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Issue

Interacting many particle system 을어떻게기술
할까?

1. (Quantum) Monte Carlo, Exact diagonalization.
Restriction: small # of particles, available T, analytic 
continuation, …

2. Ab initio density functional theory
Effective single particle problem.

NA electrons+nuclei
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3. Many-particle theory 
(beyond mean-field theory)
3. Many-particle theory 
(beyond mean-field theory)

Green’s function.
Renormalization group (RG).

Dynamical mean-field theory (DMFT).
mean-field spatially, exact temporally.
All about dynamics! (frequency-dependence).
Superconductivity, Kondo problem, metal-insulator 
transition, magnetism …



SKKU condensed-matter theory group

Plan

What is DMFT all about?
Numerical renormalization group (NRG).
Mott transition: DMFT to the Hubbard model.
NRG+DMFT to the Hubbard-Holstein model.
[results from our group].
Summary & Outlook
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Mean-field theory
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Ising model: cavity method
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Dynamical mean-field theory
(DMFT)

Self-energy is local in infinite z. 
Fully retains the competition bet. K and V while 
simplifying other factors. 
Metzner and Vollhardt, PRL (1989).

Interacting particles on a lattice.
a single site (impurity) problem imbedded in a 

bath determined self-consistently. (Kondo problem).
Georges and Kotliar, PRB (1992).
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DMFT
DMFT 의 기본 아이디어는 서로 경쟁하는 두 에너지

스케일에 의해 물리현상이 결정되는 경우 다른 사항들
을 되도록 간략하게 하여 그 문제를 풀 수 있게 만든다
는 데 있다. 예를 들어 Mott transition의 경우 운동에너
지와 쿨롱에너지의 경쟁에 의해 전이가 결정된다. 따라
서 문제를 복잡하게 만드는 모멘텀 의존성을 무시할 수
있는 극한을 택해 문제를 풀 수 있게 만든다. 이 극한이
공간차원이 무한대인 경우이다.

이 극한을 택하면 격자에서 상호작용하는 전자 문제가
한 점에서 자체정합적으로 결정되는 bath 와 결합되어
상호작용하는 전자 문제로 귀착된다.
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Local self-energy

Local self-energy:

Local Green’s function:
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Self-consistent bath 
Cavity method for Hubbard model

Recall (imaginary time dependence) 
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Fermion path integral
R. Shankar, RMP (1994).
J.W. Negele and H. Orlando (1988).
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The effective action for the Hubbard model is then given by
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Lagrangian Hamiltonian

Mapping onto Anderson model solve using NRG.
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Coupling of the impurity 
electron to the bath

)(Im1)()(Im ω
π

ωω GA −=∝∆

descibes the coupling of impurity electron with the bath 
determined self-consistently.
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Within DMFT
Metal         Strong coupling FP
Insulator         Local moment FP
MIT Tc Kondo T
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DMFT
MFT for spatial fluctuations
Temporal fluctuations fully considered.

Interacting electrons on a lattice

Interacting electrons on a single site 
(impurity) coupled to a bath

Impurity solver   (NRG)

Self-consistency relation
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Classical MFT 와 quantum DMFT 의비교

MFT DMFT

Hamiltonian

Local observable

Effective single site 
Hamiltonian

Weiss field

Self-consistency 
relation
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Anderson model:
impurity version of Hubbard model.

Anderson-Holstein model.

AH model solved using NRG.
Bulla et al, JPCM (1997).
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Kondo effect

Resistance minimum: 
magnetic impurities in metal.

Kondo (1964):              using Kondo model.
Can not possibly be correct at T=0.

)log()( TT −∝ρ
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Search for correct theory for T=0: Kondo problem.
Anderson: Poor man’s scaling (perturbative RG).
Wilson’s NRG (numerical renormalization group). 1974.
Non-perturbative. Thermodynamic limit. Static and 
dynamic. T=0 and finite T.
Renewed interests: DMFT and quantum dots.
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Impurity solver: NRG
Wilson’s numerical renormalization group

Conduction electron operators 
logarithmic discretization around the Fermi 

energy (separation of energy scale).

( ).σσσσ
σ

σσ
σ

σ
σ

σ εε fccfVccfffUfffH kk
k

kkk
k

kfAM
+++

↓
+
↓↑

+
↑

+ ++++= ∑∑∑

σkc

a0b0 b1
a1a2

.2≈Λ



SKKU condensed-matter theory group

Linear combinations of an and bn f0, f1, f2 …
f (impurity site) f-1.

Iterative diagonalization.
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Iterative diagonalization
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Fixed point analysis
( )NN HTH =+1

( )HT 2Fixed point of
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DMFT 
applied to the Hubbard model

Metal-insulator transition
as U/W is increased for n=1: metal insulator. 
Failure of one-electron theory.

~ 1U W
U W

M I
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MIT
Three peak structure: 
Hubbard + Brinkman+Rice (UHB, LHU, QP).

M M+I I

1 1.2cU ≈
2 1.5cU ≈

U W
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Bulla et al, PRB (2001): Finite T, n=1.
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Phase diagram of V2O3

U is increasing
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Holstein model
(onsite) el-phonon interaction only.
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Hubbard-Holstein model
Issue: competition between el-el 
and el-ph interactions

2 2

2 2
00

2 2( ) (0) ,eff eff bp bp
g gU U E EV Vω

ωω ω
= + → = − =

−

Hubbard-Holstein model: both (onsite) el-el and 
el-ph interactions.

How the 2 insulating states, metallic states, and 
MIT’s of Hubbard and Holstein models are 
related?

∑∑∑∑ ++
↓↑

><

+ +−+++−=
i

iii
i

ii
i

iij
ij

i aanaagnnUcctH 0)1()(* ωσ
σ

σ



SKKU condensed-matter theory group

Two limits

∞=0ω00 =ω
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One can show the ground state is insulating for 
Phonons couple to charge channel.
One may expect: ( gc1, gc2, Uc1, Uc2, …)
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Results of HH DMFT

0

22
ω
gEbp=

BPI = bi-polaron
insulator

MHI = Mott-
Hubbard 
insulator

M = metal

W05.00 =ω



SKKU condensed-matter theory group

Koller, Meyer, Ono, and Hewson, 

cond-mat/0312367
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Cut 2b
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Cut 2b
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M-MHI transition
Cut 3
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BPI-MHI transition
Cut 4
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Finite T.  g=0.
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Frequency dependent conductivity
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Resistivity
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Mott transition in V2O3 
understood with Hubbard model?

Multi-orbital
Finite dimension
Lattice coupling
Volume contraction
Show hysteresis: electrons are coupled with slow 
dynamics Phonons?
Phase diagram V2O3.
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DMFT going to where?
Major limitations of DMFT:
Lack of momentum dependence.
Neglect of intersite interactions.
Infinite d.

cDMFT: momentum dependence. 
New fixed points (non-Fermi liquid).
cluster DMFT. DCA.
(mom. space, real space, abstract space 
formulation).
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eDMFT: intersite interactions.
bosonic and fermionic baths.
New fixed points (non-Fermi liquid).
LDA+DMFT.
Linearized DMFT.
DMRG+DMFT.
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Summary & Outlook
DMFT has emerged as “the tool” to describe 
interacting systems.
MIT
QCP
Superconductivity
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NRG+DMFT for Hubbard-Holstein model.
0 T at half-filling.
finite T.
away from half-filling.
Broken symmetry states. Antiferromagnetic state.
Superconductivity. Eliashberg+DMFT.
Phonon effects on Mott transition.
Kondo lattice model. 2 impurity formulation.
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Seemingly unphysical limit Keep 
essential physics.
LDA+DMFT
NRG+DMFT
Could be as successful as DFT?
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