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The goal of this diploma thesis is to prove Floer-Gromov-compactness for
a sequence of Floer connecting cylinders in compact symplectic manifolds.
Since we only assume an energy bound on such a sequence, bubbling can
occur. This leads to the definition of a stable Floer connecting orbit, which
is based on the definition of a stable map for pseudoholomorphic spheres
given by H. Hofer and D. Salamon. We will also define the notion of Floer-
Gromov-convergence to a stable Floer connecting orbit.
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1 Preliminaries

1.1 Notation

For a real number € > 0 and a subset A C R? we define U, (A) := B(s,t
(s,t)EA

and for a (Lebesque-)measurable A C R? we denote by |A| its Lebesque mea-
sure.

If convenient, we will think of a point (s,t) € R? as a complex number and
write (s,t) = s + it € C. Furthermore we denote by

S :=[0,00) +i[0,1] ={s+ |0 < s < o0, 0 <t <1}
the half strip and

S := [0, 00), 015 :=[0,00) +1.

Throughout my diploma thesis subsequences of sequences are indexed by
the same index.

Let 3, M be manifolds, U C ¥ an open subset and v”, u : 3 — M be smooth
functions. We say that the sequence (u”),en converges to u, u.c.s. on U, if
it converges to u in the C*°-topology, i.e. uniformly with all derivatives, on
compact subsets Q C U.

Let (M,w) be a symplectic manifold and H € C*°(M) a smooth function.
We denote by Xy € Ham(M,w) the Hamiltonian vector field generated by
H, i.e. the vector field defined by

dH =1 XpgW
Furthermore for a smooth time dependent family of Hamiltonians { H; }1er C

C>®(M) we define the flow {t/ };cr C Dif f(M,w) by

P§' = id, (1)
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Sl = X[ oy 2
An w-compatible almost complex structure J € J(M,w) induces a metric
g7 on M defined by ¢;(&,n) = w(&,Jn), £n € T,M, p € M. For a smooth
family {J; }ter C J(M,w) we abbreviate g; := gy, €|t := /g:(&,€) and
denote by d* : M x M — [0,00] the distance function induced by g;. Fur-
thermore for a point 9y € M we denote by ewpfuo the exponential map. If
it is clear from the context, what is meant by d, g, exzp,,, we will drop the
superscript .

1.2 Introduction

This introduction follows closely the one in [13].

The Arnold conjecture

Let (M,w) be a compact symplectic manifold and H; = Hy11 : M — R
be a smooth time dependent 1-periodic family of Hamiltonian functions.
Consider Hamilton’s differential equation

#(t) = Xp, (z(t)), VteR (3)

The fixed points of the time-1-map % are in one-to-one correspondence
with the 1-periodic solutions of (3) and we denote the set of such solutions
by

PH) = {z € C®(M)|z(t + 1) = z(t), (3)}

A periodic solution z is called nondegenerate if

det(idy(o) — Ao (2(0))) # 0. @)

The Arnold conjecture asserts that in the nondegenerate case the number
of 1-periodic solutions should be bounded below by the sum of the Betti
numbers of M.

Conjecture 1.1 (Arnold) Let (M,w) be a compact symplectic manifold
and Hy = Hyy1 : M — R be a smooth time dependent 1-periodic Hamil-
tonian. Suppose that the 1-periodic solutions of (3) are all nondegenerate.
Then

2n
#P(H) > dim Hi(M,Q),

i=0
where H;(M,Q) denotes the singular homology of M with rational coeffi-
cients.
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The Arnold conjecture (in the above form) has now been proved in full gen-
erality. In [1] Floer proved it for monotone symplectic manifolds. His proof
was extended by Hofer-Salamon [3] and Ono [11] to the weakly monotone
case, and by Fukaya-Ono [2], Liu-Tian [8] and Hofer-Salamon [4, 5, 6, 7] to
the general case.

Floer defined some homology, which afterwards was named after him, to
prove the Arnold conjecture in the monotone case. I will give the idea of
this homology. Let us first define when (M, w) is monotone:

Since the space J (M, w) of w-compatible almost complex structures is nonempty
and contractible, the first Chern class ¢; := ¢1(TM,w) = 1(TM,J) €
H?(M,Z) is independent of the choice of J € J(M,w). We can therefore
define:

Definition 1.2 A compact symplectic manifold (M,w) is called monotone,
if there is a real number T > 0 such that

/ v*ey :7'/ v*w, (5)
52 52

for every smooth map v: S? — M.

Given a monotone symplectic manifold we can always attain 7 = 1 by mul-
tiplying w by 7. Therefore we assume henceforth that for any monotone
symplectic manifold the above constant 7 equals 1.

Symplectic action

Let (M, w) be a compact symplectic manifold that is monotone (with 7 = 1).
By a loop in M we mean a smooth 1-periodic z : R — M. We denote by

LoM = {z € C*°(R, M)|z(t + 1) = z(t), = contractible}

the space of contractible loops in M. A tangent vector ¢ to LoM at such a
loop z is a vector field along z, i.e. £ is a smooth map & : R — T'M which
satisfies £(t) € Tyy)M and £(t + 1) = £(t) for £ € R. We denote the tangent
space of LoM at x by T,LyM. The contractible 1-periodic solutions of (3)
can be interpreted as the critical points of the (circle valued) symplectic
action functional on LyM, which we will now define:

Let H, = Hyy1 : M — R be a 1-periodic Hamiltonian. Then we define the
1-form Vg : TLoM — R by

Vpr(2:6) = /0 wli(t) — Xp, (x(t)), £(8)) dt

for £ € T,LyM. The zeros of this 1-form are precisely the 1-periodic so-
lutions of (3). Uy is closed but in general not exact. However, it is the
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differential of a circle valued function ag : LoM — R/Z. Let x € LoM.
Since z is contractible there is a smooth u: B:={z € C: |2| <1} - M

such that u(e?™™) = z(t) for t € R. The symplectic action of z is now
defined by

1
o) = —/Bu*w _/0 Hy(«(t))dt + Z € R/Z

Since we assume that (M,w) is monotone with constant 7 = 1 by (5) we
have fSZ v*w € Z for every smooth map v : §2 — M and therefore ay(z) is
welldefined. The following lemma is proved in appendix A.1.

Lemma 1.3 Assume that (M,w) is monotone. Then the I-form Uy €
QY(LoM) is the differential of ag,

Uy =dag.

Negative gradient flow lines and Floer connecting cylinders

Floer’s idea is to carry out Morse theory for the symplectic action functional
in analogy to the Morse-Smale-Witten complex in finite dimensional Morse
theory. Therefore we want to study the gradient flow lines of the action
functional ay : LoM — R/Z. For this we must choose a metric on the loop
space LoM. Let {Jihier C J(M,w) be a smooth family of w-compatible
almost complex structures with J;11 = J;. Then for x € Ly M this induces
a metric on the tangent space TpLoM = C®°(R/Z,x*T M) given by

en = (€@ ()t € € ToLoM. ©)

The gradient of ayy with respect to this metric is given by

(gradap (z))(t) = Jy(z(t)) (£() — Xp, (=(2))) (7)

A negative gradient flow line of ay is a smooth 1-parameter family of loops
R — LoM : s — ug that satisfies Osus + gradag(us) = 0. We denote by

Po(H) := {z € C®(R, M)|z(t + 1) = z(t), (3)}

the set of critical points of ag. The idea of Floer Homology is to define a
chain complex

CF(H) = GBZEG’PO(H)ZQ‘T

and a boundary operator 0 : CF(H) — CF(H) by counting (modulo 2)
gradient flow lines connecting two critical points 2= and z .

In view of the formula (7) for graday we can interpret gradient flow lines
as solutions of the partial differential equation
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65u + Jt(u) (8{21, — XHt (’U,)) = 0, (8)
u(s,t+ 1) = u(s,t) (9)

for a smooth map v : R2 — M. In the case where u(s,t) = z(t) is inde-
pendent of s, this reduces to Hamilton’s equations (3). In the case where
H; =0 and J; = J this is the equation for a J-holomorphic curve.

In order to show that the boundary operator 0 is welldefined, one needs the
following compactness result: Given a sequence of solutions u”,v € N of (8),
(9) with

sup E(u”) < oo,

veN
there is a subsequence that converges to some, till now undefined, object.
The task of my diploma thesis is to define this object, which I will call a
stable Floer connecting orbit, to define the notion of convergence to a stable
Floer connecting orbit and to prove compactness in the above sense. This
will be done in sections 2, 3 and 4.

Let us return to equations (8), (9). We can always get rid of the term X g, (u)
in (8) by the following trick: Let K; = K1 : M — R be a smooth family
of functions, denote its flow by 4, := 9 and define

u'(s,t) == 4 (u(s, 1)), (10)
Jj = gy, (11)

Then u solves (15) iff u’ solves

Osu' + J; (O’ — X gy (u')) = 0. (13)

If we set K; := Hy then H; and therefore the term Xy (u') vanish. On the
other hand the disadvantage of this trick is that ' is no longer periodic, but
satisfies the twist condition

¢f{(u'(s,t +1)) = u'(s, 1), (14)

Furthermore for a general K; with K;1 = K; the families J},t € R and
H},t € R are not periodic, but the they satisfy the conditions J/ ; = ¢{*J]
and Hj,, = y{"*H].
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Remark 1.4 Since 9Xg J; = g¢ the symplectomorphism ¥ pushes forward
geodesics with respect to g . to geodesics with respect to g; and therefore

the distance d”t(p',¢'), equals dt (X (p'), pE (¢')) for p', ¢’ € M.

In the rest of this diploma thesis we consider more generally Floer’s equa-
tion with the twist condition given by any symplectomorphism. So let
¢ € Dif f(M,w) be a symplectomorphism and J; € J(M,w) and H; €
C*®(M,R) satisfy Jyr1 = ¢*J; and Hyyy = ¢*Hy. We consider Floer’s equa-

tion

Osu + Ji(u)(Opu — Xg,(u)) =0, (15)

with the twist condition

d(u(s,t+ 1)) = u(s,t). (16)

Furthermore we define

P(H, ¢) :={z € CF(R, M)|z(t) = X, (2(t), d(z(t+1))=z(t)}

For a solution z of Hamilton’s equation (3) the following are equivalent:

(i) p(z(t+1)) = z(t), t € R
(ii) z(0) € Fix(¢ o ).

The nondegeneracy condition (4) is therefore replaced by the condition

det(idy — dp(¢ o p1")) # 0 (17)
Throughout this Diploma thesis I will assume the

standing hypothesis (H1): The fixed points of ¢po1¥ are nondegenerate,
i.e. if p € M with ¢ o 9! (p) = p then (17) holds.

Remark 1.5 Let (M, g) be a compact manifold with a Riemannian metric
and ¢ € Diff(M) be a diffeomorphism. Denote by d, the distance function
with respect to g. Assume that the fixed points of ¢ are all nondegenerate.
Then there is a constant C' := C(M, ¢) > 0 such that for every p € M the
following holds.

If min{d,(p,z)|z € Fix(¢)} < oo, then
min{d, (p, )| € Fix(¢)} < Cdy(p, 4(p)). (18)
Let now = and z= € P(H, $). A smooth function u : R? — M is called a

Floer cylinder connecting z~ with z, if it solves Floer’s equation (15),
(16) and in addition
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u(s,t) = % (t),
Osu(s,t) = 0,
We denote by M(z~,z",J., H.,$) the set of all Floer cylinders connecting
z~ with 1 and abbreviate M(z~,z%, J.,¢) := M(z,zT,J,0, ).
On R? we define the equivalence relation (s,t) ~ (s',#) : &= s=3s, t —
t € Z, (s,t),(s',t') € R2. We denote the equivalence class of (s,t) by
[(s,t)] = [s +it] = [s,t]. There are natural diffeomorphisms

R?/ ~— RxR/Z - Rx S
[s,t] = (s,t+Z)— (s,€%m)

} s — %00, uniformly in ¢ € [0, 1]. (19)

Remark 1.6 If ¢ is the identity on M, then given a function v : R? —
M satisfying (16) the function @ : R x S' = R?/ ~, [s,t] = u(s,t) is
welldefined. In the general case where ¢ may be different from the identity
we modify this definition in the following way:

We define an equivalence relation on M x R by (¢(p),t) ~ (p,t+ 1), p €
M, t € R and denote the quotient space by M := M x R/ ~ and the
equivalence class of (p,t) by [p,t]. Consider the action

(MxR)xZ— MXxR, ((p,t),n)— (¢"(p),t —n)

then M is the orbit space M x R/Z. For a function z : R — M that
solves the twist condition ¢(z(¢t + 1)) = z(t) the induced function % :
S' >~ R/Z — My with Z(t + Z) = [z(t),t], t € R is welldefined. For
u : R2 — M solving the twist condition (16) the induced function @ :
R x S' 2 R?/ ~— My, a([s,t]) := [u(s,t),] is welldefined.

1.3 J-holomorphic curves

Let 3 be a two-dimensional manifold, 7 a complex structure on 3, M a
manifold of even dimension, J an almost complex structure on M and w :
3. — M be a smooth function. Then u is called J-holomorphic, if

J(u(z)) odu(z) = du(z) o j(z), =z€ 2. (20)

1.4 Energy
Definition 1.7 (Energy of ”cylinders”) Let J; € J(M,w), t € R be a

smooth family of w-compatible almost complex structures and Hy € C*(M), t €

R be a smooth family of Hamiltonians Let u : R2 — M be a smooth map
and U C R? be a measurable subset. The Energy of u on U is defined by

E(wU) :=E;p(wU):= %/U (10sul? + [Opu — X, (w)|7) dtds € [0, 0]
(21)
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Furthermore we define E(u;I) := E(u;I x (0,1)) for any measurable I C R
and write E(u) := E(u;R x (0,1)).

Remark 1.8 If u : R? — M solves Floer’s equation (15), then its energy is
E(u;U) = / |Osu|?dsdt
U

Remark 1.9 Since g;11 = ¢*g; and |0su(s,t)|y = [Osu(s,t + 1)|¢41 for u :
R? — M which satisfies the twist condition (16), the energy is invariant
under translation in ¢-direction by an integer, i.e. if U’ := U + (0,n) :=
{(s,t +n) € R?|(s,t) € U} for some n € N then E(u;U’) = E(u;U).

Remark 1.10 Let u : R? — M be a smooth function. Then the energy of
u' with respect to J', given by (10), (11) is equal to the energy of u with
respect to J;. For the case K; = H; this is seen as follows:

fU (Osu, Opu — X g, (u))
- fU dqptHa u! dqptHatu)
= fU |asul|3;dtd8 = EJ’(UI;U),

Now let ©¥ : R2 — M be a sequence of smooth maps and z € R%. If the
following limits exist we define the mass of {u”},cn at z

mym.({v"}ven, 2) = gg% Vli_{go Ej . (u”; Be(2)), (22)

If it is clear from the context, what J; and H; are, we drop these subscripts.
Furthermore we define for z := 400 if the limits exist

m({u e, 2) = {limR_}oo lim, 00 Ej g (u”; (R,00) % (0,1)), z = 400,

veR» =/ limp_ 00 limy, 00 By g, (u”; (—00, —R) x (0,1)), 2 = —o0.
Definition 1.11 (Energy of spheres) Let M,w be a symplectic manifold,
J an w-tame almost complez structure on M and U C S? be a measurable
subset. The energy on U of a smooth map u : U — M is defined as the
L?-norm of the 1-form du € Q' (S?,u*TM):

1
By (wU) = /S ldu(z)dvole, (23)

Here |.|; denotes the following norm on Hom(T,S? T,M):

Ll = ¢ 1LCB + 1 EGs: O, (24)
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where 0 # ( € T,S?, is arbitrary, for z € S?, p € M. jg := S*i is
the pullback under the stereographic projection S of the standard complex
structure i on CU{oo} to the sphere S%. The right hand side is independent

of €.

Remark 1.12 If u : S> — M is J-holomorphic then its energy on S? is
Ej(u;§?) = [42u*wdvolg: =: E(u). This is independent of the almost
complex structure J.

Remark 1.13 Let u : C — M be a smooth function. Then
|d(S*u)|%dvolg> = S* ((|0sul’ + |0ul3)ds Adt), and therefore

1
B(sut) =5 | o, (05034 0003 dsdt = Byt S0)),

and therefore the definitions 1.7 and 1.11 agree in the case J; = J and
H; = 0 if we identify u : R? - M with S*u =uoS:5?\ {0} — M.

For an w-compatible almost complex structure J € J(M,w), a sequence
u” : 82 — M of smooth functions and z € S? we define, if the limits exist:

my({u”}ven, z) = lim lim E;(u”; B.(z)) (25)

e—>0v—o0

Proposition 1.14 Assume (H1). Let u : [0,00) x R = M be a solution of
(15), (16). Equivalent are:

(i) u has finite energy,
E(u;[0,00) x [0,1]) < o0.
(ii) There is a ©o € Fiz(¢ o) such that
. _ H . _
Jim u(s, ) = 9;" (z0),  lim Osu(s,t) =0, (26)
uniformly in t € [0, 1].

(7it) Osu decays exponentially with all derivatives, i.e. there are a § > 0 and
c1,C2,... > 0 such that for every s > 0 and every k € N

1185l ¢ (s 00y x[0,1]) < ke (27)

Remark 1.15 Conditions (ii) and (iii) are independent of the choice of
the Riemannian metric. Furthermore since ¢*g; = ¢¢1+1 condition (ii) is
equivalent to the following

d'(u(s,t), % (29)) = 0, |Bsu(s,t)|s — 0,
uniformly in ¢ € R.
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Our proof of this proposition uses the following result:

Proposition 1.16 Let M be a smooth manifold, {J;}o<i<1 a smooth fam-
ily of almost complex structures on M, and LoM and L1 be closed (not
necessarily compact) transverse submanifolds of M such that Ly is totally
real for Jy and Ly is totally real for Ji. Furthermore assume that for each
intersection point p € Ly N Ly there is a nondegenerate skew form

TpyM x T,M — R : (v,w) — wp(v, w)
that renders each of the subspaces T,Lo and T,L, Lagrangian, and such that
the form
TpoM x T,M = R : (v,w) = wy(v, Je(p)w)
is symmetric positive definite for 0 <t < 1. Letu: S =[0,00)+1:[0,1] - M
satisfy

Osu + Jy(u)dyu = 0,
u(0pS =[0,00)) C Ly, u(01S =[0,00) +14) C L.

Then the following are equivalent.

(I) u has finite energy:

E(u) := / |0sul* < oco.
S
(II) The limits

p:= lim u(s,t), 0= lim Jsu(s,t)

§—0Q §—00

exist uniformly in t € [0, 1].

(III) Osu decays exponentially in the C* topology, i.e. there are positive
constants € and c1,ca, ... such that, for all s and k,

|10sull gk ([s,00)x[0,1)) < crE -

Proof: See theorem A of [12]. O

Proof of proposition 1.14: Note that w.l.o.g.we can assume that H; =
0. This is seen as follows: By remark 1.10 condition (i) is equivalent to
Ejp (u') < oo, by remark 1.4 condition (ii)/ (iii) is equivalent to the same
statement with u replaced by u’ and ¢ replaced by ¢’ := ¢ of. So assume
Ht =0.

We define
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M:=M x M,

o=wo (v e, o((§). (M ))=wlem - olem)

Jo=Jpx (=) € T(M, ), J(é) a (‘fﬁi@)’

(g)(z;) € T, € M,

R s+it
4:8 = M, s+it— (“( 2“)),
u

Lo == {(p,p)lp € M}, L1 :={(p,(p))lp € M} C M.

Since we assume (H1), Ly and L; intersect transversally.
Now condition (i) is equivalent to (I) with E,u replaced by E_ ;, since

11
Furthermore (ii) is equivalent to (II) and (iii) is equivalent to (III) with u
replaced by 4. Therefore applying proposition 1.16 with M replaced by M ,
w replaced by w, J; replaced by jt, u replaced by 4 and with Ly, L, as above
proves proposition 1.14. O

E(;,,j('a; [0’ OO) X [0’ 1]) = Ew,J(u; [Oa OO) X [

Theorem 1.17 (Removal of singularities) Let (M, w) be a compact sym-
plectic manifold, J € J.(M,w) be an w-tame almost complex structure,
r>0, z€ Candu: B.(2)\ {2} = M a J-holomorphic curve with finite
energy

E(u; By (2)) < oc.

Then u extends to a smooth map B,(z) — M.

Proof: See theorem 4.1.3 of [9]. O

Proposition 1.18 (Quantization of energy for J-holomorphic spheres)
Let (M,w) be a compact symplectic manifold and J € J(M,w) an w-tame
almost complex structure. Then:

(A) There ezists a constant ¢ := ¢(M,w,J) > 0 such that the following
holds.

Ifu:8*— M is a J— holomorphic sphere, then E(u) > c. (28)
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(B) Furthermore the constant ¢ can be chosen to depend continuously on
J and therefore for every compact K C R and every family {Ji}iex C
J(M,w) there is a constant ¢ > 0 such that for every t € K condition (28)
holds with J replaced by J.

We define hig(M,w, J) := sup{c > 0|E(u) > ¢,V const # u € C®(S?, M), u:
J — holomorphic}.

Proof of proposition 1.17: Proposition 1.17 follows from the proof of
proposition 4.1.4 in [9]. O

There is an analogous result for Floer connecting cylinders:

Lemma 1.19 Assume (H1) and let = € P(H, $). Then:

(i) There is an € > 0 and a ¢ > 0 such that for every Floer cylinder u :
R?> — M connecting x~ with x+ and T € R the following holds.

If E(u; (T, 00) x (0,1)) < € then
|0su(s,t)| + d(u(s,t),z7(t)) < e/E(u,(T,00) x (0,1)), s>T+1,teR

(i) (Quantization of energy for Floer connecting cylinders) There
is an ¢ > 0 such that for every solution u of (15), (16) the following holds.

If E(u) < ¢ then E(u) = 0.

We define h.(M,w,{J;},{H;},¢) := sup{c > O|E(u) > cforu : R? —
M with (15), (16)}.

Since we use Gromov’s trick and the local symplectic action in the proof of
this lemma, it will be given in section 1.6, after the proof of lemma 1.23.

1.5 Gromov’s trick

Let J; € J(M,w),t € R be a smooth family of w-compatible almost complex
structures and Hy; € C*°(M),t € R be a smooth family of Hamiltonians. We
consider Floer’s equation

Osu — Jy(u)(Opu — X g, (u)) = 0. (29)

We already know from section 1 that we can eliminate the Hi;-term by a
trick that uses the flow 91, ¢ € R of {H;}4cr. But applying this trick, the
new J is still ¢~-dependent. Gromov’s trick, on the other hand, eliminates
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the Hi-term and gives a new J that does not depend ¢. It’s idea is to define
the new function u such that it takes values in the graph of the old u. It
works as follows:

Let K C R? be a compact subset. We define

M:=Kx M, @:=w+dsAdt+dHAdt € Q*(M),  (30)
0 -1 0
J € End(TM), J(s,t,p):=| 1 0 0 (31)
Xn,(p) —J¢(p)Xu,(p) Ji(p)

Then @ is a symplectic structure on M and J is almost complex and com-
patible with @. Abbreviating X; := Xp,, the metric g, j: M x M — R is
given by

!

g ag
g il 7 || 7 |) =€ - 7Xi(p), & — 7' Xi(p)) + o0’ + 77, (32)
3 ¢

for (o,7,¢), (o', 7',¢') € T;M, p € M. Tt follows that the norm of a vector
(0,7,€) € T;M is bounded below by a constant times the norm of £, more
precisely

’ 4
t
T > 33
¢ o 1 4+ maxgenm | X (q)| (33)
J

For a smooth v : K — M we define

i€ C®(K, M), (s,t)+— (s,t,u(s,t)). (34)
Then (29) is equivalent to
Oyt + J ()0t = 0
Furthermore if u solves (29) then for every measurable subset A C K
Ea,j(ﬂ;A) =FE, (v A) + |A]

Now let U C C = R? be an open, bounded subset and u” : U — M be
solutions of Floer’s equations (15), (16). We define K := U and M, @, J as
above and

@ U — M, 2+ (z,u"(2))

We will use the following remarks in the proof of Floer-Gromov-compactness
in section 4.
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Remark 1.20 Assume that z; = s1 + it1 € U is such that the mass
m j({@"}, z1) exists. Then for every small enough € > 0 the limit

Jim Ejyp ({0}, Be(21)) = lim Ej({a"}, Be(21)) - e’
exists and therefore also the mass mj g ({u”}, z1) exists and equals the mass

m;({a"}, z1).

The same argument shows that, if the mass mj g ({u”}, z1) exists, then also
m;({@"}, z1) and the two masses are the same.

Let now 9} € Aut(C) be complex automorphisms that converge to z; =
81 + it1, uw.c.s. on C. We define

wy =" oy : (yY) " (U) CC — M.

Assume that zp € C is such that the mass m j({w},22) exists. Now let
€ > 0. Since the Lebesque measure [¢} (B¢(z2))| converges to 0 for v — oo,

exists and

Jim Ej g (u”;97(Be(22))) = lim (B j( Y391 (Be(22))) — 191 (Be(22))|)
= VlggoE (@791 (Be(22)))
(@ 01/11, e(#2)). (35)

= lim F;
V—00
On the other hand, since 1] converges to s1 + it1, u.c.s. on C, we have

Jim By (u”;91(Be(22))) = lim Ej, (u”;97(Be(22)))
= hm By, (" o 9Y; Be(22)) (36)

V—0oQ

Sending ¢ — 0, it follows from equations (36) and (35) that the mass
m.,, ({u” o 91}, 2z0) exists and

my, ({u” oY1}, 20) = m;({wl'}, z2) (37)

Remark 1.21 Let 9} € Aut(C) be complex automorphisms that converge
to some z; = s1 +4t; € U, define w{ as above, let V C C be an open subset
and assume that w} converges to some J-holomorphic sphere w; : §2 — M,
u.c.s. on V. Then w; is of the form

w1 (2) = (21,v1(2)), where vy : §% — 52,

and since w; is J-holomorphic, the sphere vy is Ji,-holomorphic. Further-
more it follows that u” oy = v, u.c.s. on V.
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1.6 Local symplectic action

For a metric g on M and a point p € M we denote by €(g,p) the radius
of injectivity of the exponential map with respect to g at the point p and
abbreviate €(p,t) := €(gs,p). Furthermore for every smooth zy : R — M
with ¢(zo(t + 1)) = zo(t) we define

L(¢, zo0) :== L(g., $,z0) :={ = € C¥(R, M)|¢p(z(t + 1)) = z(?),
d"(zo(t), z(t)) < e(zo(t),t),Vt € R}.

We now define the local symplectic action Az, : L($,z9) — R as follows.
For z € L(¢,zo) we define £ € C®(R,z;TM) by emptzo(t)g(t) = z(t) and
u(8,t) := expyy;)s(t). Then the local symplectic action of z is given
by

Az (z) == —/ w(0su, Oyu — X, (u)).
[0,1]x[0,1]

Lemma 1.22 Let s1 < s be real numbers and u : [s1, s2] xR — M be a solu-
tion of Floer’s equations (15), (16)with d(u(s,t), zo(t)) < e(zo(t),t), (s,t) €
[s1,82] x R. Then

B(u; [s1, 52]) = Ao (u(s1,-)) — Azo (u(s2, ) (38)

Proof: W.l.o.g.we assume H; = 0, ¢t € R. Consider each side of (38) as a
function of s3. Then these functions agree for so = s1. Let now so > s1 be
fixed. We have to show that

d d
£|S:S2E(uv [317 3]) - _%‘5252“410(“(3’ ))

We abbreviate exp := expf, and for s € [s1, s2] we define & : R — Ty, M by
expés(t) = u(s,t) and ug(s',t') := exps’&s(t).

Claim 1 ug, satisfies the twist condition

¢(u82 (3’ t+ 1)) = Usy (S,t) (39)

Proof: This is seen as follows: Fix t € R We abbreviate ug := us,. Since
the map [0,1] 5 s — wua(s,t+1) is a g;y1-geodesic and ¢ is an isometry from
(M, gi41) to (M, g;), the map [0,1] 3 s — P(ua(s,t+1)) is a gi-geodesic. Now
[0,1] s > expsé(s2,t) is a gi-geodesic as well, with the same endpoints

eXPOE(‘SQat) = Ty = ¢(u2(07t + 1))7
exp§(s2,t) = u(sz, t) = ¢(u(sz,t + 1)) = p(uz(1,t + 1))
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Since the two geodesics stay in an €(zg, t)-ball around zg for s € [0,1] they
must be the same. This proves claim 1.

There is a § > 0 and a smooth map v : [0,1] x R — M with the following
properties:

v(0,t) = xo
v(s+1,t) = ’U(S‘I‘SQ, t), for —0<s<0, (40)
d(v(s,t+1)) =v(s,t), teR

The map [0,1] x [0,1] 5 (s', ') — v((1 — s)s’,¢') is homotopic to us,_s,
with fixed endpoints and respecting the twist condition, — § < s < 0(41)

Condition (41) is defined in the appendix, subsection A.3. Let § > 0 be as
n (41). Then it follows from remark A.2 that for —6 < s <0

A-'»CO(’U’(S + 52, )) = - -]‘[O,l]X[O,l] u:+52w
=~ Jo, sUx[o.1 ]v*w and therefore
s“ ¥ w(Byv, By)dsdt,
0 t'U S

Els=sr Azg(uls, ) = —fo (B5v(1, 1) 3,511(1 )

= fo (Osu(s2,t), Oyu(sa,t))dt
= ds|S_s2E( [81’ ] [O’ 1])

This proves lemma 1.22. O

Lemma 1.23 (Isoperimetric inequality) Let zy € P(H,¢) and ¢ > 0
satisfy

i 1), 1 42
6<tg[153}6(wo( ), 1), (42)

e < min{d"(y{ (), 2o (t))[t € [0,1],20(0) # &' € Fiz(popfl)}  (43)
Then there is a constant C := C(€) such that

e |<c(/ #(0) - Xp(a <)>|)2 (44)

for every x € L($,z0) with d'(zo(t),z(t)) <€, t€R

Remark 1.24 In the proof of this lemma C,C’,... > 0 generically denote
constants that appear in an estimate. They therefore change their values
from estimate to estimate.
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Proof of lemma 1.23:

W.lo.g.H; = 0,t € R Else we define J' := ¢1*J;, ¢' := ¢poypH and H] := 0.
Since 9 is an isometry from (M, g”t) to (M, g*) by remark 1.4 we have for
zy, ¢ € M

d' (! (o), i (2)) = d” (!, )

and the radius of injectivity e(¢g”¢,p') of the exponential map with respect to
J! at a point p' € M equals the radius of injectivity of exp’ at 1 (p'). Now
let zy € P(H,¢) and let € > 0 satisfy (42) and (43) and let z € L(¢,zo)
satisfy d'(zo(t),z(t)) <€, t € R Then zf := 7((0) € Fix(¢') and e satisfies

: Jpo1
< ¢, d
€ tIeI[%H] e(g”t,zy) an
e < min{d”t (', )|t € [0,1], z}) # 2’ € Fix(¢')}

So € satisfies the hypothesis of the lemma with Hy replaced by 0, J; replaced
by J! and ¢ replaced by ¢/, and z' := (4}!)~" o z lies in L(g”t, ¢',z}) and
satisfies d”t (#',z3) < e. Assume now that the lemma has already been
proved for the case H; = 0. Denote by A(g”", H'. = 0, z}; z') the symplectic
action of 2/ with respect to ¢7t, H = 0, t € Rz}, and let £ : R — Tyo M
and u : [0,1] X R be given by

expg,&(t) = (t),

u(s,t) = expl, sE(t).

Furthermore we define v’ := (/) ' ow : [0,1] x R — M. Then there is a
C := C(€) > 0 such that

| w(Ogu!, Opu!)dsdt| = |A(g”, H'. = 0, z; z')|

[0,1]%[0,1]
1 2
<cC ( / \:b'(s)h;ds) (45)
0

8tu = ngatu’ + Xt(u)

Abbreviating X; := Xpg,, we have

and therefore

w(0su, Opu — Xy(u)) = w(dsu', Opu’) (46)
On the other hand

2! ()| = |2(t) — Xi(2(2))]| (47)
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Inserting (46) and (47) into the inequality (45) we get inequality (44). This
proves the “w.l.o.g.”.

So assume that Hy = 0 and let € L(¢, xo) with d*(zo(t),z(t)) <€, t € R,
abbreviate exp’ := expl and let { : R — Tp M and u : [0,1] x R be given
by

exp'é(t) = a(t),
u(s,t) = exp’sé(t)

Abbreviating A := A, and @ := [0,1] x [0, 1] we have

A@@)| < | / w(Oyu, Oyu)dsdt]
Q
< / 10yl Oyl dsdt
Q
< [ le@lonu(s, vldsas (48)
Q

Now let g be any metric on M. We denote by d9 the distance with respect to
this metric, while by d we still mean d'. Furthermore we denote by B'(e, z()
the e-ball around g with respect to exp’. Since € satisfies (43) and since we
assume (H1) there is a constant ¢ > 0 such that

ifpe | Bemo) then d&(p, o) < cd’(p, $(p)).
t€[0,1]

Therefore
€] = d(w(t), z0()) < Cd(a(t), mo(t)) < C'd9(w(t), (= (1))
t
= OB Ga(t)at=1) < [ (i)

1
<" /0 () |eds, £ € [0,1] (49)

We now want to estimate |Oyu(s,t)|. In order to do this, note that g induces
a metric on Ty, M X T, M by identifying tangential vectors fe TeTy, M with
elements of T;; M in the canonical way. We denote the norm on T;T,,M
induced by this metric also by [.|9. Furthermore we denote by B(e, Ty, M)
the e-ball in T, M with respect to g, by 0exp’¢ the partial derivative with
respect to ¢ of the function R x B(e, Ty, M) 3 (t,£) — exp’é € M and by

dexp(€) : TeB(e, Tyo M) — Toxpte M, € € TyoM
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the differential of exp’ at £&. Then

C = max{%w +Eéc T¢Iy M, ¢ € B(e, Ty M), t € [0,1]} < 00

ly

Since d;exp’0 = 0 there is a constant Cy > 0 such that

|atexpt£|g < 02|£|ga f € B(67 TJJOM)at € [O’ 1]

Now we have

Opu(s,t) = Oyexp’sé(t) + dexp’(sé(t))soué(t) and therefore (50)
|8ru(s, t)]g < Calé(t)lg + C1l0 (D)l (51)
Setting s = 1 in equation (50) we see that

Q(t) = (dexp'€(t)) ™" (4 (t) — Orexp'€(t))

Since

t(eVE R -
c:= min{%m #FE €T Ty M, & € B(e, Ty, M),t € [0,1]} > 0 we have
9

10:£(8)]g < ™' (JE(8)]g + Calé(B)]y) (52)
(51) and (52) imply

Byu(s, )| < C(IE)], + |0:E1)]g)
< C'(IE@)g + 12(8)]g)
< C"(|E(8)]e + 1€()e)

and by (49) we have

|Ou(s, 1) < C (|~'t(t)|t + /01 |5U(t1)|dtl>

Inserting this and the estimate (49) for |£(¢)|; into (48) yields

1A(z)] < 0/01 |j:(s)|ds/Q (/01 ()|t + |:'c(t)|> dsdt

<c (/01 |3'v(s)|ds>2

This proves lemma 1.23. O
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Remark 1.25 Let € > 0 be so small that

e < min{d’(z,y)It € [0,1], =,y € Fix(¢),z # y},

€ < min e(x,t),
t€[0,1],z€Fix(¢)

z,x ,xT € P(H,¢) and u € M(z ,z",J.,H.,$) be a Floer cylinder con-
necting = with 7. Then the following holds.

If d(u(s,t),x) <€, (s,t) € R? then u(s,t) = z(t) =z~ (t) = x7(t),V(s,t) € R2.

(53)
Using the local symplectic action, this is seen as follows. Assume that
d(u(s,t),z) < ¢, (s,t) € R? and let a < b be real numbers. By lemma
1.22 we have

E(u; [a,b]) = Ag(u(a,.)) — Az(u(b,.))

and by lemma 1.23 it follows that

E(u;[a, b)) < |Az(u(a,.))] + Az (u(b,.))]

<C (max |[“)tu(a,t)|>2 +C (max |9yu(b, t)|>2. (54)

te[0,1] te[0,1]

Since we assume u € M(z~,zt,J., H., ¢) the right hand side of (54) tends
to 0 as @ — —oo0, b — oo and therefore F(u) = 0. This implies d;u = 0 and
therefore (53).

Proof of lemma 1.19: w.l.o.g.we assume that H; = 0, £ € R. Let u :
R? — M solve Floer’s equations (15), (16).

Claim 2 There are constants €1 and c1 > 0 such that for a < b

if BE(u;la — 1,b+1]) < €1, then sup |0su(s,t)| < civ/E(u;a —1,b+ 1))
[a,b] xR

The proof of claim 2 is based on

Claim 0 There are constants ey, cg > 0 such that for every a < b:
If E(u;[a —1,b+ 1]) < €o then supy, yxr [0su| < co.

Proof: 5 R
We define K :=[a—1,b—1] x [-1,2] and M, ®, J and @ as in (30), (31) and
(34). Let zp € [a,b] X [0,1] and apply lemma A.1 with M, w, J, u replaced by
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<
Setting cp := 2(1 + €) claim 0 follows.
Proof of claim 2: We set ¢; := ¢p. Then by Morrey’s and Sobolev’s

inequality:

105w/l co((a,bx[0,1]) < C1llOsullwis((ap1x[0,1))
< Col|0sul[w2.2((a,6)x[0,1]) (55)

Now assume that E(u; [a—1,b+1]x[0,1]) < €1. Then by claim 0 supy, y . [9su| <
co and therefore elliptic bootstrapping shows

105 ullw2.2((a,5)x[0,17) < Cl10su L2 (01,4 1x[0,1]) = C3V/E(u; [a — 1,b+ 1))
(56)
Inequalities (55) and (56) imply claim 2.

Claim 3 Assume that v € M(x ,z7,J.,¢). There are constants e and
c2 > 0 such that for every T € R :

If E(w; [T, 0)) < €3 then d(u(s,t),z7) < ca/E(u; [T, 00)),
for all (s,t) € [T+ 1,00) x R.

Proof: Let g be any metric on M and denote in the proof of this claim
by d, and by |.|, the distance function and the norm with respect to this
metric. Furthermore we abbreviate

Ep := E(u; [T, 00))
By remark 1.5 there is a constant C' > 0 such that the following holds.

If mi h i M.
poin  dy(p,) < oo then min 'dy(p,z) < Cdy(p, $(p)), p € M. (57)
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For (s,t) € R? we choose 5, € Fix(¢) such that
dg(u(37 t)’ xs,t) = IE%IIIXI(l¢) dg(p7 "E)
Setting
5 1€lg

Cc = max
0£EeT Mt e[—1,1] [E|y

we have for (s,t) € R x [0, 1]

dg(u(s, 1), p(u(s, 1)) = dg(u(s,),u(s,t 1))

S sup |atU(S,tl)|g
te[—1,1]
< ¢ sup |Qpu(s,t')|p = ¢ sup [O5u(s, )|y (58)

t'eR t'eR

Now assume Er < €1, then it follows from (57), (58) and claim 2, that for
s>T+1, te][0,1]

dg(’U/(S,t),.’L‘s’t) < Cdg(u(sat)a¢(u(sat)))
< Cc' sup |0su(s,t')|p
teR
< ¢1Cd\/Er. (59)

Set ¢ := c1C¢, let €5 > 0 satisfy

€ < €
2/ < min{dy(z, )|,y € Fix(9), s # y} (60)

and assume Er < €. It follows from (59) and (60) that for (s,t) € [T+
1,00) x [0,1] the fixed point z,; € Fix(¢4) is unique and that the function

[T+ 1,00) x [0,1] > (5,1) = x5
is locally constant. For s > T + 1 large enough we have
dg(xS,O’ .’B+) < dg(a:S,O’u(sa O)) + dg(u(sa O),ZE+)
1 . .
< ey/Br < 5 min{d,(z,y)|s,y € Fix($),7 % 4}

and therefore 250 = z*. By (59) we have for every (s,t) € [T +1,00) x R

dt(u(s,t),z7) < max €le VEr.

< c
0£eeTM e[~ 1,1] &g

This proves claim 3.
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Now assertion (i) of lemma 1.19 follows immediately from claim 2 and 3.
Proof of assertion (ii): Choose € > 0 so small that

€ < €9, (61)
exv/e < min{d'(z,y)|t € [0,1], w,y € Fix(¢), z # y}, (62)
cov/e < min e(z,t), (63)

te[0,1],x€Fix(¢)

Now let w € M(z™,z7",J.,¢) with F(u) < e. Then by (61) and claim 3 it
follows that

d(u(s,t),zT) < cav/e, (s,t) € R?

Because of (62) and (63) remark 1.25 shows that E(u) = 0. This proves (ii)
and therefore the lemma 1.19. O

2 Stable Floer connecting orbits

2.1 Trees

Let (T, E) be a tree, i.e. let T be a finite set and E C T x T be an edge
relation that is connected and contains no cycles. We denote by e(T) the
number of edges of T, i.e.

e(T) = |T| - 1.

For every pair a,8 € T there exist a unique integer m > 0 and a unique
ordered tuple (o, ...,¥m) of vertices v; € T, 0 < i < m such that

’YiEin-i-la Yi 7& Vis if 4 7& ja Yo =&, Ym = IB

We call (v, -.,7vm) the directed chain (of edges) running from « to
B and denote it by

[Oé, B] = (707 s ,’Ym)

In particular [o, @] = (). Whenever convenient, we will think of [a, ] as
the set {vo,...,Ym} and for example use the notation v € [«, 3], meaning
v € {7,---,¥m}- Cutting (i.e. removing) any edge aF/3 decomposes the
tree T' into two components. The component containing 8 will be denoted
by T,s. This is the set of all vertices that can be reached from « by a chain
of edges through (. In other words
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Top == {7y €T|B € [a,7]}.

This set is called a branch of the tree T. For every edge aFEf the tree T
decomposes as a disjoint union of the branches T,,5 and Tg,.

Let now (T, E) be a tree with N vertices and a; € T be a vertex. Then
(i) its other vertices ao,...,ay can be ordered so that the subset

T :=={o,00,...,05}

is a subtree for 1 <7 < N.
(i) Given such an ordering then for each i > 2 there is a unique j; < i such
that o, Eoy.

For every integer n > 1 we define an n-labelling on the tree (7, E) to
be a decomposition A := {A, }qer of the index set {1,...,n} into a disjoint
union

{1,...,n} = UAa.

a€eT

Every n-labelling A of (T, E) can be expressed as a function

{1,...,n} > T,i— q

defined by a; = v iff 1 € A,.

We define a weighted tree to be a labelled tree with weights wy, > 0, o €
T, and set W(T) := ) ,cr Wa- Such a tree is said to be stable if all vertices
a with w, = 0 satisfy the condition

#Ao +#{B € T|aEB} >3 (64)

Remark 2.1 For every stable weighted tree T with e(7') > 1 the number
of edges is bounded by

e(T) < @ +n—3, (65)

where # is the minimum of its nonzero weights.

Definition 2.2 For every integer £ > 1 the standard chain of length ¢ is
the ordered tuple Ty = (1,...,£) together with the relation E§ C {1,...,£} x
{1,...,4} defined by

iBS = i'=i+1, 1<i,i' <L
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Let £ € N be an integer, T be a tree, Ty = (y1,...,v) C T a directed
chain of length ¢ in T and let 74 # a € T be a fixed vertex. If we
write (y1,...,3,a) = [y1, a] for the unique chain of vertices from the vertex
v1 € Ty to a, then the vertex f =: m(a) is called the predecessor of a.
The case 8 = 71 is also allowed.
Moreover for o € T'\ Ty we define the root of a to be the last vertex 7 in
the chain [y, @] connecting the two vertices y; and «, such that i still lies
in the standard chain Ty. If we write [y1,a] = (71,...,4,7,-..,a), then this
means that 7 € Ty, but y € T'\ Tp. Here v may be the same as « and 7 may
be equal to ;. We denote the root of a by root(a) and for a € Ty we set
root(a) := a.
Since we think of Tj as the standard chain (1,...,£), we introduce the no-
tation

¥ £ 1 =41, for 1 <4,0£1 <4

Whenever convenient, we will think of Ty as the set {vi1,...,7} and for
example use the notation a € Tj, meaning a € {v1,...,7¢}.

Let (T, E) and (T', E') be trees and f : T — T' be a mapping. Recall that
f is called a tree homomorphism, if f~1(¢/) is a tree for every o/ € T’
and if aFf then either f(a) = f(B) or f(a)E'f(B). f is called a tree
isomorphism, if it is bijective and f and f~! are tree homomorphisms. If
in addition there are n-labellings A on T and A’ on T” then f is called an
isomorphism from the labelled tree (T, E,A) to (T',E',A") if it is a
tree isomorphism from (T, E) to (T', E') and

Af(a) =A,, VaeT.

Now let £ € N be an integer, (T, E) and (T", E') be trees and Ty = (71, ---,Ye),
Ty = (71, ---+77p) be directed chains of length £ in T',T".

Definition 2.3 A tree isomorphism f from (T, E) to (T',E') is called an
isomorphism from (T,T,,E) to (T',T}, E'), if f(vi) =7, 1 <i</L.

If in addition there are labellings A and A’ on the trees T and T” and f
is an isomorphism of the n-labelled trees (7, FE,A) and (7", E',A’) and an
isomorphism from (T, Ty, E) to (T, T}, E') then it is called an isomorphism
from (T, Ty, E,A) to (T', T3, E', ).

2.2 Stable Floer connecting orbits

Let (M, w) be a compact symplectic manifold and ¢, J; and Hy, t € R be as
in section 1. Let £ > 1 and n > 0 be integers. Let (T, E, A) be an n-labelled
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tree and Ty = (71,-..,7¢) be a directed chain of length ¢ in T. For every
a € T we define the Riemann surface

S R x [0,1), @ € Ty,
R ICE else.

We denote the subrelation of £ on Ty by

EO = {(Oé,,B)|O(E,8, aHB € TO}

For (a,B) € E\ Ey let zo5 € ¥, be points on the Riemann surface. We
call the points z,g, (o, ) € E'\ Ey the nodal points on the vertex « and
write Zy = {zqp|(a,8) € E\ Eg} C 3,. For i,i' € Ty with ¢’ =i+ 1 we
introduce the notation z; := +o0.

Furthermore let a; € T, 1 < j <n besuch that Ay :={j € {1,...,n}|a; =
a} for a € T and let z; € ¥,,, 1 < j < n. The points z; with a;; = o are
called the marked points on the vertex a. Nodal and marked points on
a together form the set Y, := Z, U {zj|a; = a} of special points on o.
We introduce the notation

)z faj=a

Fos = {Zag if aj € Taﬂ (66)

Furthermore let o € T\ Tp, write 7 := root(a) and let (4,5,...,a) be the

chain of vertices from % to . Here § = « is also allowed. Then we define
(Sasta) = zig € R x [0,1).

For a =i € Ty let ugy : R2 — M be a solution of Floer’s equations (15),(16)
and for a € T'\ Tp let u, : S2 — M be a J; -holomorphic sphere.

Definition 2.4 Let (T, E,A) be as above. We call the tuple:

(u,2) = (T, To, E), {tua taer: {Zap t(a,p)em\Eo» {(@, %) F1<i<n)

a stable Floer connecting orbit into M of length ¢ with n marked
points, modelled over the labelled tree (T,Ty,E,N), if the following
conditions hold:

(i) ua(2zap) = ug(28q) for o, f € T with (o, B) € E \ Ey.
Moreover limg_, o0 ui(8,t) = lims—, oo uj+1(8,t), fori € Tp.

(it) (Special points on one vertex are distinct.) For every a € T the points
Zap for aEB and z; for a = aj, 1 < j <n are pairwise distinct.

(tit) (stability): If o € Ty and un(s,t) = ua(t) then #Y, > 1. Ifa € T\ Tj
and uq 1s a constant function, then #Y, > 3.
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3 Floer-Gromov-convergence

Let z* € P(H, $), let (u, z) be a stable Floer connecting orbit with n marked
points zj, 1 < j < n such that

limg ooty (s,8) =27 (¢), t€R
limg 00 uy, (s,8) =27 (1), t€R

Furthermore let u” : R2 — M be a solution of Floer’s equations (15) and
(16) and 27 € R x [0,1),1 <j <n, v € N be marked points.
For a sequence of smooth maps v” and z € ¥, we write if the limits exist

v _ § min({v"}ven, 2), if a € To,
ma({v }; z) = { ms, ({Uu}ueNa z), faeT \ To-

Definition 3.1 The sequence
(u”,2") == (u”,2{,...,2;)

is said to Floer- Gromov-converge to (u,z), written (u”,2z") — (u,z),v —
oo, if there ewists a family of real numbers s; € R, 1 € To, v € N and a
collection of Mdébius-transformations ¢, € PSI(2,C), a € T\ Ty, v € N,
such that the following holds:

(0) ¢%(2an(a)) = 00, for v €N, a € T\ Tp.

(Map) Fori € Ty we define ¢¥ : R2 — R?, (s,t) — (s+sY,t). Furthermore
for a € T we define

W = o g R? — M, if a € Ty,
ot @ S2\{za7r(a)}_>M7 ifaET\To.
Then

RQ \UzEZa [Z], Zf NS TOa

v
U, — Uqg, U.C.S. 0”{52\Za, ’l,fOé c T\TO

(Energy) The mass mju.({uy, fven; —o0) is welldefined, i.e. the limits
occurring in its definition exist, and it vanishes.

Furthermore let o € T, a # v and write B := w(a). Then the mass
mg({ugtven; 28a) is welldefined and

mg({uf}ven; z6a) = E(Tpa) = ) Eluy)
V€T

(Rescaling) The differences s}, | — s} tend to co as v — oo, fori,i+1 € Tp.
Furthermore define for aFEf3

$po = (#3) " o ¢ € PSI(2,0)
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Then ¢%, — zgas u.c.s. on S2\ {245} for (o, B) € E\ Ey.

(Marked points) Let 1 < j < n and denote o := a; and B := 7(c; ). If
a € Ty then [z} —sg] — [2;] in the quotient topology on R?/ ~. Ifa € T\ Ty
choose § > 0 such that z; & Bs(Zar(a)). Then there is an integer vp € N
such that (d)é)_l([z;]) \ Bs(zap) contains precisely one point (75 forv >y

and the sequence C}’ converges to zj, v — 0.
We introduce the notation

lim s” + it” = +o0, if ¥ — +oo.
V—00

and define for « € T

v ._ [Rx [0,1) U {£oc}, if a € Ty,
@82, if « € T\ To.

Remark 3.2 Let ¢¥ € PSI(2,C) be a sequence that converges to some
r € 52, u.cs. on S?\ {y} for some y € S2. Then

(#")"! =y, u.cs. on §?\ {z}. (67)

Suppose now that we are given a sequence (u”,2Y,...,2Y) of Floer connect-
ing cylinders with marked points and have somehow constructed a stable
Floer connecting orbit (u,z) and rescalings ¢%, v € Nya € T and that
we want to prove that (u”,2Y,...,2") Floer-Gromov converges to (u,z) via

v, v € Na € T. By the above remark, in order to show the (Rescaling)
condition it suffices to check for each a3 only either that

bup = Zap, U.C.S. ON 5%\ {zpa} or
BBa — ZBas V.C.S. ON S?\ {zag}-
Now let (u”, 27,...,z2;) Floer-Gromov-converge to (u,z).
Remark 3.3 For a € T'\ T we have, abbreviating i := root(«)
(qﬁ%’)‘l o ¢ — sq +ity, u.c.s. on S? \ {zar(a)}-
Remark 3.4 Let 1 < j < n be such that a; € T\ Tp, abbreviate a := o
and i := root(a;) and let § > 0 and ¢} € (¢Z)_1([z;-’])\35(za7r(a)) for large v

be as in condition (Marked points). Then by the (Marked points) condition
we have, for v large enough

(@5) " o d(C]) € [ — s7]- (68)
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On the other hand, it follows from remark 3.3 that for every ¢ > 0 for v
large enough

(#) 7" 0 ¢a(C)) € Be(sa + ita). (69)
(68) and (69) imply, abbreviating 27 := ¢4 ((}) € [#]],

v
Zj

8; = Sq +ity, Vv — 0.
In the notation given by (66) it follows for every 1 < j < n that, abbreviating
i := root(c;), there is a sequence 2z} € [27] such that

v
Z —

” S
i — 8 = zi,j € Yq

Lemma 3.5 (Property of Floer-Gromov-convergent sequences) Suppose
that (u”,2z") Floer-Gromov-converges to (u,z) via {¢}}act, ven. For 1 <
j < nleti:=root(ey) and zj’ € [z]] be such that 2}’ — s{ — z;,j. Then:

Zaj = limyoo(¢%) " (2) fora € T and 1 < j < m

Proof: Recall that z,,; is defined by (66) and that, in particular, z,, ; =
zj. Therefore, for @ = «;, the assertion follows from the (Marked point)
condition in definition 3.1.

If o # o then choose a chain of edges 7o, ... ,¥m running from yy = o to
Ym = . We prove by induction that

Zyg = Jim (¢5,)7(2)) (70)

for k =0,...,m. We have already noted that (70) holds for ¥ = 0. Suppose
that (70) holds for £ < m — 1 and note that

Zy4d = i1 7 kg1
If (vk,7k+1) € E '\ Ey then by the (Rescaling) condition in definition 3.1,

(qSZkH)_l o ¢y converges t0 zy, v, = Zy,,,j U-C.S. OL S2\ {21741 1+ Since
Zoei 7 Zyivesr» this implies (70) with k replaced by &+ 1. If (yg, vk41) € Eo
then abbreviating i’ := +y;, assume w.Lo.g.yx41 = 7' +1. Since zy j # 241 =
oo we have by (70)

_ ’ _ i
(@507 (=27) = (85)71(2)") + 85 = spy = =00 = 2414

This completes the induction. Hence (70) holds for £ = m, and this proves
the lemma.
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4 Floer-Gromov-Compactness

Theorem 4.1 (Floer-Gromouv-Compactness) Let M, w, ¢, J; and Hy,t €
R be as in the definition of a stable Floer connecting orbit, = € P(H, ¢)
and let v¥ : R2 — M be a sequence of Floer cylinders connecting x— with
xt such that the energies E(u”) are uniformly bounded, i.e.

sup E(u”) < oo

veN
and let 27,...,z0 € R x [0,1) be marked points. If n =0 then assume that
E(w”) # 0, v € N. Then there is a subsequence of (u”;2Y,...,z%) that
Floer-Gromov-converges to a stable Floer connecting orbit (u,z).

First, we will prove this theorem in the case n = 0, i.e. when there are no
marked points. We will need the following results:

Proposition 4.2 Let k > 1, M be a compact manifold, U C R? an open
subset, JV € J*(M) be a sequence of almost complex structures of class
C* that converges to J € J*(M) in the C*-norm, v’ € Wli’f(U; M) be
continuous locally WP-functions that solve

Osu” + JY (u”) o’ =0

and g be any metric on M. Assume that there is a real number p > 2 such
that for every compact @ C U

sup/ |du” (s, t)[fdsdt < oo. (71)
vENJQ

Then for every compact Q C U the sequence u” is uniformly bounded in
WkHLP(Q, M) and hence has a C*(Q)-convergent subsequence.

Proof: This proposition is the special case of theorem B.4.2 in [9] where the
Riemannian surface ¥ has no boundary and the Lagrangian submanifold of
M is the empty set. O

Lemma 4.3 (Bubbling) Let (M,w) be a compact symplectic manifold,
JY € T.(M,w) be a sequence of w-tame almost complex structures that con-
verges to J € J,(M,w) in the C®-topology, U C R? be an open subset and
u” : U — M be a sequence of JV-holomorphic curves such that

sup E(u”;U) < oo.

veN
If |du”(2")| — oo for some sequence z¥ — zy € U, then there ezist ¥ €
Aut(C) of the form ¢"(z) = €Vz+(" with € € R such that ¢¥* — zy u.c.s. on
C and, passing to a subsequence, v*¥ := u” o Y¥ converges to a nonconstant
J-holomorphic sphere v: S* — M, u.c.s. on C.
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Proof: This lemma follows from the proof of lemma 4.5.5. in [9] for the
special case L = ().

Remark 4.4 (Bubbling on a cylinder) Let U C R? be a bounded open
subset, 21 = s1 +it; € U and u” : U — M be a sequence of solutions of
Floer’s equation (15) with bounded energy, i.e.

sup E(u”;U) < oc.
veN

Furthermore let 2 € U be a sequence that converges to z; such that
|0su” (2")] = 00, v — oo. (72)
We define K := U and M,®,J as in (30), (31) and

WU = M, 2z (z,u"(2)).

Then (72) implies that

|0s0” (27)| > |0su” (2)| = 00, v — 00

and by lemma 4.3 with
M,w,J" = J,u”, z replaced by M, @, J, 3",z

there is a sequence ¥* € Aut(C) that converges to z1, u.c.s. on C such
that, passing to a subsequence, w” := @ o 9” converges to a nonconstant
J-holomorphic sphere w : $2 — M, u.c.s. on C. By remark 1.21 w is of
the form w(z) = (z,v(z)), where v : S — M is a J;,-holomorphic sphere,
and ¥ o9 — v, u.c.s. on C. Let R > 0 and let € > 0 be so small that
B((z1) C U. Since 9” converges to 21, u.c.s. on C, there is a vy such that
for v > vy

Y”(Br) C Be(21)-

Therefore we have for v > 1

Ej, (u;Be(21)) > Ej, (u”;9" (R))
= Ej,, (u” 0 9"; Bg)

Sending v — oo it follows that

liminf Ej, (v”; Be(21)) > Ey,, (v; Br)

V—00

and sending R — oo and then € — 0 this implies



33

lim lim inf Ej, (u”; Be(21)) > Ey,, (v).

e—0 v—oo

By proposition 1.18 it follows that

lim liminf Ey g (u”; Be(21)) = limliminf Ej, (u”; Be(21)) > hs(Jy ){73)

e—0 v—=oo e—0 v—oo

Remark 4.5 (Bubbling on a sphere) Let u” : R2> — M be a sequence
of solutions of Floer’s equation (15), U C R? be a bounded open set and
1y € Aut(C) be a sequence of rescalings that converge to some point z; € U,
u.c.s. on C. Define K := U and M, and J as in (30), (31) and

@K — M, z+— (z,u"(2)),
w? :=doyy : (¢¥) 1K) CC — M.

Furthermore let V' C C be an open subset, zo € V and 2 € V be a sequence
that converges to zo and assume that

sup Ej(wy; V) < oo,

veN

|dw{ (2")| 7 = o0, v — oc.

Then by lemma 4.3 with M, w, J¥ = J, U, u” and z; replaced by M,o,J,V, wy
and zo there are complex automorphisms ¥ € Aut(C) such that ¥ — 2z,
u.c.s. on C, and, passing to a subsequence, wj := w{ o 9" converges to
a nonconstant J-holomorphic sphere wy : $? — M, u.c.s. on C. By
remark 1.21 with ¢} replaced by v} o 9* the function wsy is of the form
wa(2) = (29,v2(2)), where vg : $2 — M is a nonconstant Jy,-holomorphic

sphere. Now let R > 0,¢ > 0. Then there is a vy € N such that for v > v
we have ¢¥(Bg) C B(z2). Therefore we have for v > vy

Ej, (u” o 97; Be(2)) = Ey, (u” 0 ¢1;9"(Br))
= By, (w’ oty o 9”; Bg)

Sending v — oo it follows that
liminf By, (u” o 97; Be(22)) > By, (v2; Br)

and sending R — oo and then € — 0 this implies

lim liminf Ej, (u” o %{; Be(22)) > E,, (v2).

e—0 v—o00

By proposition 1.18 it follows that

limliminf B, (u” 0 97; Be(22)) > hs(Jy,)- (74)

e—0 v—o0
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Proposition 4.6 Let = € P(H,$) and u”, v € N be a sequence of Floer
cylinders connecting x~ with x© and satisfying

sup E(u”) < oo.

VEN
Then there is a finite set Z C R x [0,1) and a solution u : R — M
of (15),(16), such that, passing to some subsequence, u’ — u, u.c.s. on
R?\ U,ez[2], and for every z = (s,t) € Z

lim lim E(u”; B.(2)) > hs(M,w, J;) (75)

e—0v—o0

where hg(M,w, Jy) is the constant defined after proposition 1.18.

Remark 4.7 If we pass to a further subsequence, such that the limit E :=
lim, o E(u”) and all the limits occurring in the definition of the masses
m({u”};z),z € Z etc. exist then

E=E(u)+ Y m({u"};2) +m({u"};00) + m({u"}; —00).  (76)
Z2€EZ

Proof of proposition 4.6: Our proof follows the one of proposition 3.3.
in [13]. The idea is the following. Let @ C R? be a compact subset. If
the derivatives of 4" are bounded on @, uniformly in v, then it follows from
proposition 4.2, using Gromov’s trick, that there is a C°(Q)-convergent
subsequence. If the derivatives of u4” are not bounded on @, uniformly in v,
then there is a point (s, t) in @), where the sequence u” bubbles, i.e., passing
to some subsequence, the derivatives of 4 tend to oo at points (s”,t") € @
that converge to (s,t¢). By an induction argument we will construct bubble
points (s1,t1), (s2,%2),.... By remark 4.4 at each bubble point energy of at
least hg(J;) gets lost. Since we assume a uniform bound on the energies
E(u”), there can only be finitely many such points. For compact subsets
@ that avoid the set Z of bubble points, it will follow by proposition 4.2
that u” converges to some u in the C*°(Q)-topology. Applying this argu-
ment successively for n = 1, 2,... for compact subsets Q := @, that exhaust
R? \ Z, we will get a limit function u that is defined on R? \ Z. Finally the
removal of singularities theorem 1.17 will show that u extends smoothly on
all of R?.

The first claim makes precise, what it means to construct the bubble points
inductively.

Claim 4 For every integer k > 0 there is an integer N := N(k) > 0 such
that for 1 < j < N there exist distinct points (s;,t;) € R x [0,1) with the
following properties.
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Passing to a subsequence, there exist (s%,t%) € R%, with
3777
(ss'latjl{) - (Sjatj)a |asuy(3§atgl{)| —+00, v—oo, 1<j<N (77)

If N < k then for every compact K CR?\ | [sj,4]:
1<j<N

sup,, cy max{|0su”(s,1)||(s,t) € K} < oc. (78)

Proof: The claim holds for ¥ = 0. We show k — k + 1: Assume, by induc-
tion, that N := N(k) > 0 and (sj,%;) € R x [0,1) are distinct points such
that conditions (77) and (78) are satisfied. Then there are two cases:

Case 1: For every compact subset K CR2\ |J [s;,t]:
1<j<N

sup max{|9su”(s,1)||(s,t) € K} < 0.
veN

Case 2: There is a compact subset Ko CR*\ J [s;,¢;] such that
1<j<N

{ max |0su”(s,t)|} en is unbounded.
(sat)EKO

If case 1 holds then we set N(k + 1) := N and the induction step follows.
Assume that case 2 holds. Then N > k. Let (s¥,t) € Ky be such that

|0su” (s¥,t7)| = (;gzg{o |Osu” (s,t)]-

Passing to a suitable subsequence, it follows that

|0su” (s¥,t")| = o0

and (s¥,t") converges to some (s, t) € Ky for v — oo. We define (syy1,tn+1) €
R x [0,1) to be the unique representant of [s”,#”] in R x [0,1) and

Snpr =8ty =1 +ing -, veEN

Then

|0su” (8% 41, tvp1)| = [Osu” (87, 1) = 00, v = oo0.
Since (s¥,t") € Ko CR?>\ U [s,t;] the point (syy1,tn41) differs from
1<j<N
every (sj,t;), 1 < j < N. This proves the induction step and therefore
claim 4.

Now let £ > 0, N := N(k) and for 1 < j < N let (s;,¢;) € R x [0,1) be
distinct points, such that conditions (77) and (78) hold.
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We define

he := min he(J,
s = min hs(),

where hg(J;) is the constant defined after proposition 1.18.
Claim 5 The number of bubble points N is bounded above, more precisely

sup,en B (u”)

N <
hS hg

Proof: By remark 4.4 we have for every e >0and 1 <j < N

liminfE(u”;Bf(Sj,tj)) > ﬁs(th) > hs (79)

V—oQ

Now let 0 < e < % be so small that

UG([Sjvtj]) n Ue([skatk]) = Qja for j # k.
Then

E@’; | Uelsjst) NRx (0,1)) = > B(w”;Uc([s),t;]) "R x (0,1))
1<j<N 1<j<N

= Z E(u”; Be(sj,t1)).

1<j<N

Taking v — oo it follows that

sup B(u”) > liminf B(u”; | ] Ue((s),t;]) "R x (0,1))
VEN V=00 1<j<N

> ) liminf B(u"; Be(sj,t;)). (80)
15N

Claim (5) now follows from (79) and (80), sending € — 0.

Now let Y
k > SupUEN E(U )’
hs
N :=N(k)and for 1 < j < N let (s;,t;) € Rx[0,1) be distinct points, such
that conditions (77) and (78) hold. We define Z := {(s1,%1),...,(sn,tn)}-
We want to use proposition 4.2 to show that, passing to some subsequence,
u” converges to some solution u of Floer’s equations (15), (16), u.c.s. on

R? \ | [#] and therefore we use Gromov’s trick. Let
2€Z

UCR\ | J]

2€EZ
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be an open bounded set. We define K := U and M,@,.J, as in (30), (31)
and

Then for z € U we have

|dii” (2)|% = 2|05 (2)[% = 2|0su” (2)|* + 2
and by condition (78) and claim 5 we have for every compact Q C U

supsup |dii” (z)| 7 < supsup v2|0su” (2)| + V2 < .
VvEN 2z€Q vEN 2€Q

It follows that the assumptions of theorem 4.2 with

M,w,J" = J,u", g replaced by M,j,ﬂ”,g&j

and with p := oo are satisfied. Therefore by theorem 4.2 for every compact
@ C U there is a C*°(Q)-convergent subsequence of 4”. By remark 1.21 the
limit 4% : & — M is of the form @(z) = (z,u(z)), where u : Q — M is a
solution of Floer’s equations (15), (16). For n € N we define

Un = (=~ L+ 1\ Ul Qu:=[-n.nl\ (JU2 ().
2€EZ Z2€Z

Applying the above argument successively forn = 1,2,... withU := U,,Q =
@ and passing to a diagonal subsequence, u” converges to some solution
u:R2\ | [z] = M of Floer’s equations (15), (16), u.c.s. on R? \ | [2]-

z2€EZ 2€Z
Now we want to show that this u smoothly extends to all of R?. Let therefore
z € Z, and define K := Bi(z) and M,®,J as in (30), (31) and (34). Then

2

B Br (2) \ {}) = / lim |0,it”| dsdt

1
? By (2)\{z} V7

1
2
< liminf / |00 |%dsdt
< sup E(@¥; B1(2)) = sup E(u”) + T <o
veN 2 veN 4
and therefore the removal of singularities theorem 1.17 applied with
M, w,J,u replaced by M,o,J,4

shows that @ and hence also u smoothly extends to all of B1(z). This com-
2
pletes the proof of proposition 4.6. O
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Proposition 4.8 (Soft Rescaling) Let J¥ € J.(M,w) be a sequence of
w-tame almost complex structures on M that converges to J in the C*-
topology. Fiz a point z9 € C and a number r > 0. Suppose that u” :
B, (z0) — M is a sequence of JY-holomorphic curves and u : By(z) - M

is a J-holomorphic curve such that, passing to a subsequence, the following
holds.

(a) u” converges to u in the C*°-topology on every compact subset of By (zp)\

{#0}-

(b) The limit mg := lime_,olim,_, o E(u”; Be(29)) exists and is positive.
Then there exist a sequence of complex automorphisms ¥ € Aut(C) of the

form Y (z) = €’z + 2¥ with € € R, a J-holomorphic sphere v : S — M,
and a finite set Z C By C C, such that the following holds.

(i) Y converges to zy in the C*®-topology on every compact subset of C.

(i) The sequence v¥ := u” o h” converges to v in the C™-topology on every
compact subset of C\ Z and for every z € Z there is a sequence z¥ € C,
converging to z, such that

|dv” (2")| = oo, v — 0.

Furthermore the limits

m(z) := lim lim E(v"; B(z))

e—»>0v—00

ezist and are positive for z € Z.

(iii) E(v) + ) ,c,m(z) = my.

(iv) If v is constant then |Z| > 2.

Proof: This proposition follows from the proof of proposition 4.6.1. in [9].0J
Proposition 4.9 Let JV € J.(M,w), 2y € C, and u,u” : B.(z9) = M be

as in the hypotheses of proposition 4.8 and suppose that ¥ € PSIl(2,C), v:
S? 5 M, and z1,...,2k 200 C C are distinct points such that

(i) 4" converges to zy in the C*®-topology on every compact subset of S?\

{70}

(ii) The sequence v¥ := u” o 9" converges to v in the C*-topology on every
compact subset of S2\ {z1,-..,2k, %00}, and the limits
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o= 13 : v, .
mj = lim lim E(v"; Be(z;))

exist and are positive for j = 1,...,k.
(iii) E(v) + Z§:1 mj = mg = lime_,0 lim, oo F(u”; Be(20))-
Then

u(20) = v(2c0)-

Moreover, for every e > 0, there exist constants § > 0 and vy € N such that,
for every integer v > vy and every ¢ € S?

d(C, z0) + d((4")71(¢), 200) < 8 = d(u”(C), u(20)) < e.

Proof: See proposition 4.6.2. in [9].

The proof of theorem 4.1 in the case with no marked points is split into
three parts: In the first part we construct the numbers s, the Floer con-
necting cylinders u; and the nodal sets Z;, 1 <14 < /. In the second part we
construct the subtrees Tj, for aEi, i € Ty,a € T'\ Ty, the Ji -holomorphic
spheres u,, the nodal sets Z, and the rescalings ¢%, v € N, for a € T\ Tp.
In the third part we check that (u,z) := ((T, 70, E), {ta }act, {2ap}aEs)
indeed is a stable Floer connecting orbit and that " really Floer-Gromov-

converges to (u,z).

Remark 4.10 It suffices to prove the theorem for Hy = 0, t € R. To see
this we apply the trick mentioned at page 6 with K; := H;, i.e. we set
J = T, ¢ = ¢ oy and /(s,t) == (¥F)7! o u(s,t) for a smooth
function u : R? — M. Now if (v, 2z) := (T, 1o, E), {ul, }acr, {zap }aEp) is 2
stable Floer connecting orbit then the same holds for (u,z) and if (u"”,z")
Floer-Gromov-converges to (u’,z), then (u”,2z") — (u,z), v — oo. Note in
particular that by remark 1.10 the energy of u' with respect to J] equals the
energy of u with respect to J; and therefore, if the (Energy) condition in the
definition of Floer-Gromov-convergence is satisfied for (u’’,z”) and (u/,z),
then it holds also for (u”,z) and (u,z).

Therefore we assume without loss of generality that H; =0, t € R
So Floer’s equations read

Bsu + Jt(u)Btu =0 (81)
Pu(s, t +1)) = u(s, 1), (82)

Note that solutions of (81) and (82) with E(u) < oo satisfy
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lim u(s,t) =z%, VieER, (83)

s—Fo0

+

where x™ are fixed points of ¢.

Proof of theorem 4.1 for n=0, H; =0, t € R:
Part I: construction of s, u; and Z;:

First of all: No matter how we choose the s}, proposition 4.6 guarantees
that there is a subsequence of u} := u”(s¥ + .,.) that converges to a solu-
tion u; of Floer’s equations (81),(82), u.c.s. on R? \ U, ez,[#] for some finite
subset Z; C R x [0,1). The idea is now to prove that there are an £ € N
and si € R, v € N, 1 <4 < £ such that, passing to some subsequence,
uy :=u”(sf +.,.) and the u; and Z; we obtain from proposition 4.6 satisfy
the following conditions, to be specified later on:

(i) u¥(s,t) is close to ™, for s < 0. In part III we will show that this implies
m({uy}, —o0) = 0.

(ii) If ¢ > 2 then for 2 < ¢ < £ the point u}(s,t) is close to z;_; for
s € [sY_y—s¢+T,0], where T > 0 is some fixed constant. This will imply two
things: First, that u; is connected to u;_1 in the sense limg_,oo u;—1(8,t) =
limg_, o ui(s,t) and secondly that no energy gets lost between the (i — 1)st
and the i-th cylinder in the limit v — oco. More precisely this means that

m({ui_y,00) = B(ui) + 32, ¢z, m({ui'}, 2) + m({uf'}, 00).
(iii) uy(s,t) is close to x, for large s. This will imply that m({u}},oc) = 0.

(iv)There is a t¥ € [0,1] such that u?(0,t”) is further away from z;_; than
some € > 0. This will imply E(u;) > 0 or that there is bubbling on the i-th
cylinder, i.e. |Z;| > 1. This condition corresponds to stability.

That there can be only finitely many shifts s¥ such that conditions (i),(ii)
and (iv) hold will be guaranteed by the quantization of energy assertion (ii)
in proposition 1.19 and by inequality (75) in proposition 4.6.

Recall the notation d* and expl, : T, M — M for the distance and exponential
map with respect to the metric g; fort € R, =z € M. We denote for ¢ > 0 by
expl® its restriction to the ball B.(0, T, M). If it is clear from the context
what is meant by d and exp,, we will omit the superscript ¢. Now let € > 0
satisfy
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€ < min €(z,t) and (84)
zEFix(¢),t€[0,1]
e < min{dt(xo,m1)|t € [O, 1], Zo,T1 € FiX((}S),.’BO #* 331}. (85)

Since we always assume (H1), i.e. that all fixed points of ¢ are nondegener-
ate, for every fixed point x there is an ¢ > 0 such that B!(z) N Fiz(¢) = {z}.
Since M is assumed to be compact, there are only finitely many fixed points.
Therefore condition (85) can be satisfied.

Now let M,w, ¢ and J be as in the definition of a stable Floer connecting
orbit, z* € Fix(4) be fixed points and let v’ : R2 — M solve (81),(82),
v € N. Assume that

lini u”(s,t) =z, uniformly in ¢ € [0,1], for v € N,
s—

h_)ni |Osu” (s,t)| = 0, uniformly in ¢ € [0,1], forv € N
S

and suppose that the energies F(u") are nonzero and that

sup E(u”) < o0
veN

We pass to a subsequence such that
N B v
E = uligloE(u ) € 10,00)

exists and set xg := .

Claim 6 There exists an £ € N such that for 1 <1 < £ there is a fixed point
x; € Fiz(¢), a Floer cylinder u; connecting x;—1 with x;, a finite subset
Z; TR x[0,1), a number T; € R and, passing to some subsequence, there
are numbers s7 € R, v € N,1 <1 < £ such that the following conditions are
satisfied:

uf == u’(s¥ +.,.) = ug,v — 00, u.c.s. on R\ U [2],1 <1i < £,(86)
2€Z;
m(i,z) .= m({u; },z) > hs(Jr), for z=(s,t) € Z;,, 1 <i <Y, (87)
d(uf(s,t),z7) <€ fors<0, teR, veN
d(uj (s,t),zi—1) < €, for (s,t) € [s;_; —s; +T;—1,0) xR, (88)
veN 2<5<Y,

d(uf(0,8"),z;_1) > €, for somet” €[0,1], Vv € N,1 < i < £,(89)
s; —si_, o0, Vv—00, 2<i<UV, (90)
d(ug(s,t),7¢) <6, s$>Tp tER vEN (91)
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Proof: The proof is split into two parts: In the first part we prove by
induction the following slightly modified version of the claim.

Claim 7 For every k € N there is an £ := £(k) such that for 1 < i </
there is an x; € Fiz(¢), a Floer cylinder u; connecting x;—1 with x;, a finite
subset Z; C R x [0,1), for 1 < i < £—1 there is a number T; € R, and,
passing to some subsequence, there are numbers sy, v € N,;1 <1 < £ such
that conditions (86-90) hold and

if £ < k then there is a Ty € R, such that,
passing to some further subsequence, (91) holds. (92)

In the second part we will apply claim 7 and use the condition (87), which re-
lies on lemma 1.18 about quantization of energy for J-holomorphic spheres,
and lemma 1.19 (ii) about quantization of energy for Floer connecting cylin-
ders to show that £(k) is bounded above by some constant. Then claim 6
follows.

Proof of claim 7 For k = 1 we see this as follows. We set £(1) := 1 and fix
v € N. By the assumption u”(s,t) = =, s — —oo, uniformly in ¢ € [0, 1]
there is an s’ € R such that d(u”(s,t),z7) < € for every s < &', t € R.
On the other hand, since e satisfies (84) and (85) by remark 1.25 with
x:=z  and the assumption E(u”) # 0 there is a point (s,t) € R? such that
d(u”(s,t),z~) > €. We can therefore define the number

R > s} :=sup{s' e R | d(u"(s,t),27) <¢, Vs<s', VteR}

Furthermore we define u¥ : R2 — M, (s,t) = u”(s¥ +s,t) and apply propo-
sition 4.6 to the sequence u} to get a finite subset Z; C R x [0,1) and a
solution u; of Floer’s equations (81), (82) such that, passing to some subse-
quence, the assertions of 4.6 are satisfied. In particular u} converges to u,
u.c.s. on R\ U,z [7] and therefore (86) holds. Passing to a subsequence,
such that for every z € Z; the mass m(1,z) := m({u}}, z) exists, condition
(87) follows. Conditions (88) and (89) are satisfied by the definition of s
and conditions (90) and (92) are void. Furthermore

E(u1) < E = lim E(u}) < co

V—0oQ

and therefore by proposition 1.14 the following limits exist uniformly in
t €[0,1]:

z1 = limg_y00 u1 (s, ) € Fix(4),
x = limy, _ o u1(s,t) € Fix(¢),
limg_y 4 |Osui(s,t)| = 0.
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Therefore u; is indeed a Floer cylinder connecting a fixed point  with a
fixed point z1. We now prove that z = z~. To see this let ¢ € [0, 1] be fixed
and choose €' > € such that

¢ <d'(z,2'), Vte[0,1], z' € Fix(¢). (93)
Furthermore we define
T := min{ min s',O} : (94)
s'+it' € Z;

Now let s < T'. Since vy — w1 uniformly on {s} x [0, 1] and d(u¥(s,t),z7) <
€, it follows that for v large enough

d(ui(s,t),z7) < d(uy(s,t),uf(s,t)) +d(uf(s,t),z7) < €.

Since this holds for every s < T' we have

d(z,z”) = lim d(ui(s,t),z7) <€
§——0Q
and by (93) it follows that = z~. This proves the assertion of the claim
for k = 1.

Let now k& > 1 and assume by induction that there exist an £ := £(k) € N
such that for 1 < ¢ < £ there is an z; € Fiz(¢), a Floer cylinder u; con-
necting ;1 with z;, a finite subset Z; C R x [0,1), for 1 < i < £ — 1 there
is a number 7T; € R, and, passing to some subsequence, there are numbers
s/, v € N1 < i < £ such that conditions (86-90) and (92) hold. There are
two cases.

Case 1 There is a Ty € R such that, passing to some subsequence, condition
(91) is satisfied.

Case 2 For every Ty € R and passing to any subsequence, condition (91) is
not satisfied.

If case 1 holds then we set £(k+1) := £ and the induction step holds. If case
2 holds then ¢ > k and for any Ty € R for v large enough there are numbers
s¥ > Ty, t¥ € R such that

d(’U,Z(SU, tu)a I@) > €

On the other hand let T; > max(, s)cz, s be so large that d(ue(s,t),z¢) <€
for s > Ty, t € R. Since the distance d(u}(T¢,t),u¢(Ty,t)) converges to 0
uniformly in ¢ € R, the distance d(u}(T,t), ) is less than € for ¢ € R and
v large enough. It follows that, passing to a subsequence, for v € N we can
define the number
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R > sy, == sup{s’ > Ty + s7|d(u"(s,t), ) < €, V(s,t) € [s] +Ty,s'] x R}

By proposition 4.6 applied to uj ,(s,?) := u”(s + s7,,) there is a solution
ug41 of Floer’s equations (81), (82) and a finite subset Zp1; C Rx [0, 1) such
that the assertions of proposition 4.6 are satisfied. In particular, condition
(86) holds with £ replaced by £+ 1. Passing to some subsequence, such that
for every z € Zy,1 the mass m(£ + 1,2) := m({uy,},2) exists, condition
(87) with £ replaced by £+ 1 follows. Condition (88) and (89) for £+ 1 follow
from the definition of sy, ;. Finally, for every T; > Ty there is a vy € N such
that d(uj(s,t),z¢) <€, for (s,t) € [Ty, Tj] X R,v > 1. Therefore

Sg41 — 8§ = 00,V — 00

and condition (90) is satisfied with £ replaced by £+ 1. Since £+ 1 >k +1
condition (92) is void. Since

— i v
E(ugi1) <E= Jim E(ug, ) < o0

by proposition 1.14 the following limits exist uniformly in ¢ € [0, 1]:

Tpg1 = limg o0 upi1(s,t) € Fix(¢),
z = lmg oo upy1(s,t) € Fix(4),
limg_ 4 |Osups1(s,t)| =0.

Therefore uyy; is indeed a Floer cylinder connecting a fixed point = with a
fixed point x4y;. As for the case k := 1 it follows that z = x,. This proves
the induction step £ — &k + 1 and therefore claim 7.

Remark 4.11 Using the fact that for a smooth v : §2 — M the integral
J g2 V*w is invariant under homotopy, it can be shown, that the sequences
uy,1 < i < £ do not bubble in (—o00,0) x R, i.e. that Z; C [0,00) X [0,1)
and therefore we could have set T':= 0 in formula (94).

We now define
h:= min{ min Ag(Jy), ic({J: }1er)},
t€[0,1]

I

where hg(J;) is the constant defined after proposition 1.18 and A.({J; }+cr)
is the constant defined after lemma 1.19.

Claim 8 For k € N let £ := £(k) be as in claim 7. Then

m(1, 00)

£ <
- h



45

Choosing k > m(1,00)/h claim 8 implies claim 6.

In order to prove claim 8 we use the same idea as in the proof of claim 5. By
the quantization of energy assertion (ii) in lemma 1.19 and condition (87),
on each cylinder energy of at least & gets lost. Since on the other hand we
assume that the total energies E(u”) are bounded above, there can only be
finitely many cylinders.

Proof of claim 8: Let k € N, £:=/(k) and

x; € Fix(¢), U; € M(.’L‘i_l,l'i, J.,¢),
Zi CRx[0,1), |Zi| <o00,1<i<¥4 T, eR1<i<l-1
and, passing to a suitable subsequence, let s;, v € N1 <i < N

be such that conditions (86-90) and (92) hold.

Claim 9
m(l,00) > > (B(u)+ Y m(i;z)) (96)
2<i<t z€Z;
Claim 10
B(uw)+ Y _ m(i,z) > h, 1<i<L. (97)
2€Z;

We will see that this corresponds to the stability condition in the definition
of a stable Floer connecting orbit.

Inserting inequality (97) into inequality (96) proves claim (8) and therefore
claim 6.

Proof of claim 9: Note that for 1 <7 </ and R € R we have

E(u; [R,00) x [0,1]) = E(uj}1;[R — 8711 + 57, 00) x [0, 1]).

By condition (90), passing to a subsequence if necessary, we get for every R
and T € R:

Jim Bu5[R,00)) = Jim Buty i [R - sty +s,00)
> Jim B(uf, [T, 00)

= Uli)noloE(ufH) - UILHOIOE(U;{-H; (—00,T))

Taking the limit T' — —oo we see:
lim,, ;o E(u;ja [Ra OO))

> FE —m(i+ 1;—00)
= E(uiy1) + Xoez,,, m(i +1;2) + m(i+ 1;00), VRER,
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and sending R to infinity it follows that

m(i;00) > B(uip1) + » mli+1;2) +m(i+ 1;00) (98)

Inequality (96) follows by induction. This proves claim 9.

Proof of claim 10: Let 1 <14 < £. If Z; is nonempty then the claim follows
by condition (87). So assume that Z; is empty. This implies that u} — u;,
u.c.s. on the whole of R2. Now let ¢V € [0, 1] be a sequence as in (89) such
that d(u?(0,t”),z;—1(t")) > €. We pass to a subsequence that converges to
some tg € [0,1]. Since the functions u? converge C° to u; on the compact
set {0} x [0,1] the distance d(u;(0,tp),zi—1(to)) is > e. Therefore Jsu can-
not be constant, so the energy E(u;) is positive. Now the claim follows from
the quantization of energy assertion (ii) in lemma 1.19. This proves claim 10.

Part II: construction of the branches T;,, iFa, i € Ty, a € T \ Tp:
Let now £ € N,

T; € FIX(¢)7 Uu; € M($i,1,$i, J'a ¢)7
Z:=27; CRx[0,1), |Zi] < o0, T; € R,
and, passing to a suitable subsequence, let sf € R, v €N, 1 <i</

be such that conditions (86-91) hold. It follows from (91) that z, = z*. We
define Ty := T§ = (1,...,£) with the edge relation Ey := Ef defined as in
section 2.

Let 1 € Ty and 21 := s1 + it1 € Z;. In order to simplify notation, we
abbreviate

v¥ :=uy and v := u;.

We define the integer j; := 0 and for s + it € C = R?, if the limits exist,
mo(s + it) :=my ({v"},s +it).

Claim 11 There is an integer N € N, a tuple

VvV = (’Ul,...,’UN;jg,...,jN;zg,...,zN),

consisting of Ji, -holomorphic spheres v; : S> — M, 1 < i < N, positive
integers j; < i, 2 <1 < N and complez numbers z; € C with |z;| <1, 2 <
i < N, finite subsets Z; C Bi,1 < i< N, and, passing to some subsequence,
complez automorphisms {7 € Aut(C) of the form ¢ (z) = €/z + 2z with
e €ER, veN, 1<i<N, such that the following conditions are satisfied:
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(i)(Map) v} :=v" opY = v;, u.c.s. onC\ Z], 1 <i<N.
(ii) (Stability) If v; is a constant function then #Z, >2, 1 <i< N.
(iii) (Energy) For 1 <i < N and (s,t) = z € Z] the number

mi(z) = lgr(l) yli)Igo EJtl ('U;ja B(2))

exists and is greater than or equal to hg(Jy,). Furthermore z; € Z]’-i for
2<i1< N and for 1 <i < N we have

mj;(z) = E(v;) + Z mi(z).

2€Z]

(iv)(Nodal points distinct) If j; = ji for i #4' then z; # zy, 2 <i,i' <
N.

(v)(Connectedness) vi(co0) = v(sy, 1)
Furthermore vj,(2;) = vi(o0) for 2 <i < N.

(vi)(Rescaling) 7 — s1 +it1, u.c.s. on C for 1 < j < N. Furthermore
i = (¢3-’i)*10¢;-’ — 23, u.c.s. on C, for2<i<N.

(vii) (All bubble points resolved) Z] = {z|i < k
1<i<N.

IA

N7 jk = Z} for

Proof: As the proof of claim 6 the proof of this claim is split into two parts:
In the first part we will show a modified version of claim 11, using induction.
In the second part we will show that the induction terminates.

Claim 12 For every k € N there is an integer N := N(k), a tuple v =
(U1, s UN3J25 -+ N} 22, - - -, 2N ), cOnsisting of Ji, -holomorphic spheres v; :
S? — M, 1 < i < N, positive integers j; < i, 2 < i < N and complex
numbers z; € C with |z| < 1, 2 <4 < N, finite subsets Z! C B1,1 <i <N,
and, passing to some subsequence, complez automorphisms ! € Aut(C) of
the form Y (z) = €/z + 2/ with e/ € R, v €N, 1 <17 < N, such that (i-vi)
are satisfied and such that the following holds.

If N < k then (vii) holds, i.e. Z] = {z|i <k <N, jr =1}, 1 <i<N.
(99)



48

Proof: We prove this claim by induction over k. In each step we will apply
the soft rescaling proposition 4.8, using Gromov’s trick. Now let k£ = 1, set
N := N(1) :=1 and let 7 > 0 be so small that B, (z1) "{J,c5[2] = {z1}. We
define K := B,(z), M,& and J as in (30) and (31) with H; = 0 and

WK - M, z— (z,07(2)),
7:K =M, z— (z,0(2)).

Now we apply proposition 4.8 with

M, w,J" = J,u”, u,z replaced by M,&,J, 3", 5,z

to get rescalings ¢¥ € Aut(C), a finite subset Z! C By C C and a J-
holomorphic w; : §2 — M such that the assertions of proposition 4.8 hold.
In particular wy := 9" o 4y converges to wi, u.c.s. on C\ Z;. By remark
1.21 w; has the form

wi(z) = (z,v1(2)),
where v : §2 — M is a Jy,-holomorphic sphere, and v} 1= v” 01)] converges
to v1, u.c.s. on C\ Z|. This proves (i) (with N = 1). Assertions (ii) and
(vi) follow directly from proposition 4.8 and (iv) and (99) are void. By
proposition 4.9 we have
(z1,v1(00)) = wi(o0) = 0(z1) = (21,v(21)),

and therefore (v) is satisfied. We check the energy assertion (iii): Let z € Z],
then it follows by remark 1.20 that the mass

mi(z) := 213(1) Vli)r(r)lo Ej, (vi; Be(z)) exists and

mi(z) = mj({wi'}, 2). (100)
By proposition 4.8 there is a sequence z¥ € C, converging to z, such that
|dwy (2")| = o0, v — 0.

Therefore by remark 4.5 it follows that mq(z) > hg(Jy,). Furthermore
Proposition 4.8 implies that

mo(z1) := my ({v"}, 21) = m;({8"}, z1)
= Ej(w) + Z mj(wy, z)
2€Z]

= Eyj, (v1) + Z m(z)

2€Z]
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This proves the energy condition (iii) and therefore the statement of claim
12 for k = 1.

We show the induction step £ — k+1. Let k£ > 1 and suppose, by induction,
that there is an N := N(k) € N and for : < N there are v;, j;, 2, Z, and,
passing to a suitable subsequence, there exist 1)} as in claim 12, such that
conditions (i)-(vi) and (99) are satisfied. There are two cases:

Case 1 (vii) is also satisfied.
Case 2 (vii) is not satisfied.

If case 1 holds then we set N(k + 1) := N and the induction step holds.
If case 2 holds then N > k and there is a j € {1,..., N}, such that Z]'- 2

{#zilj <i < N,ji =j}. Weset N(k+1):=N + 1 and choose any element

znv41 € Zj\{zlj <i < N,j; = j}.
In order to apply proposition 4.8 we again use Gromov’s trick. Let therefore
r > 0 be so small that B.(2n+1) N Z} = {zn11}. We define K := By (2n+1)
and M,&,J as in (30), (31) with H; = 0 and w¥ := 3" o 4% : K — M. By
condition (i) and (vi) with N = N (k) we have

wy — wj = (21,v5),V — 00, w.c.s. on Br(2nt1) \ {2n41}

and therefore hypothesis (a) of proposition 4.8 with
M, w,J,u’,u,z replaced by M, o, J, WY, Wy, ZN+1

is satisfied. Since by remark 1.20

mj(wy; 2n+1) = my,, (v7 0 P55 2n41)

hypothesis (b) follows from the energy condition (iii) with N = N (k). There-
fore by proposition 4.8 there is a subsequence and there are ¢” € Aut(C),
a J-holomorphic sphere w1 : 8% = M and a finite set Zy 41, such that
the assertions of proposition 4.8 hold. In particular, w} o " = 4" o 4% o 4p”
converges to wy1, u.c.s. on C\ Z§v+1- By remark 1.21 wp1 has the form

wy+1(2) = (z,v841(2)),

where vy 11 : S2 — M is a Jy, -holomorphic sphere, and Up 1 i= VYo o
converges to un+1, u.c.s. on C\ Zy . Defining ¢, | := 97 04" this shows
condition (i). Furthermore we set jy+1 := j. Then conditions (ii),(iii) and
(vi) with N replaced by N + 1 follow from proposition 4.8, remark 1.20 and
remark 4.5, (iv) is satisfied by the choice of zy;1 and (v) follows from 4.9.
This completes the induction and therefore proves claim 12.
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Now let k € N, abbreviate N := N (k), for i < N let v;, j;, zi, Z; and, passing
to a suitable subsequence, let ¢, v € N,1 <4 < N, be as in claim 12, such
that conditions (i)-(vi) and (99) are satisfied. For 1 < £ < N the integers
1,...,¢ are the vertices of the tree T¢ := {1,...,¢} with edge relation E*
given by

iBY = i=jy ori = j;.

We want to show that the number N of vertices of TV is bounded above by
some constant. The idea is the same as in the proof of claim 8 and in the
proof of claim 7. We will define weights on each vertex j € T, using the
energy of v; and masses of bubble points z € Z;. By the energy condition
(iii) for each the mass m;(z) is bounded below by hg(Jy, ) > 0. Since the
total weight of the branch TV is m({v"}, 21) < oo, it will follow from the
stability condition (ii) that N is bounded above by some constant.

Let 1 < £ < N. On the tree T we define a 1-labelling A¢ by putting 1 marked
point on the vertex 1, i.e. Af := {1}, Af =0, 2 < j <. Furthermore we
define

weights m(j;£) := E(vj) + Zzezj.l mj(z), 1 <j<{,
the total weight W (T*) := E§:1 m(j;£) and we abbreviate
hg = hs(Jy,).

Think of the weight m(j;£) of the vertex j as the energy of v; together with
the energy of those of its bubble points that have not yet been blown up into
a bubble v; with j < i < £. Note that m(j;£) = 0 only when v, is constant
and all its bubble points have been resolved.

Claim 13 The number of vertices N of the tree TN satisfies

N < 2m({v"} 21) L
hs

For the proof of this claim we need the following.
Claim 14 (TV,EN,AN) with the above weights is a stable weighted tree.

Claim 15
W(TY) = m({v"},21) (101)

Since by the energy condition (iii) Ag is less than or equal to the minimum
of the nonzero weights m(j; N), 1 < j < N, it follows from claim 14 and
remark 2.1 that
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2W (TN)
hs

Inserting the expression for W (T?V) in equation (101) into (102) proves claim
13 and therefore claim 11.

N—1=¢(Ty) < —2 (102)

Proof of claim 14: We have to show: If m(j; N) = 0, then #{z[iEVj} +
#A;-V >3, 1<j<N. Case j =1: Suppose that m(1; N) = 0, then Z;,y is
empty and therefore
Z) ={zlji=1, 1<i < N} ={z[iEN1}.
It follows also from m(1; N) = 0 that E(v;) = 0. By (ii) this implies
H#AN + #{ )i EN1} =1+ #2] > 3.

Now let j > 2 and assume that m(j; N) = 0. Then Z;y is empty and
Z; =A{zlji =13, j <i < N}. Since

{ziiEN j} = {zi]j = ji, i < j < N}U{oo} = ZjU{oo}

and E(v;) = 0 it follows by (ii) that #{z;[iE”" j} > 3. Therefore the labelled
weighted tree TV is indeed stable. This proves the claim.

Proof of claim 15: We show by induction over £, that for 1 </ < N

V4
W (T =3 m(js £) = m({e*}; 21) (103)
j=1

This is satisfied for £ = 1, since by (iii) m({v" }; 21) = E(v1)+)_,c,, mi(z) =
m(1;1). Now suppose (103) has been proved for some £ € {1,...,N}. If £ =
N then we are done, so assume that £ < N. Note that m(j; £+ 1) = m(j;¥)
whenever j # jy1 and j < £, while

m(jer1; €+ 1) = m(jey1; £) — mj,,, (2e41),
and, by (iii) withi = £+ 1,

m(l+1;4+1) = mj,, (ze41)-

Hence (103) holds with £ replaced by £ + 1. Thus we have proved (103) for
every £ € {1,...,N}. This proves claim 15.

Now let i € Ty = (1,...,£), z =2z = s1 +it1 € Z;, where Z; CR x [0,1) is
the finite subset we constructed in part I, and let jg, zx, Zk, v, 1 <k <N
and, passing to a suitable subsequence, {1} },en,1 < k < N be such that
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(i)-(vii) are satisfied. Recall that we have abbreviated v" := u}. We define
the tree T; , := {(¢,2)} x {1,..., N} U {i} with the edge relation

Bi = {(k, jk), Uk, k)2 < b < N} UA{(5, (1, 2, 1)), (5, 2,1),2).}
Let i # a = (i,2,k) € T; ,. We define the predecessor
— (iazajlc)a if k > 2,
m(a) _{z if k=1

and the nodal points z4;(q) := 00 and zg(q)q := 2k, and denote the set of
nodal points at the vertex « by

Zo = {zap|BE; 0}

Furthermore we set uq := vi, : S? — M. Recalling that in part I we have
constructed time shifts s¥ and defined ¢7(s,t) := (s + s¥,t) we define for
i # a € T; , the rescalings

Po = ¢ o Pk

and extend these functions to all of S? by setting ¢”(cc) := co. Then
@b € PSI(2,C). In order to prove the stability condition in definition 2.4
we need the following

Remark 4.12 Let i # a = (i,2,k) € T; .. Then Z, = Z,U{oo}. If uq = vy
is a constant function then by (ii) it follows that

#HZo=#Z,+1>3.
If the limits occurring in its definition exist, we denote for o € T; ,

(2) = my.({ut},z), for z € R2, if a =1,
M= ma, ({08}, 2), for z € 82, if o = (i, 2,k) € Ti...

In order to prove the (energy) condition in definition 3.1 we will need the
following

Claim 16 Let i # a = (i,2,k) € T; ,, write B := 7(c) and denote by Tg,
the branch of T; , we obtain by removing the edge BE; ,a and which contains
a, i.e.

Tpo = {7 € Tiola € [8,7]}.

Then
mg(za) = Y B(u,) (104)

’)’ETBa



53

Proof: We prove this formula by induction over the number of elements of
Tgq- If Tgo contains only the element o then by condition (vii) Zj, is empty
and the claim follows immediately from condition (iii). Assume now that
we have proved formula (104) for #T3, < m. Suppose that #Tg, =m + 1
and let v1,...,7; be the distinct elements of {y € T;,|a = 7m(y)}. Then
{71,--.,7s} U{B} is the set of vertices adjacent to a = (7, z, k). Note that

To = {0} U |J Tar, (105)
1<r<s

and therefore #7, < m, 1 <r <s. Hence, by the induction hypothesis,

Meo(Zay,) = Z E(uy), 1<r<s.
YET oury

Moreover, it follows from (iii) that

mp(28a) = E(ua) + Zma(za’yr)'

r=1

Inserting the previous formula and using (105) we obtain (104). This proves
the claim.

Now we define the tree

T:= |J T, with the edge relation
1€10,2€7Z;
E:=EuU | BEi, (106)
1€10,2€2Z;

and introduce the notation z; ; 1= o0, for i’ =i+ 1, 4, € Tp.

Part III: Proof, that (u,z) is a stable Floer connecting orbit and that,
passing to some subsequence, v” — (u,z), v — co:

The property (i) in definition 2.4 follows from (v) in part II and from the
construction in part I. Property (ii) follows from (iv) in part II and the
construction of the tree T. The assertion for @ € T in (iii) follows from the
claim 10 and the assertion for a € T'\ T} follows from remark 4.12.

We now verify the conditions of definition 3.1:

0): By construction z,,(,) = 00, and ¢* (Zgn(a)) =00, VEN, a €T \ Tj.
() « (a)

(Map) follows from condition (86) in part I (for @ € Tp) and from condition
(i) in part II (for a € T'\ Tp).
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The first assertion in the (Rescaling) condition is satisfied by (90). The
other assertions follow from (vi) in part II.

The (Marked points) condition is void.

(Energy) This condition is equivalent to the following conditions:

m(£,00) = 0, (108)
m(i,00) = E(uig1) + Y m(i+1,2)+m(i+1,00), 1<i<f—1, (109)
2€Z5+1
m({uf (o }ves Zn(aya) = B(Ta(ya) = Y, Blug), a€T\Tp. (110)
ﬂeTw(a)a

Proof of (107): Let a < b < 0 and v € N. Recall that we have chosen
e > 0 such that (84) and (85) are satisfied. Therefore, it follows by lemma
1.22 that the energy of u} on [a,b] x [0, 1] is given by

E(u1;[a,b]) = Ay-(uf(a,.)) — Az (uq (b, ).
Abbreviating A := A,-, by lemma 1.23 there is a constant C' > 0 such that
|[A(uf(a,.)| < Cl}lgig( |05 (a,t)|?
Sending a — —oo it follows that

BE(uf; (—00,b]) = —A(u{(b,.)).
Now let

b< min{ min 5,0} , then
s+iteZy

v v 2 2
(Al (b, )] < Cmax|0yuy (b,2)]” — C'max|dsui (b, t)[°, v — oo,

and this converges to 0 as b — —oo. It follows that

m({uf},~o0) = lim_Jim B(uf: (~o0,b)
= lim lim —A(u}(b,.)) =0.

b——o0 V00
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This proves (107).

(108) is shown analogously. We show (109): Let 1 <4 < £ — 1. By (98) we
already know that the left hand side of (109) is greater or equal to the right
hand side. So we have to show that it is also less than or equal. For i € Tj
let T; € R be as in claim 6. Let

T > max{ max s ,T;}, —T' < min{ min s,0}

s+ite s+Hit€EZ; 41
and choose v so large that T' < sy ; — sf — T". By condition (88) the
distance d(uf (s,t),z;) is less than or equal to € for (s,t) € [T3, s7, | —s/] xR
Therefore by lemma 1.22 we have
E(uf; (T, 00))
= E(u};[T,s{ , —s; = T')) + E(u;[s IZ/+1 s¥ —T',oo))

= A-’M (u;/(T’ )) - ‘A$7, (ulij(szl'/—kl - Sli/ )) + E( z-|—17 [ Tla OO))a
and by lemma 1.23, using that u} — u;, u.c.s. on {T'} x [0,1] and u}, ; —
Ui+1, w.c.s. on {—T"} x [0,1] we have

limy 00 E(uf; (T, ))

< limsup, (|«4z1 T,))| + [ Aa, (uf (s¥y1 — 57 = T",.))])
+1imy, 00 E(u z+17[ T OO))

< C (maxyeqo, 0y (T, )])* + C (maxyeqo,y [Opusg1 (—T7,.)])
+limy 00 E(u z+1a[ TI 0)).

By sending T, T" — oo we get

m(i,00) < lim lim E(uf,;[-T",00))

T’ —00 V—>00

= Buis1)+ Y, m(i+1Lz) +m(i+1,00), 1<i<l—1,
2€Z;i+1

This proves (109). Condition (110) is satisfied by claim 16 and therefore the
(Energy) condition of Floer-Gromov-convergence is satisfied. This proves
theorem 4.1 in the case n = 0, i.e. if there are no marked points.

If there are marked points, we need the following

Lemma 4.13 Let 27,27 € P(H, ¢), (u”,2%,...,2%) be a sequence of Floer
cylinders connecting x— with =+ with marked points that Floer-Gromov-
converges to a stable Floer connecting orbit (u,z) via ¢%, o € T and let
B € T\ Ty be such that, denoting a := ()

(a) (¢%)~! o9’ converges to zap u.c.s. on C.
(b) (qﬁg)_l o ¥ converges to zg, u.c.s. on S\ {0}.
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Then the following holds:
(i) Abbreviating E := E;, we have for every r > 0

lim E(u” o9”;B,) = E(Tap) = Y E(uy) (111)
V—00 eTug

(it) Passing to some subsequence u” o 9" converges to uq(zq8) = ug(2ga),

u.c.s. on C\ {0}.

111) For 1 < j < n abbreviate i := root(a;) and let 2! € [2%] with 2" —s¥ —
J J J J {
Zij, vV — 00. Then

_ 0, ifa; €T

vy—1¢ ’ J ap

(¢ ) (z] )_){OO, ifOtjETﬂa

Proof: Recall the notation u), := u” o ¢, and ug = u” o pp. We write
u¥ = u” o ¢p¥. We prove (i): Let 7 > 0 be fixed. Then by (a) we have for

v
every € > 0 for v sufficiently large

Y (Br) C ¢a(Be(2ap)) and

E(uy; By) = E(u”; 9" (Br)) < E(u”; ¢ (Be(2ap))) = E(tq; Be(zap))-

Letting v — oo and then € — 0 we see

lim SUPE(U'Z; B,) <m({ua}, zap) = E(Top) (112)

vV—00

The last identity follows from the (Energy) condition in the definition of
Floer-Gromov-convergence.

On the other hand, using an analogous argument, it follows by (b) that for
€ > 0 and v sufficiently large

E(uy; Br) > E(ug; 5%\ Be(2ga)) and therefore

liminf E(uy; By) > lim lim E(ug;SZ\Bg(z/ga))

V—00 e—>0v—00

= E(Tap) (113)

Inequalities (112) and (113) prove the energy identity (111).

We prove (ii): Let K C C\ {0} be a compact subset and let U C C be
a bounded open subset that contains K. From the energy identity follows
that

lim E(uy; K) = 0. (114)

vV—0o0
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We define M := U x M and

@€ Q3(M),J € End(TM) and @* € C®(U, M)

as in (30),(31) and (34), with u replaced by u”. Furthermore we define
i := root() and

wh U — M,wh(2) = ((¢%) 7 0 9" (2),u” 0 9" (2)).

For every measurable subset A C C we have

Ej(wy; A) = Ez(a”;94"(A))
= Ern.(u”;9"(A)) + [9¥ (4)]. (115)
Therefore, sending v — oo, we see
Jim Ej(wy; K) = lim E(u”;4"(K))
= lim E(u” o9y"; K) =0, (116)

V—00

where in the last step we have used (114). We claim that

sup{|dwy (2)||z € K, v € N} < oo (117)

This is seen as follows, using lemma 4.3: Assume that the claim were wrong,
then, passing to some subsequence, there is a sequence z¥ € K that converges
to some zy € K such that

|dwy (2")] = 00, v — o0.

By equation (115) we have

sup Ej(wy; U) < 00

veN
and therefore the hypotheses of lemma 4.3 with M,w,J” = J and u” re-
placed by M, &, J and wy are satisfied. Therefore there exist complex auto-
morphisms x” € Aut(C) and a nonconstant J-holomorphic sphere w : $? —
M such that, passing to a suitable subsequence, the assertions of lemma 4.3
are satisfied. Since x¥ — zy, uniformly on U, we have for every ¢, R > 0 and
v large enough

X" (Bgr) C Be(zp), and therefore

Ej(wy o x”; Br) = Ej(wy; x"(Br))
'w,';'

E;
Ej(wy; Be(20))

VAN

(118)
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Choosing € > 0 small enough and sending ¥ — oo the left hand side con-
verges to Ej(w; Bg), while the right hand side converges to 0 by (114).
Letting R — oo we see

Ej(w) == 0,

a contradiction. This proves (117). Now let U C C\ {0} be a bounded open
subset that contains K and define M := U x M and @, J as in (30), (31). By
proposition 4.2 applied with M, w, J* = J and u” replaced by M, &, J and
wy there is a subsequence of w? that C°°(K)-converges to a J-holomorphic
curve wy : U — M. By assumption (a) and (b), the (Rescaling) condition

in the definition of Floer-Gromov-convergence and remark 3.4 we have

(@) T o’ = (¢¥) " o b o By o (¢4) T o9 = s+ itg,

u.c.s. on C. It follows that w, is of the form

wy(2) = (sg,t8,vy(2)), where u, : U - M

and that uy — u,,v — co. By (114) the energy of u, vanishes and therefore
U is a constant map. Next we prove, using proposition 4.9, that the constant
limit is equal to uq(248) = ug(284)- Let 7 > 0 be so small that

{ B, (zq8) N GL% (2] = {za8}, if a € T,

By (2ap) N Zo = {2ap},  fa€T\Ty.
Set Zoo = Zga, let z1,...,2; be the other points of Zg and define K :=
By (2a) and M, @, J as in (30), (31) and wY, wq : Br(2a5) — M,
we(2) = ((87) 7 0 g (2), us(2)),

— (zaua(z)), if a €T ,
wa(Z) o { (Sa,taaua(z)), ifa € TO\ To.

Then the assumptions of proposition 4.9 are satisfied with 2y := 245, v :=
ug and

M,w,J" = J,u”,u,9" replaced by
Ma w, ja Iw(l;u Wa, ¢Z,3
Now choose any z € C\ {0} and consider the sequence

¢V = (@) o 9V (2).

Setting ¢ := ¢, by proposition 4.9 for every € > 0 there is a > 0 and a
vy € N such that for v > 1
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if 4% ((¢4) L 09" () zap) +d5 ((¢5) Lo 9¥(2),20) <6 = (119)
d’ (! (2), u(zap)) < €.

By hypotheses (a) and (b) condition (119) is satisfied for v large enough. It
follows that

d‘](w,’;(z),u(za[g)) —0,v — o0

and therefore, using (33),

dt(ug(z),ua(za/g)) —0,v = 0.

This proves (ii).
In order to prove (iii) suppose that o; € T,3. Then z,; = z4g and, by
lemma 3.5

28 # 28, = lim (¢5) 7" (2}")

V—00

This implies that (4*)~!(2}’) converges to 0 since otherwise we would ob-
tain the limit zg, after applying the Mobius transformations (qﬁg)_l o1 to
this sequence and passing to a suitable subsequence. A similar argument
shows that (1" )*l(z;-” ) converges to oo whenever a; € Tg,. This proves the

lemma. O

Recall the notation

_— {Rxmﬂﬂuimhﬂaen,
Yo i =

S2 ifa € T\ Ty and
lim s” + 4t = +oo0, if s¥ = +o0,v — 0.
vV—00
Lemma 4.14 Let (u”,27,...,2}) Floer-Gromov-converge to a stable Floer
connecting orbit (u,z) via ¢", € PSI(2,C) and ¢* € R2\ U [2]] be a

1<j<n
sequence such that the limit

(o := lim (¢%)7'(¢") € Ta

V—oQ

exists for every a € T. Then precisely one of the following conditions holds.
(I) There exists a (unique) vertex o € T such that

Ca € Za \ ({2apl(a, B) € E\ Eo} U{zjlaj =, 1<j <n})
(II) There exists a (unique) indez j € {1,...,n} such that Co; = 2;.
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(IIT) (; = —o0 or (g = oo or £ > 2 and there is a (unique) i € {1,...,£—1}
such that
(i =00, and (41 = —©

(IV) There is a (unique) § € T \ Ty such that with o := 7w(3) we have
Ca = 2ap and (g = 2Z8q-

Proof: We only prove that exactly one of the conditions (I-IV) holds, but
not uniqueness. Note that (I),...,(IV) are mutually exclusive. Assume that
neither (I) nor (II) nor (III) holds. We have to show that then (IV) is satis-
fied. For each o € T there is a 8 € T' with SE«a and (o = 2,4 Let us look
at o« =1 € Ty. There are two cases

Case 1 (; = 0o. ({1 = —0 is excluded by (III).)
Case 2 (1 = 214, for some oy € T'\ Ty with a1 F1.

If case 1 holds we look at o = 2 € T. Again there are two cases:

Case 1 (o = .
Case 2 (9 = 294, for some ay € T'\ Ty with a3 E2.

By repeating this argument for (3,... and noting that (, can not be equal
to oo by the assumption that (III) does not hold, there is an 7 € Tj such
that case 2 holds, i.e. such that (; = zjo, for some a1 € T \ Ty with oy Fi.
We now look at aq: By the assumption that (I) and (II) do not hold there
is an ay € T with agFay and (,, = Za,a,- If @s =i then case (IV) holds
and we are done. So assume that ag # 4. Then there is a ag € T\ T with
Cas = Zasas- By repeating this argument we obtain a sequence o € T'\ Tj
with @jEaji1 and (o; = Zaja,4,- Since T' has no cycles and is a finite set,
there must be a j such that a; = a;_» and therefore Caj = Zajo_;- This
means that case (IV) holds.

This proves the existence statement of lemma 4.14 O

Proof of theorem 4.1 if n > 0:

Let (u”,2%,...,2"%) be a sequence of Floer cylinders connecting =~ with 2T,
with n distinct marked points that satisfies the requirements of theorem
4.1. Passing to a subsequence if necessary we assume furthermore that for
1 < j < n there is a sequence 2 := z¥ +y; € [z]] C R? such that Yy
converges to some y; € [0,1). We prove, by induction over k, that for
0 < k < n a subsequence of (u”,2{,...,z;) Floer-Gromov-converges to a

stable Floer connecting orbit

(ug,z) = (T, 15, B¥), {ua}acre, {20} ark s, {25 1< <)
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with 24r(a) = 00 and zr(q)a € C for every a € T'\ Tp, via complex automor-
phisms ¢% € Aut(C), v € N,a € T*. For k = 0 this follows from the proof
of theorem 4.1 in the case n = 0. Let now k£ > 1 and assume, by induction,
that passing to some subsequence

(uy’ zfa .. 72‘%—1) — ((Tkila Téc_la Ek_l)a {u&}aETk—17 {ZOL,@ }aEk—1B7 {Zj}lfjfk—l)

via ¢4 € Aut(C), v € Nya € T*~!. We abbreviate T := TF!, Ty :=
Té“fl, E := E*~!. Passing to a further subsequence if necessary, we may
assume that the limits

Zag 1= lim (65) 7 (21) (120)

exist for all o. We apply lemma 4.14 to (¥ := 2}’ and (4 = zo} =
lim, o0 (#4) 1 (2})-

If (I) holds then there is a unique element « € T" such that

2ok € %o \ ({zasl(B,0) € B\ B} U {zlay =, 1<j <k—1}).

In this case we define T"% = T* := T E"% = EF .= E and introduce a
new marked point

o, [Rx[0), ifae,
o= Fak &9 g2, if o € T\ Tp.

on the vertex aj := «. Then it follows that

(ug,zg) := ({vatactrew, {2ap taprews, {2 }1<j<k)

is a stable Floer connecting orbit and that (u”,z27,...,z]) Floer-Gromov-
converges to (ug,zg). This proves the induction step in case (I).

If (II) holds then this means that in the limit » — oo the two marked points
with indices j and £ lie on the same vertex « := «; and coincide. In order to
satisfy the condition for a Floer connecting orbit, that the special points on
each vertex are distinct, we introduce a new bubble vertex . This vertex
is connected to « and carries the two marked points with indices 7 and k,
which are now separated. The marked point z; on a becomes the nodal
point from « to y. The new stable Floer connecting orbit is given by

T =T U{y}, o=, =1, o :=~, 2:=0

J J ’
new ,__ new ,__ . . Q2 = .
Zya' =00, Zao' 1= zj, Uyt 8% o M, uy = ua(zg).
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The new bubble is a “ghost”, i.e. the corresponding map u. : S? - M has
ZEero energy.
We now define rescalings ¢4 = 4" € Aut(C) by

V(2) =€z +z), €=z -2z
We check the conditions of Floer-Gromov-convergence. We begin with the
(Rescaling) condition for the edge aE™*"y. Writing ¢ (z) =: €4z + 2% we
have

(6%

” — 2j, V — 00,
€

(o]

and it follows by the assumption z; = 24 := lim, 00 (¢%) "1 (2}) that

v

zy — %
k__"a 5 2, v— oo and therefore

14
ea

v
é — 0,v — oo and (¢%) loyp” — z; = Zgy'y W.C.s. on C = 5%\ {00 = Ze }-
(121)
By remark 3.2 we have (¢) o ¢% — oo = 25 for v — oo, u.cs. on
S2\ {z; = 245" }. This proves the (Rescaling) condition.
We continue with the (Map) condition: Since z; € Z, it follows that

uy :=u" o ¢y =u" o ¢, 0 (¢4) "t o p” = uq(z;), u.c.s. on C.

This proves the (Map) condition for 7. Since ., is constant,

E(uy) = 0 =m({ug}, %)
and therefore the (Energy) condition is satisfied. The (Marked points) con-
dition is satisfied since

(gb;)*l(z,'c") =1 and (q%)*l(z;”) =0, V/weN.
This proves the induction step in the case (II).
In case (III) the new marked point gets lost in the limit ¥ — oco. It either
leaves the first cylinder in —oo direction or the last cylinder in o0 direction

or it gets lost between some cylinder ¢ € T and the next one. If {(; = —oc0
or (y = oo we extend Ty by a new vertex <y, which is connected to

1, lfgl = —0Q,
£, if (p =
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and carries the new marked point. Recalling that y; := lim,_, 2} € [0,1),
the new stable Floer connecting orbit is given by

T =T UT \ Ty, T3 :=To U {v}, af® =7, 2% =iy,

. ™2 __ Ii(t)a if Cl = -
Uy R = M’ ’U,’Y(S,t) T {Ie(t) = I+(t), if C@ =0
The new cylinder is a “ghost”, i.e. E(uy) = 0.
If (; = 00, (j+1 = —oo for some 1 < ¢ < £ —1 then we extend Ty by a new
vertex -y, which is connected to ¢ and ¢+ 1 and carries the new marked point.

The two vertices 7 and 4 + 1 are no longer adjacent. We define T, a*"

and 27" as above and
Uqy(s,t) == lim u,(s', 1)
s'—00
In any of the cases (1 = —o0, ( = o0 or (; = o0, (41 = —oo for some

1 <4 <£—1 we define ¢ € PSI(2,C) by ¢%(s +it) := (s +zy,t). We check
the (Energy) condition for Floer-Gromov-convergence: Since z}, — s} — 0o
and z} — s, ; = —00,v — oo we have for every T, T" € R for v large enough

E(ui;[T,00)) 2 E(u;;[T + zf — s7,00))
= E(u2; [T, 00)) and
E(uf;[T",00)) = E(u z+1a[T +af — s741,00))
> E(ufyy;[T",00))

Sending v — oo and than T' — oo and 7" — —oo we have

m({u; },00) > hm lim sup E(ur; [T, 00)), (122)
V=00
. . . . ] !
T’1—1>r£100 hngg)le(uw [T ’ OO)) > llIIl E( z+1) T’1—1>r£100 Vlig.lo E( Uit1; ( 0, T ])

= B - m({u,;},—o0)
= E(uiy1) + Z m({uiy1}, 2) + m({uij1}, 00)

= m({ut},00)
(123)

and therefore the mass m({uy}, o0) is welldefined and

m({ul},00) = m({uj’}, 00)

This proves the (Energy) condition and the induction step in the case (III).
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If case (IV) holds then there is a unique 8 € T'\ Tj such that with a := 7(f)
we have (o = 248 and (g = zgo- Then the new marked point gets lost
between the bubble vertex 8 and its predecessor a. We introduce a new
bubble v, which is connected to « and 8 and carries the new marked point.
In the new tree T"¢" the vertices a and S are no longer adjacent. The new
stable Floer connecting orbit is given by

T =T U{v}, o™ =7, 2zp:=1, 205" = za,

new ._ new ._

ZpeY 1= 2gq = 00, Z =00, Zy4

By Yo
Uy 1 S? =5 M, uy(2) = ug(2ap) = us(2ga)-

7y is a ghost, i.e. the corresponding map u. has 0 energy. We write

Y(2) = a2y WY(2) = ez + 24

and define the rescalings ¢, = 9" € Aut(C) by

VP (2) =€z + 25, €=z -z

We check the conditions of Floer-Gromov-convergence: For the (Rescaling)
condition note that, since we assume case (IV),

v 4
765 & zqp € C, (124)

v v
- B s 280 = . (125)

Furthermore by the rescaling condition in the definition of a stable Floer
connecting orbit

l/_

o

v
za

— 2o, V — 00. (126)

v
eOt

It follows from (124) and (126) that

B €'z + 25 — 24,
() oyt (a) = —— (127)
(87
zll/ _ zl/ zl/ — ZV
= & = @42 — 21— 2) = 2ap = 257", (128)
o o

€

u.c.s. on C = §%\ {#5e" = oo}, and (125) implies that
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— k
(¢5) " o9 (2) = Tﬁ = 25" = 70 = 00, (129)

u.c.s. on S2\ {z7§” = 0}. By remark 3.2 it follows from (128) and (129)
that

(") Lo gl — Z5e0 =00, u.c.s. on S2\ {265" = zap},

(") to ¢p — 275" =0, ucs. on SZ\ {255 = 2pa}

This proves the (Rescaling) condition.

The (Energy) and the (Map) condition follow by lemma 4.13 and the (marked
points) condition is satisfied, since (¢*)7!(z}¥) = 1, v € N. This proves the
induction step in case (IV) and therefore theorem 4.1 in the general case.

Remark 4.15 Note that in the cases (III) and (IV) it also follows from
lemma 4.13, that

0, if aj € Typ
oo, if aj € T/ja

07 -+ {

and therefore in the induction step £k — 1 — k& we do not need to pass to a
subsequence in order to make sure that the limits in (120) exist.

A Appendix

In this appendix (M,w) is a compact symplectic manifold.

A.1 Proof of Lemma 1.3

Let o € LoM be a contractible loop in M and let £ € T, Lo M be a tangent
vector to LoM at zg, i.e.a smooth vector field in M along zy. We have to
prove that

U (zo;€) = dag(xo)§,

where the circle valued symplectic action ag : LoM — R/Z and the 1-form
Uy € QY (LyM) are defined in section 1.2.
Choose a smooth map

z:R—= LoM, A= z(A) = xy,

such that
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and

w1, fA< -4,
Ty = 4
A z1, ifA>1
4

Let u_q : B — M be a smooth map such that
, 1
u_q(re?™) = z_, (1), if 2 <r<l.
For)\giwedeﬁneu)\:B—)Mby

U (,],,627rit) o ’Ulfl("'e%rit), for r < %,
* T \oaa(t), forl<r<i.

Then we have uy (e2™) = z,(t), for A < 1. Therefore, denoting the annulus
with radii 0 < @ < b by A(a,b) := By \ B,, we have

d

a aH(x)\)

A=0

1
—/ u*_lw—/ u;w—/ Hy(o (8))dt
A=0 B% A(,1) 0
_ 4 / o L
Ao Jacyy T dx
= T +1II.

dap(zo)é =

4
ax

1
/ Hy(o () dt
A=0Y0

The second term is given by

1 1
= / dH,(zo)édt = — / (X, (20), €)dt.
0 0
For the first term we consider the change of coordinates
1 .
Frp) X 01) 5 AGG Y, flrt) = re

Then

/ U\w = / ffujw
A(3,1) (3,1)x(0,1)
= [, wesyw
(3,1)%(0,1)
1 pl
= / . W(OrTrtr—1, O4Tryr—_1) dr dt.
0 J3
We define for A € R

1
a() = —/ w(Or\zy, Opxy) dt.
0
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Then

d 1,1
= _ / / W(OATA4r—1, Oy Trqr—1) dtdr
dA\=0 /1 Jo

1
- 2

1
/ aA+r—1)dr
A=0Y3

2 A=0
= afr — 1)|71:%
1
= «a(0) —a(—g).

For \ < —i we have 1, = T_1, 80 Ohzy = 0 and therefore a(A) = 0. This
implies

w(OA|a=07x, Opzo) dit

w(ga at:I;O) dt

and therefore

dag(zo)f =T +1I = [ w(Ozo — Xg,(x0),€) dt = Vg (zo;&).

S~

This proves Lemma 1.3.

A.2 An a priori estimate

Lemma A.1 Let (M,J) be a compact almost complez manifold and g be
any Riemannian metric on M. Then there exists a constant ¢ such that for
r > 0 and every J-holomorphic curve u : B, — M the following holds.

If B(u; B,) < 6 then |du(0)]% < %/ du?.
T B,

Proof: See lemma 4.3.1. in [9]. O

A.3 Homotopy

Let u,v : [0,1] xR — M be smooth functions that satisfy the twist condition
(16) and
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u(0,1) = v(0,1),
u(1,t) = v(1,1)

We call u and v homotopic with fixed endpoints and respecting the
twist condition if there is a smooth family v* : [0,1] x R — M, X € [0,1]
with

0 = (130)

vl = (131)

v™(0,1) = u(0,t) = v(0, 1), (132)

v M(1,t) = u(l,t) = v(1,1), (133)

d(v (s, t + 1)) = v*(s,t), s€[0,1], teR, X€]0,1] (134)

Remark A.2 Let u,v : [0,1] x R — M be homotopic with fized endpoints
and respecting the twist condition. Then, setting Q := [0,1] x [0, 1]

/u*w:/v*w
Q Q
Proof:

We use the same trick as in the proof of proposition 1.14. We define

M =M x M,

O =w® (—w) € Q2(M),

Ly == {(p,p)lp € M},

Ly :={(p.¢(p))lp € M} and

4,0, : [0,1] x [0,%] = M,

O =q, '=20, (135)
t) = a(1,t) = 9(1,1), (136)

1
(s,0) € Loy, (s, 5) € L1, (137)
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for s € [0,1], t € R, A €[0,1]. Now by a corollary to Cartan’s formula the
difference 9*@w — 4*®@ is exact, more precisely it is given by 7*@w — 4*@w = da,
where

1
o= / W(OxO, di.)d.
0

Therefore by Stokes, setting Q% :=[0,1] x [0, 3]
/(v*w —utw) = / (" —u*w) = / o'
Q Q 2Q)

1
2

and by (136) and (137) this integral vanishes. This proves the remark.
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