedict &
Shirley, PRL 80,
4514 (1998)




Failure of LDA/GGA kernel for insulators |

For insulators, careful analysis of Q—0 is necessary:

introducing notation {OO:headg Ol:wing} G=

10 : wing | 11:body
G0 @ G0

77HT;0) = 25(G;0) — F, () — Fo (5 @)

| N L of0 0
]. Known‘ - - FH : O 47[_> ’
G+G

& reminding

3. But



Optical spectrum: EXX + TDLDA |

However, adiabatic LDA/GGA kernel is not enough for e-h
interactions (missing excitonic effects) !

i +I) ~

80

50 -

40

€, ap L

20

10

EXX

X = Xo

experiment

ExX
ExX¥ + TOH

ExXX + TDLDAXE

EXX + TOLDA

ICan fact approx.

d LDA/GGA

~o —r)o(t—t")

. \d ()
- Jocal in space and time
(adiabatic)
* Also, long wavelength
Iimit Q=0 /s wrong
F 00 F 01
F 10 F 11 :|

XC

LDA/GGA
" |:



TDEXX: EXX kernel |

F (GG, G;0) = Zxo(Gquw)H G.G,8:9%'G,G.6;0)

vo(q+ G.q+ G'; \J,|—{—

o

2 (v, K|e7HTGIT e k 4 q) (e, k + q|e? TS|, k
e Evk — c|~k+q.| + w + .g'l'",l

| (e KT, K +q) (v, k + gl T T e, k)
€vk — Ec(ktq) — W — 20

<al2‘e“(q/+é)f‘sﬁ+q><slz bIZ\'JtIZ'aE><tE+q"ei(q\+G)‘F‘bl?> o ]

\Eak —Esirq @ +iN Nepp —E g t@ +in )

as k ,btk
H f(q ; a)) = — % [ <aE‘e_i(q+G)'F‘sE+q><bE 2 \/ *><SE+q‘ei(q’+G).r‘bE> N
ask ,btk’ “ak 85k+q+w+'77)kgbk &g tO+in)
<alz‘e_l(q,+6)r 3k+Q>< ‘tk ><tk+q‘e'(q+‘3)'F aIZ> ]
(galz sk+q +a)+|77)(<9 tk+q+a)+|77)

.. complicated, but we can extract a lot of information, which can
be used for future approximation



Interpretations of F.™ or H,

1
- Localization of kernel: two ¥ —— Orbital-based, but F~
itself is orbital-indep. — significant numerical advantage

* nonlocal in real space (é, é’ ) & time (@)
* has the g dependence of exact F

H qjo qZH)(()O qH)(()l
X quo H

* Meaning: ¥ ~ y, +H,:

l t
S \ fiSHE{YJﬂ{.}
1st order slef-energy + \11 1 .
/’

vertex corrections to } 2y : -
o] 2
“““ " T TR T o
—————— b - - A~ <dk _;:\T‘{}\}
H,

Coulomb coupling e-h pairs -
TDHF & BSE Shifting of KS e.v. diff _ -
to quasiptl. e.v. diff.

/

o
\
\




Optical spectrum: EXX+TDEXX |

This work: constructed EXX kernel FXEX)émd obtained optical
spectrum of Si in good agrement with exp. including
excitonic effects within adiabatic approximation

60 - '
= Exp. | EXX

EXX
RO L e EXX + TODLDA 1 Z ZO
—— EXX+ TDEXX e EXX
I (F -+||II|)Z

] o} ]
CLF AT
pli -_

o & { ':'t,“ |

* New EXX kernel is
nonlocal in space & time

- Also, has the correct

q—0 behavior

Fo 2 -0 1/q°F> 1/qF.*
10 11
1/gF. F




New Interpretation of KS ‘quasi-particles’ |

HF, GW quasiparticles X.(F,r’) : KS ‘quasi-ptl. V. (F) :
~ elec. addition/removal ~ elec. promotion
~ N#loNe N1 @ N
Y S L
o o ® O e
® O ® O ® O
(inverse-)photoemission optical absorption
E,.p =1 (N)—AN) . _
EN-)-EN)-EN-EnN+] oSN =& (N)



Summary |

To calculate electronic optical spectrum, one needs to consider
individual electron/hole excitations (1-ptl.) + exciton (2-ptl.)

However, previous (semi)local DFT approximations failed @ both 1-
and 2-ptl. levels due to their inherent deficiencies

Current objective: better XC potential & kernel...

TDDFT w/ new EXX potential & EXX kernel includes correct
ingredients for electronic excitations

- Adiabatic (@ - independent) approx. is acceptable

- But, nonlocality in space (interaction of e-h pairs at - points
and incorporating correct - behavior in kernel) is crucial

IJQC 91, 257 (‘'03): PRB 66, 035114 ('02); PRL 89, 096402 ('02)



Recent literature

+ Botti et al, PRB 69, 155112 (2004): importance of long-range

contribution to f,,
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