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Issue

= Interacting many particle system & HHZE N JI=

-

St
= k? N, electrons+nucle|

1. (Quantum) Monte Carlo, Exact diagonalization.

« Restriction: small # of particles, available T, analytic
continuation, ...

2. Ab initio density functional theory
« Effective single particle problem.
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3. Many-particle theory
(beyond mean-field theory)

o Green’s function.

o Renormalization group (RG).

o Dynamical mean-field theory (DMFT).

mean-field spatially, exact temporally.

All about dynamics! (frequency-dependence).

= Superconductivity, Kondo problem, metal-insulator
transition, magnetism ...

SKKU condensed-matter theory group
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i Plan

= What is DMFT all about?
= Numerical renormalization group (NRG).
= Mott transition: DMFT to the Hubbard model.

s NRG+DMFT to the Hubbard-Holstein model.
[results from our group].

= Summary & Outlook

SKKU condensed-matter theory group
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DMFT+NRG

i group members
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Mean-field theory

= Ising model H=-J28S,-h2s,

<i,j>
= Mean-field approximation
H,=-(Jzm+h)S, =-h;S,, m= <S>’ Jz7=1]

*

. Zy= ) exp[-H]

=tanh[S(Jzm +h)] — Self-consistency relation.

= Hubbard model
H=-t > c.c,+U ZCITCIT%%

<i,j>o

= Mean-field approximation:
effective one-electron theory

H=-t ¢, +UY. [<ci}cm>ciici L+CC (el ) - <Ci+TCi’l‘><CiJlCi¢>J

<i,j>o

SKKU condensed-matter theory group
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Ising model: cavity method
H=->J,5 J—th = Hy+H +H", O
<i,j>
H, =-hS,, H’ :_Zﬂisw 1 = Ji0So-

|
—ﬂHﬁ[SO _—BHo _/;,:<0>< _/,»H-> _ A —pHO
Ze =g Mg e ) oy <O>(0) e Trle ™ 0]

S;,i=0

= Linked cluster expansion:
<e—ﬂH'>(o) — exp{— ﬁguf} U, = %<(H )ﬁ>

= With J,ccd™™’ <SS> o d”1, only the first term ¢ =1
surV|ves in the I|m|t of d —> 0 |

m = tanh[B(Jzm + h)], J o J%

= How about quantum problems?
SKKU condensed-matter theory group
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Dynamical mean-field theory

i (DMFT)

= Self-energy is local in infinite z.

Fully retains the competition bet. K and V while
simplifying other factors.

Metzner and Vollhardt, PRL (1989).

= Interacting particles on a lattice.

—> asingle site (impurity) problem imbedded in a
bath determined self-consistently. (Kondo problem).

Georges and Kotliar, PRB (1992).

SKKU condensed-matter theory group
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DMFT

DMFT ¢} 7]& ofoltjol= M= FAsk= F OﬂbﬂXl
A1) o3 EdFAlo] 2AEHE= A E}E A=
g S%% ksl shel 1 FAS E 5 o REY
= 9 At} dE E9] Mott transmonA 37 5ol

A sk 2ol x 2] AAel o3 do]7} AW}, e}
N EAE B HEE BAY g2 FAT 5
Q= IS ba BAE E 5 QA HET. o] Fao
Bl 7l B gole
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|_ocal self-energy

m Local self-energy:

t ! )
t= 7 ( ) = E(w‘)glj —>
G(k,w) = !
— Clkw) =77 e+ pu— D(w)’ e Simple power counting:
= eéi‘:"('ﬁ_"#ﬂ(}'(ﬁ:w). R _ ..
% (1/\/E)dR:dR3R/2’ Rz‘l—j‘.

e Local Green’s function:
D(e) D(g)
Glocal (W Z G(k /d:} m— Y D) =] de =

e For Bethe Iattlce,

()= 2,07 —&7, B(&) =2 -E7-7)

SKKU condensed-matter theory group
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Self-consistent bath

Cavity method for Hubbard model

= Recall (imaginary time dependence)
B
Z =Trle”" 1 =Tr[e™S(B)], S=T. exp{—fdrv (r)}, V(r) =e"ve o,

H = H0 + H(O) + HI, HO =Un0TnO¢ _Z/UC(J;O'COG’ H'= _ZtiO(C;:)-COG +C(J)FO'CiO')'

o

= With ocl/ﬁi_j, only the 2nd term ¢ =2 survives for
local interaction in the limit of d - in the linked
cluster expansion.

- Only quadratic terms modified, which is represented
by g,' (@)

SKKU condensed-matter theory group
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Fermion path integral
R. Shankar, RMP (1994).
J.W. Negele and H. Orlando (1988).

B
Z=Trle™]= Dlg*,gle®, s= jd{Zqﬁ;(f)%qﬁa(r) +H (7)}.

j D[¢+, ¢]e—¢+M¢+¢+n+n+¢ —detM e”™M 1

The effective action for the Hubbard model is then given by
S=-[["dzdrcs, ()85 (r = 7')6,, (') +U || dny (), (2)

- —%Zc;a<iwn>gol<iwn)coa(iwn> +U [ drng (o)n, ()

SKKU condensed-matter theory group
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i Lagrangian = Hamiltonian

o Mapping onto Anderson model - solve using NRG.
Gip(@) =gy (0) —E(w).
C-:'imp(a)) = GIocal (60) — D(é/) é/ — a)+,u—2(a))

0, (@) =+ u—A(®)=w+u-t°G(w) for Bethe lattce.

SKKU condensed-matter theory group
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i electron to the bath

IMA(w) o A(a)):—ilmG(a))
7T

descibes the coupling of impurity electron with the bath
determined self-consistently.

0 1) 11)

DMFT
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Electron reservoir

Figure 1. Dynamical mean-field theory (DMFT) of correlated-electron solids replaces the full lattice of atoms and electrons
with a single impurity atom imagined to exist in a bath of electrons. The approximation captures the dynamics of electrons
on a central atom (in orange) as it fluctuates among different atomic configurations, shown here as snapshots in time. In the
simplest case of an s orbital occupying an atom, fluctuations could vary among |0), | 1), | 1), or |11}, which refer to an unoc-
cupied state, a state with a single electron of spin-up, one with spin-down, and a doubly occupied state with opposite spins.
In this illustration of one possible sequence involving two transitions, an atom in an empty state absorbs an electron from the
surrounding reservoir in each transition. The hybridization V, is the quantum mechanical amplitude that specifies how likely
a state flips between two different configurations.

SKKU condensed-matter theory group
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s Within DMFT
o Metal <> Strong coupling FP

e Insulator <> Local moment FP
e MITT,<> Kondo T

T — U_Aexp(_zgj
KT\ 2 8 A

SKKU condensed-matter theory group



DMFT

SKKIT
) Physics Department

MFT for spatial fluctuations
Temporal fluctuations fully considered.

Interacting electrons on a lattice

!

Interacting electrons on a single site
(impurity) coupled to a bath G;!(w)

Impurity solver § (NRG)

Self-consistency relation
2(w) Gol(w) = G Hw) + T(w)

SKKU condensed-matter theory group
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Classical MFT 2t quantum DMFT 2| d]
I

:| MFT DMFT

Hamiltonian H __ZJU i~ hZSI H =t IJZ CIUCJU—'—UZnITnIi«
Local observable m :<Si> G (@)
Effective single site Hy =& > ff +Uf f £
Hamiltonian H —_n.S o
ot o + ngcljacka T ka (f;Cka T C;G fO' )

ko ko

Weiss field 51/,
h,, G ()

Self-consistency

»—1 —
relation heff = Z‘]ijmj +h. Yo (w) =67 (w) + X(w)

SKKU condensed-matter theory group
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Anderson model:
Impurity version of Hubbard model.

= Anderson-Holstein model.

Hu =& S f0f U £ F, + Y gcic, + D Vil fro, +c f, )
o ko ko
+afata+1/2)+ g(z frf —1](a+ +a)

= AH model solved using NRG.
o Bullaetal, JPCM (1997).

Hao =& > £2F +UEF £ f, +kZ€ka+aCka +kZVk(f;cka rc f )

SKKU condensed-matter theory group



Kondo effect

= Resistance minimum:
magnetic impurities in metal.

I.x5
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= Kondo (1964): p(T) o« —log(T) using Kondo model.
Can not possibly be correct at T=0.
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Search for correct theory for T=0: Kondo problem.
Anderson: Poor man’s scaling (perturbative RG).
Wilson’s NRG (numerical renormalization group). 1974.

Non-perturbative. Thermodynamic limit. Static and
dynamic. T=0 and finite T.

Renewed interests: DMFT and quantum dots.

SKKU condensed-matter theory group
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Impurity solver: NRG
| Wilson’s numerical renormalization group

AM _gf Zfa o +Uﬁ* fT f¢ fJ, +Zﬁ<ckack0'+z\/k( GQ(G+CkO' G)'
o ko ko

o Conduction electron operators C,_

— |logarithmic discretization around the Fermi
energy (separation of energy scale).

A=2.
| ; — '::'n' S S —/D
=i —1 —1 S0 AT A |
\ v J\ ) LYJ\__)\ v J
b, b, d a4

SKKU condensed-matter theory group
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o Linear combinations of a,and b, — f,, f;, f, ...
o f(impurity site) — f ..

HAM — ‘9f Z f—ia f—l,a +Uf_1T f_l,T f:;J, f_1,¢ + Zé:n ( fnJcrr 1:n+1,a + fnil,a fna)'

o,h=1

o lterative diagonalization.

é CX:A_n/Z

i .
] Y |

°-~ -®~ -0~ -0~ -0

—1 0 1 2 3

SKKU condensed-matter theory group
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i Iterative diagonalization

HN+1 — HN "‘é:N (fN+a fN+1,0' + fN++1,a fNa)‘ gnOCA_m'

Hy @ |I,m,N)

For N+1, \1,|,N>E“’N>’ ‘2’|’N>Ef§+1,¢“’N>’
3INY= £, LN, [4LN)= T 60 L N)

N+Ld N+LT "N+

Calculate matrix elements for N+1.
Eigenenergies and states. |I,m,N+1)

Green’s function. Self-energy.

SKKU condensed-matter theory group
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Fixed point analysis
Hy :T(HN)

Fixed point of T?(H)

- ~ loff
* - el =10

FIG. & Schematic renormalization-group fow diagram.
Each Hy 15 thought of as associated with a Ly and Ty
Trajectories depict the flow of Hy with increasing N. Note
that only the strong-coupling fixed point is stable. nsed-matter t/ieory group
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DMFT
applied to the Hubbard model

s Metal-insulator transition

as U/W is increased for n=1: metal - insulator.
Failure of one-electron theory.

:U/W

SKKU condensed-matter theory group



MIT

= Three peak structure:
Hubbard + Brinkman+Rice (UHB, LHU, QP).

N

U Clzl.Z

J/ \\

U c2z1'5

J \<
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J/

Y
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Otii of|#
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01 |

|
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o Bullaetal, PRB (2001): Finite T, n=1.

0.05

0.04 |

0.03 |

W

0.02

0.01 |

0.00

e—e U, NRG .

w--8 U, NRG
el QMC ]
sU_ QMC

= —+

F.‘m"‘ﬂ-ﬁ._n .

1.0 14 16

U/w

FIG. 9. Results for the phase diagram of the Mort transition
obtained from different methods: NRG (open symbols), quantum
Monte Carlo (QMC, filled symbols). and iterated perturbation
theory (IPT, solid lines). The dashed lines for 7>T, mndicate the
position and width of the crossover region as calculated from the

data of Fig. 4.
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TEMPERATURE (°K)
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Holstein model
(onsite) el-phonon interaction only.

H=-t) cic,,+9) (& +a)n -D+am, ) a'a

<ij>o [
— - g
9u 9
. v J \ Y VAN N J
M M+
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Hubbard-Holstein model €

and el-ph interactions

i Issue: competition between el-el

= Hubbard-Holstein model: both (onsite) el-el and
el-ph interactions.

H=-t*>cic, +U> n.n +9> (& +a)(n -1+, a'a,

<ij>o
= How the 2 insulating states, metallic states, and

MIT’s of Hubbard and Holstein models are

related?
2 2

2 2
Vet (@) =U + zg 2_>Veff(0):U_Ebp’ Ebp:i
@ — Wy th

SKKU condensed-matter theory group



Two limits

Ucl UCZ

A 4
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BPI = bi-polaron
Insulator
= Mott-
Hubbard
Insulator

M = metal

SKKU condensed-matter theory group



= Phonons couple to charge channel.
= One may expect: (9.1, 9ps Ueps Uy --2)

gc2
gcl

or

or

v
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ne can show the ground state Is insulating for E /= gz/a)o —> o0,

/
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Koller, Meyer, Ono, and Hewson,

cond-mat/0312367

{ bipolronic ingulator |

| Mott-Hubbard
| insujator
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M-BPI transition (1)

s Cut?2a
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M-BPI transition (2)

s Cut2b
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s Cut?2b
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M-MHI transition
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s Cut3
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BPI-MHI transition

s Cut4g
1.00 | U= 2 . 5 20000009
0.75+ J
N
~ os0}f ]
-
V
— 025} .
0.00F e 00000 4

0240 0245 0250 0255  0.260

SKKU condensed-matter theory group



Finite T. g=0.

SKKIT
—
Physics Department

T/W
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Frequency dependent conductivity
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Resistivity
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Mott transition in V203
i understood with Hubbard model?

= Multi-orbital
s FiInite dimension

= Lattice coupling
e Volume contraction

o Show hysteresis: electrons are coupled with slow
dynamics - Phonons?

o Phase diagram V203.

SKKU condensed-matter theory group
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FIG. 5: Magnetic phase diagram for the Hubbard model with
frustration as defined by egs. (3) and ta/t; = 1/v/3. The FIG. 6: Schematic evolution of the magnetic phase diagram

dotted lines inside the AFI denote the coexistence region for ~ With increasing frustration. The dots on the phase transition
the paramagnetic MIT. The inset shows an enlarged view of ~lines denote the critical endpoints of the first order transitions.
the region with coexistence of PM and AFI.
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DMFT going to where?

= Major limitations of DMFT:
o Lack of momentum dependence.
o Neglect of intersite interactions.
o Infinite d.

= CDMFT: momentum dependence.
New fixed points (non-Fermi liquid).
o cluster DMFT. DCA.

(mom. space, real space, abstract space
formulation).

SKKU condensed-matter theory group
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eDMFT: Intersite interactions.
bosonic and fermionic baths.

New fixed points (non-Fermi liquid).
LDA+DMFT.

Linearized DMFT.

DMRG+DMFT.

SKKU condensed-matter theory group
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i Summary & Outlook

= DMFT has emerged as “the tool” to describe
Interacting systemes.

e MIT

e QCP

o Superconductivity

SKKU condensed-matter theory group
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NRG+DMFT for Hubbard-Holstein model.
0 T at half-filling.

finite T.

away from half-filling.

Broken symmetry states. Antiferromagnetic state.
Superconductivity. Eliashberg+DMFT.

Phonon effects on Mott transition.

Kondo lattice model. 2 impurity formulation.

SKKU condensed-matter theory group
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Seemingly unphysical limit - Keep
essential physics.

| DA+DMFT
NRG+DMFT
Could be as successful as DFT?

SKKU condensed-matter theory group
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