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ABSTRACT. We develop a homological method to compute the p-invariant of
I'-transform of a measure on Z;f defined by an abelian modular symbol on a
punctured cylinder. As a consequence we compute the p-invariant of a p-adic
periodic zeta function and deduce the theorem of Ferrero-Washington. We
also study the non-vanishing mod p property of special L-values of abelian
modular symbols twisted by Dirichlet characters of £-power conductors.

1. INTRODUCTION

Ever since Ferrero and Washington proved the celebrated conjecture of Iwasawa
on vanishing of u-invariant in the abelian case, major progress in the research have
been achieved when one succeeded in translating the methods for the abelian case
into general situations.

For example, in [17, 18] Vatsal has proved the equi-distribution property of Heeg-
ner points on the modular curve, which is an extension of the equi-distribution prop-
erty ([1]) of normal numbers and has calculated the p-invariant of anti-cyclotomic
p-adic L-function of elliptic curves. The elegant method by Sinnott ([14, 15]),
namely algebraic independence of rational functions twisted by irrational p-adic
integers, has also been generalized by several mathematicians([2, 3, 4]). The geo-
metric version of the algebraic independence, namely Zariski density of CM points
on the Hilbert Shimura modular variety, has been used by Hida ([7, 8]) in order
to obtain information on p-invariant of p-adic Hecke L-functions and non-p-part of
special values of Hecke L-functions for anti-cyclotomic Z,-extension of CM fields.

The goal of present paper is to introduce a homological way in describing the
abelian case having in mind its extension to the case of cyclotomic p-invariant of
elliptic curves. In [16], a numerical evidence is presented. In this paper, we study an
abelian modular symbol which is nothing but an element in cohomology group with
compact support of a punctured cylinder. This is an abelian analogue of modular
symbol construction ([12]), which is well explained in [6].

The approach using abelian modular symbols in the paper has flavor of homolog-
ical counterpart for Sinnott’s algebraic treatment using rational function measures.
Let us briefly review Sinnott’s description. In [14], Sinnott considers a measure
o associated to a rational function Ry(T) = % for a periodic function
A. Usually one can associate p-invariant to a power series, equivalently to a mea-
sure (See Section 4). Sinnott shows how to calculate p-invariant of I'-transform or
Mellin transform I'(o)) of the measure o). More precisely, he shows that

(1.1) n((ox)) = ploalyx + orlzx o —1).
1
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In the paper, we consider a set R of measures obtained by tensoring continuous
functions on Z, and measures associated to a class of modular symbols. For o € R,
we also obtain the formula (1.1). Note that R includes measures which are not
rational. For example, a measure o € R defined by do(z) = (2 + 2;) da)\\Z; (x) is
not rational and satisfies the formula (1.1) (See Theorem 4.5). The main ingredient
of Sinnott’s proof is the algebraic independence ([14, Proposition 3.2]) of rational
functions twisted by n € y1,—1 C Z,;. In our case, Corollary 3.4 plays a similar role
to deduce the formula (1.1) for o € R.

The paper consists of three parts. In Section 2, we collect classical results on
Bernoulli distributions with a view point of continuous parametrization. The p-
adic periodic zeta function is defined by an integral with respect to the measure
on Z,; with continuous parametrization. In Section 3 and Section 4, we discuss a
homological interpretation of the theorem of Ferrero-Washington ([1]) using abelian
modular symbols after discussing properties of the punctured cylinder. In Section 5,
we study p-divisibility of special L-values of modular symbols twisted by Dirichlet
characters of ¢-power conductors for a prime number ¢ 1 2p. Of course, this section
also can be regarded as the homological analogue of [15]. Especially Theorem 5.1
is the cohomological analogue of [15, Theorem 3.2].

In the paper, we fix two morphisms Q — C and Q — C,. Let v, be the
valuation on C, which is normalized so that v,(p) = 1. For an integer (3, 3 is the
inverse of 3 with respect to a suitable modulus. We denote i by v/—1 and (s by
a primitive M-th root of unity. For a € Z,,, (a),, is the m-th partial sum of p-adic
expansion of a. In other words, (a), is the integer such that 0 < (a),, < p™ and
a = (a)my, (mod p™).

All periodic functions in the paper are assumed to have values in Z, the integral
closure of Z in Q. Let A be a periodic function with a period N and z be an
M-th root of unity. Then Az is a periodic function of period M N defined by
(Az)(r) = A(r)z". For an integer 3, we set 8*A(r) = A\(Or). Note that 5*\ depends
on the congruence class of 3 modulo N.

2. CONTINUOUS BERNOULLI DISTRIBUTION AND p-ADIC PERIODIC ZETA
FUNCTION

The modified Bernoulli numbers Q*~*w=*(a)By(a/Q), k >0 forp | Q, 1 < a <
Q can be interpolated by an analytic function on Z,. Indeed the analytic function
B(s,a,Q) in s € Z, defined by

(2.1) B(s,a,Q) = %i (Z) <§)n3n.

n=0

interpolates the numbers

s () (@) 0o (5)

n=0

Definition 2.1. Regarding A\ as a periodic function with the period Np™, for
s € Z,, we define a function us » on basic open subsets of Z; such that

(2.2) s a(a+p"Z,) = Z A(r)B(s,r, Np™).

r=a(p™)
1<r<Np™
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When N =1, s =k > 0, and A = w", it is the Bernoulli distribution. Further-
more when A = ¢ for an N-th root of unity, one can easily show that

d )’f—l T(@)m

m — - [
fie g (a+p" L) = (TdT o 1

T:g.

. (a)m
In particular, p1 w¢(a+p™Z) = é,mﬁ
[10] to deduce several properties of p-adic Dirichlet L-function. For general A, we
have

is a measure on Z,, which is considered in

Proposition 2.1. The function pis x becomes a distribution on Z,; .

Proof. Let us consider the sum

p—1

li
(2:3) D onsala+pTa+p T Zy) =YY M) B(s, r Np T,
q=0 q T

where Z/ represents the sum over 1 < r < Np™*! with the condition r = N(a +
p™q) (mod p™*1). Setting r = Np™¢ +t with 0 < £/ < pand 0 < ¢t < Np™
and letting Z;/,e be the sums over ¢ and ¢ satisfying ¢ = a(mod p™) and ¢ =
- t;—m‘? (mod p), the expression (2.3) is equal to

p—1

(2.4) > A1) B(s, Np™ +t, Np™+h)
t £=0

Using the well-known distribution formula of the Bernoulli polynomial

M-—1 /
M1 N By (M +t> = By (Mt)
{=0

for a positive integer M and k > 1, we obtain that

(2.5) B(s,a+ M¢,Mq) = B(s,a, M) with p | M, s € Z,,
=0

_
[

~

and the formula (2.4) is equal to
S AOB(s,t, Np™) = ras(a+ Np™).
t=a(p™)
Hence pi5 5 is a distribution on Z;. O

Remark 2.1. Let s = k > 0 be an integer. It can be easily checked that the following
is a distribution on Z,: For a + p™Z, C Zy,

_ T
26 dalatr"Z) = S a0 (5 ).
r=a(p™)

1<r<Np™

Furthermore we also have py \ = ,u?c \w—k- Hence we can extend py x to Z, and
from now on we regard pi; » as a distribution on Z,.

Following Mazur’s treatment, one can normalize the distribution in order to get
a measure on Z, .
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Definition 2.2. Let « be an integer that is relatively prime to N, a =1 (mod p),
and r be another periodic function of a period M. For an open subset K of Z,
we define a distribution g » x,o such that

(27) ,Ufs,A,K,,oz(K) = /LSJ\(K) - aisMS»K(O‘K)'

We set fis 2,0 '= s, 2,1, We have the following proposition which is a continuous
version of [13, Lemma 7.3].

Proposition 2.2. (1) s x x,a i a measure on Z) if and only if

1 1 X
(2.8) T A = 77D ()

In particular, ps x is a measure on Z,; if and only if Yo A(r)=0.
(2) Assuming the condition (2.8), we obtain that for s € Z, — {0}

dﬂs,)\,n,a(x) = 8<3U>S_1d/l1,,\,n,a($)
and
(lin%) sfld,usg\,&a) (z) = <x>_1du17)\7,@a(x).

- () () #

> A<><> By +0(1)

N
r=a(p™) P

(2.10) = %pm ZAp r+a)+O(1),
r=1

Proof. From the definition (2.2) we have

(2.9) psa(a+pmZ) = Z A(r

where by ¢, = O(p™"), € > 0 we mean that p"cc, is p-adically bounded. Let us
set A=N"13 A(r)and B=M"'>" k(r). From the formula (2.10) we have the
expression

Afa)* = B{a!(aa)m)"

tsnmala+p" L) = pm By +0O(1),
and therefore fisxx.q is a measure on ZX if and only if A = B since (a)” =
<0¢_1(04a)m>s (mod p™).
From the formula (2.9), we have
_ 1
O1)  paatr )= Y A6 st +0 (i)
r= a(pwz

We set r = p™q + a with 0 < ¢ < N. Since (r)* = (a)*(1 + sp™qa=1) + O(p~2™),
the formula (2.11) is equal to

Ji?;zi; é)‘(q) +s(a)’a” q_ilA(pmq +a) (% - 1) +0 (pmll) .
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If we set
N

7(s,\,a) == s{a)’a™? Z)\(pmq +a) (% - 1) :

qg=1
then we have
(s, M a) = s(a)* 7 (1, \, a).

Note that (aa),, = ca — p™g where g = {;‘%J and we have ((aa),,)’ = (aa)’(1 —
sp™g(aa)™t) + O(p~2™). From this, we have

5 M
s, (@) + 0™ Zyy) o

M
- 1
+s a)™ ) k(p™q+ (aa) )(qu_1>+O(pm1>'
q=1

Similarly we also set

M
-1 9—g

— 1.

(s, K,a) : q;np g+ (ea) )( )

and we have
(s, k,a) = s{a)* ' (1, K, a).

In total, we have

Psamala+P"Lp) = pisn(a+p"Zy) = (@) " pis (@) m + ™ Zy)

1
=7(s,\a) — 0‘717',(57 K, (@a)m) + O <pm1>

= s(a)* " (r(1,\,a) — a7 (1, K,0)) + O <pm1 1)

5— m 1
= s{a) 1,ul’)\’ma(a +p"Zy) + O (pm 1)
To finish the proof, let us consider |(z)* " — <x>71|p for x € Z;. We have

[(2)" " = (@) "y = 1(2)" = Ly < [slpll{z) — 1.

Hence for all continuous function f on Z) with [|f|[, < 1, we have

d S, R, —
‘ / ( 1% A, ( ) — 1d/zL1,)\,n,a(x)>
Zy s

P
| [ 1@ (@7 = @) disra(a)]
Zy P
<lsl| [ dinonal = Ishfnna(Z;)
Zy P P
Since the above inequality is independent of f, we obtain the result. ([

Let A be an Z,-algebra. We define £(Z/NZ, A) as the collection of A-valued
periodic functions with a period N and £(Z,,, A) as the collection of A-valued locally
constant functions on Z,. Let ¥ € £(Z/cNZ, A), where c is a p-power and pt N.
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For an integer o = 1(mod cp), we define a measure oy o € Mm(Zy, A) as follows:
We have a morphism £(Z/NZ,A) — m(Z,, A) by A — 1.1« We have

L(Z/cNZ, A) C &(Zp, A) @ L(Z/NZ, A) — m(Z,, A),

where ¥ ® A — Y(x)dp1 r o for ¥ € £(Zy, A) and A € £(Z/NZ,A). We choose
0y, as the image of ¥ under the map.

The following integrals are crucial to compute a residue of a p-adic meromorphic
function on Z, which is turned out to be a p-adic periodic zeta function.

Corollary 2.3. Let a =1 (mod ¢p). Then we have

log, (c) N

/Z () dow, () = 2 S W)

Proof. First let us consider the case that ¥ = ¢\ for ¢ € L(Z,,Z,) and \ €
L(Z/NZ,Z,). Let ¢ be a period of ¥. Then we have

dow.o(x) = Y(x)dp ().

From Proposition 2.2, we obtain

/Z o) Mdowa(e) = lim [ sTI(@)dpspa()

s—0 7%
P

= Y () lim s paala+ eZy) — 0" r(0a + )
a€(Z/cl)*

:gl_lgs (I-a” Zw a)pox(a+p"ZLy)

=log, (o Zz/; Z (r)B(0,r,cN)

r=a(c)

logp Z DA
MT

By the linearity, we extend above calculations to a general W. The corollary is
verified. O

Definition 2.3. The periodic zeta function L(s,A) for a periodic function A with
a period N is defined by

L(s,A\) = Z % for R(s) > 1

The function L(s, \) has the meromorphic continuation to C with a simple pole

at s = 1 with the residue + Zivzl A(r). In fact, L(s, \) can be represented by the
integral

(2.12) T'(s)L(s,\) = /000 Ry(e7¥)y*tdy for R(s) > 1
and

(e2m‘s —1)D(s)L(s, \) = RA(e*y)ysfldy for s € C,
P(p)
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where the branch of log, 0 < log(y) < 27 is used for y*, P(p) is a positively
oriented contour {pe?|0 < 0 < 2w} U {te|p < t < 00,0 = 0,27} with sufficiently
small p > 0, and

Zivzl A(T)qr.

We also have the expression
—s L
(2.13) L(s,\) = N XT:W)C (s N)

which enables us to get the functional equation (See [11]) of L(s, \) as follows:
2ms

(€™ — DT(s)L(s,\) = <N>S (L(l - 5,3\\) —(=1)*7'L(1 - s, (—1)*:\\)) ;

where ) is the Fourier transform of A defined by
N—1

) =S A
t=0

Note that we have A = N(—1)*\, a*A = @*A. From (2.13), we obtain

k—1 r
(2.14) L(1— k) = ka 3 A(r)By (N) .

Let ¥ be a periodic function with a period ¢N for a p-power ¢ and a positive
integer N with p{ N. We define U(?) as ) (r) = U(r) if ptr and W@ (r) = 0 if
|

Theorem 2.4. There exists a p-adic periodic zeta function Ly(s, ) which is a
p-adic meromorphic function on Z, with a simple pole at s =1 and the residue

cN
1
(2.15) Res,—1 L, (s, ¥) = CTV;\I/(T).
ptr

It has the interpolation property as follows:
Ly(1—k, ) = L(1 — k, U") for all k > 1,
where Uy, = Tw™F,

Proof. Choose an integer « so that a = 1 (mod ¢p). Define the p-adic periodic zeta

function of ¥ by
1 —s
LP(S,\I/) = ﬁ /Z;)< <IZ?> dO’\Ij’a(l’).

Note that it is a p-adic meromorphic function on Z, with the pole at s = 1 and the

residue
cN

1 _ 1
Resg—1 Ly (s, ¥) = /Z (2) M doy.o = N > w(r).

log, a

r=1

ptN

Suppose first that ¥ = ¥ A. We have the calculations

/

_ 1 1o
<£L'>k ldJ\Il,a = g ‘/ZX w(x)d,uk’)\ﬂ = E Zzp(x)uk)\’a(x + CZP).

ptz

X
P
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Note that from (2.2) and (2.14) we have

Zﬁ;(x),uk,,\(x +cZy) = (eN)F-1 Zw(z) Z ANr)w™"(r) B (%)

plz plz r=x(c)

= —kL(1 -k, (prw™®)®)),

Hence we have the interpolation.
(2.16) / (@) oy = (@ = 1)L(1 = k, (A @),
Zy
By extending (2.16) linearly to a general ¥, we conclude the theorem. (I

The following construction of p-adic Dirichlet L-function is well-known:

Corollary 2.5. Let x : (Z/cNZ)* — @X be a Dirichlet character with the conduc-
tor ¢cN where ¢ is a p-power and (p, N) = 1. There exists a p-adic analytic function
L,(s,x) unless x =1 so that

Ly(1—k,x) = L1 — k,x™) = (1 = xw *(p)p* L1 — k, xw ™).

If x =1, then L,(s,1) is a p-adic meromorphic function on Z, with the simple pole

at s =1 and its residue is 1 — p~ L.

Proof. The residue of L,(s,x) at s =1 is
cN—-1 .
1 0 ifx#1
Z X(T’) = p—1 :
cN 4~ = otherwise.
(Np,r)=1

This concludes the proof. (I

Remark 2.2. Observe that if x(—1) = —1 then Ly(s, x) is identically zero. In fact,
if we set x = xpxn such that the conductors of x, and xn are a p-power and N
respectively, then we have the calculations

Piyn (=2 +p"ZLy) = Z xnw(—7)By (1 - L) .

cN
1<r<cN

r=x(c)
Since we have By (1 — 2) = —Bj(x), we have
dp1yn o © =1 = —Xnw(=1)dp1yy a-

In conclusion, we obtain

[ @)@ i) = x(-D) [ xalo)e) o).
ZP

Zy

Therefore the p-adic L-function is identically zero if x(—1) = —1.
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3. MODULAR SYMBOLS AND HOMOLOGICAL EQUI-DISTRIBUTION

From now on, let us consider N with p t+ N. Let Ty be a punctured cylinder
given by Ty = C/Z—{+ |0 <r < N}. We compactify Ty by adding boundaries to
the holes i.e. by taking out small open disks around the points S = { £} U {£ioco}.
We denote it by T;\gf. For any subset S’ C S, we do the same procedure and denote
it by Tj\g,/. Let A be a commutative ring and H} (Tf,_S(ZA) be the cohomology
group of Tj\qfso with compact support. We have the identification

(3.1) HNTY ™%, A) ~ H'(Ty, 0T}, A).

From the isomorphism (3.1), we also regard an abelian modular symbol as an
element in Hom(H,(T5®,dTx°,Z), A). Note that we have the exact sequence

0 — HOYTR™, A) — HY(OTR", A) — H (T ™, A) — H' (T3>, A).

Definition 3.1. An A-valued abelian modular symbol on Tffs(’ is an element

in HX(Tx %, A). An clement in the image of HO(9Tx°, A) is called an abelian
boundary symbol. When A is a ring of integers for a finite extension of Q, and 7 is
a uniformizer, we call an A-valued modular symbol w on T;\S;_S ° a boundary symbol
modulo ¢ if w is congruent to a boundary symbol modulo 7€ for a positive integer
e.

Let N > 1. For each 0 < r < N or +ico, let ¢, be the homology class of a path
on T;\g,_so that is starting from a fixed base point and winding the hole around the
point £ counterclockwise. For each x € R/Z, let v(x) = = + iR be the vertical
line passing through z from —ioco to ico. For x € N~1Z/Z, we modify v(z) so that
v(z) = v_,U0,Uv, where v_, = {z+it| —oo <t < p}, 0, = {z+pe”?| -2 <0 < I},
and v, = {x +it| p < t < oo} for a sufficiently small p > 0. Note that we have

H\(TR, 0T\, Z) =Zv(0) & D  Ze,.
0<r<N-1
Furthermore we have the relations co+---+cy—1 = 0 and v(z) = v(0)+c1+---+c
for r = |[Nx] and x ¢ N~'Z/Z. We also obtain
r+1
N

H\(T,0T,Z) = @ Zv(z,) for % <zp <
0<r<N

One can also verify that

H(TN ™, 2) = Zew ® @ Ze,.
0<r<N

Note that we have the relation co + Zf,vz_ol ¢+ oo =0in Hy (Tj\g,_so, 7).
Let Tn be a punctured sphere given by adding Sy to TE_SO ie.

Ty =Ty % USp.
Since we have the isomorphism
H\(Ty, {+ioc}, Z) ~ H\(Tx, TR, Z)

and the inclusion
HI(TNa Z) C Hl(TNa {:l:’LOO}, Z)a
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we regard Hy(Ty,Z) as a subgroup of Hy(T%,dTx°,Z). Observe that we have

H\(Tn,Z)= @ Ze,.
0<r<N

Proposition 3.1. w is a boundary symbol if and only if w(H1 (Tn,7Z)) =0 and w
is a boundary symbol modulo 7°¢ if and only if w(H1(TN,Z)) = 0 (mod 7°).

Proof. The first statement follows from the fact that

(3.2) ker(H,(Ty 50, 0Tx°, Z) — Ho(dTR’, 7)) = ®,Zc,.

For the second statement, we consider a diagram

HO (aTjsoa A) - Hcl (Tjg_sov A)

HOOTR, AJ7m¢) ——— HNTn ", A/n¢)

Since it is commutative, we conclude the proposition. O

For a periodic function A with a period N, we consider a CohomoloAgy class
w(Ry) = Rx(e*™*)dz in H' (T, C). Since we have J., BA(e¥™%)dz = A(r) and
lim, o Ra(q) = 0i.e. w(Ry)(coo) = 0, we conclude that w(Ry) € H (T, ZP[X]).
When w = w(Ry) with A(0) = 0, it also can be regarded as a C-valued abelian
modular symbol of Tf,fso.

The action of —1 on Tj\g, induces an action on H; (Tﬁ,an,”,Z). In particular,
for t € R/Z and 0 < r < N we have

(1) -v(z) = —v(l —x), and (=1) - ¢, = —c_,

For a modular symbol w on Ty °°, we define (—1)*w as (—1)*w(u) = w((—1) - u)
for each u € Hy(Ty, 8T1§,°, Z). Observe that if we set R'(q) = R(q!), then we have
(—1)"w(R) = w(R).

For each z € M~1Z/Z with N | M, we regard w as a modular symbol on TJ\S{S“
and define w| (é olc) by the natural action of <(1) :f) on TJ\S[SD. Observe that
w(R)| <(1) T) = w(R") where R"(q) = R(e*"*q). The action of the Hecke operator

is endowed to both (relative) homology group and (relative) cohomology group of
the cylinder Tffs(’. For a positive integer n with ged(n, N) = 1 and a modular

symbol w, we have
~ |/1 t
w|T(n) = E w‘ (0 n)

r=1
For details, check [6]. We have the explicit actions
4
(3.3) cr|T(n) = ez, v(0)|T(n) = ZU(E)’ and w(Ry)|T(n) = w(Rp+»).
t

We consider the decomposition

ZX =V x (1+2pZ,)
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for V.= p,_1ifp>2and V = py if p = 2. We set U be a maximal linearly indepen-
dent subset of V' over Q. We quote a proposition due to Ferrero and Washington.
In [20], the reader can find a proof using compactness of the set [0, 1]".

Proposition 3.2 ([19]). Let (z,) € [0,1)V and Z C ZX be an open subset, and
€ > 0 be given. Then for all sufficiently large n, there exists o € Z such that

(an)n
pn
For Z C Z,, let M,,(Z) be a subgroup generated by

((@),

{£1}

<€ forallmeU.

71'77

ac Z} C Hy(TS,0T5, 7).

The following homological equi-distribution statement is a modified version of [16,
Proposition 4 | which has been used to obtain a homological proof of Washington’s
theorem on the non-vanishing of special Dirichlet L-values.

Proposition 3.3. Let Z be an open subset of Z;. For all sufficiently large n, we
have

(3.4) M,(Z) 2 H\(Tn,Z)"7".
Proof. For an n € Z, we set

U:{Tll =172, 7nt} and V/{:l:]-}:{nlu sy T1, 00t 77—5}'

For an integral s x ¢ matrix A, we have (71, ,7s) = (1, -+ ,m)A. We set
Plag, -+ ,a4) :i= (a1, - ,ap) (I|A) for a t x ¢ identity matrix I and «; € R. Due
to [16, Lemma 3], for each r € Z, we can find numbers o}, o, and a3, - -, af
such that o} € (%, %), of € (%,), and no coordinate of P(af, a3, -+ ,a?),
P(of, a3, - ,af) is in §Z.

By Proposition 3.2, for sufficiently large n it is possible to find suitable «;, g in Z
such that the vectors (% ),cv, (%:7)776[] are close enough to vectors (af, a3, -+ ,ay),
(af,a8,---,af) given above respectively. Then all coordinates of P((7%)nev),

P((%)neU) are inside of the same intervals except the first ones that are in the

consecutive intervals (4, =), (&, 1) respectively. Due to this result, we have

(U (1/6;7))" - (U (;?))n =(0,--+,0,¢,0,---,0) € Hi(Tn,Z)" =,

where the position of non-zero homology class ¢, corresponds to 1. Since n and r
are chosen arbitrarily, we prove the proposition. ([l

The following homological analogue of Sinnott’s algebraic independence result
(See [14, Proposition 3.2]) is an immediate consequence of Proposition 3.3.

Corollary 3.4. Let n be a sufficiently large integer. If we have

WGVZ/{:ﬂ}wn ( (;ﬁ)) =0 (mod 7°)

for modular symbols wy, and all o« € Z, then wy, is a boundary symbol modulo m¢ for
each n € V/{£1}.
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Remark 3.1. By projecting the inclusion (3.4) down to the position corresponding to
1 € U, we are able to deduce that for sufficiently large n, the set {v (p%) |a € Z}

generates Hiq (TN, 7). This leads us to conclude that if w is a Zp-valued modular
p™
then w is a boundary symbol modulo 7°.

symbol and w (v = 0(mod 7¢) for all @ € Z and for a sufficiently large n,

4. p-ADIC MEASURE ATTACHED TO ABELIAN MODULAR SYMBOLS

Let A be a ring of integers for a finite extension over Q, and o be an A-valued
measure on Z,. A power series G(o;T) € A[[T — 1]] is associated to the measure
o. The correspondence is that

o G(o;T) = /Z T*do(x) := Z/Z (i) do(z)(T —1)".
P n>0"Zp

For example, for an integer k > 0, one can show that

k
G(xFdpy »(x);T) = (TddT> R\(T).

Furthermore, one can easily obtain that G(x*kdul,,\&; (2);T) = Gg(T) where
Gy (T) is a power series in Z,[[T — 1]] such that

d\" 1
<TdT> GulT) = Ra(T) =, 3 Ro(eT)

We define the p-invariant (o) of the measure o as u(G(o;T)), the minimum
of the p-adic valuations of all coefficients of G(o;T'). From this definition, we can
easily deduce that p(0) = vp(m)e if and only if e is the largest integer t satisfying
o =0(mod 7*) on Z,.

Let A = 1+ 2pZ, and vy be a topological generator of A. Recall that Z; =V x A
and V = pp—1 if p> 2 and V = py if p = 2. As done in [14], we define a gamma
transform (or Mellin transform) of ¢ such that

I‘(s,o):/Z <x>7sda(x)://\x75d5(x),

where 0 = ., 0 0n. We have I'(s,0) = G(d 0 y*;77") where v : A 5 Z,.
Define the p-invariant of the Gamma transform as

u(L(s,0)) == u(G(o 0y T)).

The discussion in the proof of Theorem 2.4 shows that

X
D

Proposition 4.1. T'(s,0u,4) = (a*7 ' = 1)L, (s, ¥) for a =1 (mod cp).

For an A-valued modular symbol w on TJ“?,_SU and a p-power P with P =
1 (mod N), we define an A-valued function o,, on the open subsets of Z, by

ou(a+ P"Z,) =w (v (%)) .
Observe that we have

o,0—1= —0(~1)*w-
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For each x = (z,) € AVN™1, we set

Mn(x,A) = {aw

N-1
wGH(TS S"A chr r}
r=1

Then we can show that

Proposition 4.2. For each x € AN~ My(x,A) C m(Z,, A).

Proof. Let P be a p-power with P = 1(mod N). Since Z, = limZ,/P™Z,, we
check the following distribution relation for o, € My (x, A):

P-1
ou(a+P"Zy) =Y oula+ Pt +P"Z,).
t=0

The right hand side is equal to

S (o (L5)) e (o (35)

t=0
From the action of the Hecke operator T(P) given in (3.3), we know that
w|T(P) = w.

Hence we conclude that o, is a distribution on Z,. Observe that the number of
homology classes [v(r)], r € R/Z is finite and therefore |u(a+ P™Z,)|, is bounded.
In conclusion, we show that o, is a measure on Z,. O

For the convenience of calculations in the next proposition, we set
Rix(q) == Rx(q) — (*UkR(—n*,\(Q)-
Proposition 4.3. Let P be a p-power with P =1(mod N). Then we obtain

o0
(4.1) L= ko0 = <N [ Ry (e,
0
(42)  pala+ P"Zy) = ki (NP™)H / By seqe (e dy.
0 ’ m

Proof. From the functional equation of L(s, \), we have

1 2mi\ ' °
L(1—s,A) = (e=2mis — 1)I(1 — s) N)

X (L(sj) —(~1)"*L(s, (—1)*X)) .

Since limg . _p(e?™ — 1)T'(s) = %, we have the formula (4.1) from the

integral representation (2.12) of L(s, \).
Now we verify the formula (4.2). Regarding A as a periodic function with a
period NP™, we have

NP™—17%
a oo Ar)CEma”
R5(Cpmaq) = 01 _ qNPmP
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Since we have the expressions R (¢%nq) —R(_l)*;\(g“?,mq) = Ry, (q) for the periodic

function X' = XC}‘M with a period NP™ and N = NP™(—1)*X, the formulae (2.14)
and (4.1) imply that

k_1 NP™—1

.k ok e k—1 — ﬂ N L
i"(NP™) /0 Ry (—1y-x(@)y™ dy = k ; A'(r)Be (NPm)’

where N (r) = A(r .. Observe that

—a(Ng+s T ST
(NQ+5)Cpm( " )C?Dm NPm

>
=

I
)

>)

s=0 ¢q=0
~ r—Na =
_ PN NG = P (SENe)  if r = Na(mod P™)
0 otherwise

Since A (m5he) = () = N(=1)*A(r), we obtain

* o _ 1 * r
—i* [ Ry nyea(@yt iy = & > (FU"AmB (NPm)

and the desired formula (4.2). O
Corollary 4.4. Let ¢ = e>™* for z € C and X(O) =0. We have

(4.3) L(1 —k,\) = Nk1 o R5(q)zF'dz.

(4.4) pia(a+ PmZ,) W(RX)<U<IJZZ>) /U( )R;\(q)dz.

a
P

We set By(A) = {p1,a| A :A-valued and periodic}. Observe that we have
By(A) ~ £(Z/NZ, A). We also set
B (4) = {112 | 30) = 0} € m(z,, 4),
From (2.14) and (4.3), we have
BY(A) = My (%0, A),

where xo = (4, -, =1). Let C(Zy, A) be the space of A-valued continuous

2
N
functions on Z,. We define
Ry (x,A) =C(Zp, A) @ Mn(x,A).
We have an analogue of the Sinnott’s result ([14, Theorem 1]).

Theorem 4.5. For o € Ry(x,A), we have u(I'(s,0)) = p(c + oo —I\Z; ).

Proof. We can represent o as do(z) = 3, fj(z)dow,(z) for f; € C(Zp, A) and
0w; € Mn(x,A). Observe that do(—z) = =3, fj(—2)do(_1)-,, (). From the
definition I'(s,0) = fl—s-pr x~%do, the formula u(I'(s,0)) = vp(m)e implies that
¢ = 0(mod 7°) on 1+ pZ,. We choose a locally constant f;. such that f;(z) =
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fie(z) (mod 7€) for all z € Z). Let K be a sufficiently small open subset of 1+pZ,
such that f;.(nK) = {c,;} for some ¢, ; € A. For a + P™Z, C K, we have

o(a+ P™Zy) ZZCM%( ( m))EO(mOdﬂ'e).
Since w; € Ry (x, A), by Corollary 3.4 we conclude that
wy = chijj —¢_p;(—1)"w; =0 (mod 7°)
for each n € V/{£1}. Observe that o, is a measure on Z, and that c+co—1|,x =
0w, |y =0(mod 7¢). Since n and K are arbitrary, we obtain that
o+4oo —1|Z; = 0(mod 7°).

Therefore we verify that

H(I(s, ) < (o + 00 115,

Conversely, suppose that we have u(oc + oo —1|Z;) =vp(m)eie o+oco—-1=

0(mod 7¢) on Zj. Clearly this implies ¢ = 0(mod 7¢) and hence we have
w(L(s,0)) > ulc+oo —1|Z; ). We conclude the theorem. O

The rational function R5  (q) := R5(q) — R5(¢*) gives us a cohomology class
an\ o =w(Rs ) =R;5 (€7)dz.

Observe that R) o
defined by A, (7)

expression

A, (@) where )\, is a periodic function with period alNV

(q) =
= A(r ) 1f a 1 r and A\y(r) = 0 otherwise. We also have the

W3 o = Uw;,a(a + P"Zy).

v( pm )

In addition we are also able to show that py x . € B2 x(Z,[A]) as follows.

Proposition 4.6. w5 is a Z,[\|-valued modular symbol on Tf&s‘). Let oo > N.
We have w; , = 0(mod 7¢) if and only if A(r) = 0 (mod 7¢). Hence, for any open
subset K on we have o, |k =0(mod 7¢) if and only if A(r) = 0 (mod 7°).

Proof. Note that we have
1 aN . 1 N N
W(Ri,a)(cr) = Z Aa(8)Can = N Z A(s)Can — N Za*)\(s)gN
s=1 s=1
(4.5) ={ o) fafr

(1—aHa*A(r) ifalr

In both cases, the values of the integration are in Z,[A]. Observe that we have

aN—-1 __

u(o)RA’a dz-/ RAQ q)dz =1L Z )\ ( N)'

Since Ao (r) is given by (4.5) and o Xa(r) = 0, we obtain L(O,Xa) € Zpy|\] and
verify that wy , is a Zp[A]-modular symbol. Note that the previous calculations
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show that wy , = 0(mod 7¢) if and only if A(r) = 0 (mod 7¢) for each 0 <r < N
since o > N.

Now assume that 0., [k = 0(mod 7°). Observe that from Remark 3.1, w5, be-
comes a boundary symbol modulo w¢. Again by (4.5), we conclude A = 0 (mod 7).
Conversely, the condition A = 0 (mod 7¢) implies that Ous , = 0 (mod 7¢) and
therefore we conclude the proposition. (I

Let ¥ be a periodic function with a period ¢N, where ¢ is a p-power and p{ N.
Recall that the map £(Z/NZ, A) — Mqyn (%o, A) is given by A — 1 5o and oy o
is the image of ¥ under the morphism

L(Z/eNZ,A) C C(Zp, A) @ £(Z/NZ,A) — Ran (X0, A).
Theorem 4.7. Suppose that « > N, and o = 1 (mod cp). Then we have
w(l(s,00.0)) = Iggwp(‘l’(t) + (1))

Proof. Set pn = pu(I'(s,05,4)) and p’ = mingy, v, (V(t) + U(—t)). We will show that
p <y and p> gl

Let ¢, be the characteristic function of u + ¢Z, for v € Z,/cZ, and ¥, be a
function of period N defined by

U, (r) = ¥(rce + uNN),

where ¢, N are the inverses of ¢, N with respect to the moduli N, ¢, respectively.
We have the relation ¥(z) = " 1, (zmodc)¥,(rmod N). And that we also have

(4.6) Ova = Pu® w,a € Ran(Xo, A).

Let U, be the Fourier transform of ¥,,. Setting w = w(Rg ), we have

O'\Il,oz‘quch - /141,\I/u,(1|u+ch - Uw|u+ch~

Since we have

op,q0—1= Z¢—u ® p1,9,,a0—1= Z¢u ® p1,9_,,a°—1,
u u

we obtain oy o © —1|utez, = 0w |utez, for W' = W(R(—l)*ﬁ/,u,a)'
By Theorem 4.5, we have p(I'(s,00,0)) = p(ow,q + 0w, © —1|Z; ). Assume that
0v.a+0wa0—1=0(mod 7¢) on Z,. From this we get

Oy,a +0y,o 0 *1|u+ch =0y + Uw/|u+ch = Uw”|u+ch = O(mOd 7Te)

for W” e W(R\Tlu+(—1)*@_u,a)
alent to the congruence

for each u € Z,. From Proposition 4.6, this is equiv-

T, + (=1)*V_, = 0(mod 7°).

In sum, by taking the Fourier transform to the both side of above congruence we
conclude that ¥(rce + uNN) + ¥(—rcé — uNN) = 0 (mod 7¢) for each r, u and
we verify that u < .

Conversely, suppose that dv,(7) = p' i.e. ¥(t)+V¥(—t) =0 (mod 7?) for all p 1 ¢.
Tracing back the above procedure, we obtain that oy o + 0w, 0 —1 = 0 (mod 7¢)
on Z,'. We conclude that p' < p. This verifies the theorem. O
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Now let A be the ring of integers of Q,(¥). There is a power series Hy o €
A[[T — 1]] so that
L(s,00,0) = Hya(y™").
From Proposition 4.1, we obtain that

Hy o (v hH = log, (a)Ress=1Ly(s, ¥).

We set o = ¢ for some positive integer d and K, (T) = a~'T% — 1. From Propo-
sition 4.1, we have

Hyo(7™)
L(s,¥) = =% .
g ) Ko(y™*)
The natural question would be when Hy o(T)K,(T)~! becomes a power series in

AT —1]].

Proposition 4.8. Hy o(T)K.(T)™! is a power series in A[[T — 1]] if and only if
L,(s,Yw) is p-adically analytic for all w : (Z/cZ)* — Q" with w(V) ={1}.
Proof. We may assume that K,(T) = a='T°—1. Then Hy o(T)K.(T)™! € A[[T—

1]] if and only if Hy (7 1¢?) = 0 for 0 < ¢ < ¢ — 1. From (4.6), we have the

representation
logy, ()

Hyo(T)= Y T =0 P,(T),

w€(Z/cL)*

where
PU(T):/ Tdps v, o(0®u).

ZP
Observe that from Corollary 2.3 we have

u) 1 @
P = Py = B 5 gy,
s=u(p)

Therefore we have

_ 10g
Hyo(y"'¢8) = — 5 Zﬂf
M*

logy, ((u))
logp (v)
Ce

where wq(u) = . This calculation enables us to verify the proposition. O

From Remark 2.2 we need to assume that x(—1) = 1. For all primitive Dirichlet
character x with conductor ¢N and x(—1) = 1, we have xw(—1) = 1 and L,(s, xw)
is p-adically analytic for all by Corollary 2.5. Hence we denote the p-invariant
of L,(s,x) by the p-invariant of the power series H,, o(T)Kq(T)".

Corollary 4.9 ([1]). The Iwasawa p-invariant of an abelian number field vanishes.

Proof. Let x be a Dirichlet character with x(—1) = 1 and 6 be the first factor of x
in the sense of [9]. Set y=14+pifp>2and y=5if p=2, and ( = x(y). There
exists a power series f(7T;60) € og[[T — 1]] such that

2f(Cy' 7" 0) = =Lp(1 =, x),
where o0p is the ring of integers of Q(#). The corollary follows from Theorem 4.7
since we have

1(2f(T;0)) = p(Hy o K1) = p(Hyo) = H;Titn(vp@x(t)))-
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Hence u(f(T';0)) = 0 and we conclude the corollary. O

5. NON-VANISHING OF PERIODIC ZETA FUNCTIONS

In this section, we generalize the discussion in [16] in terms of abelian modular
symbols. We choose another prime ¢ that is different from 2 and p. For a Dirichlet
character x of conductor C, let A be a Z[x]-algebra. We define a special L-value of
an A-valued modular symbol w by

L(w) = w(v(0))

and a special L-value twisted by x by
c—1

T r
Do) = (z o (0)) - S (0(3))-
Observe that if w = w(Ry), from the formula (4.1) we have
L(w) = L(0,) € Z, [\
and R R
L(w,x) = L(w(Rxy-1)) = G()L(0, Ax) € Zy[x, .

For a fixed positive integer m, a € Z) and a modular symbol w, we define a

modular symbol w, ,, on Tgfj{?‘) such that
-1

1 at
Wa,m 1= Z Cf;lw| (0 é{”‘)
t=0

Here we regard w as a modular symbol on Tésm—]\}so' For each b € (Z/{Z)*, we set

-1 .
o= =3 atel( {)
t=0
Note that we have w(Ry), = w (3, (' RA(Clq)).
Let B be a prime over p in Q,(p¢=). For a character k : po_1 — @X, we
define 2, = {X (L) — Q" ‘X|uz71 = n} and € = x(—1). We have an analogue of
Sinnott’s result([15]).

Theorem 5.1. Let w be a Z,-valued abelian modular symbol and e > 0 be an
integer. Then the symbol wy — e(—1)*w_; is a boundary symbol modulo B¢ for each
be (Z/lZ)* if and only if L(w,x) =0 (mod B°) for infinitely many x € E.

Proof. First let x be a Dirichlet character with the conductor £, n > 2 and x(—1) =
€. From the definition, we have
r

(5:1)  20L(w,x) = (> x(rw (v (57)) + € XD (<o (7)) -

Set ¢} = x(1+t¢"~1). The first term can be written as
o (0(7) - sz< et (o(5+1))
=S % (0 (g ) ) = S (0 (7))
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Recall that v(#) = v(0) + w, for some w, € Hi(Tn,Z). Arranging the last term,
the first term in (5.1) is equal to

D X(Mwr(v(0) + Y x(r)wr(w
Observe that since wr only depends on 7 (mod ¢), we have

> x(r)wr(v(0)) = 0.

Combined with similar calculations for the second term in (5.1), we obtain the
formula

20L(w, x) ZX Jwr = €(=1) w_7)(wy),

which is congruent to 0 modulo Be by the hypothesis.

Conversely, assume that L(w,x) = 0 (mod B¢) for infinitely many x € E.. Let
ko be the finite extension of Q, adjoining the values w(u) for u € Hy(Ty,dTxR°,Z),
we, and k(pe—1). Set koo = ko(pe=) and k, = k(). The extension ke /ko is
unramified at B N k. Let H be the decomposition group of B and k = k. Then
for all sufficiently large n, say for all n > mg, we have k,11 # k, and B is inert in
koo /kn.-

Choose a Dirichlet character x with the conductor £, n > 2mg. Note that we
have 7L(w, x) = L(w,x"). Taking trace Tr = Try_ /. after multiplying x(a™')
for an a € 1 4 ¢Zy4, we have

Tr(x(a™*)L(w, X)) = 0 (mod B°).

Observe that Tr(x(z)) = 0if & & 1 +¢*""™Z; and Tr(x(x)) = [kn : kn—m]x(x)
otherwise. From the definition, we have

Z x(m) Z x(r)w ( (7"237)) = 0 (mod B°).

NEML—1 14en—mgz
r€ T mz

Using the representative {1 4+ """t |0 < ¢t < {™ — 1} of 1 +{""™Z/1 4+ L"Z, we

have %:X ngwl( gm>< (ZZ))EO(mOdBe)

where x(1+ ¢"7™t) = x(1+ ¢"~™)! = (},.. Arranging the terms, we have
* an _ e
Z X(ﬁ) (wan,m - 6(_1) wfan,m) ( <€n>) = O(mod B )
ne T

By Corollary 3.4, we conclude that wgy m — €(—1)*w_qpnm is a boundary symbol
modulo B" for each a € 1 + ¢Z; and 7. The symbol wyy,,m can be rewritten as

77
wan,m Z nzw .

This implies that for b € (Z/¢Z)* and s € Z; the following symbol
1 &
ym—1 Z Cf_”?s(wabﬁam - 6(_1)*w—abn,m) = Wy

a=
a=1(¢)
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is a boundary symbol modulo B¢. Especially when we choose s = 0, we obtain the
theorem. ([

As a corollary, we are able to deduce a variation of Washington’s theorem.

Corollary 5.2 ([19]). For a periodic A, L(0, Ax) = 0 (mod B¢) for infinitely many
X € Ex if and only if A\(n) — eA(—n) = 0 (mod B¢) for each n.

Proof. Recall that L(0, \y) = ﬁ(X)L(u}(RS\),X_l). Observe that
wW(R; )y — €(—1)"w(R5)—p = w(R'),

where
) — A=)
R(q) =Y C'R5(Cha) — e "Ry (Gl ) = ) ( (r)l_quNT))q :
t=0 ’I“E*b(f)

From this, we have
W(R)(er) = £ A (—Tr) — eA(@r)) e (0

for each 0 < r < N/. From Theorem 5.1, we conclude the corollary. [
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