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Car-Parrinello molecular dynamics: 
A density functional theory approach for quantum molecular simulation
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Overview

• Electronic structure and classical molecular dynamics.
• Combining the two schemes.
• How does it work computationally?
• Why does it work and what can it do?
• When is it valid and when does it fail?
• Other options?
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Total Energy Pseudopotential Calculation

•Born-Oppenheimer Approximation
- Fixed configuration of ions

•Density Functional Theory
- Electron-electron interaction

•Pseudo-potential Theory
- Electron-ion interaction
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Electronic Structure by Molecular Dynamics

• Fictitious Classical Electrons

• Electronic wavefunctions are treated
as classical fields.

• Damped dynamics of the classical field
leads to Kohn-Sham eigenstates.  
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•A molecular dynamics trajectory samples phase-space
as is the case in Monte Carlo sampling.

•Molecular dynamics simulation is achieved 
by solving Newtonian equation by a computer.

• The temporal average is the ensemble average.

Classical Molecular Dynamics
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•Usually, periodic boundary condition is imposed:
the cell size should be larger than correlation length.

• Total simulation time scale should be larger than
relaxation time.

• Integration time step should be smaller than
characteristic time scale such as (phonon frequency)-1.

• The interaction potential              must be specified.

Classical Molecular Dynamics in Detail
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Car and Parrinello proposed to use “classical” MD 
to explore the extended phase-space (PRL 55, 2471,1985).

Extending Classical Molecular Dynamics

}]{)},({},{)},([{ IiIi RrRr &&ψψ

jijijiji
ji

ji

Ii
i

I
i

ii

ttd

EL

δψψδψψλ

ψψψµ

=−+

−+=

∫∑

∑∑
),(),(where,)|(

}]{},[{
2
1

|

*

2

rrr

RR&&&



8

The role of Lagrange multipliers is to ensure

orthonomality of wavefunctions.

Lagrange’s Equations of Car-Parrinello MD
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Wavefunctions and ionic positions are updated 

using the Verlet algorithm.

Integrating Lagrange’s Equations
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can be calculated efficiently using 

standard techniques of density functional theory

such as pseudopotentials and fast Fourier transform.

Calculating the HKS Ψi term
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Suppose {Ψi (t)} and {Ψi (t-∆t)} are orthonomal sets.
We require orthonormality of {Ψi (t+∆t)}.

Unconstrained version of {Ψi (t+∆t)}:

Determining λij : Constraint
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Orthonormality of {Ψi (t+∆t)}

Determining λij : Matrix Equation
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An accurate solution can be obtained by iteration.

One iteration onto the lowest order solution is often sufficient.

Determining λij : Approximation
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Kel =                     measures deviation of         from 

ground-state Kohn-Sham orbitals.

Kel = 0  recovers ground-state: 

electronic structure from simulated annealing.

Meaning of Fictitious Kinetic Energy
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Dynamical approach to find a minimum of a function:

the steepest descent (SD) method with orthonomality

Dynamical Minimization 
of the Electronic Energy
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Car-Parrinello Minimization 
of the Electronic Energy

Damped molecular dynamics: γ is positive for friction.
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Classical Adiabatic Evolution

Ψi evolution is faster than RI on typical nuclear time scale.
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Oscillations around Ground-state in CPMD

Small electronic oscillations around ground-state of
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Ehrenfest vs. Car-Parrinello Dynamics

Time-dependent Schrödinger equation for electrons
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∆t << Tminel is required.

Ehrenfest dynamics (1st order): Tminel ~(Ecut/h)
Car-Parrinello dynamics (2nd order): Tminel ~ (Ecut/µ)1/2

∆tCP > ∆tE
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Adiabatic Following in Rigid Ion Approximation
Blöchl and Parrinello PRB 45 9413 (1992)
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Mass Renormalization in Car-Parrinello Dynamics

In CP dynamics, ions (nucleus + core els) drag valence electrons. 

They are quasiparticles dressed by a (fictitious) electron cloud.

Masses should be renormalized. (M = physical M0 = bare mass)
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Born-Oppenheimer vs. Car-Parrinello Dynamics
Tangney and Scandolo JCP 116 14 (2002)
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Born-Oppenheimer vs. Car-Parrinello Dynamics

•Born-Oppenheimer MD couples an iterative minimization 
scheme to MD for ions.

•Car-Parrinello MD is more efficient.

•Additive systematic error in Born-Oppenheimer MD 
requires thermostat-coupling for long time stability.
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Car-Parrinello Minimization
Car and Parrinello PRL 55 2417 (1985)

Total energies and eigenvalues
of the Λ matrix for a Si crystal.
At stationary states, eigenvalues
coincide with K-S eigenvalues.
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Constant Temperature Molecular Dynamics

The Nosé-Hoover thermostate leads to a canonical ensemble.
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Constant Pressure Molecular Dynamics

The Parrinello-Rahman approach in classical MD.

The simulation box is described by 3 vectors defining a cell 
parameter matrix h ≡ {a, b, c}.

Degrees of freedom: atomic coordinates + cell parameters.

}{}{ Ii ShR →

real coordinates à scaled coordinates
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Parrinello-Rahman Lagrangian
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Isothermal-Isobaric trajectries

Nosé-Hoover thermostate can be coupled to
Parrinello-Rahman dynamics.
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Parrinello-Rahman CPMD
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Free Energy by Adiabatic Switching
Watanabe and Rcinhardt PRL 65 3301 (1990)
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Free Energy and Phase Transition by a CPMD Run
Sugino and Car PRL 74 1823 (1995)

Silicon is O.K.
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More Development

Metadynamics

Multiple time step

Extended subspace

Path Integral

…
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Conclusion

CPMD is the first first-principles quantum molecular dynamics.

It is a very useful tool and has extended the realm of DFT.


