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Abstract of the Dissertation
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In this thesis, the non-vanishing mod p of special values of various L-functions is

studied. We study the classical theorem of Washington about the non-vanishing

mod p of the special values of Dirichlet L-functions from two di�erent points of

view. First, we study the topological way of establishing the theorem, so-called

homological independence, which is deduced from the abelian modular symbol

method. Secondly, the geometrical approach which was developed by Sinnott and

Hida using Zariski density on the torus is studied. The homological independence

is tested numerically in terms of modular symbols on the modular curve and the

modular L-values with cyclotomic twists are studied. The geometrical point of

view is extended to the case of modular L-values with anti-cycltotomic twists by

utilizing the Zariski density of CM points on the modular curves.
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CHAPTER 1

Introduction

Although they are complex analytic, the L-functions re
ect an arithmetic nature.

Dirichlet's Theorem, which asserts that there are in�nitely many prime numbers

in arithmetic progressions, is one of the famous examples which relate an arith-

metic problem to the study on the L-functions. The class number formula estab-

lish a connection between the special values of L-functions and several invariants

of the number �elds including the class numbers. The land of number theory

has been enriched since Iwasawa introduced his theory on the Zp-extensions of

number �elds which is developed as an analogue of similar phenomenons in the

function �elds.

For a prime number p, the Zp-extension of a number �eld K is a tower of

number �elds

K = K0 � K1 � � � � � K1

such that Gal(Kn+1=Kn) ' Z=pnZ and Gal(K1=K) ' Zp. The celebrated theo-

rem of Iwasawa ([15]) asserts that if en is the exact power of the prime divisor p of

the class number hn of the number �eld Kn, then for su�ciently large n one has

en = �n+ �pn+ � for some integers �, �, and � which are independent of n. Let

� be the power series ring Zp[[T ]]. To the Zp-extensions, Iwasawa associates a

�-module X and a power series in � where the degree and gcd of the coe�cients

are � and p� respectively. The p-adic L-function on Zp is de�ned to be a certain

simple change of variable of this power series.
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A Zp-extension K1=K is called cyclotomic if one has K1 � K(�p1) for the

union �p1 of all p-power roots of unity in Q. Based on the strong analogy

between the number �elds and the function �eld, the invariant � of a cyclo-

tomic Zp-extension is conjectured to be zero by Iwasawa. This conjecture of long

standing was �nally veri�ed for the case that K is abelian over Q by Ferrero and

Washington ([7]). Later this result was reproven by Sinnott ([29]) in a concep-

tual way using p-adic measure theory on Z�p and some manipulations of power

series (the independence result). Several attempts have been made to generalize

the theorem and only partial results were obtained. For example, Barsky claims

the vanishing of the �-invariant of a totally real �eld in [2] using p-adic analytic

function theory. However the validity of this argument is not yet con�rmed.

Along with the development of the theory on the �-invariant, one can also

consider the exact power of other prime divisors ` of the class number of Kn. A

statement similar to the vanishing of the �-invariant can be made so that the

exact `-power of the class number of Kn is bounded. As discussed in [35], this

statement is equivalent to the non-vanishing mod p of special values of Dirichlet

L-functions with characters with `-power conductors. The non-vanishing result

for Dirichlet L-values for the abelian number �eld is obtained by Washington

([36]). Again this was reproven by Sinnott ([28]) using a variant of the measure

theoretic argument.

Contrary to the lack of success for the cyclotomic case beyond the result of

Ferrero and Washington, there have been major developments due to Hida ([10])

and Vatsal ([33]) for the so-called anti-cyclotomic case of modular L-functions.

However the cyclotomic case for the modular L-values are still open and in this

thesis we shall present a possible approach to this problems.
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1.1 Homological Point of View

The special L-values with cyclotomic twists of prime power conductors have been

posing di�culties to researchers mainly due to the absence of the appropriate

machinery. In [31], we get a nice homlogical interpretation of the equi-distribution

argument of Washington using abelian modular symbols, which are an cylindrical

version of modular symbols. In section 3.6, we shall observe that Eisenstein

primes are involved in the discussion as expected by Greenberg. He conjectured

that the cyclotomic �p(E)-invariant of an elliptic curve E vanishes if E[p] is an

irreducible Galois module.

We now illustrate roughly the homological argument based on the equidistri-

bution property originated by Washington and Ferrero. We consider a Riemann

surface X, a �nite subset b of X, a subset � of H1(X; b;Z) with an action of Z�` ,

and a di�erential form !f on X. Let � be a certain �nite subset of Z�` consisting

of linearly independent elements over Q. There is an integral representation of

L-values which is interpretable as a sum of (cup-product) pairings between ho-

mology classes in � and a cohomology class on X. This is the modular symbol

approach. Let B be a prime ideal in Q over p. Following the process due to

Sinnott in [28], we expect to arrive at the vanishing:X
�2�
h� � v; !fi � 0modB for each v 2 �: (1.1.1)

Hence, if the image of the map j : � ! H1(X; b;Z)�; v 7! (� � v)� generates

the whole homology group H1(X;Z)�, or in other words, if the image has an

equidistribution property, then we expect to get a contradictory statement such

that the di�erential form !f vanishes mod B.

Two particular instances shall be presented in the next two chapters. First

in Section 2.2, we are going to consider Dirichlet L-values with the setting X =

3



(C=Z� SN)
Sf�i1g for SN =

�
j
N

�� 0 � j < N
	
, b = f�i1g, and � = fv(r) =

r + iR j r 2 `�1Z=Zg. In Section 3, we deal with the complex modular L-

values L(m; f; �) for a modular form f of �0(N), which are the cyclotomic twists

of the Dirichlet characters � with `-power conductors. In this context, we set

X = X0(N), b = fcuspsg, and � = fv(r) = r + iR+ j r 2 `�1Z=Zg. We hope to

get the residual non-vanishing result in the near future.

1.2 Geometrical Point of View

Twists by anti-cyclotomic characters � (of imaginary quadratic �elds) have been

dealt with quite di�erently from the cyclotomic case, and some generalizations

have been given by Hida([10]), Vatsal([32],[33]) and other researchers. This anti-

cyclotomic case involves more sophisticated tools, but is philosophically more

well-understood than the cyclotomic case. It is Vatsal([32]) who successfully

transferred the original equidistribution idea of [7] to the case of modular L-values

for a modular form of weight 2 under the twists by ring class characters. As an

application of non-vanishing, a conjecture of Mazur on the special values of elliptic

L-function is established. He has used the equidistribution of Heegner points on

Gross curve associated with de�nite quaternion algebra and Ratner's ergodic

theory on p-adic Lie group. On the other hand, even though Sinnott's algebraic

proof of the theorem was elegant and simple, a generalization was not made until

Hida interpreted the proof as a geometric one. He extended it to abelian Hecke

L-series using the Zariski density of CM points on a Hilbert modular Shimura

variety.

Let us now sketch the geometric argument for the non-vanishing result. Let

X=Fp
be an algebraic variety over Fp, K a number �eld, � a collection of special

points in X, and f a section of a line bundle on X. Let Z be a pro�nite group
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which is the projective limit of (ring or standard) class groups of K with `-power

conductors. It has the decomposition Z = � � �, where � is �nite and � is a

torsion-free subgroup. Suppose that we have an action of Z on �. The (square

root of) special L-values are expressible as a �nite sum of the characters against

evaluations of f over Z. In these examples, the value of f at x 2 � is a partial

L-value. Similarly as the last vanishing 1.1.1, Sinnott's procedure enables us to

derive

X
�2�

f(� � a) � 0 mod B for each a 2 �: (1.2.1)

Then the Zariski-density of the image of the map j : � ! X�; a 7! (� � a)�2�
often enables us to conclude that f � 0 mod B, which is a contradiction.

For the Dirichlet L-values, in addition to the homological argument we also

have the geometric one due to Sinnott and Hida. In Section 2.4, we take K = Q,

Z �= Z�` , X = Gm. And f is a suitable rational function on Gm and � is the set

�`1 of `-power roots of unity in Fp. The anti-cyclotomic case is considered with

the settingK = Q(
p�d), d > 0, Z = lim

 �n
Pic(O`n) (see Chapter 4). We consider

the case that X is a modular curve X0(N), f is an eigencusp form of level N ,

and � is a set of Heegner (CM) points associated to K of `-power conductors.

This case deals with the modular L-value L(1; f; ��), which is a Rankin product

of f and the theta series �� associated with �. In Chapter 4, we consider rather

the special case that f is an eigen cusp form for the group SL2(Z) of arbitrary

weight k � 2.
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CHAPTER 2

Dirichlet L-values

In this chapter, we discuss a homological and geometrical interpretations of Wash-

ington's theorem. To state the result, let us consider two di�erent odd primes,

p and `, and two Dirichlet characters � : (Z=NZ)� ! Q of conductor N , and

� : (Z=`nZ)� ! �`1 of `-power conductor respectively. HereN is relatively prime

to both p and ` and �`1 = [n�1�`n with the group �`n of `
n-th roots of unity. It

is well-known that the special value of the Dirichlet L-function L(0; ��), after ex-

cluding its Euler `-factor, is integral. Let B be a prime in Qp over p. Washington

proved in [36] that

Theorem 2.0.1. Let � be an odd Dirichlet character of conductor N . Then for

only �nitely many Dirichlet characters � : (Z=`nZ)� ! �`1, we have L(0; ��) �
0 modB .

Note that this implies the �niteness of exponents of prime divisor ` in the num-

ber h�n , which is the relative class number of each sub�eld Kn of the cyclotomic

Z`-extension K1 of Q. Using a Kummer type argument studied in [35], we also

get the �niteness of hn, the class number of Kn. The group Z
�
` = Gal(Q(�`1)=Q)

has decomposition Z�` = �`�1 � � and a pro�nite subgroup, � �= Z` is the Galois

group Gal(K1=Q). A factor �`�1 � Z�` is the (` � 1)-th roots of unity in Z�` .

One of the main ingredients in [36] is that the maximal subset of �`�1 which

is linearly independent over Q generates a subset of (`�1Z=Z)
`�1
2 so that it is
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uniformly distributed on (0; 1)
`�1
2 . This will be discussed brie
y in Section 2.1.

In [29], Sinnott invented a totally di�erent approach to the proof of this

problem. He studied a suitable measure on Z�` , which is de�ned by a rational

function twisted by elements in �`�1, called formal functions. Instead of uniform

distribution property, he made use of the algebraic independence of such formal

functions. It was Hida who realized that Sinnott's method can be written in an

algebro-geometric language in [9] and this (modular) version of Sinnott's proof

is explained in the appendix of present paper. Let U be a maximal linearly

independent subset of �`�1 and consider the map

j : �`1 ! Gm(Fp)
U ; � 7! (��)�2U :

Here Gm(Fp) = F
�
p is regarded as an algebraic group over the algebraic closure Fp

of the �nite �eld Fp. Then the algebraic independence result can be reformulated

as follows.

Proposition 2.0.2. The image of j is Zariski dense in Gm(Fp)U .

By an integral representation of L-functions, we can think of special L-values

as a (cup product) pairing of a homology class and a cohomology class de�ned

by a power series which is actually a rational function whose poles are roots of

unity. This is an abelian version of the Mazur's modular symbol method, which

is discussed in great detail in [12]. The crucial point of this discussion, we call it

homological independence, is a mixture of Washington's original uniform distri-

bution result and Hida's Zariski density argument. Let us explain the situation

brie
y. We consider a punctured cylinder C=Z � SN �= Gm(C) � �N(C), where
SN = fj=N j0 � j < Ng for an integer N . We add two points f�i1g to the

cylinder in order to get X�N . Let v(r) be the vertical line r+ it, �1 � t � 1 for

0 < r < 1, r =2 SN . Hence v(r) are in the relative homology H1(X
�
N ; f�i1g;Z).

7



We consider a map

j : `�1Z=Z! H1(X
�
N ; f�i1g;Z)

`�1
2 :

We will prove an independence result related to above map j in the Section 2.1

from this homological setting and we shall give a new proof of Theorem 2.0.1 in

Section 2.2, interpreting Washington's argument in a homological way. Although

the proof itself is not much new, it seems to be simple enough to be extended to

the case of elliptic modular L-values

In Section 2.5 using the speical class of rational functions (see 2.5.1), one

can formulate the Zariski density result on the multi-dimensional setting over a

totally real �eld.

In the last section, we shall apply the homological independence to obtain

the vanishing of �-invariant for the Dirichlet p-adic L-functions after de�ning a

suitable measure using abelian moudlar symbols.

2.1 Homological Independence: Abelian modular sym-

bols

As mentioned in the introduction, we consider X�N , which is the cylinder C=Z

punctured at points SN and with two points f�i1g added. Each vertical line v(r)
is in the relative homology H1(X

�
N ; f�i1g;Z). Let c(k=N) 2 H1(X

�
N ;Z) be the

closed path on X�N starting from a �xed base point z0 2 C, then turning around

k=N counterclockwise and returning to z0. The homology H1(X
�
N ;Z) is generated

by such c( k
N
). For any r 2 (k�1

N
; k
N
), and s 2 ( k

N
; k+1
N
), we have c( k

N
) = v(s)�v(r).

The main idea is that given any partition of (0; 1), say (0; 1
N
)[ � � � [ (N�2

N
; N�1

N
),

we can �nd two vertical lines from fv(r)jr 2 `�1Z=Zg, which are on the two

consecutive partitions (k�1
N
; k
N
) and ( k

N
; k+1
N
) to get the homology class c(k=N).

8



To make this idea working, the uniform distribution property should be brought

into the present picture.

We consider a Q-linearly independent maximal subset U of �`�1. In [7], it is

shown that the collection f (a�
`n
)�2U jn � 1 g is uniformly distributed on [0; 1)U

for almost all a 2 Z�` ; i.e., for all a outside of a measure zero subset of Z�` . Here
the `-adic numbers a�

`n
are thought of as the element sn(a�)

`n
in X�N for n-th partial

sum sn of `-adic integers.

From the de�nition of uniform distribution, one can easily deduce that when

a subset Z � Z�` with non-zero measure, a point x� 2 (0; 1), and �� > 0 are

given for each � 2 U , then for all su�ciently large n, we can �nd a 2 Z so that

jx� � a�
`n
j < �� for each � 2 U . Roughly speaking, for a given vector (x�)�2U , we

can �nd a point (a�
`n
)�2U which is close enough to (x�)�2U .

Set U = f�1 = �; �2; � � � ; �tg and �`�1=f�1g = f�1; � � � ; �t; �1; � � � ; �sg. We

have an integral s� t matrix A such that

(�1; � � � ; �s) = (�1; � � � ; �t)A:

Since �`�1=f�1g is Z-multiplicatively independent i.e. there are no integers m,

n such that m� 6= n�0 for distinct �, �0 2 �`�1=f�1g, all the columns of A have

at least two non-zero entries. Now let us state a lemma.

Lemma 2.1.1. Let �1; � � � ; �t be any real numbers and set

P (�1; � � � ; �t) := (�1; � � � ; �t) (IjA)

for a t�t identity matrix I. For each k 2 Z, we can �nd numbers �01, �
00
1, and �

o
2,

� � � , �ot such that (1) �01 2 (k�1
N
; k
N
), �001 2 ( k

N
; k+1
N
), and (2) P (�01; �

o
2; � � � ; �ot ),

P (�001; �
o
2; � � � ; �ot ) are away from

�
1
N
Z
� `�1

2 . In other words, no coordinate of them

are in 1
N
Z.

9



Proof. Consider the function P ( k
N
; �2; � � � ; �t) of �2; � � � ; �t. Since A is an in-

tegral matrix, P ( k
N
; 0; � � � ; 0) is in � 1

N
Z
� `�1

2 . The Z-multiplicative independence

of �`�1=f�1g implies that no coordinate in P (�1; � � � ; �t) is Z-multiple of �1

except itself. Hence, P ( k
N
; �2; � � � ; �t) is an open map; i.e., no coordinates are

constant except the �rst one and we can �nd (�o2; � � � ; �ot ) around (0; � � � ; 0) such
that each coordinate of P ( k

N
; �o2; � � � ; �ot ) is not in 1

N
Z except the �rst one that

is k=N . Since P (�1; �
o
2; � � � ; �ot ) is continuous in the variable �1, we can �nd �01

2 (k�1
N
; k
N
), �001 2 ( k

N
; k+1
N
) satisfying the condition (2).

We de�ne j : `�1Z=Z! H1(X
�
N ; f�i1g;Z)

`�1
2 for `�1Z = [n`�nZ by

j
� a
`n

�
=

�
v

�
a�

`n

��
�2�`�1=f�g

:

The following proposition is a homological variant of Proposition 2.0.2.

Proposition 2.1.2. H1(X
�
N ;Z)

`�1
2 (� H1(X

�
N ; f�i1g;Z)

`�1
2 ) is generated by the

image (under the map j) of

� a

`nj

�� j � 0; a 2 Z	
for any increasing sequence fnjg of positive integers and any subset Z of Z�`

with non-zero measure. In particular, H1(X
�
N ;Z)

`�1
2 is generated by the image of

j : `�1Z=Z! H1(X
�
N ; f�i1g;Z)

`�1
2 .

Proof. As discussed above, the subset f (a�
`n
)�2U jn � 1g are uniformly distributed

on (0; 1)U for all a 2 Z. Hence it is possible to �nd suitable n, m in fnjg
and a, b in Z such that vectors (a�

`n
)�2U , (

b�
`m
)�2U are close enough to two vec-

tors (�01; �
o
2; � � � ; �ot ), (�001; �o2; � � � ; �ot ) previously chosen in the lemma respec-

tively and, therefore, all coordinates of P ((a�
`n
)�2U), P ((

b�
`m
)�2U) are inside of the

same partitions except the �rst ones that are in consecutive partitions (k�1
N
; k
N
),

10



( k
N
; k+1
N
) respectively. Due to this result, we have

j(
b

`n
)� j( a

`m
) = ( [0]; � � � ; [0]; c(k=N); [0]; � � � ; [0] ) 2 H1(X

�
N ;Z)

`�1
2 ;

where the position of non-zero homology class corresponds to �. Since � and k

are chosen arbitrarily, we prove the proposition.

2.2 Special L-values and a theorem of L. Washington

For a Dirichlet character  , we de�ne

f (z) =

8><>:
P

n�1  (n)q
n Im(z) > 0;

�Pn�1  (�n)q�n Im(z) < 0

for q = exp(2�iz). As shown in [12, x4], the di�erential f (z)dz gives a cohomol-
ogy class !(f ) in H

1
c (X

�
N ;C), and we haveZ i1

�i1
f��(z)dz = �G(�)L(1; ��)

2�i
= �L(0; ��1��1):

Here G(�) is the Gauss sum de�ned by �. We de�ne a pairing between v in

H1(X
�
N ; f�i1g;Z) and ! in H1

c (X
�
N ;C) as follows:

hv; !i =
Z
v

!:

There are operators

0@1 r

0 1

1A acting on X�N for each r 2 `�1Z=Z de�ned by

z 7!
0@1 r

0 1

1A � z := z + r:

For any ! 2 H1
c (X

�
N ;C), we de�ne !

���
0@1 r

0 1

1A by the natural action of

0@1 r

0 1

1A
on H1

c (X
�
N ;C) induced from the one on X�N .

11



From the decomposition

f��(z) =
1

G(�)

X
a2(Z=`nZ)�

�(a)f�(z +
a

`n
);

we have

�L(0; ��1��1) =
1

G(�)

X
a2(Z=`nZ)�

�(a)

Z i1

�i1
f�(z +

a

`n
)dz (2.2.1)

=
1

G(�)

X
a

�(a)

Z
v( a
`n
)

f�(z)dz (2.2.2)

=
1

G(�)

X
a

�(a)
D
v
� a
`n

�
; !(f�)

E
: (2.2.3)

By the inversion formula we obtainD
v
� a
`n

�
; !(f�)

E
=

�1
`n�1(`� 1)

X
 mod `n

 �1(a)L(0; ��1 �1);

and hence it is algebraic. The pairing is an element of Q(�) because it is �xed

under the action of Gal(Q(�;  )=Q(�)).

Let k be the �nite �eld over Fp generated by � and the `-th root of unity.

There is an integer m such that �`1 \ k = �`m . Setting kj = k(�`m+j) and k1 =S
j�1 kj, we have Gal(k1=k) = �m := 1 + `mZ` with the action on �`1 given by

� 7! �t for t 2 �m.

Recall that B is a prime in Qp over p. Now assume that L(0; ��1��1) �
0modB for a Dirichlet character � of conductor `n and n � 2m. Multiplying

�(a) for a 2 �m and taking modulus B and Trkn=k, and using the fact

Trkn=k(�(a)) =

8><>:
[kn : k]�(a) if �(a) 2 �`m ;

0 otherwise

the formula (2.2.3) is reduced to

[kn : k]�(a)
X
�2�`�1

X
b2a�n�m

�n

��1(b)
�
v

�
b�

`n

�
; !(f�)

�
� 0modB

12



for all a 2 �m. Furthermore, writing down the representatives of the quotient

a�n�m=�n explicitly, we getX
�

X
c2Z=`mZ

��1(1 + `n�mc)
D
v
�a�
`n

+
�c

`m

�
; !(f�)

E
� 0modB:

Since 2(n�m) � n and (1+`n�m)c � 1+`n�mcmod `n, setting �(1+`n�m) = �m,

a primitive `m-th root of unity, we have

X
�

*
v
�a�
`n

�
;
X

c2Z=`mZ
�cm!(f�)

���
0@1 �c

`m

0 1

1A+ � 0modB: (2.2.4)

De�ne for any b 2 Z�`

f�;b(z) =

`mN�1X
r=0;r�b(`m)

�(r)qr

q`mN � 1
:

Above congruence (2.2.4) is written asX
�

D
v
�a�
`n

�
; !(f�;��1)

E
� 0modB (2.2.5)

for all a 2 �m because

f�;b(z) =
X

c2Z=`mZ
�cmf�

���
0@1 bc

`m

0 1

1A (z) =
1X
n=1

n�b�1(`m)

�(n)qn:

The function f�;b(z) has poles only at z = k
`mN

for 0 � k < `mN and (k;N) = 1

with residues
�(k)G(��1)(�b+1m �N)

k

N`m
:

Here �N is a primitive N -th root of unity. Note that the residues are algebraic

and p-integral. The de�nition of f shows that it goes to 0 as q goes to in�nity. In

other words, there is no holomorphic term in f�;b(q). Hence, we have the partial

fraction expansion

f�;b(q) =
X

(k;N)=1

�(k)G(��1)(�b+1m �N)
k

N`m(q � (�N�m)k)
:

13



Since the pairing is a Z-linear combination of residues of f�;b, above partial frac-

tion expansion of f�;b(q) guarantees p-integrality of the pairing hu; !(f�;b)i for
each u 2 H1(X

�
N 0 ;Z), and N

0 = N`m, and thus !(f�;b) 2 H1(X�N 0 ;Z(p)), where

Z(p) is the localization of Z at p.

Note also that vanishing mod B of the pairing on the whole homology group

hH1(X
�
N 0 ;Z); !(f�;b)i � 0modB

implies that all residues are congruent to 0 modulo B. Therefore non-existence

of holomorphic part in f�;b(q) forces us to conclude that f�;b � 0modB.

Now we prove Theorem 2.0.1. Let us assume the contrary that L(0; ��) � 0

modB for in�nitely many �'s. It implies that for in�nitely many integers n and

all a 2 �m we have X
�2�`�1

D
v
�a�
`n

�
; !(f�;��1)

E
� 0modB:

From the identity f�;�b(q) = f�;b(q
�1); i.e., f�;�b(z) = f�;b(�z), we haveD

v
�a�
`n

�
; !(f�;��1)

E
=

�
v

��a�
`n

�
; !
�
f�;(��)�1

��
;

and X
�2�`�1=f�1g



v
�a�
`n
�
; !(f�;��1)

� � 0modB:

By Proposition 2.6.2, we know that the linear map H1(X
�
N 0 ;Z)

`�1
2 ! Fp, which

is given by

(v�)� 7!
X

�2�`�1=f�1g
hv�; !(f�;��1)i modB

is zero. For a �xed �, we choose (v�)� 2 H1(X
�
N 0 ;Z)

`�1
2 such that v� = [0] if � 6= �

and v� is arbitrary. Then we have vanishing hH1(X
�
N 0 ;Z); !(f�;�)i � 0modB

and, hence, vanishing modB of f�;� for each � 2 �`�1, which is contradiction. So

we have proved the theorem.

14



Remark 2.2.1. Actually, in [36] Washington chose a1, a2 2 �m such that

Trkn=k(�(a1)L(0; �
�1��1)) 6= Trkn=k(�(a2)L(0; �

�1��1)):

As expressed before, this can be rewritten asX
�

D
v
�a1�
`n

�
; !(f�;��1)

E
�
X
�

D
v
�a2�
`n

�
; !(f�;��1)

E
6� 0modB:

Two numbers a1, a2 are chosen specially so that above di�erence of the sums over

�`�1 is equal to D
v
�a1�0
`n

�
; !(f�;��10 )

E
�
D
v
�a2�0
`n

�
; !(f�;��10 )

E
for a �xed �0 2 �`�1 and the last di�erence is nothing but a residue of f�;��10 . It

is not a coincidence that the proof of Lemma 2.1.1 is similar to the proof of the

Proposition 2 in [36] in choosing suitable a1, a2.

2.3 Zariski density on the torus Gm

In this section we are going to study the Zariski density property on the torus

Gm to apply it to the Washington's theorem. This method will give us another

way of getting non-vanishing in addition to the homological method.

Let A be a free Z-module of �nite rank and A� = Hom(A;Z). There is a

torus Gm 
 A = Spec(Z[tA
�
]). Given the pairing h� ; �i : A � A� ! Z de�ned

by ha; fi = f(a) and a basis fwig � A, fw�i g � A� the dual basis, we have the

isomorphism, Gm
A �= GrkA
m . More explicitly, the isomorphism is induced from

Z[tA
�

]! Z[t1; � � � ; tn]; tw�i 7! ti; n = rkA

and for a commutative ring R, we have an isomorphism Gm(R)
A �= Gm(R)
rkA

de�ned by � 
 x ! (xh�;w
�
i i)ni=1, and wi 
 x  (1; � � � ; x; � � � ; 1) with x in i-th

15



position. We have a commutative diagrams in which all the maps are injective :

Gm
x 7!1
x����! (Z[�`�1]
Gm)

�`�1x?? x??i :x 7!(�
x)�

�`1
j���! G�`�1

m

:

First row comes from the surjection

Z[t�
�
1 ; � � � ; t��n ]! Z[t; t�1]; t�

�
i 7! 1 for i 6= 1 and t�

�
1 7! t

and

R� ! Z[�`�1]
R�; x 7! 1
 x:

Second column comes from the surjection

Z[ft��i� g]! Z[t; t�1]; t�
�
i
� 7! t<�;�

�
i>

and

R� ! (Z[�`�1]
R�)�`�1 ; x 7! (�
 x)�2�`�1 ;

where f��i g is the dual basis of a �xed basis fwig of Z[�`�1]. This diagram is

commutative since 1
 �� = �
 � for � 2 �`1 and � 2 �`�1. Let us make a remark
that j is not an algebraic map and there is no morphism from Gm to G�`�1

m of

which restriction to �`1 is j. But after introducing i and having in mind the

commutativity of above diagram, we may regard j as a restriction of an algebraic

map. If V is the subscheme of (Z[�`�1]
Gm)
�`�1 de�ned by the equationsnY

�

tn�w� � 1
���Xn�� = 0; w 2 Z[�`�1]�

o
;

then each row is factorized through V and V \G�`�1
m ; i.e., the image is contained

in V and we have the diagram

16



Gm ���! V ���! (Z[�`�1]
Gm)
�`�1x?? x?? i

x??
�`1

j���! V \G�`�1
m ���! G�`�1

m

:

Here, V \G�`�1
m is the subscheme of G�`�1

m de�ned by the equation

S =
nY

�

tn�� � 1
���Xn�� = 0

o
;

and it is isomorphic to Gn
m by the isomorphism

Z[ft�; t�1� g]=hSi ! Z[t1; t
�1
1 � � � ; tn; t�1n ]; t� 7!

Y
i

t
ci(�)
i ;

where � =
P

i ci(�)�i, i.e. ci(�) = h�; ��i i. Then we restate the proposition 1.2 :

Theorem 2.3.1. The image of j : �`1 ! V \ G�`�1
m

�= Gn
m, � 7! (��i)ni=1 is

Zariski dense in Gn
m.

As mentioned in the introduction, the proof is an immediate consequence of

the Theorem 2.2 in [29]. The proof also can be established using the Dirichlet's

Theorem on the linear independence of characters by considering each formal

monomial t�, � 2 Z` as a character on �`1 .

2.4 Geometrical Argument: Modular version of Sinnott's

proof

In this section, we review the modi�cation of Sinnott's proof [29] of the theorem

1.1 due to Hida [9].

For a commutative ring R, let � : (Z=NZ)�!R� be an odd Dirichlet charac-

ter, � : Z�` ! �`1(R) and

��(t) =
1X
n=1

�(n)tn =

PN
a=1 �(a)t

a

1� tN :

17



Considering the group scheme Gm = Spec(Z[t; t�1]), we have ��(t) 2 OGm;1=R.
Note that from the well-known result of Euler, we obtain

��(1) = L(0; �) (2.4.1)

De�ne an R-valued measure d�� on Z` byZ
Z`

fd�� = (`�(`))�n
X

x2Z=`nZ
f(x)�(�xn);

where f : Z=`nZ ! R; i.e., f is a locally constant function on Z` and �n is the

primitive `n-th root of unity . Note that this de�nition is independent of Z=`nZ

where f is de�ned. For a primitive Dirichlet character � : (Z=`nZ)� ! R�, we

have Z
Z`

�d��(t) = (`�(`))�n
X
x

X
m

�(x)�(m)(�xnt)
m

= (`�(`))�n
X
m

� X
x2Z=`nZ

�(x)�mxn

�
�(m)tm

=
G(�)

(`�(`))n

X
m

��1(m)�(m)tm

Evaluating this sum at t=1, we haveZ
Z`

�d�� =
G(�)

(`�(`))n
L(0; ��1�):

Since � : Z` ! �`1 is trivial on �`�1, we haveZ
Z`

�d�� =

Z
Z`
�

�d�� =

Z
�

�d�	;

where � = Z`
�=�`�1, and d�	 is a measure on � associated with the formal

function 	 on �`1 such that

	(t) =
X

�2�`�1
�(t�) =

X
�2�`�1=f�1g

(�(t�) + �(t��)):
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In other words, Z
�

�d�	 =
X

x2 (Z=`nZ)�=�`�1
�(x)	(�xn):

Now we consider the case that R is the algebraic closure Fp of the �nite

�eld of characteristic p. Since � has a topological generator g, we have an 1-1

correspondence between the set of Dirichlet characters f � : �! �`1g and �`1 .
More explicitly, the correspondence is � 7! �(g) and if the conductor of � is `n;

i.e., ker(�) = 1 + `nZ` =: �n in �, then after �xing the primitive root of unity

in �`n for each n, the character � corresponds to a unique ��, which is an `n-th

root of unity and �(g)=�`�. We have isomorphisms

1 + `Z`
log�! `Z`; 1 + `Z`

exp � `Z`

and g = exp(`). As before, let m be the integer such that k \ �`1 = �`m . If

n � 2m and x = exp(`n�mz) 2 �n�m, then setting v = n �m we have 2v � n

and

�(x) = �(exp(`))`
v�1z = �`

vz
� = � log(x)� = �x�1�

since log(x) = (x� 1)+O((x� 1)2) and `2v j (x� 1)2. Here we de�ne

�a(t) =

P
r�a�1(`m) �(r)t

r

1� tN`m , where 0 � r < `mN

for a 2 Z`�. Following the similar process to obtain the formula (2.2.5), we have

the following proposition.

Proposition 2.4.1. Let n be the conductor of � and n � 2m. Then we haveZ
�

�d�	 = 0 if and only if
X

�2�`�1
��y(�

�y
� ) = 0 for all y 2 �:

Now we consider the regular function

F (ft�g) =
X
�

��;�(t
��1
� )
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on (Z[�`�1]
Gm)
�`�1 and

i�F (ft�g) =
X
�

��;�(t�)

on G�`�1
m . Suppose that Gm � V (F ); i.e., F is identically zero on Gm. Then

i�F is identically zero on �`1 . Since j(�`1) is Zariski dense in V \G�`�1
m , i�F is

identically zero on it. Since i�F is of the form in Gn
mX

�2�`�1=f�1g
��;�

 Y
i

t
ci(�)
i

!
+ ��;��

 Y
i

t
�ci(�)
i

!
;

and
Q

i t
ci(�)
i are pairwise Z-mutiplicatively independent, they cannot be identi-

cally zero on Gn
m. Hence, Gm * V (F ). We know that the equality L(0; ��) =

0modB implies that
P

���;�(�
�
�) = 0. Since these ��'s are in the Zariski closed

set Gm \ V (F ), we can conclude that there are �nite number of such ��'s.

Remark 2.4.1. The geometrical argument can be generalized to

2.5 Zariski density on the multi-dimensional torus

In this section, we try to generalize the previous discussions to totally real �eld

and to get the analogue of many proposition. Following [16], one is able to develop

a similar argument as before. Unfortunately, to get the non-vanishing result it

seems that there should be more research on a quotient measure obtained by the

unit group of the totally real �eld. There is an p-adic analytical approach which

is discussed in [2] but it is not yet reported for the proof to be settled completely.

First we consider a special rational function on a multi-dimensional torus

which is closely related to Hecke L-function over the totally real �eld F . Let F

be a totally real �eld of degree d over Q and OF the ring of integer of F . Denote

by (F 
 R)+ the subset of F 
 R ' Rd which is Rd+ and by A+ for any A � F

� F 
 R we mean A+ = A \ (F 
 R)+, the totally positive element of A.
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By a the Shintani decomposition of F we mean a �nite collection S of �nite

subsets V = fv1; � � � ; vrg � F+ such that (1) fvig is linearly independent over Q
(2) if we de�ne C(V ) = R+-span of V � (F 
R)+, then we have a disjoint union

(F 
 R)+ =
[

e2O�+

[
V 2S

eC(V ) or (F 
 R)+=OF�+ =
[
V 2S

C(V ):

For an integral ideal a, we have

a+ =
[

e2O�+

[
V 2S

e(a \ C(V )) or a+=OF�+ =
[
V 2S

(a \ C(V )):

For each V 2 S, de�ne

R(V; a) = a+ \
(X
v 2V

xvv 2 C(V )
����� xv 2 Q+; 0 < xv � 1

)
:

Then each element of a\C(V ) can be written uniquely in the form r +
P

v2V nvv

for some r 2 R(V; a) and integers nv � 0. Since the set R(V; a) is �nite, for a

ring A, we can de�ne a rational function on a
Gm=A = Spec(A[ta]) such that

�(a; �; t) =
X
V 2S

X
r2R(V;a)

�(r)trQ
v 2V (1� �(v)tv)

(2.5.1)

for � 2 Hom(a; A�). One of important feature of this rational function on the

multidimensional torus is that the evaluation at the point 1 2 Gm 
OF is the

special value of Hecke L-function of F . In other words, one de�nes a Dirichlet

series for � 2 as Hom(a;C�),

�(a; �; s) =
X

�2 a+=O�F

�(�)N(�)�s

and it can be showed that the Dirichlet series is de�ned in a right half plane of

C and can be analytically continued to entire C. Thanks to Shintani ([27]), one

obtains
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Theorem 2.5.1 ([27]). ��;a converges for some right half region of C , extends

to an entire function of s, and

�(�; a; 0) = �(a; �; 1):

In order to explain the multi-dimensional analogue of Zariski density result

(Theorem 2.3.1), we now consider the simplest case i.e. hF = 1 and ` is inert in

F . In this case, the class group ClF (`
1) is nothing but the quotient O`�=O�F of

unit group and d�� is a measure on O`. As we have done in abelian case, let A

= Fp. Let k be the �nite �eld over Fp generated by � and the `-th root of unity

and �`1 \ k = �`n0 , kj = k(�`n0+j), and K =
S
j�1 kj.

Since � = 1+`O` ' `O` has topological generators g1, � � � , gd, d = [F : Q], we

have an 1-1 correspondence between f � : �! �`1g and �d`1 ' OF 
�`1 . More

explicitly, the correspondence is � 7! (�(g1); � � � ; �(gd) ) and if the conductor of

� is `m i.e. ker(�) = 1+ `mO` =: �m in �, then � correspond to �
 �� for some
� 2 OF , which is in OF 
 �`m . In fact, we have the isomorphism

1 + `O` log�! `O`; 1 + `O` exp � `O`

and gi = exp(`wi), where fwi g is a Z`-basis of O`. If m � 2n0, n = m�n0, and
x = exp(`nz) 2 �n, z =

P
i aiwi, ai 2 Z`, then

�(x) =
Y
i

�(exp(`wi))
`n�1ai = �Tr(� log(x))� = �Tr(�(x�1))�

since log(x) = (x� 1)+O((x� 1)2) and `2n j (x� 1)2.

We can prove similar one as in abelian case.

To obtain similar result as in abelian case, we need following proposition,

which is an analogue of theorem in Sinnott[3].
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Proposition 2.5.2. Let f(t) =
P

i ait
�i, ai 2 Fp, �i 2 O` be a formal function,

and Z(f) be the set of zeros of f in OF 
 �`1. Then we have

Z(f) �
 [
i6=j

Z
�
t�i��j � 1

�! [ OF 
 �`n0 ;
where �`n0 = k \ �`1 and k is the �nite �eld over Fp generated by ai's and `-th

roots of unity.

Proof. Let k=Fp(ai; �`), �`n0 = k\�`1 and kn = k(�`n). If � 
 �n2OF 
 �`1 ,
n�n0+1, satis�es that for all i 6=j, Tr(��i)6=Tr(��j) mod `n, then taking Trkn=k

after multiplying �i 
 �n, we have

0 =
X
j

ajTrkn=k(�
Tr(��i���j)
n ) = ai[kn : k]:

Hence we have bi = 0 for all i. This means that

f�
 �n j 8i 6= j;Tr(��i) 6= Tr(��j)(`
n)grOF 
 �`n0 � OF 
 �`1 r Z(f):

Then we have

Z(f) � f�
 �n j 9i 6= j; Tr(��i � ��j) = 0(`n)g [ OF 
 �`n0

=

 [
i6=j
f�
 �n j Tr(��i � ��j) = 0(`n)g

!
[ OF 
 �`n0

=

 [
i6=j

Z(t�i��j � 1)

!
[ OF 
 �`n0 :

Let W be the set of roots of unity in O`� and OFfWg be the group ring over

W with coe�cients in OF . Then we have natural homomorphism. � : OFfWg !
OF [W ] and this induces that OF [W ]
Gm ! OFfWg 
Gm. We have

(OF 
Gm)
W �= OFfWg 
Gm; (�� 
 ��)� 7!

Y
�

�� � �
 ��:
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Consider the map OF 
 �`1 ! OFfWg 
 Gm de�ned by � 
 � 7! (�� 
 �)�.

Then the image is in the subvariety Y of OFfWg 
 Gm de�ned by functions

ft
 � 1j
 2 ker(�)g, which is isomorphic to OF [W ]
Gm. Let a1, � � � , an be the
maximal OF -linearly independent elements in W . Then the map OF 
 �`1! Y

is just the map OF 
 �`1! (OF 
 Gm)
n, � 
 � 7! (ai� 
 �)ni=1. From above

discussions, we are able to deduce the multi-dimensional version of the Theorem

2.3.1 as follows.

Proposition 2.5.3. the map OF 
�`1! (OF 
Gm)
n, �
 � 7! (ai�
 �)ni=1 has

a Zariski dense image.

Proof. First, we prove that for distinct �j 2 O`rf 0g , j = 1; � � � ;m, there exists

�2OF such that Tr(��i) 6= 0 for all i. Let fwig � OF be a Z`-basis of O` and
� =

P
i xiwi, xi 2 Z`. Then Tr(��i) =

P
j xjTr(�iwj). Set vi = (Tr(�iwj))

d
j=1,

d = [O` : Z`]. Then vi 6= 0. Now set Vi =
�
w 2 Qd j vi � w = 0

	
. Vi's are proper

subspace of Qd. Since Qd is not the union of �nite number of proper subspaces,

there exits (xi) 2 Qd, (xi) =2 Vi, 8 i. Then � =
P

j xj�j works.

Now, let the image be the zero set of a polynomial F (ftig). Then all elements
in OF 
�`1 are zeros of the formal function f(t) = F (ftaig). Set f(t) =Pi bit

�i .

We can choose � 2 OF such that Tr(�(�i � �j)) 6= 0 for all i 6= j. Then for

su�ciently large n, � 
 �n is not a zero of f by above proposition. Hence, f(t)

has to be zero. But since ai's are OF linearly independent, each monomial in

F (ftig) corresponds to di�erent term in f(t). Hence, F (ftig) � 0.

2.6 Vanishing of �-invariant

In this section, we apply the homological idea to determine �-invariant.

Let Zp be the integer ring of Qp and � be a uniformizer. Let X�N be the
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punctured cylinder C=Z� SN and XN = X�N [ f�i1g, where SN = fr=N j 1 �
r � N � 1g. Let v(r) be the vertical line r+ iR for r 2 Q=Z�SN and D0 be the

free abelian group generated by v(r). Then we have the surjective map

D0 ! H1(XN ; f�i1g;Zg ! 0;

where H1(XN ; f�i1g; R) is the �rst relative homology group, which is generated
by classes [v(r)]. For a primitive Dirichlet character  of conductor N , we de�ne

f (z) =

8><>:
P

n�1  (n)q
n Im(z) > 0;

�Pn�1  (�n)q�n Im(z) < 0

for q = exp(2�iz). As shown in [12, Section 4], the di�erential f (z)dz gives a co-

homology class !(f ) inH
1(X�N ;C) and furthermoreG( 

�1)!(f ) 2 H1(X�N ;Z[ ]).

Hence !(f ) is p-integral as long as (p;N) = 1. From the partial fraction expan-

sion of f ,

f (q) =

PN
r=1  (r)q

r

qN � 1
=

X
r2(Z=NZ)�

(N (r))�1G( )
q � �rN

;

we can think of !(f ) as an element in H1(XN ; Zp).

Now we have

p�1X
r=0

f 
�
z +

r

p

�
=
1X
n=1

 (n)
� p�1X
r=0

exp(
2�ni

p
)
�
qn = p (p)f (z):

Now we rewrite above sum using the Hecke operator T (p) as f jT (p) =  (p)f :

De�ne a pairing h�;�i : H1(XN ; f�i1g;Z) � H1(XN ; Zp) ! Zp such that

hv; wi = R
v
w. We de�ne a distribution � on Zp such that

� (a+ pmZp) =
1

 (p)m
hv� a

pm
�
; !(f )i:

Proposition 2.6.1. � is a measure on Zp. i.e. it is a bounded distribution.
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Proof. First, consider the sum

hv( a
pm

); !(f )jT (p)i = hv( a
pm

)jT (p); !(f )i =
p�1X
r=0

hv(a+ rpm

pm+1
); !(f )i:

This can be interpreted as the distribution relation:

� (a+ pmZp) =
p�1X
r=0

� (a+ rpm + pm+1Zp):

From the de�nition, we have j� (a + pmZp)jp = jhv� a
pm

�
; !(f )ijp � j!(f )jp,

where j!(f )jp is the maximum of jhv; !(f )ijp for v 2 D0. Hence � is bounded.

This �nishes the proof.

A power series G(�;T ) 2 Zp[[T �1]] is associated to a p-adic measure �. The

correspondence is that

G(�;T ) =

Z
Zp

T xd�(x):

Then we de�ne its �-invariant �(�) of a measure � as �(G(�;T )), the minimum

of the p-adic valuations of all coe�cients of G(�;T ). From this de�nition, we can

easily deduce that �(�) > 0 implies that � � 0 mod �. Let Z�p = �p�1�� be the

decomposition into a �nite subgroup �p�1 and a subgroup � without a torsion,

whose topological generator is 
. As did in [29], we de�ne a gamma transform of

� such that

�(�; s) =

Z
Z
�
p

hxi�sd�(x) =
Z
�

x�sde�(x);
where e� =

P
�2�p�1 � � �. We have �(�; s) = G(e� � 
x; 
�s) where 
x : � �! Zp.

De�ne the �-invariant of the Gamma transform as �(�(�; s)) := �(G(e� � 
x;T )):
We de�ne j : p�1Z=Z! H1(XN ; f�i1g;Z) p�12 for p�1Z = [np�nZ by

j
� a
pn
�
=
�
v
�a�
pn
��
�2U :

Let Z � Z�p and Mn(Z) be the submodule of V generated by the image under j

of
�
a
pn

�� j � 0; a 2 Z	. Now we state the homological independence.
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Proposition 2.6.2. For all su�ciently large n and any subset Z of Z�p with

non-zero measure, we have

Mn(Z) � H1(XN ;Z)
p�1
2 :

In particular, H1(XN ;Z)
p�1
2 is generated by the image of j.

Proof. See [31]

For any ! 2 H1(XN ; Zp), the vanishing hH1(XN ;Z); !i � 0 mod � implies

that ! � 0 mod �.

Need discuss basic facts about the p-adic L-function from [15].

Theorem 2.6.3. Let  be an odd character. We have �(�(� ; s)) = 0.

Proof. Assume on the contrary that we have �(�(� ; s)) > 0. This is equivalent

to say that e� � 
x � 0 mod �. Now for each a 2 � and m � 1, we have

e� (a+ pmZp) =
X

�2�p�1
� (�a+ pmZp) =

X
�

h!(f ); v
� a�
pm
�i � 0 mod �:

By Proposition 2.6.2, we can choose an arbitrary
�
p�1
2

�
-tuple (v�)� 2 H1(XN ;Z)

p�1
2

and, therefore get the vanishing hH1(XN ;Z); !(f ) + (�1)�!(f )i � 0 mod �.

So we have 2!(f ) � 0 mod � since  is an odd character and from the partial

fraction expansion of f we conclude that f � 0 mod �, which is the contra-

diction.

Corollary 2.6.4. The Iwasawa �-invariant is 0.

Proof. This comes from the formula [12, Theorem 1]

Lp(s;  !) = hNi�s�(� ; s):

Then � = 0 if and only if �(�(� ; s)) = 0 for all odd characters  .
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CHAPTER 3

Cyclotomic Modular L-values

It is remarkable that unlike the case of anti-cyclotomic twists of modular L-values

there has been almost no successful achievement on this subject for about thirty

years since Washington proved the theorem on the non-vanishing of Dirichlet L-

values. As Hida and Vatsal have successfully attacked the anti-cyclotomic case

with the machinery of Zariski density on the Hilbert modular Shimura variety

and the Ratner's ergodic theory on the p-adic Lie group, it would be reasonable

to think that it is required to develop new way of extending the original Ferrero-

Washington's argument. The possible approach to the case of cyclotomic modular

L-values could be hinted from the observation of the di�erent expressions for the

special L-values.

Usually the special L-values with anti-cyclotomic twists are described as the

evaluation of an automorphic form of GL(2) at the special divisors on the modular

variety such as the divisor of CM points. This is the reason why Zariski density

should be studied to get the non-vanishing property. On the other hand, one

would �nd that the special L-values of a modular form with Dirichlet twist is

expressible as a cup product pairing between a relative homology class on the

modular curve and a cohomology class associated with the modular form. This

topological point of view, called modular symbol approach, is not new and has

been utilized successfully by several mathematicians since it is invented by Mazur

and Swinnerton-Dyer ([18]). The toric or equivalently cylindrical analogue of the
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modular symbol approach, called abelian modular symbols, is explained well in

[12] and as we describe in Chapter 1, there is a nice homological argument to

deduce the non-vanishing. Therefore the natural step we could take next is the

generalization of the discussion in Chapter 1 to the case of modular L-values.

In this chapter, we shall try to adapt the idea of homological independence

to the situation of modular curves X0(N) or X1(N) instead of the cylinder X�N .

In order to achieve it, we �rst discuss about the basic properties of modular

symbols. Some algorithmic feature shall be explained and the conjectures about

homological independence in the modular curve setting which is the analogue

of Proposition 2.6.2 shall be presented. Finally under the assumption of these

conjectures the non-vanishing of complex L-values is discussed. To make things

simple, we restrict ourselves to the situation of modular forms of weight 2. Every

description in this chapter could be generalized to higher weight after introducing

coe�cient modules and we expect that similar results could be obtained. We

also expect that the homological independence can be applied to determine the

vanishing of �-invariant of p-adic modular L-functions using the discussions [19]

and [8].

3.1 Modular Symbols of weight 2

In this section, we describe modular symbols and some conjectures mentioned in

the introduction. Main references are [5] and [30]. We consider the homology

groups H1(X; fcuspsg;Z) and H1(X;Z) where X is the standard modular curve

X0(N) or X1(N) of level N . Observe that from the exact sequence

0 = H1(fcuspsg;Z)! H1(X;Z)! H1(X; fcuspsg;Z)
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we can regard H1(X;Z) as a submodue of H1(X; fcuspsg;Z). There is a relative
homology class f�; �g�, which is called a modular symbol of weight 2 for the

congruence group � = �0(N) or �1(N) correspondingly asX and is corresponding

to a geodesic connecting � and � in X. They enjoy the following properties for

all �, �, � 2 H� := H [ P1(Q):

1. f�; �g+ f�; �g+ f�; �g = 0

2. f�; �g = 0

3. f�; �g = �f�; �g.

The group SL2(Z) acts on the symbols canonically by the action on H� and the

action of � is de�ned to be trivial. It is well known that there is a surjective

homomorphism � : �! H1(X;Z) de�ned by 
 7! fz; 
(z)g� for any z 2 H� and
one has one more relation of modular symbols.

4. fz; ghzg = fz; gzg+ fz; hzg for all g; h 2 �.

Let M be the free abelian group generated by f�; �g. For the congruence

subgroup � � SL2(Q), we de�ne M2(�;Z) to be a quotient space of M by the

relations 
 �U�U for all g 2 � and U 2M. The Z-moduleM2(�;Z) is called the

space of modular symbols of weight 2 for �. For a general ring R, we can de�ne

M2(�; R) in a similar way. The complex vector space M2(�;C) is canonically

isomorphic toM2(�;Z)
C. Let B be the free Z-module

f�g��� 2 P1(Q)�. The

action of SL2(Q) on B is similar as before and hence we de�ne B2(�;Z) in the

same way. We consider the canonical boundary map @ :M! B given by

@ : f�; �g 7! f�g � f�g:

Let S2(�;Z) = ker @. It is called the space of cuspidal modular symbols. Then we

have
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Proposition 3.1.1 ([22],[30]). We have the exact sequences

0! S2(�;Z)!M2(�;Z)
@! B2(�;Z) �! Z! 0;

where �(
P

i cif�ig) =
P

i ci and we have the isomorphism

S2(�;Z) ' H1(X;Z):

We de�ne a pairing between S2(�)� S2(�) andM2(�;C) as follows.

hf1 + f2; f�; �gi =
Z �

�

f1(z)dz +

Z �

�

f2(z)dz;

where f1 2 S2(�), f2 2 S2(�). Generally speaking, the pairing is degenerate. The
space of elements E 2 M2(�;C) such that hf; Ei = 0 for all f is the space of

Eisenstein elements. But if we restrict ourselves to the space S2(�;C), one has
the non-degeneracy of the pairing as follows :

Theorem 3.1.2 ([22]). The pairing h� ; �i is non-degenerate when it is restricted

to S2(�)� S2(�)� S2(�).

Observe that j�1�j = � for j =

0@�1 0

0 1

1A. De�ne an operator � on g 2 �

and z 2 H such that g� = j�1gj 2 � and z� = � z 2 H. One obtains that

(gz)� = g�z�. Therefore the operator � gives a well-de�ned involution on X and

on the modular symbols. Similarly the involution � has an action on S2(�)� S2(�)
such that f �(z) = f(z�) for f 2 S2(�)� S2(�). It satis�es the followings:

f �jg = (f jg�)�; hf �; 
�i = hf; 
i for g 2 � and 
 2M2(�):

Therefore the involution � interchanges forms between S2(�) and S2(�). The

e�ect of the involution on the q-expansion of f 2 S2(�) is

f �(q) =
1X
n=1

a(n; f)qn:
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3.2 Manin Symbols

In this section, we discuss a special class of modular symbols, so called Manin

symbols. The basic references are [20] and [5]. A Manin symbol [
] for 
 2 SL2(Z)

is de�ned as

[
] = 
 � f0;1g = f
(0); 
(1)g 2 H1(X; fcuspsg;Z):

Each modular symbol is actually a rational homology class from the Manin-

Drinfeld theorem. In particular, the Manin symbol is also in H1(X;Q).

Theorem 3.2.1 ([17]). All modular symbols are Q-linear combinations of ho-

mology classes. In other words, we have

M2(�;Z) � H1(X;Q):

The right action of 
 2 SL2(Z) on Manin symbols [
0] is de�ned as [
0] � 
 =

[
0
]. With the matrices � =

0@0 �1
1 0

1A and � =

0@1 �1
1 0

1A, we have the following
relations between Manin symbols for all 
 2 SL2(Z) :

[
] + [
]� = 0 and [
] + [
]� + [
]� 2 = 0: (3.2.1)

And these are all possible relations between Manin symbols (see [20]). Let f
ig
be a right coset representative of � in SL2(Z). Since [
0
] = [
] for all 
0 2 �,

a Manin symbol is equal to a unique [
i] for some i. With the computational

viewpoint, Manin's symbol is very practical to implement. The advantage of

making use of the Manin symbol is that every modular symbols are representable

as a linear combination of Manin symbols as follows.

For an arbitrary modular symbol f�; �g, we split them into two parts f�; �g =
f0; �g � f0; �g. Hence we may consider the symbols of the form f0; �g. Now
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let us consider the continued fraction expansion of � and

�
pj
qj

��� � 2 � j � k

�
be the convergent of the expansion with the convention p�2 = q�1 = 0 and

p�1 = q�2 = 1. The following identity is well-known:

pjqj�1 � pj�1qj = (�1)j�1 for � 1 � j � k:

Now setting 
j =

0@(�1)j�1pj pj�1

(�1)j�1qj qj�1

1A 2 SL2(Z), one has

f0; �g =
kX

j=�1

�
pj�1
qj�1

;
pj
qj

�
=
X
j

f
j � 0; 
j � 1g =
X
j

[
j]:

Therefore any modular symbol in H1(X0(N); fcuspsg;Z) can be expressed in

terms of Manin symbols. Since each homology class is expressible as a modu-

lar symbol and each Manin symbol is a rational homology class by the Manin-

Drinfeld theorem, we have the complete description of H1(X;Q) using the the

basic relation (3.2.1).

One is also able to give a description of H1(X;Z) using Manin symbols. The

modular symbol space M2(�;Z) is generated by the Manin symbols and the

integral homology group H1(X;Z) is nothing but the kernel of @ :M2(�;Z) !
B2(�;Z) by Proposition 3.1.1. Once the basis of M2(�;Z) is chosen explicitly,

the computation of null space of the boundary map @ is an elementary linear

algebra. Now let us specialize the discussion to the case of � = �0(N).

From Proposition 1.42 in [25], we have the list of coset representatives for

�0(N) as follows:8<:
0@a b

c d

1A����� (c; d) = 1; djN; 0 � c <
N

d
with ad� bc = 1

9=; :
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We choose more speci�c elements such that8<:
0@1 0

c 1

1A;
0@0 �1
1 d

1A;
0@� �
u v

1A����� 0 � c < N; 0 � d < N; (d;N) > 1

2 < u < N; u j N; (u; v) = 1; (v;N) > 1

9=;
where the third elements have the equivalence relation0@� �

u v

1A �
0@� �
u0 v0

1A if uv0 � u0vmodN:

In total, every Manin symbols are written as [c; 1], [1; d], [u; v] with the condition

in the above coset representatives.

3.3 Homological Independence

Now we consider modular symbols
n
0;
a

`n

o
for an integer a with gcd(a; `) = 1

and n � 1. Since

0@1 1

0 1

1A 2 � and fu; vg = 0 for all integers u, v, it is of no

harm to think of a as an element of Z�` . We consider the map

jn :
`�nZ
Z
! H1(X; fcuspsg;Z) `�12 ; a

`n
7!
�na�

`n
;1
o�

�2�`�1=f�1g

and the submodule Mn(`) of H1(X;Z) generated by the image of jn. Then let us

state the conjecture which is an analogue of the Proposition 2.2.

Conjecture 3.3.1. For almost all prime p, the p-adic valuation

vp

��
H1(X;Z)

`�1
2 :Mn(`)

��
is 0 for all odd prime ` for all su�ciently large n.

In order to obtain more concrete statement, we consider a slight di�erent

situation. Let � = �0(N). For an integer a with gcd(a; `) = 1, there are integers
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u, v such that 
 =

0@ u a

Nv `n

1A 2 � for each n. The image under � of this

element is f0; 
(0)g = f0; a
`n
g 2 H1(X0(N);Z). Let Mn(`) be the submodule of

H1(X0(N);Z)
`�1
2 generated by the modular symbols��

a�

`n
;
b�

`n

��
�2�`�1=f�1g

with a, b 2 1+`mZ` for some �xed positive integerm. We set �(N) =
Q

qjN(q�1),
where q is a prime divisor of the integer N . Then we consider another conjecture

related to previous one.

Conjecture 3.3.2. For all prime p 6 j �(N) and odd prime `, we have

vp

��
H1(X0(N);Z)

`�1
2 ) :Mn(`)

��
= 0

for all su�ciently large n.

Consider the case N = 11. The modular curve X0(11) is of genus 1 with cusps

0 and 1. Hence the rank of H1(X0(11);Z) is 2. The right coset representative

of �0(11) in SL2(Z) is0@1 0

0 1

1A ;

0@1 0

1 1

1A ;

0@1 0

2 1

1A ; � � � ;
0@ 1 0

10 1

1A ;

0@0 �1
1 0

1A
and the corresponding modular symbols are

f0;1g; f0; 1g = 0;
n
0;
1

2

o
; � � � ;

n
0;

1

10

o
; f1; 0g:

Since every elements in H1(X0(11);Z) are linear combination of the above Manin

symbols which are in H1(X0(11);Q) except the �rst and last ones, one can con-

clude that H1(X0(11);Z) is generated by them except f0;1g.

One can expand the rational number a
`n

in continued fractions and hence rep-

resent each modular symbol f0; a
`n
g as the linear combination of Manin symbols.
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For example, we have 11=73 = [0; 31; 5; 2] and their convergents are 1=31, 5=156,

11=73. From this, in H1(X0(11);Z) one obtains

�
0;
11

73

�
=

�
0;

1

31

�
+

�
1

31
;
5

156

�
+

�
5

156
;
11

73

�
=

240@1 0

9 1

1A35+ 0 + 0:

We are able to verify the following proposition on some special case of above

conjectures.

Proposition 3.3.3. The index [H1(X0(11);Z) : Mk(3)] is 1 or 5 for all su�-

ciently large k.

Proof. The module H1(X0(11);Z) is a free module with basis

[8] =
n
0;
1

8

o
; [9] =

n
0;
1

9

o
:

We consider a submodule of Mk generated by
n
1+a�3k�2

3k
; 1+b�3

k�2

3k

o
for a; b = 1, 2,

4, 5, 7, or 8. By considering the continued fraction expansion of 1+a3k�2

3k
, we have

the following calculations for su�ciently large k :n
0;
1 + 3k�2

3k

o
= [8] + [�8�19] + [9�1(3k�2 � 1)] + [�(3k�2 � 1)�13k]:n

0;
1 + 2 � 3k�2

3k

o
= [4] + [�4�19] + [9�1(3k�2 � 5)]

+ [(�3k�2 + 5)�1(�1 + 2 � 3k�2)] + [(1� 2 � 3k�2)3k]:n
0;
1 + 4 � 3k�2

3k

o
= [2] + [�2�19] + [9�1(3k�2 � 7)]

+ [(�3k�2 + 7)�1(2 + 3k�2)] + [(2 + 3k�2)(�1 + 4 � 3k�2]:
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n
0;
1 + 5 � 3k�2

3k

o
= [�2] + [2�17] + [�7�19] + [9�1(3k�2 � 2)]

+ [(�3k�2 + 2)�1(1 + 4 � 3k�2)] + [(1 + 4 � 3k�2)�13k]:n
0;
1 + 7 � 3k�2

3k

o
= [�4] + [4�15] + [�5�19] + [9�1(3k�2 � 4)]

+ [(�3k�2 + 4)�1(1 + 2 � 3k�2)] + [(1 + 2 � 3k�2)�13k]:n
0;
1 + 8 � 3k�2

3k

o
= [�9] + [9�1(3k�2 � 8)]

+ [(�3k�2 + 8)�1(1 + 3k�2)] + [(1 + 3k�2)�13k]:

Here by [m] we denote

240@ 1 0

m 1

1A35 and the inverse in the argument is the inverse

modulo 11. Since [m] depends only on m modulo 11, we conclude that the index

divides 5 from the following calculations:

When k � 0mod 5,n1 + 2 � 3k�2
3k

;
1 + 4 � 3k�2

3k

o
= �5[9];

n1 + 4 � 3k�2
3k

;
1 + 5 � 3k�2

3k

o
= [8] + 2[9]:

When k � 1mod 5,n1 + 3k�2

3k
;
1 + 2 � 3k�2

3k

o
= �[8] + 3[9];

n1 + 4 � 3k�2
3k

;
1 + 5 � 3k�2

3k

o
= [8] + 2 � [9]:

When k � 2mod 5,n1 + 3k�2

3k
;
1 + 2 � 3k�2

3k

o
= 2[8]� [9];

n1 + 4 � 3k�2
3k

;
1 + 5 � 3k�2

3k

o
= [8] + 2 � [9]:

When k � 3mod 5,n1 + 2 � 3k�2
3k

;
1 + 4 � 3k�2

3k

o
= �[8]+3[9];

n1 + 4 � 3k�2
3k

;
1 + 5 � 3k�2

3k

o
= �2[8]+[9]:

When k � 4mod 5,n1 + 2 � 3k�2
3k

;
1 + 4 � 3k�2

3k

o
= �3[8]�[9];

n1 + 7 � 3k�2
3k

;
1 + 8 � 3k�2

3k

o
= �[8]�2[9]:

This �nishes the proof.
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A similar argument can be used to calculate the index for higher level and

larger prime powers. In the last section we discuss how to compute the index

and check the meaning of the result of computations.

3.4 Modular L-function twisted by Dirichlet characters

Let f be a cusp form of type (k;N; �). It has the q-expansion

f(z) =
1X
n=1

a(n; f)qn; q = exp(2�iz):

To the cusp form f and a Dirichlet character � with conductor D, an L-function

twisted by � is associated such that

L(s; f; �) =
1X
n=1

�(n)a(n; f)

ns

for some right half region of C. Setting �(s; f; �) = (D2N)s=2(2�)�s�(s)L(s; f; �)

and f�(z) =
P1

n=1 �(n)a(n; f)q
n, one shows that it is the Mellin transform of f�

which is of type (k;N; ��2):

�(s; f; �) = (D2N)s=2
Z 1
0

f�(iy)y
sdy

y
: (3.4.1)

Furthermore �(s; f; �), hence, L(s; f; �) can be analytically continued to the

entire C and satis�es the functional equation (see [25])

�(s; f; �) = ik�(D)�(N)D�1G(�)2�(k � s; f jWN ; �)

where WN =

0@ 0 �1
N 0

1A and G(�) =
PD�1

r=0 �(r) exp(2�ir=D).

Let � be a Dirichlet character with `-power conductor and f be a normalized

eigen cusp form of level N with weight 2. The �eld Kf generated by the Fourier

coe�cient a(n; f) is a �nite extension of Q. From the expression (3.4.1) one gets
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the integral representation of the special L-values L(f; �; 1) as follows:

L(f; �; 1) = 2�i

Z i1

0

f�(z) dz: (3.4.2)

It is well-known fact ([12]) that there exists a transcendental period 
f 2 C such

that
L(f; �; 1)

2�i
f
is algebraic over Q and for � 2 Gal(Q=Q), one has

�
L(f; �; 1)

2�i
f

��
=
L(f�; ��; 1)

2�i
f

where f�(q) =
P1

n=1 a(n; f)
�qn is also an eigen cusp form.

3.5 Non-vanishing of Cyclotomic L-values

In this section, we study the non-vanishing of complex L-values twisted by

Dirichelt characters of prime power conductors assuming the conjectures. From

now on we restrict ourselves to the case of modular form with weight two. The

present discussion can be extended to higher weights by introducing the coe�-

cient module and the extension of de�nition of modular symbols with coe�cient

module [22]. Following the discussions in [1], we hope to be able to get the mod

p non-vanishing result.

Let  be the restriction of � to �`�1 � (Z=`nZ)�. The integral representation

of the L-value in (3.4.2) can be written as

L(f; �; 1)

2�i
f
=

1


f

Z i1

0

f�(z) dz

=
1

G(��1)

X
r

��1(r)
1


f

Z i1

0

f
�
z +

r

`n

�
dz

=
1

G(��1)

X
r

��1(r)
1


f

Z i1

r
`n

f(z) dz

=
1

G(��1)

X
r

��1(r)
1


f

D
f;
n r
`n
;1
oE

: (3.5.1)
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Arguing with the inversion formula for �, we are able to check that the pairing
1


f

D
f;
n r
`n
;1
oE

is algebraic and for � 2 Gal(Q=Q), we have

�
1


f

D
f;
n r
`n
;1
oE��

=
1


f

D
f�;
n r
`n
;1
oE

:

In order to establish the non-vanishing of the complex L-values by deducing a

contradiction, we assume that the complex values L(f; �; 1) are zero for in�nitely

many �'s with the �xed  = �j�`�1 . By multiplying �(v) for v 2 1 + `Z` and

applying � 2 Gal(Q=Kf ( )) to the formula (3.5.1), we haveX
r2(Z=`nZ)�

���(rv�1)
1


f

D
f;
n r
`n
;1
oE

= 0

for in�nitely many �'s. Adding up the last equality for � 2 Gal(Kf (�)=Kf ( ))

and decomposing (Z=`n)� = �`�1 � �=�n with �n = 1+ `nZ and � = 1 + `Z, we

have X
�2�`�1

 �1(�)
X

r2�=�n
Tr

Kf (�)=Kf ( )
(��1(rv�1))

1


f

D
f;
nr�
`n
;1
oE

= 0:

Let m be the largest integer such that �`m � Kf ( ). The easy calculation shows

that for r 2 �, we have

Tr
Kf (�)=Kf ( )

(��1(r)) =

8><>:
[Kf (�) : Kf ( )]�

�1(r) if r 2 �n�m

0 otherwise

:

Therefore the last equality reduces toX
�2�`�1

 �1(�)
X

r2�n�m=�n
��1(r)

D
f;
nrv�
`n

;1
oE

= 0:

Writing down the representatives of the quotient �n�m=�n explicitly, we haveX
�

 �1(�)
X

c2Z=`mZ
��1(1 + `n�mc)

D
f;
nv�
`n

+
cv�

`m
; 1

oE
= 0:
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Since there are in�nitely many �'s which give the vanishing, we may assume that

n > 2m and, then, ��1(1 + c`n�m) = �cm for a primitive `m-th root �m of unity.

We arrange the last equality as

X
�

 �1(�)
X

c2Z=`mZ
�cm

*
f
���
0@1 cv0�

`m

0 1

1A;nv�
`n
; 1

o+
= 0:

Here v 2 v0(1 + `mZ). Denote by fa(z) for a 2 Z�` the sum

fa(z) =
X

c2Z=`mZ
�cmf

���
0@1 ac

`m

0 1

1A(z) = X
n�a�1(`m)

anq
n:

As is shown in [12], one can show that if f 2 S2(�1(N)), then fa 2 S2(�1(N`2m))

as follows : Let 
 2 �1(N`
2m), say 
 =

0@a b

c d

1A. Then we have


0 =

0@1 v
`m

0 1

1A0@a b

c d

1A0@1 �d2v
`m

0 1

1A =

0@a+ c v
`m

b+ dv
`m
� d2v

`m
(a+ cv

`m
)

c d� cd2v
`m

1A :

From this calculations, one can show that

faj
 =
X

c2Z=`m0Z

�cmf
���
0@1 ac

`m

0 1

1A 
 =
X

c2Z=`mZ
�cmf

���
0
0@1 acd2

`m

0 1

1A = fa:

Since f 2 S2(�1(N)) and d � 1 mod N`2m, we conclude that fa 2 S2(�1(N`2m)).
Considering the sum over �`�1=f�1g, from the last equality we haveX

�2�`�1=f�1g
 �1(�)

D
fv0�;

nv�
`n
; 1

oE
+  �1(��)

�
f�v0�;

n�v�
`n

; 1
o�

= 0:

The second pairing, z being replaced with z� = � z, equals

 �1(��)
D
f ��v0�;

nv�
`n
; 1

oE
and the last vanishing is equal toX

�2�`�1=f�1g

D
 �1(�)fv0� +  �1(��) f ��v0� ;

nv�
`n
;1
oE

= 0: (3.5.2)

Now we are ready to verify the non-vanishing of the complex L-values.
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Theorem 3.5.1. Assuming the conjectures, we have

L(1; f; �) 6= 0

for almost all Dirichlet characters � of conductor `-power with a �xed  .

Proof. From Theorem 3.1.2, one is able to �nd a unique element 
 2 S2(�1(N)) =

H1(X1(N`
2m);C) such thatZ




g(z)dz = a(1; g); and

Z



h(z)d�z = 0

for all g 2 S2(�1(N`
2m)) and h 2 S2(�1(N`2m)). We choose 
 so that it cor-

responds to the linear functional S2(�1(N`
2m);C) ! C given by g 7! a(1; g).

Similar choice of 
0 2 S2(�1(N`2m);C) can be made so thatZ

0
g(z)dz = 0; and

Z

0
h(z)d�z = a(1; h ):

For an arbitrary Hecke operator T and its action on 
, the conjecture enables us

to choose vj 2 1 + `mZ` and cj 2 C, �0 2 �`�1=f�1g and n such that

X
j

�
cj

nvj�
`n
;1
o�

�
= (0; 0; � � � ; [T
]; � � � ; 0) 2 H1(X1(N`

2m);Z)
`�1
2

where the non-trivial position corresponds to �0. Setting T = T (r), the standard

Hecke operator for a positive integer r, the vanishing (3.5.2) becomes

0 =


 �1(�0)fv0�0 +  �1(��0) f ��v0�0 ; T (r)


�
=


 �1(�0)fv0�0 jT (r) +  �1(��0) f ��v0�0 jT (r) ; 


�
= �1(�0)a(r; fv0�0)

Hence a(r; fv0�0) = 0 and similar calculations for 
0 give us

a(r; f ��v0�0) = a(r; f�v0�0) = 0:
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Since f =
P

v0;�
fv0� + f�v0� and a(r; fv0�) = a(r; f�v0�) = 0 for all �, r and

v0 2 (1 + `Z`)=(1 + `mZ`), we have f = 0 which is the contradiction. Therefore

we conclude the theorem.

Using the Proposition 3.3.3, we obtain

Corollary 3.5.2. For a mormalized eigen cusp form f 2 S2(�0(11)), we have

L(1; f 
 �) 6= 0

for almost all Dirichlet characters � of 3-power conductors with a �xed  =

�jf�1g.

Proof. Recall that f(z) = (�(z)�(11z))
1
12 since S2(�0(11)) is one-dimensional

and spanned by f . In the previous proof, we have Kf ( ) = Q. Therefore m = 0

and the formula (3.5.2) becomesD
f + f � ;

n a
3n
;1
oE

= 0

for all a 2 1+3Z3 and in�nitely many n's. From the Proposition 3.3.3, we verify

the corollary in the same way of the theorem.

3.6 Numerical Computation

In this section, we describe how we verify the conjecture computationally. We

have the boundary map

� :M2(�0(N);Z)! D0; f�; �g 7! f�g � f�g

for the abelian group D0 � B2(�;Z) of divisors with zero degree of X0(N) sup-

ported on P1(Q). From Proposition 3.1.1, one shows that

ker(�) = S2(�;Z) = H1(X0(N);Z):
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From the coset representatives of �0(N) in SL2(Z) described in Section 3.2, the

explicit generators of H1(X0(N); fcuspsg;Z) � H1(X0(N);Q) and hence the

explicit generators of ker(�) can be obtained using continued fraction expan-

sions. Using the basis of H1(X0(N);Z) consisting of the linear combinations

of Manin symbols and the lattice reduction algorithm for Mn(`), we checked

the index [H1(X0(N);Z)
`�1
2 : Mn(`)]. Recall that Mn(`) is the submodule of

H1(X0(N);Z)
`�1
2 generated by the `�1

2
-tuples

��
v�
`n
; w�
`n

	�
�2�`�1=f�1g for v, w in a

subset Z of 1 + `Z with non-trivial measure.

Note that if one tries to obtain the index, the required number of elementary

calculations increases exponentially as n grows. In order to avoid a huge amount

of operations, instead of computing Mn(`), we consider its submodule which

is reasonably simpler than Mn(`). In fact we have considered the submodule

generated by n1 + a � `k�3
`k

;
1 + (a+ 1) � `k�3

`k

o
2 H1(X0(N);Z)

for 1 � a � `3� 1 and k� 3 > v`(N) under the condition that `3 > 2g where g is

the genus of X0(N). Recall that the Z-rank of H1(X0(N);Z) is 2g. For the larger

g, we choose `4 or even larger `-power. The above memberships come from the

criterion for the equivalence among cusps of X0(N) which can be found in [5].

Proposition 3.6.1 ([5]). Let �, � 2 Q be two cusps of X0(N) with the reduced

form � = a
c
and � = b

d
. Then the two cusps are equivalent if and only if there

exists a u with (u;N) = 1 such that

c � udmodN; and ua � bmod (c;N):

Although the new index should be divisible by the index

�
H1(X0(N);Z)

`�1
2 :Mn(`)

�
; (3.6.1)
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in many cases of small prime number `, it turned out that they are same.

It seems to be worthwhile to remark that when the level N is a prime number,

the prime divisors of the index is Eisenstein in the sense of [21]; i.e., the prime

divisors of the numerator of N�1
12

. In the following table, we list the possible

prime factors p of the index (3.6.1) in the last column according to N and `k.

The blanks in the table represent for the repetition of the previous numbers.
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Table 3.1: Prime Divisors of the Index

N genus ` k0 p N genus ` k0 p

11 1 5 100 5 5 � 7 3 5 100 2; 3

7 100 7 70

11 100 11 50

13 100 3 � 13 3 5 100 2

17 70 7 100

2 � 7 1 5 100 3 41 3 5 100 2; 5

7 100 7 100

11 100 2 � 5 � 7 9 5 100 2; 3

13 70 7 70

3 � 5 1 5 100 2 11 70

7 100 71 6 5 100 5; 7

11 70 7 75

17 1 5 100 2 7 � 11 7 5 70 2; 3; 5

7 100 7 60

11 100 103 8 5 100 17

2 � 11 2 5 100 5 7 100

7 100 3 � 5 � 7 13 5 80 2; 3

11 100 7 80

23 2 5 100 11 11 50

7 100 13 75

11 100

3 � 11 3 5 100 2; 5 52 � 7 15 5 100 2; 3

7 100 7 100

11 70 11 75

13 100 5 � 72 21 5 100 2; 3
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CHAPTER 4

Anti-cyclotomic Modular L-values

The original equi-distribution argument by Ferrero andWashington is successfully

generalized by Vatsal, who uses ergodic theory on p-adic Lie group to get the

information on the �-invariant of p-adic anti-cyclotomic L-functions. Using the

Gross-Zagier formula, Vatsal relates the special L-values to a sum of character

and values of modular form at Heegner points on the Gross curve. On the other

hand, a geometric interpretation of Sinnott's argument is devised by Hida as the

Zariski density property of CM points on a Hilbert modular Shimura variety and

this is one of main ingredient in the result of non-vanishing of Hecke L-values

with anti-cyclotomic twists of `-power conductors.

In this chapter, we prove the Theorem 4.8.3, which concerns the non-vanishing

mod p of the special values of L-functions associated with an eigencusp form on

GL2(A) with anti-cyclotomic twists of `-power conductors. Instead of Gross-

Zagier formula we have used Harris-Kudla formula to get an expression of special

L-values. The advantage of the use of Harris-Kudla formula is that we are able

to consider weights higher than 2. Let us give a brief explanation about how the

Zariski density plays a role in proving the non-vanishing of L-values.

We consider an eigencusp newform f for the congruence group �0(N) and set

� as a set of Heegner (CM) points associated with K of `-power conductors. The

special value L(1; f; ��) which is a Rankin product of f and the theta series �� of

the ring class character � has a nice analogue of the formula (2.4.1). Check the
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Theorem 4.7.7.

Let Z be the inverse limit lim
 �n

Pic(O`n) of ring class groups of an imaginary

quadratic �eld K with `-power conductors (see section 3.1), which has the de-

composition Z = �� � such that � is �nite and � is torsion-free subgroup with

a topological generator. There is an injection Z ,! X0(N)=Fp , a 7! [a ], of which

the image is a collection � of special points, so-called CM or Heegner points

on X0(N) of `-power conductors. Then for a certain algebraically independent

subset U of � and the U -copy, X0(N)U of X we consider the twisted diagonal

map

Z ! X0(N)U ; a 7! [ � � a ]�2U :

The Zariski density result due to Hida [10] is that the image of the previous map

is Zariski dense in X0(N)U . Check the Theorem 4.3.3 for the precise statement.

If one assumes the contrary of the non-vanishing result, i.e. Theorem 4.8.3,

then by following the standard treatment by Sinnott we deduceX
�2U

f�([ �a ]) � 0 (modB )

for each a 2 � and some functions f� obtained from f . Therefore the Zariski-

density result enable us to conclude that f� � 0 (modB ) for each � 2 U . From
this one may deduce that f � 0 (modB ) which is not the case and, hence, one

is able to conclude the non-vanishing result.

With the assumption that dK is odd and f is an eigen cusp form of weight k

for the group SL2(Z), we show in Section 4.8 that

Theorem 4.0.2 (Theorem 4.8.3). With the previous restrictions and split prime

` in K we have the followings. For almost all anti-cyclotomic � of `-power con-

ductor with a �xed restriction to �, we have

�k�1L
�
1
2
; �f 
 �(�0)

�

2k

6� 0 mod B;
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where L(s; �f 
 �(�0)) is a Rankin-Selberg L-function for two automorphic rep-

resentations �f and �(�0).

We expect to be able to extend the result to the case of non-trivial level N

which is square-free and its prime divisors split in K. Furthermore, it would be

natural that one expects to extend above discussion to the case of quaternionic

Shimura curve. The main di�culty in such extension is that the corresponding

modular form doesn't have q-expansion as the complex points of the Shimura

curve is compact. In the �rst few sections, we review the Shimura variety obtained

from a quaternion algebra over Q and the description of Heegner (CM) points on

it and automorphic representation associated with an eigencusp form.

4.1 Shimura Curves

Let D be a quaternion algebra over Q. In other words, D is a central simple

algebra of rank 4 over Q. For a place v of Q, set Dv = D 
Qv. Note that for

a prime p, Dp is either a division algebra over Qp or a matrix algebra M2(Qp).

In this case, p is said to be rami�ed or p is said to split respectively. D is said

to be inde�nite if it splits at 1 and to be de�nite if it is rami�ed at 1. By

the discriminant N� of D, we denote the product of all rami�ed primes p. An

embedding h : K ,! D exists if and only if K 
Qv is a �eld for all v jN�. In

particular, all imaginary quadratic �elds have an embedding into M2(Q).

Let D be an inde�nite quaternion algebra over Q. For each split prime q, �x

an isomorphism �q : Dq ! M2(Qq). The order Rq = ��1q ( M2(Zq)) is a maximal

order of Dq. There is a unique maximal order in Dq for rami�ed prime q. The

isomorphism �q is chosen so that R0 = D \Qq Rq is not empty. Then R0 is a

maximal order of D. For a (square-free) integer N+ prime to the discriminant
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N�, an Eichler order R of level N+ is de�ned to be

R =
n
x 2 R0

����q(x) �
0@� �
0 �

1Amod q for all q jN+
o
:

From the strong approximation theorem, one can deduce

D(A)� = D� � ( bR� � (D�1)
+):

We consider a homogeneous space S = C�R = H[ H on which the group D�

acts. Here H is the upper half plane of C. Using the isomorphism �1 : D1 !
M2(R), there is an action of the group D� on S. We observe that S can be

identi�ed with the set of algebra homomorphisms Hom(C; D1) as follows : Any

algebra homomorphism s : C ! D1 gives rise to a group action of C� on S.

There are two common eigenvectors (z; 1)t, ( z; 1)t for all elements 
 of s(C�).

Its eigenvalues are j(
; z) or j(
; z) respectively. Since the eigenvalues of s(i) are

i and �i, we can choose the homomorphism s so that j(s(i); z) = i. So we have

the identi�cation S �= Hom(C; D1), z 7! s. Note that for z 2 S, the converse is
given by

z 7! s : i 7!
0@a b

c �a

1A; cz2 � 2az � b = 0; a2 + bc = �1:

We consider the open Shimura curve

Y (C) = D�nS �D(A(1))�= bR�:
For the group � = �1(R(1)), which is a discrete subgroup of SL2(R), we have the

identi�cation

�nH �= �1(R�)nS �= Y (C); z 7! [z; 1]:

If the discriminant N� is equal to 1, in other words, D = M2(Q), the curve Y (C)

is nothing but the classical open modular curve Y0(N)(C) = �0(N)nH of level
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N . It can be compacti�ed by adjoining a set of cusps and its compacti�cation

is denoted by X0(N). If N� 6= 1; i.e., D is a division algebra, then Y is already

compact.

The curve Y0(N)(C) has a nice interpretation as a moduli space of ellip-

tic curves equipped with the cyclic subgroup of order N . For each point z 2
Y0(N)(C), it corresponds to the pair (Ez; Cz) where

Ez =
C

Z+ zZ
; Cz =

1
N
Z+ zZ

Z+ zZ
:

Since any pair (E;C) over C is isomorphic to (Ez; Cz) for some z 2 H and

(Ez; Cz) ' (Ez0 ; Cz0) exactly when z0 = 
z for some 
 2 �0(N), the complex

points Y0(N)(C) classify the pair in the above way. This moduli problem can be

used to de�ne an integral structure Y0(N) by interpreting it as a coarse moduli

scheme representing a functor P0(N) between Z[1=N ]-schemes and sets (see [6]).

First of all, let N > 3. The functor P0(N) is de�ned as follows: for a Z[1=N ]-

scheme S,

P0(N)(S) = f(E;C)=Sg= '

where E is an elliptic curve over S and C is a �nite 
at subgroup scheme of E so

that the geometric �bers are cyclic of order N and \ ' " means the isomorphism

between the pairs. Then there is a Z[1=N ]-scheme Y0(N) which is a coarse

moduli scheme for P0(N). In other words, for each Z[1=N ]-scheme S, there is a

map �S : P0(N)(S) ! Y0(N)(S) and for a �eld k, Y0(N)(k) is identi�ed with

P0(N)(k) by �k. There is a similar description for N = 2; 3 and Y0(1) is nothing
but Spec[Z[j]] for j-invariant.
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4.2 CM points

One can show that if there is an element � in D� that �xes a point in H, then

Q(�) � D is an imaginary quadratic extension of Q. Conversely, if there is an

embedding h : K ,! D for an imaginary quadratic �eld, then the subgroup h(K�)

has a unique �xed point in H\K. The �xed point is called a CM point associated

to the �eld K. Hence there exists an one to one correspondence between CM

points and the embeddings. The CM points can be described with another view

point : Consider an imaginary quadratic �eld K with (disc(K); N) = 1. One

can extend each h : K ,! D to h : C ,! D1 by extension of scalars and, hence,

obtains the inclusion Hom(K;D) � Hom(C; D1), and setting

hN(K) := D�n(Hom(K;D)�D(A(1))�)= bR�;
we have hN(K) � Y (C): A point [h; 
] 2 Y (C) is called a CM point associated

to K if it is in hN(K); i.e., h 2 Hom(K;D). Observe that because of the above

normalization of the map S �= Hom(C; D1), one can verify that for x 2 K�,

j(�1(h(x)); z) = x;

when z is associated with h by above correspondence. This is because cz + d

is a root of irreducible polynomial of x over Q. By abuse of language, we set

z = [h; 
]. Let Oc be an order of K with conductor c; i.e., Oc = Z[c!], where the

maximal order OK of K is Z[!]. We say that [h; 
] is a CM point of conductor c

associated to K or is a CM point associated to Oc, if we have

h(K) \ 
 bR
�1 = h(Oc):

Due to Shimura, we know that the CM point [h; 
] 2 hN(K) is de�ned over

Kab. We set hN(K; c) = hN(Oc) as the set of CM points associated to Oc. The
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CM points hN(Oc) with (N; c) = 1 are dependent only on N rather than on

the decomposition N = N+N� because hN(K; c) is non-empty exactly when N

satis�es the following Heegner condition [3]:

N+ =
Y
q splits

q, N� =
Y
q inert

q:

We call a CM point [h; 
] as Heegner point if h(OK) � R and this condition

is equivalent to �K(v) = 1 for all v jN+ and �K(v) = �1 for all v jN� for a

quadratic character �K associated with K.

Let hA : KA ! D(A) be the extension of h by tensoring A; i.e., hA = h
 1A

and set h
A = 
�1hA
 for 
 2 D(A)�. The Picard group of the order Oc; i.e., the
ring class group of K with the conductor c is

Pic(Oc) = K�
A(1)=K

� bO�c
which is isomorphic to the Galois group Gal(Hc=K) of the ring class �eld Hc of

K using the Artin symbol. Using the homomorphism

K�
A(1)=K

� bO�c hA�! D�nD(A(1))�= bR�;
one has the action of [x] 2 Pic(Oc) on a CM point [h; 
] 2 hN(Oc) of the conductor
c so that

[x] � [h; 
] = [h; hA(x)
]:

This action is well-de�ned because one has hA( bOc) � 
 bR
�1 from the de�nition

of the CM point [h; 
].
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4.3 Zariski density of CM points

From now on we consider D = M2(Q); i.e, N� = 1. Since O`n+1 � O`n , there is
a canonical surjection Pic(O`n+1)� Pic(O`n). De�ne

Pic(O`1) := lim
 �
n

Pic(O`n):

Let OK = Z[!]. We consider an explicit collection of CM points [hn; 1] of con-

ductor `n for a prime `. The homomorphism hn : K ,! M2(Q) is de�ned by

hn : ! 7!
0@a+ Tr(!) 1

`n

`nbN+ �a

1A;
where �NK=Q(!) = a2+aTrK=Q(!)+ bN

+. Then we have hm =

0@1 0

0 `m�n

1A �hn.
In the case that ! =

p
d for d < 0, [hn; 1] corresponds to zn =

a+sgn(b)
p
d

`nbN+ :

Along with the CM points we de�ned above, each element of Pic(O`n) can be

regarded as CM points on the modular curve as follows:

Pic(O`n) = K�
A(1)=K

�O�`n
hn;A�! D�nHom(C; D1)�D(A(1))�= bR�:

[x] 7! [hn; hn;A(x)]:

Let us describe the relations between these CM points. Letm > n and x 2 K�
A(1) .

Because of the decomposition

bO�`n = [
umod `m�n

(1 + u`n!) bO�`m ;
the following set n

[x(1 + u`n!)] 2 Pic(O`m)
���umod `m�n o

is the complete list of all elements, which map to [x] in Pic(O`n) by the surjection
pn;m : Pic(O`m) � Pic(O`n). Here 1 + u`n! is an element in O`n 
 Z`; i.e. it is
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the `-component (1 + u`n!)` of the idele element 1 + u`n! in K � K�
A(1) . From

the calculation

hm;A((1+u`
n!)`) =

0@1 + (a+ Tr(!))u`n u
`m�n

`m+nN+bu 1� au`n

1A
`

=

0@1 � u
`m�n

0 1

1A
`

0@� �
� �

1A
where the last matrix is in GL2(Z`), we deduce that

[hm; hm;A((1 + u`n!)`)] =

240@1 u
`m�n

0 1

1Ahn; 1
35 :

In general, for each x 2 K�
A(1) we also have

[hm; hm;A(x(1 + u`n!)`)] = (x;K)

240@1 u
`m�n

0 1

1Ahn; 1
35 :

By approximation theorem, we can choose x in K�
A(`1)

; i.e x` = 1. Since the

strong approximation implies D�(A(`1)) = D� � bR(`)�, we can write hn;A(x) = d�r
for d 2 D� and r 2 bR� with r` = 1. Then [hn; hn(x)] = [d�1hn; 1] and setting

U =

0@1 u

0 `m�n

1A, we have
x � [Uhn; 1] = [Uhn; UdrU

�1] = [Ud�1hn; UrU�1]:

Since U( bR(`)�)U�1 � bR(`)�, it is equal to

[Ud�1hn; 1] = U � [hn; hn(x)]:

In total, we have the following result

Lemma 4.3.1. For the projection pn;m : Pic(O`n)! Pic(O`m), we have

n
[hm; hm(y)]

��� pn;m([y]) = [x]
o
=
n0@1 u

`m�n

0 1

1A � [hn; hn(x)] ��� 0 � u < `m�n
o
:
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We de�ne a Hecke operator on the coarse moduli scheme Y0(N) as follows.

Let N 0 = Nd0K . The modular curve X0(N
0) classi�es a pair (E;C) for an elliptic

curve E and a cyclic subgroup C of order N 0. For each divisor d j d0K , we de�ne
an operator [d] on the the pair (E;C) such that

(E;C)j[d] = (E=Cd; C=Cd);

where Cd is the cyclic factor of order d of C. The operator is the degeneracy

map [d] : X0(N
0) ! X0(N

0=d). The operator [d] sends a modular form f in

Mk(�0(N); R) to a modular form f j[d] in Mk(�0(dN); R). The corresponding

action on the complex points X0(N
0)(C) is [d] � z = dz. Note that

[d]([h; 1]) =
h0@d 0

0 1

1A � h; 1i = hh;
0@1 0

0 d

1Ai:
Let q be a rami�ed prime in K, say q2 = (q) for a prime ideal q in K. The

q corresponds $q 2 K, a uniformizer of Kq � K�A . With this identi�cation, the

idele $q generate �0 and their action on the CM points is described as follows.

Note that the following proposition is same as Cornut's description in [4].

Lemma 4.3.2. Let z 2 X0(qN) be a CM point. Then we have

[q] � z = $q � (�q(z)):

Proof. Let [h; 1] be a CM point in X0(N)(C), where h : K ! M2(Q) for some

imaginary quadratic �eld K. Since $q = ! for a prime q j dK , we have

$q([hn; 1]) = [hn; hn;A(!)q] =

264hn;
0@a+ Tr(!) 1

`n

`nNb �a

1A
q

375 :
We have 0@a+ Tr(!) 1

`n

`nNb �a

1A0@ 0 1
`n

`n �a� Tr(!)

1A =

0@ 1 0

�a`n dK

1A:
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Since (dK ; N) = 1, we can �nd integers x, y such that Ny = �a`n + dKx. Then

we have 0@ 1 0

�a`n dK

1A0@1 0

x 1

1A =

0@ 1 0

Ny dK

1A =

0@ 1 0

Ny 1

1A0@1 0

0 dK

1A:
From the action of bR� and D�, we deduce that

$q([hn; 1]) =

240@q 0

0 1

1A0@ 1 0

�Ny 1

1A � hn; 1
35 = �q

0@24hn;
0@ 1 0

Ny 1

1A351A :

Clearly �q

0@24hn;
0@ 1 0

Ny 1

1A351A = [hn; 1] as

0@ 1 0

Ny 1

1A 2 R�.
Let � be a set of representatives of Pic(O`1)=�0�. Each element � 2 �

can be chosen so that � = $q for a split prime q = qqc with (q;N`p) = 1

and the projections �
�
to � are all distinct. By applying a suitable element

g0 2 GL2(A(1)�), we may assume that hn(�) is diagonal corresponds to the

decomposition Kq = Kq � Kqc . Since q 6= `, hn(�) is independent of n. The

previous setting gives us the identi�cation hn(�) =

0@q 0

0 1

1A since $q corresponds

to (q; 1) in Kq �Kqc . Its action on the CM points z is given as

� � z =
0@q 0

0 1

1A � z = qz:

Obviously there is a moduli interpretation of the action and hence for each mod-

ular form f , we can de�ne the action f j[�] as before.

Let � be the coset representatives of Pic(O`1)=�0� for an `-pro�nite sub-

group � and the genus subgroup �0 =


Frobq

�� q2 = (q); q j dK
� � � and

U = �=�0. With the Heegner points hn 2 Hom(K;D) given in the previous

section, we have an embedding

%n : Pic(O`n) ,! Y (C)
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given by %n([x]) = [hn; hn;A(x)]. Let � = [n�1%n( Pic(O`n)) � hN(K; `
1). We

consider the map j de�ned as

j : �! XU
=Fp
; %n([x]) 7!

�
%n([x�])

�
�2U for x 2 Pic(O`n):

Here XU
Fp

is the U -copy,
Q

U XFp
of the modular curve X over Fp. In [10], the

author proves that the image of j is Zariski dense. More precisely, the author

proves that

Theorem 4.3.3. For n1 < n2 < n3 < � � � a sequence of integers and the projec-

tion �n : Pic(O`n)! Pic(O`m) with a �xed m, the image under j of

�0 =
n
%nj([x]) 2 X(Fp)

��� [x] 2 Pic(O`nj ) with [x] 2 Ker(�nj); j = 1; 2; 3; � � �
o

is Zariski dense in XU
=Fp

.

Hence if modular forms f� on X0(N)=Fp for � 2 U satisfy the relationX
�2U

f�(�n([x�])) = 0

for in�nitely many n's, then we are able to conclude from the theorem that f� = 0

for each � 2 U .

4.4 Rankin-Selberg L-function

An automorphic forms on GL2(A) is a function F on GL2(Q)nGL2(A) satisfying
the following conditions:

1. For some grossencharacter  on A� and the center Z(A) of GL2(A),

F (zg) =  (z)F (g) for all z 2 Z(A) and g 2 GL2(A)

2. F is right K-�nite.
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3. Regarded as a function on GL2(R), F is smooth and z-�nite, where z is the

center of the universal enveloping algebra of GL2(R).

4. F is slowly increasing in the sense that for all su�ciently large jaj and
compact subset T of GL2(A) there exists a positive constant N such that

F

0@0@a 0

0 1

1Ag
1A = O(jajN) for all g 2 T :

If it satis�es the following additional condition

Z
QnA

F

0@0@1 x

0 1

1Ag
1A dx = 0 for almost all g;

then F is called a cuspidal automrophic form. Let L2(GQnGA;  ) be the space of

L2-functions satisfying the condition (1). By L20(GQnGA;  ) denote the collection

of all functions in L2(GQnGA;  ) satisfying the cuspidal condition.

Let f be a modular form of weight k and  a (Dirichelt) character for the

group �0(N). In other words, for each 
 2 �0(N) the holomorphic function

f : H! C satis�es that

f
��[
](z) := f(
(z))j(
; z)�k =  (
)f(z):

For a modular form f with Nebentypus  and weight k, we can de�ne a function

F on GL2(A) by

F (g) = f(g1(i))j(g1; i)�k det(g1)k=2 e (k0);
where g = 
g1k0 and e is the grossencharacter canonically de�ned by  . Then

F is called an adelic lift of f and is an automorphics form on GL2(A) satisfying

1. F (gk0) = F (g) e (k0) for all k0 2QKN
p
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2. F (gr(�)) = exp(�ik�)F (g) for r(�) 2 SO2(R).

3. F is a function on GL+2 (R) satis�es

�F = �k
2

�
k

2
� 1

�
F:

The group GL2(A) acts on L20(GL2(Q)nGL2(A);  ) by the right translation.

For an eigencusp form f with nebentypus  for all T (p), p - N , we de�ne a

representation �f of GL2(A) as the restriction of the action of GL2(A) to the

subspace spanned by right translates of F under GL2(A). Then one can show

that �f is irreducible.

To the anti-cyclotomic character �0 : K�A =K
� ! C�, one can also associate

another automorphic representation �(�0) comes from a two dimensional repre-

sentation of the Weil group WK=Q given by �0. The Rankin-Selberg L-function

L(s; �f 
 �(�0)) is de�ned such that if the q-local factors are

�f;q = �(�1; �2); �(�
0)q = �(�1; �2)

for almost all q, then the Euler q-factor of the Rankin-Selber L-series is given by

Lq(s; �f;q; �(�
0)q) =

Y
i;j

L(s; �i�j):

Let �f;K be the base change of �f to K. One can obtain the identity

L(s; �f 
 �(�0)) = L(s; �f;K 
 �0)):

The Rankin Selberg L-function L(s; �f 
 �(�0)) satis�es the following func-

tional equation:

L(s; �f 
 �(�0)) = "(s; �f 
 �(�0))L(1� s; b�f 
 b�(�0))
where b�f and b�(�0) are the contragredient representations of �f and �(�0) respec-
tively. Since the central character of �f is trivial, b�f is isomorphic to �f .
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Note that one has b�(�0) ' �0�2�(�0) = �(�0�1) as the central character of

�(�0) is �02. Since �0 is anti-cyclotomic, we have �0�1 = �0 � c for the complex
conjugation c. For any non-split prime q in Q, the q-component �0q is equal to

�0q � c as c induces the identity in Gal(Kq=Qq). On the other hand, for split

q = qqc we have �(�0)q = �(�0q; �
0
qc) and �(�0 � c)q = �(�0qc ; �

0
q) ' �(�0q; �

0
qc).

From the discussion, we have b�(�0) ' �(�0). Therefore we have the following

functional equation for anti-cycltomic �0:

L(s; �f 
 �(�0)) = "(s; �f 
 �(�0))L(1� s; �f 
 �(�0)):

Evaluating at s = 1
2
, the functional equation reduces to

L(1=2; �f 
 �(�0)) = "(1=2; �f 
 �(�0))L(1=2; �f 
 �(�0)):

So the need for computing the "-factor arises.

The explicit expression of the "-factors of the Rankin-Selberg L-function in

terms of representation theory can be found in [?, Ch.V]. Since f is a modular

form for SL2(Z), for all �nite places q the q-component of �f is the principal

series representation �f;q = �(�1; �2) for unrami�ed characters �1, �2 of Q�q . For

each q, let �q be a constant introduced in [?, x1] so that their product over all

places is trivial. For non-split prime q and �0i = �i � NKq=Qq , one has

"(s; �f;q 
 �(�0)q) = �2q"(s; �
0
1�
0
q)"(s; �

0
2�
0
q):

Since �0i and �
0
q are all unrami�ed, each "-factors in the right hand side are all

trivial. Let us consider a split prime q. Then one has

"(s; �f;q 
 �(�0)q) = �2q"(s; �1�
0
q)"(s; �1�

0
qc)"(s; �2�

0
q)"(s; �2�

0
qc):

If q is di�erent from `, then all characters in the above expression are unrami�ed

and, therefore, all "-factors are 1. On the other hand, the "-factors in the last
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equality at the prime ` = llc are

"(s; �i�
0
l) = `n(s�1=2)g(�0l); "(s; �i�

0
lc) = `n(s�1=2)g(�0lc)

where g(�0l), g(�
0
lc) are the normalized Gauss sums. Since �0lc = �0l

�1, one has

g(�0l)g(�
0
lc) = �0l(�1):

At the in�nite place, we set N(z) = jzj2 for z 2 C�. Then we have

"(s; �f;1 
 �(�0)1) = �21"(s;N
(k�1)=2�01)"(s;N

�(k�1)=2�01)

and from the identity N(z)�(k�1)=2�01(z) = jzj�(k�1)zkjzj�k = z0�z�kjzjk�(k�1), we
conclude that

"(s;N(k�1)=2�01) = "(s;N�(k�1)=2�01) = ik:

Putting all the terms together we have

"(1=2; �f 
 �(�0)) = i2k�0l(�1)2 = 1:

4.5 Special Values of L-functions

Let Gal(K=Q) = hci and � : K�A =K
� ! Q

�
be an arithmetic Hecke character of

in�nity type k+0�c. In other words, we have �1(v) = vkv0 = vk for v 2 K1 = C.

And set �0 = �j � jk. Let z be a CM point of conductor c, which corresponds to

[h; 1]. Let F be an automorphic form on GL2(A) which is the adelic lift of f .

For � 2 GL2(A) with �1(i) = z, we set

�(z; �; F ) =
1

hc

X
x2Pic(Oc)

F (hA(x)�)�
0(x):

In fact, if d�x is a Haar measure on K�nK�
A(1) of which total volume is 1, then

one has

�(z; �; F ) =

Z
K�K�1nK�A

F (hA(x)�)�
0(x)dx
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since F is right bR�-invariant.
Express D = K +K � J for some J 2 NK(D

�) nK� such that J� = �J and

xJ=Jx for all x 2 K�. (This is an orthogonal decomposition for the norm form

on D). Let f be �-adically integral and p is unrami�ed in K, then by following

the proof of Proposition 2.8 in [24], one obtains the integrality of �(z; �; F ) as

follows:

Proposition 4.5.1. The algebraic number

(2j(J; z)Im(z))kh2K
(2�)2k�(z; �; F )2


2k

is a B-adic integer for all anti-cyclotomic � of `-power conductors.

Let us explain brie
y how the integral values are connected to the special

values L(1=2; �f 
 �(�0)) of Rankin-Selberg L-functions. By the work of Wald-

spurger, Harris and Kudla(see [14]), one can transform �(z; �; F )2 to an inte-

gration of a theta lift �'(F ) against the character value �
0 over a torus. Using

see-saw duality, we transform the previous integration to one of theta lifts �'(�
0)

and �'(1) of the character �0 and the constant function 1 against the value of

F over Z(A)GL2(Q)nGL2(A). By Siegel-Weil formula, the theta lift of the con-

stant function 1 is nothing but an Eisenstein series and, therefore, one obtains

the special values of Rankin-Selberg L(s; �f 
 �(�0)) with some ambiguous local

factors. It is Prasana([24]) who computed the local factors explicitly when �0 is

unrami�ed. As the grossencharacter �0 is rami�ed at `, it is required to compute

the local `-factor separately.

In the next few sections, we shall compute the local `-factor and, hence, a

slight extension of the result in [24].
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4.6 Theta correspondence

Let W be a symplectic space over Q and V be an orthogonal space of dimension

d over Q. There is a natural symplectic structure for W 
 V and for an additive

character  : A=Q ! C, the Weil representation ! of Sp(W 
 V ) is realized
on the Schwartz space S(W1 
 V (A)), where W has the isotropic decomposition

W = W1 � W2. Two groups (Sp(W );O(V )) form a dual reductive pair. By

restricting, one can regard ! is a representation of Sp(W ) � O(V ) and the

action of O(V ) is given by the regular representation on S(W1 
 V (A)). For 2

dimensional space W , S(W1 
 V (A)) = S(V (A)) and Sp(A) = SL2(A), and with

this identi�cation, one has the explicit action of ! ,

1. ! 

0@a 0

0 a�1

1A�(x) = �
V
(a)jajd=2�(ax) for � 2 S(V (A)).

2. ! 

0@1 b

0 1

1A�(x) =  
�
hbx;xiV

2

�
�(x).

3. ! 

0@ 0 1

�1 0

1A�(x) = 
b�(x).
Here b� is the Fourier transformZ

V (A)

�(y) (�hx; yiV )dy;

where the Haar measure dy is given as
bb� (x) = �(�x) and 
 is an 8-th root of

unity dependent on  and h�; �iV . Following [14], we consider the extension of the
action of ! to GO(V ) and G(SL(2)�O(V ))(A) given by

G(SL(2)�O(V ))(A) =
�
(x; y) 2 GL2(A)�GO(V )(A)

�� det(x) = �(y)
	

where � is a similitude character of GO(V ). The action is de�ned by

64



1. For h 2 GO(V )(A) and � 2 S(V (A)), h �  �(v) = j�(h)jd=4�(h�1v).

2. For (x; y) 2 G(SL(2) � O(V ))(A), ! (x; y) = ! (x
(1)) � y with x(1) =

x

0@1 0

0 det(x)�1

1A.
For ' 2 S(V (A)), we de�ne a theta kernel by �'(g; g

0) =
P

v2V ! (g; g
0)'(x)

and the theta lift �'(F ) of an automorphic form F of GL2(A) to GO(V )(A) by

�'(F )(g) =

Z
GL2(Q)(1)nGL2(A)(1)

�'(hh
0; g)F (hh0)d(1)h

where h0 2 GL2(A) with det(h0) = �(g). Similarly the theta lift �'(G) of a form

G on GO(V )(A) to GL2(A)(�) is de�ned by

�'(G)(g) =

Z
GO(V )(Q)(1)nGO(V )(A)(1)

�'(g; hh
0)G(hh0)d(1)h:

The subgroup GL2(A)(�) of GL2(A) is given by GL2(A)(�) = det�1 �(GO(V )(A)).

Now we set V = D = M2(Q) with the quadratic form ha; bi = ab� + a�b.

De�ne � : D� � D� ! GO(D) by �(a; b)(d) = adb�1. The the image of � is

GO(D)�, the identity component of GO(D). Let e�'(F ) be the pull-back of �'(F )
to D�(A) �D�(A) = GL2(A) � GL2(A). Now we need to extend the following

formula veri�ed in [24, 37] to include the case of a rami�ed prime. We have

Proposition 4.6.1. e�'(F ) = F 
 F:

Proof. For a cusp form f of weight k for the group SL2(Z) and Schwarz-Bruhat

function ' on M2(A), we set �(') =
P

v2M2(Q)
'(1)(v)'1(v),

�(')(� ; z; w) = (Im(z)Im(w)Im(�))�k�(')(� ; z; w):
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and

�'(f) =

Z
�nH

�(')(� ; z; w)f �(�)Im(�)kd�(�)

for a congruence subgroup � of SL2(Z) �xing f(�)�(')(�). Here d�(�) = dxdy
y2

for � = x + iy, and f jk�(z) = det(�)k�1f(�w)j(�;w)�k for � 2 M2(Q) with

det(�) > 0. Recall that j =

0@�1 0

1 0

1A and f �(z) = f(z�). It is not hard to

reduce the previous de�nition of e�'(F ) to this classical setting. From Theorem

3.2 in [11], we have

�'(f) = (2i)k
X

�2�nM2(Q)

det(�)>0

g'(1)(j�) exp(2�i det(�)z)f jk�(w) (4.6.1)

where g'(1) is the partial Fourier transform de�ned by

g'(1)

0@a b

c d

1A =

Z
A2
'(1)

0@x y

c d

1A A(ay � bx)dxdy
for the additive character  A with  1(z) = exp(2�iz): The partial Fourier trans-

form of the function ' in (4.7.2) is

g'(1)

0@a b

c d

1A = I1+`nbZ(a)IbZ(b)I`n(1+`nbZ)(c)IbZ(d)

which is supported on8<:
0@a b

c d

1A����� b; d 2 bZ; a 2 1 + `nbZ;
c 2 `n(1 + `nbZ)

9=; = Ln � b�
where

b� =

8<:
0@a b

c d

1A����� a 2 1 + `nbZ;
b; d 2 bZ; c 2 `2nbZ

9=; ; Ln =

0@ 1 0

`n 1

1A:
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Now we set � = b� \ SL2(Q) and � = f� 2 M2(Q) j det(�) > 0g \ b�. Then the

formula (4.6.1) becomes

�'(f) = (2i)k
X
�2�n�

exp(2�i det(�)z)f jkLn�(w)

= (2i)k
1X
m=1

exp(2�imz)f jT (m)(w)

= (2i)k
1X
m=1

a(m; f) exp(2�imz)f(w) = (2i)kf(z)f(w):

This proves the proposition.

4.7 Waldpurger's computation of �(z; �; F )2

Let � be an anti-cyclotomic Hecke character on K�A of in�nite type (k; 0) that is

unrami�ed at all places except `. Let j : K ,! D be an embedding associated

with a Heegner point. Using this, we regard K�A as a subgroup of D�(A). For

the orthogonal decomposition D = D1 �D2 = K � J �K, we have GO(D1)
� =

GO(D2)
� = K� and, hence, G(O(D1)�O(D2))

� = G(K� �K�). Then we have

�'(g; (x�; y�)) =
X
d2D

! (g)L(x�; y�)'(d)

=
X
d1;d2

! (g)'(�
�1x�1(d1 + d2)y�)

=
X
d1;d2

! (g)'(�
�1(x�1d1y + x�1d2y)�)

=
X
d1;d2

! (g)'(�
�1(x�1yd1 + (x�1 yd2)�)

= �'0(g; (xy
�1; x y �1))

where '0(d) = '(��1d�). Hence The restriction of � to K� � K� is �(x; y) =

(xy�1; xy�1). Since � is anti-cyclotomic, we have �0(yy) = 1 for all y 2 K�A and

�0(xy) = �0(xy�1)�0(xy) = �0(xy�1):
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Setting T = G(O(D1)
� �O(D2)

�), we obtain

�(z; �; F )2 =

Z
(K�K�1nK�A )2

F (x�)F (y�)�0(xy)d�xd�y

=

Z
(K�K�1nK�A )2

e�'(F )(a�; b�)�0(ab)d�ad�b
=

Z
T(Q) T(R)n T(A)

�'0(F )
��
T(A)

(a; b)�0(b)d�ad�b

The theta lift �'(1
 �0) lives on GL2(A)(N) = det�1N(K�A ) for N = NK=Q. It

can be extended to GL2(A) by making it left invariant under GL2(Q) and setting

it zero outside GL2(Q)GL2(A)(N). Note also that if ' =
P

' '1 
 '2 for ' 2
S(D(A)) = S(D1(A))
 S(D2(A)) one obtains

�'(1
 �0) =
X
'

�'1(1)�'2(�
0):

From the see-saw duality (see [14]), we have

�(z; �; F )2 =

Z
Z(A)GL2(Q)nGL2(A)

F (g)�'(1
 �0)
��
GL2(A)

(g)d�g

=
X
'

Z
Z(A)GL2(Q)nGL2(A)

F (g)�'1(1)(g)�'2(�
0)(g)d�g

First, let us consider �'1(1). Setting 	'1(g) = ! (g; g
0)'1(0) for g 2 GL2(A)(N)

and g0 2 K�A with N(g0) = det(g), one obtains a function 	'1 : B(Q)nGL2(A)!
C such that

	'1

0@0@ad b

0 d

1Ag
1A = �K(d)jaj1=2	'1(g) for g 2 GL2(A):

From the formula of Siegel-Weil ( see [14, Theorem 13.3] ) with '1;1 = e��NK=Q(x),

we have

�'1(1) = E(0;	'1 ;�)jGL2(A)(N) ; (4.7.1)
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where E(s;	'1 ; g) is the Eisenstein series attached to 	'1 .

Secondly, as computed in [24, Section 3.3] the function

�'2(�
0)(g) =

Z
K�(1)nK�(1)

A

�'2(g; hh
0)�0(hh0)d�1 h

with det(g) = N(h0) has the Fourier expansion

�'2(�
0)(g) =

X
�2Q�

N( J)�1�2N(K�)

W'2

0@0@� 0

0 1

1Ag
1A ;

where

W'2(g) =

Z
K
�(1)
A

! 

0@0@N( J)�1 0

0 1

1Ag; hh00
1A'2( J)�

0(hh00)d�1 h:

Here h00 satis�es N(h00) = N( J)�1 det(g). Let U
(1)
q be the group of norm 1 ele-

ments in (OK 
 Zq)� for �nite prime q and U
(1)
1 = K

�(1)
1 . Then let d�dq be the

measure on K
(1)
q of which volume of U

(1)
q is 1 for unrami�ed q or1 and 2 for the

others. Set d�h =
Q

q d
�dq. Then one has d�1 = 1

hK
d�h. For '2 = 
 q'2;q, we

have hKW'2 = 
 qW'2;q where

W'2;q(g) =

Z
K
(1)
q

! q

0@0@N( J)�1 0

0 1

1Ag; hqh0
1A'2( J)�

0
q(hqh

0)d�hq

with N(J)�1 det(g) = N(h0).

In total, unfolding the Eisenstein series we have

�(z; �; F )2 =
X
'

Z
Z(A)GL2(Q)nGL2(A)

X
�

F (g)E(0;	'1 ; g)W'2

0@0@� 0

0 1

1Ag
1A d�g

=
X
'

Z
Z(A) N(A)nGL2(A)

WF (g)	'1

�
g;
1

2

�
W'2

0@0@�1 0

1 0

1Ag
1A d�g;
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where

	'1(g; s) =

����a1a2
����s�1=2	'1(g)

for the decomposition g = n

0@a1 0

0 a2

1Ak 2 NAK. So �(z; �; F )2 is the evaluation

at s = 1=2 of the analytic continuation of

X
'

Z
Z(A)N(A)nGL2(A)

WF (g)	'1(g; s)W'2

0@0@�1 0

1 0

1Ag
1A d�g

=
X
'

Z
K(A)

Z
A�
WF

0@0@a 0

0 1

1Ak
1A	'1

0@0@a 0

0 1

1Ak
1A

�W'2

0@0@�a 0

0 1

1Ak
1A jaj�1d�adk:

Here K(A) =
Q

q Kq with K = SO2(R), Kq = GL2(Zq) and dk =
Q

q dkq such

that dk1 is the usual measure on SO2(R) and dkq is the restriction of �q(2)d
�g

on Kq. One obtains vol(SO2(R)) = 2� and vol(Kq) = 1.

From now on, we consider the Schwarz-Bruhat function ' in S( M2(A)) such

that 'q = '1;q 
 '2;q for all places q except the rami�ed ones, where '1;q 
 '2;q
are in S(Kq)
 S(Kq � J) = S( M2(Qq)). The last integral is now the product of

the local factors Lq which is given by

Z
Kq

Z
Q
�
q

WF;q

0@0@a 0

0 1

1Ak
1AW'2;q

0@0@a 0

0 1

1Ak
1A�'1;q

0@s;
0@a 0

0 1

1Ak
1A jaj�1d�adk:

Basic calculations of these local factors are done in [24] except the rami�ed place

`.

To compute the local `-factor, it is required to choose the Schwarz-Bruhat

functions '1, '2 in S( M2(Q`)) appropriately. By choosing suitable element g0 2
GL2(bZ) and apply it for the embedding of K, we may assume that M2(Q`) =
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K` �K` J. Here K` is diagonal and K` � J is anti-diagonal part. Note that now

we assume J =

0@ 0 1

�1 0

1A. We choose '` 2 S( M2(Q`)) as

'`

0@a b

c d

1A = IZ`(a)IZ`(d) (b)I`�nZ`(b)I`n(1+`n)Z`(c); (4.7.2)

which is supported on

8<:
0@a b

c d

1A����� a; d 2 Z`; b 2 `�nZ`; c 2 `n(1 + `nZ`)

9=;. We

have a decomposition ' = '1 
 '2 such that

'1(a; d) = IZ`(a)IZ`(d); '2(c; d) =  (b)I`�nZ`(b)I`n(1+`nZ`)(c):

From the straightforward calculations, we obtain the following Fourier transforms

of '1 and '2:

Lemma 4.7.1. b'1 = '1, b'2(x; y) = I`�2nZ`(x) (`
nx)I1+`nZ`(y),

Proof. Let us consider the second case. By de�nition, we have

b'2(x; y) =Z
D2

'2(u; v) (�h(u; v); (x; y)i)dudv

=

Z
Q`

Z
Q`

 (u)I`�nZ`(u)I`n(1+`nZ`)(v) (uy + vx)dudv

=

Z
Q`

I`n(1+`nZ`)(v) (vx)dv
Z
Q`

 (u)I`�nZ`(u) (uy)du

=I`�2nZ`(x) (`
nx)I1+`nZ`(y)

This �nishes the proof.

We have the following evaluation of �'1 .

Lemma 4.7.2. For all k 2 GL2(Z`), we have

�'1

0@s;
0@a 0

0 1

1Ak
1A = jajs�1:
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Proof. The group GL2(Z`) is generated by

0@1 w

0 1

1A,
0@u 0

0 v

1A,
0@ 0 1

�1 0

1A with

u; v 2 Z�` and w 2 Z`. The actions of the generators are as follows:

1. ! 

0@0@1 u

0 1

1A; 1
1A'1(t) =  (uN(t))'1(t) = '1(t):

2. For c = (v; u) 2 K�` = Q�` �Q�` and t = (x; y), we have N(c) = uv and

! 

0@0@u 0

0 v

1A; c
1A'1(t) = '1((v

�1; u�1)(ux; uy)) = '1(v
�1ux; y) = '1(t)

since v�1u is a unit.

3. We have the action of of

0@ 0 1

�1 1

1A as follows.

! 

0@0@ 0 1

�1 0

1A; 1
1A'1(t) = b'1(t) = '1(t):

In total, we have

�'1

0@s;
0@a 0

0 1

1Ak
1A = jajs�1=2! 

0@0@a 0

0 1

1A; a�1~h
1A'1(0) = jajs�1'1(0) = jajs�1:

This �nishes the proof.

We set �1(`
2n) =

8<:
0@a b

c d

1A 2 SL2(Z`)
��� a; d 2 1 + `2nZ`; c 2 `2nZ`

9=;. Ob-

serve that '2 is invariant under the action of �1(`
2n) as follows. The group

�1(`
2n) is generated by 0@1 0

w 1

1A;
0@u 0

0 u�1

1A;
0@1 v

0 1

1A
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for w 2 `2nZ, v 2 Z` and u 2 1 + `2nZ`. For the �rst generator, we have0@1 0

w 1

1A = �
0@ 0 1

�1 0

1A0@1 �w
0 1

1A0@ 0 1

�1 0

1A;
and

! 

0@0@1 0

w 1

1A; 1
1A'2(t) = ! 

0@�
0@ 0 1

�1 0

1A; 1
1A (�wxy)b'2(x; y):

Since x 2 `�2nZ` and y 2 1 + `nZ`, we have wxy 2 Z` and  (wxy) = 1. Hence

we verify that

! 

0@0@1 0

w 1

1A; 1
1A'2(t) = ! 

0@0@�1 0

0 �1

1A; 1
1A bb' 2(t) = '2(t):

For the second generator, we have

! 

0@0@u 0

0 u�1

1A; 1
1A'2(t) = '2(ut) = '2(t)

since  n(ux) =  n(x) for x 2 `�nZ`. The action of the last generator is same as

one for '1.

Now we decompose dk as dk = d�zdm which corresponds to the decomposi-

tion

GL2(Z`) =
[
z2Z�`

0@1 0

0 z

1ASL2(Z`):
such that vol(Z�` ) = 1 and vol(SL2(Z`)) = 1. Note that in [24], dk is chosen so

that vol(GL2(Z`)) = 1. Observe that there is a coset decomposition

SL2(Z`) =
[

u2(Z=`nZ)�

wmod `n;`jw

0@u 0

0 u�1

1A0@1 0

w 1

1A�1(`n)
[

[
u2(Z=`nZ)�

wmod `n

0@u 0

0 u�1

1A0@ w 1

�1 0

1A�1(`n):
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We arrange the coset representatives and get

GL2(Z`) =
[

z;2Z�
`
;u2(Z=`2nZ)�

wmod `2n;`jw

0@u 0

0 z

1A0@1 0

w 1

1A�1(`2n)

[
[

z2Z�
`
;u2(Z=`2nZ)�

wmod `2n

0@u 0

0 z

1A0@ w 1

�1 0

1A�1(`2n):
The local `-factor

L` =

Z
Q`

Z
GL2(Z`)

WF;`

0@0@a 0

0 1

1A1AW'2

0@0@a 0

0 1

1Ak
1A jajs�1dkda

is then divided into the two parts:

C

Z
Q`

WF;`

0@0@a 0

0 1

1A1A24X
u;w

Z
Z
�
`

W'2

0@0@au 0

0 z

1A0@1 0

w 1

1A1A d�z

35 jajs�1da
(4.7.3)

+ C

Z
Q`

WF;`

0@0@a 0

0 1

1A1A24X
u;w

Z
Z
�
`

W'2

0@0@au 0

0 z

1A0@ w 1

�1 0

1A1A d�z

35 jajs�1da
(4.7.4)

where C =
R
�1(`2n)

dm =
1

`2n + `2n�1
. We need to check each term by considering

4 cases separately as follows:

1. (4.7.3) w = 0 case.

2. (4.7.3) w 6= 0 and v`(w) � n.

3. (4.7.3) w 6= 0 and n < v`(w) < 2n.

4. (4.7.4) for all u, w.
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We will see that the integrals in every cases produce zero except the �rst case.

Since we have the formula for �f = �(�1; �2) (see [24])

WF;`

0@a 0

0 1

1A = IZ`(a)
�1(a`)� �2(a`)
�1(`)� �2(`) ;

we may assume that a 2 Z`.

We consider the �rst case in the above list. We compute the integrals

X
u

Z
Z
�
`

W'2

0@0@au 0

0 z

1A1A d�z:

Recall that we have

W'2

0@au 0

0 z

1A =

Z
K
(1)
`

! 

0@0@au 0

0 z

1A; h~h
1A'2(1; 1)�

0(h~h)d�h;

where ~h = (z; au) with respect to the identi�cation K` = Q` � Q`. Now we set

�(t) = �0(t; 1). Then we also have �0(1; t) = �(t)�1 since �0 is anti-cyclotomic i.e

�0(t; t) = 1. With this setting and the identi�cation K
(1)
` = f(t; t�1) j t 2 Q�` g,

h = (t; t�1), the last integral equalsZ
Q
�
`

'2(aut
�1z�1; t)�(z)�(au)�1�(t)2d�t

=

Z
Q
�
`

 (aut�1z�1)I`�nZ`(at
�1)I`n(1+`nZ`)(t)�(z)�(au)

�1�(t)2d�t

Now summing up the last integral over u 2 (Z=`2nZ)�, we haveZ
at�12`�nZ`
t2`n(1+`nZ`)

X
u

 (at�1z�1u)��1(u)�(z)�(a)�1�(t)2d�t:

We state an easy lemma.

Lemma 4.7.3. For x 2 Q�` , we have

X
u2(Z=`2nZ)�

�(u) (xu) =

8><>:
`nG(�;  )��1(x`n) if v`(x) = �n

0 otherwise

:
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Proof. We decompose the index set as

(Z=`2n)� =
1 + `nZ
1 + `2nZ

� (Z=`nZ)�:

Then for (v; u) 2 (Z=`2n)� we haveX
u2(Z=`2nZ)�

�(u) (xu) =
X
v;u

�(u) (xuv)

Using usual Gauss sum with respect to  n(x) =  (`�nx), the last sum equalsX
v

G(�;  )�(xv`n)�1 = `nG(�;  )�(x`n)�1

only when v`(xv) = v`(x) = �n.

Hence with the condition v`(a)� v`(t) = �n, the last integral equalsZ
at�12`�nZ`
t2`n(1+`nZ`)

`nG(��1;  )�(azt�1)��1(az)�(t)2nd�t

= IZ�` (a)G(�
�1;  )�(`n)`n

Z
t2`n(1+`nZ`)

d�t

= IZ�` (a)G(�
�1;  )�(`n):

Note that t 2 `n(1 + `nZ`) implies a 2 Z�` . So we conclude the �rst case in the

list.

To consider the second and the third case in the list, we need the following

computation:

Lemma 4.7.4. For w 2 `Z=`2nZ with w 6= 0, let �w(x; y) =  (wxy)b'2(x; y).
Then the Fourier Transform of �w is

b�w(x; y) =
8><>:
jwj�1` Iw`�2nZ`(x) (�w�1x(y + `n))Iw+`n+w`nZ`(�y) if v`(w) � n

 (x)Iw+`n+`2nZ`(�y) if n < v`(w) < 2n:

76



Proof. By the de�nition of Fourier Transform, we have

b�w(x; y) =

Z
Q`

Z
Q`

I`�2nZ`(v) (`
nu)I1+`nZ`(v) (wuv) (uy + vx)dudv

=

Z
`�2nZ`

 (`nu) (uy)

Z
1+`nZ`

 (vx) (wuv)dvdu

v 7!1+v
=  (x)

Z
`�2nZ`

 (wu+ `nu+ yu)

Z
`nZ`

 ((x+ wu)v)dv

=  (x)

Z
S

 ((w + `n + y)u)du

where S = `�2nZ` \ w�1(�x+ `�nZ`). Fisrt, if v`(w) � n, then we have S 6= ; ,
Z` \ �w�1x`2n + w�1`nZ` 6= ; , w�1x`2n 2 Z` i.e. x 2 w`�2nZ`. In this case,

we have S = w�1(�x + `�nZ`). Hence the last line of the previous computation

equals

 (x)Iw`�2nZ`(x)
Z
w�1(�x+`�nZ`)

 ((w + `n + y)u)du

=  (x)Iw`�2nZ`(x)
Z
`�nZ`

 ((w + `n + y)(�w�1x) + (w + `n + y)w�1u)jwj�1` du

= jwj�1` Iw`�2nZ`(x) (�w�1x`n � w�1xy)
Z
`�nZ`

 ((1 + w�1`n + w�1y)u)du

= jwj�1` Iw`�2nZ`(x) (�w�1x(y + `n))I`nZ`(1 + w�1w`n + w�1y):

Now let us assume that n < v`(w) < 2n. Then S 6= ; , Z` \ �w�1x`2n +
w�1`nZ` 6= ; , �w�1x`2n 2 w�1`nZ` i.e. x 2 `�nZ`. In this case we have

S = `�2nZ`. So the last line of previous computation equals

 (x)

Z
`�2nZ`

 ((w + `n + y)u)du

=  (x)I`2nZ`(w + `n + y)

=  (x)I�w�`n+`2nZ`(y):

Hence we obtain the result.
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Now we consider the second case in the list. We compute the term

X
u;w

v`(w)�n

Z
Z
�
`

W'2

0@0@au 0

0 z

1A0@1 0

w 1

1A1A d�z:

Now from the lemma and the expression0@1 0

w 1

1A =

0@�1 0

0 �1

1A0@ 0 1

�1 0

1A0@1 �w
0 1

1A0@ 0 1

�1 0

1A;
we have

! 

0@0@au 0

0 z

1A0@1 0

w 1

1A; h(z; au)
1A'2(x; y)

= ! 

0@0@au 0

0 z

1A; h(z; au)
1A b�w(�x;�y)

= b�w(�aut�1z�1x;�ty):
Here we choose ~h = (z; au) and h = (t; t�1). The term W'2 in the last integral

equalsX
w

jwj�1`
Z

at�12w`�2nZ`
t2w+`n+w`nZ`

X
u

 (w�1az�1(`nt�1 � 1)u)��1(u)�(z)��1(a)�(t)2d�t

= jwj�1` `nG(��1;  )
Z

at�12w`�2nZ`
t2w+`n+w`nZ`

v`(w
�1a(`nt�1�1))=�n

�(w�1az�1(`nt�1 � 1)�(z)�(a)�1�(t)2d�t

= jwj�1` `nG(��1;  )�(w�1)
Z

at�12w`�2nZ`
t2w+`n+w`nZ`

v`(w
�1a(`nt�1�1))=�n

�(`nt�1 � 1)�(t)2d�t

Now note that �(`nt�1 � 1)�(t) = �(`n � t). Since t 2 w + `n + w`nZ`, we have

t� `n 2 w(1 + `nZ`). Hence �(`n � t) = �(�w) and the last integral equals

jwj�1` `nG(��1;  )�(�1)
Z

w+`n+w`nZ`

�(t)d�t (4.7.5)
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with the condition v(a) � v(t) = �n. If we have w + `n 2 `nwZ`, then by

multiplying �(u) 6= 1 for a unit u to the integral we are able to concludeZ
w+`n+w`nZ`

�(t)d�t =
Z
w`nZ`

�(t)d�t = 0:

Therefore we assume that w+ `n 62 w`nZ`. Let m = v`(w)+n�v`(w+ `n). Then

if m < n, then we haveZ
w+`n+w`nZ`

�(t)d�t = �(w + `n)

Z
1+`mZ`

�(t)d�t = 0

as the non-trivial character sum over a group is trivial. Hence we may assume

m = n. This implies v`(w) = v`(w + `n). In addition, if v`(n) < n then v`(t) =

v`(w + `n) = v`(w) < n and v`(a) = v`(t) � n < 0 which is not the case since

a 2 Z`.

In total, we assume that m = n i.e. v`(w) = v`(w + `n) and v`(w) = n. Set

w = `nu for a unit u. The previous assumption implies that u+ 1 is also a unit.

Let H = fu 2 (Z=`nZ)� ju+ 1 2 Z�` g. We have the following lemma.

Lemma 4.7.5. Let v 2 1 + `Z`. Then the map on H given by

v : H ! H; u 7! (vu+ v � 1)mod `n

is one to one correspondence.

Proof. First of all, vu+v�1 is a unit since v�1 is divisible by ` and vu+v�1+1 =
v(u + 1) 2 Z�` . Therefore the map is well-de�ned. Clearly the map is injective.

Since H is a �nite set, it is surjective.

Summing up the integral in the formula (4.7.5) over H, we haveX
u2H

Z
`n(u+1)+`2nZ`

�(t)d�t = �(`n)
X
u2H

�(u+ 1)

Z
1+`nZ`

d�t

79



We choose v 2 1 + `Z` such that �(v) 6= 1. Then from the lemma we have

�(v)
X
u2H

�(u+ 1) =
X
u2H

�((uv + v � 1) + 1) =
X
u2H

�(u+ 1):

Hence it is equal to zero and we conclude the second case in the list.

For the third case, we compute the terms in a similar way but easier than

before. We need to compute the term

X
u;w

n<v`(w)<2n

Z
Z
�
`

W'2

0@0@au 0

0 z

1A0@1 0

w 1

1A1A d�z:

Same as before, using the Lemma 4.7.4 we compute

X
u;w

Z
Q
�
`

b�w(�aut�1z�1x;�ty)�(z)�(au)�1�(t)2d�t
=

X
w

Z
w+`n+w`nZ`

X
u

 (�at�1z�1u)��1(u)�(z)�(u)�1�(t)2d�t

=
X
w

G(��1;  )`n�(`n)
Z

w+`n+w`nZ`

�(�at�1z�1)�(z)�(a)�1�(t)2d�t

=
X
w

G(��1;  )`n�(�`n)
Z

w+`n+w`nZ`

�(t)d�t

=
X
w

G(��1;  )`n�(�`n)�(w + `n)

Z
1+`mZ`

�(t)d� = 0

since 0 < m = 2n � v`(w + `n) = 2n � v`(w) < n. Therefore we conclude the

third case in the list.

Finally, let us consider the last case in the list. From the expression0@ w 1

�1 0

1A =

0@1 �w
0 1

1A0@ 0 1

�1 0

1A;
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we compute

! 

0@0@au 0

0 z

1A0@ w 1

�1 0

1A; h(z; au)
1A'2(x; y)

= ! 

0@0@au 0

0 z

1A; h(z; au)
1A (wxy)b'2(x; y)

=  (wauz�1xy)I`�2nZ`(aut
�1z�1tx) (`naut�1z�1x)I1+`nZ`(ty):

The inner term in the formula (4.7.4) equals

X
w

Z
Q
�
`

X
u

 (`nat�1z�1u)��1(u)�(z)��1(au)d�t

But it is equal to zero since  (`nat�1z�1u) = 1 for t 2 1+`nZ` and
P

u �
�1(u) = 0.

We conclude the last case and obtain

Proposition 4.7.6.

L` =
(1� `�2s)�1
`2n�1(`+ 1)

G(��1;  )�(`n)L(2s; �K)�1L(s; �f 
 �(�0)):

Proof. We know that �f;` = �(�1; �2) is a principal series representation with

unrami�ed quasi-characters �1 and �2 and the Whittaker coe�cient is given by

WF;`

0@a 0

0 1

1A = jaj1=2IZ`(a)
�1(a`)� �2(a`)
�1(`)� �2(`) :

So we have

L` =
G(��1;  )�(`n)
`2n�1(`+ 1)

Z
Q
�
`

�1(a`)� �2(a`)
�1(`)� �2(`) IZ�` (a)jaj

sd�a

=
G(��1;  )�(`n)
`2n�1(`+ 1)

Z
Z
�
`

d�a

=
G(��1;  )�(`n)
`2n�1(`+ 1)

:

81



Recall that since �0l1 , �
0
l2
are rami�ed at `, so are �i�

0
lj
. Hence we have

L(s; �f 
 �(�0)) =
Y
i;j

L(s; �i�
0
lj
) = 1

and L(2s; �K)
�1L(s; �f 
 �(�0)) = (1� `�2s). So we have the trivial relation

L` =
(1� `�2s)�1
`2n�1(`+ 1)

G(��1;  )�(`n)L`(2s; �K)�1L`(s; �f 
 �(�0)):

This �nishes the proof.

Evaluating at s = 1=2 and considering the prime B in Q over p, and combining

the calculations done in [24], we verify that

Theorem 4.7.7. Let f be a modular form for SL2(Z). Up to B-adic units, we

have the following equality:

j(J; z)k Im(z)�(�0; z; F )2 =
2k!

�hK

1

`2 � 1
L(1; �K)

�1L(1=2; �f 
 �(�0))

2k
f

:

4.8 Non-vanishing result: Sinnott's argument

In this section we prove the Theorem mentioned in the introduction following

the Sinnott's argument. We restrict ourselves to the case that dK is even and f

is an eigen cusp form of weight k for the group SL2(Z). Any arithmetic Hecke

character of type k+0 � c of `-power conductor has the decomposition � for � a

character on � and  the restriction to �. We �xed  and now assume that the

special L-values of �f 
 �0 vanish modulo B for in�nitely many such �'s. From

the Theorem 4.7.7, this is equivalent to the vanishing of the value:

�(�0; z; F ) =
1

hn

X
x2Gn

F (x�)�0(x) � 0modB: (4.8.1)
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Let Dp be the decomposition group of B in Gal(Q=K). Applying an automor-

phism � 2 Dp, we have

��(z; �0; F ) =
1

hn

X
x2Gn

�F (x�)��0(x) � 0modB:

By Shimura's reciprocity law([26] 26.8), for each idele s inK
(`1)�
A and � = (s;K),

we obtain �F (z) = F (s�1z) andX
x2Gn

�F (x�)��0(x) = ��(s)
X
x2Gn

F (x�)�0�(x)

by the change of variable s�1x 7! x. So we also conclude from (4.8.1) thatX
x2Gn

F (x�)�0�(x) � 0modB:

Let us denote � for �modB. Let K( ) be the number �eld obtained by adjoining

the values of  to K. Let kn := Fp(�`n) be obtained by adjoining the `n-th roots

of unity to Fp and m be the smallest integer such that km contains the residue

�eld of B \K( ). If `n is the conductor of �, then observe that we have

Trkn=km(�(x)) =

8><>:
[kn : km]�(x) if �(x) 2 km;

0 otherwise;

Applying � 2 Dp to the formula (4.8.1) and summing up over �'s, we obtain the

following : X
�(x)2km

�(x)F (x�) � 0 modB:

Since � has Z`-rank 1, the kernel ker� is �n := �`
n
and

�(x) 2 km if and only if x 2 �n�m:

Using the decomposition G1 = �� �, we haveX
x2�

 (x)
X

y2�n�m
�n

�(y)f(xy � zn)j(xy; zn)�k � 0 modB:
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For the genus subgroup �0 of �, we haveX
�2�=�0

 (�)
X
x2�0

 (x)
X
y

�(y�
�
)f�(�xy � zn)j(x�y; zn)�k � 0 modB:

(4.8.2)

Here by abuse of notation, we write hn;1(�xy) �zn as �xy �zn and j(hn;1(xy�); zn)
as j(xy�; zn). Since hn;1(y) is upper-triangular for each y 2 �, we have

j(xy�; zn) = j(y; x�zn)j(x�; zn) = j(x�; zn):

The representatives of �n�m=�n is given by
�
1 + u`n�m!

��umod `m	 and, hence,
the collection fy � zn j y 2 �n�m=�ng is equal to8<:

0@1 u
`m

0 1

1A � zn�m ���umod `m
9=; :

Note also that from the Proposition 4.3.2, we obtain that

fx � zn
��x 2 �0g = f dzn

�� d is a divisor of d0Kg;
where d0K is the product of all prime divisors of dK . Set $d =

Q
qjd$q 2 �0. The

left hand side of the above congruence (4.8.2) can be written asX
�

 (�)
X
x

 (x)
X
y

�(y�
�
)j(�x; zn)

�kf�(�xy � zn)

=
X
�

 (�)
X
x

 (x)
X
y

�(y)f�(�xy�
�1
�
� zn)

=
X
�

 (�)
X
djd0K

 ($d)
X
u

�uf
��0@1 u

`m

0 1

1A��[d]��[�](��1
�
zn�m): (4.8.3)

Here j($d�; zn) = 1 and � = �(1+`n�m!) is the primitive `m-th root of unity. In

the third line (4.8.3), the condition that n > 2m implies that �(1+u`n�m!) = �u.

Now for each � 2 �=�0, we set

f� =
X
djd0K

 ($d)
X
u

�uf
��0@1 u

`m

0 1

1A��[d]��[�]:
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Recall that �
�
is the �-part of � which are all distinct. Then for in�nitely many

n's we obtain the following vanishingX
�2�=�0

 (�)f�(�
�1
�
zn�m) � 0modB:

From the Theorem 4.3.3 which is the Zariski density result, we are able to con-

clude

f� � 0modB:

We shall show that this is impossible for non-trivial modular form f .

Let us calculate the q-expansion of f� to get the non-triviality. Its Fourier

coe�cient a(n; f�) of exp(2�inz) is given by

a(n; f�) =

8><>:
`m�n

P
dj(d0K ;nq )  ($d)a

�
n
qd
; f
�

if n � �1mod `m�n; q j n

0 otherwise

:

Now we consider a coe�cient a(rq; f�) for a prime number r which is unrami�ed

in K i.e. r - dK and � = $q. From the previous formula for q-expansion we have

a(rq; f�) = a(r; f)

and it is required to chooose r � �q0 mod `m�n where q0 is the multiplicative

inverse of q modulo `m�n. At this moment, let us quote a theorem about the

Galois representation attached to the eigencusp forms for later use.

Proposition 4.8.1. Let �f : Gal(Q=Q)! GL2(Of ) be the Galois representation
attached to f with nebentypus  . Then for all prime p - N , �f is unrami�ed at p

and for a Frobenius element Fp, one has

Tr�(Fp) = a(p; f); and det �f (Fp) =  (p)pk�1:

There are many references for the proof of this well-known fact. For example,

see [6] and [13].
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Proposition 4.8.2. For each � 2 W , we can �nd a prime number r such that

r � �q0mod `m and a(r; f) 6� 0modB:

Therefore f� is not zero modulo B.

Proof. Let �f be the Galois representation given by f , i.e. �f : Gal(Q=Q) !
GL2(Of ), where Of is the integer ring of the number �eld generated by the

eigenvalues of f over Q. And set �f = �f modB and K = Q
Ker �f . Since �f is

unrami�ed at `, we know that ` is unrami�ed in K=Q. Since ` is totally rami�ed

in Q(�`m)=Q, we can conclude that K and Q(�`m) is linearly disjoint. From this

we have

Gal(Q=Q) �= Gal(K=Q)�Gal(Q(�`m)=Q):

Now choose an element c in Gal(K=Q) = Im( �f ) such that Tr(c) 6� 0 mod B.
There exists an element � 2 Gal(K(�`m)=Q) such that

�jK = c; and �jQ(�`m ) = �q0:

The Cebotarev density theorem allows us to choose an Fr such that Fq = �.

Then we have a(r; f) = Tr(Fq) = Tr(c) 6= 0 and r � �q0mod `m.

Now from the previous proposition, we are able to conclude that

f� 6� 0 (modB);

which is a contradiction to above conclusion from the assumption that there exist

in�nitely many characters which give the vanishing of L-values. By previous

arguments and the Proposition 4.8.2, now we are able to conclude that

Theorem 4.8.3. Let dK be odd, ` split in K and f be an eigen cusp form of

weight k for the group SL2(Z). Then for almost all anti-cyclotomic � of `-power
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conductor with a �xed  = �j�, we have

�k�1L
�
1
2
; �f 
 �(�0)

�

2k

6� 0 mod B:
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