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ABSTRACT OF THE DISSERTATION
Non-vanishing mod p of special L-values
by

Hae-Sang Sun
Doctor of Philosophy in Mathematics
University of California, Los Angeles, 2007

Professor Haruzo Hida, Chair

In this thesis, the non-vanishing mod p of special values of various L-functions is
studied. We study the classical theorem of Washington about the non-vanishing
mod p of the special values of Dirichlet L-functions from two different points of
view. First, we study the topological way of establishing the theorem, so-called
homological independence, which is deduced from the abelian modular symbol
method. Secondly, the geometrical approach which was developed by Sinnott and
Hida using Zariski density on the torus is studied. The homological independence
is tested numerically in terms of modular symbols on the modular curve and the
modular L-values with cyclotomic twists are studied. The geometrical point of
view is extended to the case of modular L-values with anti-cycltotomic twists by

utilizing the Zariski density of CM points on the modular curves.
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CHAPTER 1

Introduction

Although they are complex analytic, the L-functions reflect an arithmetic nature.
Dirichlet’s Theorem, which asserts that there are infinitely many prime numbers
in arithmetic progressions, is one of the famous examples which relate an arith-
metic problem to the study on the L-functions. The class number formula estab-
lish a connection between the special values of L-functions and several invariants
of the number fields including the class numbers. The land of number theory
has been enriched since Iwasawa introduced his theory on the Z,-extensions of
number fields which is developed as an analogue of similar phenomenons in the

function fields.

For a prime number p, the Z,-extension of a number field K is a tower of
number fields

K=KyCK,C ---CKy

such that Gal(K,1/K,) ~ Z/p"Z and Gal(K/K) ~ Z,. The celebrated theo-
rem of Iwasawa ([15]) asserts that if e,, is the exact power of the prime divisor p of
the class number h,, of the number field K,,, then for sufficiently large n one has
en = An + up” + v for some integers A, u, and v which are independent of n. Let
A be the power series ring Z,[[T]]. To the Z,-extensions, Iwasawa associates a
A-module X and a power series in A where the degree and gcd of the coefficients
are A and p* respectively. The p-adic L-function on Z, is defined to be a certain

simple change of variable of this power series.



A Z,-extension K /K is called cyclotomic if one has K, C K(py=) for the
union /i, of all p-power roots of unity in Q. Based on the strong analogy
between the number fields and the function field, the invariant p of a cyclo-
tomic Z,-extension is conjectured to be zero by Iwasawa. This conjecture of long
standing was finally verified for the case that K is abelian over Q by Ferrero and
Washington ([7]). Later this result was reproven by Sinnott ([29]) in a concep-
tual way using p-adic measure theory on Z; and some manipulations of power
series (the independence result). Several attempts have been made to generalize
the theorem and only partial results were obtained. For example, Barsky claims
the vanishing of the p-invariant of a totally real field in [2] using p-adic analytic

function theory. However the validity of this argument is not yet confirmed.

Along with the development of the theory on the p-invariant, one can also
consider the exact power of other prime divisors ¢ of the class number of K,. A
statement similar to the vanishing of the p-invariant can be made so that the
exact (-power of the class number of K, is bounded. As discussed in [35], this
statement is equivalent to the non-vanishing mod p of special values of Dirichlet
L-functions with characters with ¢-power conductors. The non-vanishing result
for Dirichlet L-values for the abelian number field is obtained by Washington
([36]). Again this was reproven by Sinnott ([28]) using a variant of the measure

theoretic argument.

Contrary to the lack of success for the cyclotomic case beyond the result of
Ferrero and Washington, there have been major developments due to Hida ([10])
and Vatsal ([33]) for the so-called anti-cyclotomic case of modular L-functions.
However the cyclotomic case for the modular L-values are still open and in this

thesis we shall present a possible approach to this problems.



1.1 Homological Point of View

The special L-values with cyclotomic twists of prime power conductors have been
posing difficulties to researchers mainly due to the absence of the appropriate
machinery. In [31], we get a nice homlogical interpretation of the equi-distribution
argument of Washington using abelian modular symbols, which are an cylindrical
version of modular symbols. In section 3.6, we shall observe that Eisenstein
primes are involved in the discussion as expected by Greenberg. He conjectured
that the cyclotomic u,(E)-invariant of an elliptic curve E vanishes if E[p| is an

irreducible Galois module.

We now illustrate roughly the homological argument based on the equidistri-
bution property originated by Washington and Ferrero. We consider a Riemann
surface X, a finite subset b of X, a subset = of H,(X, b, Z) with an action of Z;,
and a differential form wy on X. Let A be a certain finite subset of Z," consisting
of linearly independent elements over Q. There is an integral representation of
L-values which is interpretable as a sum of (cup-product) pairings between ho-
mology classes in = and a cohomology class on X. This is the modular symbol
approach. Let B be a prime ideal in Q over p. Following the process due to
Sinnott in [28], we expect to arrive at the vanishing:

Z(n - v,ws) = 0mod B for each v € =Z. (1.1.1)
neA
Hence, if the image of the map j : = — H(X,b,Z)*, v — (n - v), generates
the whole homology group Hi(X,Z)", or in other words, if the image has an
equidistribution property, then we expect to get a contradictory statement such

that the differential form wy vanishes mod B.

Two particular instances shall be presented in the next two chapters. First

in Section 2.2, we are going to consider Dirichlet L-values with the setting X =



(C/Z — Sy) U{Ficc} for Sy = {& |0 <j <N}, b= {tioco}, and E = {v(r) =
r+iR|r € ¢*Z/Z}. In Section 3, we deal with the complex modular L-
values L(m, f, x) for a modular form f of ['o(/V), which are the cyclotomic twists
of the Dirichlet characters y with f-power conductors. In this context, we set
X = Xo(N), b ={cusps}, and = = {v(r) =r + iRy |r € {~°Z/Z}. We hope to

get the residual non-vanishing result in the near future.

1.2 Geometrical Point of View

Twists by anti-cyclotomic characters x (of imaginary quadratic fields) have been
dealt with quite differently from the cyclotomic case, and some generalizations
have been given by Hida([10]), Vatsal([32],[33]) and other researchers. This anti-
cyclotomic case involves more sophisticated tools, but is philosophically more
well-understood than the cyclotomic case. It is Vatsal([32]) who successfully
transferred the original equidistribution idea of [7] to the case of modular L-values
for a modular form of weight 2 under the twists by ring class characters. As an
application of non-vanishing, a conjecture of Mazur on the special values of elliptic
L-function is established. He has used the equidistribution of Heegner points on
Gross curve associated with definite quaternion algebra and Ratner’s ergodic
theory on p-adic Lie group. On the other hand, even though Sinnott’s algebraic
proof of the theorem was elegant and simple, a generalization was not made until
Hida interpreted the proof as a geometric one. He extended it to abelian Hecke
L-series using the Zariski density of CM points on a Hilbert modular Shimura

variety.

Let us now sketch the geometric argument for the non-vanishing result. Let
X be an algebraic variety over Fp, K a number field, = a collection of special
p

points in X, and f a section of a line bundle on X. Let Z be a profinite group



which is the projective limit of (ring or standard) class groups of K with ¢-power
conductors. It has the decomposition 7 = A x I', where A is finite and T' is a
torsion-free subgroup. Suppose that we have an action of Z on =. The (square
root of) special L-values are expressible as a finite sum of the characters against
evaluations of f over Z. In these examples, the value of f at x € Z is a partial
L-value. Similarly as the last vanishing 1.1.1, Sinnott’s procedure enables us to

derive

Zf(n -a) =0 mod B for each a € =. (1.2.1)

neA

Then the Zariski-density of the image of the map j : © — X2, a + (- a)yea

often enables us to conclude that f =0 mod B, which is a contradiction.

For the Dirichlet L-values, in addition to the homological argument we also
have the geometric one due to Sinnott and Hida. In Section 2.4, we take K = Q,
Z =7, X =G,. And f is a suitable rational function on G,, and = is the set
e Of -power roots of unity in Fp. The anti-cyclotomic case is considered with
the setting K = Q(v/—d),d >0, Z = higl Pic(Og) (see Chapter 4). We consider
the case that X is a modular curve Xo(N), f is an eigencusp form of level N,
and Z is a set of Heegner (CM) points associated to K of ¢-power conductors.
This case deals with the modular L-value L(1, f,#,), which is a Rankin product
of f and the theta series 0, associated with . In Chapter 4, we consider rather
the special case that f is an eigen cusp form for the group SLy(Z) of arbitrary
weight £ > 2.



CHAPTER 2

Dirichlet L-values

In this chapter, we discuss a homological and geometrical interpretations of Wash-
ington’s theorem. To state the result, let us consider two different odd primes,
p and £, and two Dirichlet characters A : (Z/NZ)* — Q of conductor N, and
X : (Z/I"Z)* — puyes of L-power conductor respectively. Here NN is relatively prime
to both p and £ and figee = Uy>1p4¢» with the group p of £"-th roots of unity. It
is well-known that the special value of the Dirichlet L-function L(0, \x), after ex-
cluding its Euler ¢-factor, is integral. Let B be a prime in @p over p. Washington
proved in [36] that

Theorem 2.0.1. Let A be an odd Dirichlet character of conductor N. Then for
only finitely many Dirichlet characters x : (Z/"Z)* — py, we have L(0, \x) =
0 modB .

Note that this implies the finiteness of exponents of prime divisor ¢ in the num-
ber h, , which is the relative class number of each subfield K, of the cyclotomic
Ze-extension K, of Q. Using a Kummer type argument studied in [35], we also
get the finiteness of h,,, the class number of K,,. The group Z; = Gal(Q(pe~)/Q)
has decomposition Z; = p,_; x I" and a profinite subgroup, I' = Z, is the Galois
group Gal(K./Q). A factor pu,y C Z; is the (¢ — 1)-th roots of unity in Z; .
One of the main ingredients in [36] is that the maximal subset of p, ; which

is linearly independent over Q generates a subset of (ﬁ_‘X’Z/Z)ZTT1 so that it is



=1

3 . This will be discussed briefly in Section 2.1.

uniformly distributed on (0, 1)

In [29], Sinnott invented a totally different approach to the proof of this
problem. He studied a suitable measure on Z,, which is defined by a rational
function twisted by elements in i, i, called formal functions. Instead of uniform
distribution property, he made use of the algebraic independence of such formal
functions. It was Hida who realized that Sinnott’s method can be written in an
algebro-geometric language in [9] and this (modular) version of Sinnott’s proof

is explained in the appendix of present paper. Let U be a maximal linearly

independent subset of j,_; and consider the map

j D fbgoe —> Gm(Fp)Ua C = (Cn)neU-

Here G,,(F,) =F,

,» 1s regarded as an algebraic group over the algebraic closure Fp

of the finite field F¥,. Then the algebraic independence result can be reformulated

as follows.

Proposition 2.0.2. The image of j is Zariski dense in G,,(F,)V.

By an integral representation of L-functions, we can think of special L-values
as a (cup product) pairing of a homology class and a cohomology class defined
by a power series which is actually a rational function whose poles are roots of
unity. This is an abelian version of the Mazur’s modular symbol method, which
is discussed in great detail in [12]. The crucial point of this discussion, we call it
homological independence, is a mixture of Washington’s original uniform distri-
bution result and Hida’s Zariski density argument. Let us explain the situation
briefly. We consider a punctured cylinder C/Z — Sy =2 G,,(C) — un(C), where
Sy = {j/N|0 < j < N} for an integer N. We add two points {£ioco} to the
cylinder in order to get X§. Let v(r) be the vertical line r 4 it, —oo < ¢ < oo for

0<r<1,r¢Sy. Hence v(r) are in the relative homology H;(Xy, {£ioco},Z).



We consider a map
j )T — H (XS, {£icc}, Z) T .

We will prove an independence result related to above map j in the Section 2.1
from this homological setting and we shall give a new proof of Theorem 2.0.1 in
Section 2.2, interpreting Washington’s argument in a homological way. Although
the proof itself is not much new, it seems to be simple enough to be extended to

the case of elliptic modular L-values

In Section 2.5 using the speical class of rational functions (see 2.5.1), one
can formulate the Zariski density result on the multi-dimensional setting over a

totally real field.

In the last section, we shall apply the homological independence to obtain
the vanishing of p-invariant for the Dirichlet p-adic L-functions after defining a

suitable measure using abelian moudlar symbols.

2.1 Homological Independence: Abelian modular sym-

bols

As mentioned in the introduction, we consider X§, which is the cylinder C/Z
punctured at points Sy and with two points {+ico} added. Each vertical line v(r)
is in the relative homology Hi(X§, {+ioc},Z). Let ¢(k/N) € H1(X%,Z) be the
closed path on X3 starting from a fixed base point zy € C, then turning around
k/N counterclockwise and returning to zy. The homology H(X3,, Z) is generated

by such ¢(£). Forany r € (.1, £) and s € (£, EHL) we have ¢(£) = v(s)—v(r).
The main idea is that given any partition of (0,1), say (0, %) U---U (52, 51),

we can find two vertical lines from {v(r)|r € ¢~*°Z/Z}, which are on the two

consecutive partitions (5.1, £) and (£, %) to get the homology class ¢(k/N).



To make this idea working, the uniform distribution property should be brought

into the present picture.

We consider a Q-linearly independent maximal subset U of p,_1. In [7], it is
shown that the collection {(Z—f)geU |n > 1} is uniformly distributed on [0,1)Y

for almost all a € Z;; i.e., for all a outside of a measure zero subset of Z,. Here

sn(a)
gn

the ¢-adic numbers Z—f are thought of as the element in X3 for n-th partial

sum s, of f-adic integers.

From the definition of uniform distribution, one can easily deduce that when
a subset Z C Z, with non-zero measure, a point z¢ € (0,1), and e > 0 are
given for each £ € U, then for all sufficiently large n, we can find a € Z so that
|ze — Z—f] < € for each £ € U. Roughly speaking, for a given vector (x¢)ecy, we

can find a point (%)eep which is close enough to (z¢)eer-

Set U = {7]1 =102, ;77t} and :U’f—l/{:lzl} - {7]17"' s Ty T1y 00t 77—8}' We

have an integral s x ¢t matrix A such that

(T17'” JTS) = (7’/17”' 77715)‘4'

Since py—1/{£1} is Z-multiplicatively independent i.e. there are no integers m,
n such that mn # ny' for distinct 1, ' € e 1/{£1}, all the columns of A have

at least two non-zero entries. Now let us state a lemma.

Lemma 2.1.1. Let aq, - -, a; be any real numbers and set
P(ah'” 7at) = (0417”' ,Oét) ([|A)

for a t xt identity matriz I. For each k € Z, we can find numbers o, of, and of,
1, O 2

T OZ? such that (‘Z) O/l € (k_];%%)} O/ll S (%7%)7 and (2) P((Xi,()é&-u 7()4?)7
P(af,a8,--- ,a?) are away from (%Z)% In other words, no coordinate of them
are in %Z.



Proof. Consider the function P(%,ag, <o ay) of ag, -+ . Since A is an in-
tegral matrix, P(%, 0,---,0) is in (%Z)[_Tl The Z-multiplicative independence
of pe_1/{£1} implies that no coordinate in P(«y,- -, ;) is Z-multiple of oy
except itself. Hence, P(%,ag, .-+ ,qy) is an open map; i.e., no coordinates are
constant except the first one and we can find (a4, -- -, af) around (0, --- ,0) such
that each coordinate of P(%, ag,---,af) is not in %Z except the first one that

is k/N. Since P(ay,ad,---,af) is continuous in the variable oy, we can find o

€ (51, 5), of € (£, 51) satisfying the condition (2). O O

We define j : (~°Z/Z — Hy(X3,{£ioco},Z) = for {~°Z = U, l~"Z by

ay _f (ag
J (E_”> B (v (£n>>§eu5_1/{i}.

The following proposition is a homological variant of Proposition 2.0.2.

Proposition 2.1.2. H, (X%, Z)['_T1 (C H (X%, {j:ioo},Z)[-_Tl) is generated by the

image (under the map j) of
{liz0aez}
J

for any increasing sequence {n;} of positive integers and any subset Z of 7,

-1
2

with non-zero measure. In particular, H\ (X%, Z) = is generated by the image of

—

j 7] — H (X3, {+icc},Z) T .

Proof. As discussed above, the subset { (%)¢er | n > 1} are uniformly distributed
on (0,1)Y for all @ € Z. Hence it is possible to find suitable n, m in {n;}
and a, b in Z such that vectors (%)eer, (& )eev are close enough to two vec-
tors (a4, a8, -+ ,a?), (of,a8, -+ ,a?) previously chosen in the lemma respec-
tively and, therefore, all coordinates of P((%)¢err), P(()eer) are inside of the

same partitions except the first ones that are in consecutive partitions (%, %),

10



(% k+1
7

=) respectively. Due to this result, we have

](gﬁn) _](gim) = ([0]7 7[0]7C(k/N)7[0]7"' 7[0]) € Hl(X]cihZ)l_Tla

where the position of non-zero homology class corresponds to 7. Since n and k

are chosen arbitrarily, we prove the proposition. O

2.2 Special L-values and a theorem of L. Washington

For a Dirichlet character i, we define

> ns1 ()" Im(z) >0,

- Zn21 Y(=n)g " Im(z) <0

fu(2) =

for ¢ = exp(2miz). As shown in [12, §4], the differential f,(2)dz gives a cohomol-
ogy class w(fy) in H}(Xg, C), and we have

o L(1, )

f)\X(Z)dZ = _G(X) = _L(O> Ailxil)'

i 271

Here G(x) is the Gauss sum defined by y. We define a pairing between v in
Hi(X§, {£io00},Z) and w in H (X, C) as follows:

(v,w) = /Uw.

1 r
There are operators acting on Xy, for each r € {~°Z/Z defined by
01
1 r
Z = “Zi=zZAT
01

1 r
For any w € H} (X%, C), we define w by the natural action of
0 1 01

on H}(X3,,C) induced from the one on X§.

11



From the decomposition

1
alz) = E10%) > xl@)h(z+ ﬁn)
X) we@imny
we have

LAy = (1X) S @[ Atte @21

n
—100 14

a€(Z/enz)*
— G(lx ZX /% fr(2)dz (2.2.2)
- G(lx > xla ) (o( ) w() (2.2.3)

By the inversion formula we obtain

(v(5) ) = oy 2 v @LOATW,

1 mod £"

and hence it is algebraic. The pairing is an element of Q()\) because it is fixed

under the action of Gal(Q(\,)/Q(N)).

Let k be the finite field over F, generated by A and the ¢-th root of unity.
There is an integer m such that piye Nk = pym. Setting k; = k(pm+i) and ko =
U;>1 &y, we have Gal(koo/k) = 'y, := 1 + £™Z, with the action on ji= given by
(= (Ctfortel,,.

Recall that B is a prime in @, over p. Now assume that L(0,A 'y !) =

Omod B for a Dirichlet character x of conductor ¢ and n > 2m. Multiplying

x(a) for a € I';, and taking modulus B and Try, /&, and using the fact

[kn + klx(a) if x(a) € pigm,

0 otherwise

Try, /k(x(a)) =

the formula (2.2.3) is reduced to

a) Y, DX 1(b)< (Zn> (fA)>EOm0dB

NERL-1 peg M
n

12



for all @ € I',,. Furthermore, writing down the representatives of the quotient
al’y,_m /Ty explicitly, we get
Z Z X (14 0c) <v (% + Z_Ti) ,w(fA)> = O mod B.
N cEL/MZ
Since 2(n—m) > n and (146"7)¢ = 14+L"""cmod (", setting x (1+"™) = (,

a primitive £™-th root of unity, we have

Z<v (%), Z Cﬁzw(f)\)‘ Lo >EOm0dB. (2.2.4)

n cCZ/IMT 0 1

Define for any b € Z,

LMN—-1
Y. A
_ r=0,r=b(m)

Above congruence (2.2.4) is written as
> (v <Z—ZZ> w(fry 1)) = 0mod B (2.2.5)
n

for all @ € T',,, because

be oo
fro(z) = Z Crcan‘ () = Z A(n)q".
cEZ/tm T, n=1

n=b=1(em)

The function f,(z) has poles only at z = £ for 0 < k < {™N and (k,N) =1

with residues
AR)G A (Co )
N{m ’

Here ny is a primitive N-th root of unity. Note that the residues are algebraic

and p-integral. The definition of f shows that it goes to 0 as ¢ goes to infinity. In
other words, there is no holomorphic term in f,,(¢). Hence, we have the partial

fraction expansion

_ ARG (G )
fA,b(Q) - Z Ngm(q — (UNCm)k) '

(k,N)=1

13



Since the pairing is a Z-linear combination of residues of fy;, above partial frac-
tion expansion of f,,(¢) guarantees p-integrality of the pairing (u,w(f\p)) for
cach u € H(X},,7Z), and N' = N{™, and thus w(fyp) € H' (X3, Z)), where

Zy) is the localization of Z at p.

Note also that vanishing mod B of the pairing on the whole homology group
(H (X3, Z),w(frp)) = 0mod B

implies that all residues are congruent to 0 modulo B. Therefore non-existence

of holomorphic part in fy(g) forces us to conclude that fy, = 0mod B.
Now we prove Theorem 2.0.1. Let us assume the contrary that L(0,Ay) = 0

mod B for infinitely many y’s. It implies that for infinitely many integers n and

all « € T',,, we have

Z <v (Z—ZZ) ,w(f)\mf1)> = Omod B.

nNCpe—1

From the identity fy 4(¢) = fas(g™'); e, fa s(2) = fap(—2), we have

<U (Z_ZZ) ,w(fx,nfl)> - <u (}Zw W (f/\,(—n)l)>7

Z <U(Z_§)>W(f,\7§—l)> = Omod B.

Ecpe—1/{F1}

and

By Proposition 2.6.2, we know that the linear map H; (XJO\,,,Z)Z%1 — TF,, which
is given by

(ve)e = Y {(vg,w(fre—)) mod B

E€pp—1/{H1}
is zero. For a fixed 7, we choose (v¢)e € Hy(XRy, Z)KTT1 such that ve = [0] if £ # 7
and v, is arbitrary. Then we have vanishing (H;(X3}.,7Z),w(fry,)) = 0mod B
and, hence, vanishing mod B of f,, for each n € py_1, which is contradiction. So

we have proved the theorem. O
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Remark 2.2.1. Actually, in [36] Washington chose a1, as € T',;, such that
Trg, k(X (a1) L0, A7 X T1)) # Trg, i (x(a2) L0, A7 X)),
As expressed before, this can be rewritten as
an as’n
zﬂ: <v ( 7 ) ,w(fm_1)> - Zﬁ: <v ( 7 ) ,w(fA7,7_1)> # 0 mod B.

Two numbers a1, as are chosen specially so that above difference of the sums over

le—1 is equal to

0 () thaz)) = (0 () )

for a fixed ny € pe—1 and the last difference is nothing but a residue of f, ng L It
is not a coincidence that the proof of Lemma 2.1.1 is similar to the proof of the

Proposition 2 in [36] in choosing suitable ay, as.

2.3 Zariski density on the torus G,,

In this section we are going to study the Zariski density property on the torus
G, to apply it to the Washington’s theorem. This method will give us another

way of getting non-vanishing in addition to the homological method.

Let A be a free Z-module of finite rank and A* = Hom(A,Z). There is a
torus G,, ® A = Spec(Z[t*]). Given the pairing (-, -) : A x A* — Z defined
by {(a, f) = f(a) and a basis {w;} C A, {w}} C A* the dual basis, we have the

isomorphism, G,, ® A 2 G™*4. More explicitly, the isomorphism is induced from
Z[tA*] - Z[tla e 7tn]7 th* 1, no= rkA

and for a commutative ring R, we have an isomorphism G,,(R) ® A = (Gm(R)rkA

defined by a ® v — (z/**N?_ and w; ® x + (1,--+ ,x,++-,1) with z in i-th

15



position. We have a commutative diagrams in which all the maps are injective :

G,, o los, (Zle—1] ® Gy )P

T Ti:x»—%e@m)e

J _
g —— Gm

First row comes from the surjection
Z[t*, - 1) — Z[tt7Y, 1% = 1 for i # 1 and t*1 — ¢
and
R* - Z[p 1| @ R*, z » 1Q .

Second column comes from the surjection
ZIE Y] — Z[t, 1Y), 0 e g<o0i>

and

RX - (Z[Mf—l] ® RX)“Z_IJI s (6 Y I)eEug_N

where {a;} is the dual basis of a fixed basis {w;} of Z[us_1]. This diagram is
commutative since 1 ® (¢ = e® ( for ¢ € py~ and € € py_1. Let us make a remark
that j is not an algebraic map and there is no morphism from G,, to G ' of
which restriction to gy~ is j. But after introducing ¢ and having in mind the
commutativity of above diagram, we may regard j as a restriction of an algebraic
map. If V' is the subscheme of (Z[u—1] ® G,y,)#~* defined by the equations

{Hfgew 1 ‘Zne —0,we Z[MH]*},

€

then each row is factorized through V and VN Gi~'; i.e., the image is contained

in V' and we have the diagram

16



G,, —— \% —— (Z[pp—1] ® Gy ) P2
e —L 5 VAGHT Gl

Here, V N G}{~* is the subscheme of Ghi~* defined by the equation

S = {Htﬁe—l ‘Znﬁezo},
and it is isomorphic to G}, by tlele isomorphism
Z{te, tNS) = Lttt sty tee [T,
where € = ). ¢;(€)ey, i.e. ¢;(€) = (e, «f). Then we restate tlie proposition 1.2 :
Theorem 2.3.1. The image of j : jigo — VN Gu=™' = G, ¢ = (¥, is

Zariski dense in G7,.

As mentioned in the introduction, the proof is an immediate consequence of
the Theorem 2.2 in [29]. The proof also can be established using the Dirichlet’s
Theorem on the linear independence of characters by considering each formal

monomial t%, a € Z, as a character on piye.

2.4 Geometrical Argument: Modular version of Sinnott’s

proof

In this section, we review the modification of Sinnott’s proof [29] of the theorem

1.1 due to Hida [9].

For a commutative ring R, let A : (Z/NZ)*—R* be an odd Dirichlet charac-

ter, x : Z; — pu~(R) and

NOE ; A(n)t" = —Zall_At(]f)ta.

17



Considering the group scheme G,, = Spec(Z[t,t™']), we have ®,(t) € Og,, 1/z-

Note that from the well-known result of Euler, we obtain
®,(1) = L(0,\) (2.4.1)
Define an R-valued measure duy on Z; by
fpx = (CAO)™ Y F@)®(G).
Ly ©€L/T,
where f : Z/{"Z — R; i.e., [ is a locally constant function on Z; and (, is the
primitive £"-th root of unity . Note that this definition is independent of Z/{("Z

where f is defined. For a primitive Dirichlet character x : (Z/("Z)* — R*, we

have

| xdm® = @0) " T T x@amic”
= @)Y (X x@ ) Amye

m T EL/E

G(X) -1 m
B X A

Evaluating this sum at =1, we have

_ G(X) -1
/Z[de— L0,

Since x : Zy — g is trivial on pp 1, we have

/ xdpy = / Xdpy = / XAy,
Zy Ty ™ r

where T' = Z," /p1e—1, and duy is a measure on I' associated with the formal

function ¥ on py~ such that

V)= Y o)= > (B)+2(t7)).

€C 1 e€p1/{£1}

18



In other words,

/F Xdpe = Y x(@)U(E).

@ € (L)LY /e
Now we consider the case that R is the algebraic closure F, of the finite
field of characteristic p. Since I' has a topological generator g, we have an 1-1
correspondence between the set of Dirichlet characters { x : I' = piyec } and pips.
More explicitly, the correspondence is x — x(g) and if the conductor of x is ¢
i.e., ker(x) = 14+ ("Z; =: T, in T, then after fixing the primitive root of unity
in pn for each n, the character x corresponds to a unique (,, which is an /"-th

root of unity and X(g):Cf;. We have isomorphisms

exp

14+ 07 2% 07, 1+ 02, £ 07,

and g = exp(¢). As before, let m be the integer such that k N ppe = prgm. If
n > 2m and = exp({" ™z) € I',_,, then setting v = n — m we have 2v > n
and

X(@) = x(exp(0))"7 = ({7 = ¢ = ¢
since log(z) = (z — 1)+O0((z — 1)?) and £** | (z — 1). Here we define
D rzai(emy M)

1 — ¢Ner

d,(t) = , where 0 <r </™N

for a € Z,*. Following the similar process to obtain the formula (2.2.5), we have

the following proposition.

Proposition 2.4.1. Let n be the conductor of x and n > 2m. Then we have

/Xd,u\p = 0 if and only if Z ey Cey) =0 forally eT.

€C ty—1

Now we consider the regular function

{t} Zq)ke
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on (Zpe-1] ® G )*=* and
Z*F({te}) = Z CI))\,E(tE)

on G . Suppose that G,, C V(F); ie., F is identically zero on G,,. Then
i*F is identically zero on ige. Since j(jugo) is Zariski dense in VNG !, i*F is
identically zero on it. Since ¢*F' is of the form in G},
S 6, (Ht?(e)) Lo, (H tf““) ,
e€pp_1/{£1} 7 i
and [, tfi(e) are pairwise Z-mutiplicatively independent, they cannot be identi-
cally zero on G,. Hence, G,, € V(F). We know that the equality L(0, x\) =
0mod B implies that Y @, ((;) = 0. Since these (,’s are in the Zariski closed

set G, NV (F'), we can conclude that there are finite number of such ¢, ’s.

Remark 2.4.1. The geometrical argument can be generalized to

2.5 Zariski density on the multi-dimensional torus

In this section, we try to generalize the previous discussions to totally real field
and to get the analogue of many proposition. Following [16], one is able to develop
a similar argument as before. Unfortunately, to get the non-vanishing result it
seems that there should be more research on a quotient measure obtained by the
unit group of the totally real field. There is an p-adic analytical approach which

is discussed in [2] but it is not yet reported for the proof to be settled completely.

First we consider a special rational function on a multi-dimensional torus
which is closely related to Hecke L-function over the totally real field F. Let F'
be a totally real field of degree d over Q and Op the ring of integer of F'. Denote
by (F ® R); the subset of F @ R ~ R? which is RY and by A, for any A C F
C FOR we mean Ay = AN (F ®R),, the totally positive element of A.
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By a the Shintani decomposition of ' we mean a finite collection & of finite
subsets V' = {vy,--- ,v,} C F, such that (1) {v;} is linearly independent over Q
(2) if we define C(V)) = Ri-span of V' C (F ®@R), then we have a disjoint union

(FeR),= |J [ ec() o (FeR),/O= ] CV

ccOXVES Vee

For an integral ideal a, we have

U U (anC(V)) or ay/Op; = U (anC(V)).
ecOlVES Ves
For each V' € G, define

R(V,a)=a, N {Z%UEC

veV

IU€Q+,O<ZL’U§1}.

Then each element of aNC(V') can be written uniquely in the form r + ) U

vev
for some r € R(V,a) and integers n, > 0. Since the set R(V,a) is finite, for a

ring A, we can define a rational function on a ® Gy, ;4 = Spec(A[t*]) such that

Ola, &)= Y v el )tr()) (2.5.1)

Ve&reR(V,a) U€V(

for £ € Hom(a, A*). One of important feature of this rational function on the
multidimensional torus is that the evaluation at the point 1 € G,, ® OF is the
special value of Hecke L-function of F. In other words, one defines a Dirichlet

series for £ € as Hom(a, C*),
Z E(a)N (o)™
acay/OF
and it can be showed that the Dirichlet series is defined in a right half plane of

C and can be analytically continued to entire C. Thanks to Shintani ([27]), one

obtains
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Theorem 2.5.1 ([27]). (¢ converges for some right half region of C , extends

to an entire function of s, and
((€,a:0) = (a, & 1).

In order to explain the multi-dimensional analogue of Zariski density result
(Theorem 2.3.1), we now consider the simplest case i.e. hp = 1 and £ is inert in
F. In this case, the class group Clg(£*) is nothing but the quotient OZX/O_ﬁ of
unit group and du, is a measure on O,. As we have done in abelian case, let A
= Fp. Let k be the finite field over F, generated by A and the /-th root of unity
and i Nk = peno, kj = k(pgno+s ), and K = J;5, k;.

Since I' = 1+ 00, ~ O, has topological generators g1, -+, g4, d = [F : Q], we
have an 1-1 correspondence between { x : [' = pye } and pde ~ Op @ piy. More
explicitly, the correspondence is x — (x(g1), -, x(g4) ) and if the conductor of
x is €™ ie. ker(x) = 14+0™O0; =: I';, in I, then x correspond to a ® ¢, for some

a € Op, which is in O ® pgm. In fact, we have the isomorphism

exp

14+ 00, 25 00, 1+ (0, E2 10,

and g; = exp({w;), where { w; } is a Z¢-basis of Q. If m > 2ng, n = m — ny, and

r = exp(ﬁ“z) € FTN = Zz a;W;, a; S Z[; then
x(z) = H y(exp(fw;))¢" ™ % = (Irielos(®) = (Tr(a@-1)

since log(z) = (z — 1)+0((z — 1)?) and £* | (z — 1)2
We can prove similar one as in abelian case.

To obtain similar result as in abelian case, we need following proposition,

which is an analogue of theorem in Sinnott[3].
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Proposition 2.5.2. Let f(t) = Y., a;t%, a; € F,, a; € Oy be a formal function,
and Z(f) be the set of zeros of f in Op & . Then we have
Z2(f) C (U Z (% — 1)) UOF ® fugno,
i#]
where pyno = k N oo and k is the finite field over ¥y, generated by a;’s and (-th

roots of unity.

Proof. Let k=F,(a;, jt¢), ptero = kN and ky, = k(pem). If @ @ GEOF ® pipes,
n>ng+ 1, satisfies that for all i#£j, Tr(aa;)#£Tr(acy;) mod £7, then taking Try, /x

after multiplying o; ® (,,, we have

0= ZajTrkn/k(Cg\r(mi’mf)) = a;lky, : k).

J

Hence we have b; = 0 for all . This means that
{a® (, | Vi # j, Tr(aq;) # Tr(aa;) (")} N O @ pmo € OF & g \ Z(f).
Then we have
2(f) € {a®@¢ | 3i# 4. Te(aqi — aay) = 0(")} U O ® pigno

— (U {a® ¢, | Tr(aa; — ;) = O(é")}) UOp ® fmo

i#]

= (U Z(t>im — 1)) UOr ® pgno.

i#]
[l

Let W be the set of roots of unity in O, and Op{W} be the group ring over
W with coefficients in Op. Then we have natural homomorphism. 7 : Op{W} —

Op[W] and this induces that Op[W]| ® G,;, = Op{W} ® G,,. We have

(OF ®Gp)" = Op{IW} @G, (e @ C)e > [J e e® e
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Consider the map Op ® = — Op{W} ® G, defined by a ® ( — (ca & ()..
Then the image is in the subvariety Y of Op{W} ® G,, defined by functions
{t7" — 1|y € ker(n)}, which is isomorphic to Op[W] ® Gy,. Let ay, ---, a, be the
maximal Op-linearly independent elements in W. Then the map Op ® fiyo— Y
is just the map Op ® jyeo— (Op ® G,,)", @ ® ¢ — (¢, ® ¢)I,. From above
discussions, we are able to deduce the multi-dimensional version of the Theorem

2.3.1 as follows.

Proposition 2.5.3. the map O @ pyo— (Op @ G)", a®( +— (a;,a @)™ | has

a Zariski dense image.

Proof. First, we prove that for distinct 5; € Oy~ {0}, 5 =1, ,m, there exists
a€Op such that Tr(af;) # 0 for all i. Let { w;} C Op be a Zs-basis of O, and
a =Y, ziwi, 1 € Le. Then Tr(af) = 3, x;Tr(Biwy). Set v; = (Tr(Biw;))i_y,
d =[Oy : Zy]. Then v; # 0. Now set V; = {w cQlv-w= O}. V;’s are proper

subspace of Q¢. Since Q¢ is not the union of finite number of proper subspaces,

there exits (z;) € Q% (z;) ¢ Vi, Vi. Then a = > iB; works.

Now, let the image be the zero set of a polynomial F'({t;}). Then all elements
in Op ® e are zeros of the formal function f(t) = F({t*}). Set f(t) = >, bit™.
We can choose o« € Op such that Tr(a(a; — «;)) # 0 for all 4 # j. Then for
sufficiently large n, o ® ¢, is not a zero of f by above proposition. Hence, f(t)
has to be zero. But since a;’s are Op linearly independent, each monomial in

F({t;}) corresponds to different term in f(¢). Hence, F'({t;}) = 0. O

2.6 Vanishing of u-invariant

In this section, we apply the homological idea to determine p-invariant.

Let Zp be the integer ring of @p and 7 be a uniformizer. Let X3 be the

24



punctured cylinder C/Z — Sy and Xy = X3, U {£ioco}, where Sy = {r/N |1 <
r < N —1}. Let v(r) be the vertical line  + iR for r € Q/Z — Sy and D, be the

free abelian group generated by v(r). Then we have the surjective map
Dy — H\(Xy, {xiocc}, Z} — 0,

where H,(Xy, {£iocc}, R) is the first relative homology group, which is generated

by classes [v(r)]. For a primitive Dirichlet character ¢ of conductor N, we define

> st ()" Im(z) >0,

- Zn21 Y(=n)g™ Im(z) <0

fu(2) =

for ¢ = exp(2miz). Asshown in [12, Section 4], the differential f,;,(z)dz gives a co-
homology class w(fy) in H' (X3, C) and furthermore G(¢~")w(fy) € HY (X, Z[Y]).
Hence w(fy) is p-integral as long as (p, N) = 1. From the partial fraction expan-

sion of fy,

N wng (No(r) "G ()
folo) = v -1 2 q—Cy

re(Z/NZ)*

we can think of w(fy) as an element in Hy(Xy, Zj).

Now we have

S e+ ') = an)(iexp(”;m))qn )

Now we rewrite above sum using the Hecke operator T'(p) as fy|T'(p) = ¢(p) fy-
Define a pairing (—, —) : H,(Xy, {*iocc},Z) x H Xy, Z,) — Z, such that
(v,w) = [ w. We define a distribution o, on Z, such that

1 a
W<U(p_m)7w(fw)>-

Proposition 2.6.1. oy is a measure on Zy. t.e. it 1s a bounded distribution.

Oy ((I + mep) =
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Proof. First, consider the sum
a a
<v(p—m),w(fw)|T(p)> = <v(p—m)|T(p),w(fw)> = (=1
r=0
This can be interpreted as the distribution relation:

p—1

opla+p"Ly) =Y opla+rp™ +pmL,).
r=0

From the definition, we have |oy(a + p"Z,)|, = ](v(pim),w(fl/,)ﬂp < w(fy)lp,
where |w(fy)l]p is the maximum of [(v,w(fy))|, for v € Dy. Hence o is bounded.

This finishes the proof. 0

A power series G(0;T) € Z,[[T — 1]] is associated to a p-adic measure o. The

correspondence is that

Glo:T) = /Z Todo(x).

P

Then we define its p-invariant p(o) of a measure o as p(G(0; 7)), the minimum
of the p-adic valuations of all coefficients of G(o; T'). From this definition, we can
easily deduce that y(o) > 0 implies that 0 =0 mod 7. Let Z = p,_1 x A be the
decomposition into a finite subgroup p, ; and a subgroup A without a torsion,

whose topological generator is . As did in [29], we define a gamma transform of

o such that
[(o,5) = / (2) " do () = / v d5 (),
X A
where G =37 o on. Wehave I'(0,5) = G(G 0y";7~*) where 7" : A = Z,.

Define the p-invariant of the Gamma transform as p(I'(o, s)) := p(G(o o ¥*;T)).

We define j : p~*Z/Z — H,(Xn, {£ioco}, Z)% for p~>*Z = U,p "Z by

. a a&
](ﬁ) = (U(E))geU‘
Let Z C Z; and M, (Z) be the submodule of V' generated by the image under j

of {p“—n ‘j >0,ac€ Z}. Now we state the homological independence.
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Proposition 2.6.2. For all sufficiently large n and any subset Z of Z; with
non-zero measure, we have

1

M,(Z) D Hi(Xy,Z) 7.

In particular, Hy(Xy, Z)p%1 is generated by the image of j.

Proof. See [31] O

For any w € H{(Xy, Z,), the vanishing (H,(Xy,Z),w) = 0 mod 7 implies

that w =0 mod 7.

Need discuss basic facts about the p-adic L-function from [15].

Theorem 2.6.3. Let ¢ be an odd character. We have u(I'(oy,s)) = 0.

Proof. Assume on the contrary that we have p(I'(0y, s)) > 0. This is equivalent
to say that o, 0+* =0 mod 7. Now for each a € A and m > 1, we have

opla+p"Z,) = Z op(na+p"Z,) = Z (w(fw),v(a—Z» =0 mod 7.

nEpp—1 n p

p—1

By Proposition 2.6.2, we can choose an arbitrary (%)—tuple (vn)y € Hi(XN,Z) =
and, therefore get the vanishing (H,(Xy,Z),w(fy) + (=1)*w(fy)) = 0 mod =.
So we have 2w(fy;) =0 mod 7 since 1 is an odd character and from the partial
fraction expansion of f; we conclude that f, = 0 mod 7, which is the contra-

diction. [

Corollary 2.6.4. The lwasawa p-invariant s 0.

Proof. This comes from the formula [12, Theorem 1]
LP(S> ww) = <N>7SF(01/)7 S)

Then p = 0 if and only if x(I'(oy, s)) = 0 for all odd characters 1. O
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CHAPTER 3

Cyclotomic Modular L-values

It is remarkable that unlike the case of anti-cyclotomic twists of modular L-values
there has been almost no successful achievement on this subject for about thirty
years since Washington proved the theorem on the non-vanishing of Dirichlet L-
values. As Hida and Vatsal have successfully attacked the anti-cyclotomic case
with the machinery of Zariski density on the Hilbert modular Shimura variety
and the Ratner’s ergodic theory on the p-adic Lie group, it would be reasonable
to think that it is required to develop new way of extending the original Ferrero-
Washington’s argument. The possible approach to the case of cyclotomic modular
L-values could be hinted from the observation of the different expressions for the

special L-values.

Usually the special L-values with anti-cyclotomic twists are described as the
evaluation of an automorphic form of GL(2) at the special divisors on the modular
variety such as the divisor of CM points. This is the reason why Zariski density
should be studied to get the non-vanishing property. On the other hand, one
would find that the special L-values of a modular form with Dirichlet twist is
expressible as a cup product pairing between a relative homology class on the
modular curve and a cohomology class associated with the modular form. This
topological point of view, called modular symbol approach, is not new and has
been utilized successfully by several mathematicians since it is invented by Mazur

and Swinnerton-Dyer ([18]). The toric or equivalently cylindrical analogue of the
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modular symbol approach, called abelian modular symbols, is explained well in
[12] and as we describe in Chapter 1, there is a nice homological argument to
deduce the non-vanishing. Therefore the natural step we could take next is the

generalization of the discussion in Chapter 1 to the case of modular L-values.

In this chapter, we shall try to adapt the idea of homological independence
to the situation of modular curves Xy(N) or X; (V) instead of the cylinder X§.
In order to achieve it, we first discuss about the basic properties of modular
symbols. Some algorithmic feature shall be explained and the conjectures about
homological independence in the modular curve setting which is the analogue
of Proposition 2.6.2 shall be presented. Finally under the assumption of these
conjectures the non-vanishing of complex L-values is discussed. To make things
simple, we restrict ourselves to the situation of modular forms of weight 2. Every
description in this chapter could be generalized to higher weight after introducing
coefficient modules and we expect that similar results could be obtained. We
also expect that the homological independence can be applied to determine the
vanishing of p-invariant of p-adic modular L-functions using the discussions [19]

and [8].

3.1 Modular Symbols of weight 2

In this section, we describe modular symbols and some conjectures mentioned in
the introduction. Main references are [5] and [30]. We consider the homology
groups Hy (X, {cusps},Z) and H,(X,Z) where X is the standard modular curve
Xo(N) or X{(N) of level N. Observe that from the exact sequence

0= H({cusps},Z) — H\(X,Z) — H\(X,{cusps},Z)
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we can regard Hy(X,Z) as a submodue of Hy (X, {cusps},Z). There is a relative
homology class {«, f}r, which is called a modular symbol of weight 2 for the
congruence group I' =To(N) or I'1(N) correspondingly as X and is corresponding
to a geodesic connecting « and 5 in X. They enjoy the following properties for

all a, B, 6 € H* := H UP(Q):
1. {a, 8} +{B,6} + {6,a} =0
2. {a,a} =0
3. {a. 8} = —{B,a}.

The group SLy(Z) acts on the symbols canonically by the action on $* and the
action of T' is defined to be trivial. It is well known that there is a surjective
homomorphism ¢ : I' — H,(X,Z) defined by v +— {z,7(z) }r for any z € H* and

one has one more relation of modular symbols.
4. {z,ghz} ={z,92} + {2, hz} for all g, h € T.

Let M be the free abelian group generated by {«, 5}. For the congruence
subgroup I' C SLy(Q), we define My(I',Z) to be a quotient space of M by the
relations v-U—U for all g € I' and U € M. The Z-module M(I', Z) is called the
space of modular symbols of weight 2 for I'. For a general ring R, we can define
My (T, R) in a similar way. The complex vector space My(I",C) is canonically
isomorphic to M»(T', Z) ® C. Let B be the free Z-module ({a}|a € P'(Q)). The
action of SLy(Q) on B is similar as before and hence we define By(I',Z) in the

same way. We consider the canonical boundary map 0 : M — B given by

0 :{a, ) = {8} — {a}.

Let So(I', Z) = ker 0. It is called the space of cuspidal modular symbols. Then we

have
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Proposition 3.1.1 ([22],[30]). We have the exact sequences
0— S(T,7Z) = My(T,2) % By(T,2) % 7 — 0,
where 03, ci{ai}) = Y. ¢i and we have the isomorphism

S,(T,Z) ~ H\(X,Z).

We define a pairing between S3(I') @ S»(T') and My (T, C) as follows.

B B
<f1+f2>{04>5}>:/ fl(z)d3+/ fa(2)dz,

where f; € So(T), fo € S3(I'). Generally speaking, the pairing is degenerate. The
space of elements £ € My(I',C) such that (f, E) = 0 for all f is the space of
Fisenstein elements. But if we restrict ourselves to the space Sy(I", C), one has

the non-degeneracy of the pairing as follows :

Theorem 3.1.2 ([22]). The pairing (-, -) is non-degenerate when it is restricted

to SQ(F) &) SQ(F) X SQ(F)

-1 0
Observe that j='T'j =T for j = . Define an operator x on g € '

0 1
and z € $ such that ¢* = j7'¢gj € T and 2* = —Z € §. One obtains that

(92)* = g*z*. Therefore the operator * gives a well-defined involution on X and

on the modular symbols. Similarly the involution * has an action on Sy(I")@® Sy (T")

such that f*(z) = f(z*) for f € So(T') @ So(T). It satisfies the followings:

flg=(flg"), (f57") = (f,7) for g €T and v € My(T).

Therefore the involution # interchanges forms between So(I') and So(I"). The

effect of the involution on the g-expansion of f € So(T") is
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3.2 Manin Symbols

In this section, we discuss a special class of modular symbols, so called Manin
symbols. The basic references are [20] and [5]. A Manin symbol [y] for v € SLy(Z)

is defined as

[v] = v {0, 00} = {7(0),v(00) } € Hi(X, {cusps},Z).

Each modular symbol is actually a rational homology class from the Manin-

Drinfeld theorem. In particular, the Manin symbol is also in H, (X, Q).

Theorem 3.2.1 ([17]). All modular symbols are Q-linear combinations of ho-

mology classes. In other words, we have

My(T,Z) C Hi(X,Q).

The right action of v € SLy(Z) on Manin symbols [y'] is defined as [y/] - v =

-1 1 -1
[v'~]. With the matrices o = and 7 = , we have the following
1 0 1 0

relations between Manin symbols for all v € SLy(Z) :
(7] + [ylo = 0 and [y] + [4]7 + [7]7* = 0. (3.2.1)

And these are all possible relations between Manin symbols (see [20]). Let {v;}
be a right coset representative of I' in SLo(Z). Since [y'v] = [y] for all 4" € T,
a Manin symbol is equal to a unique [v;] for some i. With the computational
viewpoint, Manin’s symbol is very practical to implement. The advantage of
making use of the Manin symbol is that every modular symbols are representable

as a linear combination of Manin symbols as follows.

For an arbitrary modular symbol {«, 5}, we split them into two parts {«, 5} =
{0,8} — {0,a}. Hence we may consider the symbols of the form {0,a}. Now
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let us consider the continued fraction expansion of a and {& —2<35< k}
qj
be the convergent of the expansion with the convention p 5, = ¢ ; = 0 and

p_1 = q_o = 1. The following identity is well-known:
Pigi—1 — pj1q; = (1) for — 1< j <k

Now setting v; = SR € SLy(Z), one has

(=17 'g; gy

IR SRCER TS YORBRNES y ol

7
i (41 4

j

Therefore any modular symbol in H;(Xo(N),{cusps},Z) can be expressed in
terms of Manin symbols. Since each homology class is expressible as a modu-
lar symbol and each Manin symbol is a rational homology class by the Manin-
Drinfeld theorem, we have the complete description of Hi(X,Q) using the the
basic relation (3.2.1).

One is also able to give a description of H;(X,Z) using Manin symbols. The
modular symbol space My(I',Z) is generated by the Manin symbols and the
integral homology group H;(X,Z) is nothing but the kernel of 0 : My(T',Z) —
By(T',Z) by Proposition 3.1.1. Once the basis of My(T',Z) is chosen explicitly,
the computation of null space of the boundary map 0 is an elementary linear

algebra. Now let us specialize the discussion to the case of I' = T'¢(V).

From Proposition 1.42 in [25], we have the list of coset representatives for

[o(N) as follows:

N
(c,d)=1,d|N, 0 < ¢ < — with ad —bc =1
c d d
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We choose more specific elements such that

10 0 —1 koK 0<c<N,0<d<N, (d,N)>1

c 1 7 1 d 7 u v 2<U<N,u]N,(u,v)=1,(v,N)>1

where the third elements have the equivalence relation

x % ok \ / /
~ if wv' = vwovmodN.

T u v

In total, every Manin symbols are written as [¢, 1], [1, d], [u, v] with the condition

in the above coset representatives.

3.3 Homological Independence

Now we consider modular symbols {0, g%} for an integer a with ged(a,l) = 1

11
and n > 1. Since € I' and {u,v} = 0 for all integers u, v, it is of no
01

harm to think of @ as an element of Z,". We consider the map

7

. -1 a an
In - — H X, Cusps 7Z o ({_’OO})
(X4 1) /n o n€pe—1/{=*1}

and the submodule M, (¢) of H,(X,Z) generated by the image of j,. Then let us

state the conjecture which is an analogue of the Proposition 2.2.

Conjecture 3.3.1. For almost all prime p, the p-adic valuation
o ([F(X.2)" 0, (0)])
s 0 for all odd prime € for all sufficiently large n.

In order to obtain more concrete statement, we consider a slight different

situation. Let I' = I'g(NV). For an integer a with ged(a, ¢) = 1, there are integers
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U a
u, v such that v = € T for each n. The image under ¢ of this

Nv
element is {0,7(0)} = {0, ;x} € Hi(Xo(N),Z). Let M,(£) be the submodule of

H,(Xo(N), Z)ZTT1 generated by the modular symbols

{7 #})
e e nEme—1/{£1}

with a, b € 1+£™Zq for some fixed positive integer m. We set v(N) =[], y(¢—1),
where ¢ is a prime divisor of the integer N. Then we consider another conjecture

related to previous one.

Conjecture 3.3.2. For all prime p Jv(N) and odd prime {, we have

-1

o, ([H (X(X),2)F) : Ma(0]) = 0

for all sufficiently large n.

Consider the case N = 11. The modular curve X,(11) is of genus 1 with cusps
0 and co. Hence the rank of H;(Xy(11),Z) is 2. The right coset representative
of T'y(11) in SLy(Z) is

and the corresponding modular symbols are

(0,00}, {0,1} = 0, {o%} ,{0,%},{00,0}.

Since every elements in H;(Xy(11),Z) are linear combination of the above Manin
symbols which are in Hy(Xp(11), Q) except the first and last ones, one can con-

clude that Hy(X,(11),Z) is generated by them except {0,00}.

One can expand the rational number 7 in continued fractions and hence rep-

resent each modular symbol {0, ;- } as the linear combination of Manin symbols.
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For example, we have 11/7% = [0;31, 5, 2] and their convergents are 1/31, 5/156,
11/7%. From this, in H;(X,(11),Z) one obtains

11 1 1 5 5 11 10
0.— =40, — — — = = 0+0.
{’73} {’31}+{31’156}+{156’73} 9 1 o
We are able to verify the following proposition on some special case of above

conjectures.

Proposition 3.3.3. The index [Hi(Xo(11),Z) : My(3)] is 1 or 5 for all suffi-

ciently large k.

Proof. The module Hy(Xy(11),Z) is a free module with basis

We consider a submodule of M, generated by {Ha A2 Lb3t } for a,b =1, 2,

3k
4, 5,7, or 8. By considering the continued fraction expansion of 1+‘§,’f*2, we have
the following calculations for sufficiently large £ :
1+ 362 -1 —1yqk—2 k—2 —1qk
{05} = Bl+1=879)+ 076" — )] + [~ - 1)7'8")
1+2.3k2 _
{0.=5—} = W+-49+ 0 -9)
+ (=324 5) (=1 +2- 3] +[(1 —2-3F2)34].
144 -3k2
{o.—=——} = B+ +pE-7)
+ (=32 7) T2+ 3+ [(2+357) (-1 +4- 3577,
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o L?’H} e 242 4 [T 4 9 (3 — 2))

+ (=324 M1 +4-3" )]+ [+ 43213k

ﬁxii%;i:} = 4]+ [475] 4+ <579 + (971 (342 — 4)]
+ (37471423 4+ [(1+ 2 3F7%) 713N
e I S RN CRIEEE)

+ (=32 4+ 8) 71 + 382 4+ [(1 + 352713

Here by [m] we denote { -| and the inverse in the argument is the inverse
m 1 J

modulo 11. Since [m] depends only on m modulo 11, we conclude that the index

divides 5 from the following calculations:

When k£ = 0mod b5,

142-382 144372 1+4-32 145382
When k£ = 1mod5,

14 3k2 142.3k2 14+4-32 145362
(= =B+ {—— = =g +2- ]9l
When £ = 2mod 5,

1+32 14232 1+4-32 145302
S =W -e T s} =8 +2- [
When k£ = 3modb,

14232 1+4.32 1+4-32 1+5.32
(5 — 5} =B {—— | = 28+
When k£ = 4mod5,

14+2-362 14432 1+7-32 14832
(=5 — 5= 38-0 {—5— —5—} = ~l8l-20.
This finishes the proof. O
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A similar argument can be used to calculate the index for higher level and
larger prime powers. In the last section we discuss how to compute the index

and check the meaning of the result of computations.

3.4 Modular L-function twisted by Dirichlet characters

Let f be a cusp form of type (k, NV, ¢). It has the g-expansion
P = aln ", = exp(2eic).
n=1
To the cusp form f and a Dirichlet character x with conductor D, an L-function
twisted by x is associated such that
Lo o) = 3 X0 )

n
n=1

for some right half region of C. Setting A(s, f,x) = (D*N)*/?(2x)~*I'(s)L(s, f, x)
and fy(z) =Y~ x(n)a(n, f)¢", one shows that it is the Mellin transform of f,
which is of type (k, N, ¢x?):

As, f.x) = (D*N)*" / ) fx@y)ys%. (3.4.1)

Furthermore A(s, f,x), hence, L(s, f,x) can be analytically continued to the

entire C and satisfies the functional equation (see [25])

A(s, f,x) = *o(D)x(N)D'G(x)*A(k — 5, f[Wx, X)

0
where Wy = and G(y) = Z,],.J:_Ol x(r) exp(2mir/D).
N 0

Let x be a Dirichlet character with /-power conductor and f be a normalized
eigen cusp form of level N with weight 2. The field K generated by the Fourier

coefficient a(n, f) is a finite extension of Q. From the expression (3.4.1) one gets
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the integral representation of the special L-values L(f, x, 1) as follows:

L(f.x.1) = 2mi /0 ") de (3.4.2)

It is well-known fact ([12]) that there exists a transcendental period €2y € C such

L 1 0
Lifix:1) is algebraic over Q and for o € Gal(Q/Q), one has

that
& 2midy

(L(f»c, 1))” _L(fx7, 1)
2miQdy o 2misYy

where f7(q) =>"", a(n, f)7¢" is also an eigen cusp form.

3.5 Non-vanishing of Cyclotomic L-values

In this section, we study the non-vanishing of complex L-values twisted by
Dirichelt characters of prime power conductors assuming the conjectures. From
now on we restrict ourselves to the case of modular form with weight two. The
present discussion can be extended to higher weights by introducing the coeffi-
cient module and the extension of definition of modular symbols with coefficient
module [22]. Following the discussions in [1], we hope to be able to get the mod

p non-vanishing result.

Let 1) be the restriction of x to 1 C (Z/£"Z)*. The integral representation

of the L-value in (3.4.2) can be written as

L(f,x,1) 1 [™
27TiQf _Qf 0 fX(Z)dZ

Tl )
ZX
B AR
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Arguing with the inversion formula for x, we are able to check that the pairing

1 _
Q_f <f, {gin’ oo}> is algebraic and for o € Gal(Q/Q), we have

1 T 7 1 o [T
(g—f (r {g—n’oo}>) =0, (rdameet)

In order to establish the non-vanishing of the complex L-values by deducing a
contradiction, we assume that the complex values L(f, x, 1) are zero for infinitely
many x’s with the fixed ¢» = x|,,_,. By multiplying x(v) for v € 1 + ¢Z,; and
applying o € Gal(Q/K; (1)) to the formula (3.5.1), we have

1
> e g (£} ) =0
Qf o
re(Z/4n )
for infinitely many x’s. Adding up the last equality for o € Gal(K(x)/K;(¢))
and decomposing (Z/0")* = py_1 X T'/T,, with T’y = 1 4+ "Z and T = 1 + (Z, we
have
_ _ 1 1 rn
Z v () Z TrK,»(x)/Kf(w(X H(ro 1))9_ <f’ {g_n’oo}> = 0.
NEML—1 rel’ /Ty, f
Let m be the largest integer such that piem C K¢(1)). The easy calculation shows
that for » € T', we have
(K () : Kp()Ix7H(r)  ifr €Ty

TrKﬂx)/wa)(Xil(r)) =
0 otherwise

Therefore the last equality reduces to

_ N ron
Sout) Y (A {Fh o)) =0.
NEML—1 TEFR—T?'L/F”VL
Writing down the representatives of the quotient I',_,, /T, explicitly, we have

S X e ({2 W o)) <o

CEL/MT,
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Since there are infinitely many x’s which give the vanishing, we may assume that
n > 2m and, then, y7'(1 + ¢£"™™) = (¢, for a primitive ™-th root (,, of unity.
We arrange the last equality as

Souti) Y <;<f\ (1)

CcEZ/LTL

cvon
ém
1

(i) -

Here v € vy(1 + ¢™Z). Denote by f,(z) for a € Z; the sum

ac

= Y el Tlo= X e

€L/t T 0 1 n=a-1(¢m)
As is shown in [12], one can show that if f € Sy(I';(IV)), then f, € So(T'1(N£™))
a b
as follows : Let v € I (N£*™), say v = . Then we have
c d
o 1 & a b 1 %ﬁ” _ a+ com b+f—,ﬁ—%(a+f—”)
0 1) \e d/ \0 1 ¢ d — e

£m

From this calculations, one can show that

1o
flv=Y Gl N EED DA,

cEZ/ImOZ, CEL/EMT.

Since f € S5(T1(N)) and d =1 mod N/*™, we conclude that f, € So(T'1(NF™)).

/71 ! o = jh-
0 1

Considering the sum over p, 1/{%1}, from the last equality we have

Y wTin) <fv0777 {Z—Z oo}> o (=) <f_vo,7, {—Z_:n oo}> —0.

nEpme—1/{E1}

The second pairing, z being replaced with 2* = —7Z, equals

U7 =) (P { 5 0}

and the last vanishing is equal to

> (VT O VT ) Py { G0} ) =0 (3.5.2)

n€pe—1/{£1}

Now we are ready to verify the non-vanishing of the complex L-values.
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Theorem 3.5.1. Assuming the conjectures, we have

L1, f,x)#0

for almost all Dirichlet characters x of conductor £-power with a fized 1.

Proof. From Theorem 3.1.2, one is able to find a unique element v € Sy(I'1(N)) =
Hi (X (N#£2™),C) such that

[ 61z = altg). and [ w21z =0

2l v
for all g € So(T (NF*™)) and h € So(T{(N#2™)). We choose v so that it cor-
responds to the linear functional Sy(T';(N¢*™),C) — C given by g — a(1,g).
Similar choice of 7/ € Sy(T'1(N£?™),C) can be made so that

/7,9(2)6& =0, and /71 h(z)dz = a(1,h).

For an arbitrary Hecke operator 7" and its action on -, the conjecture enables us

to choose v; € 1 +¢"Z; and ¢; € C, ny € pe—1/{£1} and n such that
an 2m el
S ({2l oc}) = (0,0, [T9) -+ ,0) € Hi(X, (NE™),7)
r 7
where the non-trivial position corresponds to 9. Setting 7' = T'(r), the standard

Hecke operator for a positive integer r, the vanishing (3.5.2) becomes

0 - <1/171(770)fv0770 + 1/}71(_770) fivoﬂo 3 T(T)’Y>
= (V7 (10) fuono [T () + &7 (=10) Fruno | T(r) s )
:1/}71(770)@(7“7 fvono)

Hence a(r, fu,n,) = 0 and similar calculations for 7' give us

a(r, fjvono) = a(r, f—vono) = 0.
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Since f = ZUM Joon + foven and a(r, fun) = alr, foupy) = 0 for all n, r and
vo € (14 €Zy) /(1 + "Zy), we have f = 0 which is the contradiction. Therefore

we conclude the theorem. O

Using the Proposition 3.3.3, we obtain

Corollary 3.5.2. For a mormalized eigen cusp form f € Sy(T'o(11)), we have

L(1,f®x)#0

for almost all Dirichlet characters x of 3-power conductors with a fized ¢ =

X|{i1}'

Proof. Recall that f(z) = (A(2)A(112))1= since Sy(Tg(11)) is one-dimensional
and spanned by f. In the previous proof, we have K(1) = Q. Therefore m =0

and the formula (3.5.2) becomes

S RESIS

for all @ € 1+ 3Z3 and infinitely many n’s. From the Proposition 3.3.3, we verify

the corollary in the same way of the theorem. O]

3.6 Numerical Computation

In this section, we describe how we verify the conjecture computationally. We

have the boundary map
§: My(I'o(N),Z) = Dy, {c, } — {a} — {5}

for the abelian group Dy C By(I', Z) of divisors with zero degree of Xy(N) sup-

ported on P!(Q). From Proposition 3.1.1, one shows that

ker(8) = S»(T, Z) = H,(Xo(N), Z).
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From the coset representatives of I'o(IN) in SLo(Z) described in Section 3.2, the

explicit generators of Hi(Xo(N), {cusps},Z) C Hi;(Xo(N),Q) and hence the

explicit generators of ker(d) can be obtained using continued fraction expan-

sions. Using the basis of H,(X¢(/V),Z) consisting of the linear combinations

of Manin symbols and the lattice reduction algorithm for M, (f), we checked
-1

the index [H1(Xo(N),Z)= : M,(f)]. Recall that M,(¢) is the submodule of

H\(Xo(N),Z)= generated by the El-tuples ({32, 22 for v, w in a

)n6u3—1/{i1}
subset Z of 1 + ¢Z with non-trivial measure.

Note that if one tries to obtain the index, the required number of elementary
calculations increases exponentially as n grows. In order to avoid a huge amount
of operations, instead of computing M, (¢), we consider its submodule which
is reasonably simpler than M, (¢). In fact we have considered the submodule

generated by

l+a- 053 14 (a+1)-073
{ > o } € H\(Xo(N), )

for1 <a <£*—1and k—3 > v,(N) under the condition that £* > 2g where g is
the genus of Xy(N). Recall that the Z-rank of H,(Xo(N),Z) is 2¢g. For the larger

g, we choose ¢* or even larger ¢-power. The above memberships come from the

criterion for the equivalence among cusps of Xo(NN) which can be found in [5].

Proposition 3.6.1 ([5]). Let a, 8 € Q be two cusps of Xo(N) with the reduced

a

form o= % and § = Then the two cusps are equivalent if and only if there

aulor

exists a u with (u, N) = 1 such that

¢ =udmod N, and ua = bmod (¢, N).

Although the new index should be divisible by the index

-1

[Hy(Xo(N),2) : M, (0)), (3.6.1)
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in many cases of small prime number /¢, it turned out that they are same.

It seems to be worthwhile to remark that when the level N is a prime number,
the prime divisors of the index is Eisenstein in the sense of [21]; i.e., the prime
divisors of the numerator of % In the following table, we list the possible
prime factors p of the index (3.6.1) in the last column according to N and £*.

The blanks in the table represent for the repetition of the previous numbers.
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Table 3.1: Prime Divisors of the Index

N |genus | ¢ | ko | p N genus | ¢ | kg D
11 1 5 | 100 5.7 3 5 1100 | 2,3
7 | 100 71 70
11 | 100 11| 50
13 | 100 3-13 3 5 | 100 2
17| 70 7 | 100
2.7 1 5 1100 | 3 41 3 51100 | 2,5
7 | 100 7 | 100
11 | 100 2:5-7 9 51100 | 2,3
13| 70 71 70
35 1 5 1100 | 2 11| 70
7 | 100 71 6 5 1100 | 5,7
11| 70 775
17 1 5 1100 | 2 7-11 7 51 70 |2,3,5
7 1100 7 | 60
11 | 100 103 8 51100 | 17
2-11 2 51100 | 5 7 | 100
7 | 100 3-5.-7( 13 51 80 | 2,3
11 | 100 7] 80
23 2 5100 | 11 11| 50
7 | 100 13| 75
11 | 100
3-11 3 51100 | 2,5 5%-7 15 51100 | 2,3
7 1100 7 | 100
11| 70 11 75
13 | 100 5. T° 21 51100 | 2,3
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CHAPTER 4

Anti-cyclotomic Modular L-values

The original equi-distribution argument by Ferrero and Washington is successfully
generalized by Vatsal, who uses ergodic theory on p-adic Lie group to get the
information on the p-invariant of p-adic anti-cyclotomic L-functions. Using the
Gross-Zagier formula, Vatsal relates the special L-values to a sum of character
and values of modular form at Heegner points on the Gross curve. On the other
hand, a geometric interpretation of Sinnott’s argument is devised by Hida as the
Zariski density property of CM points on a Hilbert modular Shimura variety and
this is one of main ingredient in the result of non-vanishing of Hecke L-values

with anti-cyclotomic twists of £-power conductors.

In this chapter, we prove the Theorem 4.8.3, which concerns the non-vanishing
mod p of the special values of L-functions associated with an eigencusp form on
GLy(A) with anti-cyclotomic twists of ¢-power conductors. Instead of Gross-
Zagier formula we have used Harris-Kudla formula to get an expression of special
L-values. The advantage of the use of Harris-Kudla formula is that we are able
to consider weights higher than 2. Let us give a brief explanation about how the

Zariski density plays a role in proving the non-vanishing of L-values.

We consider an eigencusp newform f for the congruence group I'g(N) and set
= as a set of Heegner (CM) points associated with K of ¢-power conductors. The
special value L(1, f,#,) which is a Rankin product of f and the theta series 6, of

the ring class character y has a nice analogue of the formula (2.4.1). Check the
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Theorem 4.7.7.

Let Z be the inverse limit m Pic(Ogn) of ring class groups of an imaginary
quadratic field K with f-power conductors (see section 3.1), which has the de-
composition Z = A x I such that A is finite and I" is torsion-free subgroup with
a topological generator. There is an injection Z < Xo(N) 7 , a — [a], of which
the image is a collection = of special points, so-called CM or Heegner points
on Xo(N) of L-power conductors. Then for a certain algebraically independent
subset U of A and the U-copy, Xo(N)Y of X we consider the twisted diagonal
map

Z = Xo(N)Y, av [ alper.

The Zariski density result due to Hida [10] is that the image of the previous map

is Zariski dense in Xo(N)Y. Check the Theorem 4.3.3 for the precise statement.
If one assumes the contrary of the non-vanishing result, i.e. Theorem 4.8.3,
then by following the standard treatment by Sinnott we deduce

> fal[na]) =0 (mod B)

nel

for each a € I' and some functions f, obtained from f. Therefore the Zariski-
density result enable us to conclude that f, =0 (mod B) for each n € U. From
this one may deduce that f = 0(mod B) which is not the case and, hence, one

is able to conclude the non-vanishing result.

With the assumption that dg is odd and f is an eigen cusp form of weight &
for the group SLo(Z), we show in Section 4.8 that

Theorem 4.0.2 (Theorem 4.8.3). With the previous restrictions and split prime
¢ in K we have the followings. For almost all anti-cyclotomic x of L-power con-

ductor with o fixed restriction to A, we have

Wk_lL(%, T ® W(X’))
2k

%0 mod B,
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where L(s,mp @ m(X')) is a Rankin-Selberg L-function for two automorphic rep-

resentations 7y and w(x').

We expect to be able to extend the result to the case of non-trivial level N
which is square-free and its prime divisors split in K. Furthermore, it would be
natural that one expects to extend above discussion to the case of quaternionic
Shimura curve. The main difficulty in such extension is that the corresponding
modular form doesn’t have g-expansion as the complex points of the Shimura
curve is compact. In the first few sections, we review the Shimura variety obtained
from a quaternion algebra over Q and the description of Heegner (CM) points on

it and automorphic representation associated with an eigencusp form.

4.1 Shimura Curves

Let D be a quaternion algebra over Q. In other words, D is a central simple
algebra of rank 4 over Q. For a place v of QQ, set D, = D ® Q,. Note that for
a prime p, D, is either a division algebra over Q, or a matrix algebra M»(Q,).
In this case, p is said to be ramified or p is said to split respectively. D is said
to be indefinite if it splits at oo and to be definite if it is ramified at co. By
the discriminant N~ of D, we denote the product of all ramified primes p. An
embedding h : K — D exists if and only if K ® Q, is a field for all v| N~. In
particular, all imaginary quadratic fields have an embedding into M5 (Q).

Let D be an indefinite quaternion algebra over Q. For each split prime ¢, fix
an isomorphism ¢, : Dy — My(Q,). The order R, = ¢, ' ( M2(Z,)) is a maximal
order of D,. There is a unique maximal order in D, for ramified prime ¢q. The
isomorphism ¢, is chosen so that By = DN Hq R, is not empty. Then Ry is a

maximal order of D. For a (square-free) integer Nt prime to the discriminant
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N~, an Eichler order R of level NT is defined to be

R:{xERO‘qﬁq(x)E mod ¢ for a11q|N+}.

0 =

From the strong approximation theorem, one can deduce
D(A)* = D* - (R* x (D))

We consider a homogeneous space S = C—R = $HU $ on which the group D*
acts. Here $ is the upper half plane of C. Using the isomorphism ¢, : Dy —
My (R), there is an action of the group D* on S. We observe that S can be
identified with the set of algebra homomorphisms Hom(C, D) as follows : Any
algebra homomorphism s : C — D, gives rise to a group action of C* on S.
There are two common eigenvectors (z,1), (Z,1)" for all elements v of s(C>).
Its eigenvalues are j(v, z) or j(7, Z) respectively. Since the eigenvalues of s(i) are
i and —i, we can choose the homomorphism s so that j(s(i),z) = 4. So we have
the identification S = Hom(C, D), z — s. Note that for z € S, the converse is

given by

‘ a b ) )
2> Sl , 2" —2az—b=0,a"+bc=—1.
c —a

We consider the open Shimura curve
Y(C) = DX\S x D(A))*/R*.

For the group T' = ¢, (R™"), which is a discrete subgroup of SLy(R), we have the
identification

T\ 2 oo (R)\S 2 Y (C), 2 — [2,1].

If the discriminant N~ is equal to 1, in other words, D = My(Q), the curve Y (C)
is nothing but the classical open modular curve Y5(N)(C) = T(N)\$ of level
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N. It can be compactified by adjoining a set of cusps and its compactification
is denoted by Xo(N). If N~ # 1; i.e., D is a division algebra, then Y is already

compact.

The curve Yy(N)(C) has a nice interpretation as a moduli space of ellip-

tic curves equipped with the cyclic subgroup of order N. For each point z €

Yo(N)(C), it corresponds to the pair (E,, C,) where
g C o _dmea
Z+:7" " Z+:7
Since any pair (F,C) over C is isomorphic to (F,,C,) for some z € $ and
(E,,C,) ~ (FE.,C,) exactly when 2’ = vz for some v € T'y(N), the complex
points Yy (N)(C) classify the pair in the above way. This moduli problem can be
used to define an integral structure Yy(N) by interpreting it as a coarse moduli

scheme representing a functor Py(IV) between Z[1/N]-schemes and sets (see [6]).

First of all, let N > 3. The functor Py(V) is defined as follows: for a Z[1/N]-

scheme S,
Po(N)(S) ={(E,C)/s}/ =

where F is an elliptic curve over S and C' is a finite flat subgroup scheme of F so
that the geometric fibers are cyclic of order N and “ ~” means the isomorphism
between the pairs. Then there is a Z[1/N]-scheme Yy(N) which is a coarse
moduli scheme for Py(N). In other words, for each Z[1/N]-scheme S, there is a
map ¢g : Po(N)(S) — Vo(N)(S) and for a field k, Yo(N)(k) is identified with
Po(N)(k) by ¢i. There is a similar description for N = 2,3 and )p(1) is nothing

but Spec[Z][j]] for j-invariant.
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4.2 CM points

One can show that if there is an element o in D* that fixes a point in £, then
Q(«) C D is an imaginary quadratic extension of Q. Conversely, if there is an
embedding b : K — D for an imaginary quadratic field, then the subgroup h(K*)
has a unique fixed point in $HN K. The fixed point is called a CM point associated
to the field K. Hence there exists an one to one correspondence between CM
points and the embeddings. The CM points can be described with another view
point : Consider an imaginary quadratic field K with (disc(K), N) = 1. One
can extend each h : K — D to h : C — D, by extension of scalars and, hence,

obtains the inclusion Hom (K, D) C Hom(C, D), and setting
b (K) := D*\(Hom(K, D) x D(A®))*)/R*,

we have hy(K) C Y(C). A point [h,7] € Y(C) is called a CM point associated
to K if it is in hy(K); i.e., h € Hom(K, D). Observe that because of the above

normalization of the map S = Hom(C, D), one can verify that for z € K*,
J( @ (h(x)),2) = =,

when z is associated with h by above correspondence. This is because cz + d
is a root of irreducible polynomial of x over Q. By abuse of language, we set
z = [h,7]. Let O, be an order of K with conductor ¢; i.e., O, = Z[cw], where the
maximal order Ok of K is Z[w]. We say that [k, ] is a CM point of conductor ¢

associated to K or is a CM point associated to O,, if we have
WMEK)NyRy ™' = h(O,).

Due to Shimura, we know that the CM point [h,7] € hn(K) is defined over
K. We set hy(K,c) = hn(O,) as the set of CM points associated to O,. The
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CM points hy(O,) with (N,¢) = 1 are dependent only on N rather than on
the decomposition N = NTN~ because hy(K,c) is non-empty exactly when N
satisfies the following Heegner condition [3]:
Nt = H qg, N~ = H q.
q splits q inert

We call a CM point [h,~] as Heegner point if h(Ok) C R and this condition
is equivalent to xx(v) = 1 for all v| NT and xg(v) = —1 for all v| N~ for a
quadratic character yx associated with K.

Let hy : Ky — D(A) be the extension of h by tensoring A; i.e., hy = h® 1,
and set h] =~ 'hyy for v € D(A)*. The Picard group of the order O,; i.e., the

ring class group of K with the conductor ¢ is
Pic(0,) = K\, /KX O

which is isomorphic to the Galois group Gal(H,./K) of the ring class field H, of

K using the Artin symbol. Using the homomorphism
K, /KO8 25 D\ D(A)* /R,

one has the action of [x] € Pic(O,.) on a CM point [h, 7] € hn(O,) of the conductor

¢ so that
[2] - [h, 7] = [, ha(2)7].

This action is well-defined because one has hy(O,) C yRy ! from the definition
of the CM point [h, v].
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4.3 Zariski density of CM points

From now on we consider D = My(Q); i.e, N~ = 1. Since Op+1 C Opn, there is

a canonical surjection Pic(Opnt1) — Pic(Opn ). Define
PiC(Ogoo) = ILI_II PiC(O@n).

Let O = Z]w]. We consider an explicit collection of CM points [h,,, 1] of con-
ductor " for a prime ¢. The homomorphism h,, : K — My(Q) is defined by

a+ Tr(w) =+
hy, :w— @) ¢ ,
(MODNT —q
1 0
where —Ng/g(w) = a* +aTrg/g(w) +bNT. Then we have h,, = <Py
0 [m,—n
a+sgn(b)vd
In the case that w = v/d for d < 0, [hy, 1] corresponds to z, = éngb*

Along with the CM points we defined above, each element of Pic(Oyn) can be

regarded as CM points on the modular curve as follows:
Pic(Op) = K o) JK* O} b DX\ Hom(C, Duy) x D(A)* /R,
[] = [hn, hna(2)].

Let us describe the relations between these CM points. Let m > nand x € Kg(w).

Because of the decomposition

(/’)\;L = U (1+ uﬁ”w)(/’)\zxm,

wmod {m—n
the following set

{ [2(1 + ul"w)] € Pic(Opm) ‘ umod £™ " }

is the complete list of all elements, which map to [z] in Pic(O) by the surjection

Pm © Pic(Opm) — Pic(Opm). Here 1 4+ ul"w is an element in Opm @ Zy; ie. it is
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the (-component (1 + ul"w), of the idele element 1 + uf"w in K C K. From
the calculation
1+ (a+ Tr(w))ul™ s 1 -2 * %
hm,A((l —i—uﬁ"w)g) = ( ( )) ¢ = ¢
T N Ty, 1 — aul™ , 0 1 S\ F

where the last matrix is in GLy(Zy), we deduce that

1 ==
[Pams B (1 + wl™w) )] = ¢ B, 1
0 1
In general, for each x € Kg(oo) we also have
]' évnufn
[Py b (2(1 + wlw),)] = (z, K) b,y 1
0 1

By approximation theorem, we can choose x in Kg%o); i.e , = 1. Since the
strong approximation implies DX (A“)) = D*. R(* we can write hy(z) = d-r
for d € D* and r € R* with 7, = 1. Then [hy, hy(2)] = [d " hy, 1] and setting

1 U
U= , we have

0 ¢
x - [Uhy, 1) = [Uhy, UdrU™"] = [Ud " h,,, UrU ™).
Since U(RO*)U~* C RO* | it is equal to
[Ud hp, 1] = U - [hy, b ()]
In total, we have the following result
Lemma 4.3.1. For the projection py, , : Pic(Opm) — Pic(O,,,), we have

1

[m—n

{ (hns ()]

Nl h(2)] | 0 < u < zm—”}.
0 1
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We define a Hecke operator on the coarse moduli scheme Y, (N) as follows.
Let N' = Nd',.. The modular curve Xy(N') classifies a pair (E, C) for an elliptic
curve E and a cyclic subgroup C' of order N'. For each divisor d | d, we define

an operator [d] on the the pair (E,C) such that
(E7 O)Hd] = (E/Cda C/Od)7

where Cy is the cyclic factor of order d of C'. The operator is the degeneracy
map [d] : Xo(N') — Xo(N'/d). The operator [d] sends a modular form f in
Mi(To(N), R) to a modular form f|[d] in My(T'¢(dN), R). The corresponding
action on the complex points Xo(N')(C) is [d] - z = dz. Note that

d 0 10
@@=\ =l )]

Let ¢ be a ramified prime in K, say q*> = (¢) for a prime ideal q in K. The
q corresponds w, € K, a uniformizer of K; C K. With this identification, the
idele w, generate Ay and their action on the CM points is described as follows.

Note that the following proposition is same as Cornut’s description in [4].

Lemma 4.3.2. Let z € Xo(¢N) be a CM point. Then we have
[q] - 2 = @y - (me(2)).

Proof. Let [h,1] be a CM point in Xy(N)(C), where h : K — M2(Q) for some

imaginary quadratic field K. Since w, = w for a prime ¢ | dy, we have

a+Tr(w) =%
wcl([hm 1]) = [hna hmA(w)Q] = hm ¢
/" Nb —a
q
We have
a+Tr(w) & 0 = 1 0
{"Nb —a m —a — TI‘((,U) —al® dy
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Since (dg, N) = 1, we can find integers x, y such that Ny = —al™ + dgx. Then
we have
1 0 1 0 1 0 1 0 1 0
—al™ dg x 1 Ny dg Ny 1 0 di

From the action of R* and D*, we deduce that

g 0 1 0 1 0
wy([hn, 1]) = chn, Ll =g | | B,
01 —Ny 1 Ny 1
1 0 1 0
Clearly 7y | |5, = [hn, 1] as € R*. ]
Ny 1 Ny 1

Let A be a set of representatives of Pic(Op~)/A¢I". Each element n € A
can be chosen so that n = w, for a split prime ¢ = qq° with (¢, Nép) =1
and the projections 1. to I' are all distinct. By applying a suitable element
go € GLy(APX) we may assume that h,(n) is diagonal corresponds to the

decomposition K, = K; ® Kg. Since ¢ # ¢, h,(n) is independent of n. The

, o TP q 0} .
previous setting gives us the identification h,(n) = since w, corresponds
01

to (¢.1) in Ky @ Kg. Its action on the CM points z is given as

qg 0
Nz = CZ=qz.
01
Obviously there is a moduli interpretation of the action and hence for each mod-

ular form f, we can define the action f|[n] as before.

Let A be the coset representatives of Pic(Ops)/Aol" for an ¢-profinite sub-
group I' and the genus subgroup Ay = (Frob, ‘ 0> = (¢). q|ldx) C A and
U = A/A,. With the Heegner points h, € Hom(K, D) given in the previous

section, we have an embedding

on: Pic(Opm) = Y(C)
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given by o,([x]) = [hn, hna(z)]. Let 2 = Up>100( Pic(Om)) C by (K, ). We

consider the map j defined as

j:E—> X/%p, on([2]) = (on([zn)) )neU for z € Pic(Opm).

Here X%p is the U-copy, [[;; X5, of the modular curve X over F,. In [10], the

author proves that the image of j is Zariski dense. More precisely, the author

proves that

Theorem 4.3.3. For ny < ny < ns < --- a sequence of integers and the projec-
tion m, : Pic(Om) — Pic(Opm) with a fivred m, the image under j of

= = {an([l‘]) € X(F,) |[s] € Pic(Op;) with [1] € Ker(my,), j = 1,2,37..-}
is Zariski dense in X/% .

Hence if modular forms f; on Xo(N) 5, for n € U satisfy the relation

> falpn([zn])) =0

nel
for infinitely many n’s, then we are able to conclude from the theorem that f, =0

for each n € U.

4.4 Rankin-Selberg L-function

An automorphic forms on GLy(A) is a function F' on GLo(Q)\GL2(A) satisfying

the following conditions:

1. For some grossencharacter ¢» on A* and the center Z(A) of GLy(A),

F(zg) = ¢(2)F(g) for all z € Z(A) and g € GLy(A)

2. F is right K-finite.
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3. Regarded as a function on GLy(R), F' is smooth and 3-finite, where 3 is the

center of the universal enveloping algebra of GLy(R).

4. F is slowly increasing in the sense that for all sufficiently large |a| and

compact subset 7" of GLo(A) there exists a positive constant N such that

a 0 N
F g| =0(a|”) forallgeT.
01

If it satisfies the following additional condition

1 x
/ F g | dz = 0 for almost all g,
T 0 1

then F is called a cuspidal automrophic form. Let L?(Gg\Gy, ) be the space of
L?-functions satisfying the condition (1). By L3(Gg\Ga, 1) denote the collection

of all functions in L*(Gg\Gy, ) satisfying the cuspidal condition.

Let f be a modular form of weight k£ and ¢ a (Dirichelt) character for the
group ['o(N). In other words, for each v € I'y(N) the holomorphic function
f: 9 — C satisfies that

FINE) = Fr(2)i(y, 2) " = () f(2).

For a modular form f with Nebentypus ¢ and weight k, we can define a function

F on GLy(A) by

F(g) = £(900 ()3 (900, 1) ™ det(goo)* > (ko)

where ¢ = vgooko and 1; is the grossencharacter canonically defined by 1. Then

F is called an adelic lift of f and is an automorphics form on GLy(A) satisfying

L. F(gko) = F(g)(ko) for all kg € [T K

29



2. F(gr(0)) = exp(—ik0)F(g) for r(6) € SO5(R).

3. F is a function on GL; (R) satisfies

ar=—3(5-1)F
2\2

The group GLy(A) acts on LZ(GLy(Q)\GL2(A), ) by the right translation.
For an eigencusp form f with nebentypus ¢ for all T'(p), p 1+ N, we define a
representation 7y of GLy(A) as the restriction of the action of GL2(A) to the
subspace spanned by right translates of F' under GLy(A). Then one can show

that 7 is irreducible.

To the anti-cyclotomic character x' : K /K* — C*, one can also associate
another automorphic representation 7(x') comes from a two dimensional repre-
sentation of the Weil group Wg g given by x'. The Rankin-Selberg L-function
L(s,m; @ m(x')) is defined such that if the ¢-local factors are

g = (ks p2), T(X')g = m(1, v2)
for almost all ¢, then the Euler ¢-factor of the Rankin-Selber L-series is given by
Lo(s, 75,0, 7(X)g) = [ [ L(s, ).
]
Let 7y x be the base change of 7y to K. One can obtain the identity
Lis,mr@m(X') = L(s, 756 @ X))

The Rankin Selberg L-function L(s,7; @ m(x')) satisfies the following func-

tional equation:
L(s,mp@7(x')) =c(s,mp @7m(x"))L(1 — 5,7y @7(X))

where 7y and 7(') are the contragredient representations of 7¢ and 7 (') respec-

tively. Since the central character of 7, is trivial, 7y is isomorphic to 7.
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Note that one has 7(x') =~ X' ?7(x') = n(x’~") as the central character of
7(x') is x’?. Since Y’ is anti-cyclotomic, we have x'~! = ' o ¢ for the complex
conjugation c. For any non-split prime ¢ in Q, the g-component xj is equal to
X, © ¢ as ¢ induces the identity in Gal(K,;/Q,). On the other hand, for split
¢ = qq° we have 7(x")g = 7(Xg, xqe) and (X" 0 ¢)g = T(xges Xg) = T(Xgs Xge)-
From the discussion, we have 7(x’) ~ w(x’). Therefore we have the following

functional equation for anti-cycltomic x’:
Lis,mr@m(x) =els,mp@7m(X)L(L — s,mp @ 7(X')).
Evaluating at s = %, the functional equation reduces to
L1/2,7p@m(X) = e(1/2,mp @ (X)) L(L/2,7r @ m(X))-

So the need for computing the e-factor arises.

The explicit expression of the e-factors of the Rankin-Selberg L-function in
terms of representation theory can be found in [?, Ch.V]. Since f is a modular
form for SLy(Z), for all finite places ¢ the g-component of 7y is the principal
series representation 7y, = m(jy, fi2) for unramified characters py, pp of Q. For
each ¢, let A\, be a constant introduced in [?, §1] so that their product over all

places is trivial. For non-split prime ¢ and p; = y1; o Ng, /q,, one has

e(5,mrq ® (X)) = Age(s, 11X e (5. p5XG)-

Since yi; and x; are all unramified, each e-factors in the right hand side are all

trivial. Let us consider a split prime ¢. Then one has

e(5,T1q ®@T(X)g) = Aoe(s, i) (s, e )e(s, paxy)e(s, paxhe).

If ¢ is different from ¢, then all characters in the above expression are unramified

and, therefore, all e-factors are 1. On the other hand, the e-factors in the last
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equality at the prime ¢ = [I° are

(s=1/2) — gn(s—l/?)

(s, ixy) = 0" g(x1), (s, uixie) = g(xt)

where g(x1), 9(x) are the normalized Gauss sums. Since y[. = X{_l, one has

9(x)g(xie) = xi(=1).
At the infinite place, we set N(z) = |z|? for z € C*. Then we have

£(5, Moo @ T(X)oo) = Ae(s, N(k=1)/2y )5(37N_(k_1)/2Xloo)

o0

and from the identity N(2)T*=D/2y! (2) = |z|Fr=D k| 5|~k = 077k |z |bE(E=1) e
conclude that

o(s, NETDL) = (s, N7 ) = i

Putting all the terms together we have

e(1/2,mp @ m(X) = i*xi(-1)* = 1.

4.5 Special Values of L-functions

Let Gal(K/Q) = (¢) and x : K /K* — Q" be an arithmetic Hecke character of
infinity type k+0-c. In other words, we have Y, (v) = v*7° = v* forv € K, = C.
And set ¥’ = x| - |¥. Let z be a CM point of conductor ¢, which corresponds to
[h,1]. Let F' be an automorphic form on GLy(A) which is the adelic lift of f.
For 7 € GLy(A) with 7,(i) = 2, we set

P =g 3 Fllu@ny(a),

2€Pic(O.)

In fact, if d*z is a Haar measure on KX\Kg(OO) of which total volume is 1, then
one has

Sk = [ Flu@nd@ds

KXKE\K)
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since F' is right R*-invariant.

Express D = K + K - J for some J € Ng(D*)\ K* such that J* = —J and
xJ=J7 for all x € K*. (This is an orthogonal decomposition for the norm form
on D). Let f be A-adically integral and p is unramified in K, then by following
the proof of Proposition 2.8 in [24], one obtains the integrality of 3(z, x, F') as

follows:

Proposition 4.5.1. The algebraic number

(2m)**S(z, x, F)°
)2k

(27 (J, 2)Im(2))* 1
is a B-adic integer for all anti-cyclotomic x of £-power conductors.

Let us explain briefly how the integral values are connected to the special
values L(1/2,7; ® m(x')) of Rankin-Selberg L-functions. By the work of Wald-
spurger, Harris and Kudla(see [14]), one can transform Y(z,x, F')? to an inte-
gration of a theta lift 6,(F") against the character value x' over a torus. Using
see-saw duality, we transform the previous integration to one of theta lifts 6,(x’)
and 60,(1) of the character x’ and the constant function 1 against the value of
F over Z(A)GLy(Q)\GL3(A). By Siegel-Weil formula, the theta lift of the con-
stant function 1 is nothing but an Eisenstein series and, therefore, one obtains
the special values of Rankin-Selberg L(s,7; ® w(x’)) with some ambiguous local
factors. Tt is Prasana([24]) who computed the local factors explicitly when y’ is
unramified. As the grossencharacter x’ is ramified at /, it is required to compute

the local (-factor separately.

In the next few sections, we shall compute the local /-factor and, hence, a

slight extension of the result in [24].
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4.6 Theta correspondence

Let W be a symplectic space over Q and V' be an orthogonal space of dimension
d over Q. There is a natural symplectic structure for W ® V' and for an additive
character ¢ : A/Q — C, the Weil representation wy of Sp(W ® V) is realized
on the Schwartz space S(W; ® V(A)), where W has the isotropic decomposition
W =W, & W, Two groups (Sp(W),0(V)) form a dual reductive pair. By
restricting, one can regard w, is a representation of Sp(WW) x O(V) and the
action of O(V) is given by the regular representation on S(W; ® V(A)). For 2
dimensional space W, S(W; @ V(A)) = S(V(A)) and Sp(A) = SLy(A), and with

this identification, one has the explicit action of wy,

L. wy “ 01 o(z) = x, (a)|a|*?¢(ax) for ¢ € S(V(A)).

3. wy o(z) = 7;5(35)
-1 0

Here qg is the Fourier transform

/V(A) (Y)Y (—(z, y)y)dy,

where the Haar measure dy is given as (;(x) = ¢(—=x) and 7 is an 8-th root of
unity dependent on 1 and (-, -),,. Following [14], we consider the extension of the

action of wy to GO(V) and G(SL(2) x O(V))(A) given by
G(SL(2) x O(V))(A) = {(Jc,y) € GLy(A) x GO(V)(A) ‘ det(z) = v(y) }

where v is a similitude character of GO(V'). The action is defined by
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1. For h € GO(V)(A) and ¢ € S(V(A)), h-vo(v) = [v(h)|Y*¢(h~'v).

2. For (z,y) € G(SL(2) x O(V))(A), wy(z,y) = wy(zW) -y with 2 =

1 0
0 det(x)™! .

For ¢ € S(V(A)), we define a theta kernel by ©,(g,9") = >, v we(g, 9")e(x)
and the theta lift ,(F) of an automorphic form F' of GLy(A) to GO(V)(A) by

(B = [ el g F (R
GLa(Q) M\ GLa(A)M)

where h' € GLy(A) with det(h') = v(g). Similarly the theta lift 0,(G) of a form

G on GO(V)(A) to GLy(A)™ is defined by
L@ = [ OudehGh

GO(V)([@)MN\GO(V)(A)®D

The subgroup GLy(A)®) of GLy(A) is given by GLy(A)®) = det™ v (GO(V)(A)).

Now we set V.= D = My(Q) with the quadratic form (a,b) = ab* + a‘b.

Define p : D* x D* — GO(D) by p(a,b)(d) = adb~'. The the image of p is

GO(D)®, the identity component of GO(D). Let @;(F) be the pull-back of 0,(F)

to D*(A) x D*(A) = GLy(A) x GLy(A). Now we need to extend the following

formula verified in [24, 37] to include the case of a ramified prime. We have

Proposition 4.6.1.
0,(F)=F@F.

Proof. For a cusp form f of weight k for the group SLy(Z) and Schwarz-Bruhat
function ¢ on Ms(A), we set O(¢) = >,y () ) (V)P (v),

O() (75 2,w) = (Im(z)Im(w)Im(r)) ~*O(¢)(7; 2, w).
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and
Oy (f) = . O(¢)(7; z,w) f*(7)Tm(7)*dp(7)

dxdy
2

for 7 = x + iy, and flra(z) = det(a)* 1 f(aw)j(a,w) * for a € My(Q) with
-1

for a congruence subgroup I' of SLy(Z) fixing f(7)O(¢)(7). Here du(r) =

det(a) > 0. Recall that j = and f*(z) = f(z*). It is not hard to

o O

1

reduce the previous definition of gw(F) to this classical setting. From Theorem

3.2 in [11], we have

O,(f) = (2i)* Z 0 (ja) exp(2mi det(a)2) f|ra(w) (4.6.1)

a€l'\M3(Q)
det(a)>0

S

where () is the partial Fourier transform defined by
— [a b oo) [TV
(o) :/ @ Walay — bx)dxdy
c d A? c d

for the additive character v, with 1 (2) = exp(2miz). The partial Fourier trans-

form of the function ¢ in (4.7.2) is

—[a b
(%) g Loz (@)1 (0)Tgn 1 gnzy (€)Tz(d)
C

which is supported on

a b\ |bdeZ acl+ 07 .
) y t ) :LnA
c d CGK”(l—I—K”Z)
where
~ Jfa b)| ac1+07, e
B c d b,dEi,CEKQnZ T mo1
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Now we set I' = A N SLy(Q) and A = {a € My(Q) | det(ar) > 0} N A. Then the

formula (4.6.1) becomes

O,(f) = (20)F > exp(2midet(c)z) f|xLno(w)
acl\A

o0

= (20)" ) " exp(2mimz) f|T (m)(w)

3
1§

= (20)" ) a(m, f)exp(2mimz) f(w) = (20)" f (2) f (w).

NE

3
I}

This proves the proposition. O

4.7 Waldpurger’s computation of (2, x, F)?

Let x be an anti-cyclotomic Hecke character on K of infinite type (k,0) that is

unramified at all places except ¢. Let 7 : K — D be an embedding associated

with a Heegner point. Using this, we regard K as a subgroup of D*(A). For

the orthogonal decomposition D = Dy & Dy = K & J - K, we have GO(D;)° =

GO(D3)° = K* and, hence, G(O(Dy) x O(Ds))° = G(K* x K*). Then we have
9,9, (vm,y7)) = D wy(g) L{a,y7)p(d)

deD

= > wulg)e(r™' a7 di + da)yo)

= welg)e(r™ (z 7 dry + 27 doy)7)

where ¢'(d) = ¢(77'dr). Hence The restriction of p to K* x K* is p(z,y) =

(zy~', 2y ~1). Since x is anti-cyclotomic, we have x'(yy) = 1 for all y € K and

X (zy) = X' (277X (27) = X' (a7 ").
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Setting T = G(O(D;)° x O(D2)°), we obtain
S(2,x, F)? = / y7)X (zy)d”zd"y
(KX KE\K)
= / %(F)(m, b))y (ab)d* ad* b
(KX K\K))?

_ / 0 ()] 1 (00X (D) ad"D
T(Q) T(R)\ T(A)

The theta lift 0,(1 ® x') lives on GLy(A)™ = det ' N(K}) for N = Ng/q. It
can be extended to GLy(A) by making it left invariant under GLy(Q) and setting
it zero outside GLy(Q)GLy(A)™. Note also that if ¢ = Y, 1@ for p €
S(D(A)) = S(D1(A)) ® S(D(A)) one obtains

1®X ZQ%

From the see-saw duality (see [14]), we have

S PR = [ P@Oe )]0
Z(A)GL2(Q)\GL2(A)

=Y [ @@

¥ Z(A)GL2(Q)\GL2(A)

First, let us consider 0, (1). Setting W, (g) = wy (g, ¢')1(0) for g € GLa(A)™N
and ¢’ € K with N(¢') = det(g), one obtains a function ¥, : B(Q)\GLy(A) —
C such that

Vo, . g | = nx(d)|a/?W,,(g) for g € GLy(A).

From the formula of Siegel-Weil ( see [14, Theorem 13.3] ) with ¢, o, = e~ Nx/2(®)

we have

9901(]‘) = E(07 \113017 _)|GL2(A)(N); (4.7.1)
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where E(s, U,,,g) is the Eisenstein series attached to ¥,,,.

Secondly, as computed in [24, Section 3.3] the function

00 = [ Bl WX (W)

Kx(l)\Kg(l)

with det(g) = N(h') has the Fourier expansion

£ 0

0892 (XI)(g) = Z W% gl
£€QX 0 1
N(J)—leeN(KX)
where
N( J)il 0 n ! n
Walo) = [ e g, " | o D (WD,
Ry 0 1

Here 1" satisfies N(h") = N( J)~'det(g). Let U be the group of norm 1 ele-
ments in (O ® Z,)* for finite prime ¢ and UL = KXW, Then let d* d, be the
measure on K ) of which volume of Uq is 1 for unramified ¢ or co and 2 for the
others. Set d*h = [, d*d,. Then one has df = idxh. For vy = ® 4024, We
have hgW,, = ® W,  where

N(I)-' 0

Wisslo) = [ i, 9.t | ol D)) (g ),
Ky 0 1

with N(J)"tdet(g) = N(h').
In total, unfolding the Eisenstein series we have

&0
E(Z7X7}7)2 - Z / ZF 0\114,0179)W€02 0 g dxg

Z(A)GL2(Q)\GL2(A) 1

1 -1 0 “
— Z / WF(Q)\PW1(Q7§)WWz g d g,

¥ Z(A) N(A)\GLy(A)
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where

s—1/2
\Ilipl(gﬂg) = (1_2 \I,%(g)
. a0 . .
for the decomposition ¢ = n k€ NAK. So X(z, x, F)? is the evaluation
0 a9

at s = 1/2 of the analytic continuation of

~1 0
Z / WF(g)\Ptpl(gas)ng q ng
 Z(A)N(AN\GLo(A) L0

a 0

—Z/ /WF kv, k

A 0 1

W R PR RS
02 a| "d*adk.
0 1

Here K(A) = [, K, with K = SOy(R), K, = GlLy(Z,) and dk = [], dk, such
that dke is the usual measure on SO5(R) and dk, is the restriction of (,(2)d*g
on K,. One obtains vol(SO2(R)) = 27 and vol(K,) = 1.

From now on, we consider the Schwarz-Bruhat function ¢ in S M3(A)) such
that ¢, = p1,4 ® @a, for all places ¢ except the ramified ones, where ¢, , ® ¢,

are in S(K,) ® S(K,- J) = S( M2(Q,)). The last integral is now the product of
the local factors L, which is given by

a 0 a 0 a 0 )
/ / Weyq k') W, k| ®,,1s k| |a|~ d"adk.
K, J Q5 0 1 0 1 0 1

Basic calculations of these local factors are done in [24] except the ramified place

L.

To compute the local {-factor, it is required to choose the Schwarz-Bruhat
functions @1, ¢, in S M2(Qy)) appropriately. By choosing suitable element gy €
GLQ@) and apply it for the embedding of K, we may assume that My(Q,) =
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K, & Ky J. Here K, is diagonal and K, - J is anti-diagonal part. Note that now

0 1
we assume J = . We choose ¢, € S( M2(Qy)) as
-1 0
a b
©r )= Iz, (a)Iz, ()¢ (b)Lp-nz7, (b)Len 140z, (€), (4.7.2)
¢

a b
which is supported on a,d € Ly, b € 0"Zy,c € (1 +"Zy) p. We
c d

have a decomposition ¢ = p; ® ¢y such that

©1 (a7 d) = HZ[ (a)]IZz (d)v 902(07 d) = Qp(b)ﬂf*"Zz (b>H4”(1+£"Z£)(C)‘

From the straightforward calculations, we obtain the following Fourier transforms

of v; and s:
Lemma 4.7.1. {1 = ¢1, P2(2,y) = Li-20z, (@) (0" 0) L1t enz, (y),
Proof. Let us consider the second case. By definition, we have
Bolo9) = [ palu, o) (= (. 0), (2,0)) e
Do
- / (W) Ty g, ()Tt vy (0) 0ty + o) dud
Q¢ JQ
_ / I 1y (0) b (v)do [ () Ly, () ()
Qe

Qe
=Iy-2ngz, ()Y (0" )1 1n7, (y)

This finishes the proof. n

We have the following evaluation of @, .

Lemma 4.7.2. For all k € GLy(Zy), we have
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] 1 w u 0 0 1 )
Proof. The group GL(Z,) is generated by , , with

0 1 0 v -1 0

u,v € Z; and w € Z,. The actions of the generators are as follows:

L (1) )1 ) i) = N0 = e

2. Forc= (v,u) € K =Q, x Q; and t = (z,y), we have N(¢) = uv and

o Z “).e) o) = enl(ot u Y uy)) = gy (vt ) = 10

since v~ 'u is a unit.

3. We have the action of of as follows.
-1 1
0 1 N
Wy Lo 1) o) = 21(t) = ou(2).

In total, we have

a 0 a 0

Dy, | s, k| = o= w, L b | 1(0) = |a* M1 (0) = Jaf* 7",
0 1 01
This finishes the proof. O
a b
We set T'y(¢*") = € SLy(Zy) | a,d € 1 + (*"Zy, c € (*"Zy p. Ob-
c d

serve that ¢, is invariant under the action of T';(£*") as follows. The group

[ (£*") is generated by
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for w € (*Z, v € Zy and u € 1 + £?"Z,. For the first generator, we have

10 0 1\ (1 —w\/[O0 1
w1 1 0/\o 1 /\=21 0/
and
1 0 0 1 R
Wy | @a(t) =wy | — | Y (—wry)Po (2, y).
w 1 -1 0

Since z € £2"Z; and y € 1 + ("Z,, we have wxy € Z; and ¢ (wzy) = 1. Hence

we verify that

10 -1 0 2
w 1 0 -1

For the second generator, we have

Wy - 1| @a(t) = pa(ut) = @at)

since 9, (uzx) = ¢y (x) for x € £7"Z,. The action of the last generator is same as

one for ¢.

Now we decompose dk as dk = d*zdm which corresponds to the decomposi-

tion

Gly(Z) = | ; "V sLaz).

ZEZ?
such that vol(Z;) = 1 and vol(SLy(Z,)) = 1. Note that in [24], dk is chosen so

that vol(GLy(Zy)) = 1. Observe that there is a coset decomposition

u 0 1 0 .
SLo(Zg) = U 1 Ty ()
weamzyx \0 u” w 1

w mod L™ L|w

u 0 w1
v Ty ().
w€(Z/ UML) X 0 u -1 0

w mod £M
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We arrange the coset representatives and get

u 0 1 0
GLQ (Zg) = U Fl (£2n)
€2 ue(Z/ 120 7) ¥ 0 =z w 1
wmod(Z'”,lﬂw
u 0 w
U U Fl(ﬁ%).
€LY ue(B/12nT)X 0 =2 -1 0
w mod £27
The local ¢-factor
a 0 a 0 .
Le :/ / Wiy We, k| |a|* dkda
Q¢ / GL2(Ze) 0 1 0 1

is then divided into the two parts:

a 0O ’V au 0 10 -‘ .
C/@z Wry {uzu;/zf W, . o dsz la|*'da

01 z
(4.7.3)
a 0 au 0 w1
+C | Wey Z/ W, d*z| |a*"‘da
(4.7.4)
1 .
We need to check each term by considering

where C' = fF1(€2") dm = W

4 cases separately as follows:

1. (4.7.3) w =0 case.
2. (4.7.3) w # 0 and ve(w) < n.
3. (4.7.3) w# 0 and n < v(w) < 2n.

4. (4.7.4) for all u, w.
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We will see that the integrals in every cases produce zero except the first case.

Since we have the formula for mp = 7(u1, p12) (see [24])

a 0 al) — al
Wi :]IZ[(a)Ml( ) Mz( )

0 1 pa () — p2(f) ’

we may assume that a € Z,.

We consider the first case in the above list. We compute the integrals

au 0
> / W, d*z.
u Z? 0 Z
Recall that we have
au O au O - -
W, :/ wy b | (1, D)X (BRYE R,
0 KV

Z 0 =z

where h = (z,au) with respect to the identification K, = Q; x Q. Now we set
A(t) = X'(t,1). Then we also have x'(1,t) = A(t)" since ' is anti-cyclotomic i.e
X'(t,t) = 1. With this setting and the identification Ké” ={(t,t 1) |t € Q},

h = (t,t1), the last integral equals
/gog(autlzl,t))\(z)/\(au)1/\(t)2dxt
Q

= Y(aut ™ 2 p-ng, (at™ ) en(1pemzy) (DA (2) A(au) A () d*t
Q7

Now summing up the last integral over u € (Z/(*"Z)*, we have

/ Z1/1(@15712’71?0/\’1(u))\(z))\(a)*l/\(tydxt.

at—ler—nz
teln (14+4n2y)
We state an easy lemma.
Lemma 4.7.3. For x € Q/, we have

"GN () if ve(z) = —n

uwE(Z/ 27T % 0  otherwise
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Proof. We decompose the index set as

1 L/
@/eny =1

Then for (v,u) € (Z/¢*")* we have

> Awdlru) = Mu)ip(zuv)

we(Z)02n 7))

Using usual Gauss sum with respect to v, (z) = (¢ "z), the last sum equals
> G Aaor) T =GN )M )
only when vy(zv) = vg(x) = —n. O
Hence with the condition v,(a) — v,(t) = —n, the last integral equals

/ G )M aztT YA (az) A () d*t

at—lef—n7,
tELN (1+LNZ))

L (@GO, B / a1
teln (1+4nZy)
=L (a)G(A 1 ¥)A(").
Note that ¢ € ¢"(1 4 ("Z,) implies a € Z,. So we conclude the first case in the
list.
To consider the second and the third case in the list, we need the following

computation:

Lemma 4.7.4. For w € (Z/(*"7 with w # 0, let ¢, (x,y) = Y(wry)P2(z,y).

Then the Fourier Transform of ¢, is

~ W[, Lyp-207, (@) (—w Lz (y 4+ 07) Lypsenswenz, (—y) if ve(w) <n
¢w(I, y) =

() Ly on 4 02nz, (—Y) if n < v(w) < 2n.
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Proof. By the definition of Fourier Transform, we have

~

Ow(r,y) = /@ /Q Lp-2nz, (v)1 (0" w) L 4 onz, (V)Y (Wuv) Y (uy + vr)dudv

- /E%w(e"uw(uy) [ wlenpitwanyduda

14477,

B ) / Y(wu + "u + yu) Y((x + wu)v)dv
t=2nz,

7y

S / b((w + 0+ y)u)du

where S = (2"Z, Nw(—x + £ "Zy). Fisrt, if vy(w) < n, then we have S # () &
Zy N —w talP" +w "7 # O < wtal?" € Zyie. v € wl2"Z,. In this case,
we have S = w!(—xz + £7"Z,). Hence the last line of the previous computation
equals
-yl P((w + O+ y)u)d
WL (—a 4+l Zy)

= () lye-2nz,(2) (w40 + y)(—w™e) + (w+ 0+ y)w™ u)|w|; du
"7,

— ], ypon, (£ (—w el —w ) / U g u)d
Ty

= |w|[1]Iwz_2nZ[ (x)pb(—w’lx(y + ")) gnz, (1 + w lwl™ + wily).

Now let us assume that n < v(w) < 2n. Then S # 0 & Z, N —w ™'zl +
w2y # O & —wlal® € wH"Zy ie. x € ¢7"Z,. In this case we have

S = (=2"Z,. So the last line of previous computation equals

o) [l g
= p(@)pag, (w+ " +y)

= (@) yprqenz, (y).

Hence we obtain the result. O
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Now we consider the second case in the list. We compute the term

au 0 1 0
E / 0 d*z.
o Zy 0 =z w 1
’U[ w n

Now from the lemma and the expression

1 0 —w\ [ 0 1

7

w 1 1 -1 0

we have

(—l‘, _y)

)G
( (z,au) | pa(z,y)

= 5 —aut™'z” x —ty).
Here we choose h = (z,au) and h = (t,¢7'). The term W, in the last integral
equals

> jwl! / wa az ' (7 = D) AT W) A(2) AT (@) A (E)2d*t

at=lewt=2nz,

tewHLN +wl™Zy
= |w|, "G\ ) / Mw raz7 0 = D) A (a) TN (@) d*t
at~lewt—2nz,
tew+HLm +wlmZy
U[(w_la(l’nt_lfl))zfn
w7 GO, )M w ) / MO+ — DAt
at71€u1(*2"Z[
tEwHL +wlMZy
v[(wfla(l"tflfl))zfn

Now note that A(¢"t~1 — 1)A\(¢) = A({" — t). Since t € w + £ + wl"Z;, we have
t— 0" € w(l+"Z;). Hence A(¢™ —t) = A(—w) and the last integral equals

ol G )N (1) / A#)d*t (4.7.5)

wHL +wln 7y
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with the condition v(a) — v(t) = —n. If we have w + (" € ("wZy, then by

multiplying A(u) # 1 for a unit u to the integral we are able to conclude

/ A(t)dXt:/WM ABdE = 0.

W +wen Zy
Therefore we assume that w +¢" & wl"Z,. Let m = vg(w) +n —ve(w +£"). Then
if m < n, then we have

/ A(t)d*t = Mw + (") / A(t)d*t =0

wHn FwlnZ, L+ L,
as the non-trivial character sum over a group is trivial. Hence we may assume
m = n. This implies v,(w) = ve(w + €"). In addition, if v,(n) < n then v, (t) =
ve(w + ") = v(w) < n and ve(a) = ve(t) — n < 0 which is not the case since
a € Zy.
In total, we assume that m = n i.e. vo(w) = ve(w + ") and ve(w) = n. Set

w = f"u for a unit u. The previous assumption implies that v + 1 is also a unit.

Let H={ue€ (Z/0"Z)* |u+1 € Z;}. We have the following lemma.

Lemma 4.7.5. Let v € 1 + (Zy. Then the map on H given by
v:H— H, u— (vu+v—1)mod¢"
s one to one correspondence.

Proof. First of all, vu+wv—1 is a unit since v—1 is divisible by ¢ and vu+v—1+1 =
v(u+ 1) € Z;. Therefore the map is well-defined. Clearly the map is injective.

Since H is a finite set, it is surjective. O]

Summing up the integral in the formula (4.7.5) over H, we have

> /g R(UH)HZHZ[)‘(t)dxlf:/\(gn)ZA(u+1) / s

u€H ueH 1+EnZ,
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We choose v € 1+ ¢Z; such that A(v) # 1. Then from the lemma we have

v)z/\(u+1 Z/\ ((wv+v—1)+1) Z/\u+1

ueH uceH ucH

Hence it is equal to zero and we conclude the second case in the list.

For the third case, we compute the terms in a similar way but easier than

before. We need to compute the term

0 10

Z /ZX 0 d”z.

z w 1
n<1}[(u)<2n

Same as before, using the Lemma 4.7.4 we compute

SO Gul—aut 'z, —ty) M)A au) A1) A

Q7

_ / S (—at ) A () A(2)A(w) A () e

w u

wHEL +wln 7y
= > G / AM—at 2 HA(2) A (@) "IN (1) 2d <t
w wHL +wln 7y
— ZG (A, (=) / A(t)d*t
wHL+wln Zy
= ZG (A (= (w + ) / At)d* =0

14+4mZy
since 0 < m = 2n — v(w + ") = 2n — ve(w) < n. Therefore we conclude the

third case in the list.

Finally, let us consider the last case in the list. From the expression

w1 1 —w 0 1
-1 0 0 1 -1 0
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we compute

au 0 w1
Ww J h(Z, CLU) Y2 (l’7 y)
0 =z -1 0
au O ~
= wy . , Wz, au) | P(wzy)Pa(e, y)
z

= Y(wauz 'zy) -2z, (aut 2z )Y (Caut T 2 )1y, (ty).

The inner term in the formula (4.7.4) equals

)3 /@ > v(Cat™t T AT () AN (au)d "t

u

But it is equal to zero since ¢ (("at~'z7 u) = 1for t € 1+0"Zyand >, A7 (u) = 0.

We conclude the last case and obtain

Proposition 4.7.6.

(1 _ 6725)71

Le= gy 00 A L@ i) Lsmy @ (X)),

Proof. We know that s, = m(uq, p12) is a principal series representation with

unramified quasi-characters pq and py and the Whittaker coefficient is given by

a 0 — 1al2L, (a pa(al) — po(al)
P e = ()

So we have

L, = G(/\_171/})/\(£n)/ Ml(az)_'UQ(GZ)]IZZX(CL)‘CE’SdXCL
Q

Cot e+ ) S m(0) = ()
GA LM [

=10 41) /Z[ "a
GOA~L A

erl(e+1)
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Recall that since x| , X, are ramified at /, so are MiX{j- Hence we have
L(saﬂf 2 W(XI)) = HL(S7:LLZX£]) =1
]

and L(2s,mx) 'L(s,m; @ 7(x')) = (1 — £-%). So we have the trivial relation

(1 _ 6725)71

0= G DO NI L2, 1) Ll 7y @ 7).

This finishes the proof. O

Evaluating at s = 1/2 and considering the prime B in Q over p, and combining

the calculations done in [24], we verify that

Theorem 4.7.7. Let f be a modular form for SLo(Z). Up to B-adic units, we

have the following equality:

2%l 1 L L2, @ 7(X))

. k 2
j(‘]a Z) [m(Z)E(XI,z, F) — Eég — 1L(1:77K) Q?k

4.8 Non-vanishing result: Sinnott’s argument

In this section we prove the Theorem mentioned in the introduction following
the Sinnott’s argument. We restrict ourselves to the case that di is even and f
is an eigen cusp form of weight & for the group SLy(Z). Any arithmetic Hecke
character of type £+ 0 ¢ of /-power conductor has the decomposition xi for y a
character on I and ¢ the restriction to A. We fixed ¥ and now assume that the
special L-values of 7; @ x' vanish modulo B for infinitely many such x’s. From

the Theorem 4.7.7, this is equivalent to the vanishing of the value:
1
' _ ! _
(X, 2 F) = " E F(z7)x'(z) = 0mod B. (4.8.1)

" reGy
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Let D, be the decomposition group of B in Gal(Q/K). Applying an automor-
phism o € D, we have
1
oX(z, X, F) = I Z oF (z7)ox () = 0mod B.
z€Gy

By Shimura’s reciprocity law([26] 26.8), for each idele s in KXW)X and o = (s, K),
we obtain 0 F(z) = F(s7'z) and

Y oF(zr)oX (@) = x7(s) Y Flam)x" (x)

TEGH, T€G,
by the change of variable s™'z — z. So we also conclude from (4.8.1) that

Z F(x7)Y'’ () = 0mod B.

zeGy

Let us denote Y for x mod B. Let K (1)) be the number field obtained by adjoining
the values of ¢ to K. Let k,, := F,(uem) be obtained by adjoining the £"-th roots
of unity to F, and m be the smallest integer such that k,, contains the residue
field of BN K (¢). If £ is the conductor of x, then observe that we have

[kn = kmlx(z)  if X(2) € kp,

Try, pio (X(2)) =
0 otherwise,

Applying o € D, to the formula (4.8.1) and summing up over o’s, we obtain the

following :

Z x(x)F(z7) =0 mod B.

X(z)Ekm
Since I' has Z,-rank 1, the kernel ker y is ', := I'*" and
X(z) € ky, if and only if z € T, ..

Using the decomposition G, = A x I', we have

Sw@) S xW)F(ay - za)i(xy, za) =0 mod B.

TEA

|
yE—TL
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For the genus subgroup Ay of A, we have

D odm) ) Ul ZX yn) fa(zy - 20) 5 (20y, 22) ™ = 0 mod B.

HEA/AO TEAQ
(4.8.2)
Here by abuse of notation, we write hy, oo (n2y) - 2, as nzy- 2, and j(hpco(Tyn), 2,)

as j(xym, z,). Since hy, (y) is upper-triangular for each y € I', we have

J(@yn, zn) = j(y, ¥020) 5 (@0, 20) = (@0, 20).
The representatives of I',,_,,, /T, is given by {1 + "MW ‘ umod Km} and, hence,
the collection {y - z, |y € I',,_,,,/T'n} is equal to
o

e ‘ umod ™
0 1

Note also that from the Proposition 4.3.2, we obtain that

{2, |z € Ay} ={dz,|dis a divisor of d}},

where dj is the product of all prime divisors of dg. Set @y =[], ;@4 € Ag. The

left hand side of the above congruence (4.8.2) can be written as

Sowm) Do w(@) Y xlyn )i, )~ falnwy - 2)
=> )Y (@)Y xW) falnzyn, " - z)

= v(n) Y (@ ZC“f\ TN ) (0 2 ) (4.8.3)

dld',
Here j(wyn, z,) = 1 and { = x(1+ " ™w) is the primitive £™-th root of unity. In
the third line (4.8.3), the condition that n > 2m implies that x(1+ul" "w) = ("
Now for each 7 € A/Ay, we set

Z¢ w4 quf‘ ‘ H??]

d|d},
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Recall that 7. is the I'-part of 7 which are all distinct. Then for infinitely many
n’s we obtain the following vanishing
Z V() fo(n " 2p—m) = 0mod B.
n€EA/Ag
From the Theorem 4.3.3 which is the Zariski density result, we are able to con-
clude

Jn = 0mod B.
We shall show that this is impossible for non-trivial modular form f.

Let us calculate the g-expansion of f, to get the non-triviality. Its Fourier

coefficient a(n, f,) of exp(2minz) is given by

O Eaan V(@a)a(Fy £) ifn=—1mod ", g |n
a(nv fn) = ! ‘

0 otherwise

Now we consider a coefficient a(rg, f,) for a prime number r which is unramified

in K ie. r{dg and n = w,. From the previous formula for g-expansion we have

a(rq, f) = a(r, f)

and it is required to chooose r = —¢' mod {™~" where ¢' is the multiplicative
inverse of ¢ modulo £~ ™. At this moment, let us quote a theorem about the

Galois representation attached to the eigencusp forms for later use.

Proposition 4.8.1. Let p; : Gal(Q/Q) — GLo(Oy) be the Galois representation
attached to f with nebentypus 1. Then for all prime p{ N, py is unramified at p

and for a Frobenius element F,, one has
Trp(F,) = a(p, f), and det ps(F,) = 1 (p)p* .

There are many references for the proof of this well-known fact. For example,

see [6] and [13].
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Proposition 4.8.2. For each n € W, we can find a prime number r such that
r=—¢ mod ™ and a(r, ) # 0mod B.
Therefore f, is not zero modulo B.

Proof. Let p; be the Galois representation given by f, ie. p; : Gal(Q/Q) —
GL2(Oy), where Oy is the integer ring of the number field generated by the
eigenvalues of f over Q. And set p, = pymod B and K = @Kerﬁf. Since py is
unramified at £, we know that ¢ is unramified in K/Q. Since £ is totally ramified
in Q(pem)/Q, we can conclude that K and Q(pem) is linearly disjoint. From this

we have
Gal(Q/Q) = Gal(K/Q) x Gal(Q(pem)/Q).

Now choose an element ¢ in Gal(K/Q) = Im(p;) such that Tr(c) Z 0 mod B.
There exists an element o € Gal(K (uem)/Q) such that

olk =¢, and o|gum) = —¢ -

The Cebotarev density theorem allows us to choose an F, such that F, = o.

Then we have a(r, f) = Tr(F,) = Tr(c) # 0 and r = —¢' mod £™. O
Now from the previous proposition, we are able to conclude that

fn £0 (modB),

which is a contradiction to above conclusion from the assumption that there exist
infinitely many characters which give the vanishing of L-values. By previous

arguments and the Proposition 4.8.2, now we are able to conclude that

Theorem 4.8.3. Let dg be odd, ¢ split in K and f be an eigen cusp form of

weight k for the group SLo(Z). Then for almost all anti-cyclotomic x of (-power
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conductor with a fized = x|a, we have

Wk_lL(%, T ® W(X’))
2k

%0 mod B.
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