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Overview

Electronic structure and classical molecular dynamics.
Combining the two schemes.

How does it work computationally?

Why does it work and what can it do?

When is it valid and when does it fail?

Other options?



Total Energy Pseudopotential Calculation

* Born—-Oppenheimer Approximation
— Fixed configuration of ions

* Density Functional Theory
— Electron-electron interaction

* Pseudo-potential Theory
— Electron-ion interaction



Electronic Structure by Molecular Dynamics

e Fictitious Classical Electrons

e Electronic wavefunctions are treated
as classical fields.

« Damped dynamics of the classical field
leads to Kohn-Sham eigenstates.



Classical Molecular Dynamics

* A molecular dynamics trajectory samples phase-space
as is the case in Monte Carlo sampling.

_TF({R,})
IR,
* Molecular dynamics simulation is achieved
by solving Newtonian equation by a computer.

I\/IIIQI =

 The temporal average is the ensemble average.
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Classical Molecular Dynamics in Detall

« Usually, periodic boundary condition is imposed:
the cell size should be larger than correlation length.

» Total simulation time scale should be larger than
relaxation time.

* Integration time step should be smaller than
characteristic time scale such as (phonon frequency)-1.

* The interaction potential F ({R,}) must be specified.
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Extending Classical Molecular Dynamics

Car and Parrinello proposed to use “classical” MD
to explore the extended phase-space (PRL 55, 2471,1985).
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Lagrange’s Equations of Car-Parrinello MD

The role of Lagrange multipliers is to ensure
orthonomality of wavefunctions.

my",(r,t)=- Hey (D +a iy (b
J

v & <. TEWY 3 R)]
IR,

i =Hj - mc‘jjry']f(r,t)y'i(r,t)
H; =¢dry ;(r.t) Hey  (r,1)




Integrating Lagrange’s Equations

Wavefunctions and ionic positions are updated
using the Verlet algorithm.

y(r,t+Dt)= -y, (r,t- D) +2y (r.1)
Dt2

+F[' HKSy i(r’t)'l'aj | Y J(r’t)]

I Dt* 9E
R(r,t+Dt)= - R (t Dt)+2R(t)+MI RO
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Calculating the H s Y; term

H..y.(r,t) can be calculated efficiently using
standard techniques of density functional theory
such as pseudopotentials and fast Fourier transform.



Determining | ;; : Constraint

Suppose {Y; ()} and {Y; (t-Dt)} are orthonomal sets.
We require orthonormality of {Y ; (t+Dt)}.

Unconstrained version of {Y ; (t+Dt)}:

o (r,t+Dt)= -y (r,t- Dt)+2yi(r,t)+%2(- HisY (1)
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Determining | j; : Matrix Equation

Orthonormality of {Y; (t+Dt)}

Dt2

m
A :(‘):er_i*(r,t+Dt) y;(r,t+Dx)

B|j :(\)jryi*(r1t) y_j(r1t+Dt)
XXT+XB"+B™X"=1- A



Determining | j; : Approximation

An accurate solution can be obtained by iteration.
One iteration onto the lowest order solution is often sufficient.

A =1+0(Dt?), B=1+0O(Dt?), x<°>:%(1- A)

X (M :%[1_ A+X(”'1)(1- B)+(1- BT)XT(H-l) ) (X(n—l))zl
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Meaning of Fictitious Kinetic Energy

O . .
Ko = ma <y Y i> measures deviation of |Y i> from
ground-state Kohn-Sham orbitals.

Ko = O recovers ground-state:
electronic structure from simulated annealing.

my’ (1) =- Hey (+al,y )
j
i =Hyi - m(\)jry.;(r’t)y.i(r,t)
H,, =cdry ’;(I‘,’[) Hysy i (r,t)
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Dynamical Minimization
of the Electronic Energy

Dynamical approach to find a minimum of a function:
the steepest descent (SD) method with orthonomality

y . (r,t)=- E’E + constraints

ay ; (r,t)

=-H,y (r,t) +constraints

y . (r,t+Dt)=y ,(r,t)- Dt H Yy ,(r,t)+constraints

The conjugate gradient (CG) method utilizes
conjugate search directions.
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Car-Parrinello Minimization
of the Electronic Energy

Damped molecular dynamics: gis positive for friction.

my’,(r,t) =- Hy (m+aliy (1) - gmy' (r.0)
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Classical Adiabatic Evolution

Y, evolution is faster than R, on typical nuclear time scale.

y i (r 1t)CPMD @y i (r 1t)GROUND—STATE

v i <. TE IR o TFARD)
R, IR,

Fictitious “classical’ electrons are a sort of slave fields
that allows to generate the interatomic potential F ({R, })
on the fly.
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Oscillations around Ground-state i1n CPMD

Small electronic oscillations around ground-state of

.o o)
my.(r,t)=- Hy (r,H) + a. iy (1)
are characterized by frequencies. J

e -e
W, » [——
m

W_o» [/ woo»

max

mcan be preconditioned in the form of M(G).
CP dynamics — adiabatic following + decoupled fast oscillation
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Ehrenfest vs. Car-Parrinello Dynamics

Time-dependent Schrédinger equation for electrons

(0= Hey ()
v i <. TEWY L (R o TF(R.D)

IR, IR,
i IS required.

Dt << T

Ehrenfest dynamics (1t order): T,,.8 ~(E. /%)
Car-Parrinello dynamics (2" order): T,n® ~ (Eg, /M2
Dtcp > Die
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Adiabatic Following In Rigid lon Approximation
Blochl and Parrinello PRB 45 9413 (1992)

y(r,t)=1,(r- R(t))

Y0 = (18,0 - RO 9+ (1,5, - RADN- ¥)+
(1.f.(r- RO))- 2)

”2

K = ma<y V', >—ma<y Iy, >2%
2mo ~2
—a<y |——1y ; > kT
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Mass Renormalization in Car—-Parrinello Dynamics

In CP dynamics, ions (nucleus + core els) drag valence electrons.
They are quasiparticles dressed by a (fictitious) electron cloud.
Masses should be renormalized. (M = physical M, = bare mass)

\ |2

K =m@ <y’ Iy, > =m@ <y, |— Iyi>§?
1 = 2 o N e
“M.R*+Z <y >R?°==“MR?
> Mo 3”6} Yl > V >
M, =M - Tmd <y |'~2|y >

0 3 i i 2 i
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Born-Oppenheimer vs. Car-Parrinello Dynamics
Tangney and Scandolo JCP 116 14 (2002)

MR, =- JT?E @F=", mly’ >=- - 35 Orthonormdlity preserving
|

y. >=|y’>+|dy,> (]y .’ > Born- Oppenheimer orbitals)

: o d|y-°> . o & d|y.0> o [ d2|y.°>
OS> =3 R, - > =3 R '~ +3 RR. |
4 a; " dR 4 a; " dR 5} " JdRAR,
However, aE =0 for |y, >=ly’>.

d<y,|

\ Onlywhen m® 0, wehavely >® |y ’>.



Born-Oppenheimer vs. Car-Parrinello Dynamics

* Born-Oppenheimer MD couples an iterative minimization
scheme to MD for ions.

e Car-Parrinello MD i1s more efficient.

« Additive systematic error in Born—-Oppenheimer MD
requires thermostat-coupling for long time stability.



Car-Parrinello Minimization
Car and Parrinello PRL 55 2417 (1985)
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F1G. 1. Ewvolution of total energy per atom, lattice con-
stant, and eigenvalues of the A matrix, during a typical
dynamical annealing run. The partial averages of the classi- f
cal kinetic energy K during each subsection of the run are @l
indicated in the lower part of the picture. For K — 0 the cﬁ'
eigenvalues of the A matrix tend to the KS eigenvalues.
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Constant Temperature Molecular Dynamics

The Nosé-Hoover thermostate leads to a canonical ensemble.

rI:&, Fi:-ﬂ
| ﬂri
. B
pi =F - —Pp
Q
B . 0 p.2
h=th 3 =38 S aNkT
0 o ai.mi B
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Constant Pressure Molecular Dynamics

The Parrinello-Rahman approach in classical MD.

The simulation box is described by 3 vectors defining a cell
parameter matrix h © {a, b, c}.

Degrees of freedom: atomic coordinates + cell parameters.
{Ri}®{hS}

real coordinates - scaled coordinates



Parrinello-Rahman Lagrangian

L=3 %M, ('sﬁ GS, )+1Wé_ (h”_)2 -F(ER,})- Pw
| i

G=h'h metrictensor

W “mass’ for{h}

P external pressure

W=det h cell volume

<WP, - P)>+k, T =0 virial theorem

int

PR trajectories generate Isobaric-isentropic ensemble.
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Isothermal-Isobaric trajectries

Nosé-Hoover thermostate can be coupled to
Parrinello-Rahman dynamics.



Parrinello-Rahman CPMD

L:mé. <yéi |y~.‘i> +%é Ml.st,G.Sl +%Wé. (hj)2
- E[fy }{R}-PW+Q 1§ V) - d))

{r}® {s=h""r}

{G} ® {g=h'G}

y (N} ® ()

&, _ 1 - 9
g(r)—my(S)g

S,, y(s), h,aredegreesof freedom. CA"'@ —



Free Energy by Adiabatic Switching
Watanabe and Rcinhardt PRL 65 3301 (1990)

dnr

Dm(chemical potential) = le ——Qldl <H,-H,> .

H( ) =1 H, + (- | )H,.
dl (©) .

Dm= Q(H H)Olt

| changes slowly.



Free Energy and Phase Transition by a CPMD Run
Sugino and Car PRL 74 1823 (1995)

Silicon 1s O.K.

0.1 TABLE I. Thermodynamic properties at the theoretical and at
g 0.05 the experimental melting point.
‘>\" _3'12 This work (LDA) Experiment
= 03 T (K) 1.35(10) X 103 1.685(2) X 10%
2 oa S, 6.9(1)kg 7.4kg
s S, 9.9(2)kp 11.0kg’, 10.7k5
£ -0.5 H, (eV/atom) H,(0 K) + 0.33(2) H,(0 K) + 0.41°
< -0.6l AH, (eV/atom) 0.35(2) 0.52°%, 0.47¢
2 P C, (eV/K atom) 3.0(4) X 1074 3.03 x 10744
o : C; (eV/K atom) 2.7(4) X 1074 3.03 X 10744
o 0.8 V, [(a.u.)?/atom] 1.350(5) X 102 1.380 X 1022
-0.9 , [ . ; ; . : ; — AV /V 10(1)% 11.9%°, 9.5%°
0.002040608101214161820 a, (K1) 0.3(1) X 1073 0.44 X 10752
a; (K1) 4.8(5) X 107 5.2 x 10734
Temperature (X 1000K) 4T, /dp (K/GPa) ~50(5) _ge

FIG. 2. Chemical potential for s-Si (open squares) and [-Si
(filled squares). Full lines correspond to theory and broken
lines to experiment.



More Development

Metadynamics
Multiple time step
Extended subspace

Path Integral



Conclusion

CPMD is the first first—principles quantum molecular dynamics.
It is a very useful tool and has extended the realm of DFT.



