BOREL’S CONJECTURE AND THE TRANSCENDENCE OF THE
IWASAWA POWER SERIES

HAE-SANG SUN

ABSTRACT. We deduce the transcendence of the Iwasawa power series from
Borel’s conjecture, namely the normality of the irrational algebraic p-adic in-
tegers.

1. INTRODUCTION

Let p be a prime number. For an even Dirichlet character x there exists a p-adic
analytic function L,(s, x) on Z,, called the Kubota-Leopoldt p-adic L-function such
that

Ly(1 =k, x) = —(1 — xw " (@)p" Y )L(1 - k, xw™") for the integers k > 1

where L(z,x) is the Dirichlet L-function associated to x and w is the Teichmiiller
character. Let v =1if p > 3 and v = 2 if p = 2. Let 0 be the first factor of y
in Iwasawa’s sense. The Iwasawa power series f(T;6) ([Iw]) is the unique power
series in Z,[0][[T" — 1]] such that

2f(x(1 +vp)(1 4 wp)~*;0) = Ly(s, x).

Let 7 be a uniformizer of Z,[f]. Several properties of f(T';6) (mod m) have been
studied such as non-triviality ([FW]), irrationality ([Si2]), pseudo-irrationality ([A2]),
and so on ([A, Su]). In [A2], after studying pseudo-irrationality Angles raises the
question about the transcendence of f(7T';8) (mod 7) over F,(T).

Let @ be a p-power, say @@ = p™ and for « € Z, let s,,(a) be the (m — 1)-th

sm(@) In the paper, we

partial sum of p-adic expansion of a. Set % (mod 1) :=
are going to omit the modulus 1 for convenience of calculations unless it causes
any confusion. One of main ingredients in [FW] is the following joint normality:
p-Adic integers a1, - -+, «, are called jointly normal to a base @ if the sequence
(G » g% )n>1 is equi-distributed on the cube [0,1)" or equivalently if it satisfies

Weyl’s criterion: For each (ny,---,n,) € Z" \ {(0,---,0)}, one has

N—oo

N
li 1 2""7:((’1"157;“‘*'0’7‘"7") 0
m — E e = U.
N
=1

When r = 1, we simply call it normal to the base Q.

There is a famous conjecture suggested by Emile Borel ([B]), which has been
unsolved for more than a half of a century. It concerns about the normality of the
real irrational algebraic numbers. We state the p-adic version of the conjecture:
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Conjecture 1.1 (Borel). If a € Z,, is irrational algebraic and Q a p-power, then
«a is normal to the base Q).

The main purpose of present paper is to show that

Theorem 1.2. Borel’s conjecture implies the transcendence of the Iwasawa power
series over F,(T).

The proof of Theorem 1.2 goes in a similar way as [FW] or [Su]. In order to
prove the non-triviality of f(7T',6) (mod ), that is, the vanishing of the u-invariant
of f(T,0), Ferrero and Washington utilized Proposition 4 in [FW] which comes
from the following proposition:

Proposition 1.3 ([FW]). Let o1, ---, o € Zy, are linearly independent over Q.
Then for almost all o € Zy, i.e. for all o outside a measure zero subset of Z,, aory,
-+, aq, are jointly normal to the base Q.

In order to obtain Lemma 3.3 which plays a similar role as Proposition 4 in
[FW], we make use of Proposition 4.1 instead of Proposition 1.3.

2. THE IWASAWA POWER SERIES

In this section, we represent the Iwasawa power series as the I'-transform of a
suitable p-adic measure on Z in the sense of Sinnott ([Si]).

Let o be the integer ring of a finite extension of Q, with a fixed uniformizer =.
To a periodic function ¥ : Z — o of a period M, we associate a rational function
Ry (T) defined by

M r
Ry(T) = 72,1:1_\1;(;)T :
Observe that if Zi\il U(r) = 0, then we know that Rg(T) € o[[T — 1]] since
lf_TTM € o[[T" — 1]]*. Furthermore, assuming ¥(0) = 0 we obtain that
(2.1) Ry(T™') = —Ryo_1(T).
The poles of Ry(e*™*) are 17, r € Z and the residues are
T(r)

X 2mizy _
Res.— r Ry (e™™"*) 5l

where the Fourier transform ¥ of ¥ defined as follows:
M—1
U(r) = > W(s)(hi
s=0

where (3; = e ¥ . Observe that we have U(r) = MW¥(—r).
Assuming that ¥(0) = ¥(0) = 0, we have

- OB 4122

Furthermore we assume that ¥(p™) # 0 for all m > 1. Then we define a function
og on the basic open subsets of Z, such that for a € Z, and m > 1

mZ . 1 Tm-‘rioo RA 2miz d
oy(a+p"Ly,) = \/I\/(pm) L \p(e )dz,



IWASAWA POWER SERIES 3

which is well-defined because of (2.2). For an integer a > 0 relatively prime to p,
we also set
OQ,oq =0y — a_laq, o Q.

The followings are reformulation of results in [HJ.

Proposition 2.1. Assume that p M and W(p™)U(pr) = U(p™ )V (r) for all
m,r > 1. Then oy is a p-adic measure on Z, and, hence so s oy .

Proof. We need to show that oy is a p-adically bounded distribution on Z,. First of

all, we have fwﬂoo Rg (e*™#)dz = :tl;o Rg (e*™*)dz if & < z,y < 5t for some

r=0,---,M — 1 because of (2.2). Therefore the integration f“_wo R@ (€2™%)dz
depends only on |zM | (mod M) and the number of possible values of oy is finite.
Hence oy is p-adically bounded.
Secondly, we consider the expression
p—1
(2.3) Z og(a+p™r+p"t7Z,)
r=0
By definition, (2.3) is equal to

p—1 m+1 +5+ico o p71 prw 100 p—1 .
Tz _ R : T
m+1 g / Ry (e7™%)dz = \/I}(pm'H) / ) E Ry (e™» Cp)dz

a
7n+1 +*7100 p O =0

Observe that
- S ) S e = St YT
ZR (G Z )2GNTE = =S
From this calculation and the hypothesis on U we deduce that the sum (2.3) is
equal to og(a + p"Zy). O

Let A be a Dirichlet character of conductor N with p4 N; N > 1 and )¢ be a
periodic function with a period « defined by

1 ifatr
A = .
o(r) {1(1 ifal|r

Observe that

— —a ifafr
A = .
olr) { 0 ifalr

Corollary 2.2. 0y,, 0, and 0y o are p-adic measures on Z,,. Furthermore, o) o =
o, for a periodic function A\, with period alN defined by

o~ X(r) ifatr
(2:4) Aalr) = {X(r) “Xrfa)  ifalr

Proof. The first statement is an immediate consequence of Proposition 2.1. For the
second one, observe that

m 1 P e TiZ TiOZ
oxala+p"ZLy) = X(pm)/a _ R5 (€™%) — Ry (€*™%)dz
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From the following calculation

27]«\]:1 X(T)QT _ Zy{vzl X(’“)qw

R5(q) — R5(¢”) =

1—¢gV 1—¢oN
DTS DD (OVD S P (o)
1—qoN 1—goN 1—qgoN
= Rs-(q)
and the observation that X;(pm) = X(pm)7 we finish the proof. O

Let x be a Dirichlet character with the decomposition x = xpx(p)7 where x,, is

of p-power conductor and x?) is of conductor N with p I N. We set o0 = Oy o if
N > 1 and set 0 = o), if N = 1. Then we have
Proposition 2.3. Let x be an even Dirichlet character. We have
1 —s
(25)  Ly(sy) = = [ e @) e ),
1L —atxw Ha){a) " Jzx
Proof. Refer to [Su, Section 4] or [H, Chapter 4]. O

Let W be the set of the v(p — 1)-th roots of unity. Observe that we have the
decomposition

(2.6) Zy =W x (1 +vpZy).
Recall that ¢ is the first factor of x, i.e. € = x|wx(z/nz)x. Define a measure 7y as
drp(z) == xw™ H(z)do (N 1z).

Let us choose a topological generator v € Z) of 1 + vpZ, so that we have an

isomorphism +* : Z, = 1+ vpZ,. Let V be a set of the coset representatives of
W/{£1}. We define a power series G, ~(T') such that

Grao (1) = [ Todrol7) Z [ () -y

P
where
Ty = Z TpOM
nev
and

<x) :x(m—1)~-(m—n+1) €z,

n n!
The power series G, ~(T') is called the I'-transform of the p-adic measure 7y, which
is essentially the Iwasawa power series f(T';6):

Proposition 2.4. Let h > 0 be an integer with p t h. Setting v = (14 vp)# and
a =1+ vp, we obtain that

(1= a T F(T":0) = ~ Gy 1 (T).
Proof. From (2.1), we are able to conclude that

(27) TgO—].:Tg.
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Using the decomposition (2.6) and (2.7), we have

/Z () ) do(Ny)

X
P

=> Gw’l(n)/ X(y* )" da (N~ y"n)

new Zp
= Z/ X(Y )y~ drg(ne)
new Zy

= 2G 7y (X(V)Y 7).

From (2.5) and the last calculation, we obtain that
—2Gr, (X(7)7 ™)
1 — a7 tx(y)hy=hs
and therefore deduce the proposition. ([

= L,(s,x) for all s € Z,,.

3. PROOF OF THE MAIN THEOREM

The coefficients of G, ~(T). The coefficient of a power series in F,[[T" — 1]] that
is algebraic over F,(T) is completely characterized in terms of a special class of
sequences, called the automatic sequences. A sequence (an)n>1 C Fp is called
p-automatic if the collection of the subsequences

{(a’penJrr)nZl'K 20,0<r< pE}
is a finite set. The following theorem is due to G. Christol.
Theorem 3.1. (1)(Christol) Let F, be the finite field with g elements for a p-power
q. A power series F(T) = Y07 ja,(T — 1) € F ([T — 1]] is algebraic over Fy(T)
if and only if the sequence (ay) is p-automatic. (2) If (a,) is p-automatic, then
(apn—1)n>1 1s eventually periodic.

Proof. Refer to [AS, Theorem 12.2.5, Corollary 5.5.3]. O

For a power series P(T) := >.>" jcn(T — 1)" € o[[T — 1]], set ¢(P,n) := cy.
Theorem 3.1 suggests that in order to obtain the transcendence of G, »(T") (mod =)
we need to show that ¢(G, ,,p™ —1) is not eventually periodic. We collect another
property for the coefficients of the I'-transform of 7y.

Proposition 3.2. ¢(G,, ,(T),p" — 1) =To(y ! + vp"T1Z,) (mod 7).

Proof. Lucas’ theorem asserts that if a = pa’ +71 and b = pb’ +ro with 0 < 71,79 <

p, then we have
a\ _ (a"\ [
(1) = () () oot

From this we deduce that x +— (p,fil) (mod p) is periodic with a period p™. There-
fore we have

e(Gry o (T), " — 1) = /( g )mw)zpnzl( g >T@(Vm+p"z’))(mod7r)

pnil =0 pnil

Since (pf_l) =0 for x < p™ — 1, we conclude the proof. [
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Proof of Theorem 1.2. In order to deduce contradiction in the end, we begin with
the assumption that f(77;6) (mod n) is algebraic over F,(T). By Proposition 2.4,
G+ ~(T) (mod ) is also algebraic over Fq(T") for a p-power ¢. By Theorem 3.1,
¢(Gryy(T),p™ —1) (mod 7) is eventually periodic. Let M be the period with pM =
1 (mod aN). Therefore there exists Ny > 0 such that for all m,n > Ny, we have

pMn pMm
c(Gry 4(T), —1) = e(Gry (1), . 1) (mod ).
By Proposition 3.2, for all m,n > Ny we have
(3.1) To(y L +pM"Z,) = To(v ! + pM™Z,) (mod 7).

First consider the case of N = 1. Note that XE(pM”) = Xg(l) # 0 (mod ) for all
n > 1. From the definition of 7y and the congruence (3.1) we have for all m,n > Ny

1 _ _
P L Ln;

R 4 WPMZi +ico pMm +ico Smiz _
(3:2) Y 0y 'mi)w(m) L -5 Ry (€*™%)dz = 0 (mod 7).
i=1 pMn1 —i00 pl\/lml —100

We now state a lemma to control the above integrals, the proof of which is presented
in the next section.

Lemma 3.3. Assume Borel’s conjecture and choose a positive integer h so that
pthandy=(1+ Up)% Z Q(W). Then for all K > 0, there exist n, m > K such
that

v 1 Tty 2

0 — < il
< Qn < N Qm < N
and
si oy tmoy T _sitl
N Q" Q™ N
for some 0 < s; <N and each i =2,--- ,%,

Now we choose m, n which satisfy the condition in Lemma 3.3 with N = « and
Q = pM. Then we have

1 om +ioco 771n1+ioo
Mn Mm ] 4 N1
P _ P R—~ (627rzz)dz = —2miRes R—~ (627rzz) _ m
Y o YT m Ao z

1
-1 X — . =a o o
pM’n —100 pMm —100
. 1 .
For i =2,---, 25= we also obtain that
1 +io00 v g +ico
pkf'n. pMm Oz
- Ry (e7™*)dz =0
g —i00 g —i00 0
pl\/ln p]\lm

In total, the congruence (3.2) becomes

O(y 1) w(n1)Ao(—1) = 0 (mod 7).

This is contradiction.
For N > 1 case, we do a similar calculation as above. The similar congruence as
(3.2) with Ry~ (¢) instead of R5-(q) enables us to deduce

—2miRes,_ 1Ry (q) = = 0(mod 7).
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In fact from (2.4) we have

e ozNA N N
Aa(1) =D As)Gan = D Mas)Cy = —NA(-a).
s=1 s=1

From the absurd congruence NA(—a@) = 0 (mod =), we finish the proof of Theorem
1.2 ]

4. PROOF OF LEMMA 3.3

Proposition 4.1. Let aq, - - - , a, be algebraic p-adic integers such that 1, a1, -+, a
are linearly independent over Q. Then Borel’s conjecture implies that oy, -+, o,
are jointly normal to the base Q.

Proof. We show that the sequence {(gk,---, g&)ln > 1} is equi-distributed on
[0,1)". Let nq, ---, n, be integers which are not all zero. By Weyl’s criterion for
the multi-dimensional case, we need to show that

N
. 1 2mi(agny+tarny)
lim — E e Qm =0
N—oo N

n=1

Observe that avynq+- - -+a,-n, is non-zero and irrational algebraic by the hypothesis.
Therefore by Borel’s conjecture and Weyl’s criterion again for r = 1 case, we obtain
the above limit. O

The following is immediate from the definition of equi-distribution (see [KN]).

Corollary 4.2. Let (z;)_, € [0,1)" and ¢ > 0. For any K > 0, we can choose

n > K so that
(07 "
el — (s
‘(Qn)i—l (=)

Let U = {n1,m2,- -+ ,m:} be a maximal Q-linearly independent subset of V. Set
V={m, - ,m,m, - ,7s}. We have an integral ¢ X s matrix A such that

< €.

(7—17"' aTs) = (771’"' 777t)A-
Let aq,- -+ ,a; be any real numbers and set
P(ala"' 7O[t) = (0417'“ ,Oét) <I|A)

for a ¢ x t identity matrix I and a ¢ X % block matrix (I|A). For each integer ¢
with 1 <7 < % we set P(ai, -+, az)@) be the i-th coordinate of P(ay,---,ay).
We extract the following lemma from the proof of [Su, Proposition 4].

Lemma 4.3. There exist numbers ofy, oY, a3, -+, af such that
(1) P(O/laaga e aayc:))(l) = O/l € (07 %);
(2) P(af, a3, ,a8)a) = of € (%, &)
(3) Foreachi=2,--- ,%, there is an integer 0 < s; < N such that
s; +1

< P(al, a5, ,a7) 4, Plaf, a3, ,af) 4 <

S
N N
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Proof. Consider a function P(4, a2, -+, o) of real variables ag, -+, oy. Since A
is an integral matrix, we have

1 1 .

P(N’O’ e ,O)(i) € NZ for each 1.

Since there is no pair # # 1’ in V such that /7" € Q, P(a1, -+, o)) is not a
Z-multiple of oy for i =2, .-+, p—;l. Hence the function P(%, Qg,- -+, ) is not
constant for each i = 2,--- ,% and we can find (a3, -+ ,af) around (0,---,0)
such that . 1

P(N,O{g’~.- 70{?)(1) g NZ
fori=2,--- ,%1. Note that P(%,ag, af)) = % Since P(aq, a9, -+ ,af) is

continuous in the variable ay, we can find two numbers o}, o/ near +; such that

the vectors P(af, a8, - ,af) and P(af, a3, - ,«af) satisty (1), (2), and (3). O

Proof of Lemma 3.3. The condition on + implies that 1, v~ 1oy, -- . v~ 1n; are lin-
early independent over Q. By Corollary 4.2, we can find vectors (WQTZ“ AR VQH’” ),
-1 —1
T om0t for some m,n > K, which are close enough to the vectors
Q ) 7 Q ) Y g
(of,a8, - ,af), (af,as, - ,af) in Lemma 4.3 respectively. Therefore the two
1 —1 —1 -1
vectors P((’VQ”771 o, %)), P((“’Q,,f’1 R WQ,:”’ )) satisfy the above conditions
(1), (2), and (3) in Lemma 4.3. O
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