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Abstract

We extend the result of Angles [1], namely f/(T;6) £ 0 (mod p) for the Iwasawa
power series f(T;6) € Zy[[T — 1]]. For the derivative D =T %, a numerical polyno-
mial @ on Zjp, and a prime 7 in Z, over p, we show that Q(D)f(T;60) = 0(mod )
if and only if @ = 0 (mod ) i.e. Q(z) = 0 (mod =) for all € Z,. This result comes
from a similar assertion for the power series attached to the I'-transform of a p-adic

measure which is related to a certain rational function in Z,[[T — 1]].

Key words: p-adic L-function, I'-transform, Iwasawa power series, p-adic measure,
equi-distribution, Ferrero-Washington’s theorem.

1 Introduction

Let p be a prime number. Let A be a complete Z,-algebra included in Z,
and m(Z,, A) be an A-module of A-valued measures on Z,. The A-module
m(Z,, A) is isomorphic to the power series ring A[[T — 1]].

Let W C Z) be the set of torsion elements in Z) and ~ be a topological
generator of 14 2pZ,. In other words, one has W = p,,_1, the set of (p —1)-th
roots of unity in Z3 if p > 2 and W = {£1} if p = 2. Let V be a subset of
W, which is a set of representatives of W/{£1}. Let 4¥ be the isomorphism
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Z, ~ 1+ 2pZ, defined by y — ~¥. By abuse of notation, I'-transform is an
A-linear map from m(Z,, A) to itself defined by

I m(Zp7 A) — m<Zp7 A)a T %/(,yy)7

where
T = Z Ton.
new
Since the p-adic Dirichlet L-function is represented by a I'-transform of a
rational function measure, the study on the map I' gives much information on
the p-adic L-functions.

For example, let K be an abelian number field and # an even Dirichlet char-
acter associated to K((,) for a primitive p-th root ¢, of unity. Let k be a finite
extension of Q, containing 6 and 7 be a uniformizer in . Let o be the ring of
integers of k. Iwasawa ([4]) has established a power series f(T;6) € of[T — 1]]
such that

2f(x(M)Y' " 0) = —(1 = xw ™ (p)p" ) L(1 = n, xw ™)

for even Dirichlet characters y associated to the cyclotomic Z,-extension
K. /K. In fact, when p is an odd prime number we can define a measure
19 € m(Z,, 0) such that

Gr (T)

20 = T i

where G, is a power series attached to I'(7p) and « is an integer (For a more
precise formulation, see the formula (4.7) and Proposition 7).

The celebrated theorem of Ferrero and Washington ([2]) has shown that
G, (T) # 0 (mod 7)
or equivalently
f(T;0) # 0 (mod 7).
Sinnott ([5]) also has proved the congruence G,(7T") # 0 (mod 7) for a certain

rational function measure o i.e. a measure of which power series is a rational
function in o[[T" — 1]] such that

Olzx + 0lzx 0 (1) # 0 (mod ).

A natural question one can raise next would be whether the derivative of
f(T;0) or G, is non-zero modulo p or not. In fact if K = Q((,), Angles ([1])
has shown that

f(T;0) # 0 (mod p).



Let D = T% and p > 2. The purpose of present paper is to show that
for a numerical polynomial ) on Z, such that ¢ # 0(mod 7) ie., Q(z) #
0 (mod ) for some z € Z,, we have

Q(D)G,, (T) £ 0 (mod ) (1.1)

and

Q(D)f(T;0) # 0 (mod m).

Main ingredients of the proof are to define the measure 7y in a homological
way as discussed in [3] and to reduce the congruence (1.1) to a statement
about a congruence which the measure 74 satisfies:

Toluv = 0 (mod )

for some open subset U of Z,, which is turned out to be impossible using the
homological argument that is also used in [6] in order to get a homological
proof for a theorem of Washington.

Throughout the paper, for x € Z) we define w(x) and (z) as the projections
of z into W and 1 + 2pZ, respectively. w is the Teichmiiller character.

2 [I'-transform of p-adic measures

Let k be a finite extension of @, and o be the ring of integers with a uniformizer
7. Let C(Z,, 0) be the o-algebra of continuous functions from Z, to o. Let 7 be
an o-valued p-adic measure on Z,. A power series P, € o[[T — 1]] is associated
to the measure 7 in the following way:

P.(T)=P(r;T):= | T%dr(x)

Zyp

where T is the power series in T' — 1 defined by

T$:Z<:E>(T_1)n7(x>:x(x—l)---(m—n+1) 7z,

|
n>0 n n n.

From Mahler’s theorem, the statement that

n

/ (x) dr(z) =0 (mod 7) for alln >0
ZP
is equivalent to

/Z f(x)dr(xz) =0 (mod ) for all f € C(Z,,0).

P



In other words, P, (T) = 0 (mod =) if and only if 7 = 0 (mod 7) in m(Z,, o).

From the identification m(Z,,0) ~ Hom(C(Z,,0),0), there is an action of
C(Z,,0) on m(Z,, 0) defined by

d(f-7)(x) = f(x)dr(x) for f € C(Zy,0), 7 € m(Z,,0).
Since we have the isomorphism
m(Zy, 0) = of[T' = 1]],7 — Py,
there is also an action of C(Z,,0) on o[[T" — 1]]. Clearly we have
f-P. =P

For a polynomial @ € k[T], @ is called numerical if Q(x) € o for all z € Z,. In
other words, ) € C(Z,, 0). For the differential operator D = TdiT on o[[T" —1]]
one can show that D(T7%) = 2T* for « € Z,, and hence

D | T%dr(x)= | T*zdr(z),

Zp Zp
and for a numerical polynomial Q(T) € k[T], we obtain that
Q(D)PL(T) = P(Q@)dr(x);T) = Pan(T).
From this observation, we establish an elementary but crucial statement.
Proposition 1 For f € C(Z,,0) and 7 € m(Z,,0), we have
[+ P(T) = 0(mod 7) if and only if T|;-1(ox) = 0 (mod 7).

Therefore Q(D)P-(T) = 0 (mod ) if and only if T|g-1(ox) = 0 (mod 7).

PROOF. Let P;..(T) = 0(mod 7). Then we have f(z)dr(x) = 0(mod ).

Let g(x) be an o-valued continuous function on f~!(0*). We define a function

on Z, such that
g(z) : -1
h(:v)—{f(z) if z € f7(0%)

0 otherwise .

Since h is an o-valued continuous function, we obtain that

/f o, S()r() = [ h@)f()dr(z) = 0 (mod 7).
-1 oX Zp
Since g is arbitrary, we conclude that 7|-1(,x) = 0 (mod ).

The converse is immediate since we have f(x)d7r(x)|f-1(roy = 0(mod 7) and
Zy,= f~1(0*)U f~(wo). We conclude the proposition. 0O



The I'-transform or p-adic Mellin transform of a measure 7 on Z, is a p-adic
analytic function I'(s, 7) on Z, defined by

D(s,7) = [ (@) dr(a). (2.1)
Zy

If v is a topological generator of 1 + 2pZ,, then there exists a power series

G, € o[[T — 1]] such that

G,(v°) =T(s,71).

In fact, since ¥ : Z, ~ 1+ 2pZ, is an isomorphism the definition (2.1) can be
written as

[(s,7)= > /1+2pr x%dr on(x) = /Zp v d (217: To n(#’)) .

neWw

If we set

then we have

We also set

and
G(T) == P ((7"):T).
Note that if 7 = 7 0 —1, then we have G, = 2G2.

To a periodic function A : Z — o of a period N, pt N, we associate a rational
function Ry (7T') defined by

_ Zq{vzl )‘(T)TT'

RA(T) 1—TN

Let us assume that > A(r) = 0. Since 11__TT],V € of[T — 1]]*, we know that
RA\(T) € o[[T — 1]]. Let o, be the measure corresponds to Ry. Sinnott ([5])

has shown that G,, (7)) = 0 (mod 7) if and only if
oy +oyo—1=0(mod 7),

where 03 is a measure obtained by restricting oy to Z;. The latter congruence
is equivalent to
Ri(T)+ R5(T™) = 0 (mod 7)
where R;(T) = R(T) — %ZCPZI R, (¢T). In order to study the congruence of
the type
f-G.(T)=0(mod 7)



with f € C(Z,,0) and 7 € m(Z,, 0), we need to define a special set of measures
as follows.

Definition 2 A set of measures {01,090, ,0,} C m(Z,,0) is called inde-
pendent modulo m if we have
> oy # 0(mod )

for all open subsets U of Z,.

In the next section, the set of measures {o) o n|n € V} is shown to be inde-
pendent modulo 7 if A is a Dirichlet character of conductor N with p t N or
A = )Xo (See Section 4 for the definition of \y). Using this we deduce that for
f € C(Zy,0) and odd prime number p, the following congruence

f G (T)=0(mod )

is impossible unless f = 0 (mod 7). In particular, Q(D)G,,(T)) = 0 (mod )
is true only for @ = 0(mod 7) (See Theorem 9). For p = 2 case, we modify
the statement using G?,.

3 Homological Equi-distribution

In this section we discuss the homology of a punctured cylinder. For a more
complete discussion of the topic, see Hida ([3]).

Let Ty, pt N be a punctured cylinder given by
r
TN:C/Z—{N‘1ST<N}.

We compactify T by adding boundaries to the holes i.e. by taking out small
open disks around the points S = {£} U {£ico}. We denote it by Tx. For
any subset S’ C S, we do the same procedure and denote it by T . Let Sy =
{+ico} and A be a commutative ring and H!(T% ", A) be the cohomology
group on 7T’ ]“375 ® with compact support. We have the identification

HNTY, A) ~ HYTR, 0Ty, A) = Hom(H, (Tx°,0Tx°, Z), A).  (3.1)
For each 0 < r < N or +io00, let ¢, be the homology class associated to a path

on Ty~ that is starting from a fixed base point and winding the hole around
the point % counterclockwise. For each » € R/Z, let

v(r) =x 4+ iR



be a vertical line passing through = from —ioco to ico. For x € N™1Z/Z, we
modify v(z) so that v(z) =v_,Uc, Uv, where

(1) v_, ={z+it]| —oo <t <p},
(2) ¢, = o +pe] —1<h< 1)
(3) vy = {o+itlp < £ < oo}

for a sufficiently small p > 0. Note that we have

(T3, 0T, 2)=Zv(0)® P Ze,.

0<r<N-1

Furthermore we have the relations ¢y + - —I— CN-1 = O and v(z) = v(0) + ¢ +
-+ 4 ¢ for r = [ Nz]. In particular for " <z < £ <y < . we have

¢ =v(y) — ().

We also obtain

1
H(T3,0TR.2) = @ Zv(z,) for—<xT<T+ :
0<r<N N N

One can also verify that

H(Ty 5, 2) =Zeaw ® P Ze,.

0<r<N
Note that we have the relation co + ZN 0 Cr+C0o=01in Hy (Tj@_so, 7).
Let T'x be the punctured sphere defined by adding Sy to Tj\g,_so ie.
Ty =Ty US,.
Observe that we have the isomorphism
Hy(Ty, {+ico}, Z) ~ H\(T, 0T, 7).
Since we have the inclusion
H\(Ty,7) C H\(Ty,{+ioco}, Z),
we regard Hy(Ty,Z) as a subgroup of Hy (T, 0T, Z). Also observe that

H(T,Z)= @ Ze,.
1<r<N
For a periodic function A with a period N and A(0) = 0, we consider a coho-

mology class w(Ry) in H}(Tx ", C) given by

w(Ry) = Ry(e*™*)dz.



We are also able to say that w(Ry) € H(Ty *,C) or H(Ty, C). Define the
Fourier transform A of A as follows:

N-1
Alr) = > Ms)Cy
s=0
Observe that we have R
A(r) = NX(—r).
Since we have a following formula
R(27%)dz = —A(r)
cr N
and
lim R)\(q) =0
q—0

i.e. w(Ry)(coo) = 0, we are able to conclude that w(Ry) € H' (T >, Z,[\])
and w(Ry) € H(Tn,Zy[)\]). Here Z,[)] is the Z,-algebra generated by the

values of A. Furthermore, since we have
N , R
Ry) =S A(rB <)ez A
L <) = A0B () € 1A

we also conclude that

W(Ry) € Hy(T ™, Z,[N).

Recall that we have the decomposition ZX = W x (1+ 2pZ,) for W = p,,_, if
p>2and W = {£1} if p = 2. We set U be a maximal linearly independent
subset of W over Q. For x € Z,, let (x),, be the (n — 1)-th partial sum of the
p-adic expansion of x and we also set

Xp(a) = <(O‘”)”>UGU e [0,1)Y.

pn

In the next proposition, we consider a property of equi-distribution in a slightly
different way from [2].

Proposition 3 Let a + p"Z, C Z,. Let (a,) € [0,1)V and € > 0 be given.
Then for all sufficiently large n, there exists o € a + p™Z, such that

(an)n
pn

—ay| <€ forallnelU.



PROOF. Let x = (z,,) € [0,1)V. Define a function f on [0,1)Y such that

F(x) = [1,sin(2me Y (z, — a,)) if |z, —ay| < eforallne U
0 otherwise ’

Let ¢, be the coefficient of the Fourier expansion

— Z Cn62mx-n.

nezv
Since we have the evaluation of the integration

6(62n7ri(o¢+e) _ e?mri(a—e))

27 (n%e? — 1) ’

/ME sin (27T6_1(x - a)) XMy =

1
=0 ()

Let Z = a+p"Z,, Z, = {z (mod p")|x € Z}. In order to verify the proposi-
tion, it suffices to show that

we obtain that

S 1 f(xn(@))* >0 for n>> 1.

a€EZn

IZ\

For n = (n,) € ZY, we set

On = Z ny7).

nelU
From the formula

wmios [ |Z| if p|B
Z € p" == p

a€Zn 0 otherwise ’
we have
2 2 :
|Z |a§ |f Xn | :;|Cn‘ +J\/1[1i>noo(5n’M7
where .
oM = Z € P (CpCm-
In|.|m| <M,

n#m

on=om(p"— ™)
Observe that lim,_. 0,3 = 0 for all M > 0. Since the sum ), ¢, converges
absolutely, we conclude the proposition. O

\_/

For x € Z,, we set v ( ( xn”) and for Z C Z and n > 1 let M,(Z) be

a subgroup generated by

(6.

ae Z} C H\(TS, 0T, 7)"



The following homological equi-distribution statement is a stronger version
than one in [6, Proposition 4 | which has been used to obtain a homological
proof of Washington’s theorem on non-vanishing mod p of special Dirichlet
L-values.

Proposition 4 Let Z be an open subset of Z;. For all sufficiently large n,
we have

M,(Z) 2 Hi(Tx,7)"= . (3.2)

PROOF. Let n € V be chosen. Set U = {n, =n,n9,--- ,n:} and W/{£1} =
{m,- ,n, &1, , &} We have an integral ¢ X s matrix A such that

(617"' afs) = (nla"' 777t>A-
Let aq,--- , a4 be any real numbers and set
Plag, - aq) = (a1, -+ o) (I]A)

for a ¢ x ¢ identity matrix I and a ¢ x 2% block matrix (I|A). Note that we
have

P(7717"‘ 777t> :(7717"' ?ntagla"' 7§8>'

For each integer ¢ with 1 <1 < % we set P(aq,- -+, 0q)( be the i-th coordi-
nate of P(ay,- -+, ;). For an integer r with 1 < r < N, consider a function
P(4, 02, -+, o) of real variables ap, - - - , oy. Since A is an integral matrix, we
have
P(L 0,--- 0) € iZ for each 1.
N e SN
Since V' is Z-multiplicatively independent i.e. n/n" ¢ Q for n # o' € V,
P(ov, -, )@y is not a Z-multiple of oy for i = 2,--- ,%. Hence, the func-
tion P(4, 2, -, ay)q) is not constant for each i = 2,--- ,% and we can
find a real vector (a3, - ,af) near (0,---,0) such that
r 1
P(N,oz;, o ,a?)(i) # ~Z

for i = 2,---, 21 and P(%,05,-++,af)q) = %. Since P(ay, a3, ,05) is
continuous in the variable «, there exist two numbers «, o/ such that

(1) P(O/hag? e va?)(l) = O/l € (%’ %)7

(2) P<C“,1/7 ag? T 7045)(1) = O/ll € (%7 TJJ\rfl)

(3) Py, a5, - ,09)u), P(of, a8, -+ ,af)u € (“J;l, ZNZ) foralli =2,---, ”2;1

and an integer 1 < [; < N.

Now it suffices to show the proposition with Z = a + p™Z, for an a € Z; and
m > 1. By Proposition 3, for sufficiently large n it is possible to find suitable

10



a, #in Z such that the vectors (72, -+, <) (Bm ... ﬂ”t) (mod 1) are close

Y pn ) pn 7

enough to vectors (o}, a3, - - ) (o, a9, ,af) respectwely The vectors
P'(O;’Z} s SR, P(%, s iZ ) satisfy the above conditions (1), (2), and (3).
Since we have

. (0”%) o <677i> — 0]

" P
for each i =2, --- ,% and
v (O”h> — (5”1) = —¢, in H,(T5,0T,7),
p" p"

we obtain

(U (j")) - ( (ﬁ”)) (0] 0] e [0, [0]) € Mo(2),

where the position of the non-zero homology class corresponds to n. Since n and
r are chosen arbitrarily and H,(T y,Z) is generated by ¢, forr =1,--- /N —1,
we prove the proposition. O

For 1 <r < N and w € HX(Ty ™,C) we set

Res,—rw ::/ w
N
Cr

Note that when w = w(R,), then we have

L350,

Reszzﬁw = ReSz:% RA((fQMZ) = N

An immediate consequence of the proposition is the following corollary, which
is a cohomological analogue of Sinnott’s algebraic independence result (See [5,
Proposition 3.2]).

Corollary 5 Let Z be an open set and n be a sufficiently large integer. If we

have
> / . (mod )
nev n

for w, € HY(Tn"°,Z,) and all a € Z, then

Res.—zw, = 0(mod 7)

for eachn € W/{£1} andr=1,--- /N —1.

11



4 Power series attached to p-adic Dirichlet L-functions

Let a > 0 be an integer relatively prime to p and Ay be a periodic function
with a period a defined by

)\O(T):{ 1 ifatr

l—a ifal|r

Observe that
—~ —a ifaftr
A = .
olr) { 0 ifalr
Let A be a Dirichlet character of conductor N if N # 1 and A = Ag if N = 1.

We define a Z,[\]-valued function oy on the set of basic open subsets of Z, as
follows:

1
gga+me)=:r——i/ W(RY).
™) ey
For each case N > 1 or N =1, o, is a distribution on Z,. In fact, o) becomes
a p-adic measure (see [3]). When N > 1, we normalize o) to obtain another

measure oy, such that

Oxa = 0) — Oz_la)\ o Q.

Since we have

-1

1 o
oxala+ p"Z,) = = / R+(q)dz — = / R+~(q)dz
ala+p"Zy) o) Dtasom 7(2) () Doteat 5(a)
ol
=~ R, (q) — Ry(¢”)dz,
A(p™) Jv(a/pm) () (%)

the measure o) , is associated to a cohomology class defined by the following
rational function:

Ry, (q) = R5(q) — Ry(q")
of the cylinder TO‘ZQSO where a periodic function A\, of a period aN is defined
by

A(r) if afr

Aalr) = {X(r) —Ar/a) ifa|r (41

We also have the following interpolation formula.

X

»» we have

Proposition 6 For a Dirichlet character x # 1 on 7Z

[ x(@)adona(x) = = x(N) N1 = x(a)ad ™) L(=j ) if N > 1 (42)

P

[ x@)adary (@) = = x(N) NV (1 = x(@)ad ) E(—jx) if N = 1. (4.3)

p

12



PROOF. From [3, Theorem 4.4.1], we obtain the formula (4.3) and for N > 1
we also have the interpolation

| x(@)aldoy(z) = —x(N) " NTIL(=j, ).

Hence by the definition of o), we have

/Zp X(J?)xjdax,a(l’) = /Zp X(I)xjda)\(x) —a ! /Zp X(I)Jijda)\(om:)

=(1— Xfl(og)ofj’l)/z x(x)a?doy ().

P

This concludes the proof of the proposition. O

The relation between the integration and the special values suggests us to
define a p-adic analytic function

1

1 —ax lw(a){a)y® Jzx

L,(s,x\1) = xw N (z)(z) *do (N ), (4.4)

where \j = A\, 0 = oy if N >1and Ay =1, 0 = 0y, it N = 1. From
Proposition 6 and from the observation that

gop= /\1(p>07
we have the interpolation
Ly(=J,xM) = =(1 = x w7 (p)p! ) L(—j, x uw ™ 7). (4.5)

From now on, we set
0 = O)a OF 0.

We set x,, = xw™™ for n > 0. Let 6 be the restriction of xA; to W x (Z/NZ)*
and & be the restriction of x to W. Hence we have 6 = £\;. Define a measure
Tp aS

T =E&w (0o NTY).
Since 00 —1 = \j(—1)o and #(—1) = 1, we obtain that

790 —1=0(-1)1 =79 and G,, = 2G7,.

Observe that the integration [, xw H(z)(x) *do(N~1x) can be obtained from
the I'-transform of 7y. Actually we have

xw ™ H(z)(z) "do(N~'z) = Go,(x(7)7 ™), (4.6)

Zy

13



where G, (T') is the power series given by

Gr(T) = | T"d7e(v").

From the fact that the set of negative integers is dense in Z,, we conclude that
the definition (4.4) is independent of choice of a.

Now we choose v and « such that v =14 2p and a = +?, and set

G2, (T)
F(T)=—-——"——.
(T) 1 —a-tTP
From (4.5) and (4.6), we obtain that

2E(x()7" ™) = (1 = xuAi(p)p™ ) L(L — 1, X 1)

Note that 6 is the first factor of xA; in the sense of Iwasawa ([4]). Then there
exists a power series f(7;60) € o[[T — 1]] such that

—-n n— Bny n
2/ (77" 0) = —(1 = xalp)p" )=
Since we have the following equality for all Dirichlet character ¢ with ¢)(—1) =
(—1)™ and integers n > 1

B,y

L(l_n7¢):_ n )

we conclude that
Proposition 7 We have F(T) = f(T';0). In other words,

(1— o™ 'T") f(T:6) = —G,(T).

Now observe that D(1 — a~'T?) = 0 (mod 7). Therefore we obtain that
(1 — 0~ T)Q(D) F(T;0) = ~Q(D)GE, (T) (mod 7).

Now we show that the measures obtained by twisting 7y by n € V' are inde-
pendent modulo 7. Recall that 0 =0, if N =1and 0 =0, if N > 1.

0

Proposition 8 (1) Let g € C(Z,,0) and 7 € m(Z,,0) be a measure such that
the measures

{ronlneV}
are independent modulo . Then we have

g-G(T)=0(mod 7) if and only if g = 0 (mod 7).

14



In particular, for a numerical polynomial Q € k[T] we have
Q(D)GL(T) # 0(mod ) if and only if Q@ = 0 (mod 7).

(2) The set of measures
{roonlneV}
18 1ndependent modulo m

PROOF. Obviously g = 0(mod 7) implies g - G2 = 0 (mod ).

For the reverse direction, in order to deduce a contradiction, we assume the
contrary that
g #Z 0 (mod 7).

Since we have
g-G(T) = P(g(y)dt(v*);T),
from Proposition 1 we obtain that

T(7)|g-1(ox) = 0 (mod 7).

From the assumption, we know that ¢g~'(0*) is not empty, and by the hypoth-
esis for 7 we conclude the proposition (1).

To prove (2), first let N =1 and U be an open subset of Z, such that

> 1 only =0(mod ). (4.8)

nev

There is a basic open subset a + p™Z,, of U such that

Z 5(6”7)%0 |17a+mep =0 (mOd 7T).
n
From the definition of o), we have

S [ &anRg @)z =0 (mod 7)

nev

for all sufficiently large n and o € a+p™Z,. From Corollary 5, we obtain that

e —
ReszzzRAo(q) :MEO(mod m) foreach r =1,--- o — 1.

a A Qa

Since we have
M(r)=1lforr=1,--- , a—1,

this is a contradiction.

15



For N > 1 case, we do a similar calculation as above. The congruence (4.8)
enables us to deduce

Aa(T)

Res.— = Ry (q) = N

=0 (mod ) foreach r =1,--- ,aN — 1.

In fact from (4.1) we have

aN N
Aa(r) =D AN — Do Aas)Cy
s=1 s=1

_ {—N)\(—Ta) if afr
N(a—1DA-r/a) ifal|r

This concludes the proof of the proposition. O

Putting the propositions together, we obtain
Theorem 9 Let g € C(Z,,0). Then we have

g-G; (T)=0(mod ) if and only if g = 0 (mod 7).
In particular, we have

Q(D)f(T;0) =0 (mod 7) if and only if Q =0 (mod 7).

Observe that for 7 € m(Z,, 0)

Tm<d0;>mP(T;T) =m)! /Zp T" (;) dr(z) =P (m! (:I) dT(I);T) :

In other words we obtain that 7 (-5-)™ = m!(ﬁ). Since m! = 0 (mod 7) for

all m > p, we obtain that m! (:1) dr(z) = 0(mod 7) and

d m
— = >p.
(dT) P.(T)=0(mod 7) for all m > p

Since the numerical polynomial Q(x) = m! (;) is not identically zero modulo
7 if 0 < m < p, we conclude that

Corollary 10 For 0 < m < p, we have

(dcé)mGig (T') # 0 (mod )
and

(;f)mf(T; 8) % 0 (mod 7).
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Of course the case of m = 0 corresponds to the theorem of Ferrero-Washington
([2]), namely the vanishing of p-invariant of an abelian number field.
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