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Abstract

In 1985, Gromov introduced the notion of J-holomorphic curves
into symplectic geometry, for which they have proved to be a powerful
tool. The Gromov-Witten invariants of a symplectic manifold (M, w)
are given by the number of J-holomorphic curves that represent a fixed
homology class and at fixed or varying points pass through given sub-
manifolds of M. Here J is an w-compatible almost complex structure.
The symplectic vortex invariants on the other hand are associated to
a symplectic manifold (M,w) with a Lie group G acting on M in a
Hamiltonian way.

In this overview article I will describe both invariants and I will explain
what the relation between the two is.
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1 Overview

The main objects of study of symplectic geometry are symplectic manifolds.
J-holomorphic curves and the Gromov-Witten invariants (GW’s) are one
particular tool to investigate (rather general) symplectic manifolds. Vor-
tices on the other hand have first appeared in physics as minimizers of the
Ginzburg-Landau functional, which is used as a model for superconductivity.
However, they also turn up as one tries to understand the GW’s of a special
kind of a symplectic manifold, namely a symplectic quotient. This is a sym-
plectic manifold (M, @) arising from some symplectic manifold (M, w) and a
Hamiltonian action of a Lie group G on M.

This paper is split into three parts: In section 2 symplectic manifolds will
be introduced. Furthermore, the use of the theory of J-holomorphic curves
and GW'’s is illustrated by a list of applications. These applications are in-
tended to serve as a motivation. Since the statements of some of the theorems
can already be understood at that point, two of them will be discussed in
more detail. Good references for this part are [11, 13]. Section 3 is concerned
with the definition of J-holomorphic curves and the GW’s (see also [12, 13]).
Finally in section 4 we will focus our attention on symplectic quotients. I
will define symplectic vortices and the invariants associated to them. Finally,
I will explain how these invariants are related to the Gromov-Witten invari-
ants of the symplectic quotient. Interested readers may also have a look at
the overview article [2] and at [13, 3, 5, 6, 16, 17]. A standard reference for
symplectic geometry in general is [11]. Parts of this article are not rigorous
(for example the definition of the GW’s and the symplectic vortex invari-
ants). However, if something is not rigorous this will be pointed out and
references to articles will be given, in which the reader can find technically
correct statements. The reason for giving nonrigorous definitions is that the
technicalities necessary for strict definitions are rather involved and I did not
want to get lost in them. My intention was in fact to explain the geometric
ideas lying behind the GW’s and the vortex invariants. Let me also remark
that one of my aims was that this article should be as self-contained as pos-
sible.

The present paper arose from a talk given December 3, 2003 at the Grad-
uate Colloquium at ETH Ziirich. However, the presented material has grown



considerably since then. I would like to thank Urs Frauenfelder very much
for proof-reading and Dietmar Salamon for his feedback to this article. Any
further suggestions or corrections are always welcome.

2 Introduction

2.1 Symplectic Manifolds
The notion of a symplectic manifold is built on the following.

Definition 2.1 A symplectic vector space is a real vector space V. with a
bilinear form w : V x V. — R, which is skew symmetric, i.e. w(v,w) =
—w(w,v) for all vyw € V, and nondegenerate, i.e. if v € V such that
w(v,w) = 0 for every w € V then v = 0. Such an w is called a linear
symplectic form on V.

Example 2.2 The standard linear symplectic form wg on V. = Ri” is
given as follows. Let (,¢ € R*. Writing ¢ =t (§',m,...,£"m), ( =

(Y7, ..., €, 1) we define

wa(C,Q) =Y _ & — &
=1

Definition 2.3 Let M be a manifold and w € Q*(M) be a 2-form. w is called
a symplectic structure iff it is closed, i.e. dw = 0, and nondegenerate, i.e.
for every p € M the map

T,M x T,M — R, (v, w) = wy(v,w)

1s a nondegenerate bilinear map.

The pair (M,w) is called a symplectic manifold.

If (M,w) is a symplectic manifold, then for each p € M, the tangent space
T, M together with the restriction of w to T, M x T,,M is a symplectic vector
space.

Example 2.4 Let M := R?". We define the standard symplectic form on
R?" (as a manifold) by

wp = z": dzt A dy;.

=1
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Under the canonical identification T{,,)R*" = R** we have (wp)(z,y) = Wst-
Now let T?" := R?"/Z?" be the torus. The form wy descends to the quotient
T?" i.e. there is a unique symplectic form w on T?" such that

T W = w,

where 7 : R?" — T?" is the canonical projection. (Recall that for k& € Ny
the pullback of a k-form w € Q¥(N) by a map f : M — N is defined by

(frw)p(vr, ..., ve) = wrp(df (p)vr, ..., df (p)vr), for v; € T,M, i =1,...k,
peM.)

Example 2.5 Let M := S?. We define the standard volume form w =
dvolgz on S? by (dvolg:),(v,w) := (z,v X w), for any z € S? C R3, v,w €
T,S%. Tt is a symplectic form.

Example 2.6 Let L be a manifold and M := T*L be the cotangent bundle.
There is a unique 1-form A, on T*L which satisfies

*
« )\can = qQ,

for every a € Q'(L). Here on the left hand side « is interpreted as a section
of T*L, ie. asamap a: L — T*L and a*A\ean € Q'(L) is the pullback
1-form. The canonical symplectic 2-form on T*L is defined by

Wean := —Acan € Q*(T*L).

Example 2.7 Let (M;,w;), i = 1,2 be two symplectic manifolds. There is
an induced symplectic structure w on the product M; x M. It is given by

W(pyp2) (U1, 02), (W1, w2)) 1= (W1)p, (v1, w1) + (W2)p, (V2, w2),
for v; € T,,M;, p; € M;, © = 1,2. Denoting the projection to the i-th factor

by pr; : My x My — M;, we can write w = prj wy + priws.

2.2 What are J-holomorphic curves and GW’s good
for?

This paragraph is intended to be a motivation. Readers not interested in
this paragraph may directly move on to Part II, since nothing of the mate-
rial presented here is used at a later stage.

There are the following basic questions about symplectic structures:



Question 1: Given a manifold M, is there a symplectic structure w on M?

Question 2: Given two symplectic manifolds (M, w;), (Ms,w,), are they
“symplectically equal”?

I am not going to talk about Question 1 in this paper. However, Ques-
tion 2 will serve as a motivation.

Let us make sense of the words “symplectically equal”:

Definition 2.8 Let (Mi,wq), (Ms,ws) be symplectic manifolds. Let 1 :
My — My be a smooth map. 1 is called a symplectic map iff

1/1*(4}2 = W1.

Y is called a symplectomorphism, iff in addition it is a diffeomorphism.
(My,wy) and (Ms,ws) are called symplectomorphic (“symplectically equal”)
iff there is a symplectomorphism 1 . My — Ms.

A symplectic invariant is a “quantity” @, defined for each symplectic
manifold, that is “left unchanged” under symplectomorphisms. Here is one
way to give a negative answer to Question 2: Given two symplectic mani-
folds (Mi,w;) and (Ms,wsy) suppose that we find a symplectic invariant that
takes different values for (M;,w;) and (Ms,w,). Then the two manifolds are
necessarily not symplectomorphic.

Since the GW’s are symplectic invariants, we have found one answer to
the question asked in the title of this subsection: the GW’s can be used to
distinguish symplectic manifolds.

Yet, J-holomorphic curves and the GW’s have many other applications
in symplectic geometry. Let me make a list of some of them (see [13] for
details):

e a nonsqueezing theorem for symplectic embeddings
e a nonexistence theorem for Lagrangian embeddings

e a result stating that under certain circumstances a closed Lagrangian
submanifold cannot be removed from itself by a Hamiltonian isotopy

e an existence theorem for periodic orbits of Hamiltonian systems



e partial results in the classification of symplectic 4-manifolds
e results about the group of symplectomorphisms

I would like to briefly discuss the first two applications:

Recall that a smooth map v : My — M, is called an embedding, iff it is
a diffeomorphism onto its image. Let E;n C R™ denote the closed ball of
radius > 0 around 0. The Nonsqueezing Theorem says the following.

Theorem 2.9 (Gromov) Letry,ro >0 and 1 : Ef? — R*" be a symplectic
embedding, where R?" is endowed with the standard structure wy. Suppose
that

W(Bi") C B, x R*2.

Then r1 < rq.

The point of this theorem is the following. Given a symplectic manifold
(M, w) (in our case (R*™,wy)), there is an induced volume form Q := Lw" €
O?"(M). Liouville’s theorem states that if 1) : M — M is a symplectic map,
then the volume form € is preserved by v, i.e. ¥*Q = Q. (This theorem
follows by induction from the definition of a symplectic map and the property
(w1 A wg) = P*wy A *wsy)). Now if n = 1, then by definition, preserving
the volume form (2 = w is equivalent to being symplectic. This is however
not true for n > 2. So in this case we ask how big the difference for a map
is between being volume preserving and being symplectic. What kind of
things that can be done using volume preserving maps, can also be done by
symplectic maps? One example is the following. Let M := R?" and r > 0.
Then there is a volume preserving map ¢ : R*® — R?" such that the ball
B s mapped to an arbitrarily thin (but long) region in R**. In particular,

T

for all 1,79 > 0 there is ¢ such that ¢¥*Q = 2 and
—=2n =2 —
¢(B,) C B, x R*" 2

In sharp contrast to this, Theorem 2.9 says that there is no such ¢ that in
addition is symplectic, unless r; < ry. (In the case r; < 7y such a 9 exists,
take for example ¢ := id.) So this theorem imposes a geometric restriction
on symplectic maps.

As already indicated, one of the proofs of this theorem uses .J-holomorphic
curves. (see [13])

The second application I want to discuss involves the following definition.



Definition 2.10 Let (M*",w) be a symplectic manifold and L C M be a
submanifold of dimension n. L is called Lagrangian iff for every p € L and
every v,w € T,L we have

wp(v,w) =0,

i.e. the two form w vanishes on L.

Example 2.11 If n = 1 then every l-dimensional submanifold L C M? is
Lagrangian. This follows immediately from the fact that w is skew symmetric.

Example 2.12 Let (M;,w;), i = 1,2 be two symplectic manifolds and con-
sider the product structure w := prjw; + prjws on M = M; X M, as in
Example 2.7. Let L; C M;, 1 = 1,2 be Lagrangian submanifolds. Then the
product L := Ly x Ly C M is a Lagrangian submanifold w.r.t. w.

By induction and Example 2.11, this implies that the torus T" = (S')" C R*"
is a Lagrangian submanifold w.r.t. wy.

Consider again the standard symplectic structure wy on R?". The second
application is the following.

Theorem 2.13 Let L be a compact manifold without boundary of dimension
n. Assume that the first de Rham cohomology group of L wvanishes. Then
there is no embedding 1 : L — R*™ such that ¢)(L) C R®*" is Lagrangian.

In particular, this theorem says that there is no Lagrangian embedding of
L := S™ into R*" in the case n > 2, since H'(S™) = 0 for n > 2. The proof
of this theorem relies on the following result, which in turn is based on the
theory of J-holomorphic curves (see [13]).

Theorem 2.14 (Gromov) Let L € R*" = C" be a compact Lagrangian
submanifold. Then there is a nonconstant holomorphic map u : B1(0) C

C — C" such that u(S*) C L.

Remark 2.15 (Riemann Mapping Theorem) This theorem generalizes
the Riemann Mapping Theorem (RMT) in the following sense. The RMT
states that for every connected simply connected open subset €2 ;Cé C there is
a biholomorphic map wu : B1(0) — 2, where B;(0) C C is the open unit disk.
Let now n = 1 and let L' C C be any compact connected 1-dimensional
submanifold. (Then L is diffeomorphic to S'.) Recall from Example 2.11
that L automatically is Lagrangian. Let €2 C C be the open region inside
L. Then we can apply Theorem 2.14 to conclude that there is a nonconstant
holomorphic map u : B1(0) € C — C such that u(S') C L. For any regular
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weC\LCC\u(S) let deg(u,w) denote the degree of u with respect to
w, i.e. the number of preimages of w. deg(u,w) only depends on u and the
connected component of C\u(S") containing w. Let w € Q be a regular value
and denote d := deg(u,w). If d = 1 then one can show that u|B;(0) — Q
is biholomorphic, so it satisfies the requirement of the Riemann Mapping
Theorem. There is indeed a sharpening of Theorem 2.14 which says that
there is a map v as in Theorem 2.14 with d = 1. So in the case where 2 is
the region inside a compact connected 1-dimensional submanifold L C C the
RMT follows from this sharpening of Theorem 2.14.

J-holomorphic curves and GW'’s are related e.g. to Floer homology,
Hamiltonian dynamical systems and group theory. They play an important
role in mirror symmetry. In this paper, I will however explain some relation
with gauge theory, namely with symplectic vortices.

3 Gromov-Witten Invariants

In this section the Gromov-Witten Invariants with fixed Riemann surface
(2,7) := (5% Jy) and fixed marked points are introduced. As a warm-up
to the general definition (Definition 3.26) we will define the GW’s with no
marked points at all. In order to define the invariants we need the following
auxiliary object.

Definition 3.1 (almost complex structure) Let M be a manifold and
J :TM — TM an automorphism of the tangent bundle, i.e. for every
p € M the restricted map J|p,ar is a vector space isomorphism from T,M to
T,M and the coefficients of J in local coordinates depend smoothly on p. J
15 called an almost complex structure iff for each p € M

J?=—id: T,M — T,M.

Example 3.2 Consider M := R?*". Identifying R** = C" the imaginary
unit i € C gives rise to the standard almost complex structure Jy on R?" by
the formula

JSt(Cla s 7Cn) = (iglv SR 7i<n)7
for (Ci,...,Cn) € Ty, o) R 2 R*™ (21, ..., 2,) € R
Remark 3.3 Every almost complex structure j on a 2-manifold ¥ is inte-

grable, i.e. it arises from an atlas with holomorphic transition maps. The
pair (X, ) is called a Riemann surface.



Example 3.4 (X,5) := (R? Jy) = (C,4) is an example of a Riemann sur-
face.

Example 3.5 The standard almost complex structure Jy on ¥ := S? is given
by Jov :=x x v, for v € T,S? x € S? CR3. Let N := (0,0,1) € S? denote
the north pole. Then on S?\ {N} Jj is given by the pullback of the standard
complex structure on R? under stereographic projection from {N}. Under
the identification S? 22 CP! J, corresponds to the standard complex structure
on CP'.

Definition 3.6 Let (M,w) be a symplectic manifold and J an almost com-
plex structure on M. J s called w-compatible iff the map

TM&TM > (x;0,w) — (Gug)z(v,w) == w,(v, Jw)

is a Riemannian metric on M. We denote by J(M,w) the set of all w-
compatible almost complex structures.

Example 3.7 Let (M,w) := (R*",w) be as in Example 2.4 and let J := Jy
be as in Example 3.2. Then Jg is compatible with wy. Furthermore, the
standard complex structure Jy on S? given by Example 3.5 is compatible
with the symplectic structure dvolg2 from Example 2.5.

Definition 3.8 Let (M, Jy) and (Ms, J3) be almost complex manifolds. A
smooth map u : My — My is called (Jy, Jo)-holomorphic iff it satisfies the
Cauchy-Riemann equations (CR)

- 1
(O, (W)a(v) = 5 (du(z)v + Ja(u(z))du(z) Ji(x)v) = 0, Vo€ My, ve T M.
(1)
In the case dimg My = 2 such a map u is called a (Jy, Jo)-holomorphic (or
shortly Jo-holomorphic) curve.

Example 3.9 Let (M, J;) := (Ma, Jo) := (R? Jy). Then the CR equations
(1) are the usual CR equations from complex analysis of one complex variable.
Soamap u: C =R? — C = R? is (Jg, Ji )-holomorphic iff it is holomorphic.

Let (M,w) be a symplectic manifold, let ¢ € Ny be a natural number
(including 0). Furthermore, let J be an w-compatible almost complex struc-
ture on M and let (3, 7) be a closed (compact without boundary) Riemann
surface of genus g. The basic idea of the Gromouv- Witten invariants of genus
g is to count J-holomorphic curves u : ¥ — M that represent a given second
homology class B € Hy(M,Z). We will see below why we can not just count
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all J-holomorphic curves, but only those in a fixed class B € Hy(M,Z).
There are different versions of GW’s, in some of which the complex structure
j on Y is fixed, whereas in some other versions it is allowed to vary. Now
in the case g = 0 there is up to isomorphy only one complex structure on
Y = 52, so in this case there is no real difference between fixed and varying
7. However for g > 0 this is not true. For simplicity, I will only consider the
case ¢ = 0. So let ¥ := S? and let j := Jy be as in example 3.5. In order to
make the number of J-holomorphic curves that we count finite and therefore
to get meaningful invariants, in general we have to impose additional con-
ditions on the J-holomorphic curves u : S? — M. For this we will have to
fix finitely many distinct points 2;, ¢ = 1,..., k and closed oriented subman-
ifolds N; C M (i = 1,...,k). The additional conditions are that u(z;) € N;
for i« = 1,...,k. The points z; are called marked points. By counting all
the J-holomorphic curves u : S? — M such that [u] = B and u(z;) € N;,
1 =1,...,k we will get a map that assigns an integer to every collection
N; C M,i=1,...,k of closed oriented submanifolds. Here [u] € Hy(M,Z)
denotes the homology class induced by the map w. It will turn out that
this number only depends on the homology classes [V;] represented by N;
(¢ = 1,...,k). Therefore this induces a map GW%’; : (H (M, Z))* — Z,
which comprises the genus 0 Gromov-Witten invariants of (M,w, B) with k
fixzed marked points. (See the Working definition 3.26.) There is a different
version of the GW’s in which the points z;, i = 1,...,k are not fixed, but
they are part of the data which is counted. This means that we count tuples
(u; 21, ..., 2) of J-holomorphic curves together with distinct points z; € S?,
1t = 1,...,k rather than J-holomorphic curves alone. For simplicity, I will
not discuss that version, but will constrain myself to the case of fixed marked
points.

As a warm-up I will now first discuss the GW’s with no marked points
at all. So in this case we do not impose any condition corresponding to a
submanifold N C M. Let me remark that in many cases these invariants are
0 by dimensional reasons and therefore uninteresting. However, they seem
conceptually easier to me than those with marked points. We will see below
what the words “dimensional reasons” mean.

3.1 GW’s with no marked points (warm-up)

Let (M,w) be a symplectic manifold, J € J(M,w) an w-compatible almost
complex structure and B € Ho(M,Z) be a second homology class. As men-
tioned above, the Gromov-Witten invariant of (M,w, B) with no marked
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points should basically be the number of J-holomorphic spheres u : S — M
such that [u] = B, where [u] € Hy(M,Z) denotes the homology class induced
by u. Actually, we can not quite define the GW’s like that. Namely, assume
that B # 0 and that there is at least one J-holomorphic sphere representing
B. Then as I will explain below, there is in fact a 6-dimensional family of
J-holomorphic spheres in the same homology class B. So the number of such
spheres is not finite, but in fact uncountable. The way out of this problem is
to count equivalence classes of J-holomorphic spheres instead of individual
J-holomorphic spheres. Let me now make all this precise.

Fact 3.10 Let (M;, J;) be an almost complex manifold, i = 1,2,3 and let
uy : My — M, and ug : My — M;3 be holomorphic w.r.t. the corresponding
almost complex structures. Then the composition us o uy : My — Ms is

(J1, J3)-holomorphic.

Now let u : S* — M be J-holomorphic and let ¢ : S* — S? be holo-
morphic. Then by Fact 3.10 uo ¢ : S — M is also J-holomorphic. As-

sume moreover that ¢ is bijective, i.e. a Mobius transformation. Then
[u] = [uo | € Hy(M,Z).

Fact 3.11 The set PSL(2,C) of Mébius transformations is a Lie group of
real dimension 6. If u : S — M is a nonconstant J-holomorphic sphere then
there is a neighbourhood U of id € PSL(2, C) such that for every id # ¢ € U
we have u o ¢ # u.

Now let B € Hy(M,Z) be a second homology class. We define
.//\/leJg .= {u € C*(S? M)|u is J-holomorphic, [u] = B}. (2)

Assume that B # 0. This condition is equivalent to the condition that every
u € M p is nonconstant. So by Fact 3.11 if M ; 5 # () then for any u € M 5

the whole 6-dimensional family {u o ¢}4cp belongs to M 7.8, where U is as

in Fact 3.11. So the number #M ;g is not finite. Let us therefore consider
the quotient -
MJ,B = MJ,B/ ~,

where the equivalence relation ~ is defined by
uy ~ uy 1 <= 3¢ € PSL(2,C) : uy = uy 0 ¢. (3)

In favorable cases, the set M J.p carries a natural structure of a smooth
manifold. Its dimension is given by the Riemann-Roch formula,

dim(M ) = dim M + 2(c1(TM, J), B). (4)
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Here ¢, (T'M, J) is the first Chern class of the complex vector bundle (T'M, J).
It turns out that this class does not depend on the w-compatible almost
complex structure J, so we can define ¢;(T'M,w) := ¢;(TM, J), where J €
J(M,w) is arbitrary. We define

d(M,w, B) :=dim M + 2(c;(T'M,w), B). (5)
Furthermore, M ; p carries a natural smooth manifold structure of dimension
dim(M5) = dim(M ) — 6 = d(M,w, B) — 6.

Remark 3.12 A short comment on the words “favorable cases”: We have
to impose a certain condition on the almost complex structure J, namely
that it is regular w.r.t. B (see [13]). Then the subset M’z C Mg of
simple J-holomorphic curves in the class B carries a natural structure of a
smooth manifold without boundary of dimension (4). (But the same is not
true for the bigger set M 7.5-) There is always at least one regular J, so this
imposes no restriction on the symplectic manifold. (In fact, there are always
many regular J’s.) In some very special cases every J-holomorphic curve is
simple, in these cases what I said above about M s and Mg is literally
true if J is regular In general however, one would have to replace M J.B by
the subset ./\/IJB and M ;p by M5 = MJB/ ~ and should assume that
J is regular. Since the purpose of this paper is to explain the basic ideas of
the definition of the GW’s and the vortex invariants and not to give rigorous
definitions, from now on I will ignore these technicalities. They are all very
well explained in [13]. T have called the definition below a “working defini-
tion” to account for the lack of rigour.

Let 0 # B € Hy(M,Z) be such that d(M,w,B) —6 = 0 and let J €
J(M,w). Let us pretend that the manifold M ; p was compact. Then M
is a finite set. As I will explain in Remark 3.14, each point in M ; p carries
a natural sign. In the following definition, #M ;p means the number of
elements of M ;p counted with signs. As we will see below, this number
does not depend on J € J(M,w).

Working definition 3.13 Let (M,w) be a closed (compact without bound-

ary) symplectic manifold and let 0 # B € Hy(M,Z). We define the genus 0
Gromov-Witten invariant of (M, w, B) with no marked points as follows. If

d(M,w, B) — 6 = dim M + 2(¢;(TM,w), B) — 6 = 0 (6)
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then
GW(M,W, B) = #MJ7B,

where J € J(M,w) is any w-compatible almost complex structure. Otherwise

GW(M,w, B) := 0.
We consider now the case in which d(M,w, B) = 0.

Remark 3.14 The almost complex structure J induces an orientation on
M p and therefore on M ;p. An orientation on a 0-dimensional manifold
is the same as a collection of signs (4+1 or —1), one for each point in the
manifold. In Definition 3.13 the number #M g is really to be understood
as the signed number of elements of M ;. If we just counted without signs
then this number would depend on J and not only on M, w, B.

Example 3.15 Let (M,w) := (S?, dvolg2), where dvolg: is the symplectic
structure of Example 2.5. Let [S?] € Hy(S5? Z) denote the generator corre-
sponding to the orientation induced by dvolgz. Then the genus 0 GW’s are
given by

GW(S? dvolge, [S?]) = 1 (7)

and GW(S? dvolge, B) = 0 for B # [S?]. This is seen as follows. In order to
have nonzero invariants, the second homology class B € H(S?) has to satisfy
the dimensional condition (6), i.e. 2{c;(T'S? dvolg:), B) = 6 — dim S? = 4.
Since {c;(T'S?, dvolgz), [S?]) = 2 this is equivalent to B = [S?]. Soif B # [S?]
then the invariant is 0. Now let B := [S?]. We show the equality (7). Let
J = Jy be the standard almost complex structure, cf. Example 3.5. Jy
is compatible with dvolgz. So GW(S? dvolgz, [S?]) equals the number of
equivalence classes of holomorphic maps v : S? = CP! — CP! = S? that
represent the homology class [CP']. Recall that the equivalence relation is
given by (3). Now every Mébius transformation u is a (Jo-)holomorphic
map from CP' to CP' that satisfies [u] = [CP']. Conversely by Fact 3.16
below if u : CP' — CP' is holomorphic such that [u] = [CP'] then u is
biholomorphic, i.e. a Mobius transformation. This implies that there is
exactly one equivalence class of such maps u, namely the class containing
the identity idgpi. This yields (7).

Fact 3.16 Let (X,jx) and (Y,jy) be connected closed Riemann surfaces
and let u : X — Y be a holomorphic map. Denote by [Y] € Hy(Y,Z) the
fundamental class corresponding to the orientation induced by jy. Assume
that [u] = [Y]. Then w is biholomorphic.
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Remark 3.17 (Noncompactness) In general the manifold M ;p is not
compact. To have any chance for it to be compact, we have to assume that
M is compact or satisfies some convexity at oo condition. But even then M ;g
will in most cases not be compact. One reason for this is the phenomenon of

bubbling. In the case in which M ; g is not compact the theory of pseudocycles
is used to define the invariant GW (M, w, B). (See [13].)

Let us now try to understand why GW(M,w, B) does indeed only depend
on M,w, B, but not on J € J(M,w).

Reason for the independence of #M ;5 on J € J(M,w): Let Jy, J; €
J(M,w) be w-compatible almost complex structures. We have to show that

#M o8 = #My B (8)
Fact 3.18 J(M,w) is contractible.

So let [0,1] 5 A — Jy € J(M,w) be a smooth homotopy. Let us look at
the set
W(J, B) := {(\, [u])|u is Jy-holomorphic},

where [u] denotes the equivalence class of u under the relation (3). In good
cases this is a smooth compact oriented 1-dimensional manifold with bound-
ary

OW(J, B) = —M(Jo, B) 11 M(J1, B).

The following fact implies (8), so the GW (M, w, B) is indeed independent of
Je J(M,w). O

Fact 3.19 The number of points of the boundary of any smooth compact
oriented 1-dimensional manifold equals 0, if counted with signs.

Now let us consider the case in which the dimensional condition (6) is
not satisfied. We have defined the GW’s with no marked points to be 0 in
this case. To get nonzero invariants, we now introduce marked points.

3.2 GW'’s with fixed marked points

Let (M,w) be a closed (compact without boundary) symplectic manifold,
let B € Ho(M,Z) be a second homology class and let k& € Ny be a natural
number (including 0). Furthermore let J € J(M,w) be a w-compatible
almost complex structure. The idea of the genus 0 GW’s with fixed marked
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points of (M,w, B) is to count J-holomorphic spheres representing B and
satisfying the conditions u(z;) € N;, i = 1,...,k. Here z; € S*, i =1,...,k
are fixed distinct points and N; C M is a fixed closed oriented submanifold of
M (i=1,...,k). The point is to impose “as many conditions as are necessary
to make the number of such spheres finite”. In order to see what this means,
we take on the following more sophisticated viewpoint. Recall from (2) that
M 7.5 is the set of J-holomorphic spheres in the class B € Hy(M,Z). We
abbreviate z := (21,...,2) € (SHk. Let evyp, : ./f\/le,B — MP* be the
evaluation map given by

evypa(u) = (u(z1),...,u(z)). 9)
Let N; € M be a submanifold, for : = 1,..., k. We denote

MVJ,B,Z,le...xNk = {ue -//\/l\iLB |u(z;) € Njyi=1,...,k}
= ev (N1 x ... X Ny) € M. (10)

Assume now that ev; g, is a smooth map and that it is transverse to
Ny X ... x N C M*. The latter condition means that
im(dev(LB’z(u)) -+ TeVJ’B,Z(U)(Nl X ... X Nk) =T

eVJ,Byz(u)M’z (11)
for every u € M 7.8- Then the implicit function theorem says that M J.Bz,Nix..
M g is a submanifold of dimension

dim(MvJ,B,z,le...xNk)
= dim(MJ,B) - COdika(Nl X ... X Nk)

k
=d(M,w,B) — kdim M +» _ dim N; (12)

=1

Let us again pretend that the manifold M J.B.zNix..xN, Was compact.
Assume that it is nonempty. Then it consists of finitely many elements if
and only if it is 0-dimensional. So in order for the invariants to be well
defined, we have to impose the condition (12)=0. Now as in the case of
no marked points, by a bordism argument, the signed number of points
#MBanN . xn, (see Remark 3.21) does not depend on the w-compatible
almost complex structure J. Furthermore, it does not depend on the k-
tuple of distinct points (z1,...,2x) € (S?)* either. Finally, there is always
a J € J(M,w) such that (11) is satisfied. Therefore we can define the
following.

15
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Working definition 3.20 (first version of GW%E’) Let (M,w) be a closed
symplectic manifold, B € Ho(M,7Z) and k € Ny be a natural number. We
define the map

@/Nfg - {closed oriented submanifolds of M}* — 7,
as follows. If

k
> dim N; = kdim M — d(M,w, B) (13)
=1
then e -
GWy 5 (N1,..., Np) = #M B 2N x..xNy-

—— M,w
Otherwise we define GWy,  (N1,...,Ni) := 0. Herez := (z1,...,2) € (S%)
is any k-tuple of distinct points, J € J(M,w) is any w-compatible almost
complex structure such that ev;p, 1s transverse to Ny x ... x Nj C M* and

M Bz x. xn, 1S given by (10).

Remark 3.21 Assume that (13) holds. Then as in the case of no marked
points, # really means the signed number of points of a set. For each point
in Mjpanx..xn, Weget asign as follows. Recall from Remark (3.14) that
there is a canonical orientation on M s coming from J. Furthermore, w
induces a canonical orientation on M. Together with the given orientations
on N;, ¢ = 1,...,k this induces an orientation on Mg, n,x..xn,. This is
the same as a sign for every point in this set. We will call a set endowed with
a sign for each of its points a signed set.

Remark 3.22 Note that in contrast to the case of no marked points,

- Mw . . ..
GWy 5 (N1, ..., Ni) does not count equivalence classes, but individual J-

holomorphic spheres. In particular, for £k = 0 (/}\\/Né\gw does not coincide
with GW (M, w, B). The point of counting individual spheres is that in the
case B # 0 the conditions u(z;) € N;, i = 1,...,k are not invariant under
reparametrization, so we cannot define an evaluation map on the quotient
Mg = M, p/ ~ but only on M;p. Assume for example that £ = 3,
N; = {x;} for some x; € M, for i = 1,2,3, and that B # 0. Suppose
that there is a J-holomorphic sphere u such that [u] = B and u(z;) = x;,
i = 1,2,3. Then there is a Mobius transformation ¢ € PSL(2,C) such that
wo ¢(z;) # x; for all i. So uo ¢ does not satisfy the conditions corresponding
to N; for any ¢ = 1,2, 3.

Note also that in the case k < 3 C/}\\/Nfg = 0, unless B = 0. (For the case
B = 0 see Example 3.23.) The reason is the following. Assume k < 3, B # 0
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and that J € J(M,w) is such that ev; g, is transverse to Ny x...x N, C M*.
Recall that this implies that //\/IV J.B,z,N1x...x N, 15 a 0-dimensional manifold. We
claim that there is no J-holomorphic sphere u : S* — M such that u(z;) € N;,
for i < k. Assume by contradiction that there was such a u. Then there is a
(6 — 2k)-dimensional family of M&bius transformations U C PSL(2, C) such
that for every ¢ € U we have ¢(z;) = z; for 1 < k and uo¢ # wu. In particular,

M BN, .. xn, 18 not a O-dimensional manifold. This is a contradiction. (See
also Fact 3.11.)

Example 3.23 Let (M,w) be a closed symplectic manifold, k € Ny, B := 0
and let N; C M, i=1,...,k be closed oriented submanifolds. Assume that

k k
> codim N; := Y " (dim M — dim N;) = dim M,
=1 =1

so the dimensional condition (13) holds. Furthermore, assume that for each
1= 1, e kand z € NiN...NN; we have (Tleﬂ . ﬂTle_1>+TmNz =T,M.
Then Ny N...N N, C M is an oriented compact 0-dimensional submanifold,
i.e. a finite signed set. We have

—— M,w
GW,.o (N1, Ne) = #(Ny ... N Ny, (14)

counting with signs. To see this let J € J(M,w) and let z1,...,2;, € S? be
pairwise distinct. For any x € N;N...N N}, the constant map u, =z : S? —
M is J-holomorphic and satisfies [u,] = B = 0 and u(z;) € NyN...N N, i =
1,..., k. The sign of the point u € MJ707Z7N1><---><NIQ is the same as the sign of
the point xy € NyN...NNg. Conversely, if u : S? — M is J-holomorphic and
[u] = B = 0 then u is constant. So Moz N, x. xn, = {tz |2 € NyN...N N}
and this implies (14).

Example 3.24 Let k := 3, (M,w) := (5% dvolgz) and let z1, z9, x5 be dis-
tinct points. Then

—— 52 dvol s

GWyge ™ ({ar} e aa}) = 1 (15)
where [S?] € Hy(S?,Z) is the generator corresponding to the orientation of S?
induced by dvolg2. To see this we first check the dimensional condition (13)
with N; := {z;},7 =1, ..., k. This condition holds since (¢;(T'S?, dvolg:), [S?]) =
2. Let now J := Jy be the standard structure on S?, cf. Example 3.5. The
Jo-holomorphic maps u : CP' — CP' such that [u] = [CP'] are exactly
the Mobius transformation (see also Example 3.15). Let z; := 0, z5 := 1,
z3 := 00. There is a unique Mobius transformation ¢ € PSL(2,C) such that
¢(z;) = x;. This implies (15).
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—— M,w

As already mentioned, GW, p (IVy,..., N;) only depends on the classes
[N;] € Haimn,(M,Z). Now let a; € H.(M,Z) be a homology class, for
1 =1,...,k. If there are closed oriented submanifolds N; C M such that

—— M,w

[N:] = a; then we define GW%g(al, cooay) = GWp g (Ny,...,Ng). In
general, there are no such submanifolds. However, we have the following
fact.

Fact 3.25 Let M be a manifold and a € H.(M,Z) be a class of degree
0 < dega < dimM — 1. Then by a theorem of Thom [18] there is an
integer 0 # m € Z and a closed oriented submanifold N C M (possibly
nonconnected) such that ma = [N].

The case dega = dim M is left out in the above fact because of the
following. Assume that M is a closed, oriented and connected manifold.
Denote by [M] € Hgimy(M,Z) the fundamental cycle. Let d € Z be an
integer such that d # 0,1, —1 and define a := d[M]. Then a can not be
represented by closed oriented submanifold of M. The reason is that any
such submanifold equals M (possibly with reversed orientation). But a/d
can be represented by M. Since [M] is a generator of Hgm (M, Z) = Z
any a € Hgimy(M,7Z) is an integer multiple of the fundamental class [M].
Summarizing we see therefore that given a class a € H,(M,Z) of any degree
there is always an oriented closed submanifold N C M and a rational number
r € Q such that a = r[N]. We are now ready for the following.

Working definition 3.26 Let (M,w) be a connected closed symplectic man-
ifold, B € Hy(M,Z) and k € Ny be a natural number. We define a k-linear
map GWys + (H(M,Z))* — Q as follows. If (ay,...,a;) € (H,(M,Z))*
satisfies the dimensional condition

k
> dega; = kdim M — d(M,w, B), (16)

i=1

where d(M,w, B) is given by (5) then we define

GW%’;(GM ces Q) =TT FMUB 2N X XNy
Otherwise GW,iwgu(al, ...yag):=0. Here fori=1,...,k N; C M is a closed
oriented submanifold, r; € Q is a rational number such that r;[N;] = a;

and //\XJ,B,Z,le,,,XNk is defined as in (10). We also define a map GW%E’ :
(H*(M, 7))k — Q (same symbol, different domain) by the formula

GW, 5 (o, ..., ax) = GW5 (PD(c), . .., PD(cw)).
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Here for 0 < m < 2n PD : H™(M,Z) — Hop_m(M,Z) denotes Poincaré
duality. Both maps, the one on homology and the one on cohomology, are
referred to as the genus 0 Gromov-Witten invariants of (M, w, B) with k fixed
marked points.

Since Poincaré duality is an isomorphism, both maps, the one on homology
and the one on cohomology, contain the same information. It will be clear
from the context which one of both is meant.

Remark 3.27 A rigorous definition of the GW’s uses pseudocycles. These
are a generalization of smooth cycles in singular homology. It follows then
immediately that the invariants in fact take values in the integers, and not
just in Q. Fact (3.25) is not used in that definition. The rigorous defini-
tion involves the same technical issues as in the case of no marked points.
Moreover, one cannot really work with one fixed J € J(M,w), but has to
take a whole family of almost complex structures {.J,},cs2 € J(M,w). The
Cauchy-Riemann equations (1) get replaced by

du(z) + J.(u(z)) du(z) j. = 0, Vz € S%

Example 3.28 Let (M,w) be a connected closed symplectic manifold, k €
Ny, B:=0and let a; € H,(M,Z),i=1,...,k. Assume that the dimensional
condition (16) holds. Then

wag\i[(’)w(ala"'aak) = Q1 ... Q. (17)

Here - : Hy(M,Z) x H,,,(M,Z) — Hyypm_on(M,7Z) denotes the intersection
product, for £,m = 0,...,2n. Furthermore, we identify any element a €
Ho(M,Z) with the integer N € Z defined by a = N|pt], where pt € M is
any point. Formula (17) follows from Example 3.23.

Example 3.29 Let (M,w) := (5?%,dvolg:), k := 3, B := [S?] and let pt € S?
be any point. Then

SQ,dVOISQ

GW; 52 * ([pt], [pt], [pt]) = 1. (18)
This follows from Example 3.24.

Example 3.30 Let M := CP" and let w := wpg be the Fubini Studi form
on CP". It is defined to be the canonical quotient form coming from the

standard form wy on R?*"*2? and the diagonal Hamiltonian group action of
Sl C C on R*2 x> C"l. (See Example 4.9. There are other ways to
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define wpg, see e.g. [9].) Note that in the case n = 1 wpg = 1/4dvolge,
where dvolg: is the standard volume form on S2%, cf. Example 2.5. Let
k := 3. Let a; := as := [pt] € Ho(CP",Z) be the homology class of any
point pt € CP™. For i = 1,...,n we identify CP’ with the submanifold
CP" = {[z,...,2,0,...,0] € CP" |[z2,...,2%] € CP'} C CP". Let B :=
[CP'] € Hy(CP™,Z) and let az := [CP" '] € Hy,_»(CP",Z). Then

GWEPrs([pt], [pt], [CP™ 1)) = L. (19)

To see this let Jy be the standard almost complex structure on CP". It
is uniquely determined by the condition ¢;J; = Jy. Here ¢, : C*" —
CP" denotes the i-th standard coordinate chart defined by ¢;(z1, ..., 2,) =
(21,5 2ic1, 1, Zie1, -« -, 2n). Moreover, Jg is the standard almost complex
structure on C" = R?" as in Example 3.2. Since the structure Jy on R***2 is
compatible with wy, Jy is also compatible with wpg. Let now 2z := [1,1], 25 :=
[0,1], 23 := [1,0] € CP! and let pt, := [1,0,...,0,1] and pt, := [0,...,0,1].
Let u : CP' — CP" be defined by u([z°,2']) := [2°,0,...,0,2']. Then u is
holomorphic and represents the class B = [CP']. Furthermore, u(z) = pt,,

u(zy) = pty and u(z3) € CP"' C CP". Sowu € M o [PV zpt, xpty xcpr—1- One

can show that u is the only element of M Jo,[CPY] 2,pt, xptyxCPr—1- Lhis implies
(19).

There is the following geometric interpretation of (19). Namely, since the
points pty, pt, € CP" are distinct, there is exactly one complex projective
line L C CP"™ through pt, and pt,. Furthermore, since pt; and pt, are not
both contained in the hyperplane CP"! C CP" L intersects CP"™ ! in ex-
actly one point. The map u € M cpn-1; parametrizes L. Since none of the
points pt, and pt, lie in CP™!, this parametrization is uniquely determined
by the condition that u passes through pt, at the point z;, ¢ = 1,2 and it
passes through the hyperplane CP"' C CP™ at the point zs.

4 Symplectic Reduction and the Symplectic
Vortex Equations

In this part of the paper I will describe a way how to construct a symplectic
manifold (M, @) out of an other symplectic manifold (M,w), on which a Lie
group acts in a Hamiltonian way. This procedure is called symplectic reduc-
tion and the resulting manifold is called the symplectic quotient. This will
be introduced in subsection 4.1. As an example, every symplectic manifold
is the quotient of itself under the action of the trivial Lie group {e}. In con-
trast to this not so interesting example, there are examples of complicated
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symplectic manifolds that arise as symplectic quotients of simpler symplectic
manifolds. (As an example, CP" with the Fubini-Studi form wpgg is obtained
via symplectic reduction from C**! with the standard form wy. In this case
the Lie group is S' C C, acting on C"*! by multiplication on each compo-
nent. See Example 4.9.) In these cases, one can hope to achieve the following:

Motivational Goal: Given a symplectic manifold (M, ®) that is the sym-
plectic quotient of a symplectic manifold (M,w) under the action of a Lie
group G, compute its genus 0 Gromov-Witten invariants with fixed marked
points by analyzing the action of G on M.

A first step toward achieving this motivational goal will be described
in subsection 4.2. It is to lift the Cauchy-Riemann equations for a map
f: 5% — M to an equation for a map u that takes values in some subman-
ifold of M. In subsection 4.3, I will discuss the symplectic vortex equations.
These equations have been studied by physicists since the 1950’s. Their so-
lutions are minimizers of the Yang-Mills-Higgs functional. I will describe the
symplectic vortex invariants, which are built on these equations. Finally, in
subsection 4.4 we will see how the Gromov-Witten invariants of (M,@) are
related to the symplectic vortex invariants. This relation is the content of
Theorem 4.33. I will indicate in a very rough way the general idea of proof
of this Theorem.

4.1 Symplectic Reduction

Let G be a Lie group with neutral element e € G and Lie algebra g := T.G.
We denote by ad : G x g — g the adjoint action of GG on g given by

ad(g,n) = adyn := gng .

Let (.,.)4 be an inner product on g that is invariant under this action. This
means that

<adg§7 adgn) - <§7 77>7

for every £,m € g, g € G. Let M be a manifold and ¢ : G x M — M be a
smooth left action of G on M. We use the notation gz := ¢y(x) := (g, x) €
M for g € G, x € M. Furthermore for n € g the infinitesimal action of n on
M is the vector field X,, € Vect(M) given by

X,(x) = —| exp(tn)r € T, M.



Let now (M,w) be a symplectic manifold and G a Lie group that acts
smoothly on M.

Definition 4.1 The action of G on M 1is called Hamiltonian iff there is a
smooth map 1 : M — g such that the following conditions hold.

(dp(z)v,n) = w(X,(x),v), YoeT,M,ze M (20)

(u(@), [ n) = w(Xe(x), Xy(2)),  VeeM, &neg.

The map p: M — g s called a moment map for the action.

Example 4.2 Assume that M is closed and let H : M — R be a smooth
function. This gives rise to a Hamiltonian action of G := R on M as fol-
lows. Since w is nondegenerate, there is a unique vector field Xy € Vect(M)
satisfying
dH = w(XH, )

H is called a Hamiltonian and Xy is called the wvector field generated by
H. Since M is closed, the integral curves of Xy exists for all times. This
means that for every o € M there is a solution z : R — M of the equations
Xy (z(t)) = @(t), 2(0) = xo. Let {¢'}er be the flow of Xp. It is uniquely
determined by the conditions

¢’ = id,
d
%th(l’) = XH(¢t(x))7 Vo € M.
The action of G := R on M is given by
R x M — M, (t,z) — ¢'(z).

This is a Hamiltonian action with moment map p:= H : M — R. Here the
invariant inner product on the Lie algebra R = Lie(R) is given by ordinary
multiplication.

In the following let G be a Lie group and ¢ : G x M — M be a Hamil-

tonian action with moment map p: M — g.

Fact 4.3 For any g € G the diffeomorphism v, of M is a symplectomor-
phism, ie. Yjw =w.
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Remark 4.4 We define the Poisson bracket {.,.} : C®(M) x C*(M) —
C>(M) by
{F,G} = w(XF, Xg),

where X and X are as in Example 4.2. The pair (C*(M),{.,.}) is a Lie
algebra. For n € g we define the function H, : M — R by

Hy(z) := (p(x),m).
Let [.,.] be the usual Lie bracket on g. Then the map
g2 {u,n) € C*(M,R)
is a Lie algebra homomorphism w.r.t. [.,.] and {.,.}.

Remark 4.5 If 7 € g is in the center under the adjoint action, then y' :=
i+ 7 is a moment map for the same action. Thus moment maps are in
general not unique.

Fact 4.6 If G is connected then p is equivariant w.r.t. the adjoint action of
Gong, ie.

n(gr) = adyu(x) = gu(z)g™*, Ve e M, g€ G.

Let G be a group that acts from the left on a set X. Then the action is
called free iff the equality gx = x implies g = e, for every x € X and g € G.
Assume now that G is a topological group (for example a Lie group) and X
is a topological space and that GG acts continuously on X. Then the action
is called proper iff the map

GxX—XxX, (9,2) — (z,gx)

is proper, i.e. the preimage of every compact set K C X x X is compact.
Let (M,w) be a symplectic manifold and G be a Lie group that acts in a
Hamiltonian way on M, with equivariant moment map p : M — g. (By Fact
4.6 p is equivariant if G is connected.) Let us look at x~'(0) C M. Since
p is equivariant, for every x € p~1(0) and g € G the point gz lies again in
p~1(0), i.e. the action of G on M restricts to an action on p~'(0). If 0 is a
regular value of y then p~'(0) C M is a submanifold. Assume that G acts
freely on ;~1(0). Then 0 is a regular value of p. Suppose in addition that
the action of G on pu~1(0) is proper. (This is satisfied if for example G is
compact.) Under these assumptions the quotient M := p~1(0)/G carries a
canonical manifold structure (see Example 4.16 below).
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Definition 4.7 The canonical symplectic form © € Q*(M) on the quotient
M is given as follows. Denote by mo : p~1(0) — M the canonical projection.
Let 7 := Gx € M and v; € TyM, i = 1,2. Let v; € T,(u=*(0)) = ker du(z)
such that dmy(x)v; = v;. Then

@(’Dl, 172) = w(vl, Ug),

The pair (M,@) is called the symplectic quotient of (M,w) under the action
of G.

Remark 4.8 dimx1(0) = dim M — dim G, dim M = dim M — 2dim G.

Example 4.9 Let M = C" = R*2 w := wy = > jda’ A dy; the
standard symplectic structure on C**! and let G := S C C act on C"*! by
multiplication on each component, i.e.

9(z0y -y 2n) = (920, -, G%n),

for g € S* and (2, ..., 2,) € C""1. This action is Hamiltonian. Denoting an
element of C"*! by z := (2, ..., z,) a moment map of this action is given by

o : C" — 4R = Lie(S1),

For R > 0 we define ug := po + %. Then
pp (0) = Szt i={z € C""'| |z| = R}.

For R := 1 the symplectic quotient M is CP™ with the Fubini-Studi form
@ = wpg. In the case n = 0 the quotient M is a single point, in the case
n=1M=CP"= S? and @ = wpg = 1/4dvolg2, where dvolg: is as in
Example 2.5.

Remark 4.10 One can generalize the above action to actions of the k-
dimensional torus T% = (S')* on C". There are many ways in which T*
can act on C". So there are a lot of interesting examples of symplectic
manifolds that are symplectic quotients of the “simple” symplectic manifold

(C™, wo).
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4.2 Lifting the d7-equation

Let (M,w) be a symplectic manifold and G be a compact connected Lie
group that acts on M in a Hamiltonian way with moment map p. Assume
that p : M — g is proper. (This means that the preimage of any compact set
is compact. In particular, £1(0) is compact). Assume furthermore that the
restricted action of G on p~!(0) is free. Under these conditions the symplectic
quotient (M, &) is well defined and M is compact. In this subsection we will
do a first step toward achieving our motivational goal, which is to compute
the genus 0 Gromov-Witten invariants with fixed marked points of (M, ).
For simplicity we only consider GW’s with Riemann surface equal to (S, Jy)
and with fixed marked points.

Let B € Ho(M,7Z) be a second homology class, k € Ny be a natural number,
z € 82, i = 1,...,k be distinct points and let J € J(M,o) be an w-
compatible almost complex structure. For i = 1,....k let &@; € H*(M)
be a cohomology class whose Poincaré dual PD*(q;) is represented by a
closed oriented submanifold N; C M. The genus 0 Gromov-Witten invariants
of (M,w, B) with k fixed marked points count (Jp, J )-holomorphic curves
v : S? — M such that [v] = B and v(z;) € N; for i = 1,...,k. We now
make a special choice for J. Forz € M , v e T, M and g € G we denote
gv = dg(x)v € Ty, yM. An almost complex structure J on M is said to
be G-invariant iff Jgv = gJv, for every g € G, v € T,M, x € M. For x € M
we define the linear map L, : g — T, M by

L,n = X,(z).

Recall from Definition 3.6 that the map TM@&TM > (z;v,w) +— (gy.s)z (v, w) :
w,(v, Jw) is a Riemannian metric on M. Let L denote the orthogonal com-
plement w.r.t. this metric. Let x € M. We define

H, :=kerdu(z) NimL:.

Let v € H,. Then by assertion (ii) of Lemma 4.27 below Jv € H,. This
enables us to make the following definition.

Definition 4.11 Let J be a G-invariant almost complex structure on M.
Let z € M and v € TzM. Let x € my'(z) € p='(0). Let v € H, be the
unique vector such that dmy(xz)v = v. We define Jv := dmy(z)Jv.

Since J is G-invariant, this definition does not depend on the choice of z.
Assume now that J is G-invariant and w-compatible. (Such a J exists.)
Then J is @-compatible. Since the GW’s do not depend on J € J(M,),
we can and will from now on assume that J = J for some G-invariant and
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w-compatible J on M.

Let (3, j) be a Riemann surface and f : ¥ — M be a smooth map. Recall
that f is called J-holomorphic iff it solves the Cauchy-Riemann equations
(1). These equations now read

(07(£))=¢ == 5 (df (2)¢ + J(u(2)) df (2) j(2)¢) =0,  VzeX, ¢eT.X

(21)

DN | —

The task at hand is now the following.

Task Find a manifold P and a map v with domain P and range ;~'(0) that
lifts f in a suitable sense. Furthermore, transform the equation for f, (21)
into an equation for the map wu.

As we will see below, f : ¥ — M can be lifted to a map u; : P =
Py — p~1(0), where Py is a principal G-bundle over X constructed from f.
A principal G-bundle over a manifold X consists of X, another manifold P,
a smooth surjective map 7 : P — X and a smooth action of a Lie group G on
P satisfying a certain condition (see Definition 4.13). A map u : P — pu~*(0)
is called a lift of f : X — M iff myou = fom. Our task will be accomplished
by Proposition 4.22. There we will see that equation (21) corresponds to an
equation for a map u from a principal fixed G-bundle P, over ¥ to x~1(0).

Let us return to the problem of lifting the map f : ¥ — M. The naive
approach is to try to find a map u : ¥ — p~1(0) such that the following
diagram commutes

S —=p1(0)

RN

M

Unfortunately, such a map need not exist for topological reasons. As an ex-
ample let M := C? G := S! acting on C? as in example 4.9, let ¥ := §>
and f := id. Recall that x~1(0) = S3 (with R := 1). The orbits Sz, for
x € p~1(0) are the fibres of the Hopf fibration S* — S% — CP! = §2. If
there was a lift u as above then the Hopf fibration would be trivial, so the
naive approach doesn’t work.

Remark 4.12 (An easier example) The following example seems to me
easier to understand than the previous one. However, we consider here a
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more general setup. Let G be a Lie group acting properly and freely on
a manifold X. Then X/G carries a canonical manifold structure. Denote
the canonical projection by mp : X — X/G. Furthermore, let Y be another
manifold and f : Y — X/G be a smooth map. The following shows that
there need not be a smooth map v : Y — X such that f = my o u. Namely,
we consider the usual action of G :=Z on M := R with quotient R/Z = S*.
Now let Y := S' and f :=id : S' — S'. Then there is no smooth v : S* — R
such that f = mg o w.

Since the naive approach does not work, let us try to lift f as follows:

P—=u~'(0) (22)
LM

What should P be?

Since the action of G on 1 71(0) is proper and free, the triple (u=1(0), mo, M)
together with the action of G on p=1(0) is a principal G-bundle. This means
the following.

Definition 4.13 Let G be a Lie group, P and X be manifolds and m : P —
X be a smooth surjective map. Furthermore let - : P x G — P

(p,g) = p-g9=:pg,

be a smooth right action. The quadruple (P,m, X, ") is called a (right) princi-
pal G-bundle iff it is locally equivariantly trivial. This means that for every x
in X there is a neighborhood U C X of x and a smooth map g : 7= (U) — G
such that the following is satisfied. g is equivariant, i.e.

g(ph) = g(p)h,  VYpen *(U), hed.

Furthermore the map ® : m=1(U) — U x G defined by ®(p) = (7(p), g(p)), is
a diffeomorphism.

Let P, P’ be right principal G-bundles and let u : P — P’ be a map. u is
called G-equivariant iff for everyp € P, g € G

u(pg) = u(p)g.

If (P,m, X,-) is a principal G-bundle, then P is called the total space, X
is called the base and for x € X 7 '(x) C P is called the fibre over x. We
say that P is a principal G-bundle over X.
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Remark 4.14 Let (P, 7, X, ) be a principal G-bundle. Then for any p € P
and g € G we have 7(pg) = 7(p). Let x € X be a point in the base. Then
the action of G on P restricts to an action on the fibre 771(z) C P. The
restricted action is free and for any p € 7~ !(z) the orbit pG equals 7! (x).

Example 4.15 Let X be a manifold and G a Lie group. Let P := X x G,
m: X X G — X be the projection to the first factor and let - : P x G — P
be given by (z,h) - g :== (x,hg). This is a principal G-bundle over X called
the trivial bundle.

Example 4.16 Let P be a manifold of dimension n, G be a k-dimensional
Lie group, - : P x G — P be a free and proper right action and let 7 :
P — X := P/G be the projection to the quotient. There is an induced
structure of a smooth (n — k)-manifold on X and (P, 7, X, ) is a principal
G-bundle. The manifold structure on X is given as follows. Let o € X. Let
po € P such that m(py) = x¢. The local slice theorem (see e.g. [7], appendix
B) says that there is a G-invariant open neighbourhood py € V' C P and
an equivariant diffeomorphism ¢ : V' — R"* x G. That V is G-invariant
means that for every p € V, g € G we have pg € V. Denote by pry, pry
the projections to the first and second factor in the product R* % x G. Let
U :=n(V) C X and define ¢ : U — R"* as follows. Let € U and let
p € 7 Y(x). We define ¢(x) := pr;od(p). ¢(z) does not depend on the
point p € 77'(z), so ¢ is well defined. It is a chart for X around the point
zo € X. Each two such charts ¢1, ¢, around points z1, 2, € X are smoothly
compatible, so the system of all such charts defines a manifold structure
of dimension n — k on X. Moreover, let € X and let p € 77 (z). Let
L, : g — T,P be the linear map L,(§) := X¢(p), where X, € Vect(P) is
the infinitesimal action corresponding to & € g. Then the tangent space
T, X can canonically be identified with 7,P/imL,. Namely, consider the
map dr(p) : T,P — T,X. It is surjective with kernel kerdn(p) = imL,
and therefore induces an isomorphism 7,P/imL, = T, X. Let us now check
that (P, 7, X,-) is locally equivariantly trivial. For this let xy € X, let
po € ™ H(zo) and let ¢ : V C P — R"* x G be as above. We define
g :=pryo¢:V =na1(U) — G. This satisfies the requirements of definition
4.13.

Let now - : u~1(0) x G — p~(0) be defined by = - g := g~ 'z. This is
a right action on p~'(0). By Example 4.16 (1~*(0), 7, M,-) is a principal
G-bundle. Let again f : ¥ — M be a smooth map. We define the pullback
bundle (Pf, 7, %, ) by

Pp = fu7(0) == {(z,2) € D x u=(0) [z € 75" (f (=)}, (23)
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m(z,z) = z,

(z,x)-g:=(z,2-9) = (2,97 '2).

This is a principal G-bundle. Furthermore we define a map uy : P — p~*(0)
by

uf(z,x) = x.

Then uy makes the diagram (22) commute, so uy is a lift of the map f :
¥ — M. Note that u; is equivariant, i.e. us(pg) = g tus(p) for every
p € P, g € GG. This follows immediately from its definition. So we have
accomplished part of our task. There is however a problem. Namely, we
would like to have one fized domain P for the map u: P — pu~*(0). But Py
depends on the map f. We will solve this problem by fixing a homology class
By € Hy(M,Z) and a map fy : ¥ — M such that [fy] = By and defining
Po = fop'(0).

After these motivational considerations let me now introduce the setup
to formulate the precise correspondence of .J-holomorphic curves and maps
from a principal G-bundle to ;~1(0) solving a certain equation. This corre-
spondence will be the content of Proposition 4.22.

Let (P, 7, X) be a principal G-bundle. For x € M and a vector subspace
V < T,M let Pr¥ : T,M — V denote the orthogonal projection w.r.t. (g, /).
onto V. Recall that for z € M L, : g — T, M is defined by L,n = X, (z).
Since G acts freely on p~1(0) the map L, is injective for any z € p~1(0). We
can therefore make the following definition.

Definition 4.17 Let u : P — p~'(0) be any smooth equivariant map. We
define a smooth map A" : TP — g as follows. Forp € P andv € T,P
let A;(v) = A%(p,v) € g be the unique element such that L,(p)A,(v) =
— Pr™bu) (du(p)v).

Let u be as in the definition. Then for each p € P the map A} : T,)P — g
is linear. This means that A" is a 1-form on P with values in g. Moreover,
A" meets the requirements of the following definition.

Definition 4.18 A 1-form A on P with values in g is called a connection
1-form iff the following conditions hold. A is equivariant w.r.t. the adjoint
action on g, i.e.

Apg(vg) = g_lAp(v)g7
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for every p € P, v € T,P, g € G. Furthermore, A is canonical along the
fibres, i.e.

Ap(pn) =,
for every p € P, n € g. Here pn := Xff(p) denotes the infinitesimal action

of n on P at the point p € P.
We denote by A(P) the set of connection 1-forms on P.

Remark 4.19 A(P) is an affine space.

Fact 4.20 For every equivariant map u : P — p~'(0) the 1-form A" is a
connection 1-form.

Let u : P — p~1(0) be a smooth equivariant map and A € A(P) be a

connection 1-form. Let u*T'M denote the pullback bundle. It is a vector
bundle of rank 2n = dim M over P. We define d u to be the 1-form on P
with values in u*T'M given by

(dau)p(v) := du(p)v + Xa, @) (u(p)),

forv e T,P and p € P.

Fact 4.21 dju is equivariant, i.e. (dau),y(vg) = g ' (dau),(v), for v € T,P
and p € P. Furthermore, it is horizontal, i.e. (dau),(pn) = 0.

Let (3, 7) be a Riemann surface and P a principal G-bundle over . Let
a be a 1-form on P with values in «*T'M that is equivariant and horizontal.
We define the complex antilinear part of a to be the following 1-form «(®!
on P with values in w*T'M. Let p € P and v € T,P. Let w € T,P be any
vector such that dm(p)w = j(7(p))dm(p)v. We define

(@), (v) = %(ap(v) +J (u(p))ap(w)).

Since « is horizontal, this does not depend on the lift w of j(7(p))dn(p)v.
Moreover, a(®) is again equivariant and horizontal. Let now a := d u. We
denote

5]7,4(7,6) = (dAu)(O’l).

A smooth map g : P — G is called a gauge transformation iff it is
equivariant w.r.t. the adjoint action of G on G, i.e. iff

g(ph) = h7'g(p)h, Vpe P, heG.
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Let g : P — G be a gauge transformation and let u : P — p~%(0) be smooth
and equivariant. We use the notation g~'u to denote the map ¢~ 'u: P — G
given by (¢7'u)(p) := g(p) 'u(p). Now let A € A(P) be a connection 1-form.
We define

(9" A)p(v) == g(p) dg(p)v + g(p) " Ap(v)g(p),
for pe P, v e T,P, and

g (u, A) == (g7 u, g* A). (24)

The set of all gauge transformations forms a group called the gauge group
and denoted by G(P). The neutral element is given by the constant map
e : P — G. We denote the set of all smooth G-equivariant maps from
P to p71(0) by CZ (P, x~1(0)). Formula (24) defines an action of G(P) on
CF(P,u~1(0)) x A(P). Let now u : P — u~'(0) be an equivariant map.
Then u induces the map

w:Y— M,  a(z):=mou(p), (25)
where p € 771(z) is arbitrary. Let B € Hy(M,Z). We define
M55 p = {(u, A) € CF(P,u(0)) x A(P)|0sa(u) =0, [a] = B}. (26)
Let (u, A) € C2(P, 1i=(0)) x A(P) and g € G(P). Then

(Org-alg™ )p(v) = g(p) ™ (1.4(w))p(v),

for any p € P, v € T,P. Therefore, if 95.4(u) = 0 then also 9,;4-4(g " u) = 0.
Moreover, g~ u = @. So the action of G(P) on C& (P, u~(0)) x A(P) restricts
to an action on MY 5 . Let

MS 5.0 = M 5 p/G(P) (27)
denote the quotient.

After all this preparation, we are now able to formulate the following
proposition. Note that the assumptions of this proposition imply that the
symplectic quotient (M, w) is well defined.

Proposition 4.22 Let (M,w) be a symplectic manifold and G be a compact
connected Lie group that acts on M in a Hamiltonian way with moment map
w. Assume that the restriction of the action of G to u=*(0) is free. Let (X, 5)
be a Riemann surface. Then the following statements hold.
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(A) Let P be a principal G-bundle over 3, u : P — p='(0) be a smooth
equivariant map and let @ : ¥ — M be the induced map. Then the
equation

5j(ﬂ) =0
holds if and only if
0j.au(u) = 0. (28)

(B) Let P and u be as in (A) and let A € A(P). If 054(u) = 0 then
A= A"

(C) Assume that X is closed and connected. Let By € Hy(M,Z) be a second
homology class such that there is a smooth map fo : ¥ — M with
[fo] = Bo. We abbreviate Py := fip='(0). Then the map

F i Mg — Mg, = {f € C=(Z,M)|9;(f) = 0,[f] = Bo}

given by
F(lu,A]) :==1u

1S a bijection.

Remark 4.23 A consequence of part (B) and (C) of this proposition is that
the map

{ue C(P, 1 (0)]05au(u) =0, [u] = Bo}/G(Po) > [u] — 1 € MJJ%
is a bijection.

Remark 4.24 Note that the preceding remark does not state a bijection
between the set of J-holomorphic curves f such that [f] = By and the set of
all smooth maps u : Py — p~1(0) such that 9 4u(u) =0 and mpou = f o 7.
It only says that after restricting to equivariant maps and identifying gauge
equivalent maps we get a bijection. In fact, assume that dimG > 0. Then
the preceding remark implies that given a .J-holomorphic map f : ¥ — M
such that [f] = By there is a huge amount of smooth (equivariant) maps
u : P — p~(0) such that mpou = fom and Jjau(u) = 0. All these
maps differ by the action of a gauge transformation. To understand the
meaning of equivariance and gauge equivalence better let us consider the
case P =Y x G. Then specifying an equivariant map u : 3 x G — p~1(0) is
equivalent to specifying a map v’ : ¥ — p~1(0). Namely, for each equivariant
u: X xG— pH0) let v X — p~0) be defined by v/ (z) := u(z,e).
Conversely, given v/ : ¥ — p=4(0) let u : ¥ x G — p~*(0) be defined by

u(z,g) == g 'u/(z). The two processes are inverses of each other. Similarly,
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the set of (equivariant) gauge transformations g : ¥ x G — G corresponds
bijectively to the set of maps ¢’ : ¥ — G. (See also the next remark.) Now
let f: X — M be a smooth map and let u,% : ¥ x G — p~%(0) be two
equivariant lifts of f. Then the corresponding maps ', @ : 3 — u~'(0)
satisfy mgpou' = fom = mg o @'. Therefore, v’ differs from @’ by the action
of some “gauge transformation” ¢’ : ¥ — G, meaning that @' = ¢~/
This is a direct proof of injectivity of the map of Remark 4.23 in the case
Py = ¥ x G, assuming that this map is well defined (which follows from
Proposition 4.22(A)). It explains the importance of imposing equivariance
for the map u : Py — p~1(0) and of dividing by the gauge group.

Remark 4.25 Assume that dimG > 0. Then the gauge group G(Fp) =
{g € C>=(Py,G)|g(ph) = h~*g(p)h} is infinite dimensional. (This statement
can be made precise by exhibiting a canonical structure of a smooth infinite
dimensional Fréchet manifold on G(Fy).) This is easiest to see if P = ¥ x G.
Then specifying a gauge transformation on P is the same as giving a map
g+ ¥ — G. Namely, for any such map ¢ we can define g € G(F) by
g(z,h) :== h™'¢/(z)h. On the other hand, given g € G(F) we define ¢’ : ¥ —
G by ¢'(z) := g(z,e). The two processes are inverses of each other. Now
since C*°(3, G) is infinite dimensional the same holds for G(F,). Assume

that M 7.5, s nonempty. There is a canonical structure of a smooth finite

dimensional manifold on Mg Bo.Po- It is induced from the manifold structure

of M 7.5, by the bijection of Proposition 4.22. The space .//\/\l?] Bo.Py of solutions

(u, A) of 05 4(u) = 0 with [u] = By is infinite dimensional. The reason for

this is the following. As we will see below, G(Fy) acts freely on /\//Yg Bo.Po"

as a principal G(Fp)-bundle

—~

Therefore heuristically, we can view M

J,Bo,Po
over M?},BO,PO = M?I,BO,PO/Q(PO)‘/VSO the dimension of M?I,BO,PO is the sum
of the dimensions of Mg’ Bo.py = M, and G(Fy) and therefore infinite. We

0 _
J,Bo,Po

infinite dimensional spaces M\g Bo.p, 20d G(Fp). To see that G(Fy) acts freely

on M\J,BO,PO let (u, A) € .//\/\13730’})0 and let g € G(F). Assume that ¢*(u, A) =
(97 'u,g*A) = (u, A). Then for every point p € P g(p) *u(p) = u(p). Since
u(p) € p=(0) and G acts freely on p~'(0) we conclude that g(p) = e and

therefore g = e.

conclude that the finite dimensional space M is the quotient of the two

The proof of Proposition 4.22 uses the following.

Definition 4.26 Let Py, P, be principal G-bundles over the same base man-
ifold X and let & : Py — Py be a diffeomorphism. ® is called an isomor-
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phism of principal G-bundles iff it is equivariant, i.e. ®(pg) = ®(p)g, and
71 O b = Q-

Recall that the Riemannian metric g,y on M is defined by (g, s).(v, w) :=
w(v, Jw), for x € M, v,w € T,M. Let x € M. For any linear map
L : g — T,M we denote by L* : T, M — g the adjoint w.r.t. the inner
product (gw,s). on T,;M and the inner product (.,.) on g. Recall that for
reM L,:g— T,M is defined by L,n := X, ().

Lemma 4.27 Let (M,w) be a symplectic manifold and G be a connected Lie

group that acts in a Hamiltonian way on M with moment map . Then the
following holds.

(1) For any x € M
du(z)J = Lj.

(ii) For any x € M and any v € H, := kerdu(x) N (imL,)t we have
Jv e H,.

(iii) For any x € p~1(0) and n € g we have
X, (x) € ker du(x).
(iv) Let (P,m, X) be a principal G-bundle, v : P — p~1(0) be an equivariant
map and let A" be as in Definition 4.17. Then for any p € P and

vel,P
dAuu(p)U c Hu(p)

and B
8J,Au (u) (p)v S Hu(p) .

Proof: To prove (i) let v € T, M and £ € g. Then
(dp(z)Jv, &) = w(Xe(x), Jv) = gus(Xe(2),v) = gu,s (L&, v) = (&, Lyv).

Since this holds for any v and £ statement (i) follows.

Proof of (ii): Let z € M and v € H,. Since v € (imL,)* = ker L} we
have Liv = 0 and therefore by (i) kerdu(x)Jv = Liv = 0. Furthermore,
since v € ker du(z) we have L:Jv = du(x)J*v = —du(z)v = 0 and therefore
Jv € (imL,)*. This implies (ii).

Proof of (iii): Let z € p~!(0) and &,n € g. Then

(d(2) X, (@), &) = w(Xe(2), X, () = (ulx), [E.n]) = 0.
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The first and the second equality follow from the definition of p. This implies

(iii).
Proof of (iv): Let p € P and v € T,P. Then by definition

davu(p)v = du(p)v + Xauw)(u(p))
= du(p)v — Pr™" o) du(p)v € (im L))" (29)

Since u : P — p~1(0) we have du(p)v € Typp *(0) = kerdu(u(p)). Fur-
thermore, by (iii) also Xau(v)(u(p))) € ker du(u(p)). This implies dauu(p)v €
ker du(u(p)). Together with (29) this implies dawu(p)v € Hypy. Now let
w € T,P be such that dr(p)w = jdmr(p)v. Then dsuu(p)w € Hyp) by what
we have just proved and therefore by (ii) J dawu(p)w € Hygpy. This implies

= 1
Oy (W) (p)v = S(daulp)o + ] dyeu(p)uw) € Hog,

This concludes the proof of (iv) and of the lemma. O

Fact 4.28 Let G be a compact and connected Lie group and (3,7) be a
closed connected Riemann surface. Let Py, P, be principal G-bundles over
¥ and let u; : P, — p~1(0), i = 0,1 be smooth equivariant maps such that
[tig] = [u1] € Hyo(M,Z). Then P, is isomorphic to P. (See [2], Proposition
2.1.)

Proof of Proposition 4.22, see also [2, 6]:  We prove (A). Let
u: P — p~*(0) be a smooth equivariant map. Recall that my : p=(0) — M
denotes the canonical projection.

Claim For every p € P and v € T,,P
dmo0y.44 (w) (p)v = O5(a)dm(p)v. (30)

Assume the claim to be true. We will deduce statement (A) from the
claim. Suppose that 0; 4«(u) = 0. Since for each p € P dr(p) : T,P — Ty, X
is surjective, (30) implies that 07(u) = 0. Now suppose conversely that
O7(u) = 0. Let p € P and v € T,P. Then by (30) dmo0;4.(u)(p)v = 0,
i.e. dyau(u)(p)v € imLyg). By assertion (iv) of Lemma 4.27 we also have
D40 (u)(p)v € imLi(p) and therefore 97 4«(u)(p)v = 0. So we have deduced
statement (A) from the claim.
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Proof of the Claim: Note that myou = @wom and therefore dmydu = du dr.
Let p € P and v € T,P. Then

dmo dawu(p)v = dmo(du(p)v + Xauw)(u(p))) = dudr(p)o. (31)

The last equality uses the fact that X u(,)(u(p)) € imLyy) = ker dmo(u(p)).
Let now p € P and v € T,,P and let w € T,,P be such that

dr(p)w = jdm(p)v. (32)

Then by assertion (iv) of Lemma 4.27 dauwu(p)w € Hyp) and therefore by
definition of J (cf. Definition 4.11)

droJ dguuw = J drgd geuw = Jdudrw = Jdu j drv.

The second equality follows from (31) and the last one from (32). This implies

= 1
dﬂoaj,Au(u)’lJ = §(d7r0d,4uuv + dﬂ'onAuu U))
1 _
E(dﬂ drv + J du j dmv)
= Oj(u)drv.
This proves the claim and completes the proof of (A).

Proof of (B): Let u : P — p~(0) be equivariant such that d;.4(u) = 0,
Let p e P, v € T,P and let w € T),P be such that dr(p)w = j dr(p)v. Then
by assertion (iv) of Lemma 4.27 dawu(p)w € Hygpy and by (ii) J dawu(p)w €
H, . Therefore Pr'™"«® (J duu(p)w) = 0. From the assumption d;4(u) =
0 it follows that (dropping the p)

0 = 2Pr™he (9, 4(u)v)
= P (dyuv + Jdsuw)
= Pri™ duw
= Pr™v(duv + X (u))
= Pr™(duv) + X, (u).

This implies X4, (u(p)) = — Pr™fu® dy v and therefore Ap(v) = A (v).
This proves (B).

Proof of (C): Let By, fo and P, be as in the hypothesis. We show that F

is injective. Assume that [u, A], [u/, A'] € ./\/l?,, Bo.p, &€ equivalence classes of
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solutions of (28) such that 4 = u/. Then for every p € P mo(u(p)) = mo(v'(p)),
i.e. there is a unique g, € G such that u(p) = g,u/(p). The map g: P — G,
p — ¢, is smooth and G-equivariant, i.e. a gauge transformation, and
u' = g 'u. By (B) we have A = A* and A’ = A¥. A calculation shows that

1

AY = A9 = g* A%, Putting things together we have
(W, A') = (97", A") = (g7 u, g"A") = g"(u, A),

and therefore [u, A] = [u/, A’]. This proves injectivity of F.

To prove surjectivity let f & M J.B, be a J-holomorphic curve. We have to
find a pair (u, A) € M\(}’BO’PO such that F([u,A]) = w = f. Consider the
pullback bundle P; := f*u~*(0) over ¥ as in (23) and let us : Py — p=*(0)
again be defined by us(z,z) := x. Then u; = f and therefore [uf] = [f] =
By = [fo] = [uyz,]. By Fact 4.28 there is an isomorphism & : Py — Py. We
define u :=upo® : Py — p'(0) and A := A“. Then u = f and therefore
by part (A) dy4(u) =0, so [u, A] € Mg,Bo,Po' This proves that the map F' is
surjective and therefore concludes the prove of (C) and of the proposition. [

4.3 The Symplectic Vortex Equations and Vortex In-
variants

In this subsection the Yang-Mills-Higgs functional is introduced. Solutions
of the symplectic vortex equations are minimizers of this functional. These
solutions are used to define the symplectic vortex invariants.

Let (M,w) be a symplectic manifold, let G be a compact connected Lie
group that acts on M in a Hamiltonian way and let J be a G-invariant
w-compatible almost complex structure. Let (3,7) be a closed connected
Riemann surface, let dvols, be a volume form on ¥ that is compatible with
j and let P be a principal G-bundle over Y. Note that from now on, the
map u will no longer take values in the submanifold ¢=*(0) € M, but in
the whole manifold M. Let C2 (P, M) denote the set of smooth equivariant
maps from P to M. As we will see below, the symplectic vortex equations

are the equations for a minimizer of the following functional. The Yang-
Mills-Higgs-functional YMH : CF (P, M) x A(P) — [0, 00) is defined by

1
YMH(u, A) == 5/ (Jdaul® + |Fa|* + |p o ul?) dvols; .
o

Here F4 is the curvature of the connection 1-form A € A(P), i.e. the 2-form
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on P with values in g given by
Fy:=dA+ %[A N Al
Here for any p € P, v,w € T,P
[AN Alp(v, w) == [Ap(v), Ap(w)] = [Ap(w), Ap(v)] = 2[4, (v), Ap(w)].

F is equivariant w.r.t. the adjoint action on g, i.e. for any p € P, vy,vy €
T,P and g € G (Fa)pg(v1g,v29) = g~ ((Fa)p(v1,v2))g. Furthermore, Fj is
horizontal in the sense (Fy4),(v,p§) = 0 for any p € P and v € T,P, € € g.
The functions |dau|?, |F4]? and |u|*> : ¥ — [0,00) are to be understood as
follows. Let z € X. Let p € 7 *(2). Then |u o u(2) is given by

o ul(z) = o u(p)ly = v/{uoup), poulp)).

Since prowu is equivariant and (., .) is an invariant inner product on g this does
not depend on the choice of p € 771(2). Now let (;,(; be an orthonormal
basis of T,¥ w.r.t. the metric dvoly(.,j.) and let v; € T,P be such that
dr(p)v; = ¢;. Then |dau|(2) is given by

|dau|(z) = \/|dAUU1|i,J + |dauvs|? ;.

Here for any x € M and w € T, M, |w|ys == /o s(w,w) = Jw(w, Jw).

Since du is equivariant and horizontal, this definition does not depend on
the point p € 7(z) nor on the lifts vy, vy of (1, (5. It does not depend on the
choice of the orthonormal basis (i, (; either. Similarly,

[Fal(2) = [(Fa)p(v1, v2)lg := \/((FA)p(vuvz), (Fa)p(v1,v2)),

where p and v;, i = 1,2 are as above.

In the case M := C, w = wy = dv A dy, G := S! acting on C in the
standard way as in example 4.9, ¥ = C, J := j := Jy, P :== C x S and
dvolc := dx A dy, the functional Y MH appeared in physics in a paper by
Ginzburg and Landau [8]. It is used as a model for superconductivity. The
generalization to M := C" and G a Lie subgroup of U(n) is known in the
physics literature (starting with [19]) as gauged sigma models.

Let me now introduce the setup for the definition of the symplectic vortex
invariants.
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For k € Ny let QF,;(P, g) denote the vector space of equivariant and hor-
izontal k-forms on P with values in g. Note that Q2 (P,g) = CF(P,g).
We define the Hodge-*-operator * : Q%(P,g) — Q°(P,g) as follows. Let
Qe Q% (P,g) and p € P. Let v1,v9 € T,P be such that dr(p)vy, dr(p)vs
is a positively oriented orthonormal basis of 7,% w.r.t. dvols(.,j.). We de-
fine (¥Q)(p) := Q,(v1,v2) € g. Let EG be a contractible topological space
on which G acts continuously and freely from the left. (Such a space ex-
ists for any topological group and therefore for any Lie group. For the case
that G is a Lie subgroup of U(k) for some k € N see e.g. [10].) Let Y
be a topological space on which G acts continuously. Then the action of
G on Y and EG defines a “simultaneous” action on Y x EG. We define
Y ¢ EG := (Y x EG)/G and denote the equivalence class of an element
(x,e) € Y X EG by [z,¢e] € Y xg EG. The equivariant homology and coho-
mology of M are defined by

HY(M,Z) := H.(M x¢EG,Z),  HL(M,Z):= H* (M xg EG,Z).

This definition does not depend on EG in the sense that given two con-
tractible spaces EGy, EGy on which G acts freely then H,(M xg EGy,Z) =
H.(M x¢ EGsy,Z) and similarly for H*. Let 6 : P — EG be a continuous
equivariant map. (Such a map exists, it is a lift of a classifying map of P.)
Let w : P — M be an equivariant map. We define ug : ¥ — M xg EG
by ug(z) := [u(p),0” (p)], for = € 3, where p € m'(2) is arbitrary. The
equivariant homology class of u is defined by
[ = [ug] € HS (M, Z).

The functional YMH can be rewritten as

= 1
yMH(u,A) = / (]8J7A(u)|2+§] *FA—F,UOU‘Q) dvols,
2
+ topological term. (33)

Here xFy € Q2 (P,g) = CF(P,g) is defined as above. The “topological

term” is a term depending only on w, u and [u]g. (It is the contraction of

the equivariant cohomology class [w — pu] and [u]g, cf. [2].) Consider the
symplectic vortex equations

Dya(u) =0, (34)

*Fy +pou=0. (35)

Since the integrand in (33) is always nonnegative, any solution of (34,35) is

a minimizer of Y MH in its equivariant homology class. A solution (u, A) of
these equations is called a symplectic vortez.
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Remark 4.29 Recall statement (A) of Proposition 4.22 which says that the
Cauchy-Riemann equations for a map f : ¥ — M are equivalent to equation
(28) for alift u : P — pu=1(0) of f. Consider now u as a map from P to M and
interpret equation (28) as an equation for a pair (u, A) € C (P, M) x A(P).
Then (28) corresponds to the two equations

Ojalu) = 0, (36)
p(u) = 0 (37)

Note that equations (34,35) are almost the same as equations (36,37). The
only difference is the curvature term *F4 in the second equation.

Let B € H(M,Z) be an equivariant homology class and let b € Hy(BG)
be the pushforward of B under the map M xg EG — BG, [z,e] — [e].
There is a principal G-bundle P over ¥ and a continuous equivariant map
u : P — EG, such that for the induced map @ : ¥ — BG we have [a] = b.
Any two bundles P for which such a map u exists, are isomorphic. (See [2],
proof of Proposition 2.1.) Let P be such a bundle. We define

MY p = {(u, A) € C(P, M) x A(P)|(34), (35), [ulc = B}.

The gauge group G(P) acts on /\7}, p.p as in (24). We denote the quotient
by
Mb,B,P = M}],B,P/Q<P)'

In favorable cases, M 5 , carries a natural structure of a smooth closed

oriented manifold. (In general, one has to modify the definition of M\}, B.P
to make this true. Namely, we have to replace J by a family {J.}.,ex or
alternatively introduce a Hamiltonian perturbation. Furthermore we have to
restrict to the subset of irreducible vortices (u, A). (See [3].)) The dimension
of M}LB,P depends only on M,w, i, %, B, but not on J. We denote this
dimension by d(M,w,u, %, B). (For a formula for d(M,w,u, >, B) see [3,
5].) Let po € P and let G,,(P) be the set of all gauge transformations
g : P — G such that g(py) = e. For (u, A) € ./(/l\J7B7p we denote the orbit of
(u, A) under the action of G, (P) by [u, A],, = G, (P)*(u, A). Heuristically,
the quotient M\}7B7P/QPO(P) is a principal G-bundle over M} p. Let O :
/(/l\}] B.p/9p(PP) — EG be a continuous equivariant map. (Such a map exists,
since it is a lift of a classifying map of the bundle /T/l\lJ B.p/9p(P).) We define
the evaluation map evyp pe : Mjpp — M xg EG by

eVJ,B,P,@([UJ A]) = [u(p0)7 6([u7 A]Po)]'
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We denote by (M} g p| € Haarwpn) (M p p,Z) the fundamental class and
by —: H (M} g p) x H™ (M} 5 p) — HF™(M} 5 p) the cup product. Note
that for any o € Hj(M,Z) the pullback cohomology class (ev;ppe)‘a €
H*(M} g p,Z) is independent of © and of py € P.

Working definition 4.30 Let (M,w) be a symplectic manifold, let G be a
compact connected Lie group which acts on M in a Hamiltonian way with
moment map p, let (X, 7) be a closed connected Riemann surface and let k €
Ny. Furthermore, let B € HY (M, Z) and let P be a principal G-bundle over ¥
whose isomorphism class is determined by B as above. The symplectic vortex
invariants of (M, w, u, B) with k fixed marked points are the map @,ﬁfgjg :
(HL(M,Z))* — Z defined as follows. Fori=1,...,k let o; € Hj(M,Z) be
an equivariant cohomology class. If Zle dega; = d(M,w, u, ¥, B) then we
define

(I)i\il’é‘:’;(al, R ,Oék) = <(€VJ’B’p,@)*Oél — L (eVJ7B7P7@)*Ckk, [M}LB,PD'
(38)
Otherwise @%gg(al, ..yap) = 0. Here J is any G-invariant w-compatible

almost complex structure on M, © : ./Q}LB’p/QpO (P) — EG is an equivariant
map for some pg € P and ev;ppe : Mg p — M xgEG is defined as above.

Remark 4.31 As for the Gromov-Witten invariants, some assumptions have
to be made to make this definition rigorous. Additionally, one has to replace
J by a regular family {J.}.ex or introduce a regular Hamiltonian perturba-
tion (see [3]). With these modifications the invariants is well defined, since
by a bordism argument as for the Gromov-Witten invariants the right hand
side of (38) does not depend on J.

Remark 4.32 The symplectic vortex invariants can be interpreted as fol-
lows. For ¢ > 0 let M¢ be the manifold with boundary

M®:={x e M||p(z)] <c}.

Under some ”convexity at infinity” assumption there is a constant cq > 0
such that for any solution (u, A) of (34,35) the image w(P) is contained in
M. We assume that ¢ > ¢y. There is a closed finite dimensional manifold
EG such that the following holds. There exists an injective continuous map
t : EG — EG, G acts smoothly and freely on EG and for any point py € P
there is a smooth equivariant map ©,, : M} 5 p/Gy, (P) — EG. (EG can be
thought of as a finite dimensional approximation of EG. Note that unlike
EG, EG is not contractible.) Let z; € ¥, ¢ = 1,..., k be distinct points. Let
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i=1,...,k Let p; € 7 (2;) and let O, be as above with po = p;. We define
the evaluation map év; : M} 5 » — M° X EG by

é{fz([l% A]) = [u(pl>7 él([uv A]Ih)]

Let now a; € HE(M,Z) be such that - dega; = d(M,w, u, %, B). We
denote by g, : M¢ x¢ EG — M X ¢ EG the map induced by the inclusions
M¢€ gMandL:E\éHEG. Fort:=1,... klet N; QMCxliébeacompact
oriented submanifold (with boundary) that represents the Poincaré dual of
(t&)* . (By replacing «; by a rational multiple, analogously to fact 3.25, we
can assume that there is such an N;.) Assume that ev; is transverse to N,
fori=1,...,k. Then

@f;;(al, o) =#{(u, A) € M}LB,P levi(lu, A]) € Ny, i =1,...,k}.
(39)
Here # means the number of elements with an appropriate sign. This is seen
as follows. Let ¢+ = 1,..., k. We define

ev; 1= (15 0 €ev; ¢ Mb,B,P — M xqs EG.

Consider the closed oriented submanifold &v; ' (V ) C Mjp p. Since [N;] =

PD((1&,)* ;) the Poincaré dual of [év; ' (N;)] € H,(M Y.B.p» L) agrees with
vy (1g) i € H* (M g p, Z) modulo torsmn (see for example [1]). Therefore

(19241;”2“(041, cap) = (eviar— . o—eviag, (M) p))
= (eVi(tg) on — ... — evi(eg) ay, [M}LB,PD
= (PD(&;' (M) — ... — PD(& (N), M)
= #PD(PD(ev; (M) — ... — PD(¢v; ' (Ny)))
= eV (N)] - [evi (Ni)))

= #(&v (V) N -ﬂe~v;1<Nk)>-

In the forth and the fifth line # : HO(M}LB,P» 7) — Zis defined by #a := #5,
where S C M}] p.p 18 any finite signed set representing a. This proves (39)
under the assumption that M} 5 p is a smooth closed oriented manifold.

4.4 Relation between the Vortex Invariants and the
Gromov-Witten Invariants

Let (M,w) be a symplectic manifold, let G be a compact connected Lie group
that acts on M in a Hamiltonian way, let J a G-invariant w-compatible al-
most complex structure and let 3 = S?. Assume that pu: M — g is proper,
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so u~1(0) € M is a compact submanifold. Furthermore suppose that G acts
freely on ~1(0), so the symplectic quotient (M, w) is well defined and M
is compact. Let k € Nj. Recall that our motivational goal is to compute
the Gromov-Witten invariants with k& marked points of the symplectic quo-
tient (M, ). These invariants count J-holomorphic curves in M that satisfy
certain conditions. In subsection 4.3 on the other hand I have introduced
invariants of the Hamiltonian group action that count equivalence classes of
symplectic vortices satisfying some conditions (see Remark 4.32). In this
subsection we will see how the two invariants are related to each other and
how the symplectic vortex invariants of (M,w, ) can be used to compute
the GW’s of (M, ). Finally, I will shortly explain the geometric idea of the
proof of this relation. It uses the correspondence established in subsection
4.2. Tts “hard” ingredient is an adiabatic limit argument.

Let ¢ : p=1(0) — M be the inclusion map and let 6° : =1(0) — EG be a
continuous equivariant map. We define

lg: M — M xqgEG = (M x EG)/G, v () = [u(z), 0°(2)],

where x € m;'(Z). The induced maps . := (1q). : H.(M,Z) — HE(M,Z)
and k' = 15 : HY(M,Z) — H*(M,Z) are called the Kirwan homomor-
phisms. The following theorem establishes the correspondence between the
Gromov-Witten invariants of M and the symplectic vortex invariants.

Theorem 4.33 Let B € Hy(M,Z) and o, ..., € H5(M;Z). We define
B :=kB and &; := ka;, © = 1,...,k. Then under some assumptions on
(M,w, p) and on the degrees of v, i =1,...,k (cf. [5]) we have

Oy, o) = GW (@, . ). (40)

Remark 4.34 Recall that d(M,w, i, S?, B) equals the dimension of the man-
ifold MY 5 p (pretending that it is a manifold), where .J is any G-invariant
w-compatible almost complex structure. In order for the left hand side of
(40) not to vanish, the cohomology classes «; have therefore to satisfy the
dimensional condition Y | degay; = d(M,w, u, S, B). Similarly, the right
hand side of (40) can only be nonzero if Zle dega; = d(M,w, B), where
d(M,o, B) = dim M + 2{c;(TM,®), B), cf. formula (5). It turns out that if
k. B = B then
d(M,w,u,S* B) =d(M,o, B).

Therefore, the dimensional condition for the left hand side of (40) is satisfied
if and only if the dimensional condition for the right hand side is satisfied. So
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we can already see that the theorem holds in the case that the dimensional
condition for one of the two sides of (40) is not satisfied, since then both
sides are automatically 0.

Kirwan proved that x : H,(M,Z) — HY(M,Z) is injective and x' :
HY(M,7Z) — H*(M,Z) is surjective (see [14]). Therefore, if the assumptions
of Theorem 4.33 are satisfied and if we are able to compute the vortex in-
variants of (M, w, i, S*) then we can use this theorem to obtain the Gromov

Witten invariants of (M, ). In the case of certain torus actions on C”, this
program has been carried out in [4].

The idea of proof of Theorem 4.33 is the following. Let B € Hy(M,7Z),
B = kB and let Py be a principal G-bundle whose isomorphism class is
determined by B (see the proof of Proposition 2.1. in [2]). For e > 0 consider
the equations

dya(u) =0 (41)
ex Fa+pou=0. (42)

For ¢ = 0 these are the equations (36,37), whereas for ¢ = 1 we get the

symplectic vortex equations (34,35). Let 0 < e < 1. We define MG p to
be the set of solutions of (41,42) such that [u]¢ = B and denote MG p =

A3757P0/Q(P0) . Note that for ¢ = 0 it follows from the fact that x, :
Hy(M,Z) — HS(M,Z) is injective that

MJ,B,PO — MzLByPO’

o

where MY 5, is defined as in (26). Therefore

M?I,B,Po = Mg,B,Po/g(PO) = M\g,B,PO/g<P0) = M(},B,Po'

There are invariants @ 5 : (Hg(M, Z))" — Z associated to M\Z,B,Po- They
are defined analogously to ®"# (Working definition 4.30), but with Mip,
replaced by MG g p,. Let oy € H5(M,Z), i =1,...,k besuch that S dega; =
d(M,w, u, S?, B). For €,¢ > 0 a bordism argument shows that

L plan, ... o) :<I)2/7B(a1,...,ak). (43)
Now let a; ;= rk'ayy, 2 =1,...,k. Then

GW,Q{B(al,...,ak) =) g(ar, ..., o). (44)
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This is seen as follows. Let év; : Mz — M be defined by ev;(f) := f(z).
Assume w.l.o.g. that the Poincaré dual of &; can be represented by a closed
oriented submanifold N; C M. Consider the closed oriented submanifold
ev; ' (N;) € Mjp. Modulo torsion, its homology class is Poincaré dual to

evia; € H*(/{/IVJJ;, Z). Therefore

GWY5(ar,...,an) = #(evi (M) N...Nevy )

(V)
= #([e‘vfl(Nl)]~ - Jevi (V)
= #(PD(eviay) - ... -PD(eviax))

= #PD(eviag — ... — eviay)

= (6Viay — ... — éViay, [M(LB]). (45)

Here # : Ho(.//\_/lvj7B,Z) — Z is defined by #a := #5S, where S is any finite
set representing a. Let 6° : 4=*(0) — EG be a continuous G-equivariant
map. Denote by ¢ : 4~1(0) — M the inclusion and by 1 : M — M xg
EG the map induced by ¢ and €°. Let z; € ¥, i = 1,...,k be distinct
points and choose p; € 7 1(2;), i = 1,...,k. Let i = 1,...,k. We define
O, M\JB Po/gp (Py) — EG by 0,([u, A]pz) := 0%(u(p;)). Furthermore, we
deﬁne evy : MYpp — M xg EG by ev)([u, A]) = [ (pi), ©:([u, A]p,)]. By
Proposition 4.22 the map F' : MJB Py = MYpp — M R, 8iven by [u, A]

@ is a bijection. Assume that it is in fact a diffeomorphism. Then PD F* =

F*PD. Furthermore,

ev) =1goev;o F (46)

and therefore F*ev;if; = (1goev;0 F)* = (ev))* : H4(M,Z) — H* (MY 5 p).
Recall also that a; = xk'a; = 15, By (45) we have

Vi — ... — éViQy, [/\A/l/ig])

F(eviag — ... — eviaw), MY 5 p))

(

(

(F*eviag — ... — F*eviay, [M97B7P0]>
(Frevigan — ... — Frevigon, IMY 5 p,)
(

= ((ev]) ar — ... — (evp) an, M5 p ])
= D) glou, ..., o). (47)

This implies (44).
The main step in the proof of Theorem 4.33 is now to prove that for some
e>0

@27B(a1,...,ak):<I>Z,B(a1,...,ak). (48)
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If this is true then (44) and (43) imply

GW%B(OYL...,OY;C) = (1)273(041,---,0%)
= @Z’B(al,...,ak)
= (1)11@3(0417---70%)

and this will imply the theorem. The very general idea of proof of (48) is
the following. Let 0 < e < 1. Then as in Remark 4.32 there are equivariant

=

maps OF : MG g p,/Gp,(Fo) — EG, i = 1,...,k and there is an evaluation
map €vjpgp e © Mipp — M Xg EG. Here for ¢ > 0 M¢ := {z €
M ||p(z)] < c}. The constant ¢ > 0 and the manifold EG can be chosen
independently of 0 < e < 1. Let (i, : M° xg EG — M X EG be the map
induced by the two inclusions. Assume that for ¢ = 1,...,k there is an

oriented submanifold (with boundary) N; C M€ xg EG that represents the
Poincaré dual of t*«; and is transverse to ev;. Let

ileA..xNk = (®§>_1(N1) n...N (&2)_1(]\@ - MGJ,B,PO'
Then as in Remark 4.32

O plan, s o) = #F My sy

So it suffices to show that there is a (sign preserving) bijection MY , . n, —
Ny x..xN,- Lhis bijection is established by proving that for ¢ > 0 small
enough for every [u, A] € MYy, there is a unique “near” class [u, A] €
N1 x..xn, and vice versa. (One can choose the maps o : .//\/l\f]’B’PO/gpi (Ry) —
EG for € > 0 in a “compatible” way so that é§ is “near” to (:j? for small
¢ > 0. Note that the domains of ©Y and ©f are different.) The argument

to establish the above bijection is called an adiabatic limit argument. 1t has
been carried out by R. Gaio in her PhD thesis [6].
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