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Organisation des Symplektischen Seminars danken. Es bot mir viele Gelegen-

heiten, mich mit anderen Forschern im Bereich der symplektischen Geometrie

auszutauschen. Speziellen Dank für: great parties!
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ich ebenfalls danken. Dr. Enno Lenzmann möchte ich für viele mathemati-
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Abstract

Let (M,ω) be a symplectic manifold, G be a compact connected

Lie group that acts on M in a Hamiltonian way, with moment map

µ, and let P be a principal G-bundle over a Riemann surface Σ. The

symplectic vortex equations are nonlinear first order partial differential

equations for a G-equivariant map u : P → M and a connection one

form A on P . This dissertation investigates these equations in the

case of the trivial bundle over the complex plane C. In this case they

become equations for a map (u,Φ,Ψ) : C → M×g×g, where g denotes

the Lie algebra of G. Assume that the moment map µ is proper and

that G acts freely on µ−1(0). The main results are the following:

• Let w := (u,Φ,Ψ) be a smooth finite energy solution of the vor-

tex equations on C such that the closure u(C) ⊆ M is compact.

Then the vertical differential of the vortex equations at a point

w, augmented by a gauge fixing operator, is a Fredholm opera-

tor between two suitable weighted Sobolev spaces of sections of

u∗TM ⊕ g ⊕ g.

• A bubbling result in the case that M is convex at ∞ and symplec-

tically aspherical. Let (wν) := ((uν ,Φν ,Ψν))ν∈N be a sequence

of vortices ( i.e. solutions of the vortex equations) on C for which

uν(C) is compact. Assume that the energies of the vortices are

positive and uniformly bounded above. Then there exists a sub-

sequence of (wν) that converges to a new kind of stable map

consisting of vortices on C and pseudo-holomorphic spheres in

the symplectic quotient.

• Given a sequence (wν) of vortices that converges to some stable

map, the equivariant homology class is preserved in the limit.

• Construction of an evaluation map on the set of equivalence

classes of stable maps with finitely many marked points. This

evaluation map is continuous w.r.t. convergence of vortices against

a stable map.

Furthermore, I sketch a proof of an application stating that there

exists a vortex on C with positive and finite energy, provided that at

least one of the following conditions holds. 1. There exists a nonzero

second equivariant homology class for which the genus 0 symplectic

vortex invariants do not vanish. 2. Denoting by (M̄, ω̄) the symplectic

quotient, there exists a class 0 6= B̄ ∈ H2(M̄ , Z) such that the 3-point

genus 0 Gromov-Witten invariants of (M̄, ω̄, B̄) do not vanish. As

an example, once the details of this applications are carried out, it

follows that for every positive integer n there exists a positive and

finite energy solution of the vortex equations on C, associated to the

diagonal action of S1 on Cn. The application is based on the one

hand on the bubbling techniques developed in this dissertation. On



the other hand, it relies on an adiabatic limit argument for the vortex

equations, which has been carried out by R. Gaio and D. A. Salamon.

The main difficulty in stating and proving the Fredholm and bub-

bling results is that the domain of the considered maps is the whole

plane C. In the case of the Fredholm theorem one problem is to find

the right weights for the Sobolev spaces of sections of u∗TM⊕g⊕g →
C. Unlike the situation of a compact base manifold the definition of

these spaces is not canonical. Furthermore, the Kondrachov compact-

ness theorem does not hold on C. This means that the 0-th order

terms in the augmented vertical differential are not compact. On the

other hand in the case of the bubbling theorem the following problem

arises, since C has infinite measure. If (wν) is a sequence of vortices

on C with uniformly bounded energies, then in the limit ν → ∞, some

energy may escape to ∞ ∈ C ∪ {∞}.
This dissertation is part of a larger project, whose aim is to define

a ring homomorphism from the equivariant cohomology of M to the

quantum cohomology of the symplectic quotient, assuming that (M,ω)

is symplectically aspherical. This homomorphism should be defined

by counting vortices on C.



Zusammenfassung

Sei (M,ω) eine symplektische Mannigfaltigkeit, G eine kompakte

zusammenhängende Lie-Gruppe, die auf Hamiltonsche Weise auf M

operiere, mit Impuls-Abbildung µ, und sei P ein G-Hauptfaserbündel

über einer Riemannschen Fläche Σ. Die symplektischen Vortex-Gleich-

ungen sind nichtlineare partielle Differential-Gleichungen erster Ord-

nung für eine G-äquivariante Abbildung u : P → M und eine Zusam-

menhangs-1-Form A auf P . Diese Doktorarbeit untersucht diese Gleich-

ungen im Fall des trivialen Bündels über der komplexen Ebene C. In

diesem Fall werden sie zu Gleichungen für eine Abbildung (u,Φ,Ψ) :

C → M × g × g, wobei g die Lie-Algebra von G bezeichnet. Wir

nehmen an, dass µ eigentlich ist und G frei auf µ−1(0) operiert. Die

Hauptresultate sind die folgenden:

• Sei w := (u,Φ,Ψ) eine glatte Lösung der Vortex-Gleichungen

mit endlicher Energie, so dass der Abschluss u(C) ⊆ M kompakt

ist. Dann ist das Differential der Vortex-Gleichungen am Punkt

w, erweitert um einen Eich-Fixierungs-Operator, ein Fredholm-

Operator zwischen geeigneten gewichteten Sobolev-Räumen von

Schnitten von u∗TM ⊕ g ⊕ g.

• Ein “Blasen”-Resultat im Fall, dass M konvex bei ∞ und sym-

plektisch asphärisch ist. Sei (wν) := ((uν ,Φν ,Ψν))ν∈N eine Folge

von Vortizes (das heisst Lösungen der Vortex-Gleichungen) auf

C, für welche u(C) kompakt ist. Wir nehmen an, dass die En-

ergien der Vortizes positiv und gleichmässig nach oben beschränkt

sind. Dann existiert eine Teilfolge von (wν), die gegen eine neue

Art von stabiler Abbildung konvergiert. Diese besteht aus Vor-

tizes auf C und pseudo-holomorphen Sphären im symplektischen

Quotienten.

• Die äquivariante Homologie-Klasse jeder Folge (wν) von Vortizes,

die gegen eine stabile Abbildung konvergiert, bleibt im Limes

erhalten.

• Konstruktion einer Auswertungs-Abbildung auf der Menge der

Äquivalenz-Klassen von stabilen Abbildungen mit endlich vielen

markierten Punkten. Diese Auswertungs-Abbildung ist stetig

bezüglich der Konvergenz von Vortizes gegen eine stabile Abbil-

dung.

Darüber hinaus skizziere ich einen Beweis einer Anwendung, die

besagt, dass ein Vortex auf C mit positiver und endlicher Energie

existiert, falls mindestens eine der folgenden Bedingungen erfüllt ist.

1. Es gibt eine zweite äquivariante Homologie-Klasse ungleich 0, für

welche die symplektischen Vortex-Invarianten für das Geschlecht 0

nicht verschwinden. 2. Wenn wir den symplektischen Quotienten mit

(M̄ , ω̄) bezeichnen, dann existiert eine Klasse 0 6= B̄ ∈ H2(M̄, Z)



so, dass die Geschlecht-0-Gromov-Witten-Invarianten von (M̄ , ω̄, B̄)

nicht verschwinden. Als ein Beispiel folgt, sobald die Details dieser

Anwendung ausgeführt sind, dass es Vortizes auf C mit positiver und

endlicher Energie gibt, die zur diagonalen Operation von S1 auf Cn

gehören. Die Anwendung beruht auf den “Blasen”-Techniken, die ich

in dieser Doktorarbeit entwickle, und auf einem Argument von R. Gaio

und D. A. Salamon über einen adiabatischen Limes in den Vortex-

Gleichungen.

Die Hauptschwierigkeit in der Formulierung und im Beweis der

Fredholm- und “Blasen”-Resultate ist, dass der Definitions-Bereich

der betrachteten Abbildungen die ganze Ebene C ist. Im Fall des

Fredholm-Theorems ergibt sich unter anderem das Problem, die richti-

gen Gewichte für die Sobolev-Räume von Schnitten von u∗TM ⊕
g ⊕ g → C zu finden. Anders als im Fall einer kompakten Basis-

Mannigfaltigkeit, ist die Definition dieser Räume nicht kanonisch. Über-

dies gilt der Kondrachovsche Kompaktheitssatz auf C nicht. Das führt

dazu, dass die Terme nullter Ordnung im erweiterten vertikalen Dif-

ferential nicht kompakt sind. Da C unendliches Mass hat, tritt auf

der anderen Seite im Fall des “Blasen”-Theorems das folgende Prob-

lem auf: Wenn (wν) eine Folge von Vortizes auf C mit gleichmässig

beschränkten Energien ist, dann kann im Limes ν → ∞ Energie nach

∞ ∈ C ∪ {∞} entweichen.

Diese Doktorarbeit ist Teil eines grösseren Projektes, in dem es

darum geht, im symplektisch asphärischen Fall mittels Zählen von

Vortizes auf C einen Ring-Homomorphismus von der äquivarianten

Kohomologie von M zur Quanten-Kohomologie des symplektischen

Quotienten zu konstruieren.



0 Introduction

0.1 Main results

Let (M,ω) be a symplectic manifold (without boundary) and G be a compact

connected Lie group that acts on M in a Hamiltonian way. We denote by g

the Lie algebra of G and fix an inner product 〈., .〉 on g that is invariant under

the adjoint action of G. We also fix an (equivariant) moment map µ : M → g

and a smooth G-invariant ω-compatible almost complex structure J on M .

The symplectic vortex equations on the complex plane are the equations for

a map (u,Φ,Ψ) : C →M × g × g given by

∂su+XΦ(u) + J(u)(∂tu+XΨ(u)) = 0, (0.1)

∂sΨ − ∂tΦ + [Φ,Ψ] + µ(u) = 0. (0.2)

Here we write an element of z ∈ C as z = s + it. Furthermore, for every

x ∈ M and ξ ∈ g the vector Xξ(x) ∈ TxM denotes the infinitesimal action

of ξ at the point x. These equations were discovered, independently, on the

one hand by K. Cieliebak, R. Gaio and D. A. Salamon [CGS] and on the

other hand by I. Mundet i Riera [Mu1], [Mu2]. They arise from the energy

functional E : C∞(C,M × g × g) → [0,∞] defined by

E(u,Φ,Ψ) :=
1

2

∫

C

(
|∂su+XΦ(u)|2 + |∂tu+XΨ(u)|2 +

|∂sΨ − ∂tΦ + [Φ,Ψ]|2 + |µ(u)|2
)
ds dt (0.3)

as follows. We denote by M̃ the set of all smooth solutions w := (u,Φ,Ψ)

of the vortex equations on C (0.1), (0.2) (vortices) such that E(w) <∞ and

the closure u(C) ⊆M is compact. We impose the following hypothesis.

(H1) G acts freely on µ−1(0) and the moment map µ is proper.

It follows that every vortex w ∈ M̃ determines a second equivariant ho-

mology class [w]G ∈ HG
2 (M,Z). We fix a class B ∈ HG

2 (M,Z) and assume

that there exists a vortex w ∈ M̃ such that [w]G = B. Then the vortices

w ∈ M̃ such that [w]G = B are precisely the minimizers of E among all

smooth maps behaving suitably at ∞ and representing B.

From now on, throughout this dissertation, unless otherwise men-

tioned, we assume that hypothesis (H1) is satisfied.

This hypothesis has the following consequences. That G acts freely on

µ−1(0) implies that 0 is a regular value of µ and therefore µ−1(0) ⊆ M is a

smooth submanifold of dimension dimM − dim G. Since G is compact, the
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action of G on µ−1(0) is proper. It follows that the quotient M̄ := µ−1(0)/G

carries a canonical manifold structure of dimension dimM − 2 dimG and a

canonical symplectic form ω̄. That µ is proper implies that µ−1(0) and M̄

are compact.

The first main result is a Fredholm theorem. We use a complexified

notation. This makes the notation simpler and, more importantly, reveals a

symmetry in the augmented vertical differential of the vortex equations. Fix

a point x ∈ M and consider the linearized action Lx : g → TxM defined by

Lxξ := Xξ(x). Denoting by g
C := g ⊗R C the complexified Lie algebra, the

map Lx extends to a complex linear map LC

x : g
C → TxM . The “complex

action bundle” is the complex subbundle imLC ⊆ TM whose fibre over a

point x ∈ M is the subspace imLC

x = imLx ⊕ J imLx. We denote by P̂ :

TM → imLC the (real) orthogonal projection to this subbundle, w.r.t. the

Riemannian metric gω,J := ω(·, J ·). Furthermore, we define

P := P̂ ⊕ id : TM ⊕ g
C → imLC ⊕ g

C.

The Lie bracket [·, ·] and the inner product 〈·, ·〉 on g, and the Riemannian

metric gω,J on M extend uniquely to a complex linear Lie bracket [·, ·] on g
C,

to a hermitian inner product 〈·, ·〉C on g
C and to a hermitian metric gC on

TM . We fix real numbers p > 2 and λ > 1 − 2/p and a linear G-invariant

torsionfree connection ∇ on M . We also fix a vortex w := (u,Φ,Ψ) ∈ M̃.

We identify g
C with the trivial bundle C × g

C and fix a locally W 1,p-section

ζ := (v, β) : C → u∗TM ⊕ g
C. We denote by ∇sv and ∇tv the covariant

derivatives of v in the s- and t-direction, and define

∇Φ
s (v, β) := (∇Φ

s v, ∂
Φ
s β) := (∇sv + ∇vXΦ, ∂sβ + [Φ, β]),

∇Ψ
t (v, β) := (∇Ψ

t v, ∂
Ψ
t β) := (∇tv + ∇vXΨ, ∂tβ + [Ψ, β]).

We define the (possibly infinite) (p, λ, w)-norm of ζ := (v, β) to be

||ζ ||p,λw := ||ζ ||L∞(C) +
∣∣∣∣(|Pζ |+ |(∇Φ

s ζ,∇Ψ
t ζ)|

)
(1 + | · |2)λ

2

∣∣∣∣
Lp(C)

,

where for each x ∈M the norm on TxM ⊕ g
C is taken w.r.t. gω,J and 〈·, ·〉C.

We define X p,λ
w to be the vector space

X p,λ
w :=

{
ζ ∈W 1,p

loc (C, u∗TM ⊕ g
C)
∣∣ ||ζ ||p,λw <∞

}

with norm || · ||p,λw . Furthermore, we define the normed vector space

Yp,λ
w :=

{
ζ ∈ Lploc(C, u

∗TM ⊕ g
C)
∣∣ ||ζ ||p,λ <∞

}
,

where the norm

||ζ ||p,λ := ||ζ(1 + | · |2)λ
2 ||Lp(C)
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is taken w.r.t. gω,J and 〈·, ·〉C. For every locally W 1,p-section (v, β) : C →
u∗TM ⊕ g

C we denote

∇Φ+iΨ
z̄ v := (∇Φ

s + J∇Ψ
t )v, ∂Φ−iΨ

z β := (∂Φ
s − i∂Ψ

t )β.

We also abbreviate ∂Ψ
t u := ∂tu+XΨ(u) and denote by (∇.J) : TM ⊕TM →

TM the map taking (v, w) ∈ TxM × TxM to (∇vJ)w ∈ TxM , for each point

x ∈ M . For x ∈ M we denote by (LC

x )
∗ : TxM → g

C the adjoint map of LC

x

w.r.t. 〈·, ·〉C and gC. The vertical differential of the vortex equations at the

point w = (u,Φ + iΨ), augmented by a gauge fixing operator, is the map

Dp,λ
w =

(
2∇Φ+iΨ

z̄ + (∇.J)∂Ψ
t u LC

u

(LC

u )∗ 2∂Φ−iΨ
z

)
: X p,λ

w → Yp,λ
w . (0.4)

Note that Dp,λ
w is in some sense symmetrical in the two components (v, β) of

its argument ζ ∈ X p,λ
w . The vortex w carries a Maslov index m(w) ∈ Z, see

Definition 2.6. The first main result is the following.

Theorem 1 Assume that dimM > 2 dimG. Then there exists a real number

p0 > 2 such that the following holds. Let 2 < p < p0, 1− 2/p < λ < 1− 2/p0

and w := (u,Φ,Ψ) ∈ M̃ be a vortex. Then the spaces X p,λ
w and Yp,λ

w are

complete. Furthermore, the operator Dp,λ
w : X p,λ

w → Yp,λ
w is well-defined and

Fredholm of real index given by

indDp,λ
w = dimM − 2 dim G + 2m(w).

The proof of Theorem 1 has two main ingredients. The first one is a

suitable complex trivialization of the bundle u∗TM ⊕ g
C. For |z| large this

trivialization respects the splitting Tu(z)M = (imLC)⊥ ⊕ imLC

u(z) of the tan-

gent space at u(z) into the “horizontal” and “complex action” parts. It

induces an isomorphism of normed vector spaces from X p,λ
w to some weighted

Sobolev space on C, and similarly for Yp,λ
w . The proof of this relies on a

Hardy-type inequality. Since the weighted Sobolev spaces are complete, the

same holds for X p,λ
w and Yp,λ

w . The second ingredient of the proof of Theo-

rem 1 are two propositions stating that the ∂z̄-operator and a related matrix

differential operator are Fredholm maps between suitable weighted Sobolev

spaces.

We come now to the next result, the bubbling theorem. We fix real

numbers p > 2 and E > 0 and define M̃1,p
E to be the set of solutions w =

(u,Φ,Ψ) ∈W 1,p
loc (C,M×g×g) of the vortex equations (0.1), (0.2) with energy

E(w) = E such that u(C) is compact. We endow M̃1,p
E with the compact open

topology. The gauge group G2,p := W 2,p
loc (C,G) acts on W 1,p

loc (C,M × g × g)

by

g∗(u,Φ,Ψ) := (g−1u, g−1(Φg + ∂sg), g
−1(Ψg + ∂tg)). (0.5)
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This action restricts to an action on M̃1,p
E .

Question Is the set ME := M̃1,p
E /G2,p endowed with the quotient topology

compact?

In general, the answer to this question is no. Let for example M be the

sphere S2 ∼= C ∪ {∞}, ω be the standard volume form on S2, J := i, and

G := {1} be the trivial Lie group. Consider the sequence of holomorphic

maps uν : C → S2 defined by uν(z) := z + ν, and let wν := (uν, 0, 0). Then

wν ∈ M̃1,p
4π for every ν, and the sequence (wν) converges to the constant

map w ≡ (∞, 0, 0) ∈ S2 × {0} × {0}, uniformly on every compact subset

of C. However, w 6∈ M̃1,p
4π , since E(w) = 0. So in the limit ν → ∞,

all the energy of the sequence wν escapes to the point ∞ ∈ S2 = C ∪
{∞}. It follows that M1,p

4π
∼= M̃1,p

4π is noncompact. The bubbling theorem

remedies this noncompactness, by allowing for some new kind of limit object,

namely a stable map of vortices on C and J̄ -holomorphic maps from S2 to the

symplectic quotient M̄ := µ−1(0)/G. Here the ω̄-compatible almost complex

structure J̄ on M̄ is induced by the almost complex structure J . Such a

stable map is a tuple

(
T̄ , V, E, (uα,Φα,Ψα)α∈V , (ūα)α∈T̄ , (zαβ)αEβ, (αi, zi)i=0,...,k−1

)
,

where T̄ and V are finite sets, E is a tree relation on the disjoint union

T := T̄ ⊔ V , wα := (uα,Φα,Ψα) ∈ W 1,p
loc (C,M × g × g) is a finite energy

vortex such that uα(C) is compact, for every α ∈ V , ūα : S2 → M̄ is a

J̄ -holomorphic map, for every α ∈ T̄ , zαβ ∈ S2 ∼= C ∪ {∞} is a nodal point,

for adjacent α and β ∈ T and the pair (αi, zi) ∈ T ×S2 is a marked point, for

every i = 0, . . . , k − 1. Every component α ∈ V (corresponding to a vortex)

is a leaf of the tree T = T̄ ⊔V . For each two adjacent components α and β of

T the maps wα (or ūα) and wβ (or ūβ) are connected at the nodal points zαβ
and zβα. If α ∈ V , corresponding to a vortex, and β ∈ T is a component ad-

jacent to α, then β ∈ T̄ , corresponding to a sphere, and zαβ equals the point

∞ ∈ S2 ∼= C ∪ {∞}. The special ( i.e. marked or nodal) points lying on a

fixed component α ∈ T are all distinct. Furthermore, the stability condition

says that every component α of the tree T for which E(wα) = 0, carries at

least three special points. The notion of a stable map of vortices on C and

J̄ -holomorphic spheres in M̄ is modelled on the notion of a genus 0 stable

map of pseudo-holomorphic spheres, as introduced by M. Kontsevich in [Ko].

In order to state the bubbling theorem, we impose the following hypotheses.

(H2) (Convexity at ∞) There exists a proper G-invariant function f :

M → [0,∞) and a constant c > 0 such that

f(x) ≥ c =⇒ ω(∇v∇f(x), Jv) − ω(∇Jv∇f(x), v) ≥ 0 (0.6)
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for every nonzero vector v ∈ TxM and

f(x) ≥ c =⇒ df(x)JXµ(x)(x) ≥ 0. (0.7)

This hypothesis implies that there exists a compact subset K0 ⊆M such

that the following holds. If (u,Φ,Ψ) ∈W 1,p
loc (C,M × g× g) is a finite energy

vortex such that u(C) is compact then u(C) ⊆ K0 (see Proposition D.6(B)).

(H3) (M symplectically aspherical)

∫

S2

v∗ω = 0

for every smooth map v : S2 →M .

The bubbling theorem includes also the case of marked points. Note that

for some technical reason we add the marked point zν0 := ∞ to each member

of the sequence of vortices (wν).

Theorem 2 (Bubbling) Assume that the hypotheses (H2), (H3) (and (H1))

hold. Let wν = (uν,Φν ,Ψν) ∈ W 1,p
loc (C,M × g × g) be a sequence of positive

energy solutions of the vortex equations (0.1), (0.2) such that uν(C) is com-

pact for every ν, let k ≥ 0 be an integer, and let zν1 , . . . , z
ν
k ∈ C be sequences

of points. Assume that

sup
ν∈N

E(wν) <∞

and that

lim sup
ν→∞

|zνi − zνj | > 0,

for i 6= j. Then there exists a subsequence of (wν , zν0 := ∞, zν1 , . . . , z
ν
k) that

converges to some stable map of vortices on C and J̄-holomorphic maps from

S2 to M̄ with k + 1 marked points.

This Theorem generalizes the Gromov compactness theorem, which cor-

responds to the case G := {1}. Its intuitive meaning is that the space of

(equivalence classes of) stable maps (of vortices on C and J̄-holomorphic

spheres in M̄) compactifies the space of vortices on C. An important feature

of convergence of a sequence of vortices wν against a stable map is that the

limit of the energies E(wν) exists and equals the sum of the energies of the

components of the stable map.

To understand why the limit object should consist of vortices on C and

J̄ -holomorphic spheres, we fix a sequence (wν) of vortices on C. Furthermore,



0.1 Main results 6

we fix a sequence of positive numbers Rν and points zν ∈ C, and consider

the rescaled sequence

(ũν, Φ̃ν , Ψ̃ν) := (uν, RνΦν , RνΨν)(Rν · +zν) : C →M × g × g.

Then w̃ν solves the first vortex equation (0.1) and a modified version of the

second vortex equation, namely

∂sΨ̃ν − ∂tΨ̃ν + [Φ̃ν , Ψ̃ν ] +R2
νµ ◦ ũν = 0. (0.8)

By passing to some subsequence, we may assume w.l.o.g. that Rν converges

to some value R0 ∈ [0,∞]. There are three cases.

Case R0 = 0. Then from looking at (0.1) and (0.8), we may expect

that in the limit ν → ∞ we get a solution (u,Φ,Ψ) of (0.1) such that

∂sΨ − ∂tΦ + [Φ,Ψ] = 0. By gauge transforming this solution we may as-

sume w.l.o.g. that (Φ,Ψ) = 0, so u : C → M is a J-holomorphic map.

By removal of singularities it extends to a J-holomorphic sphere in M . The

hypothesis (H3) that (M,ω) is symplectically aspherical implies that u is

constant.

Case 0 < R0 <∞. In the limit we get a solution of (0.1) and of

∂sΨ − ∂tΨ + [Φ,Ψ] +R2
0µ ◦ u = 0.

By rescaling we get a vortex.

Case R0 = ∞. Rewriting (0.8) as

R−2
ν (∂sΨ̃ν − ∂tΦ̃ν + [Φ̃ν , Ψ̃ν ]) + µ ◦ ũν = 0,

in the limit we expect to get a solution of (0.1) such that µ◦u = 0. It follows

that the map Gu : C → M̄ := µ−1(0)/G is J̄-holomorphic, and by removal

of singularities it extends to a J̄-holomorphic sphere in M̄ .

The proof of Theorem 2 combines Gromov compactness for pseudo-holomorphic

spheres with Uhlenbeck compactness. It involves versions for vortices on C

of all the ingredients of the proof of Gromov compactness for pseudoholo-

morphic spheres: quantization of energy, an a priori Lemma, compactness

modulo bubbling, compactness with bounded energy density, hard rescaling,

soft rescaling, an annulus lemma.

The next result guarantees that for a sequence wν of vortices on C con-

verging to a stable map, in the limit ν → ∞ not only the energy but even

the equivariant homology class is preserved.
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Proposition 3 (Conservation of homology class) Assume that (H2)

holds. Let wν := (uν ,Φν ,Ψν) be a sequence of finite energy solutions of

(0.1), (0.2) such that uν(C) is compact, and let zν1 , . . . , z
ν
k ∈ C be sequences

of points. Assume that (wν , zν0 := ∞, zν1 , . . . , z
ν
k) converges to some stable

map (w, ū, z). Then for large enough ν the equivariant homology class of wν

equals the equivariant homology class of (w, ū, z).

The following Proposition states that for every positive integer there is

a continuous evaluation map from the set Mk of equivalence classes of sta-

ble maps with k marked points to ((M × EG)/G)k. Here EG denotes a

contractible topological space on which G acts continuously and freely. We

denote by π : MG := (M × EG)/G → M/G the canonical projection to

the topological space M/G, and write Gx ∈ M/G for the orbit of any point

x ∈ M .

Proposition 4 (Existence of a continuous evaluation map) Assume

that hypothesis (H2) (Convexity at ∞) is satisfied. Then for every k ∈ N

there exists a map ev : Mk → Mk
G with the following properties.

(i) (Evaluation) For every equivalence class of stable maps

[w, ū, z] =

[T̄ , V, E, (uα,Φα,Ψα)α∈V , (ūα)α∈T̄ , (zαβ)αEβ, (αi, zi)i=0,...,k−1] ∈ Mk

and every index i ∈ {0, . . . , k − 1} we have

π(evi([w, ū, z])) = Guαi
(zi) ∈M/G.

(ii) (Continuity) Let (wν, zν0 , . . . , z
ν
k−1) be a sequence of vortices on C and

marked points that converges to some stable map (w, ū, z) of vortices

on C and pseudoholomorphic spheres in M̄ . Then

ev([wν , zν0 , . . . , z
ν
k−1]) → ev([w, ū, z]).

We come now to the application. There always exist solutions of the

symplectic vortex equations on C, (0.1), (0.2), namely the constant solu-

tions (u,Φ,Ψ) := (x0, 0, 0), where x0 ∈ µ−1(0) is a point, and the solutions

gauge equivalent to the constant solutions. These solutions have zero energy.

Solutions with finite and positive energy are known to exist in the case of

linear actions of the torus G := Tn on M := Cn, see the books [Ya] by Y.

Yang, and [JT] by A. Jaffe and C. Taubes for the case n = 1. The following

conjecture gives sufficient criteria for existence of finite and positive energy

vortices in the general setting. Assume that the symplectic quotient (M̄, ω̄)

is semipositive. Then for every integer k ≥ 0 and every spherical homology
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class B̄ ∈ H2(M̄,Z) the genus 0 Gromov-Witten invariants of (M̄, ω̄) with k

fixed marked points are well-defined, see for example the book [MS3] by D.

McDuff and D. A. Salamon. They are given by a k-linear map

GWM̄,ω̄

k,B̄
: H∗(M̄)k → Z,

where H∗(M̄) denotes the quotient of H∗(M̄,Z) over its torsion subgroup.

Furthermore, under the hypotheses (H1), (H2) and (H3) for every equivariant

homology class B ∈ HG
2 (M,Z) the genus 0 symplectic vortex invariants of

(M,ω, µ,B) are well-defined. They are given by a linear map

ΦM,ω,µ
B : H∗

G(M) → Q,

see the paper by K. Cieliebak et al. [CGMS].

Conjecture 5 (Existence of vortices on C with positive energy) As-

sume that the hypotheses (H1), (H2) and (H3) are satisfied, that the sym-

plectic quotient (M̄, ω̄) is semipositive, and that J̄ is regular. If at least one

of the following conditions is satisfied, then there exists a vortex on C with

positive energy.

(i) There exists an equivariant homology class 0 6= B ∈ HG
2 (M,Z) such

that

ΦM,ω,µ
B 6≡ 0 (0.9)

and the following condition holds. If there exists a spherical homology

class B̄ ∈ H2(M̄,Z) with κ.B̄ = B then B̄ is not a nontrivial multiple of

a homology class with first Chern number 0, and every J̄-holomorphic

sphere representing B̄ is simple. Here κ. : H∗(M̄,Z) → H∗(MG,Z)

denotes the Kirwan homomorphism.

(ii) There exists a homology class 0 6= B̄ ∈ H2(M̄,Z) that is not a nontrivial

multiple of a homology class with first Chern number 0, such that

GWM̄,ω̄

3,B̄
6≡ 0

and every J̄-holomorphic map ū : S2 → M̄ that represents B̄ is simple.

As an example, if the conjecture is true, then there exists a finite and

positive energy vortex on C for the diagonal action of S1 on Cn, for every

integer n ≥ 1. (As mentioned above, in the case n = 1 this is already known.)

The idea to prove the conjecture is to use the bubbling techniques developed

in this dissertation and the adiabatic limit analysis of R. Gaio and D. A.

Salamon [GS], see section 7. No other techniques are needed, in particular

no transversality result for vortices on C.
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0.2 Relation with other work and motivation for the

results

The bubbling phenomenon was discovered by J. Sacks and K. Uhlenbeck

in [SU] in the context of minimal surfaces. Later, Gromov [Gr] realized its

meaning for symplectic geometry.

Let (Σ, j) be a Riemann surface, dvol be a volume form on Σ that is

compatible with j and P be a principal G-bundle over Σ. Then the symplectic

vortex equations on P (see the paper [CGS]) are the equations for a pair

(u,A), where u : P →M is a G-invariant map and A is a connection 1-form

on P :

∂̄J,A(u) = 0, (0.10)

∗FA + µ ◦ u = 0. (0.11)

Here ∂̄J,A(u) denotes the complex antilinear part of dAu := du+XA(u), which

we think of as a one form on Σ with values in the complex vector bundle

u∗TM/G → Σ. Furthermore, we view the curvature FA of A as a 2-form

on Σ with values in the adjoint bundle gP := (P × g)/G and we view µ ◦ u
as a map from Σ to gP . Moreover, ∗ denotes the Hodge-*-operator w.r.t.

the Riemann metric dvol(·, j·) on Σ. The symplectic vortex equations on C,

(0.1), (0.2) correspond to the case Σ := C, j := i, dvol := ds ∧ dt and the

trivial principal G-bundle P := C × G.

Under hypothesis (H1), (H2) and (H3), for a general principal G-bundle P

over a compact Riemann surface Σ, K. Cieliebak, R. Gaio, I. Mundet i Riera

and D. A. Salamon proved in [CGMS] that the space of gauge equivalence

classes of vortices on P is compact. Furthermore, without the assumption

of symplectic asphericity (H3), in the case G := S1 and P being a principal

S1-bundle over a compact Riemann surface, I. Mundet i Riera and G. Tian

compactified the space of gauge equivalence classes of vortices on P in the

dissertation [Mu1] and the papers [Mu2] and [MT].

Furthermore, in the case of a compact Riemann surface Σ, in [CGMS] K.

Cieliebak et al. proved that the augmented vertical differential of the vortex

equations is Fredholm. I would also like to mention work related to this

dissertation by S. Bradlow [Br], O. Garcia-Prada [G-P] and U. Frauenfelder

[Fr1], [Fr2], [Fr3], [Fr4]. In the article [Fr3], U. Frauenfelder gives a new

proof for existence of finite and positive energy vortices on the cylinder. His

approach is based on Floer theoretical methods.

The main motivation for the results presented above is Conjecture 6 be-

low. It states that there is a ring homomorphism from the equivariant co-

homology of M H∗
G(M) to the quantum cohomology of (M̄, ω̄) with coef-

ficients in the equivariant Novikov ring. This homomorphism should inter-

twine the genus 0 symplectic vortex invariants of (M,ω, µ) with the genus 0

Gromov-Witten invariants of (M̄, ω̄). Under some rather strong additional
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hypotheses, R. Gaio and D. A. Salamon proved that there is a ring homo-

morphism from H∗
G(M) to the quantum cohomology with coefficients in the

usual Novikov ring, see the dissertation [Ga] and the paper [GS].

The equivariant Novikov ring ΛG
ω is defined as follows. As a set, it consists

of all maps λ : H2(MG) := H2(MG,Z)/torsion → Z such that for every real

number c the set

{
B ∈ H2(MG)

∣∣λ(B) 6= 0, 〈[ω − µ]G, B〉 ≤ c
}

is finite. Here [ω − µ]G ∈ H2
G(M) is the equivariant cohomology class of

ω − µ, see the paper by Cieliebak et al. [CGS]. We define addition in ΛG
ω

in the usual way and multiplication to be convolution. This means that for

each two elements λ, ν ∈ ΛG
ω we set

λ · ν(B) :=
∑

B′∈H2(MG)

λ(B′)ν(B − B′),

for every homology class B ∈ H2(MG). In the case of the trivial Lie group

G = {1} the equivariant Novikov ring is the usual Novikov ring Λω, which

consists of all maps B : H2(M) → Z such that for every real number c the

set {
B ∈ H2(M)

∣∣λ(B) 6= 0, 〈[ω], B〉 ≤ c
}

is finite. In the general case, since the Kirwan homomorphism κ. : H∗(M̄) →
HG

∗ (M) is injective (see the book by F. Kirwan [Ki]), there is an injective

ring homomorphism

Λω̄ → ΛG
ω , λ̄ 7→ λ,

where λ : HG
2 (M) → Z is defined by

λ(B) :=

{
λ̄(B̄), if κ.B̄ = B,

0, if B 6∈ im(κ.).

Therefore, we can view ΛG
ω as an extension of Λω̄. We define the quantum

cohomology ring of (M̄, ω̄) with coefficients in ΛG
ω to be the tensor product

QH∗(M̄, ω̄,ΛG
ω ) := H∗(M) ⊗Z ΛG

ω ,

with multiplication

∗ : QH∗(M̄, ω̄,ΛG
ω ) × QH∗(M̄, ω̄,ΛG

ω ) → QH∗(M̄, ω̄,ΛG
ω )

defined to be the ΛG
ω -bilinear extension of the quantum cup product on or-

dinary cohomology classes in H∗(M̄). (For this see the book by D. McDuff

and D. A. Salamon [MS3].) The ring QH∗(M̄, ω̄,ΛG
ω ) is a ΛG

ω -module and a

Λω̄-module. The quantum cohomology ring of (M̄, ω̄) with coefficients in the

usual Novikov ring Λω̄ can be regarded as a Λω̄-submodule of QH∗(M̄, ω̄,ΛG
ω ).
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For each nonnegative integer k and equivariant homology class B ∈ H2(MG)

the genus 0 Gromov-Witten invariants of (M̄, ω̄) with k fixed marked points

can naturally be extended to a Z-multi-linear map

GWM̄,ω̄
k,B : (QH∗(M̄, ω̄,ΛG

ω ))k → Z.

We denote by ⌣: H∗
G(M) ×H∗

G(M) → H∗
G(M) the cup product.

Conjecture 6 Assume that the hypotheses (H1), (H2) and (H3) are satisfied

and that the symplectic quotient (M̄, ω̄) is semipositive. Then there exists a

ring homomorphism

ϕ : (H∗
G(M),⌣) → (QH∗(M̄, ω̄,ΛG

ω ), ∗),

such that for every nonnegative integer k, every equivariant homology class

B ∈ H2(MG) and every k-tuple of equivariant cohomology classes α1, . . . , αk ∈
H∗

G(M) we have

GWM̄
B (ϕ(α1), · · · , ϕ(αk)) = ΦM,ω,µ

k,B (α1 ⌣ . . . ⌣ αk). (0.12)

Assuming that the hypotheses (H2) and (H3) (and (H1)) hold, that the

action of G on M is monotone (hypothesis (H3) in the paper [GS]) and

that H∗(MG) is generated by classes of degree less than twice the minimal

Maslov number, R. Gaio and D. A. Salamon [Ga, GS] have defined a ring

homomorphism from H∗
G(M) to the quantum cohomomology of (M̄, ω̄) with

coefficients in the usual Novikov ring. Their additional assumptions are how-

ever rather strong. Monotonicity of the action for example implies that the

symplectic quotient is monotone. In their proof, Gaio and Salamon use an

adiabatic limit argument. This method fails in the more general situation

that is considered here.

The idea for the proof of Conjecture 6 is more geometric. It is to define

the map ϕ by counting solutions of the vortex equations on C. Note that

in general, we have to use the equivariant Novikov ring ΛG
ω instead of the

usual Novikov ring of the symplectic quotient. Otherwise, the map ϕ whose

construction is indicated below, will not be a ring homomorphism.

The definition of the map ϕ of Conjecture 6 is based on the symplectic

vortex equations on C, (0.1), (0.2). Let B ∈ HG
2 (M) be an equivariant

homology class. We denote by MB the set of gauge equivalence classes

of vortices that represent B, see section 5. There is an evaluation map at

infinity, ev : MB → M̄ = µ−1(0)/G defined by

ev([u,Φ,Ψ]) := lim
r→∞

Gu(r) ∈ µ−1(0)/G ⊆M/G.

The idea is to define

ϕ(α) :=
∑

i,B

ϕB(α, ēi)ē
∗
i e
B :=

∑

i,B

(∫

MB

ev∗
0 α ⌣ ev∗ēi

)
ē∗i e

B. (0.13)
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Here ēi, i = 1, . . . , N and ē∗i , i = 1, . . . , N are bases of H∗(M̄) dual to

each other, in the sense that

∫

M̄

ēi ⌣ ē∗j = δij .

For integral classes α ∈ H∗
G(M,Z) and β̄ ∈ H∗(M̄,Z) the idea is that

ϕB(α, β̄) equals the number of gauge equivalence classes of vortices [w] ∈ MB

such that w “passes through” X at the point 0 ∈ C and through Ȳ at ∞,

where X ⊆ MG is a “closed oriented submanifold Poincaré dual to α” and

Ȳ ⊆ M̄ is a closed oriented submanifold Poincaré dual to β̄. (To make this

statement precise we have to replace the contractible topological space EG on

which G acts continuously and freely by a finite dimensional approximation

ẼG ⊆ EG and M by a compact submanifold with boundary M ′ ⊆M .)

The idea of proof that ϕ is a ring homomorphism, is the following. Let

B ∈ HG
2 (M,Z), α1, α2 ∈ H∗

G(M,Z) and ā ∈ H∗(M̄,Z). One has to prove

that

〈ϕB(α1 ⌣ α2), ā〉 = 〈(ϕ(α1) ∗ ϕ(α2))B, ā〉. (0.14)

Consider the sequences of points zν1 := −ν, zν2 := ν ∈ C and consider a

sequence wν of vortices on C, representing B and passing through “submani-

folds”X1, X2 ⊆MG at zν1 , zν2 and through a submanifold X̄ ⊆ M̄ at ∞, where

X1, X2 are “Poincaré dual” to α1, α2 and X̄ represents ā. In the transversal

case, it follows from Theorem 2 (Bubbling) that in the limit ν → ∞ we get a

stable map consisting of two vortices on C and a pseudo-holomorphic sphere

in M̄ , such that certain conditions hold. The number of such stable maps

equals the right hand side of (0.14). By the gluing argument described below

this number should equal the number of vortices representing B and passing

through X1, X2, X̄ at −1, 1 and ∞.

On the other hand, consider the sequences z′ν1 := − 1
ν
, z′ν2 := 1

ν
and a

sequence wν of vortices representing B and passing through X1, X2 and X̄

at z′ν1 , z
′ν
2 and ∞ respectively. In the limit ν → ∞, in the transversal case,

we get a single vortex on C passing through X1 ∩ X2 at 0 and X̄ at ∞.

The number of such vortices equals the left hand side of (0.14). By a gluing

argument this number should equal the number of vortices representing B

and passing through X1, X2, X̄ at −1, 1 and ∞. Together with the argument

above this would conclude the proof of (0.14).

In order to make sense of the formula (0.13), one has to prove that the

maps ev0 and ev are pseudo-cycles, as defined in the book [MS3]. This in-

volves the bubbling theorem 2, the conservation of the equivariant homology

class (Proposition 3) existence of a continuous evaluation map (Proposition

4) and the Fredholm theorem 1. It remains to prove transversality for vor-

tices on C and for the edge evaluation maps for collections of vortices on C



0.3 Organization of the dissertation 13

and J̄-holomorphic spheres. In order to show that the map ϕ intertwines the

cup product with the quantum product, in addition, one has to prove the

following gluing result. If ū : S2 ∼= C ∪ {∞} → M̄ is a pseudo-holomorphic

sphere and w1 and w2 are two vortices on C such that ev(w1) = ū(1) and

ev(w2) = ū(2), then ū, w1 and w2 can be glued together to a new vor-

tex on C that represents the sum of the homology classes of ū, w1 and w2.

The proof of the gluing theorem will be similar to the gluing theorem for

pseudo-holomorphic spheres in [MS2, MS3]. Finally, in order to prove that

ϕ intertwines ΦM,ω,µ
k,B and GWM̄,ω̄

k,B , one has to prove a bubbling result similar

to theorem 2. It says that given a sequence (uν , Aν) of vortices on a prin-

cipal G-bundle P over S2 with volume form λνdvol, where dvol is a fixed

volume form on S2, and the numbers λν > 0 converge to ∞, there exists a

subsequence of (uν, Aν) that converges in a suitable sense to a stable map

of vortices on C and pseudo-holomorphic spheres in M̄ . The techniques for

the proof of this are all developed in this dissertation. Moreover, one has

to prove that a J̄ -holomorphic sphere ū and k vortices w1, . . . , wk on C can

be glued together to a vortex (u,A) on a principal G-bundle P over S2 with

volume form λdvol, for a large number λ > 0.

Instead of establishing transversality, one could also try to use abstract

perturbation theory, as developed by F. Fukaya and K. Ono [FO], H. Hofer,

K. Wysocki, E. Zehnder [HWZ] and others.

0.3 Organization of the dissertation

Section 1 briefly reviews some standard definitions from symplectic geometry

that are used throughout this dissertation. It also contains some background

information about the symplectic vortex equations on C and about trees.

Trees are the underlying structures of stable maps. Theorem 1 (Fredholm)

is proved in section 2 (Corollary 2.9). In section 3 I introduce the notion

of a stable map of vortices on C and of pseudo-holomorphic spheres in the

quotient. Section 4 contains the proof of the Bubbling theorem 2 (see Theo-

rem 4.1), section 5 contains the proof of Proposition 3 (Conservation of the

equivariant homology class, see Proposition 5.4), and section 6 the proof of

Proposition 4 (Existence of a continuous evaluation map, see Proposition

6.1). The application is explained in section 7 (Conjecture 7.1).



1 Preliminaries

1.1 Symplectic manifolds and symplectic quotients

In this subsection we recall some classical concepts referring to the books by

D. McDuff and D. A. Salamon [MS1] and by F. Scheck [Sch] for details.

A symplectic structure on a manifold M is a 2-form ω ∈ Ω2(M) that is

closed, i.e. dω = 0, and nondegenerate, i.e. for every point x ∈ M and

every vector 0 6= v ∈ TxM there is a vector w ∈ TxM such that ω(v, w) 6= 0.

As an example, consider the manifold M := R2n with the standard symplectic

form ω0 defined as follows. For every point z ∈ R2n and each two vectors

(ξ1, η1, . . . , ξ
n, ηn), (ξ′1, η′1, . . . , ξ

′n, η′n) ∈ TzR
2n we define

ω0

(
(ξ1, η1, . . . , ξ

n, ηn), (ξ
′1, η′1, . . . , ξ

′n, η′n)
)

:=
n∑

i=1

ξiη′i − ξ′iηi. (1.1)

Symplectic structures originated from mechanics. There the configuration

space of a system (for example of a particle) is a manifold L, the phase space

is the cotangent bundle M := T ∗L and there is a canonical symplectic form

ωcan = −dλcan ∈ Ω2(T ∗L), where λcan = pdq is the Liouville form. The

dimension of every symplectic manifold is an even integer.

An action ρ : G×M →M of a Lie group G on a manifold M is a smooth

map satisfying

ρ(id, x) = x, ρ(gh, x) = ρ(g, ρ(h, x))

for every g, h ∈ G and x ∈ M . Given an action of G on M then for every

fixed g ∈ G the map

ρg : M → M, ρg(x) := ρ(g, x)

is a diffeomorphism. For every element g ∈ G, every point x ∈M and every

vector v ∈ TxM we abbreviate

gx := ρ(g, x) ∈M,

gv := dρg(x)v.

The action of G on M is called proper iff the map

G ×M →M ×M, (g, x) 7→ (x, gx)

is proper, in the sense that the preimage of each compact subset of M×M is

compact. We denote by g the Lie algebra of G and for each ξ ∈ g we define

the vector field Xξ by

Xξ(x) :=
d

dt

∣∣∣∣
t=0

exp(tξ)x.
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We choose an inner product 〈·, ·〉 on g that is invariant under the adjoint

action of G, i.e.

〈gξg−1, gηg−1〉 = 〈ξ, η〉
for every ξ, η ∈ g and g ∈ G.

Assume now that M is equipped with a symplectic structure ω ∈ Ω2(M).

The action of G on M is said to be Hamiltonian, iff there exists a smooth

map µ : M → g such that the following conditions are satisfied. The map µ

is equivariant, i.e.

µ(gx) = gµ(x)g−1,

for every g ∈ G, x ∈M . Furthermore, µ generates the action, i.e.

〈dµ(x)v, ξ〉 = ω(Xξ(x), v),

for every x ∈M , v ∈ TxM and ξ ∈ g.

Such a map µ is called a moment map for the action of G on M . We

assume that a moment map µ exists. Since µ is equivariant, for every point

x ∈ µ−1(0) and every g ∈ G the point gx lies again in µ−1(0). Therefore,

the action of G on M restricts to an action of G on µ−1(0). We denote the

quotient by

M̄ := µ−1(0)/G

and the canonical projection to the quotient by π : µ−1(0) → M̄ . We assume

that this restricted action is free, i.e. if gx = x then g = id, for every g ∈ G,

x ∈ µ−1(0). We also assume that G acts properly on µ−1(0). This condition

is satisfied if G is compact. It follows that the quotient M̄ is a manifold

and carries the symplectic structure ω̄ ∈ Ω2(M̄) defined as follows. Given

a point x̄ ∈ M̄ and vectors v̄, w̄ ∈ Tx̄M̄ , we choose an arbitrary point x in

the G-orbit x̄ ⊆ µ−1(0) and two arbitrary vectors v, w ∈ Txµ
−1(0) such that

dπ(x)v = v̄, dπ(x)w = w̄ and define

ω̄(v̄, w̄) := ω(v, w). (1.2)

This definition does not depend on the choice of the point x in the orbit x̄

and of the vectors v, w ∈ Txµ
−1(0). The pair (M̄, ω̄) is called the symplectic

quotient or the Marsden-Weinstein quotient of the action of G on M . In

mechanics, the action of G on M plays the rôle of a symmetry of the system

and going to the symplectic quotient corresponds to the reduction of the

number of degrees of the system.

1.2 Almost complex structures and pseudo-holomorphic

spheres

A good reference for this subsection is the recent book by D. McDuff and D.

A. Salamon [MS3].
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For every manifold M an endomorphism of the tangent bundle TM is a

smooth map J : TM → TM such that for every x ∈ M there is a linear

map Jx : TxM → TxM such that J(x, v) = (x, Jxv). An almost complex

structure on M is an endomorphism J : TM → TM such that J2 = −id. As

an example, the standard complex structure J := i on M := S2 is given by

iv := x× v,

for x ∈ S2 ⊆ R3 and v ∈ TxS
2, where × : R3 × R3 → R3 denotes the vector

product. We fix a manifold M and an almost complex structure J on M

and Riemann surface (Σ, j), i.e. a real two dimensional manifold Σ and an

almost complex structure j on Σ. Since the real dimension of Σ is two, the

structure j is integrable, i.e. it arises from a holomorphic atlas of charts

on Σ. A smooth map u : Σ → M is called J-holomorphic iff it solves the

Cauchy-Riemann equations

du(z)j = Jdu(z) : TzΣ → Tu(z)M, (1.3)

for every z ∈ Σ. An almost complex structure J on a symplectic manifold

(M,ω) is called ω-compatible iff gω,J := ω(·, J ·) : TM × TM → R is a

Riemannian metric. Furthermore, if M is a manifold, G is a Lie group, and

ρ : G ×M →M is a smooth action then J is called invariant under ρ iff

dρg(x)Jv = Jdρg(x)v,

for every x ∈M , v ∈ TxM , g ∈ G.

1.3 The symplectic vortex equations

Let (M,ω) be a symplectic manifold, G be a compact connected Lie group,

ρ : G × M → M be a Hamiltonian action and J be an ω-compatible G-

invariant almost complex structure on M . There is always such a structure,

see the book by D. McDuff and D. A. Salamon [MS1]. We fix a number p > 2.

The symplectic vortex equations on C are the system of first order nonlinear

partial differential equations for a triple (u,Φ,Ψ) ∈ W 1,p
loc (C,M×g×g) given

by

∂su+XΦ(u) + J(u)(∂tu+XΨ(u)) = 0, (1.4)

∂sΨ − ∂tΦ + [Φ,Ψ] + µ(u) = 0, (1.5)

where we write an element of z ∈ C as z = s + it. These equations were

discovered, independently, by K. Cieliebak, R. Gaio and D. A. Salamon

[CGS] and I. Mundet i Riera [Mu1], [Mu2]. For the case M := Cn and

G a closed subgroup of U(n), they were already known in physics as gauged
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sigma models, starting with the work of E. Witten [Wi]. Before that, in

the case G := S1 ⊆ C acting on M := C by multiplication, the equations

were introduced by V. L. Ginzburg and L. D. Landau in [GL] as a model

for superconductivity. Note that in the case that G := {1} is the trivial Lie

group, the vortex equations are equivalent to the Cauchy-Riemann equations

given by (1.3). Besides this, other important equations such as anti-self-dual

Yang-Mills instantons, Bradlow pairs and the Seiberg-Witten equations are

special cases of the symplectic vortex equations, see [CGS].

Consider the set G2,p := W 2,p
loc (C,G) of gauge transformations. It is a

group, with neutral element the constant map 1 : C → G. There is an action

G2,p(C,G) ×W 1,p
loc (C,M × g × g) →W 1,p

loc (C,M × g × g),

(g; u,Φ,Ψ) 7→ g∗(u,Φ,Ψ) := (g−1u, g−1(Φg + ∂sg), g
−1(Ψg + ∂tg)). (1.6)

Equations (1.4), (1.5) are invariant under this action, i.e. if (u,Φ,Ψ) ∈
W 1,p

loc (C,M × g× g) solves (1.4), (1.5) and g ∈ G2,p is a gauge transformation

then g∗(u,Φ,Ψ) also solves (1.4), (1.5). The solutions of (1.4), (1.5) with

zero energy are precisely the maps g∗(w0, 0, 0), where x0 ∈ µ−1(0) is a point

and g ∈ G2,p is a gauge transformation, see Lemma D.14. In the case of

G := Tn acting on M := Cn linearly and diagonally, there exist solutions of

(1.4) and (1.5) on C with finite positive energy, and they can be classified

up to gauge equivalence. This follows from Theorem 4.1.1. in the book by

Y. Yang, and in the case n := 1 from Theorem 1.1 in the book by A. Jaffe

and C. Taubes. Furthermore, for S1 acting on C by multiplication, in the

article [Fr3] U. Frauenfelder gives a new proof that vortices on the cylinder

with positive and finite energy exist. These vortices lift to vortices C of

positive and infinite energy. Another existence result is sketched in section 7

of this dissertation. The approach in this article is based on Floer theoretical

methods.

We define the energy functional E : W 1,p
loc (C,M × g × g) → [0,∞] by

E(u,Φ,Ψ) :=
1

2

∫

C

(
|∂su+XΦ(u)|2 + |∂tu+XΨ(u)|2 +

|∂sΨ − ∂tΦ + [Φ,Ψ]|2 + |µ(u)|2
)
ds dt. (1.7)

It is invariant under the action of the gauge group G2,p on W 1,p
loc (C,M×g×g).

Assume that µ : M → g is proper, i.e. the preimage µ−1(K) ⊆ M is

compact, for every compact subset K ⊆ g. Suppose also that G acts freely

on µ−1(0). Then the equations (1.4),(1.5) arise from E given by (1.7) in the

following way. We choose a contractible topological space EG on which G

acts continuously and freely. Such a space always exists, see for example

the book by V. W. Guillemin and S. Sternberg [GSt]. Let w := (u,Φ,Ψ) ∈
W 1,p

loc (C,M × g× g) be a solution of (1.4),(1.5) with finite energy E(w) such

that u(C) is compact. By Lemma 5.2 there exists a continuous map f : S2 ∼=
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C ∪ {∞} → (M × EG)/G for which a continuous map e : C → EG exists

such that

f(z) = [u(z), e(z)], ∀z ∈ C.

We define the equivariant homology class [w]G ∈ H2(MG,Z) to be the push-

forward of the fundamental class [S2] under f . Again by Lemma 5.2 this

definition does not depend on the choice of f . Furthermore, the class [w]G
depends only on the gauge equivalence class of w. Fix a second homology

class B ∈ H2((M × EG)/G,Z). We denote by M̃1,p
B the set of all solu-

tions w := (u,Φ,Ψ) ∈ W 1,p
loc (C,M × g × g) of (1.4), (1.5) such that u(C)

is compact and [w]G = B. If M̃B is nonempty than it can be character-

ized as the set of global minimizers of the functional E among all maps

w := (u,Φ,Ψ) ∈ W 1,p
loc (C,M × g × g) for which there exists a number δ > 0

such that

sup
z∈C\B1

ew(z)|z|−2−δ <∞.

This follows from the proof of the energy identity, Proposition 3.1 in the paper

by K. Cieliebak, R. Gaio and D. A. Salamon [CGS], and from Proposition

D.6(C).

1.4 Trees

Let T be a finite set. A tree relation on T is a subset E ⊆ T × T with the

following properties.

(i) (Symmetry) If (α, β) ∈ E then (β, α) ∈ E.

(ii) (Antireflexivity) If (α, β) ∈ E then α 6= β.

(iii) (No cycles) If m ≥ 2 and α0, . . . , αm ∈ T are such that (αi, αi+1) ∈ E

for i = 0, . . . , m− 1 and αi+2 6= αi for i = 0, . . . , m− 2 then α0 6= αm.

(iv) (Connectedness) For each two distinct elements α, β ∈ T there are

a natural number m and elements α1, . . . , αm−1 ∈ T such that setting

α0 := α and αm := β we have (αi, αi+1) ∈ E for i = 0, . . . , m− 1.

An element of T is called a vertex and each pair (α, β) ∈ E is called an ori-

ented edge. Furthermore, the set {(α, β), (β, α)} ⊆ E is called an unoriented

edge. Let T := {0, . . . , m}. An example of a tree relation on T is

E1 := {(i, i+ 1) | i = 1, . . . , m− 1} ∪ {(i+ 1, i) | i = 1, . . . , m− 1}.

Another example is

E2 := {(0, i) | i = 1, . . . , m} ∪ {(i, 0) | i = 1, . . . , m}.
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We can represent a tree (T,E) graphically by drawing a point xα on the

plane for each vertex α ∈ T and the straight line segment from xα to xβ for

each pair (α, β) ∈ E. The tree ({0, . . . , m}, E2) corresponds to a “flower”

whose center corresponds to the vertex 0 ∈ T .

Let E be a tree relation on T . We write αEβ for the statement (α, β) ∈ E

and say that α and β are adjacent iff this holds. For α, β ∈ T we define the

(oriented) chain of edges running from α to β to be

[α, β] := (α0, α1, . . . , αm),

where αi ∈ T , i = 0, . . . , m are the unique vertices such that α0 = α, αm = β

and αi−1Eαi for i = 1, . . . , m.

Assume now that αEβ and consider the forest obtained from T by deleting

the edge {(α, β), (β, α)}. We define the subtree Tαβ ⊆ T to be the connected

component of this forest containing the vertex β.

A vertex α ∈ T is called an leaf of T iff there is at most one vertex β ∈ T

such that αEβ.

Let (T,E) and (T ′, E ′) be trees and f : T → T ′ be a map. Then f is

called a tree isomorphism iff it is bijective and if αEβ implies f(α)E ′f(β).

Note that if f is a tree isomorphism and α′E ′β ′ then f−1(α′)Ef−1(β ′). This

follows from the fact

|E ′| = 2|T ′| − 2 = 2|T | − 2 = |E|.

1.5 Notation

Our convention for the natural numbers is N := {1, 2, . . .}. Let N ∈ N be

a number, x ∈ RN a point and r > 0. We denote by Br(x) and B̄r(x) the

open and the closed ball and by Sr(x) the sphere with radius r around x.

Furthermore,

〈x〉 :=
√

|x|2 + 1.

We denote the space of Schwartz functions on RN by S and the space of

temperate distributions by S ′. Furthermore, by ̂ : S ′ → S ′ we denote the

Fourier transform, defined by

û(ϕ) := u(ϕ̂),

for ϕ ∈ S, where

ϕ̂(ξ) := (2π)−
N
2

∫

RN

ϕ(x)e−i(ξ,x) dNx.
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Moreover, we denote by ∨ : S ′ → S ′ the inverse Fourier transform. For ψ ∈ S
it is given by

∨

ψ(x) := (2π)−
N
2

∫

RN

ψ(ξ)ei(ξ,x) dNξ.

We denote the closed unit disk in C by

D := {z ∈ C | |z| ≤ 1}

and the closed annulus around z ∈ C with radii 0 ≤ r ≤ r′ ≤ ∞ by

A(z, r, r′) := B̄r′(z) \Br(z0).

Here if r = 0 then Br(z) := ∅ and if r = ∞ then B̄r(z) := C. We identify

S1 ∼= R/Z. The sphere S2 ⊆ R3 carries the metric gS2 and the volume form

dvolS2 induced from R3. We identify S2 ∼= C ∪ {∞}, using stereographic

projection. Under this identification we have

gS2 =
4

(1 + |z|2)2
(·, ·), dvol =

4

(1 + |z|2)2
ds ∧ dt,

where (·, ·) is the standard inner product on R2. For every z ∈ S2 and every

real linear map α : TzS
2 → C we denote by |α| the norm of the differential

w.r.t. to the metrics gS2 and (·, ·). This means that

|α| :=
√

|α(e1)|2 + |α(e2)|2,

where e1, e2 is an gS2-orthonormal basis of TzS
2.

For every topological group G we denote by EG an arbitrary contractible

topological space on which G acts continuously and freely and by BG :=

EG /G the classifying space of G. That such an EG exists is proven in the

book by Husemoller [Hu]. We denote MG := M ×G EG := (M × EG)/G.

Let ρ : G ×M → M be an action of a Lie group G on a manifold M ,

g ∈ G and x ∈ M . We abbreviate gx := ρ(g, x). Furthermore, for every

v ∈ TxM we denote by gv := dρg(x)v ∈ TgxM the differential of the action of

g. We denote the projection to the quotient by pi : M → M/G, and the orbit

of a point x ∈M by Gx = π(x). Recall that for every ξ ∈ g the infinitesimal

action of ξ is the vector field Xξ on M defined by

Xξ(x) :=
d

dt

∣∣∣∣
t=0

exp(tξ)x.

For every x ∈M we define Lx : g → TxM by

Lxξ := Xξ(x). (1.8)

The map Lx is linear. The notation M∗ ⊆ M means the subset of points

x ∈ M on which G acts freely.
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We fix a symplectic manifold (M,ω). For every ω-compatible almost

complex structure J on M we denote by gω,J := ω(·, J ·) the Riemannian

metric induced by ω and J . Let G be a connected Lie group with Lie algebra

g and let 〈·, ·〉 be an inner product on g that is invariant under the adjoint

action of G. Assume that G acts on M in a Hamiltonian way with moment

map µ : M → g. Then for every c ≥ 0 we denote

Mc := {x ∈M | |µ(x)| ≤ c}.

Recall that an almost complex structure J on M is called G-invariant iff for

every g ∈ G and x ∈M we have

Jdρg(x) = dρg(x)J.

We fix a structure G-invariant ω-compatible almost complex structure J on

M . Unless otherwise mentioned, all norms of vectors in TM are w.r.t. gω,J .

For every point x ∈ M and every linear subspace V ⊆ TxM we denote by

V ⊥ ⊆ TxM the orthogonal complement of V w.r.t. gω,J . For every x ∈ M

we define the horizontal subspace to be

Hx := ker dµ(x) ∩ (imLx)
⊥ ⊆ TxM.

We define the almost complex structure J̄ on the symplectic quotient M̄ :=

µ−1(0)/G as follows. For every point x̄ ∈ M̄ and every vector v̄ ∈ Tx̄M̄ we

define

J̄ v̄ := dπ(x)Jv, (1.9)

where x ∈ µ−1(0) is a point in the orbit x̄ and v ∈ Hx is the unique horizontal

vector such that dπ(x)v = v̄. We define the metric ḡ := ḡω,J on M∗/G as

follows. For every x̄ ∈M∗/G, v̄, w̄ ∈ Tx̄(M
∗/G) we define

ḡ(v̄, w̄) := gω,J(v, w), (1.10)

where x ∈ M∗ is any point such that π(x) = x̄ and v, w ∈ ImL⊥
x are the

unique vectors such that dπ(x)v = v̄, dπ(x)w = w̄. Note that the restriction

of ḡ to the submanifold M̄ ⊆ M∗/G coincides with the metric induced by ω̄

and J̄ .

Fix p > 2, R ∈ [0,∞] and w := (u,Φ,Ψ) ∈ W 1,p
loc (C,M × g × g). We

abbreviate

κ := ∂sΨ − ∂tΦ + [Φ,Ψ].

If 0 < R <∞ we define the R-energy density of w by

eRw :=
1

2

(
|∂su+XΦ ◦ u|2 + |∂tu+XΨ ◦ u|2 +R−2|κ|2 +R2|µ ◦ u|2

)
. (1.11)

If R = 0 and κ = 0 or if R = ∞ and µ ◦ u = 0 we define

eRw :=
1

2

(
|∂su+XΦ ◦ u|2 + |∂tu+XΨ ◦ u|2

)
. (1.12)
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For every measurable subset X ⊆ C we define the R-energy of w on X by

ER(w,X) :=

∫

X

eRw ds dt ∈ [0,∞]. (1.13)

In the case R = 1 we abbreviate ew := e1w and E(w,X) := E1(w,X) and call

this the energy density of w and the energy of w on X for short. In the case

X = C we write ER(w) := ER(w,C). Moreover, we denote the energy of a

map ū ∈W 1,p(X, M̄) on a measurable subset X ⊆ S2 by

E(ū, X) :=
1

2

∫

X

|dū|2dvolS2 . (1.14)

For every integer k ≥ 1 and every real number p > 2 we define

M̃k,p
J :=

{
(u,Φ,Ψ) ∈W k,p

loc (C,M × g × g) | (1.15)

(0.1), (0.2), E(u,Φ,Ψ) <∞, u(C) compact
}
.

Furthermore, we define

M̃J :=
{
(u,Φ,Ψ) ∈ C∞(C,M × g × g) | (1.16)

(0.1), (0.2), E(u,Φ,Ψ) <∞, u(C) compact
}
.

If it is clear which almost complex structure J is meant, we will drop it from

the notation.

Remark 1.1 By Proposition D.6(B) there is a compact subset K0 ⊆ M such

that for every w ∈ M̃1,p we have u(C) ⊆ K0. Therefore, in the definition of

M̃1,p, we could replace the condition that u(C) is compact by the condition

that u(C) is contained in the fixed compact set K0.

The gauge group

Gk+1,p := W k+1,p
loc (C,G). (1.17)

acts on M̃k,p by

g∗(u,Φ,Ψ) := (g−1u, g−1∂sg + g−1Φg, g−1∂tg + g−1Ψg). (1.18)

We call two vortices w,w′ ∈ M̃1,p gauge equivalent iff there is a gauge trans-

formation g ∈ G2,p such that g∗w = w′. We denote the gauge equivalence

class of w ∈ M̃1,p by [w] := (G2,p)∗w and the set of all such equivalence

classes by

M := M̃1,p/G2,p.

The group of smooth gauge transformations

G := C∞(C,G) (1.19)

acts on M̃ by formula (1.18). It follows from the proof of Proposition D.3

that the inclusion M̃ → M̃1,p induces a bijection

M̃/G → M̃1,p/G2,p = M.

The energy E is invariant under gauge transformation and therefore we can

define E([w]) := E(w) for every [w] ∈ M.



2 The Fredholm property

Let (M,ω) be a symplectic manifold, G be a compact connected Lie group

with Lie algebra g and 〈·, ·〉 be an inner product on g that is invariant under

the adjoint action of G. Let G act on M in a Hamiltonian way, with moment

map µ : M → g. Here we identify the dual space g
∗ with g, using the

inner product 〈·, ·〉. We fix an ω-compatible G-invariant almost complex

structure J on M . Let w := (u,Φ,Ψ) be a finite energy solution of the

symplectic vortex equations (0.1), (0.2) on C such that the closure u(C) is

compact. The main result of this section states that the vertical differential

of the vortex equations at w, augmented by some gauge fixing operator, is a

Fredholm map between suitable weighted Sobolev spaces. This means that

it is bounded, its kernel has finite dimension, and its image is closed and

has finite codimension. Its index, i.e. the dimension of its kernel minus the

codimension of its image, equals the dimension of the symplectic quotient

plus twice the Maslov index of w. The situation here differs heavily from

the case of the vortex equations on some principal G-bundle over a compact

surface. In that case K. Cieliebak et al. already proved a Fredholm result

using ordinary Sobolev spaces, see [CGMS], Proposition 4.6. In the present

situation, the augmented vertical differential Dw is an operator from a space

of sections of the bundle u∗TM ⊕ g⊕ g with noncompact base C to another

space of sections of this bundle. Fix a nonnegative integer k and a real

number p > 2. Since C is noncompact, the definition of the space of W k,p-

vector fields along w is not canonical, but it depends on a choice of weights

(or of a metric). Furthermore, the operator Dw will only be Fredholm for

a suitable choice of the weights, and its index will depend on them. The

weighted Sobolev spaces we will use are natural in the sense that the weights

correspond to the asymptotical behaviour of vortices on C.

Since the Kondrachov compactness theorem does not hold on C, the 0-th

order terms in the operator Dw are no longer compact. This means that

we can not ignore them. It forces us to incorporate the splitting TM =

H ⊕ (imL⊕ J imL) into the definition of the domain of Dw. Here H denotes

the “horizontal bundle” defined by Hx := ker dµ(x) ∩ imL⊥
x , for x ∈ M .

We denote by g
C := g ⊗R C the complexified Lie algebra. Then for each

vector field ζ := (v, β) : C → u∗TM ⊕ g
C along w := (u,Φ + iΨ) the

orthogonal projection of v : C → u∗TM to the “complex action sub-bundle”

imL ⊕ J imL ⊆ TM plays the rôle of a counter part of the “complex gauge

part” β : C → g
C. This correspondence is incorporated in the operator Dw.

Namely, it is in some sense symmetrical w.r.t. the orthogonal projection of

v to the “complex action bundle” and the component β, see formula (2.31).

Throughout this section, we will use a complexified notation.
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2.1 An abstract setting

In this subsection I set up the notation, in order to state the main result

of the section, Theorem 2.8. Furthermore, I motivate it by explaining the

abstract setting it fits into. Namely, intuitively, the vortex equations over C

can be viewed as a section S of an infinite dimensional vector bundle E over

an infinite dimensional manifold B. The abstract framework will not be used

any further after this subsection. Readers who want to get to the core of the

matter may directly turn to subsection 2.2.

We denote the action of an element g ∈ G on a point x ∈ M by gx :=

ρg(x). Furthermore, if v ∈ TxM is a tangent vector, we write gv := dρg(x)v ∈
TgxM . We choose a linear torsionfree connection ∇ on TM that is invariant

under the action of G, i.e.

∇gvgX = g∇vX, (2.1)

for every vector field X on M , every tangent vector v ∈ TxM with x ∈ M ,

and every element g ∈ G. For instance we may choose ∇ to be the Levi-

Civita connection of the Riemannian metric gω,J := ω(·, J ·), since the action

of G on M preserves ω and J , and hence gω,J . We fix a map (u,Φ,Ψ) ∈
C∞(C,M × g × g). We use the notation

∂Φ
s u := ∂su+XΦ(u), ∂Ψ

t u := ∂tu+XΨ(u), dΦ,Ψu := ∂Φ
s u ds+∂Ψ

t u dt.

We denote by g
C := g ⊗R C the complexified Lie algebra, and we write an

element of g
C as Φ + iΨ, where (Φ,Ψ) ∈ g × g. We fix a positive integer N ,

two real numbers λ and 1 < p < ∞ and a measurable subset X ⊆ RN . For

every vector x ∈ RN we denote

〈x〉 :=
√

|x|2 + 1.

We define the (possibly infinite) (p, λ)-norm of a measurable function u :

X → C to be

||u||Lp
λ(X) :=

(∫

X

(
|u|〈·〉λ

)p
) 1

p

. (2.2)

If X = RN , we abbreviate

||u||p,λ := ||u||Lp
λ(RN ), Lpλ := Lpλ(R

N).

We define

Lpλ(X) := {u : X → C | u measurable, ||u||Lp
λ(X) <∞}. (2.3)

For every pair of real numbers p > 2 and λ > −2/p+ 1 we define the set

Bpλ :=
{
(u,Φ + iΨ) ∈ C∞(C,M × g

C)
∣∣u(C) is compact,

|µ ◦ u(reiϕ)| → 0, r → ∞, ∀ϕ, ||dΦ,Ψu|| ∈ Lpλ, (2.4)

∃g ∈ C∞(C \B1,G) : g∗(Φ + iΨ) ∈ Lpλ(C \B1, g
C)
}
.



2.1 An abstract setting 25

Recall the definition (0.3) of the energy functional. We define

M̃ :=
{
w := (u,Φ + iΨ) ∈ C∞(C,M × g

C) | (2.5)

w solves (0.1), (0.2), E(w) <∞, u(C) is compact
}
.

We will see below that this set is the zero set of a section of an “infinite

dimensional vector bundle” over Bpλ. For this to be true it is necessary that

the set M̃ is contained in Bpλ. That this is the case for a good choice of the

parameters p and λ is the content of Proposition D.11 in the appendix. It

states that there exists a number p0 > 2 such that for every 2 < p < p0 and

every −2/p+1 < λ < −2/p0+1 we have M̃ ⊆ Bpλ. By Remark D.12, if q > 2

and µ > −2/q+1 are such that M̃ ⊆ Bqµ, then M̃ is also contained in Bpλ for

every pair (p, λ) such that 2 < p ≤ q and λ + 2/p < µ + 2/q. Furthermore,

using the Uhlenbeck gauge theorem, it should be possible to prove a stronger

version of Proposition D.11 stating that there exists a number ε > 0 such

that for every p > 2 and every −2/p+1 < λ < −2/p+1+ε we have M̃ ⊆ Bpλ.
(Note that setting p0 := 2/(1 − ε) this would imply Proposition D.11.)

We fix p > 2 and λ > −2/p+1 and abbreviate B := Bpλ. The gauge group

G := C∞(C,G) acts on B by the formula

g∗(u,Φ + iΨ) :=
(
g−1u, g−1

(
∂s + Φ + i(∂t + Ψ)

)
g
)
. (2.6)

We define

B̂ := B/G.
Formally, we may think of B̂ as a Banach manifold. For each W ∈ B̂ we

define a Banach space XW , of which we think of as the “tangent space” of

B̂ at W , in the following way. We first fix a map w := (u,Φ + iΨ) ∈ B and

define the space Xw as follows.

We extend the definition of the Lie bracket on g to the complexified Lie

algebra g
C by setting

[ϕ+ iψ, ϕ′ + iψ′] := [ϕ, ϕ′] − [ψ, ψ′] + i
(
[ψ, ϕ′] + [ϕ, ψ′]

)
.

Furthermore, we identify g
C with the trivial bundle C × g

C and abbreviate

u∗TM ⊕ g
C := u∗TM ⊕ (C × g

C).

This is a smooth complex vector bundle over C. We denote byW 1,p
loc (C, u∗TM⊕

g
C) the space of locally W 1,p-sections of u∗TM⊕g

C and fix a section (v, β) ∈
W 1,p

loc (C, u∗TM ⊕ g
C). The covariant derivative of v in the s-direction ∇sv

is the section of the pullback bundle u∗TM → C defined as follows. Let

s0+it0 ∈ C be a point. We choose a local frame around the point u(s0+it0) ∈
M , i.e. a collection of vector fields e1, . . . e2n defined on some neighbourhood

U ⊆M of u(s0 + it0) that span the tangent space of M at every point in U .
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Writing v =:
∑2n

i=1 v
iei ◦ u on the neighbourhood u−1(U) ⊆ C of s0 + it0, we

define

∇sv(s0 + it0) :=
2n∑

i=1

(
vi∇∂suei + (∂sv

i)ei ◦ u
)
(s0 + it0).

We define ∇tv analogously, and we denote

∇Φ
s v := ∇sv + ∇vXΦ, ∇Ψ

t v := ∇tv + ∇vXΨ, (2.7)

∂Φ
s β := ∂sβ + [Φ, β], ∂Ψ

t β := ∂tβ + [Ψ, β], (2.8)

∇Φ
s (v, β) := (∇Φ

s v, ∂
Φ
s β), ∇Ψ

t (v, β) := (∇Ψ
t v, ∂

Ψ
t β). (2.9)

Moreover, we define ∇Φ,Ψv to be the real linear one form on C with values

in u∗TM given by

(∇Φ,Ψv)z(σ + iτ) :=
(
σ∇Φ

s v + τ∇Ψ
t v
)
(z),

where z ∈ C and σ + iτ ∈ C ∼= TzC. Moreover, we define dΦ,Ψβ to be the

real linear one form on C with values in g
C given by

(dΦ,Ψβ)z(σ + iτ) :=
(
σ∂Φ

s + τ∂Ψ
t

)
β,

and we denote

∇Φ,Ψ(v, β) :=
(
∇Φ,Ψv, dΦ,Ψβ

)
. (2.10)

Furthermore, we define the hermitian metric gC on TM

gC(v, v′) := gω,J(v, v
′) + iω(v, v′), (2.11)

and the hermitian inner product 〈·, ·〉C on g
C by

〈ϕ+ iψ, ϕ′ + iψ′〉C := 〈ϕ, ϕ′〉 + 〈ψ, ψ′〉 + i
(
〈ϕ, ψ′〉 − 〈ψ, ϕ′〉

)
. (2.12)

Both the metric gC and the inner product 〈·, ·〉C are complex antilinear in

the first argument. We denote by P̂ : TM → TM the orthogonal projection

to the “complex action subbundle” imL⊕ J imL ⊆ TM , and we set

P := P̂ ⊕ id : TM ⊕ g
C → TM ⊕ g

C. (2.13)

We define the (possibly infinite) (p, λ, w)-norm of a section

ζ := (v, β) ∈W 1,p
loc (C, u∗TM ⊕ g

C)

to be

||ζ ||w := ||ζ ||p,λw := ||ζ ||L∞(C) + || |Pζ |+ |∇Φ,Ψζ | ||Lp
λ(C). (2.14)

Here the norms on each tangent space of M and on g
C are taken w.r.t. gω,J

and 〈·, ·〉C. We define now the space Xw to be

Xw := X p,λ
w :=

{
ζ ∈W 1,p

loc (C, u∗TM ⊕ g
C)
∣∣ ||ζ ||w <∞

}
. (2.15)
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By Corollary 2.13 below this space is complete. Consider the map

Lw : C∞
0 (C, g) → Xw, Lwξ :=

(
Luξ,−∂Φ

s ξ − i∂Ψ
t ξ
)
.

Formally, this map corresponds to the infinitesimal action of the Lie algebra

of the gauge group G on B. We denote by C∞
0 (C, g) and C∞

0 (C, u∗TM ⊕ g
C)

the spaces of C∞-maps and C∞-sections with compact support. Consider

the real L2-inner product on C∞
0 (C, g) given by

〈ξ, η〉L2 :=

∫

C

〈ξ, η〉 ds dt,

and the real L2-inner product on C∞
0 (C, u∗TM ⊕ g

C) given by

〈(v, ϕ+ iψ), (v′, ϕ′ + iψ′)〉L2 :=

∫

C

(
gω,J(v, v

′) + 〈ϕ, ϕ′〉 + 〈ψ, ψ′〉
)
ds dt.

The formal adjoint L∗
w : C∞

0 (C, u∗TM ⊕ g
C) → C∞

0 (C, g) of Lw w.r.t. these

inner products is given by

L∗
w(v, ϕ+ iψ) = L∗

uv + ∂Φ
s ϕ+ ∂Ψ

t ψ.

It satisfies

〈L∗
w(v, β), ξ〉L2 = 〈(v, β), Lwξ〉L2,

for every (v, β) ∈ C∞
0 (C, u∗TM ⊕ g

C) and every ξ ∈ C∞
0 (C, g). This map

extends continuously to a map

L∗
w : Xw → Lpλ(C, g).

We fix a gauge equivalence class W = [w] = [u,Φ,Ψ] ∈ B̂. Heuristically, we

should have

TW B̂ ∼= Xw/imLw ∼= kerL∗
w.

Fix a gauge transformation g ∈ G = C∞(C,G) and a section ζ := (v, β) ∈
W 1,p

loc (C, u∗TM ⊕ g
C). Then g acts on ζ by

g∗(v, β) := (g−1v, g−1βg). (2.16)

Heuristically, this corresponds to the “differential” of the action of g on B at

the point w, applied to ζ . By Lemma A.8 and a density argument we have

∇g∗(Φ,Ψ)g∗ζ = (∇g∗(Φ,Ψ)v, dg
∗(Φ,Ψ)β) = g∗∇Φ,Ψζ.

It follows that the map

Xw ∋ (v, β) 7→ g∗(v, β) := (g−1v, g−1βg) ∈ Xg∗w (2.17)
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is well-defined and an isometric isomorphism. Note also that for every x ∈M ,

v ∈ TxM and g ∈ G we have

L∗
g−1xg

−1v = g−1(L∗
uv)g ∈ g.

Hence for every g ∈ G and every (v, β) ∈ Xw

L∗
g∗w(g−1v, g−1βg) = g−1(L∗

w(v, β))g.

Therefore, the map (2.17) identifies kerL∗
w ⊆ Xw with kerL∗

g∗w. We fix an

equivalence class W ∈ B̂ = B/G and define the normed vector space X̂W to

be the quotient

X̂W :=

( ⊔

w∈W

kerL∗
w

)
/G, (2.18)

together with the norm

||Z||W := ||ζ ||w, (2.19)

for Z ∈ X̂W , where (w, ζ) ∈ ⊔w∈W kerL∗
w is an arbitrary representative of

(W,Z). Since the map (2.17) is an isometric isomorphism, this norm is well-

defined, and XW is isometrically isomorphic to kerL∗
w, for every w ∈ W .

Since the map L∗
w : Xw → Lpλ(C, g) is continuous, the subspace kerL∗

w ⊆ Xw

is closed. Since Xw is a Banach space, it follows that kerL∗
w and hence X̂W

are Banach spaces.

Consider now the “Banach space bundle”

E :=
⊔

w∈B

Ew → B,

where for each point w := (u,Φ + iΨ) ∈ B the fibre Ew is defined by

Ew :=
{
(v, ϕ) ∈ Lploc(C, u

∗TM ⊕ g)
∣∣ ||(v, ϕ)||Lp

λ(C) <∞
}
,

where the norm ||·||Lp
λ(C) is induced by the metric gω,J onM and the real inner

product 〈·, ·〉 on g. The gauge group G acts on E by isometric isomorphisms,

by the formula

g∗(v, ϕ) := (g−1v, g−1ϕg), (2.20)

lifting the action of G on B. Hence we can view the quotient

Ê := E/G

as a “Banach space bundle” over B̂ = B/G. We can now interpret the vortex

equations (0.1), (0.2) as the section S : B → E given by

S(w) := (w, σ(w)),
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where

σ(u,Φ + iΨ) :=

(
∂su+XΦ(u) + J(∂tu+XΨ(u))

∂sΨ − ∂tΦ + [Φ,Ψ] + µ ◦ u

)
. (2.21)

By a straight-forward calculation, using that µ is equivariant, we have S(g∗w) =

g∗S(w), hence the section S descends to a section

Ŝ : B̂ → Ê .

We fix a zero of S, i.e. a point W ∈ B̂ such that Ŝ(W ) = (W, 0). Then the

“tangent space” of Ê at (W, 0) splits canonically as

T(W,0)Ê ∼= TW B̂ ⊕ ÊW .

We denote by P̂W : T(W,0)Ê → ÊW the projection to ÊW along TW B̂ and

consider the “vertical differential”

D̂W := P̂WdŜ(W ) : TW B̂ = X̂W → ÊW .

The main result of this section, Theorem 2.8 below, is the main step in

proving that this map is a Fredholm map. To understand this, fix a vector

Z ∈ TW B̂. We choose representatives w ∈ B of W and ζ ∈ TwB of Z. Since

S(w) = 0, the “tangent space” of E at w splits canonically as

T(w,0)E ∼= TwB ⊕ Ew.

We denote by Pw : T(w,0)E → Ew the projection to Ew along TwB and consider

the “vertical differential”

Dw := PwdS(w) : TwB = Xw → Ew.

We derive an explicit formula for Dw. Formally, the connection ∇ on M

induces a “covariant derivative” ∇E on E in a pointwise way. Namely, for

every “smooth” path R ∋ a 7→ wa ∈ B and every “smooth” section of E
along w, R ∋ a 7→ (va, ϕa) ∈ Ewa, the “covariant derivative” at a := 0,

∇E
a |a=0(va, ϕa) ∈ Ewa, is given by

(
∇E
a |a=0(va, ϕa)

)
(z) :=

(
∇a|a=0(va(z)),

d

da

∣∣∣∣
a=0

ϕa(z)
)
.

Here for every z ∈ C and every a ∈ R the vector ∇a(va(z)) ∈ Tua(z)M is the

covariant derivative of the vector field v.(z) in M along the curve u.(z), at

the point a. If g ∈ G is a gauge transformation, then

∇E
a(g

∗(va, ϕa)) = g∗∇E
a(va, ϕa),
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i.e. ∇E is invariant under the action of G. For w ∈ B such that S(w) = (w, 0)

and ζ ∈ TwB the “vertical differential” of S at w in the direction ζ is now

given by

Dwζ = ∇E
a |a=0S(wa), (2.22)

where R ∋ a 7→ wa ∈ B is such that w0 = w and d/da|a=0wa = ζ . The

following lemma gives a formula for the right hand side of (2.22), which is

also valid in the case that S(w) 6= (w, 0).

Lemma 2.1 (“Vertical differential” of the vortex equations on C) Let

∇ be a torsionfree connection on M and

w := (u,Φ + iΨ) ∈ C∞(C,M × g
C), ζ := (v, ϕ) ∈ C∞(C,M ⊕ g).

Furthermore, let

R × C ∋ (a, z) 7→
(
ua(z),Φa(z) + iΨa(z)

)
∈M × g

C

be a smooth map such that

(w0, ∂a|a=0wa) = (w; ζ).

Then

∇a|a=0σ(wa) =

(
(∇Φ

s + J∇Ψ
t )v + Luϕ+ JLuψ + (∇vJ)(∂tu+XΨ(u))

∂Φ
s ψ − ∂Ψ

t ϕ+ dµ(u)v

)
, (2.23)

where σ is defined as in (2.21).

Proof of Lemma 2.1: That ∇ is torsionfree implies that

∇a|a=0∂sua = ∇s∂a|a=0ua = ∇sv, (2.24)

∇a|a=0∂tua = ∇t∂a|a=0ua = ∇tv. (2.25)

Furthermore, we claim that

∇a|a=0(XΦa(ua)) = Luϕ+ ∇vXΦ (2.26)

∇a|a=0(XΨa(ua)) = Luψ + ∇vXΨ. (2.27)

To see this, we fix a point z0 ∈ C, and consider the map f : R2 → M ,

f(a, b) := ub(z0) and the vector field X along f given by

X(a, b) := XΦa(z0)(ub(z0)).
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We have

∇a|a=0

(
XΦa(z0)(ua(z0))

)
= ∇a|a=0X(a, 0) + ∇b|b=0X(0, b)

= X∂a|a=0Φa(z0)(u(z0)) + ∇∂b|b=0ub(z0)XΦ

= Lu(z0)ϕ(z0) + ∇v(z0)XΦ.

This proves (2.26). Equality (2.27) follows analogously. It follows that

∇a=0

(
J(∂tua +XΦa(ua))

)
= (∇∂a|a=0uaJ)(∂tu+XΦ(u))

+ J∇a|a=0(∂tua +XΨa(ua))

= (∇vJ)(∂tu+XΦ(u)) + J(∇tv + Luψ + ∇vXΨ).

Therefore, using (2.26)

∇a|a=0

(
∂sua +XΦa(ua) + J(∂tua +XΨa(ua))

)
=

∇sv + Luϕ + ∇vXΦ + (∇vJ)(∂tu+XΨ(u)) + J(∇tv + Luψ + ∇vXΨ(u)).

This shows that the first component of ∇a|a=0S(wa) is as claimed. That the

second component is as claimed follows from a straight-forward calculation.

This proves Lemma 2.1. 2

The “vertical differential” Dw : TwB → E(w) at a zero w of the section

S : B → E is not a Fredholm operator. The reason is that the image of

C∞
0 (C, g) under the infinitesimal gauge action Lw is an infinite dimensional

subspace of the kernel of Dw. However, if we augment Dw by the gauge

fixing operator L∗
w : TwB = Xw → Lpλ(C, g), then the resulting operator

Dw : Xw → Ew⊕Lpλ(C, g) is Fredholm. This is the content of the main result

2.8. More precisely, for every w = (u,Φ + iΨ) ∈ B we define

Yw := Yp,λ
w :=

{
ζ ∈ Lploc(C, u

∗TM ⊕ g
C)
∣∣ ||ζ ||p,λ <∞

}
(2.28)

where the norm

||ζ ||p,λ := ||ζ ||Lp
λ(C) (2.29)

is taken w.r.t. the Riemannian metric gω,J on M and the hermitian inner

product 〈·, ·〉gC on g
C defined in (2.12). Then Yw is isomorphic as a normed

vector space to the space Ew ⊕ Lpλ(C, g). By Corollary 2.13 below it is com-

plete. We denote ∂Ψ
t u := ∂tu + XΨ(u) and define the augmented “vertical

differential” to be the linear operator

Dw := Dp,λ
w : X p,λ

w → Yp,λ
w ,

Dp,λ
w (v, ϕ+ iψ) :=




(∇Φ
s + J∇Ψ

t )v + Luϕ+ JLuψ + (∇vJ)∂Ψ
t u

L∗
uv + ∂Φ

s ϕ+ ∂Ψ
t ψ

dµ(u)v + ∂Φ
s ψ − ∂Ψ

t ϕ


 . (2.30)
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The operator Dw is well-defined and bounded. We can rewrite it in a compact

form. Namely, for every x ∈M we extend Lx : g → TxM to a complex linear

map

LC

x : g
C → TxM, LC

x (ϕ+ iψ) := Lxϕ+ JLxψ.

The adjoint map of LC

x w.r.t. 〈·, ·〉C and gC (defined in (2.11) is the complex

linear map given by

(LC

x )∗ = L∗
x − iL∗

xJ = L∗
x + idµ(x) : TxM → g

C.

We also introduce the notations for (v, β) ∈ Xw

∇Φ+iΨ
z̄ v :=

1

2
(∇Φ

s + J∇Ψ
t )v

∂Φ−iΨ
z β :=

1

2
(∂Φ
s − i∂Ψ

t )β.

By ∇.J we mean the map taking (x, v) ∈ TM to the endomorphism ∇vJ(x) :

TxM → TxM . Then the operator Dw is given by

Dw =

(
2∇Φ+iΨ

z̄ + (∇.J)∂Ψ
t u LC

u

(LC

u)
∗ 2∂Φ−iΨ

z

)
: Xw → Yw. (2.31)

Remark 2.2 This formula reveals some symmetry of Dw with respect to

the components v and β of the vector (v, β) ∈ Xw. Assume that we are

in the Kähler case, i.e. that J is integrable, and let ∇ be the Levi-Civita

connection of gω,J . Then ∇J = 0, see for example Lemma C.7.1 in the book

by D. McDuff and D. A. Salamon [MS3]. Therefore, the term (∇.J)∂Ψ
t u in

(2.31) vanishes, and hence the symmetry of the operator becomes even more

apparent.

Remark 2.3 Note that the off-diagonal terms in the formula (2.31) are not

compact operators. This is due to the fact that the Morrey embedding of

W 1,p(C) into the space of bounded continuous functions on C is not compact,

in contrast to the case of W 1,p(Ω), where Ω ⊆ C is a bounded domain.

The next lemma shows that if W is a zero of Ŝ : B̂ → Ê , w ∈ W is a

representative, the map Dw : Xw → Yw is Fredholm and the gauge fixing

operator L∗
w : Xw → Lpλ(C, g) is surjective, then the “vertical differential”

of Ŝ at the point W , D̂W : X̂W → ÊW ∼= Ew is also a Fredholm operator.

Moreover, under the identification X̂W
∼= kerL∗

w ⊆ Xw, the kernels of D̂W

and Dw agree, and we can identify the cokernels. This is the motivation for

the Fredholm theorem 2.8.

Lemma 2.4 Let X, Y, Z be vector spaces and D : X → Y and T : X → Z

be linear maps. We define D̂ : ker T → Y to be the restriction of D to ker T.

Then the following statements hold.
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(i)

ker D̂ = ker(D, T ).

(ii) Assume that T : X → Z is surjective. Then the map

coker D̂ := Y/imD̂ → coker(D, T ) := (Y ⊕ Z)/im(D, T ),

y + imD̂ 7→ (y, 0) + im(D, T ) (2.32)

is well-defined, i.e. independent of the choice of the representative y

of y + imD̂. Furthermore, it is an isomorphism.

(iii) Let || · ||Y , || · ||Z be norms on Y and Z and assume that the image

im(D, T ) is closed in Y ⊕ Z. Then the image imD̂ is closed in Y .

Proof of Lemma 2.4: Statement (i) and linearity and well-definedness of

the map (2.32) in (ii) follow immediately from the definitions. To see that

(2.32) is surjective, let (y, z) ∈ Y ⊕ Z be a vector. By our assumption that

T : X → Z is surjective, there exists a vector x ∈ X such that Tx = z. It

follows that under the map (2.32)

y −Dx+ imD̂ 7→ (y −Dx, 0) + im(D, T )

= (y −Dx, 0) + (Dx, Tx) + im(D, T )

= (y, z) + im(D, T ).

Hence the map (2.32) is surjective.

We prove statement (iii). Let yν ∈ imD̂ be a sequence that converges in

Y , and let y be its limit. Then (yν , 0) ∈ im(D, T ). By our assumption that

im(D, T ) ⊆ Y ⊕Z is closed, the limit (y, 0) = limν→∞(yν , 0) lies in im(D, T ).

It follows that there exists a vector x ∈ ker T such that D̂x = Dx = y.

Therefore, imD̂ is closed in Y . This proves Lemma 2.4. 2

2.2 The Fredholm Theorem

We come now to the main result of the section. It is Theorem 2.8 below,

which says that the augmented vertical differential of the symplectic vortex

equations at every point w ∈ Bpλ is Fredholm. Its index is the dimension

of the symplectic quotient plus twice the Maslov index of w. We fix a real

numbers p > 2 and λ > −2/p + 1 and define B := Bpλ as in (2.4). The

definition of the Maslov index is based on the following lemma.

Lemma 2.5 Let w := (u,Φ,Ψ) ∈ B be a map. Then there exists a gauge

transformation g ∈ G = C∞(C,G), a map g∞ ∈ C∞(S1,G) and a point

x∞ ∈ µ−1(0) such that (g−1u)(reiϕ) converges to g∞(eiϕ)x∞, as r → ∞,

uniformly in ϕ ∈ R.
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Proof of Lemma 2.5: Let w := (u,Φ + iΨ) ∈ B be a map. By the

definition of B there exists a gauge transformation g0 ∈ C∞(C \B1,G) such

that w′ := (u′,Φ′ + iΨ′) := g∗0w satisfies Φ′ + iΨ′ ∈ Lpλ(C \ B1, g
C). We set

N := 2 dimM + 1 and choose an embedding ι : M → RN , as in Whitney’s

embedding theorem, see Theorem 3.2.14 p. 55 in the book by M. W. Hirsch

[Hi]. Furthermore, we fix a smooth map ρ : C → [0, 1] such that ρ(z) = 0

if |z| ≤ 1 and ρ(z) = 1 if |z| ≥ 2. By the definition of B the closure of the

image of u in M is compact. Since u′(C) = g−1
0 u(C) is a closed subset of the

compact set G · u(C), it is also compact. Hence

a := sup
{
||ι ◦ u′||L∞(C\B1), ||dι(u′)||L∞(C\B1)

}
<∞.

It follows that

||d(ρι ◦ u′)||Lp
λ(C) ≤ ||(dρ)ι ◦ u′||Lp

λ(A(1,2)) + ||ρ dι(u′)du′||Lp
λ(C\B1)

≤ C||ι ◦ u′||L∞(A(1,2)) + ||dι(u′)||L∞(C\B1)||du′||Lp
λ(C\B1)

≤ Ca+ a||du′||Lp
λ(C\B1)

≤ Ca
(
1 + ||dΦ′+iΨ′

u′||Lp
λ(C\B1) + ||Φ′ + iΨ′||Lp

λ(C\B1)

)

=: b <∞.

Here C is a constant depending only on p, λ and ρ. Therefore, by Proposition

E.4 (Hardy-type inequality), applied with u replaced by ρι ◦ u′ : C → RN ,

the points ι◦u′(reiϕ) converge to some point y∞ ∈ RN , for r → ∞, uniformly

in ϕ. Since ι(u′(C)) is compact, we have y∞ ∈ ι(u′(C)), hence there exists a

point x∞ ∈ M such that ι(x∞) = y∞. Furthermore, by the definition of B
we have |µ ◦ u′(reiϕ)| = |µ ◦ u(reiϕ)| → 0 for r → ∞, for every ϕ ∈ R, and

therefore x∞ ∈ µ−1(0). We define the map g̃ : C → G by

g̃(z) :=

{
g0(z)g0

(
2z
|z|

)−1
, if |z| ≥ 2,

1, if |z| < 2.

Smoothing the map g̃ in the ball B3 yields a smooth map g : C → G. Fur-

thermore, we define g∞ : S1 → G by g∞(z) := g0(2z). The triple g, g∞, x∞
has the required properties. This proves Lemma 2.5. 2

We define the continuous map ψ0 : B1 → C by

ψ0(z) :=

{
z
|z|

tan
(
π|z|
2

)
, if z 6= 0,

0, if z = 0.
(2.33)

Definition 2.6 (Maslov index) Let w := (u,Φ + iΨ) ∈ B be a map. Let

g : C → G and g∞ : S1 → G be continuous maps, and x∞ ∈ µ−1(0) be a

point, such that (g−1u)(reiϕ) converges to g∞(eiϕ)x∞, as r → ∞, uniformly
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in ϕ ∈ R, as in Lemma 2.5. Let v : D → M be the unique continuous

extension of the map (g−1u) ◦ ψ0 : B1 →M , and let

F : D × Cn → v∗TM, (z, v) 7→ F (z, v) =: Fzv

be a continuous complex trivialization of the pullback bundle v∗TM → D.

We define the Maslov index of w to be

m(w) := deg
(
S1 ∋ z 7→ det

(
F−1
z g∞(z) · F1

)
∣∣det

(
F−1
z g∞(z) · F1

)∣∣ ∈ S1
)
. (2.34)

Remark 2.7 The Maslov index m(w) does not depend on the choice of

g, g∞, x∞ and F , since if g′, g′∞, x
′
∞ and F ′ are other choices, then the result-

ing map

S1 ∋7→ F ′−1
z g′∞(z) · F ′

1 ∈ Aut(Cn)

is homotopic to

S1 ∋7→ F−1
z g∞(z) · F1 ∈ Aut(Cn).

Furthermore, the Maslov index depends only on the gauge equivalence class

G∗w of w.

We come now to the main result of this section. Recall that we always

assume hypothesis (H1), i.e. that µ is proper and that G acts freely on

µ−1(0).

Theorem 2.8 (Fredholm property) Assume that dimM > 2 dimG. Let

p > 2 and λ > −2/p + 1 be real numbers. Let w := (u,Φ + iΨ) ∈ Bpλ be a

map, where Bpλ is defined as in (2.4). Then the following statements hold.

(i) The normed spaces (X p,λ
w , || · ||p,λw ) and (Yp,λ

w , || · ||p,λ), defined in (2.15),

(2.14), (2.28) and (2.29), are complete.

(ii) Assume that −2/p+ 1 < λ < −2/p+ 2. Let the Maslov index m(w) be

defined as in (2.34). Then the operator Dp,λ
w : X p,λ

w → Yp,λ
w defined in

(2.30) is Fredholm of real index

indDp,λ
w = dimM − 2 dimG + 2m(w). (2.35)

Recall that M̃ denotes the set of all smooth finite energy solutions of the

vortex equations (0.1), (0.2) such that u(C) is compact.

Corollary 2.9 Assume that dimM > 2 dim G. Then there exists a real

number p0 > 2 such that the following holds. Let 2 < p < p0, −2/p + 1 <

λ < −2/p0 + 1 and w ∈ M̃ be a vortex. Then the spaces X p,λ
w and Yp,λ

w are

complete, and the operator Dp,λ
w : X p,λ

w → Yp,λ
w given by (2.30) is well-defined

and Fredholm of real index given by (2.35).
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Proof of Corollary 2.9: By Proposition D.11 there exists a real number

p0 > 2 such that if 2 < p < p0 and −2/p+ 1 < λ < −2/p0 + 1 then

M̃ ⊆ Bpλ.

Hence the assertion follows from Theorem 2.8. 2

The proof of Theorem 2.8 is given on page 60. It contains two main

ingredients. The first one is a suitable complex trivialization of the bundle

u∗TM ⊕ g
C. For |z| large, this trivialization respects the splitting Tu(z)M =

Hu(z) ⊕ imLC

u(z) of the tangent space at u(z) into the “horizontal” and the

“complex action” parts. It induces an isomorphism of normed vector spaces

from Xw to some weighted Sobolev space on C, and similarly for Yw. In the

proof of this we will use a Hardy-type inequality. It says that if λ > −N/p
then there exists a constant C such that for every weakly differentiable map

u : RN → C there exists a point x∞ ∈ C such that the Lpλ-norm of u− x∞ is

bounded above by C times the Lpλ+1-norm of the derivative of u. The proofs

of this result, and of more results about weighted Sobolev spaces, are given

in appendix E.2. Since the weighted Sobolev spaces are complete, the same

holds for Xw and Yw. The second ingredient of the proof of Theorem 2.8

are two propositions stating that the ∂z̄-operator and a related matrix differ-

ential operator are Fredholm maps between suitable weighted Sobolev spaces.

The trivialization we will use is of the following kind. We assume that

n̄ := dimM/2 − dim G ≥ 1.

Fix a map (u,Φ + iΨ) ∈ C∞(C,M × g
C). We abbreviate

V := Cn̄ × g
C × g

C.

By a complex trivialization of u∗TM ⊕ g
C we mean a complex vector bundle

isomorphism

F : C × V → u∗TM ⊕ g
C.

Here the domain of F is the trivial complex vector bundle with base C and

fibre V . We define ∇Φ,ΨF to be the one form on C with values in the vector

bundle of real vector bundle homomorphisms from C × V to u∗TM × g
C by

(∇Φ,ΨF )(σ + iτ)ζ := σ∇Φ
s (Fζ) + τ∇Ψ

t (Fζ), (2.36)

for σ + iτ ∈ TzC = C, z ∈ C and ζ ∈ V . Here we use the notation of (2.9).

For d ∈ Z we denote by pd : C → C the monomial pd(z) := zd, and

pd · ⊕id : C × V → V,

(z; v1, . . . , vn̄, α, β) 7→ (pd(z)v
1, v2, . . . , vn̄, α, β).
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For x ∈M recall the definition of the “horizontal” part of TxM ,

Hx := ker dµ(x) ∩ (imLx)
⊥ = (imLC

x )⊥.

We denote by Ad : G → Aut(gC) the adjoint representation, i.e.

Adg(ϕ+ iψ) := g(ϕ+ iψ)g−1,

for every g ∈ G and ϕ+ iψ ∈ g
C.

Definition 2.10 Let p > 2, λ > −2/p + 1 and w := (u,Φ + iΨ) ∈ B be a

map. We call a smooth complex trivialization

F : C × V → u∗TM ⊕ g
C

good, if the following properties are satisfied.

(i) (Splitting) For every z ∈ C we have

Fz(C
n̄ × g

C × {0}) =Tu(z)M × {0}, (2.37)

Fz({0} × {0} × g
C) = {0} × g

C. (2.38)

Furthermore, there exists a number R > 0 and a gauge transformation

g0 ∈ C∞(C\BR,G) such that the following conditions are satisfied. For

every z ∈ C \BR we have

Fz(C
n̄ × {0} × {0}) = Hu(z). (2.39)

Moreover, g∗0(Φ + iΨ) ∈ Lpλ(C \BR, g
C), and for every z ∈ C \BR

Fz(0, α, β) =
(
LC

u(z)Adg0(z)α,Adg0(z)β
)
, ∀(α, β) ∈ g

C × g
C. (2.40)

(ii) There exists a number c > 0 such that for every (z, ζ) ∈ C × V

c−1|ζ | ≤
∣∣Fz(〈z〉m(w) · ⊕id)ζ

∣∣ ≤ c|ζ |, (2.41)

where m(w) denotes the Maslov index of w (Definition 2.6).

(iii)

∇Φ,Ψ
(
F (pm(w) · ⊕id)

)
∈ Lpλ(C \B1). (2.42)

Proposition 2.11 If p > 2 and λ > −2/p+ 1 and w := (u,Φ + iΨ) ∈ Bpλ is

a map, then there exists a good complex trivialization of u∗TM .
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Proof of Proposition 2.11: By the definition of B there exists a gauge

transformation g0 ∈ C∞(C \ B1,G) such that w′ := (u′,Φ′ + iΨ′) := g∗0w

satisfies Φ′ + iΨ′ ∈ Lpλ. Therefore, as in the proof of Lemma 2.5 there

exists a point x∞ ∈ µ−1(0) such that u′(reiϕ) converges to x∞, for r → ∞,

uniformly in ϕ ∈ R. By the local slice theorem A.5 there exists a G-invariant

neighbourhood U ⊆ M∗ of x∞ and a smooth equivariant parametrization

ψ : R2n−dimG × G → U . We choose a smooth complex trivialization

F̂ : (R2n−dimG × {1}) × Cn̄ → ψ∗H|R2n−dimG×{1}.

We define the smooth complex trivialization FU : U × Cn̄ × g
C → TM |U by

FU
x (v0, α) := gF̂(bx,1)v0 + LC

xα,

for x ∈ U, (v0, α) ∈ Cn̄ × g
C, where (x̂, g) := ψ−1(x) ∈ R2n−dimG × G.

Furthermore, we choose a number R > 1 so large that u(z) ∈ U if |z| ≥ R.

We also choose a complex trivialization

F 0 : B̄R × Cn̄ × g
C → u∗TM |B̄R

.

We define d ∈ Z to be the degree of the map

S1
R ∋ z 7→

det
(
(F 0

z )−1FU
u(z)(·,Adg0(z)·)

)
∣∣∣det

(
(F 0

z )−1FU
u(z)(·,Adg0(z)·)

)∣∣∣
∈ S1.

Consider the loop

S1
R ∋ z 7→ A(z) := (F 0

z )−1FU
u(z)(·,Adg0(z)·) · (z−d · ⊕id) ∈ Aut(Cn̄ × g

C),

where by Aut(Cn̄×g
C) we denote the group of complex automorphisms of V .

The map det ◦A/| det ◦A| : S1
R → S1 has degree 0. Therefore, it is homotopic

to a constant map.

We denote by U(Cn̄×g
C) the group of unitary automorphisms of Cn̄×g

C

w.r.t. the standard hermitian product on Cn̄ and 〈·, 〉C. Recall that the space

Aut(Cn̄ × g
C) strongly deformation retracts to U(Cn̄ × g

C). (This follows

from the Gram-Schmidt orthonormalization procedure.) Furthermore, the

determinant map det : U(Cn̄× g
C) → S1 and hence the map det : Aut(Cn̄ ×

g
C) → S1 induce isomorphisms of fundamental groups, see e.g. Proposition

2.23 in the book by D. McDuff and D. A. Salamon [MS2]. For two topological

spaces X and Y we denote by [X, Y ] the set of all (free) homotopy classes

of continuous maps from X to Y . Since π1(Aut(Cn̄ × g
C)) ∼= Z is abelian,

by Satz 16.3.13 in the book by R. Stöcker and H. Zieschang [SZ] the map

π1(Aut(Cn̄ × g
C)) → [S1,Aut(Cn̄ × g

C)] that forgets the base point, is a
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bijection. Similarly, the “forgetful map” Z ∼= π1(S
1) → [S1, S1] is a bijection.

It follows that the map [S1,Aut(Cn̄×g
C)] → [S1, S1] induced by det /| det | :

Aut(Cn̄ × g
C) → S1 is bijective.

Returning to our setting, since det ◦A/| det ◦A| : S1
R → S1 is homotopic

to a constant map, it follows that the same holds for the map A : S1
R →

Aut(Cn̄×g
C). Hence there exists a continuous map h : B̄R \B1 → Aut(Cn̄×

g
C) such that

h(z) =

{
1, if z ∈ S1

1 ,

A(z) if z ∈ S1
R.

We define F̃ : C × (Cn̄ × g
C) → u∗TM by

F̃z :=

{
F 0
z h(z), for z ∈ BR,

FU
u(z)(·,Adg0(z)·) · (z−d · ⊕id), for z ∈ C \BR.

This is a continuous complex vector bundle isomorphism. Smoothing F̃

out on the ball of radius R + 1, we get a smooth complex vector bundle

isomorphism
˜̃
F : C × (Cn̄ × g

C) → u∗TM.

This is a trivialization of the “manifold component” u∗TM of the bundle

u∗TM⊕g
C. In order to extend this to a trivialization F : C×V → u∗TM⊕g

C,

we look now at the “complex gauge component” g
C.

Claim 1 The loop

S1
1 ∋ z 7→ Adg0(z) ∈ Aut(gC)

is homotopic to a constant.

Proof of Claim 1: We claim that det(Adg) ∈ R, for every g ∈ G. To

see this we fix g ∈ G and choose a basis e1, . . . , ek of g. Then Adgei ∈ g

and Adgiej = iAdgej ∈ ig for every i, so the matrix of Adg w.r.t. the basis

e1, . . . , ek, ie1, . . . , iek of g
C has real entries. Hence det(Adg) ∈ R, as claimed.

It follows that

f(z) :=
det(Adg0(z))

| det(Adg0(z))|
= 1

for every z ∈ C\B1 or it equals −1 for every z ∈ C\B1. Hence the degree of

the map S1
1 ∋ z 7→ f(z) ∈ S1 is zero. Since the map [S1,Aut(gC)] → [S1, S1]

induced by det /| det | is a bijection, Claim 1 follows. 2

By Claim 1 we may choose a continuous map k̃ : B̄1 → Aut(gC) such that

k̃(z) = Adg0(z) for z ∈ S1. Smoothing the connected sum k̃#g0 on the ball

B2, we get a map k ∈ C∞(C,Aut(gC)). We now define the smooth complex

trivialization

F : C × V = C ×
(
Cn̄ × g

C × g
C
)
→ u∗TM ⊕ g

C, Fz := (
˜̃
F z, k(z)).
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We check that F satisfies conditions (i), (ii) and (iii) of Definition 2.10.

The first condition follows from the construction of F . We check (ii).

Claim 2 The number d equals the Maslov index of w,

d = m(w). (2.43)

Proof of Claim 2: In order to calculate m(w), we gauge transform w by

a map g ∈ C∞(C,G) defined as follows. We first define the continuous map

g̃ : C → G by

g̃(z) :=

{
g0(z)g0

(
z
|z|

)−1

, for z ∈ C \B1,

1, for z ∈ B1.

Then by smoothing this map on B2, we get our map g ∈ C∞(C,G). We

define w′′ := (u′′,Φ′′,Ψ′′) := g∗w and

g∞ : S1 → G, g∞(z) := g0(z)g0(1)−1, y∞ := g0(1)x∞.

Recall the definition (2.33) of the map ψ0 : B1 → C. We define v : D → M

by

v(z) :=

{
u′′ ◦ ψ0(z), for z ∈ B1,

g∞(z)y∞, for z ∈ S1.

Since (g−1
0 u)(reiϕ) converges to x∞ for r → ∞, uniformly in ϕ ∈ R, it follows

that the map v is continuous. We define the complex trivialization

F ′ : D × (Cn̄ × g
C) → v∗TM,

F ′
z := F ′(z, ·) :=

{
(g ◦ ψ0(z))

−1 · ˜̃F ψ0(z) ◦ (|ψ0(z)|d · ⊕id), for z ∈ B1,

g∞(z) · FU
y∞(·,Adg0(1)·) ◦ (z−d · ⊕id), for z ∈ S1.

Claim 3 The map F ′ is continuous.

Proof of Claim 3: By a short calculation we have for every x ∈M , h ∈ G,

v0 ∈ Cn̄ and α ∈ g
C

FU
hx(v0,Adhα) = hFU

x (v0, α). (2.44)

Therefore, for r < 1 close enough to 1 we have for every ϕ ∈ R, abbrevi-

ating z := ψ0(re
iϕ),

F ′
reiϕ = g(z)−1FU

u(z)

(
·,Adg0(z) ·

)
· (e−idϕ · ⊕id)

= FU
u′′(z)

(
·,Adg(z)−1Adg0(z) ·

)
(e−idϕ · ⊕id)

= FU
v(reiϕ)

(
·,Adg∞(eiϕ)g0(1) ·

)
(e−idϕ · ⊕id),
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and this converges for r → ∞ to

FU
g∞(eiϕ)y∞

(
·,Adg∞(eiϕ)g0(1) ·

)
(e−idϕ · ⊕id)

= g∞(eiϕ)FU
y∞

(
·,Adg0(1) ·

)
(e−idϕ · ⊕id),

uniformly in ϕ ∈ R. This proves Claim 3. 2

By Claim 3 the tuple (g, g∞, y∞, F
′) satisfies the condition of Definition

2.6, and therefore the Maslov index m(w) is given by the degree of the map

S1 ∋7→ F ′
z
−1
g∞(z) · F ′

1 ∈ Aut(Cn̄ × g
C). (2.45)

Since g∞(1) = 1, we have for z ∈ S1

F ′
z
−1
g∞(z) · F ′

1 =(zd · ⊕id)FU
y∞

(
·,Adg0(1) ·

)−1
g∞(z)−1g∞(z) · FU

y∞

(
·,Adg0(1) ·

)

= zd · ⊕id.

Hence the degree of the map (2.45) is d. This proves Claim 2. 2

Condition (ii) follows from Claim 2 and the construction of F , since for

|z| ≥ R + 1 we have

Fz(z
m(w) · ⊕id) = FU

u(z)(·,Adg0(z)·) ⊕ Adg0(z).

We check condition (iii). We fix a vector

ζ := (v0, α, β) ∈ V = Cn̄ × g
C × g

C.

Then by Lemma A.8 we have for z ∈ C \BR+1, dropping the z,

∇Φ
s

(
F (pd · ⊕id)ζ

)
= (g0)∗

(
∇g∗0Φ
s

(
g−1
0 FU

u (v0,Adg0α)
)
, ∂g

∗
0Φ
s β

)

= (g0)∗

(
∇Φ′

s

(
FU
u′ (v0, α)

)
, [Φ′, β]

)

= (g0)∗
(
∇Φ′

∂su′(F
U(v0, α)), [Φ′, β]

)
.

It follows that

∣∣∣∣∇Φ
s

(
F (pd · ⊕id)ζ

)∣∣∣∣
Lp

λ(C\BR+1)

=
∣∣∣∣(∇Φ′

∂su′(F
U(v0, α)), [Φ′, β]

)∣∣∣∣
Lp

λ(C\BR+1)

≤ C
(
||∂su′||Lp

λ(C\BR+1) + ||Φ′||Lp
λ(C\BR+1)

)
|ζ |

≤ C ′
(
||∂su′ +XΦ′(u′)||Lp

λ(C\BR+1) + ||Φ′||Lp
λ(C\BR+1)

)
|ζ |

=
(
||∂su+XΦ(u)||Lp

λ(C\BR+1) + ||Φ′||Lp
λ(C\BR+1)

)
|ζ |

<∞,
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where C,C ′ > 0 are constants depending on the local trivialization FU , but

not on the point z ∈ C \BR+1 nor on ζ . This implies condition (iii) of Defi-

nition 2.10, and completes the proof of Proposition 2.11. 2

The purpose of a good complex trivialization of u∗TM⊕g
C is to translate

the operator Dw into a simpler operator defined on maps from C to Cn̄ ×
g

C × g
C. This translation is the content of the next result, Proposition 2.12

below. In order to state it, we now introduce the two types of weighted

Sobolev-spaces mentioned in the introduction of section 2.

We fix a value 1 ≤ p ≤ ∞, two integers N ≥ 1, k ≥ 0, a real number

λ, an open subset Ω ⊆ RN and a real or complex vector space V . For every

multi-index α = (α1, . . . , αN) ∈ (N ⊔ {0})N we denote its length by

|α| :=
N∑

i=1

αi

and the multiple partial derivative operator corresponding to α by

∂α := ∂α1
1 · · ·∂αN

N .

We define the strongly λ-weighted (k, p)-Sobolev norm of a map u ∈W k,p
loc (Ω, V )

by

||u||Lk,p
λ (Ω,V ) :=

k∑

|α|=0

||〈·〉λ+|α|∂αu||Lp(Ω,V ) ∈ [0,∞],

and the small λ-weighted (k, p)-Sobolev space over Ω by

Lk,pλ (Ω, V ) :=
{
u ∈W k,p

loc (Ω, V ) | ||u||Lk,p
λ (Ω,V ) <∞

}
.

Furthermore, we define the weakly λ-weighted (k, p)-Sobolev norm of u by

||u||W k,p
λ (Ω,V ) :=

k∑

|α|=0

||〈·〉λ∂αu||Lp(Ω,V ) ∈ [0,∞],

and the big λ-weighted (k, p)-Sobolev space over Ω by

W k,p
λ (Ω, V ) :=

{
u ∈W k,p

loc (Ω, V ) | ||u||W k,p
λ (Ω,V ) <∞

}
.

Note that

||u||W k,p
λ (Ω,V ) ≤ ||u||Lk,p

λ (Ω,V ) ≤ ||u||W k,p
λ+k(Ω,V ),

and therefore W k,p
λ+k(Ω, V ) ⊆ Lk,pλ (Ω, V ) ⊆ W k,p

λ (Ω, V ). Furthermore the

space L0,p
λ (Ω, V ) = W 0,p

λ (Ω, V ) agrees with Lpλ(Ω, V ) defined in (2.3). In

the papers [McO1], [McO2], [McO3], [Lo2], [LM1], [LM2], [Lo3] R. B. Lock-

hart and R. C. McOwen established Fredholm theorems for elliptic partial
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differential operators (for example for the Laplacian on RN) between small

weighted Sobolev spaces. (They use different notations.)

Assume that n̄ ≥ 1. Let d be an integer and p > 2 and λ > −2/p + 1

be real numbers. We choose a smooth function ρ0 : C → [0, 1] such that

ρ0(z) = 0 for |z| ≤ 1/2 and ρ0(z) = 1 for |z| ≥ 1. Recall that pd : C → C

denotes the monomial pd(z) := zd. We define the vector space

Xd := X p,λ
d :=

(
Cρ0pd + L1,p

λ−1−d(C,C)
)
×
(
Cn̄−1 + L1,p

λ−1(C,C
n̄−1)

)
(2.46)

×W 1,p
λ (C, gC × g

C).

Here in the first factor Cρ0pd denotes the vector space of complex multiples

of the function ρ0pd : C → C. Analogously, in the second factor we identify

Cn̄−1 with the complex vector space of constant functions from C to Cn̄−1.

We fix a vector

ζ :=




v0

α

β


 :=




v1
∞ρ0pd + v1

v2
∞ + v2

...

vn̄∞ + vn̄

α

β




∈ Xd,

where (v1
∞, . . . , v

n̄
∞) ∈ Cn̄. By Lemma E.3 the vector (v1

∞, . . . , v
n̄
∞) is uniquely

determined. We define the norm of ζ by

||ζ ||Xd
:= (2.47)

|(v1
∞, . . . , v

n̄
∞)| + ||v1||L1,p

λ−1−d(C) + ||(v2, . . . , vn̄)||L1,p
λ−1(C) + ||(α, β)||W 1,p

λ (C).

Furthermore, we define the normed vector space

Yd := Yp,λ
d := Lpλ−d(C,C) × Lpλ(C,C

n̄−1 × g
C × g

C). (2.48)

We use super- or subscripts to indicate the target of functions on which an

operator acts. For example, the operator ∂Cn̄

z̄ acts on functions from C to

Cn̄. Likewise, idgC is the identity on a space of functions from C to g
C. For

every finite dimensional hermitian vector space (V, 〈·, ·〉) we call a linear map

A : V → V strictly positive iff for every 0 6= v ∈ V we have

〈Av, v〉 > 0.

Note that such a map A is self-adjoint, see for example Satz V.5.6 in the

book by D. Werner [Wer].
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Proposition 2.12 Let 2 < p < ∞ and λ > −2/p + 1 be real numbers.

Assume that n̄ = dimM/2 − dim G ≥ 1. Let w := (u,Φ + iΨ) ∈ Bpλ be a

map and F : C × V → u∗TM ⊕ g
C be a good complex trivialization. Let

m(w) ∈ Z denote the Maslov index of w, as in Definition 2.6, let Xw := X p,λ
w

and Yw := Yp,λ
w be defined as in (2.15) and (2.28), and let Xm(w) := X p,λ

m(w)

and Ym(w) := Yp,λ
m(w) be defined as in (2.46) and (2.48). Then the following

statements hold.

(i) The maps

Xm(w) ∋ ζ 7→ Fζ ∈ Xw, (2.49)

Ym(w) ∋ ζ 7→ Fζ ∈ Yw (2.50)

are well-defined and isomorphisms of normed vector spaces, i.e. there

exists a constant C > 0 such that

C−1||ζ ||Xm(w)
≤ ||Fζ ||w ≤ C||ζ ||Xm(w)

, (2.51)

C−1||ζ ||Ym(w)
≤ ||Fζ ||p,λ ≤ C||ζ ||Ym(w)

. (2.52)

(ii) The operator

Dtriv
w := F−1DwF : Xm(w) → Ym(w)

is a compact perturbation of the operator

2∂Cn̄

z̄ ⊕
(

2∂g
C

z̄ id

A 2∂g
C

z

)
: Xm(w) → Ym(w), (2.53)

where A : g
C → g

C is some positive C-linear map.

Corollary 2.13 For each two numbers p > 2 and λ > −2/p + 1 and every

map w := (u,Φ + iΨ) ∈ Bpλ the normed vector spaces X p,λ
w and Yp,λ

w are

complete.

Proof of Corollary 2.13: Recall that if (X1, || · ||1), . . . , (Xk, || · ||k) are

normed vector spaces then the product norm on X1 × · · · × Xk is defined

by ||(x1, . . . , xk)|| := ||x1||1 + · · · + ||xk||k. We abbreviate d := m(w). By

definition of the norm on Xd this space is isometrically isomorphic to the

vector space

Cn̄ × L1,p
λ−1−d(C,C) × L1,p

λ−1(C,C
n̄−1) ×W 1,p

λ (C, gC), (2.54)

with the product norm. By Proposition E.6(iv) the normed spaceW 1,p
λ (C, gC)

is isomorphic to W 1,p(C, gC). Furthermore, as R. B. Lockhart proved in his

PhD thesis [Lo1], the space L1,q
µ (C,C) is complete, for every two real num-

bers µ and 1 ≤ q < ∞. It follows that the space Xd is complete. The same
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holds for Yd. Since by Proposition 2.12 the spaces Xd and Yd are isometri-

cally isomorphic to Xw and Yw, these spaces are also complete. This proves

Corollary 2.13. 2

Proof of Proposition 2.12: Let F : C × V → u∗TM ⊕ g
C be a good

complex trivialization. We choose a number R > 0 and a gauge transforma-

tion g0 ∈ C∞(C \ BR,G) such that the conditions in Definition 2.10(i) are

satisfied. We abbreviate d := m(w).

We prove (i). We choose a smooth function ρ0 : C → [0, 1] such that

ρ0(z) = 0 for z ∈ B1/2 and ρ0(z) = 1 for z ∈ C\B1. Let ζ ∈ W 1,1
loc (C, u∗TM⊕

g
C). Then by the definitions (2.10) and (2.36) of ∇Φ,Ψζ and ∇Φ,ΨF we have

on C \ {0}

∇Φ,Ψ(Fζ) = ∇Φ,Ψ
(
F (pd · ⊕id)(p−d · ⊕id)ζ

)

= ∇Φ,Ψ
(
F (pd · ⊕id)

)
(p−d · ⊕id)ζ (2.55)

+F (pd · ⊕id)d
(
(p−d · ⊕id)ζ

)
.

Claim 1 The map (2.49) is well-defined and bounded.

Proof of Claim 1: Let

ζ := (v0, α, β) :=




v1
∞ρ0pd + v1

v2
∞ + v2

...

vn̄∞ + vn̄

α

β




∈ Xd.

In the following C > 0 will denote a constant that may depend on p, λ, d,

the map w, the number R and the trivialization F , but not on the map ζ . It

may change from estimate to estimate. We abbreviate

|| · ||1,p,λ := || · ||L1,p
λ (C), || · ||p,λ := || · ||Lp

λ(C), || · ||∞ := || · ||L∞(C).

We have

||Fζ ||∞ ≤ ||F (〈·〉d · ⊕id)(〈·〉−d · ⊕id)ζ ||∞
≤ C||(〈·〉−d · ⊕id)ζ ||∞
≤ C

(
|(v1

∞, . . . , v
n̄
∞)| + ||v1〈·〉−d||∞ +

∣∣∣∣(v2, . . . , vn̄, α, β
)∣∣∣∣

∞

)

≤ C
(
|(v1

∞, . . . , v
n̄
∞)| + ||v1||1,p,− 2

p
−d +

∣∣∣∣(v2, . . . , vn̄, α, β
)∣∣∣∣

1,p,− 2
p

)

≤ C
(
|(v1

∞, . . . , v
n̄
∞)| + ||v1||1,p,λ−1−d

+||(v2, . . . , vn̄)||1,p,λ−1 + ||(α, β)||W 1,p
λ (C)

)

= C||ζ ||Xd
. (2.56)
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Here in the second line we have used inequality (2.41), in the forth line

we have used Proposition E.6(iii), and in the fifth line we have used that

λ > −2/p+ 1 and therefore ||v1||1,p,−2/p−d ≤ ||v1||1,p,λ−1−d, and we have used

that

||(α, β)||1,p,λ−1 ≤ ||(α, β)||W 1,p
λ (C).

Furthermore, recalling the definition (2.13) of P , we have on C \BR

PFζ = (LC

uAdg0α,Adg0β),

and therefore

||PFζ ||p,λ ≤ ||PFζ ||Lp
λ(C\BR) + C||PFζ ||Lp(BR)

≤ C
(
||Adg0(α, β)||Lp

λ(C\BR) + ||ζ ||Lp(BR)

)

≤ C||ζ ||Xw. (2.57)

Here in the last line we have used that |Adg0(α, β)| = |(α, β)|.

Furthermore, by (2.55), we have

||∇Φ,Ψ(Fζ)||Lp
λ(C\B1)

≤
∣∣∣∣∇Φ,Ψ

(
F (pd · ⊕id)

)∣∣∣∣
Lp

λ(C\B1)
||(p−d · ⊕id)ζ ||L∞(C\B1)

+ C
∣∣∣∣d
(
(p−d · ⊕id)ζ

)∣∣∣∣
Lp

λ(C\B1)

≤ C
(
|(v1

∞, . . . , v
n̄
∞)| + ||〈·〉−dv1||∞ + ||(v2, . . . , vn̄, α, β)||∞

+ ||p−dv1||L1,p
λ−1(C\B1) +

∣∣∣∣(v2, . . . , vn̄, α, β
)∣∣∣∣

1,p,λ−1

)

≤ C
(
|(v1

∞, . . . , v
n̄
∞)| + ||v1||1,p,− 2

p
−d +

∣∣∣∣(v2, . . . , vn̄, α, β
)∣∣∣∣

1,p,− 2
p

+ ||v1||1,p,λ−1−d +
∣∣∣∣(v2, . . . , vn̄, α, β

)∣∣∣∣
1,p,λ−1

)

≤ C||ζ ||Xd
. (2.58)

On the other hand, since

∇Φ,Ψ(Fζ) = (∇Φ,ΨF )ζ + Fdζ, (2.59)

it follows that

||∇Φ,Ψ(Fζ)||Lp(B1) ≤ C||∇Φ,ΨF ||L∞(B1)||ζ ||Lp(B1) + ||F ||L∞(B1)||dζ ||Lp(B1)

≤ C||ζ ||Xd
. (2.60)

Here in the second inequality we have used condition (iii) of Definition 2.10

and Proposition E.6(iii). Combining estimates (2.56), (2.57), (2.58) and

(2.60) we get

||Fζ ||w ≤ C||ζ ||Xd
.

This proves Claim 1. 2
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Claim 2 The map

Xw ∋ ζ ′ 7→ F−1ζ ′ ∈ Xd (2.61)

is well-defined and bounded.

Proof of Claim 2: We fix ζ ′ := (v′, β ′) ∈ Xw and define ζ := (v0, α, β) :=

F−1ζ ′ : C → V . Choosing R > 0 as in condition (i) of Definition 2.10, it

follows that on C \BR

|(α, β)| ≤ |Pζ ′|.
Therefore,

||(α, β)||Lp
λ(C\BR) ≤ C||Pζ ′||Lp

λ(C\BR) ≤ C||ζ ′||w. (2.62)

Claim 3 We have
∣∣∣∣d
(
(ρ0p−d · ⊕id)F−1ζ ′

)∣∣∣∣
Lp

λ(C)
≤ C||ζ ′||w. (2.63)

Proof of Claim 3: By equality (2.55) we have on C \ {0}

d
(
(p−d · ⊕id)F−1ζ ′

)
= (p−d · ⊕id)F−1 ·(

∇Φ,Ψζ ′ −∇Φ,Ψ
(
F (pd · ⊕id)

)
(p−d · ⊕id)F−1ζ ′

)
.

Hence using conditions (ii) and (iii) of Definition 2.10, we have

∣∣∣∣d
(
(p−d · ⊕id)F−1ζ ′

)∣∣∣∣
Lp

λ(C\B1)
≤ C

(
||∇Φ,Ψζ ′||p,λ

+
∣∣∣∣∇Φ,Ψ

(
F (pd · ⊕id)

)∣∣∣∣
p,λ

||ζ ′||∞
)

≤ C||ζ ′||w <∞. (2.64)

On the other hand, (2.59) with ζ := F−1ζ ′ implies that

d(F−1ζ ′) = F−1
(
∇Φ,Ψζ ′ − (∇Φ,ΨF )F−1ζ ′

)
. (2.65)

Therefore,
∣∣∣∣d
(
(ρ0p−d · ⊕id)F−1ζ ′

)∣∣∣∣
Lp(B1)

≤
∣∣∣∣(d(ρ0p−d · ⊕id)

)
F−1ζ ′

∣∣∣∣
Lp(B1)

+
∣∣∣∣(ρ0p−d · ⊕id)d(F−1ζ ′)

∣∣∣∣
Lp(B1)

≤ C
(
||ζ ′||L∞(B1) + ||∇Φ,Ψζ ′||Lp(B1)

)

≤ C||ζ ′||w.

Combining this with (2.64) proves Claim 3. 2

By Claim 3, the hypotheses of Proposition E.4 (Hardy-type inequality)

with u replaced by (ρ0p−d · ⊕id)F−1ζ ′ are satisfied. Hence, applying that

Proposition, there exists a vector

ζ∞ :=
(
v1
∞, . . . , v

n̄
∞, α∞, β∞

)
∈ V = Cn̄ × g

C × g
C,



2.2 The Fredholm Theorem 48

such that

(ρ0p−d · ⊕id)F−1ζ ′(reiϕ) → ζ∞, (2.66)

for r → ∞, uniformly in ϕ ∈ R. Furthermore, we have

∣∣∣∣(ρ0p−d · ⊕id)F−1ζ ′ − ζ∞
)
| · |λ−1

∣∣∣∣
Lp(C)

≤ C
∣∣∣∣d
(
(ρ0p−d · ⊕id)F−1ζ ′

)
| · |λ

∣∣∣∣
Lp(C)

≤ C||ζ ′||w, (2.67)

where in the second inequality we have used Claim 3. Since λ > −2/p + 1,

we have ∫

C\BR

〈·〉pλ = ∞.

Hence estimate (2.62) implies that (α∞, β∞) = (0, 0).

The convergence (2.66) implies that

|(v1
∞, . . . , v

n̄
∞)| ≤ ||(ρ0p−d · ⊕id)F−1ζ ′||∞

≤ C||ζ ′||∞
≤ C||ζ ′||w, (2.68)

where in the second inequality we have used condition (ii) of Definition 2.10.

We define

(
v1, . . . , vn̄, α, β

)
:= F−1ζ ′ −

(
ρ0pdv

1
∞, v

2
∞, . . . , v

n̄
∞, 0, 0

)
.

Using Proposition E.6(ii) and inequalities (2.67) and (2.63), we have

||v1||L1,p
λ−1−d(C\B1) + ||(v2, . . . , vn̄)||L1,p

λ−1(C\B1) ≤ C
(
||p−dv1||L1,p

λ−1(C\B1)

+||(v2, . . . , vn̄)||L1,p
λ−1(C\B1)

)

≤ C||ζ ′||w. (2.69)

Finally, on the ball BR, we estimate F−1ζ ′ by

||F−1ζ ′||L1,p(BR) ≤ C||ζ ′||L1,p(BR)

≤ C||ζ ′||w. (2.70)

Inequalities (2.62), (2.68), (2.69) and (2.70) imply that

||F−1ζ ′||Xd
≤ C||ζ ′||w,

i.e. the map (2.61) is well-defined and bounded. This proves Claim 2. 2

So we have proved that the map (2.49) is an isomorphism of normed vector

spaces. In order to see that the map (2.50) is an isomorphism of normed
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vector spaces, observe that by condition (ii) of Definition 2.10, we have for

every ζ ∈ Yd

||Fζ ||p,λ =
∣∣∣∣F (〈·〉d · ⊕id)(〈·〉−d · ⊕id)ζ

∣∣∣∣
p,λ

≤ C||(〈·〉−d · ⊕id)ζ ||p,λ
≤ C||ζ ||Yd

.

Analogously, we have

||ζ ||Yd
≤ C||Fζ ||p,λ.

This proves that the map (2.50) is an isomorphism of normed vector spaces,

and completes the proof of (i).

We prove statement (ii). Recall that we have chosen R > 0 and g0 as

in Definition 2.10(i). It follows as in the proof of Lemma 2.5, that the point

u′(reiϕ) = g−1
0 (reiϕ)u(reiϕ) ∈ M converges to some point x∞ ∈ µ−1(0), for

r → ∞, uniformly in ϕ ∈ R. By our hypothesis (H1) the Lie group G acts

freely on µ−1(0). Hence Lemma A.4 implies that Lx : g → TxM is injective

for every x ∈ µ−1(0). It follows that there exists a number R′ ≥ R such

that for every z ∈ C \ BR′ the map Lu(z) : g → Tu(z)M is injective. Thus

the complexified infinitesimal action LC

u(z) : g
C → Tu(z)M is injective, for

z ∈ C \BR′ . We define the linear map

A := (LC

x∞)∗LC

x∞ : g
C → g

C.

This map is strictly positive complex linear. By the splitting property (2.37)

and (2.38) in Definition 2.10(i), the trivialization F : C × V → u∗TM ⊕ g
C

is the direct sum of two complex vector bundle isomorphisms

F1 : C × (Cn̄ × g
C) → u∗TM, F2 : C × g

C → g
C.

Hence by (2.31), the operator Dtriv
w : Xd → Yd is given by

Dtriv
w = (F1 ⊕ F2)

−1Dw(F1 ⊕ F2)

= (F1 ⊕ F2)
−1

(
2∇Φ+iΨ

z̄ + (∇.J)∂Φ
t u LC

u

(LC

u)
∗ 2∂Φ−iΨ

z

)
F1 ⊕ F2

= (F1 ⊕ F2)
−1 ·

·
(

(2∇Φ+iΨ
z̄ F1) + 2F1∂z̄ + ∇F1∂

Ψ
t u LC

uF2

(LC

u)
∗F1 2(∂Φ−iΨ

z F2) + 2F2∂z

)

= 2∂Cn̄

z̄ ⊕
(

2∂g
C

z̄ idgC

A 2∂g
C

z

)
+ S. (2.71)

Here S : Xd → Yd is the 0-th order perturbation defined by

S :=

(
F−1

1

(
(2∇Φ+iΨ

z̄ F1) + (∇F1J)∂Ψ
t u
)

F−1
1 LC

uF2 − ι

F−1
2 (LC

u)
∗F1 − A pr 2F−1

2 (∂Φ−iΨ
z F2)

)
, (2.72)



2.2 The Fredholm Theorem 50

where ι : gC → Cn̄ × g
C is the inclusion to the second factor and pr :

Cn̄×g
C → g

C is the projection to the second factor. By (2.71) the statement

(ii) follows, once we have proved that the operator S is compact. In order to

prove compactness of this operator, observe that we can write it as a sum

S = S0 + S1 : Xd = X 0
d ⊕X 1

d → Yd,

where

X 0
d := Cρ0pd × Cn̄−1 × {(0, 0)},

X 1
d :=L1,p

λ−1−d(C,C) × L1,p
λ−1(C,C

n̄−1) ×W 1,p
λ (C, gC × g

C).

The operators S0 and S1 are given by the same formula as S. Since X 0
d is

finite dimensional, S0 is compact. We prove that S1 is compact as well. In

order to see that S1 is compact, we also write it as a sum

S1 = χBR′S1 + χC\BR′S1.

Since BR′ is bounded and has smooth boundary, the operator χBR′S1 : X 1
d →

Yd is compact. We prove that χC\BR′S1 : X 1
d → Yd is compact.

Claim 4 The map

χC\BR′F
−1
1 (∇Φ+iΨ

z̄ F1) : L1,p
λ−1−d(C,C) × L1,p

λ−1(C,C
n̄−1) ×W 1,p

λ (C, gC)

→ Lpλ−d(C,C) × Lpλ(C,C
n̄−1 × g

C) (2.73)

is compact.

Proof of Claim 4: On C \ {0}, we have

F−1
1 (∇Φ+iΨ

z̄ F1) = F−1
1

(
∇Φ+iΨ
z̄ (F1(pd · ⊕id))

)
(p−d · ⊕id)

+(pd · ⊕id)
(
∂z̄(p−d · ⊕id)

)

= F−1
1

(
∇Φ+iΨ
z̄ (F1(pd · ⊕id))

)
(p−d · ⊕id). (2.74)

Here we have used that p−d is holomorphic. By Proposition E.6(ii), the map

χC\BR′ (p−d)· : L1,p
λ−1−d(C,C) → L1,p

λ−1(C,C) (2.75)

is bounded. By the same Lemma, statement (iii), there exists a compact

inclusion

L1,p
λ−1(C,C

n̄) ×W 1,p
λ (C, gC) ⊆ Cb(C,C

n̄ × g
C). (2.76)

Here we have used that the inclusion W 1,p
λ ⊆ L1,p

λ−1 is bounded. By condition

(iii) of Definition 2.10, the map

χC\BR′

(
∇Φ+iΨ
z̄ (F1(pd · ⊕id))

)
: Cb(C,C

n̄ × g
C) → Lpλ(C, u

∗TM) (2.77)
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is bounded. Finally, it follows from condition (ii) of Definition 2.10 that the

map

F−1
1 : Lpλ(C, u

∗TM) → Lpλ−d(C,C) × Lpλ(C,C
n̄−1 × g

C × g
C) (2.78)

is bounded. Combining equality (2.74), the boundedness of the map (2.75),

the compactness of the inclusion (2.76), and the boundedness of (2.77) and

(2.78), it follows that the map (2.73) is compact. This proves Claim 4. 2

In the same manner as in the proof of Claim 4, Proposition E.6(iii) and

conditions (ii) and (iii) of Definition 2.10 imply that the map

χC\BR′F
−1
2 (∂Φ−iΨ

z F2) : W 1,p
λ (C, gC) → Lpλ(C, g

C) (2.79)

is compact. Furthermore, by the definition of B, we have ∂Ψ
t u ∈ Lpλ(C). This

together with statements (ii) and (iii) of Proposition E.6 and condition (ii)

of Definition 2.10 implies that the map

χC\BR′F
−1
1 (∇F1J)∂Ψ

t u : L1,p
λ−1−d(C,C) × L1,p

λ−1(C,C
n̄−1) ×W 1,p

λ (C, gC)

→ Lpλ−d(C,C) × Lpλ(C,C
n̄−1 × g

C) (2.80)

is compact. By the splitting condition (i) of Definition 2.10 we have for

z ∈ C \BR′

F−1
1 LC

uF2|z = ι.

Thus

χC\BR′

(
F−1

1 LC

uF2 − ι
)

= 0 : W 1,p
λ (C, gC) → Lpλ(C,C

n̄ × g
C). (2.81)

Moreover, by short calculations, we have for every x ∈ M, g ∈ G, α ∈ g
C

and v ∈ TxM

LC

gxAdgα = gLC

xα, (2.82)

(LC

gx)
∗gv = Adg(L

C

x )∗v. (2.83)

We fix a point z ∈ C \BR′ . Recall that u′ = g−1
0 u. We define

f(z) := (LC

u′(z))
∗LC

u′(z) − (LC

x∞)∗LC

x∞ : g
C → g

C.

By the splitting condition 2.10(i) we have

F z
1 (Cn̄ × {0}) = Hu(z) = ker(LC

u(z))
∗.

It follows that

F−1
2 (LC

u)
∗F1|z −A pr =

(
F−1

2 (LC

u)
∗F1|z − A

)
pr

=
(
(LC

u′)
∗LC

u′ |z − (LC

x∞)∗LC

x∞

)
pr

= f(z) pr : Cn̄ × g
C → g

C. (2.84)
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Here we have used equalities (2.82) and (2.83). Since u′(reiϕ) converges to

x∞, for r → ∞, uniformly in ϕ, the linear map f(reiϕ) converges to 0, for

r → ∞, uniformly in ϕ. Hence by statement (v) of Proposition E.6, the map

W 1,p
λ (C, gC) ∋ α 7→ fα ∈ Lpλ(C, g

C)

is compact. Equality (2.84) implies that the map

χC\BR′

(
F−1

2 (LC

u )∗F1 −A pr
)

: W 1,p
λ (C,Cn̄ × g

C) → Lpλ(C, g
C) (2.85)

is compact. Combining the compactness of the maps (2.73), (2.79), (2.80),

(2.81) and (2.85) we conclude that the map

χC\BR′S1 : X 1
d := L1,p

λ−1−d(C,C) × L1,p
λ−1(C,C

n̄−1) ×W 1,p
λ (C, gC × g

C) → Yd

is compact. So we have proved that the perturbation S : Xd → Yd, defined

in (2.72), is compact. This proves statement (ii) and concludes the proof of

Proposition 2.12. 2

Remark 2.14 To have identity (2.74) in the proof of Proposition 2.12 was

the main reason for the precise form of condition (iii) in Definition 2.10 (good

trivialization), involving the function pd rather than for example the function

〈·〉d.

For the proof of the main result, Theorem 2.8, we need two more ingredi-

ents, namely that the two summands in the direct sum (2.53) in part (ii) of

Proposition 2.12 are Fredholm. These are the statements of Corollary 2.17

and Proposition 2.18 below. Fix an integer d. We define Pd to be the space

of polynomials in z ∈ C with complex coefficients, of degree less than d. So

it has complex dimension d. Our convention is that if d ≤ 0 then Pd = {0}.
Likewise, we denote by P̄d the space of polynomials in z̄ ∈ C with complex

coefficients, of degree less than d. We abbreviate

L1,p
λ := L1,p

λ (C,C), Lpλ := Lpλ(C,C).

For a normed vector space X we denote by X∗ its dual space.

Proposition 2.15 Let d be an integer and 1 < p <∞ and −2/p+ 1 < λ <

−2/p + 2 be real numbers. Then the operator

T := ∂z̄ : L1,p
λ−1−d → Lpλ−d (2.86)

is Fredholm. Furthermore, its kernel is

kerT = Pd. (2.87)
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Moreover, the map

P̄−d →
(
Lpλ−d/imT

)∗
, u 7→

(
v + imT 7→

∫

C

uv ds dt
)

(2.88)

is well-defined and an isometric isomorphism. Here we equip Lpλ−d/imT with

the quotient norm.

Remark 2.16 It follows that ∂z̄ : L1,p
λ−1−d → Lpλ−d is injective if d ≤ 0 and

surjective if d ≥ 0. In particular, for d = 0 it is an isomorphism. In general,

its real Fredholm index is 2d.

We denote by S the space of Schwartz functions on C and by S ′ the space

of temperate distributions. By ̂ : S ′ → S ′ we denote the Fourier transform,

defined by

û(ϕ) := u(ϕ̂),

for ϕ ∈ S, where

ϕ̂(ζ1 + iζ2) :=
1

2π

∫

C

ϕ(s+ it)e−i(sζ1+tζ2) ds dt.

Furthermore, we denote by ∨ : S ′ → S ′ the inverse transformation. For

ψ ∈ S it is given by

∨

ψ(s + it) =
1

2π

∫

C

ψ(ζ1 + iζ2)e
i(sζ1+tζ2) dζ1 dζ2.

Proof of Proposition 2.15:

Claim 1 The kernels of T and T ∗ are

kerT = Pd, (2.89)

ker T ∗ = P̄−d. (2.90)

Proof of Claim 1: We prove (2.89). A calculation in polar coordinates

shows that for every polynomial u in the variable z we have

u ∈ L1,p
λ−1−d ⇐⇒ deg u < d− λ+ 1 − 2

p
. (2.91)

We prove that ker T ⊇ Pd. Fix a polynomial u ∈ Pd. Then Tu = ∂z̄u =

0. Since by our assumption λ < −2/p + 2 and deg u is an integer less than

d, it follows that deg u < d − λ + 1 − 2/p. Hence by the equivalence (2.91)

we have u ∈ L1,p
λ−1−d, and therefore u ∈ ker T . This proves that ker T ⊇ Pd.

We prove that ker T ⊆ Pd. We fix a function u ∈ ker T . Then ∂z̄u = 0

and therefore in the sense of temperate distributions

0 = ∂̂z̄u(ζ) = iζû.
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It follows that the support of û is either empty or consists of the point

0 ∈ C. Hence the Paley-Wiener theorem implies that u is real analytic in

the variables s and t, and there exists an integer N such that

sup
z∈C

(
|u(z)|〈z〉N

)
<∞,

see for example Theorem IX.12 in Vol. I of the book by M. Reed and B.

Simon [RS]. Since u is holomorphic, Liouville’s Theorem implies that it is

a polynomial in the variable z. Since by our assumption λ > −2/p + 1, it

follows from the equivalence (2.91) that deg u < d, hence u ∈ Pd. This proves

that kerT ⊆ Pd and thus equality (2.89).

We prove (2.90). We define p′ := p/(p− 1). For every µ ∈ R the map

Lp
′

−µ → (Lpµ)
∗, u 7→

(
v 7→

∫

C

uv
)

is an isometric isomorphism. Hence we may identify (Lpλ−d)
∗ with Lp

′

−λ+d.

The adjoint operator T ∗ is given by

T ∗ = ∂z =
1

2
(∂s − i∂t) : Lp

′

−λ+d
∼= (Lpλ−d)

∗ → (L1,p
λ−1−d)

∗,

where the derivatives are taken in the sense of distributions. Analogously to

(2.91), for every polynomial u in the variable z̄ we have

u ∈ (Lpλ−d)
∗ = Lp

′

−λ+d ⇐⇒ deg u < −d+ λ− 2

p′
= −d + λ− 2 +

2

p
. (2.92)

We prove that ker T ∗ ⊇ P̄−d. Fix a polynomial u ∈ P̄−d in the variable

z̄. Since by our assumption λ > −2/p + 1 and deg u is an integer less than

−d, it follows that deg u < −d + λ− 2 + 2/p. Therefore by the equivalence

(2.92) u ∈ (Lpλ−d)
∗, and hence u ∈ ker T ∗. This proves that ker T ∗ ⊇ P̄−d.

We prove that kerT ∗ ⊆ P̄−d. We fix a function u ∈ kerT ∗. Then

∂zu = 0 in the sense of temperate distributions, and therefore

0 = ∂̂zu = iζ̄ û.

Hence as above, the Paley-Wiener theorem and Liouville’s Theorem (for anti-

holomorphic functions) imply that u is a polynomial in the variable z̄. Since

by our assumption λ < −2/p + 2 it follows from (2.92) that deg u < −d,
hence u ∈ P̄−d. This proves that kerT ∗ ⊆ P̄−d, and therefore (2.90).

This completes the proof of Claim 1. 2

We apply now Theorem 4.3 in the paper by R. B. Lockhart [Lo2]. The

hypotheses of that theorem are satisfied, since by our assumption −2/p+1 <
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λ < −2/p+2, and since the operator T = ∂z̄ has constant coefficients and is

elliptic, in the sense that its principal symbol

σT : C → C, σT (ζ) =
1

2
(ζ1 + iζ2)

does not vanish on S1 ⊆ C. Hence that theorem implies that in the case d ≤ 0

the operator T : L1,p
λ−1 → Lpλ is Fredholm, and that in the case d ≥ 0 the

operator T ∗ : (Lpλ)
∗ → (L1,p

λ−1)
∗ is Fredholm. Consider the case d ≥ 0. Since

T ∗ is Fredholm, it has a closed image. Therefore, Proposition E.2 implies

that the image of T is also closed. It follows that imT is always closed. Thus

we may apply Lemma E.1 with X := Lpλ−d and V := imT , to deduce that

the map

kerT ∗ = (imT )⊥ → (Lpλ−d/imT )∗, u 7→
(
v + imT 7→

∫

C

uv ds dt
)

is well-defined and an isometric isomorphism. Here (imT )⊥ ⊆ (Lpλ)
∗ denotes

the annihilator of imT . The statements (2.87) and (2.88) follow now from

Claim 1. So ker T and coker T are always finite dimensional, hence T is Fred-

holm also in the case d ≥ 0. This proves Proposition 2.15. 2

Let d be an integer and 1 < p <∞ and −2/p+1 < λ < −2/p+2 be real

numbers. Let ρ0 : C → [0, 1] be a smooth function that vanishes on B1/2 and

equals 1 on C \B1. By Lemma E.3 the map

C × L1,p
λ−1−d → Cρ0pd + L1,p

λ−1−d, (x∞, u) 7→ x∞ρ0pd + u (2.93)

is an isomorphism of vector spaces. We may therefore define the norm of a

vector v ∈ Cρ0pd + L1,p
λ−1−d by setting

||v||d := |x∞| + ||u||Lp
λ−1−d

,

where (x∞, u) ∈ C × L1,p
λ−1−d is the inverse image of v under the map (2.93).

The vector space Cρ0pd +L1,p
λ−1−d equipped with this norm is complete, since

C × L1,p
λ−1−d is complete, see the PhD thesis by R. B. Lockhart [Lo1].

Corollary 2.17 Let d, p, λ and ρ0 be as above. Then the operator

∂z̄ : Cρ0pd + L1,p
λ−1−d → Lpλ−d (2.94)

is Fredholm, and its real index equals 2 + 2d.

Proof of Corollary 2.17: A short calculation using the Leibnitz product

rule shows that the composition of the maps (2.93) and (2.94) is given by

T + S : C × L1,p
λ−1−d → Lpλ−d, (2.95)
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where

T (x∞, u) := ∂z̄u,

S(x∞, u) := x∞(∂z̄ρ0)pd.

The map T is the composition of the projection to the second factor

pr : C × L1,p
λ−1−d → L1,p

λ−1−d

with the operator

∂z̄ : L1,p
λ−1−d → Lpλ−d. (2.96)

By Proposition 2.15 the operator (2.96) is Fredholm of real index 2d. Since

the projection pr is Fredholm of real index 2, it follows that T is Fredholm

of real index 2 + 2d. Furthermore, the operator S is compact, since it is the

composition of the two compact operators

C × L1,p
λ−1−d ∋ (x∞, u) 7→ x∞ ∈ C,

C ∋ x∞ 7→ x∞(∂z̄ρ0)pd ∈ Lpλ−d.

It follows that the operator T + S : C × L1,p
λ−1−d → Lpλ−d is Fredholm of real

index 2+2d, and hence the operator (2.94) is Fredholm with the same index.

This proves Corollary 2.17. 2

Let (V, 〈·, ·〉) be a finite dimensional hermitian vector space, and let A,B :

V → V be strictly positive complex linear maps. Recall that this means that

〈Au, u〉 > 0, 〈Bu, u〉 > 0,

for every 0 6= u ∈ V . (It follows that A and B are self-adjoint, see for

example Satz V.5.6 in the book by D. Werner [Wer].) We fix real numbers λ

and 1 < p <∞ and define the operator

T :=

(
2∂z̄ A

B 2∂z

)
: W 1,p

λ (C, V × V ) → Lpλ(C, V × V ).

Proposition 2.18 The operator T is Fredholm of index 0.

For the proof of Proposition 2.18 we need the following.

Theorem 2.19 (A. P. Calderón) Let N be a positive integer, 1 < p <∞
be a real number, (V, 〈·, ·〉) be a finite dimensional hermitian vector space and

A : V → V be a strictly positive complex linear map. Then the map

−∆ + A : W 2,p(RN , V × V ) → Lp(RN , V × V ) (2.97)

is an isomorphism of Banach spaces.
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Proof of Theorem 2.19: We denote the complex dimension of V by k

and the eigenvalues of A by λ1, . . . , λk and choose a unitary basis e1, . . . , ek
of eigenvectors of A such that Aei = λiei for every i. We define the linear

map

T : Ck → V, Tu :=

k∑

i=1

uiei.

Since T is invertible, it induces isomorphisms of Banach spaces

T · : W 2,p(RN ,Ck) → W 2,p(RN , V ), (2.98)

T−1· : Lp(RN , V ) → Lp(RN ,Ck). (2.99)

It follows that

T−1·(−∆+A)T · = −∆+




λ1 0 · · · 0

0
. . .

. . .
...

...
. . .

. . . 0

0 · · · 0 λk




: W 2,p(RN ,Ck) → Lp(RN ,Ck).

(2.100)

We define the temperate distribution

G := (2π)
N
2

(
〈·〉−2

)
∨ ∈ S ′.

Then the map

S ∋ u 7→ G ∗ u ∈ S
is well-defined. By the usual Calderón Theorem this map extends uniquely

to an isomorphism of Banach spaces

Lp(RN ,C) ∋ u 7→ G ∗ u ∈W 2,p(RN ,C), (2.101)

see Theorem 1.2.3. in the book by D. R. Adams [Ad] or Theorem V.3 p.135

in the book by E. M. Stein [1]. Note that for every Schwartz function u we

have

(−∆ + 1)(G ∗ u) =
(
〈·〉2(G ∗ u)̂

)
∨ = u.

It follows that the operator

−∆ + 1 : W 2,p(RN ,C) → Lp(RN ,C) (2.102)

is the inverse of (2.101), and hence it is an isomorphism of Banach spaces.

Since λi > 0 for every i, it follows from a scaling and direct sum argument

that the operator (2.100) is an isomorphism of Banach spaces. Since the

transformations (2.98) and (2.99) are isomorphisms of Banach spaces, by

equality (2.100) the same holds for the operator

−∆ + A : W 2,p(RN , V ) → Lp(RN , V ).
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This proves Theorem 2.19. 2

Proof of Proposition 2.18: We abbreviate

Lp := Lp(C, V × V ), etc.

Claim 1 We may assume w.l.o.g. that λ = 0.

Proof of Claim 1: Assume that we have already proved Proposition 2.18

in the case λ = 0. The map

Lpλ ∋ (u, v) 7→ 〈·〉λ(u, v) ∈ Lp (2.103)

is an isometric isomorphism. Furthermore, by Proposition E.6(iv) the map

W 1,p ∋ (u, v) 7→ 〈·〉−λ(u, v) ∈W 1,p
λ (2.104)

is well-defined and an isomorphism of Banach spaces. Moreover, we have

〈·〉λT 〈·〉−λ = T0 + S : W 1,p → Lp, (2.105)

where

T0 :=

(
2∂z̄ A

B 2∂z

)
, S :=

(
2〈·〉λ(∂z̄〈·〉−λ) 0

0 2〈·〉λ(∂z〈·〉−λ)

)
.

By our assumption the operator T0 is Fredholm of index 0. Furthermore, a

calculation using the identity |z|2 = zz̄ shows that

|∂z̄〈·〉−λ| ≤
|λ|
2
〈·〉−λ−1, |∂z〈·〉−λ| ≤

|λ|
2
〈·〉−λ−1.

Therefore, Proposition E.6(v) implies that the operator S is compact. This

together with equality (2.105) and the fact that the maps (2.103) and (2.104)

are isomorphisms of Banach spaces, implies that T is a Fredholm map of in-

dex 0. This proves Claim 1. 2

So we assume from now on that λ = 0. We show that in this case the

operator T : W 1,p → Lp is an isomorphism of Banach spaces. We define

A1/2, B1/2 : V → V to be the unique strictly positive linear maps such that

(A
1
2 )2 = A, (B

1
2 )2 = B.

For existence and uniqueness of these maps see Satz VI.3.4 in the book by

D. Werner [Wer]. We define the operator

S :=

(
2∂z̄ A

1
2B

1
2

B
1
2A

1
2 2∂z

)
: W 1,p → Lp.



2.2 The Fredholm Theorem 59

Consider the automorphisms of Banach spaces
(
A

1
2 0

0 B
1
2

)
: W 1,p →W 1,p, (2.106)

(
A− 1

2 0

0 B− 1
2

)
: Lp → Lp. (2.107)

A short calculation shows that
(
A− 1

2 0

0 B− 1
2

)
T

(
A

1
2 0

0 B
1
2

)
= S. (2.108)

Claim 2 The operator S : W 1,p → Lp is an isomorphism of Banach spaces.

Proof of Claim 2: We define

S ′ :=

(
−2∂z A

1
2B

1
2

B
1
2A

1
2 −2∂z̄

)
: W 2,p →W 1,p.

Note that S ′ is the formal adjoint of S w.r.t. the L2 hermitian product on

C∞
0 given by

〈(u, v), (u′, v′)〉L2 :=

∫

C

(
〈u, v〉+ 〈u′, v′〉

)
dNx.

This means that

〈S(u, v), (u′, v′)〉 = 〈(u, v), S ′(u′, v′)〉,

for every pair (u, v), (u′, v′) ∈ C∞
0 . By a short calculation we have

SS ′ =

(
−∆ + A

1
2BA

1
2 0

0 −∆ +B
1
2AB

1
2

)
: W 2,p → Lp. (2.109)

Since the linear maps

A
1
2BA

1
2 , B

1
2AB

1
2 : V → V

are positive, Theorem 2.19 (Calderón) implies that SS ′ is an isomorphism of

Banach spaces. We denote by (SS ′)−1 : Lp →W 2,p its inverse and define the

bounded operator

R := S ′(SS ′)−1 : Lp →W 1,p.

It follows that

SR = idLp .

We show that

RS = idW 1,p. (2.110)
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By a short calculation, we have for every Schwartz function (u, v) ∈ S

SS ′(u, v) = S ′S(u, v).

This implies that (SS ′)−1S|S = S(SS ′)−1|S , and therefore

RS|S = idS .

Since RS : W 1,p →W 1,p is continuous and S ⊆W 1,p is dense, it follows that

RS = idW 1,p. This shows (2.110) and proves Claim 2. 2

Since the maps (2.106) and (2.107) are automorphisms of Banach spaces

and by Claim 2 the map S is an isomorphism of Banach spaces, it follows from

(2.108) that T is an isomorphism of Banach spaces, assuming that λ = 0.

Therefore, for a general number λ ∈ R it follows from Claim 1 that T is a

Fredholm operator of index 0. This proves Proposition 2.18. 2

We are now ready for the proof of the main result of this section.

Proof of Theorem 2.8 (Fredholm): Let p > 2, λ > −2/p + 1, and

let w := (u,Φ + iΨ) ∈ Bpλ be a map. That the normed vector spaces X p,λ
w

and Yp,λ
w are complete is the statement of Corollary 2.13. Assume now that

−2/ + 1 < λ < −2/p + 2. Recall the Definition 2.6 of the Maslov index

d := m(w). We prove that the operator Dp,λ
w : X p,λ

w → Yp,λ
w is Fredholm of

real index

indDw = dimM − 2 dim G + 2d.

By Proposition 2.11 there exists a good complex trivialization

F : C ×
(
Cn̄ × g

C × g
C
)
→ u∗TM ⊕ g

C,

as defined in Definition 2.10. We recall the definitions (2.46) and (2.48)

Xd :=
(
Cρ0pd + L1,p

λ−1−d(C,C)
)
×
(
Cn̄−1 + L1,p

λ−1(C,C
n̄−1)

)
×W 1,p

λ (C, gC × g
C),

Yd := Lpλ−d(C,C) × Lpλ(C,C
n̄−1 × g

C × g
C),

where ρ0 : C → [0, 1] is a smooth function such that ρ0(z) = 0 for z ∈ B1/2

and ρ0(z) = 1 for z ∈ C \ B1, and pd(z) := zd. We recall also the definition

(2.47) of the norm on Xd. Namely, for every map

ζ :=




v1
∞ρ0pd + v1

v2
∞ + v2

...

vn̄∞ + vn̄

α

β




∈ Xd,
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with (v1
∞, . . . , v

n̄
∞) ∈ Cn̄, we defined

||ζ ||Xd
:= |(v1

∞, . . . , v
n̄
∞)|+||v1||L1,p

λ−1−d(C)+||(v2, . . . , vn̄)||L1,p
λ−1(C)+||(α, β)||W 1,p

λ (C).

By Proposition 2.12 the linear operator

Dtriv
w := F−1DwF : Xd → Yd

is a compact perturbation of the operator

2∂Cn̄

z̄ ⊕
(

2∂g
C

z̄ id

A 2∂g
C

z

)
: Xd → Yd, (2.111)

where A : g
C → g

C is a strictly positive complex linear map. By Corollary

2.17 and a direct sum argument the operator

2∂Cn̄

z̄ :
(
Cρ0pd + L1,p

λ−1−d(C,C)
)
×
(
Cn̄−1 + L1,p

λ−1(C,C
n̄−1)

)

→ Lpλ−d(C,C) × Lpλ(C,C
n̄−1)

is Fredholm of real index 2d + 2 + 2n̄ − 2 = 2n̄ + 2d. Moreover, since

A, id : g
C → g

C are strictly positive linear maps, by Proposition 2.18 the

operator

(
2∂g

C

z̄ id

A 2∂g
C

z

)
: W 1,p

λ (C, gC × g
C) → Lpλ(C, g

C × g
C)

is Fredholm of index 0. It follows that the operator (2.111) is Fredholm of

real index 2n̄+ 2d. This proves Theorem 2.8. 2



3 Stable maps of vortices on C and bubbles

in M̄

3.1 Stable maps and convergence

Let (M,ω) be a symplectic manifold, let G be a compact connected Lie group

with Lie algebra g, and let 〈·, ·〉 be a G-invariant inner product on g. Assume

that G acts on M in a Hamiltonian way, with moment map µ : M → g. Let J

be an ω-compatible G-invariant almost complex structure. Recall from (1.9)

that J induces an almost complex structure J̄ on the symplectic quotient

M̄ = µ−1(0)/G, defined by

J̄ v̄ := dπ(x)Jv,

for v̄ ∈ Tx̄M̄ , x̄ ∈ M̄ , where v ∈ Hx = ker dµ(x) ∩ (imLx)
⊥ and x ∈ M

are chosen such that π(x) := Gx = x̄, dπ(x)v = v̄. The structure J̄ is

ω̄-compatible, i.e. ω̄(·, J̄·) is a Riemannian metric on M̄ . In this section I

introduce stable maps of vortices on C and J̄-holomorphic spheres in M̄ . The

idea is that they compactify the space of finite energy vortices (u,Φ,Ψ) on

C for which u(C) is compact, see Theorem 4.1 in section 4. The definition of

a stable map of vortices on C and J̄ -holomorphic spheres is modelled on the

notion of a genus 0 stable map of pseudo-holomorphic spheres, as introduced

by Kontsevich in [Ko]. For an exhaustive exposition of those stable maps see

the book by D. McDuff and D. A. Salamon [MS3].

As always, we assume that the hypothesis (H1) is satisfied, i.e. that G

acts freely on µ−1(0) and that µ is proper. We fix a real number p > 2 and

define the energy functional E : W 1,p
loc (C,M × g × g) → [0,∞] by

E(u,Φ,Ψ) :=
1

2

∫

C

(
|∂su+XΦ(u)|2 + |∂tu+XΨ(u)|2 +

|∂sΨ − ∂tΦ + [Φ,Ψ]|2 + |µ(u)|2
)
ds dt. (3.1)

Furthermore, we define M̃1,p to be the set of finite energy vortices (u,Φ,Ψ)

on C for which the closure of the image of u in M is compact,

M̃1,p :=
{

(u,Φ,Ψ) ∈W 1,p
loc (C,M × g × g)

∣∣ (3.2)

(0.1), (0.2), E(u,Φ,Ψ) <∞ u(C) compact
}
.

The gauge group G2,p := W 2,p
loc (C,G) acts on M̃1,p by the formula

g∗(u,Φ,Ψ) :=
(
g−1, g−1(∂s + Φ)g, g−1(∂t + Ψ)g

)
. (3.3)

We denote the quotient by

M := M̃1,p/G2,p. (3.4)
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Definition 3.1 We define the evaluation map

ev : (C0(S2,M/G) ⊔ M̃1,p) × S2 → M/G

as follows. For (ū, z) ∈ C0(S2,M/G) × S2 we define

evz(ū) := ev(ū, z) := ū(z). (3.5)

Furthermore, for (w, z) := (u,Φ,Ψ; z) ∈ M̃1,p × S2 we define

evz(w) := ev(w, z) :=

{
Gu(z), if z 6= ∞,

limr→∞ Gu(r), if z = ∞.
(3.6)

That the limit in (3.6) exists, follows from Proposition D.6. Furthermore,

for every w ∈ M̃1,p and g ∈ G2,p we have ev∞(g∗w) = ev∞(w). Therefore,

we can define by abuse of notation ev∞ : M := M̃1,p/G2,p → M/G by

ev∞([w]) := ev∞(w).

Definition 3.2 For every nonnegative integer k a stable map of vortices on

C and pseudo-holomorphic spheres in M̄ with k+1 marked points is a tuple

(w, ū, z) :=
(
V, T̄ , E, (wα)α∈V , (ūα)α∈T̄ , (zαβ)αEβ, (αi, zi)i=0,...,k

)
,

where V and T̄ are finite sets, E is a tree relation on T := V ⊔ T̄ , wα :=

(uα,Φα,Ψα) ∈ M̃1,p is a vortex for α ∈ V , ūα : S2 → M̄ = µ−1(0)/G is

a J̄-holomorphic map for α ∈ T̄ , zαβ ∈ S2 ∼= C ∪ {∞} is a point for each

adjacent pair αEβ, αi ∈ T is a vertex and zi ∈ S2 is a point, for i = 0, . . . , k,

such that the following conditions hold.

(i) (Special points)

• If α0 ∈ V then z0 = ∞.

• Fix α ∈ T . Then the points zαβ with β ∈ T such that αEβ and

the points zi with i = 0, . . . , k such that αi = α are all distinct.

• If α ∈ V , β ∈ T are such that αEβ then zαβ = ∞.

(ii) (Connectedness) Let α, β ∈ T be such that αEβ. Then

evzαβ
(wα) = evzβα

(wβ).

Here ev is defined as in (3.5) and (3.6) and by abuse of notation we set

wα := ūα if α ∈ T̄ .

(iii) (Stability) If α ∈ T is such that E(wα) = 0 then

#{β ∈ T |αEβ} + #{i ∈ {0, . . . , k} |αi = α} ≥ 3.

Here we set wα := ūα if α ∈ T̄ .
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z0

α0

.

..

.

...

Figure 1: Stable map. The “raindrops” correspond to vortices on C and the

spheres to pseudo-holomorphic spheres in M̄ . The seven dots are marked

points. The dashed objects are “ghosts”, i.e. they carry no energy.

Examples 3.3 The easiest example of a stable map consists of the tree with

one vertex T = V = {α0}, a vortex w ∈ M̃1,p, the point z0 := ∞ and a finite

number of distinct points zi ∈ C, i = 1, . . . , k, where k ≥ 2 if E(w) = 0.

As a second example we set V := ∅. Then a stable map of vortices on C

and pseudo-holomorphic spheres in M̄ is the same as a genus 0 stable map

of J̄ -holomorphic spheres in M̄ , modelled over the tree T̄ .

As another example we set k := 0, choose an integer ℓ ≥ 0, and define

V := {1, . . . , ℓ}, T̄ := {0}, α0 := 0, with the tree relation such that j is

adjacent to 0 for j = 1, . . . , ℓ and to no other vertex of T . We define zi0 := ∞
for i = 1, . . . , ℓ. Furthermore, let z0 and z0i ∈ S2, i = 1, . . . , ℓ be distinct

points, let wi ∈ M̃1,p be such that E(wi) > 0, for i = 1, . . . , ℓ, and let ū0 be

a J̄-holomorphic sphere. If ℓ ≤ 1 then assume that ū0 is nonconstant. Then

the tuple (
{1, . . . , ℓ}, {0}, (wi)i∈{1,...,ℓ}, ū0, (zij)iEj, (0, z0)

)

is a stable map.

Remark 3.4 Note that it follows from condition (i) that if α ∈ V then there

is at most one β ∈ T such that αEβ. This means that every vortex is a leaf

of the tree T . Furthermore, if α0 ∈ V then it follows that T = V consists
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only of α0. It follows that if T has at least two elements, then α0 ∈ T̄ , and

hence T̄ 6= ∅. Furthermore, if α ∈ V and β ∈ T are such that αEβ then

β ∈ T̄ .

Remark 3.5 If i ≥ 1 and αi ∈ V then zi 6= ∞. To see this assume first

that α0 = αi. Then by condition (i) we have zi 6= z0 = ∞. Assume now that

α0 6= αi. Let β ∈ T̄ be the unique vertex such that αiEβ. Then by condition

(i) we have zi 6= zαiβ = ∞.

We fix a stable map (w, ū, z) as in Definition 3.2. For every α ∈ T we

define the set of nodal points to be

Zα := {zαβ | β ∈ T, αEβ} ⊆ S2.

For α ∈ T the set of marked points on α is defined to be the set {zi |αi =

α, i = 1, . . . , k}. We define the set Yα of special points to be the union of Zα
and the set of marked points at α. The stability condition (iii) says that if

α ∈ T is such that E(wα) = 0 (or E(ūα) = 0) then there are at least three

special points on α. The point of this condition is the following. We fix two

finite sets T̄ , V and a tree relation on the disjoint union T := T̄ ⊔V such that

every element of V is a leaf. There is an associated group GT̄ ,V that acts on

the set of stable maps modelled over (T̄ , V, E). Condition (iii) implies that

every isotropy group of this action is finite. For the next definition we need

the following notation. Let α ∈ T and i = 0, . . . , k. We define zα,i ∈ S2 as

follows. If α = αi then we set

zα,i := zi. (3.7)

Otherwise let β ∈ T̄ be the unique vertex such that [α, αi] = (α, β, . . . , αi),

where [α, αi] is the chain of vertices of T running from α to αi. (β = αi is

also allowed.) We define

zα,i := zαβ . (3.8)

Given integers k ≥ 0, ℓ ≥ 1, a compact subset Q ⊆ Rℓ, a manifold X

and maps uν, u0 ∈ Ck(Q,X), we say that the sequence uν converges to u0

in Ck(Q,X) iff ι ◦ uν converges in Ck(Q,RN), where ι : X → RN is an

embedding. That such a ι exists is guaranteed by the Whitney embedding

theorem, see [Wh] Theorem II.1 or [Hi], Theorem 3.2.14 p. 55.

Definition 3.6 (Convergence) Let wν = (uν ,Φν ,Ψν) ∈ M̃1,p be a se-

quence of finite energy vortices, k ≥ 0 be an integer, zν1 , . . . , z
ν
k ∈ C be

sequences of points, and let

(w, ū, z) :=
(
V, T̄ , E, (zαβ)αEβ, (αi, zi)i=0,...,k, (wα)α∈V , (ūα)α∈T̄

)
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be a stable map. The sequence (wν, zν0 := ∞, zν1 , . . . , z
ν
k) is said to converge

to (w, ū, z) as ν → ∞ iff the limit E := limν→∞E(wν) exists and

E =
∑

α∈V

E(wα) +
∑

α∈T̄

E(ūα), (3.9)

and there exist Möbius transformations ϕνα : S2 → S2, for α ∈ T := V ⊔ T̄ ,

ν ∈ N, such that the following conditions hold.

(i) • If α ∈ V then ϕνα is a translation on the plane C, for every ν ∈ N.

• For every α ∈ T̄ we have ϕνα(zα,0) = ∞, where zα,0 is defined as

in (3.7), (3.8).

• We fix a vertex α ∈ T̄ and choose a Möbius transformation ψα such

that ψα(∞) = zα,0. Then the derivatives (ϕνα ◦ ψα)′(z) converge to

∞, for every z ∈ C.

(ii) If α, β ∈ T are such that αEβ then (ϕνα)
−1 ◦ ϕνβ → zαβ, uniformly on

compact subsets of S2 \ {zβα}.

(iii) • For every α ∈ V there exist gauge transformations gνα ∈ G2,p, such

that for every compact subset Q ⊆ C the sequence (gνα)
−1(uν ◦ ϕνα)

converges to uα in C1(Q) and the sequence (gνα)
∗
(
(Φν ,Ψν) ◦ ϕνα

)

converges to (Φα,Ψα) in C0(Q).

• Fix α ∈ T̄ . If α 6= α0 let Q be a compact subset of S2 \ Zα and if

α = α0 let Q be a compact subset of S2 \ (Zα0 ∪ {z0}). Then for ν

large enough

uν ◦ ϕνα(Q) ⊆M∗ := {x ∈M | if gx = x⇒ g = 1}.

Furthermore, Guν ◦ϕνα converges to ūα in C1(Q,M∗/G). Here we

denote the orbit of a point x ∈M by Gx ∈M/G.

(iv) (ϕναi
)−1(zνi ) → zi for every i = 1, . . . , k.

Remark 3.7 This definition is based on the notion of convergence of a se-

quence of pseudo-holomorphic spheres to a genus 0 stable map of pseudo-

holomorphic spheres. (For that notion see for example the book by D.

McDuff and D. A. Salamon [MS3]). The meaning of Definition 3.6 is the

following. Assume that a sequence wν ∈ M̃1,p of vortices converges to some

stable map (w, ū, z). Fix a vertex α ∈ V and an index ν ∈ N. We define

by wνα := (gνα)
∗(wν ◦ ϕνα) the reparametrized and gauge transformed map.

Since α ∈ V , the Möbius transformation ϕνα is a translation, and therefore

the map wνα is again a vortex. The first part of condition (iii) says that

wνα converges to the vortex wα. Fix now a vertex α ∈ T̄ , and recall the
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z0
α0

Figure 2: Convergence of a sequence of vortices on C against a stable map.
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definition Zα := {zαβ | βEα} of the set of nodal points at α, and the defi-

nition (3.7) and (3.8) of zα,0. Then the second part of condition (iii) says

that the composition ūνα : S2 \ {zα,0} → M/G of the rescaled map uν ◦ ϕνα
with the projection to the quotient M →M/G converges the J̄-holomorphic

map ūα : S2 → M̄ ⊆ M/G, away from Zα ∪ {zα,0}. The motivation for this

condition is the following. In the case α ∈ T̄ , the last part of condition (i)

implies that we “zoom out”. This means that the image of a fixed compact

ball B ⊆ S2 \ {zα,0} under ϕνα becomes a larger and larger subset of C. If

zα,0 = ∞, then there exist numbers λνα ∈ C \ {0} and zνα ∈ C such that

ϕνα(z) = λναz+ zνα. In this case the condition (i) says that λνα converges to ∞,

for ν → ∞. Moreover, we identify g × g with the complexification g
C. Then

the rescaled maps

wνα := (uνα,Φ
ν
α + iΨν

α) := (uν , λ̄να · (Φν + iΨν))(λνα·) : C →M × g
C

satisfy the |λνα|-vortex equations. These are the equations (0.1) and

|λνα|−2
(
∂sΨ

ν
α − ∂tΦ

ν
α + [Φν

α,Ψ
ν
α]
)

+ µ ◦ uνα = 0,

see section B.2. Taking the limit ν → ∞, the second equation becomes the

equation µ◦u = 0 for a map (u,Φ+iΨ) : C →M×g
C. Together with the first

vortex equation (0.1), this corresponds to the equation for a J̄-holomorphic

map from C to M̄ , see (E.11). This motivates the second part of condition

(iii).

For every vertex α ∈ T̄ we set

wνα := (uνα,Φ
ν
α,Ψ

ν
α) := wν ◦ ϕνα.

We fix a vertex α ∈ T and a compact subset Q ⊆ S2 \ (Zα ∪ {zα,0}). The

ϕνα-energy of wνα on Q is given by

Eϕν
α(wνα, Q) =

∫

Q

(
|∂suνα +XΦν

α
(uνα)| + |(ϕνα)′|2|µ ◦ uνα|2

)
ds dt,

see section B.2. It follows from (iii) that Eϕν
α(wνα, Q) converges to E(wα, Q)

(or E(ūα, Q)) for ν → ∞. An important feature of Definition 3.2 is that in

the limit ν → ∞ no energy gets lost. This is the content of equality (3.9) and

of the fact that in the limit ν → ∞ we count the energy only one time. The

latter means the following. For each vertex α ∈ T we fix a large compact

subset Qα ⊆ S2 \ (Zα ∪ {zα,0}). Then for ν large enough the compact sets

ϕνα(Qα) and ϕνβ(Qα) for different α and β do not overlap. It follows that

∑

α∈T

Eϕν
α(wνα, Qα) = E

(
wν ,

⋃

α∈T

ϕνα(Qα)
)
.
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Example 3.8 Consider the action of G := S1 on M := C by multiplication,

and let J := i be the standard complex structure. We define a moment

map µ : C → Lie(S1) = iR for this action by µ(z) := i
2
(1 − |z|2). Then

M̄ = {pt} and therefore there are only “ghost bubbles” in M̄ , i.e. constant

J̄ -holomorphic spheres. Fix a vortex w := (u,Φ,Ψ) ∈ M̃1,p. By Proposition

2.2 in the book [JT] by A. Jaffe and C. Taubes, the set Zu ⊆ C of zeros of u

is finite. We define the local degree map degw : C → Z by

degw(z) := deg

(
u

|u| : Sε(z) → S1

)
,

where ε > 0 is a number smaller than the distance of each two points in Zu.

Again by Proposition 2.2 in the book [JT] degw(z) ≥ 0 for every z ∈ C, and

if u(z) = 0 then degw(z) > 0. Furthermore, the local degree only depends

on the gauge equivalence class of w. We define the degree of w to be

deg(w) :=
∑

z∈Zu

degw(z).

Let d be a nonnegative integer. The symmetric group Sd acts on Cd by

σ · (z1, . . . , zd) := (zσ−1(1), . . . , zσ−1(d)).

The d-fold symmetric product of C is the quotient Symd(C) := Cd/Sd, en-

dowed with the quotient topology. It can be identified with the set of all

maps m : C → N∪ {0} such that m(z) 6= 0 only for finitely many z ∈ C and∑
z∈C

m(z) = d. By Proposition D.22 the map

Md := {w ∈ M̃1,p | deg(w) = d}/G2,p → Symd(C), [w] 7→ degw

is a bijection.

Let k := 0 and for ν ∈ N let W ν ∈ M be the preimage under this

bijection of the point m ∈ Sym7(C) given by

m(−2 − i) = 1, m(3 + 4i) = 2, m(νeiν) = 4,

and m(z) = 0 for all other z ∈ C. We choose a representative wν :=

(uν ,Φν ,Ψν) ∈ M̃1,p of W ν. Then

degwν(−2 − i) = 1, degwν(3 + 4i) = 2, degwν(νeiν) = 4,

and degwν(z) = 0 otherwise. We choose a vortex w1 ∈ M̃1,p such that

degw1
(−2 − i) = 1, degw1

(3 + 4i) = 2

and degw1
(z) = 0 otherwise, and we choose a vortex w2 ∈ M̃1,p such that

degw2
(0) = 4 and degw2

(z) = 0 for z 6= 0. Then wν converges to the stable
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map consisting of the sets V := {1, 2}, T̄ := {0}, the tree relation E :=

{(1, 0), (0, 1), (2, 0), (0, 2)}, the vortices w1 and w2, the J̄-holomorphic sphere

ū0 ≡ pt, the nodal points z1 0 := z2 0 := ∞, z0 1 := 1, z0 2 := 2 ∈ S2 ∼=
C ∪ {∞}, and the marked point (α0, z0) := (0,∞) ∈ T × S2. This follows

from Proposition 3.13 below.

Remark 3.9 The purpose of the additional marked point (α0, z0) is to be

able to formulate the second part of condition (iii). For α ∈ T̄ and ν ∈ N

the map Guν ◦ ϕνα is only defined on the subsets (ϕνα)
−1(C) ⊆ S2. Since by

condition (i) we have ϕνα(zα,0) = ∞, the composition Guν ◦ ϕνα : Q → M/G

is well-defined for each compact subset Q ⊆ S2 \ (Zα ∪ {zα,0}). Hence the

the second part of condition (iii) makes sense.

Remark 3.10 One conceptual difficulty in defining the notion of conver-

gence is the following. The symplectic vortex equations are invariant under

rotation. This means the following. Let (u,Φ,Ψ) ∈ W 1,p
loc (C,M × g × g) be

a map and θ ∈ R be a number (corresponding to the angle of rotation). We

define (ũ, Φ̃, Ψ̃) ∈W 1,p
loc (C,M × g × g) by

w̃ := (ũ, Φ̃, Ψ̃)(z) :=(
u(eiθz), cos(θ)Φ(eiθz) + sin(θ)Ψ(eiθz),− sin(θ)Φ(eiθz) + cos(θ)Ψ(eiθz)

)
.(3.10)

Then w̃ also solves the vortex equations. Therefore, the following question

arises about the definition of convergence. Namely, denoting by Isom+(C)

the group of orientation preserving isometries of C, in the case α ∈ V should

we allow ϕνα to be any element of Isom+(C) rather than just a translation?

The answer is no. The reason is the following. There is a notion of equiva-

lence of stable maps, see Definition 3.12. If in the definition of convergence

we allowed ϕνα ∈ Isom+(C) for α ∈ V , then we would have to adjust the

definition of equivalence, allowing ϕα ∈ Isom+(C) for α ∈ V . Let EG be

contractible topological space on which G acts continuously and freely. Then

in general, there is no evaluation map ev : M̃1,p × S2 → (M × EG)/G such

that ev(w̃, e−iθz) = ev(w, z) for every w ∈ M̃1,p, z ∈ S2 and θ ∈ R, where w̃

is given by formula (3.10). This implies that there is no evaluation map on

the set of equivalence classes of vortices, if in the definition of equivalence we

allow ϕα ∈ Isom+(C) for α ∈ V . However, we need such an evaluation map.

Remark 3.11 We could replace the part of condition (iii) concerning the

vortices by the following condition. Namely, for every α ∈ V , (gνα)
∗wν con-

verges to wα for ν → ∞, uniformly with all derivatives on every compact

subset of C \ Zα. Combining the argument of the proof of Theorem 3.2. in

the paper by K. Cieliebak et al. [CGMS] and Theorem E.8, it is possible

to show compactness w.r.t. this alternative definition. However, we do not

need this sharpened compactness theorem.
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Note also that the condition Guν ◦ ϕνα → ūα in C1(K,M∗/G) is strong

enough to ensure that the evaluation map (see section 6) is continuous and

that in the limit the equivariant homology class is preserved, see Proposition

5.4. Alternatively, for α ∈ T̄ one could impose a condition involving a lift uα
of ūα and maps Φα,Ψα, defined on S2 minus a finite number of points, and

with target g. However, the above definition seems simpler to me.

Let (T,E), (T ′, E ′) be trees and f : T → T ′ be a map. Recall from subsec-

tion 1.5 that f is called a tree isomorphism iff it is bijective and αEβ implies

f(α)E ′f(β). If f is a tree isomorphism and α′E ′β ′ then f−1(α′)Ef−1(β ′).

Definition 3.12 Let

(w, ū, z) :=
(
V, T̄ , E, (wα)α∈V , (ūα)α∈T̄ , (zαβ)αEβ, (αi, zi)i=0,...,k−1

)

and

(w′, ū′, z′) :=
(
V ′, T̄ ′, E ′, (w′

α′)α′∈V ′, (ū′α′)α′∈T̄ ′, (z′α′β′)α′E′β′, (α′
i, z

′
i)i=0,...,k−1

)

be two stable maps with k marked points. Then (w, ū, z) and (w′, ū′, z′) are

called equivalent iff there is a tree isomorphism f : T → T ′, there are Möbius

transformations ϕα, for α ∈ T and there are gauge transformations gα ∈ G2,p

for α ∈ V such that the following conditions hold.

(i) • We have f(V ) = V ′.

• For every i = 0, . . . , k − 1 we have f(αi) = α′
i.

• For α ∈ V the map ϕα is a translation.

In the following, for α ∈ T we abbreviate α′ := f(α).

(ii) If αEβ then z′α′β′ = ϕ−1
α (zαβ). Furthermore, z′α′

i
= ϕ−1

αi
(zαi

) for every

i = 0, . . . , k − 1.

(iii) For α ∈ V we have g∗α(wα ◦ ϕα) = w′
α′. Furthermore, for α ∈ T̄ we

have ū′α′ = ūα ◦ ϕα.

We denote by Mk the set of all equivalence classes of stable maps with k

marked points.

3.2 An example

Consider the action of G := S1 ⊆ C on M := C by multiplication. This

action is Hamiltonian, a moment map µ : C → Lie(S1) = iR is given by

µ(z) := i/2(1−|z|2). Let J := i be the standard complex structure on C. The

symplectic quotient µ−1(0)/S1 = S1/S1 consists only of the orbit S1. Hence

the only J̄-holomorphic map is the constant map ū ≡ S1. Furthermore,
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we can explicitly describe what it means for a sequence of vortices on C to

converge against a stable map. Every finite energy vortex w = (u,Φ,Ψ) ∈
M̃1,p determines a local degree map degw : C → N∪{0} and a degree deg(w),

as in example 3.8. We fix a nonnegative integer d. Then as in that example,

the map

Md := {w ∈ M̃1,p | deg(w) = d}/G2,p → Symd(C) = Cd/Sd, w 7→ degw

is a bijection. For 0 ≤ d′ ≤ d there is an inclusion

ι : Symd′(C) → Symd(S2), ι([z1, . . . , zd′]) := [z1, . . . , zd′ ,∞, . . . ,∞],

(3.11)

where we identify S2 ∼= C ∪ {∞}. The next proposition gives an equivalent

condition for convergence against a stable map. Here we drop the constant

maps to the symplectic quotient from the notation for a stable map, since

no information gets lost.

Proposition 3.13 Let G := S1 ⊆ C act on M := C by multiplication with

moment map µ : C → iR, and let J := i, as above. Let wν ∈ M̃1,p be a

sequence of finite energy vortices, k be a nonnegative integer, let zν1 , . . . , z
ν
k ∈

C be sequences of points and let

(w, z) :=
(
T̄ , V, E, (wα)α∈V , (zαβ)αEβ, (αi, zi)i=0,...,k

)

be a stable map. Then the following conditions are equivalent.

(i) The sequence (wν, zν0 := ∞, zν1 , . . . , z
ν
k) converges to (w, z).

(ii) For large enough ν we have

deg(wν) =
∑

α∈V

deg(wα) =: d. (3.12)

Furthermore, there are Möbius transformations ϕνα : S2 → S2 for α ∈ T

and ν ∈ N such that conditions (i), (ii) and (iv) of Definition 3.6

are satisfied and for every α ∈ V the point in the symmetric product

degwν
◦ϕνα ∈ Symd(C) ⊆ Symd(S2) converges to ι(degwα

) ∈ Symd(S2)

for ν → ∞.

For the proof of Proposition 3.13 we need the following lemma.

Lemma 3.14 Let k be a positive integer, ϕν0, . . . , ϕ
ν
k be sequences of Möbius

transformations, and let z0, . . . , zk−1 and w1, . . . , wk ∈ S2 be points. Assume

that z1 6= w1, . . . , zk−1 6= wk−1, and that

(ϕνi )
−1 ◦ ϕνi+1 → zi,

uniformly on compact subsets of S2 \ {wi+1}, for i = 0, . . . , k − 1. Let Q ⊆
S2 \ {z0}, Q′ ⊆ S2 \ {wk} be compact subsets. Then for ν large enough we

have

ϕν0(Q) ∩ ϕνk(Q′) = ∅. (3.13)
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Proof of Lemma 3.14: For i = 1, . . . , k − 1 we choose a compact neigh-

bourhood Qi ⊆ S2 of zi that does not contain wi. Furthermore, we choose

a compact neighbourhood Q0 ⊆ S2 of z0 such that Q0 ∩ Q = ∅, and we set

Qk := Q′. We denote ϕνi,j := (ϕνi )
−1 ◦ ϕνj for i, j = 0, . . . , k. By assumption,

there exists an integer ν0 such that for i = 0, . . . , k − 1 and ν ≥ ν0 we have

ϕνi,i+1(Qi+1) ⊆ Qi.

It follows that

ϕν0,k(Q
′) = ϕν0,1 ◦ · · · ◦ ϕνk−1,k(Q

′)

⊆ ϕν0,1 ◦ · · · ◦ ϕνk−2,k−1(Qk−1)

⊆ . . .

⊆ ϕν0,1(Q1)

⊆ Q0 ⊆ S2 \Q.

Hence

ϕνk(Q
′) ⊆ ϕν0(S

2 \Q) = S2 \ ϕν0(Q),

and therefore condition (3.13) holds. This proves Lemma 3.14. 2

Proof of Proposition 3.13: Assume that (i) holds. By Proposition D.20

we have E(wν) = deg(wν)π and E(wα) = deg(wα)π for α ∈ V , and therefore

by (3.9)

lim
ν→∞

deg(wν)π = lim
ν→∞

E(wν)

=
∑

α∈V

deg(wα)π + 0.

It follows that deg(wν) = d :=
∑

α∈V deg(wα) for ν large enough, as claimed.

Furthermore, by assumption, there exist Möbius transformations ϕνα for α ∈
T and ν ∈ N such that conditions 3.6(i)-(iv) are satisfied. Let α ∈ V . By

condition 3.6(iii) the condition (i) of Proposition D.23 with wν , w replaced

by wνα := wν ◦ ϕνα, wα is satisfied. Thus Proposition D.23 implies that

degwν
◦ϕνα = degwν◦ϕν

α
→ ι(degwα

) ∈ Symd(S2).

Therefore, condition (ii) holds.

Suppose now on the contrary, that condition (ii) holds. Similarly as above,

equation (3.12) implies (3.9). Let ϕνα for α ∈ T be as in condition (ii). We

have to show condition 3.6(iii). By Proposition D.23 with wν , w replaced by

wνα, wα, for α ∈ V there exist gauge transformations gνα ∈ G2,p such that for

every compact subset Q ⊆ C the maps (gνα)
−1(uν ◦ ϕνα) converge to uα in

C1(Q) and the maps (gνα)
∗
(
(Φν ,Ψν) ◦ ϕνα

)
converge to (Φα,Ψα) in C0(Q).
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Let now α ∈ T̄ , and let Q ⊆ S2 \ (Zα ∪ {zα,0}) be a compact subset. We

have to show that for ν large enough we have uν ◦ ϕνα(Q) ⊆ M∗ and that

Guν ◦ϕνα converges to the constant pt ∈ S1/S1 in C1(Q). It suffices to prove

that for every subsequence (νi)i∈N there exists a further subsequence (ij)j∈N

such that uνij ◦ϕνij
α (Q) ⊆M∗ for every j ∈ N and that Guνij ◦ϕνij

α → pt, for

j → ∞. We fix a subsequence (νi)i∈N. We choose Möbius transformation ψ

such that ψ(∞) = zα,0. Then by condition 3.6(i) we have

ϕνα ◦ ψ(∞) = ϕνα(zα,0) = ∞,

and hence there are numbers λνα ∈ C \ {0} and zνα ∈ C such that ϕνα ◦ψ(z) =

λναz + zνα. By the same condition, λνα converges to ∞. We identify g × g

with the complexified Lie algebra g
C. Then the hypotheses of Proposition

4.3 with Ri := |λνi
α |, R0 := ∞, ri := i and wi replaced by

(
uνi
, λ̄νi

α · (Φνi
α + iΨνi

α )
)
ϕνi
α ◦ ψ

are satisfied. Therefore there exist a finite subset Z ⊆ C, an ∞-vortex

w0 := (u0,Φ0,Ψ0) ∈W 1,p
loc (C\Z,M ×g×g) and a subsequence (ij) such that

conditions 4.3(i)-(iii) hold. By condition 4.3(ii) there exist gauge transfor-

mations gj ∈ W 2,p
loc (C \ Z,G) such that g−1

j (uνij
◦ ϕνij

α ◦ ψ) converges to u0

in C1 on every compact subset of C \ Z. Let Q′ ⊆ S2 \ ψ(Z ∪ {∞}) be a

compact subset. Then ujα := g−1
j ◦ ψ−1(uνij

◦ ϕνij
α ) converges to u0 ◦ ψ−1 in

C1(Q′). Let δ > 0 be so small that Mδ := {x ∈ M | |µ(x)| ≤ δ} ⊆ M∗. For

j large enough we have ujα(Q
′) ⊆ Mδ ⊆M∗. Furthermore, Gujα converges to

Gu0 ◦ ψ−1 ≡ pt ≡ ūα in C1 on every compact subset of S2 \ ψ(Z ∪ {∞}),
where pt ∈ M̄ equals the orbit S1 ⊆ C. So it suffices to prove the following

claim.

Claim 1 The set ψ(Z ∪ {∞}) is contained in Zα ∪ {zα,0}.

Proof of Claim 1: We choose a number R > 0 so large that

∑

β∈V

E(wβ,C \BR) <
π

2
. (3.14)

For every vertex β ∈ V Lemma 4.9 implies that

E(wν, ϕνβ(B̄R)) = E((gνβ)
∗(wν ◦ ϕνβ), B̄R) → E(wβ, B̄R),

for ν → ∞. We choose an index j0 so large that for j ≥ j0 and every β ∈ V

we have

E(wνij
, ϕ

νij

β (BR)) > E(wβ, BR) − π

2|V | . (3.15)
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Let β 6= γ ∈ T . Let (β, β1, . . . , βk−1, γ) be the chain of edges connecting β

with γ. We write β0 := β, βk := γ. Because of conditions 3.2(i) and 3.6(ii)

the hypothesis of Lemma 3.14 with

ϕνi := ϕνβi
, zi := zβiβi+1

, wi := zβiβi−1

are satisfied. It follows that for every compact subset Q ⊆ S2 \ Zβ and

Q′ ⊆ S2 \ Zγ we have for ν large enough

ϕνβ(Q) ∩ ϕνγ(Q′) = ∅. (3.16)

Applying this several times with β, γ ∈ V and Q := Q′ := B̄R, we have that

for ν large enough the sets ϕνβ(B̄R), β ∈ V , are disjoint. Increasing j0 we

may assume w.l.o.g. that this holds for ν ≥ νij0 . Therefore, for j ≥ j0

E
(
wνij

,
⋃

β∈V

ϕ
νij

β (BR)
)

=
∑

β∈V

E(wνij , ϕ
νij

β (BR))

>

(∑

β∈V

E(wβ, BR)

)
− |V |π

2|V |

=
∑

β∈V

E(wβ,C) −
∑

β∈V

E(wβ,C \BR) − π

2

> πd− π. (3.17)

Here in the second line we have used (3.15) and in the last line we have used

Proposition D.20 and (3.14).

Let now z ∈ S2 \ (Zα ∪ {zα,0}). We show that z does not belong to

ψ(Z ∪ {∞}). Since ψ(∞) = zα,0, we have ψ−1(z) 6= ∞. We choose a

number ε > 0 so small that B̄ε(ψ
−1(z)) ⊆ C \ ψ−1(Zα). We define Q′ :=

ψ(B̄ε(ψ
−1(z))). By (3.16), increasing j0 we may assume w.l.o.g. that for

ν ≥ νij0 and β ∈ V we have

ϕνα(Q
′) ∩ ϕνβ(B̄R) = ∅.

Therefore, increasing j0 so that (3.12) holds for ν ≥ νij0 , we have by (3.17)

E(wν , ϕ
νij
α (Q′) ≤ E

(
wνij ,C \

⋃

β∈V

ϕ
νij

β (BR)
)

< E(wνij ,C) − πd+ π

= π deg(wνij ) − πd+ π = π,

for j ≥ j0. On the other hand, if ψ−1(z) belonged to Z, then by condition

4.3(iii) we would have

lim inf
ν→∞

E(wν , ϕ
ν
α(Q

′)) = lim inf
ν→∞

E|λν
α|
((
uν, λ̄να · (Φν + iΨν)

)
◦ ϕνα ◦ ψ,Bε(ψ

−1(z))
)

≥π.
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This contradiction proves that ψ−1(z) 6∈ Z. This proves Claim 1. 2

It follows that condition (iii) of Definition 3.6 is satisfied. This proves that

(wν , z
∞
0 , . . . , z

ν
k) converges to (w, ū, z), and terminates the proof of Proposi-

tion 3.13. 2



4 Compactification for vortices on C

Let (M,ω) be a symplectic manifold (without boundary), let G a compact

connected Lie group with Lie algebra g and let 〈·, ·〉 be a G-invariant inner

product on g. Assume that G acts on M in a Hamiltonian way, with moment

map µ : M → g. We fix an ω-compatible G-invariant almost complex struc-

ture J on M . Remember that we always impose the hypothesis (H1), i.e.

that G acts freely on µ−1(0) and that µ is proper. We fix a number p > 2.

4.1 Bubbling

Theorem 4.1 (Bubbling) Assume that the hypotheses (H2) (Convexity at

∞) and (H3) (Symplectic asphericity) hold, as stated in section 0. Let wν =

(uν ,Φν ,Ψν) ∈W 1,p
loc (C,M × g × g) be a sequence of positive energy solutions

of the vortex equations (0.1), (0.2) such that uν(C) is compact, let k ≥ 0 be

an integer, and let zν1 , . . . , z
ν
k ∈ C be sequences of points. Assume that

sup
ν∈N

E(wν) <∞

and that

lim sup
ν→∞

|zνi − zνj | > 0,

for i 6= j. Then there exists a subsequence of (wν , zν0 := ∞, zν1 , . . . , z
ν
k)

that converges to some stable map of vortices on C and pseudo-holomorphic

spheres in M̄ = µ−1(0)/G with k + 1 marked points.

The proof of this theorem is postponed to subsection 4.4. It combines

Gromov compactness for pseudo-holomorphic spheres with Uhlenbeck com-

pactness. It involves versions for vortices on C of quantization of energy, an

a priori Lemma, compactness modulo bubbling, compactness with bounded

energy density, hard rescaling, soft rescaling, and of an annulus lemma. Fur-

thermore, it uses an extension of Uhlenbeck compactness to principal G-

bundles with noncompact base, which is proved in the book [Weh] by K.

Wehrheim. A standard reference for Gromov compactness is the book by D.

McDuff and D. A. Salamon [MS3].

4.2 Compactness modulo bubbling for rescaled vor-

tices

We fix a value R ∈ [0,∞]. In the case R < ∞ the R-vortex equations on C

are the equations for a map w := (u,Φ,Ψ) : C →M × g × g given by

∂su+XΦ(u) + J(u)(∂tu+XΨ(u)) = 0, (4.1)

∂sΨ − ∂tΦ + [Φ,Ψ] +R2µ ◦ u = 0, (4.2)
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and in the case R = ∞ the ∞-vortex equations on C are the equation (4.1)

and the equation µ◦u = 0. We call a solution w of (4.1), (4.2) an R-vortex. In

the case R := 1 these are the usual vortex equations (0.1), (0.2). Assume that

0 < R <∞. Then equations (4.1), (4.2) arise from the equations (0.1), (0.2)

by rescaling, as follows. We fix a map w := (u,Φ,Ψ) ∈ W 1,p
loc (C,M × g × g)

and define

w̃ := (ũ, Φ̃, Ψ̃) := (u,RΦ, RΨ)(R·). (4.3)

Then w solves the 1-vortex equations (0.1), (0.2) if and only if w̃ solves the

R-vortex equations (4.1), (4.2). We abbreviate

κ := ∂sΨ − ∂tΦ + [Φ,Ψ].

If 0 < R <∞ then we define the R-energy density of w to be

eRw :=
1

2

(
|∂su+XΦ ◦ u|2 + |∂tu+XΨ ◦ u|2 +R−2|κ|2 +R2|µ ◦ u|2

)
. (4.4)

Furthermore, if R = 0 and κ = 0 or if R = ∞ and µ ◦ u = 0 we define

eRw :=
1

2

(
|∂su+XΦ ◦ u|2 + |∂tu+XΨ ◦ u|2

)
. (4.5)

For every measurable subset X ⊆ C we define the R-energy of w on X to be

ER(w,X) :=

∫

X

eRw ds dt ∈ [0,∞]. (4.6)

In the case R = 1 we abbreviate ew := e1w and E(w,X) := E1(w,X) and call

this the energy density of w and the energy of w on X for short. In the case

X = C we write ER(w) := ER(w,C). Moreover, we define the energy of a

map ū ∈W 1,p(X, M̄) on a measurable subset X ⊆ S2 to be

E(ū, X) :=
1

2

∫

X

|dū|2dvolS2 , (4.7)

where the norm of the differential dū is taken w.r.t. the standard metric on S2

and w.r.t. the metric ḡω,J = ω̄(·, J̄·) on M̄ . We abbreviate E(ū) := E(ū, S2).

In this subsection we consider pairs of sequences ((Rν), (wν)), where for

each ν Rν is a positive number and wν is an Rν-vortex, and the sequence

(Rν) converges to some value R0 ∈ (0,∞]. The main result of this subsec-

tion is Proposition 4.3. Assuming that (M,ω) is symplectically aspherical,

it says that if the energies ERν (wν) are uniformly bounded then there is a

subsequence such that the Rν-vortices wν converge modulo gauge and bub-

bling to some R0-vortex w0 := (u0,Φ0,Ψ0). In the case R0 = ∞ it follows

that Guν : C → M/G converges to the J̄-holomorphic map Gu0 : S2 → M̄ ,

away from the bubbling points. On the other hand, in the case R0 < ∞ no

bubbling takes place.
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We define

EV := inf
{
E(w) |w ∈W 1,p

loc (C,M × g × g) :

(0.1), (0.2), E(w) > 0, u(C) compact
}
,

Ē := inf
{
E(ū) | ū ∈ C∞(S2, M̄) : ∂̄J̄(ū) = 0, E(ū) > 0

}
,

Emin := min{EV , Ē}. (4.8)

Here we use the convention that the infimum over the empty set is ∞. Lemma

D.1 implies that EV > 0 and Proposition 4.1.4 in the book by D. McDuff

and D. A. Salamon [MS3] implies that Ē > 0. Therefore, the number Emin

is positive.

Remark 4.2 If w := (u,Φ,Ψ) ∈W 1,p
loc (C,M ×g×g) is a solution of the first

vortex equation (0.1) such that µ ◦ u = 0, then by Proposition E.11 the map

Gu : C → M̄ is J̄-holomorphic and

E∞(u,Φ,Ψ) = E(Gu).

If this energy is finite, then by removal of singularities (see Theorem 4.1.2. in

the book [MS3]), the map Gu extends to a J̄-holomorphic map ū : S2 → M̄ .

It follows that E∞(w) ≥ Emin, provided that E∞(w) > 0.

Proposition 4.3 (Compactness modulo bubbling) Assume that the hy-

pothesis (H3) (symplectic asphericity) holds. Let Rν > 0 be a sequence that

converges to some value R0 ∈ (0,∞], let rν > 0 be a sequence that converges

to ∞ and for every ν ∈ N let wν = (uν ,Φν ,Ψν) ∈ W 1,p
loc (Brν ,M × g × g)

be a solution of (4.1), (4.2) with R := Rν. Assume that there is a com-

pact subset K ⊆ M such that uν(Brν ) ⊆ K for every ν. Suppose also that

supν E
Rν (wν , Brν) < ∞. Then there exist a finite subset Z ⊆ C and an R0-

vortex w0 = (u0,Φ0,Ψ0) ∈W 1,p
loc (C \Z,M × g× g) such that passing to some

subsequence the following holds.

(i) If R0 <∞ then Z = ∅.

(ii) There are gauge transformations gν ∈W 2,p
loc (C\Z,G) such that for every

compact subset Q ⊆ C\Z the gauged transformed maps g−1
ν uν converge

to u0 in C1(Q,M) and the maps g∗ν(Φν ,Ψν) converge to (Φ0,Ψ0) in

C0(Q, g × g).

(iii) Fix a point z ∈ Z and a number ε0 > 0 so small that Bε0(z)∩Z = {z}.
Then for every 0 < ε < ε0 the limit Ez(ε) := limν→∞ERν (wν , Bε(z))

exists and Emin ≤ Ez(ε) <∞. Furthermore, the function (0, ε0) ∋ ε 7→
Ez(ε) ∈ [Emin,∞) is continuous.
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The proof of this proposition will be given on page 89. Its strategy is

the following. Consider the energy densities eν := eRν
wν

. If for every com-

pact subset Q ⊆ C we have supν ||eν ||L∞(Q) < ∞, then the statement of

Proposition 4.3 with Z = ∅ follows by combining Uhlenbeck compactness

and elliptic bootstrapping for perturbed pseudo-holomorphic curves. Other-

wise we rescale the maps wν by zooming in near the point z0 in order to get a

positive energy R̃0-vortex in the limit, for some number R̃0 < R0. If R0 <∞
then R̃0 = 0, and we get a J-holomorphic sphere in M . This contradicts hy-

pothesis (H3) (symplectic asphericity) and thus the bubbling point z0 cannot

exist. If R0 = ∞ then either a vortex or a pseudo-holomorphic sphere in M̄

bubbles off, and we lose at least the energy Emin at z0. Our assumption that

the energy of wν is uniformly bounded implies that there can only be finitely

many bubbling points.

For the proof of the next lemma see also step 5, case 3 in the proof of

Theorem A in the paper [GS] by R. Gaio and D. A. Salamon and Theorem 3.2

in the paper [CGMS] by K. Cieliebak et al. Note that in the latter theorem

the domain of the vortices is a compact principal G-bundle P , while our

situation corresponds to the trivial bundle P := (C \ Z) × G, where Z ⊆ C

is a finite set.

Lemma 4.4 (Compactness with bounded energy density) Let p > 2,

Z ⊆ C be a finite subset, Rν ≥ 0 be a sequence of numbers that converges to

some value R0 ∈ [0,∞], let Ω1 ⊆ Ω2 ⊆ . . . ⊆ C \Z be open subsets such that⋃
ν Ων = C \Z and for ν ∈ N let wν = (uν,Φν ,Ψν) ∈W 1,p

loc (Ων ,M × g× g) be

an Rν-vortex. Suppose that there is a compact subset K ⊆ M such that for

ν large enough

uν(Ων) ⊆ K, (4.9)

and for every compact subset Q ⊆ C \ Z

sup
ν≥νQ

||eRν
wν
||L∞(Q) <∞, (4.10)

for every ν ≥ νQ, where νQ ∈ N is such that Q ⊆ Ων if ν ≥ νQ. Then passing

to some subsequence there are gauge transformations gν ∈ W 2,p
loc (C \ Z,G)

and there is an R0-vortex w0 = (u0,Φ0,Ψ0) ∈ W 1,p
loc (C \ Z,M × g × g) such

that the following holds. Let Q ⊆ C \ Z be a compact subset. Then g−1
ν uν

converges to u0 in C1(Q) and g∗ν(Φν ,Ψν) converges to (Φ0,Ψ0) in C0(Q).

Proof of Lemma 4.4: We write

κν := ∂sΨν − ∂tΦν + [Φν ,Ψν ].

Let Q ⊆ C \ Z be a compact subset and let νQ ∈ N be so large that

Q ⊆ ΩνQ
.
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Claim 1

sup
ν≥νQ

||κν||Lp(Q) <∞. (4.11)

Proof of the Claim: Consider the case 0 ≤ R0 <∞. Then by the second

vortex equation (4.2) we have

||κν ||Lp(Q) = ||R2
νµ(uν)||Lp(Q)

≤ C||µ(uν)||L∞(Q) ≤ C ′,

where the constants C,C ′ < ∞ do not depend on ν. The last inequality

follows from the assumption (4.9).

Consider now the case R0 = ∞. Let Ω ⊆ C be an open subset containing

Q such that Ω̄ is compact and contained in C \ Z. We check the conditions

of Lemma C.3. Since

eRν
wν

= |∂suν +XΦν (uν)|2 +R2
ν |µ ◦ uν|2,

assumption (4.10) implies that

c0 := sup
ν

||∂suν +XΦν (uν)||L∞(Ω) <∞,

and

sup
ν
Rν ||µ ◦ uν||L∞(Ω) ≤ sup

ν
||√ewν ||L∞(Ω) <∞. (4.12)

Let 0 < δ be so small that G acts freely on

Mδ := {x ∈M | |µ(x)| ≤ δ}.

Since µ is proper the set Mδ is compact. Therefore there is a constant c1 > 0

such that for every x ∈Mδ, ξ ∈ g we have

|ξ| ≤ c1|Lxξ|.

Let c be the maximum of c0 and c1. Since by assumption Rν → ∞, it follows

from (4.12) that there is ν0 ∈ N such that for ν ≥ ν0 we have ||µ◦uν||L∞(Ω) ≤
δ. Therefore the conditions of Lemma C.3 with w = wν are satisfied and

therefore

sup
ν
R2
ν ||µ ◦ uν ||Lp(Q) < ∞. (4.13)

Estimate (4.11) now follows from (4.13) and the second vortex equation (4.2).

This proves Claim 1. 2
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Let ν ∈ N be so large that B̄1 \
⋃
z∈Z B1(z) ⊆ Ων . Let ℓν ∈ N be the

largest number ℓ such that

Yℓ := B̄ℓ \
⋃

z∈Z

B 1
ℓ
(z) ⊆ Ων .

We check the conditions of the Uhlenbeck compactness Theorem E.8 with

X := C \ Z, P := (C \ Z) × G, Xν := Yℓν and the connection one forms

Aν ∈ A1,p(P |Xν) given by

Aν(z,g)(ζ, gξ) := ξ + g−1(ζ1Φ(z) + ζ2Ψ(z))g,

for (z, g) ∈ P and (ζ, gξ) ∈ T(z,g)P = C× gg. To see that condition (E.26) is

satisfied, observe that

(FAν )(z,g)((ζ, gξ), (ζ
′, gξ′)) = (ζ1ζ

′
2 − ζ2ζ

′
1)g

−1κν(z)g, (4.14)

for (ζ, gξ), (ζ ′, gξ′) ∈ T(z,g)P = C × gg and (z, g) ∈ P , where

κν := ∂sΨν − ∂tΦν + [Φν ,Ψν ],

see Theorem 7.2, (4) in the book by Dupont [Du]. By (4.14), the second

vortex equation (0.2) and by the Claim we have for every compact subset

Q ⊆ X

sup
ν≥νQ

||FAν ||Lp(Q) = sup
ν≥νQ

||κν ||Lp(Q) <∞.

Therefore, condition (E.26) of Theorem E.8 is satisfied. Consider the

smooth connection one form Â on C × G given by

Â(z,g)(ζ, gξ) := ξ,

for (z, g) ∈ P and (ζ, gξ) ∈ T(z,g)P . By Theorem E.8, passing to some

subsequence, there is a connection one form A0 ∈ Â + W 1,p
loc (C, (P × g)/G)

and there are gauge transformations g̃ν ∈ W 2,p
loc (C, (P × G)/G) such that

g̃∗νA
ν − Â converges to A0 − Â, weakly in W 1,p(Xν0, (P × g)/G), for every

ν0 ∈ N. We define (Φ0,Ψ0) ∈W 1,p
loc (C \ Z, g × g) by

ζ1Φ0(z) + ζ2Ψ0(z) := A0
(z,g)(ζ, 0),

gν ∈ W 2,p
loc (C \ Z,G) by gν(z) := g̃ν(z, e) and w′

ν := (u′ν ,Φ
′
ν ,Ψ

′
ν) := g∗νwν ∈

W 1,p
loc (C \ Z,M × g × g). Then (Φ′

ν ,Ψ
′
ν) converges to (Φ0,Ψ0), weakly in

W 1,p(Xν0, g×g), for every ν0 ∈ N. By the Kondrachov compactness theorem

there is a subsequence (ν1
j )j∈N of ν, a subsequence (ν2

j )j∈N of (ν1
j ), and so on,

such that (Φ′
νℓ

j
,Ψ′

νℓ
j
) converges to (Φ0,Ψ0) in C0(Xν0, g × g) for every ℓ ∈ N.

Passing to the diagonal subsequence (νjj )j∈N we may assume w.l.o.g. that

(Φ′
ν ,Ψ

′
ν) converges in C0(Xν0) for every ν0 ∈ N. It follows from Lemma B.1
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that w′
ν solves the R-vortex equations (4.1), (4.2) with R = Rν , for every

ν ∈ N.

We now show that the hypotheses of Proposition E.9 with k := 1 are

satisfied. Let Q ⊆ C \ Z be a compact subset. Since the sequence (Φ′
ν ,Ψ

′
ν)

converges to (Φ0,Ψ0), weakly in W 1,p(Q), we have

sup
ν≥νQ

||(Φ′
ν ,Ψ

′
ν)||W 1,p(Q) <∞, (4.15)

where νQ ∈ N is so large that Q ⊆ ΩνQ
. Condition (E.27) is satisfied by the

assumption (4.9). We check condition (E.28). The assumption (4.9) implies

that there is a constant C independent of ν such that

|Xξ(u
′
ν(z))| ≤ C|ξ|, (4.16)

for every z ∈ Q, ξ ∈ g and ν ∈ N. Furthermore,

sup
ν≥νQ

||∂su′ν ||Lp(Q) ≤ sup
ν≥νQ

(||∂su′ν +XΦ′
ν
(u′ν)||Lp(Q) + ||XΦ′

ν
(u′ν)||Lp(Q))

≤ C ′ sup
ν≥νQ

(
||∂su′ν +XΦ′

ν
(u′ν)||L∞(Q) + ||Φ′

ν ||Lp(Q)

)

< ∞, (4.17)

for some constant C ′. Here the second inequality uses (4.16) and the last

inequality uses (4.10) and (4.15). Analogously, it follows that

sup
ν≥νQ

||∂tu′ν ||Lp(Q) <∞. (4.18)

Therefore condition (E.28) holds. Furthermore, by the Whitney embedding

theorem we may assume w.l.o.g. that M is a submanifold of R4n+1. (See

Theorem II.1. in the article by H. Whitney [Wh] or Theorem 3.2.14 p. 55 in

the book by M. W. Hirsch [Hi].) Therefore, we can define the map

f : M × g × g → R4n+1, f(x, ξ, η) := Xξ(x) + J(x)Xη(x).

We fix an index ν ≥ νQ. Then by the first vortex equation (4.1) we have

∂su
′
ν + J(u′ν)∂tu

′
ν = −XΦ′

ν
(u′ν) − J(u′ν)XΨ′

ν
(u′ν). (4.19)

Since u′ν(Q) is contained in the compact set G ·K ⊆M , this implies that

||d(∂su′ν + J(u′ν)∂tu
′
ν)||Lp(Q) = ||d(f ◦ w′

ν)||Lp(Q)

= ||df(w′
ν)dw

′
ν||Lp(Q) ≤ C ′′, (4.20)

where C ′′ > 0 is a constant independent of ν. The last inequality uses (4.15),

(4.17) and (4.18), and that u′ν(Q) ⊆ G ·K. It follows that condition (E.29)

of Proposition E.9 with k = 1 is satisfied. Thus this Proposition implies that



4.2 Compactness modulo bubbling for rescaled vortices 84

passing to some subsequence u′ν converges to some map u0 ∈ W 2,p(C \ Z),

weakly in W 2,p and strongly in C1 on every compact subset of C \ Z. The

limit (u0,Φ0,Ψ0) solves the first vortex equation, (4.1). Assume now that

0 ≤ R0 < ∞. Since w′
ν converges weakly in W 1,p(Xℓ) for every ℓ ∈ N, w0

solves the second vortex equation (4.2) with R = R0. In the case R0 = ∞
we have for ν so large that Rν 6= 0

R−2
ν (∂sΨ

′
ν − ∂tΦ

′
ν + [Φ′

ν ,Ψ
′
ν ]) + µ ◦ u′ν = 0.

It follows that w0 solves the equation µ ◦ u0 = 0. This means that w0 is an

∞-vortex. This proves Lemma 4.4. 2

Remark 4.5 Note that in the proof of Lemma 4.4 we use Theorem E.8,

which is a version of Uhlenbeck compactness with noncompact base mani-

fold X. In our case X := C \ Z. It is necessary to use this extension of

ordinary Uhlenbeck compactness (Theorem E.7), because of the following.

Theorem E.7 only provides gauge transformations on a fixed compact subset

K ⊆ C. The only chance to get the gauge transformations gν , using only

Theorem E.7, is the following. Let K0 := K ⊆ K1 ⊆ . . . ⊆ C \ Z be an ex-

hausting sequence of compact subsets. Applying Theorem E.7 to X := Ki,

we get gauge transformations gνi , defined on Ki. Now one could try to extend

gνi to all of C and then use a diagonal subsequence argument to get the gν ’s.

However, this does not work, since for j > i gνi need not be the restriction of

gνj to Kν
i .

Recall the definition of Emin > 0, (4.8).

Proposition 4.6 (Hard rescaling) Assume that hypothesis (H3) (symplec-

tic asphericity) holds. Let Ω ⊆ C be an open subset, 0 < Rν < ∞ be a

sequence such that infν Rν > 0 and let wν ∈ W 1,p
loc (Ω,M × g × g) be an Rν-

vortex for ν ∈ N. Assume that there is a compact subset K ⊆ M such that

uν(Ω) ⊆ K for every ν and that supν E
Rν (wν ,Ω) < ∞. Then the following

holds.

(i) For every compact subset Q ⊆ Ω we have

sup
ν
R−2
ν ||eRν

wν
||C0(Q) <∞.

(ii) If there is a compact subset Q ⊆ Ω such that supν ||eRν
wν
||C0(Q) = ∞ then

there is z0 ∈ Q with the following property. For every ε > 0 so small

that Bε(z0) ⊆ Ω we have

lim sup
ν→∞

ERν (wν , Bε(z0)) ≥ Emin . (4.21)
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Remark 4.7 Under the assumptions of Proposition 4.6, if supν Rν < ∞
then for every compact subset Q ⊆ Ω we have supν ||eRν

wν
||C0(Q) < ∞. This

follows from (i).

The proof of Proposition 4.6 is built on a bubbling argument, as in step

5, in the proof of Theorem A in the paper by R. Gaio and D. A. Salamon

[GS]. We need the following two lemmata. The first one is due to Hofer, see

Lemma 4.6.4 in the book by McDuff and Salamon [MS3].

Lemma 4.8 (Hofer) Let (X, d) be a metric space, f : X → [0,∞) be a

continuous function, x ∈ X and δ > 0. Assume that the closed ball B̄2δ(x) is

complete. Then there is a ξ ∈ X and a number 0 < ε ≤ δ such that

d(x, ξ) < 2δ, sup
Bε(ξ)

f ≤ 2f(ξ), εf(ξ) ≥ δf(x).

Proof: This is Lemma 4.6.4 in the book [MS3]. 2

The next lemma ensures that for a suitably convergent sequence of rescaled

vortices on an open subset Ω ⊆ C, in the limit ν → ∞ no energy gets lost

on any compact subset of Ω.

Lemma 4.9 Let Ω ⊆ C be an open subset, Q ⊆ Ω a compact subset, K ⊆M

be a compact subset, Rν ≥ 0 be a sequence of numbers that converges to some

value R0 ∈ [0,∞], let w0 = (u0,Φ0,Ψ0) ∈W 1,p
loc (Ω,M × g× g) be a R0-vortex

and for ν ∈ N let wν = (uν ,Φν ,Ψν) ∈ W 1,p
loc (Ω,M × g × g) be an Rν-vortex.

Assume that uν(Ω) ⊆ K, that uν converges to u0 in C1(Ω̄) and that (Φν ,Ψν)

converges to (Φ0,Ψ0) in C0(Ω̄). Then the energy densities eRν
wν

converge to

eR0
w0

in C0(Q).

Proof of Lemma 4.9: Recall that if R <∞ and w is an R-vortex then

eRw = |∂suν +XΦ(u)|2 +R2|µ(u)|2. (4.22)

In the case R0 < ∞ the statement of the lemma follows directly from this

formula.

Consider the case R0 = ∞. Let δ > 0 be so small that G acts freely on

Mδ := {x ∈M | |µ(x)| ≤ δ}. Let c > 0 be so big that

sup
ν

||∂suν +XΦν(uν)||L∞(Ω) ≤ c,

|µ|C0(K) ≤ c and |ξ| ≤ c|Lxξ| for every x ∈Mδ and ξ ∈ g. Let Cp > 0, R̃0 > 0

be constants as in Lemma C.3, with R0 replaced by R̃0. By assumption,

condition (C.7) of Lemma C.3 is satisfied. Since µ◦uν → µ◦u0 = 0 in C0(Ω)

there is ν0 ∈ N such that for ν ≥ ν0 we have uν(z) ∈ Mδ, for every z ∈ Ω.
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Increasing ν0 we may assume that for every ν ≥ ν0 we have Rν ≥ R̃0. We

fix an index ν ≥ ν0. Then the conditions (C.8) and (C.9) of Lemma C.3 are

satisfied with w := wν . Applying that Lemma we have

sup
Q

|µ ◦ uν| ≤ CpR
2/p−2
ν .

This implies that

||R2
ν|µ ◦ uν |2||C0(Q) ≤ CpR

4/p−2
ν → 0. (4.23)

If follows from (4.22) and (4.23) that eRν
wν

converges to e∞w0
= |∂suν+XΦν(uν)|2

in C0(Q). This completes the proof of Lemma 4.9. 2

Proof of Proposition 4.6 (Hard rescaling): Consider the function

fν := |∂suν +XΦν(uν)| +Rν |µ ◦ uν| ∈ C0(Ω, [0,∞)).

Claim 1 Suppose that the hypotheses of Proposition 4.6 are satisfied and

that there is a sequence zν ∈ Ω that converges to some z0 ∈ Ω such that

fν(zν) → ∞.

Then there is a value

0 < r0 ≤ lim sup
ν→∞

Rν

fν(zν)
(≤ ∞) (4.24)

and a positive energy r0-vortex w0 ∈W 1,p
loc (C,M × g × g) such that

Er0(w0) ≤ lim sup
ν→∞

ERν (wν , Bε(z0)), (4.25)

for every ε > 0 so small that Bε(z0) ⊆ Ω.

Proof of Claim 1: We define δν := fν(zν)
− 1

2 and denote eν := eRν
wν

. Then

for ν large enough we have B̄2δν (zν) ⊆ Ω. We pass to some subsequence such

that this holds for every ν. By Lemma 4.8 applied to

f := fν , δ := δν , x := zν

there are numbers ζν ∈ B2δν (z0) and εν ≤ δν such that

|ζν − zν | < 2fν(zν)
− 1

2 , (4.26)

sup
Bεν (ζν)

fν ≤ 2fν(ζν), (4.27)

ενfν(ζν) ≥ fν(zν)
1
2 . (4.28)
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Since fν(zν) → ∞, it follows from (4.26) that the sequence ζν converges

to z0. We define cν := fν(ζν) and

w̃ν := (ũν , Φ̃ν , Ψ̃ν) := (uν , c
−1
ν Φν , c

−1
ν Ψν)(c

−1
ν · +ζν).

Passing to some subsequence we may assume that R̃ν := c−1
ν Rν converges

to some r0 ∈ [0,∞]. Since εν ≤ δν = fν(zν)
− 1

2 it follows from (4.28) that

fν(zν) ≤ fν(ζν). It follows that (4.24) holds for the original sequence. We

check the conditions of Lemma 4.4 with Z := ∅ and Ων := cν · (Ω − ζν) and

Rν , wν replaced by R̃ν , w̃ν. By hypothesis there is a compact subset K ⊆M

such that for ν large enough we have uν(Ων) ⊆ K. So it suffices to check

condition (4.10) with Q := B̄R, for every R > 0. We have

(∂sũν +XeΦν
(ũν))(z̃) = c−1

ν (∂suν +XΦν (uν))(c
−1
ν z̃ + ζν) = c−1

ν fν(c
−1
ν z̃ + ζν).

Therefore, (4.27) implies that for every z̃ ∈ Bενcν(0) we have

(|∂sũν +XeΦν
(ũν)| + R̃ν |µ(ũν)|)(z̃) = c−1

ν fν(c
−1
ν z̃ + ζν)

≤ 2c−1
ν fν(ζν) = 2. (4.29)

Let R > 0. We choose an integer νR such that fν(zν)
1
2 > R for every ν ≥ νR.

By (4.28) we have

ενcν = ενfν(ζν) > R

for every ν. Therefore, (4.29) implies that ||e eRν

ewν
||L∞(BR) ≤ 8 and so (4.10)

is satisfied with Q = B̄R. By Lemma 4.4 there is an r0-vortex w0 =

(u0,Ψ0,Ψ0) ∈ W 1,p(C,M × g × g) with the following property. Passing

to some subsequence there are gν ∈ W 2,p(C,G) such that the map g−1
ν ũν

converges to u0 in C1(Q) and g∗ν(Φ̃ν , Ψ̃ν) converges to (Φ0,Ψ0) in C0(Q), for

every compact subset Q ⊆ C. By Lemma 4.9 with Ω ⊆ C any bounded open

subset such that Q ⊆ Ω we have

e
eRν

ewν
= e

eRν

g∗ν ewν
→ er0w0

, (4.30)

in C0(Q) for every compact subset Q ⊆ C. It follows that

er0w0
(0) = lim

ν→∞
e

eRν

ewν
(0)

= c−2
ν eRν

wν
(zν) ≥

1

2
, (4.31)

and therefore, Er0(w0) > 0.

Let ε > 0 be so small that Bε(z0) ⊆ Ω. In order to show (4.25) we choose

any δ > 0. Let R > 0 be so large that Er0(w0,C \ BR) < δ. By (4.30) it

follows that

lim
ν→∞

ERν (wν, Bc−1
ν R(ζν)) = lim

ν→∞
E

eRν (w̃ν , BR)

=Er0(w0, BR)

>Er0(w0) − δ. (4.32)
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On the other hand, since cν → ∞ and ζν → z0, for ν large enough the ball

Bc−1
ν R(ζν) is contained in Bε(z0) and therefore

ERν (wν , Bc−1
ν R(ζν) ≤ ERν (wν, Bε(z0)).

Together with (4.32) this implies that

lim sup
ν→∞

ERν (wν, Bε(z0)) ≥ Er0(w0) − δ.

Since this holds for every δ > 0 this proves (4.25) for the original sequence.

It remains to prove that r0 > 0. Assume by contradiction that r0 = 0.

By Proposition D.2 there is a gauge transformation g ∈ G2,p such that w′
0 :=

(u′0,Φ
′
0,Ψ

′
0) := g∗w0 is smooth. By the second R-vortex equation (4.2) with

R := 0 we have ∂sΨ
′
0 − ∂tΦ

′
0 + [Φ′

0,Ψ
′
0] = 0. Therefore, by Proposition D.4

there is h ∈ G such that h∗(Φ′
0,Ψ

′
0) = 0. By the first vortex equation the

map u′′0 := h−1u′0 : C → M is J-holomorphic. We have for every ε > 0 such

that Bε(z0) ⊆ Ω

E(u′′0) =

∫

C

|∂su′′0|2 ds dt

= E0(w′′
0)

= E0(w0)

≤ lim sup
ν→∞

ERν (wν , Bε(z0))

≤ sup
ν
ERν (wν,Ω) <∞. (4.33)

Here in the forth line we have used inequality (4.25) and the last inequality

holds by hypothesis. By (4.33) and removal of singularities, Theorem 4.1.2

in [MS3], it follows that u′′0 extends to a smooth J-holomorphic map from S2

to M . Since E(u′′0) = E0(w0) > 0 such a map can not exist by the hypothesis

(H3). This contradiction proves that r0 > 0 and so concludes the proof of

Claim 1. 2

Proof of (i): Assume by contradiction that there was a compact subset

Q ⊆ Ω such that

sup
ν
R−2
ν ||eRν

wν
||C0(Q) = ∞.

Passing to some subsequence we may assume that

lim
ν→∞

R−1
ν ||fν ||C0(Q) = ∞. (4.34)

Let zν ∈ Q be such that fν(zν) = ||fν||C0(Q). Since by assumption infν Rν >

0, it follows that fν(zν) → ∞. Passing to some subsequence, we may assume
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that zν converges to some point z0 ∈ Q. Therefore, applying Claim 1 we

arrive at a contradiction, since by (4.34) we have

lim sup
ν→∞

Rν

fν(zν)
= 0,

and thus the value r0 of Claim 1 cannot exist. This proves (i).

Proof of (ii): Assume that there is a compact subset Q ⊆ Ω such that

supν ||eRν
wν
||C0(Q) = ∞. Let zν ∈ Q be such that fν(zν) → ∞. By Claim 1

there is a value

0 < r0 ≤ lim sup
ν→∞

Rν

fν(zν)

and an r0-vortex w0 ∈W 1,p(C,M × g × g) such that

0 < Er0(w0) ≤ lim sup
ν→∞

ERν (wν , Bε(z0))

for every ε > 0 with Bε(z0) ⊆ Ω. By the definition of Emin and by Remark

4.2 it follows that Er0(w0) ≥ Emin, and therefore

lim sup
ν→∞

ERν (wν , Bε(z0)) ≥ Er0(w0) ≥ Emin,

for every ε > 0 such that Bε(z0) ⊆ Ω. This proves (ii) and concludes the

proof of Proposition 4.6. 2

Proof of Proposition 4.3: We abbreviate eν := eRν
wν

.

Claim 1 For every ℓ ∈ N∪ {0} there is a finite subset Zℓ ⊆ C such that the

following holds. If R0 <∞ then Zℓ = ∅, and if |Zℓ| < ℓ then

sup
ν≥νQ

||eν ||C0(Q) <∞, (4.35)

for every compact subset Q ⊆ C \Zℓ, where νQ ∈ N is so large that Q ⊆ Brν

for ν ≥ νQ. Furthermore, for every z ∈ Zℓ and every ε > 0 we have

lim sup
ν→∞

ERν (wν , Bε(z)) ≥ Emin . (4.36)

Proof of Claim 1: For ℓ = 0 the assertion holds with Z0 := ∅. We prove by

induction that it holds for every ℓ ≥ 1. Fix ℓ ≥ 1. By induction hypothesis

there is a finite subset Zℓ−1 ⊆ C such that the assertion with ℓ replaced by

ℓ − 1 holds. If (4.35) holds for any compact subset Q ⊆ C \ Zℓ−1 then the

statement for ℓ holds with Zℓ := Zℓ−1. So assume that there is a compact

subset Q ⊆ C \ Zℓ−1 such that

sup
ν≥νQ

||eν ||C0(Q) = ∞. (4.37)



4.2 Compactness modulo bubbling for rescaled vortices 90

It follows from the induction hypothesis that

|Zℓ−1| ≥ ℓ− 1. (4.38)

Let Ω ⊆ C be any bounded open subset such that Q ⊆ Ω. Applying Propo-

sition 4.6 to the sequence (wν |Ω)ν≥νQ
, by condition (ii) of that proposition

there is a point z0 ∈ Q such that for every ε > 0 so small that Bε(z0) ⊆ Ω

inequality (4.36) holds. We set Zℓ := Zℓ−1 ∪ {z0}. By induction hypothesis

(4.36) holds for every z ∈ Zℓ−1 and thus for every z ∈ Zℓ. We claim that

R0 = ∞. By condition (i) of Proposition 4.6 we have

||eν||C0(Q) ≤ CR2
ν ,

for every ν so large that Ω ⊆ Brν , where C := supν R
−2
ν ||eν||C0(Q). Thus

(4.37) implies that supν Rν = ∞ and therefore R0 = ∞. Finally, since

z0 ∈ Q ⊆ C \ Zℓ−1, it follows from (4.38) that |Zℓ| ≥ ℓ. So all the assertions

of Claim 1 for ℓ are satisfied. This proves Claim 1. 2

We fix an integer

ℓ >
supν E

Rν (wν , Brν)

Emin

(4.39)

and a finite subset Z := Zℓ ⊆ C that satisfies the conditions of Claim 1.

Then condition (i) of Proposition 4.3 is satisfied. Furthermore, by (4.36)

there are consecutive subsequences (ν
(1)
i )i∈N, (ν

(2)
i )i∈N, . . . ( i.e. (ν

(2)
i )i∈N is a

subsequence of (ν
(1)
i )i∈N,. . . ) such that the limit

Ej(z) := lim
i→∞

E
R

ν
(j)
i (w

ν
(j)
i
, B1/j(z)) (4.40)

exists and Ej(z) ≥ Emin for every j ∈ N and z ∈ Z. Passing to the diagonal

subsequence (ν
(i)
i ) we may assume that limν→∞ERν (wν , B1/j(z)) exists for

every j ∈ N and z ∈ Z. Let j0 be so large that 1/j0 < 1/2|z − z′| for each

two points z 6= z′ ∈ Z. Then

|Z|Emin ≤
∑

z∈Z

lim
ν→∞

ERν (wν , B1/j0(z))

= lim
ν→∞

ERν
(
wν ,

⋃

z∈Z

B1/j0(z)
)

≤ sup
ν
ERν(wν , Brν ).

This together with (4.39) implies that ℓ > |Z| and therefore inequality (4.35)

is satisfied for every compact subset Q ⊆ C \ Z. Thus the assumptions of

Lemma 4.4 (Compactness with bounded energy density) with Ων := Brν \Z
are satisfied. So passing to some subsequence there are gauge transforma-

tions gν ∈ W 2,p
loc (C \ Z,G) and there is an R0-vortex w0 = (u0,Φ0,Ψ0) ∈
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W 1,p
loc (C \ Z,M × g × g) such that for every compact subset Q ⊆ C \ Z the

maps g−1
ν uν converge to u0 in C1(Q,M) and the maps g∗ν(Φν ,Ψν) converge

to (Φ0,Ψ0) in C0(Q, g × g). It follows that condition (ii) of Proposition 4.3

is satisfied.

To see that condition (iii) holds, let z ∈ Z and fix ε0 > 0 so small that

Bε0(z) ∩ Z = {z}. Let 0 < ε < ε0 and choose numbers ε < ε′ < ε0

and j ∈ N such that 1/j < ε. Then Lemma 4.9 with Ω := Bε′(z) \
B̄1/2j(z) implies that the limit limν→∞ERν (wν , A(z, 1/j, ε)) exists and equals

ER0(w0, A(z, 1/j, ε)). Since by our choice of a subsequence the limit Ej(z) :=

limν→∞ERν (wν, B1/j(z)) exists and Ej(z) ≥ Emin, it follows that the same

holds for the limit Ez(ε) := limν→∞ERν(wν , Bε(z)). Since ER0(w0, A(z, 1/j, ε))

depends continuously on ε, the same holds for Ez(ε). This implies condition

(iii) and completes the proof of Proposition 4.3. 2

4.3 Soft rescaling

The next proposition is an adaption of Proposition 4.7.1. in [MS3] to vortices

instead of J-holomorphic curves.

Proposition 4.10 (Soft rescaling) Assume that the hypothesis (H2) (con-

vexity at ∞) and (H3) (symplectic asphericity) hold. Let r > 0, z0 ∈ C,

Rν > 0 be a sequence that converges to ∞ and for every ν ∈ N let wν ∈
W 1,p(Br(z0),M × g × g) be an Rν-vortex such that the following conditions

are satisfied.

(a) There exists a compact subset K ⊆ M such that uν(Br(z0)) ⊆ K for

every ν.

(b) For every 0 < ε ≤ r the limit E(ε) := limν→∞ERν (wν , Bε(z0)) exists

and Emin ≤ E(ε) < ∞. Furthermore, the function (0, r] ∋ ε 7→ E(ε) ∈
[Emin,∞) is continuous.

Then passing to some subsequence there exist a value R0 ∈ {1,∞}, a finite

subset Z ⊆ C, an R0-vortex w0 ∈ W 1,p
loc (C \ Z,M × g × g) and sequences

εν > 0 and zν ∈ C such that the following conditions hold.

(i) The sequence zν converges to z0. Furthermore, if R0 = 1 then εν = R−1
ν

for every ν, and if R0 = ∞ then εν converges to 0 and ενRν converges

to ∞.

(ii) There exists a sequence of gauge transformations gν ∈ W 2,p
loc (C \ Z,G)

such that for every compact subset Q ⊆ C \ Z the sequence g−1
ν (uν(εν ·

+zν)) converges to u0 in C1(Q) and g∗ν
(
(ενΦν , ενΨν)(εν ·+zν)

)
converges

to (Φ0,Ψ0) in C0(Q).
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(iii) Fix z ∈ Z and a number ε0 > 0 such that Bε0(z) ∩ Z = {z}. Then for

every 0 < ε < ε0 the limit

Ez(ε) := lim
ν→∞

EενRν
(
(uν, ενΦν , ενΨν)(εν · +zν), Bε(z)

)

exists and Emin ≤ Ez(ε) <∞. Furthermore, the function (0, ε0) ∋ ε 7→
Ez(ε) ∈ [Emin,∞) is continuous.

(iv)

lim
R→∞

lim sup
ν→∞

ERν
(
wν , BR−1(z0) \BRεν (zν)

)
= 0. (4.41)

(v) If R0 = 1 then Z = ∅ and E(w0) > 0. If R0 = ∞ and E∞(w0) = 0

then |Z| ≥ 2.

The proof of Proposition 4.10 is given on page 98. We need the following

Lemma. For 0 ≤ r, R ≤ ∞ we denote the closed and the open annulus

around 0 with radii r, R by

A(r, R) := B̄R \Br,
◦

A(r, R) := BR \ B̄r.

Note that in the case r > R A(r, R) = ∅. Furthermore, A(0, R) = B̄R and

A(r,∞) = C \Br. Let

d :
⋃

M ′

M ′ ×M ′ → [0,∞)

be the distance function induced by the Riemannian metric gω,J , where M ′

runs over all connected components of M . Since by assumption G is con-

nected, the action of G on M leaves each connected component of M invari-

ant. We can therefore define

d̄ :
⋃

M ′

M ′/G×M ′/G → [0,∞), d̄(Gx,Gy) := min
x′∈Gx, y′∈Gy

d(x′, y′). (4.42)

By Lemma A.10, for each connected component M ′ ⊆ M the restriction of

d̄ to M ′ ×M ′ is a distance function that induces the quotient topology.

Lemma 4.11 (Annulus Lemma) For every compact subset K ⊆ M and

every number r0 > 0 there are constants E1 > 0, a > 0 and C1 > 0

such that the following holds. Assume that r0 ≤ r < R ≤ ∞ and w ∈
W 1,p

loc (
◦

A(r, R),M×g×g) is a vortex such that u(z) ∈ K for every z ∈ A(r, R),

and suppose that E := E(w,A(r, R)) ≤ E1. Then for every λ ≥ 2 we have

E(w,A(λr, λ−1R)) ≤ C1E

λa
, (4.43)

sup
z,z′∈A(λr,λ−1R)

d̄(Gu(z),Gu(z′)) ≤ C1

√
E

λa
. (4.44)
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Remark 4.12 If λ >
√
R/r then A(λr, λ−1R) = ∅ and hence the statement

of the Lemma is void.

Proof: Let K ⊆ M be a compact subset and let r0 > 0 be a number. We

choose constants δ0, c > 0 as in Lemma A.15 (Isoperimetric inequality) and

E0 > 0 as in the a-priori-Lemma C.1, with K replaced by G ·K. We define

E1 := min

{
E0,

δ2
0

128π
,
πδ2

0r
2
0

8

}
, a :=

min{1, r2
0}

2c
.

Let r0 ≤ r < R ≤ ∞ and w = (u,Φ,Ψ) ∈ W 1,p
loc (

◦

A(r, R),M × g × g) be a

vortex such that u(z) ∈ K for every z ∈ A(r, R) and E ≤ E1.

We consider the case R <∞ and w ∈W 1,p(
◦

A(r, R),M × g × g). By

Theorem C.6 there exists a gauge transformation g ∈ W 2,p(
◦

A(r, R),G) such

that g∗w is smooth. Replacing K by G ·K and w by g∗w we may therefore

assume w.l.o.g. that w is smooth. We identify R × S1 ∼= C/ ∼, where

the equivalence relation ∼ is defined by z ∼ z + 2π for every z ∈ C. The

exponential map C ∋ τ + iϕ 7→ eτ+iϕ descends to a map expC : R × S1 ∼=
C/ ∼→ C. We denote by g

C := g ⊗R C the complexified Lie algebra and

define the map w̃ : R × S1 → M × g
C by

w̃ := (ũ, Φ̃ + iΨ̃) :=
(
u ◦ expC, expC · ((Φ + iΨ) ◦ expC)

)
.

Claim 1 . For every 1 ≤ λ ≤
√
R/r we have

E(w,A(λr, λ−1R)) ≤
(

2

λ

)a
E. (4.45)

Proof of Claim 1: It suffices to prove (4.45) for λ ≥ 2.

Claim 2 Let τ0 ∈ [log(2r), log(R/2)]. Then

|µ(ũ(τ0, ϕ))| ≤ δ0, ∀ϕ ∈ S1, (4.46)

ℓ(ũ(τ0, .), Ψ̃(τ0, .)) ≤ δ0. (4.47)

Proof of Claim 2: Let ϕ0 ∈ S1 ∼= R/(2πZ) and set z0 := expC(τ0 + iϕ0).

Than the ball Beτ0−r(z0) is contained in the annulus A(r, R). Therefore,

condition (C.2) of Lemma C.1 is satisfied with r replaced by eτ0 − r. It

follows that

ew(z0) ≤ 8

π(eτ0 − r)2
E(w,Beτ0−r(z0))

≤ 32

πe2τ0
E. (4.48)
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The last inequality uses the assumption τ0 ≥ log(2r). Inequality (4.48) im-

plies that

|µ(ũ(τ0, ϕ0))| = |µ(u(eτ0+iϕ0))|
≤

√
ew(z0)

<

√
8E1

πr2
0

< δ0.

This proves (4.46). The expC-energy density of w̃ is the map ẽ := e
expC

ew :

R × S1 → [0,∞) given by

ẽ(τ + iϕ) = |∂τ ũ+XeΦ(ũ)|2(τ + iϕ) + e2τ |µ ◦ ũ(τ + iϕ)|2,

see definition (B.10) and Proposition B.3. Furthermore, the energy of w̃ on

a measurable subset X ⊆ R × S1 is given by

EexpC(w̃, X) =

∫

X

ẽ dτ dϕ.

By Proposition B.3 we have

ẽ = e2τew ◦ expC,

and therefore

EexpC(w̃, X) = E(w, expC(X)),

for every measurable subset X ⊆ R × S1. Furthermore, the map w̃ solves

the expC-vortex equations

∂τ ũ+XeΦ(ũ) + J(∂ϕũ+XeΨ(ũ)) = 0,

∂τ Ψ̃ − ∂ϕΦ̃ + [Φ̃, Ψ̃] + e2τµ ◦ ũ = 0.

It follows that

|∂τ ũ+XeΦ(ũ)|2 =
1

2

(
|∂τ ũ+XeΦ(ũ)|2 + |∂ϕũ+XeΨ(ũ)|2

)

≤ ẽ

= e2τew ◦ ϕ (4.49)

The last equality uses Proposition B.3. By (4.49) and (4.48)

|∂τ ũ+XeΦ(ũ)|(z0) ≤ eτ0
√
ew(z0)

≤ 2

√
8E

π

< 2

√
8E1

π

≤ δ0
2π
.
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Therefore,

ℓ(ũ(τ0, .), Ψ̃(τ0, .)) =

∫ 2π

0

|∂τ ũ+XeΦ(ũ)|(τ0, ϕ) dϕ ≤ δ0.

This proves (4.47) and completes the proof of Claim 2. 2

Let now log(2) ≤ T ≤ log(R/r)/2 be a number. We define E(T ) :=

E(w,A(reT , Re−T )). The Claim guarantees that the local equivariant sym-

plectic actions of (ũ, Ψ̃)(log(R)−T, .) and (ũ, Ψ̃)(log(r)+T, .) are well-defined,

as in Definition A.14, and that the hypotheses of Lemma A.15 are satisfied.

Therefore,

|A((ũ, Ψ̃)(log(R) − T, .))|

≤ c

∫ 2π

0

(
|∂ϕũ+XeΨ(ũ)|2 + |µ(ũ)|2

)
(log(R) − T, ϕ) dϕ

≤ cmax{1, r−2
0 }

∫ 2π

0

ẽ(log(R) − T, ϕ) dϕ

= −a−1 d

dT

∫ log(R)−T

log(Rr)/2

∫ 2π

0

ẽ(τ, ϕ) dϕ dτ.

In the second inequality we have used the fact that e2(T−logR) ≤ r−2
0 . Simi-

larly,

|A((ũ, Ψ̃)(log(r) + T.))| ≤ −a−1 d

dT

∫ log(Rr)/2

log(r)+T

∫ 2π

0

ẽ(τ, ϕ) dϕ dτ.

Using Proposition B.3 and Lemma C.8 we have

E(T ) = EexpC(w̃, [log(r) + T, log(R) − T ] × S1)

= −A((ũ, Ψ̃)(log(R) − T, .)) + A((ũ, Ψ̃)(log(r) + T, .))

≤ |A((ũ, Ψ̃))(log(R) − T, .))| + |A((ũ, Ψ̃)(log(r) + T, .))|

≤ −a−1 d

dT

∫ log(R)−T

log(r)+T

∫ 2π

0

ẽ(τ, ϕ) dϕ dτ

= −a−1 d

dT
E(w̃, [log(r) + T, log(R) − T ] × S1) = −a−1E ′(T ).

Therefore,

(EeaT )′ = (E ′ + aE)e
T
c ≤ (E ′ −E ′)eaT = 0.

So

E(T )eaT ≤ E(log(2))ea log(2) ≤ 2aE.

It follows that for 2 ≤ λ ≤
√
R/r

E(w,A(λr, λ−1R)) = E(log(λ))

≤ 2ae−
log(λ)

c E

=

(
2

λ

)a
E.
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This proves Claim 1. 2

We define τ̄ := (log(R) + log(r))/2.

Claim 3 For every τ ∈ [τ̄ , log(R/2)], ϕ ∈ S1 we have

ẽ(τ, ϕ) ≤ CR− 1
c e

τ
cE,

and for every τ ∈ [log(2r), τ̄ ], ϕ ∈ S1 we have

ẽ(τ, ϕ) ≤ Cr
1
c e−

τ
cE,

where C := 22a+5/π.

Proof of Claim 3: Let τ ∈ [log(2r), log(R/2)] and ϕ ∈ S1. Assume first

that τ ≥ τ̄ . We set λ := R
2eτ ≥ 1, Then

ẽ(τ, ϕ) = e2τew(eτ+iϕ)

≤ 32

π
E(w,B eτ

2
(eτ+iϕ))

≤ 32

π
E(w,A(λr, λ−1R))

≤ 32

π

(
2

λ

) 1
c

E

= CR− 1
c e

τ
cE.

The first line follows from (B.12), the second from Lemma C.1 and the third

from the fact B eτ

2
(eτ+iϕ) ⊆ A(λr, λ−1R). The forth line follows from Claim

1. The case τ ∈ [log(2r), τ̄ ] can be treated similarly with λ := eτ

2r
≥ 1. This

proves Claim 3. 2

Claim 4 For every 2 ≤ λ ≤
√
R/r and z0 ∈ A(λr, λ−1R) we have

d̄(Gu(
√
Rr),Gu(z0)) ≤

C ′
√
E

λa
, (4.50)

where C ′ :=
√
C(a−1 + 2π) and the constant C is as in Claim 3.

Proof of Claim 4: Let τ0 ∈ R, ϕ0 ∈ [0, 2π) be such that z0 = eτ0+iϕ0 .

Consider the case τ0 ≥ τ̄ . We define paths γ1, γ2 in M as follows. Let

g1 : [τ̄ , τ0] → G be the unique solution of the ordinary differential equation

ġ1(t) = g1(t)Φ̃(t, 0), g1(τ̄ ) = id. (4.51)
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We define γ1 := g1ũ(·, 0) : [τ̄ , τ0] → M . Furthermore, let g2 : [0, ϕ0] → G be

the unique solution of

ġ2(t) = g2(t)Ψ̃(τ0, t), g2(0) = g1(τ0). (4.52)

We define γ2 := g2ũ(τ0, ·) : [0, ϕ0] → M . Then γ1#γ2 is a path from the

point u(
√
Rr) to g2(ϕ0)u(z0). Furthermore,

γ̇1 = (g1ũ(·, 0))˙

= g1

(
Xg−1

1 ġ1
(ũ(·, 0)) + ∂τ ũ(·, 0)

)

= g1

(
XeΦ(·,0)(ũ(·, 0)) + ∂τ ũ(·, 0)

)
.

Here in the last equality we have used (4.51). Claim 3 implies that

|γ̇1(t)| = |∂τ ũ(t, 0) +XeΦ(t,0)(ũ(t, 0))|
≤

√
ẽ(t, 0)

≤
√
CER−aeat.

Analogously, we have

|γ̇2(t)| ≤
√
CER−aeat.

Therefore,

d̄(Gu(
√
Rr),Gu(z0)) ≤ ℓ(γ1) + ℓ(γ2)

≤
√
CER−a

(∫ τ0

τ̄

eaτ dτ +

∫ ϕ0

0

eaτ0 dϕ

)

=
√
CER−a

(
a−1eaτ

∣∣∣
τ0

τ̄
+ ϕ0e

aτ0
)

≤ C ′
√
E

(
eτ0

R

)a

≤ C ′
√
E

λa
.

Here the last inequality follows from the fact |z0| = eτ0 ≤ R/λ.

In the case τ0 < τ̄ inequality (4.50) follows analogously. This proves

Claim 4. 2

Recalling that we have set a = 1/(2c) and setting C1 := max{2a, 2C ′},
inequality (4.43) follows from Claim 1. Furthermore, by Claim 4 we have for

every z, z′ ∈ A(λr, λ−1R)

d̄(Gu(z),Gu(z′)) ≤ d̄(Gu(z),Gu(
√
Rr)) + d̄(Gu(

√
Rr),Gu(z′))

≤ 2C ′
√
E

λa
,



4.3 Soft rescaling 98

and hence inequality (4.44) holds.

Consider now the general case r0 ≤ r < R ≤ ∞ and

w ∈ W 1,p
loc (

◦

A(r, R),M × g × g). We choose sequences rν > r converging to r

and Rν < R converging to R. We fix a number λ ≤ 2. What we have already

proved, implies that

E(w,A(λrν, λ
−1Rν)) ≤ C1E

λa
,

sup
z,z′∈A(λrν ,λ−1Rν)

d̄(Gu(z),Gu(z′)) ≤ C1

√
E

λa
.

Inequalities (4.43) and (4.44) follow from this. This proves Lemma 4.11. 2

Proof of Proposition 4.10: By hypothesis (b) the function

(0, r] ∋ ε 7→ lim
ν→∞

ERν (wν , Bε(z0)) ∈ [Emin,∞)

is well-defined. Since it is increasing, the limit

m0 := lim
ε→0

lim
ν→∞

ERν (wν, Bε(z0)) ∈ [Emin,∞) (4.53)

exists. Fix a compact subset K ⊆ M as in hypothesis (a). We choose a

constant E0 > 0 as in Lemma C.1, depending on K.

Claim 1 We may assume w.l.o.g. that z0 = 0 and that

||eRν
wν
||C0(B̄r) = eRν

wν
(0). (4.54)

Proof of Claim 1: Suppose that we have already proved the proposi-

tion under these additional assumptions, and let r, z0, Rν , wν be as in the

hypotheses of the proposition. We choose 0 < r̂ ≤ r/4 so small that

lim
ν→∞

ERν (wν , B4br(z0)) < m0 +
E0

2
. (4.55)

For ν ∈ N we choose z̃ν ∈ B̄2br(z0) such that

eRν
wν

(z̃ν) = ||eRν
wν
||C0(B̄2br(z0)). (4.56)

Claim 2 The sequence z̃ν converges to z0.

Proof of Claim 2: Recall that

A(z, r1, r2) := B̄r1(z) \Br2 ,
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denotes the closed annulus of radii 0 ≤ r1 ≤ r2 ≤ ∞ with center z ∈ C. Fix

0 < ε ≤ 2r̂. By hypothesis (b) there exists a number ν(ε) ∈ N such that for

every ν ≥ ν(ε)

ERν (wν , Bε/2) > m0 −
E0

2
. (4.57)

By (4.55), by increasing ν(ε) we may also assume that for ν ≥ ν(ε)

ERν (wν , B4br) < m0 +
E0

2
. (4.58)

Let z ∈ A(z0, ε, 2r̂) and ν ≥ ν(ε). Consider the 1-vortex

ŵν :=
(
uν(R

−1
ν ·), R−1

ν Φν(R
−1
ν ·), R−1

ν Ψν(R
−1
ν ·)

)
∈W 1,p(BrRν ,M × g × g).

We check the condition (C.2) of the a priori Lemma C.1 with w := ŵν and

z0, r replaced by Rνz and Rνε/2. We have

E(ŵν , BRνε/2(Rνz)) = ERν(wν , Bε/2(z))

≤ ERν(wν , A(ε/2, 4r̂)) < E0.

Here the last inequality follows from (4.57) and (4.58). So condition (C.2) is

satisfied and thus Lemma C.1 implies that

eRν
wν

(z) = R2
νe bwν(Rνz)

≤ 32

πε2
E(ŵν , BRνε/2(Rνz))

<
32E0

πε2
. (4.59)

We choose a number

0 < δ ≤ min

{
2r̂, ε ·

√
m0

64E0

}
.

By assumption (b), increasing ν(ε) we may assume that ERν (wν , Bδ(z0)) >

m0/2 for ν ≥ ν(ε). Let ν ≥ ν(ε). Then

||eRν
wν
||2C0(B̄δ(z0))

≥ 1

πδ2
ERν (wν , Bδ(z0))

>
m0

2πδ2
≥ 32E0

πε2
. (4.60)

Since inequality (4.59) holds for z ∈ A(z0, ε, 2r̂), it follows from (4.56)

and (4.60) that z̃ν ∈ Bε(z0). This proves Claim 2. 2

By Claim 2 we may pass to some subsequence such that |z̃ν | < r̂ for every

ν. We define now the map ŵν : Bbr → M × g × g by ŵν(z) := wν(z + z̃ν).
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Then (4.54) with wν , r replaced by ŵν , r̂ is satisfied. We check the hypotheses

of Proposition 4.10 with (wν , r, z0) replaced by (ŵν , r̂, 0). Hypothesis (a) for

the sequence ŵν holds by the assumption for the sequence wν . In order to

see that condition (b) holds for the sequence ŵν , we show that for every

0 < ε ≤ r̂ we have

lim inf
ν→∞

ERν (ŵν , Bε) ≥ lim
ν→∞

ERν (wν , Bε(z0)) ≥ lim sup
ν→∞

ERν (ŵν , Bε). (4.61)

Let 0 < ε ≤ r̂. We fix a number 0 < δ < ε. Then for ν so large that

|z̃ν − z0| ≤ δ we have

Bε−δ(z0) ⊆ Bε(zν).

It follows that

lim
ν→∞

ERν (wν , Bε−δ(z0)) ≤ lim inf
ν→∞

ERν (ŵν , Bε).

Since this holds for every 0 < δ < ε and by hypothesis (b) for the sequence

wν the map

(0, r] ∋ ε 7→ lim
ν→∞

ERν (wν , Bε(z0)) ∈ [Emin,∞)

is continuous, it follows that

lim
ν→∞

ERν (wν , Bε(z0)) ≤ lim inf
ν→∞

ERν (ŵν , Bε).

Analogously

lim
ν→∞

ERν (wν , Bε(z0)) ≥ lim sup
ν→∞

ERν (ŵν, Bε),

and thus (4.61) holds. This implies that for every 0 < ε ≤ r̂ the limit

limν→∞ERν (ŵν, Bε) exists and equals limν→∞ERν(wν , Bε(z0)) and thus im-

plies condition (b) for the sequence ŵν .

Assuming that we have already proved the Proposition for ŵν , passing to

some subsequence, there exist a value R0 ∈ {1,∞}, a finite subset Z ⊆ C, an

R0-vortex w0 ∈W 1,p
loc (C\Z,M×g×g) and sequences εν > 0 and ẑν ∈ C such

that conditions (i)-(v) of Proposition 4.10 hold with (wν , zν , z0) replaced by

(ŵν , ẑν , 0). Setting zν := ẑν + z̃ν , it follows that conditions (i)-(iii) and (v)

hold for the tuple (wν , R0, Z, w0, (εν , zν)). To see that also (iv) is satisfied

for the sequence wν , fix a number R ≥ r̂−1. Since by Claim 2 the sequence

z̃ν converges to z0, we have for ν large enough

BR−1(z0) ⊆ B2/R(z̃ν),

and therefore

ERν
(
wν , BR−1(z0) \BRεν (zν)

)
≤ ERν

(
wν , B2/R(z̃ν) \B(R/2)εν (zν)

)

= ERν
(
ŵν , B2/R \B(R/2)εν (ẑν)

)
.
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Taking lim supν→∞ and then R → ∞ and using condition (iv) for the se-

quence ŵν , we get

lim
R→∞

lim sup
ν→∞

ERν
(
wν , BR−1(z0) \BRεν (zν)

)

≤ lim
R→∞

lim sup
ν→∞

ERν
(
ŵν , B2/R \B(R/2)εν (ẑν)

)
= 0. (4.62)

It follows that the assertion of Proposition 4.10 for wν is satisfied. This

proves Claim 1. 2

So we assume w.l.o.g. that z0 = 0 and that (4.54) holds. Recalling

that we have chosen E0 > 0 as in the a-priori Lemma C.1, we fix any constant

δ > 0 smaller than Emin and E0/2. By assumption (b) we have for ν large

enough

ERν(wν , Br(z0)) > m0 − δ. (4.63)

We pass to some subsequence such that (4.63) holds for every ν ∈ N and

choose 0 < ε̂ν < r such that

ERν (wν , Bbεν) = m0 − δ. (4.64)

We claim that

ε̂ν → 0. (4.65)

To see this let ε > 0. By assumption (b) there is a number ν0 ∈ N such that

ERν (wν , Bε) > m0 − δ for ν ≥ ν0. By (4.64) it follows that ε̂ν < ε for ν ≥ ν0.

This proves the claim.

Abbreviating

Cν := eRν
wν

(0),

we have by (4.54)

ERν (wν , Bbεν) ≤ πε̂2
ν||eRν

wν
||C0(B̄bεν ) ≤ πε̂2

νCν . (4.66)

It follows that

inf
ν
ε̂2
νR

2
ν ≥ inf

ν

ERν (wν, Bbεν )R
2
ν

πCν
=
m0 − δ

π
inf
ν

R2
ν

Cν
. (4.67)

Here the first inequality follows from (4.66) and the second step uses (4.64).

We apply now Proposition 4.6 (Hard rescaling) with Ω := Br and the se-

quences Rν and wν . Note that the hypotheses of this Proposition are satis-

fied, since by assumption Rν → ∞ and because of hypotheses (a) and (b).

Thus by assertion (i) of that proposition with Q := {0} we have

inf
ν

R2
ν

Cν
> 0. (4.68)
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Since m0 ≥ Emin and δ < Emin, it follows from (4.67) and (4.68) that

inf
ν
ε̂2
νR

2
ν > 0. (4.69)

Therefore, passing to some subsequence, we may assume that the limit

R̂0 := lim
ν→∞

ε̂νRν ∈ (0,∞] (4.70)

exists. We define

(R0, εν) :=

{
(∞, ε̂ν), if R̂0 = ∞,

(1, R−1
ν ), otherwise,

(4.71)

R̃ν := ενRν .

and R̃ν := ενRν . Consider the sequence of R̃ν-vortices w̃ν ∈W 1,p
loc (Br/εν ,M×

g × g) defined by

w̃ν(z) := (ũν, Φ̃ν , Ψ̃ν)(z) :=
(
uν(ενz), ενΦν(ενz), ενΨν(ενz)

)
. (4.72)

By Proposition 4.3 with Rν , wν replaced by R̃ν , w̃ν and rν := r/εν there

exist a finite subset Z ⊆ C and an R0-vortex w0 = (u0,Φ0,Ψ0) ∈ W 1,p
loc (C \

Z,M × g × g) such that passing to some subsequence conditions (i)-(iii) of

Proposition 4.3 hold.

We check the conditions (i)-(v) of Proposition 4.10 with

zν := z0 := 0.

Condition 4.10(i) holds by the definition (4.71) of εν , by (4.65) and by

(4.70). Condition 4.10(ii) follows from 4.3(ii) and condition 4.10(iii) follows

from 4.3(iii).

We prove condition 4.10(iv). We choose constants E1 > 0, a > 0 and

C1 > 0 as in Lemma 4.11, corresponding to K and

r0 := inf
ν
ενRν .

By inequality (4.69) the number r0 is positive. We choose numbers 0 < ε <

E1/2 and

λ > max

{
2,

1

r
,

(
C1E1

ε

) 1
a

}
, (4.73)

such that

lim
ν→∞

ERν (wν , Bλ−1) < m0 + ε.
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We choose an index ν0 ∈ N so large that for ν ≥ ν0 we have

εν < λ−3 (4.74)

ERν (wν , Bλ−1) < m0 + ε. (4.75)

Fix ν ≥ ν0. We check the requirements of Lemma 4.11 with r, R, wν replaced

by ενRν , λ
−1Rν and

ŵν := (uν , R
−1
ν Φν , R

−1
ν Ψν)(R

−1
ν ·).

Since λ > 2 we have by (4.74) that ενRν < λ−1Rν , and therefore

E
(
ŵν , A(ενRν , λ

−1Rν)
)

= ERν (wν , A(εν, λ
−1))

= ERν (wν , Bλ−1) −ERν (wν , Bεν)

< m0 + E1/2 −m0 + δ < E1. (4.76)

Here the third step uses (4.75) and (4.64). It follows that the requirements

of Lemma 4.11 are satisfied, and thus by that Lemma

ERν (wν , A(λεν, λ
−2)) = E(ŵν , A(λRνεν , λ

−2Rν))

≤ C1E(ŵν , A(Rνεν , λ
−1Rν))

λa

=
C1E

Rν(wν , A(εν , λ
−1))

λa

<
C1E1

λa
< ε. (4.77)

Here in the third step we use (4.76) and in the last step we use (4.73). It

follows that for every ε > 0 there exists a λ > 0 such that

lim sup
ν→∞

ERν (wν , A(λεν, λ
−2)) < ε.

Since zν = z0 = 0, it follows that condition (iv) is satisfied.

To see that condition 4.10(v) holds, assume first that R0 = 1. Then

Z = ∅ by 4.3(i). Since ε̂νRν → R̂0, for ν large enough we have B2 bR0/Rν
⊇ Bbεν

and therefore

E(w̃ν , B2 bR0
) = ERν (wν, B2 bR0/Rν

)

≥ ERν (wν, Bbεν)

= m0 − δ > 0, (4.78)

where the third step follows from (4.64). By condition 4.3(ii) we have Z = ∅.
Thus condition 4.3(ii) and Lemma 4.9 imply that

E(w0, B2 bR0
) = lim

ν→∞
E(w̃ν , B2 bR0

) > 0.

Assume now that R0 = ∞ and E∞(w0) = 0.
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Claim 3 The set Z is not contained in the open ball B1.

Proof of Claim 3: By 4.10(iv) there is λ > 0 so that

lim sup
ν→∞

ERν (wν , A(zν , λεν, λ
−1)) < δ. (4.79)

Since R0 = ∞, we have ε̂ν = εν . Therefore by (4.64)

ERν (wν , A(εν , λ
−1)) = ERν (wν, Bλ−1) −m0 + δ,

for every ν, and hence by the definition (4.53) of m0

lim
ν→∞

ERν(wν , A(εν , λ
−1)) ≥ m0 −m0 + δ = δ.

Together with (4.79) this implies that

lim inf
ν→∞

E
eRν (w̃ν , A(1, λ)) = lim inf

ν→∞
ERν (wν, A(εν , λεν))

= lim
ν→∞

ERν (wν, A(εν , λ
−1))

− lim sup
ν→∞

ERν(wν , A(λεν , λ
−1)) > 0.(4.80)

Suppose by contradiction that Z ⊆ B1. Then by 4.3(ii) there exists a

sequence of gauge transformations gν ∈ W 2,p
loc (C \ Z,G) such that the maps

g−1
ν ũν converge to u0 in C1(A(1, λ)) and the maps g∗ν(Φ̃ν , Ψ̃ν) converge to

(Φ0,Ψ0) in C0(A(1, λ)). By Lemma 4.9 it follows that

0 = ER0(w0)

≥ ER0(w0, A(1, λ))

= lim
ν→∞

E
eRν (w̃ν , A(1, λ)) > 0.

Here in the last step we have used (4.80). This contradiction proves Claim

3. 2

We claim that 0 ∈ Z. To see this, observe that by Claim 3 Z \ B1 is

nonempty. We choose a point z ∈ Z \B1 and a number ε0 > 0 so small that

Bε0(z) ∩ Z = {z} and fix 0 < ε < ε0. Condition (iii) implies that there is a

ν0 such that for ν ≥ ν0

E
eRν (w̃ν , Bε(z)) ≥

Emin

2
.

Increasing ν0 we may assume that εεν < r for ν ≥ ν0. We fix an index

ν ≥ ν0. By the definition (4.72) of w̃ν and by (4.54) we have

e
eRν

ewν
(0) = ||e eRν

ewν
||C0(B̄ε(z)).
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It follows that

e
eRν

ewν
(0)2 ≥ E

eRν(w̃ν , Bε(z))

πε2
≥ Emin

2πε2
.

Therefore, given any number C > 0, choosing

0 < ε ≤
√

Emin√
2πC

,

there is an integer ν0 such that for every ν ≥ ν0

e
eRν

ewν
(0) ≥ C.

This means that

e
eRν

ewν
(0) → ∞. (4.81)

If 0 did not belong to Z, then choosing ε > 0 sufficiently small, by 4.3(ii)

with Q := {0} and Lemma 4.9 with Ω := Bε and Q := {0} we would have

e
eRν

ewν
(0) → e∞w0

(0), a contradiction to (4.81). So indeed 0 ∈ Z. Since by Claim

3 the set Z is not contained in B1, it follows that Z contains at least 2 points.

Thus condition (v) of Proposition 4.10 is satisfied.

This concludes the proof of Proposition 4.10. 2

Remark 4.13 In the proof of condition (v) of Proposition 4.10, assuming

that R0 = ∞ and E∞(w0) = 0, we showed that Z 6⊆ B1. We can say more

than that. Namely, since for every R > 1

lim
ν→∞

E
eRν(w̃ν , A(1, R)) = lim

ν→∞
E

eRν (w̃ν , BR) −m0 + δ ≤ m0 −m0 + δ < Emin,

it follows that no point of Z lies outside the closed ball B̄1. So at least one

point of Z lies on the circle S1.

The next lemma is Exercise 5.1.2. in the book [MS3].

Lemma 4.14 Let k ∈ N∪{0} be a number, (T,E) be a finite tree, α1, . . . , αk ∈
T be vertices, f : T → [0,∞) be a function and E0 > 0 be a number. Assume

that for every vertex α ∈ T we have

f(α) ≥ E0 or #{β ∈ T |αEβ} + #{i ∈ {1, . . . , k} |αi = α} ≥ 3.

(4.82)

Then

#T ≤ 2
∑

α∈T f(α)

E0
+ k. (4.83)
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Proof of Lemma 4.14: If T is empty or #T = 1 then (4.83) is true. So

assume that #T ≥ 2. For α ∈ T we denote

nα := #{β ∈ T |αEβ} + #{i ∈ {1, . . . , k} |αi = α}.

Since #T ≥ 2, we have nα ≥ 1 for every α ∈ T . Since the number of

unoriented edges of T is #T − 1, we have

∑

α∈T

nα =
∑

α∈T

#{β ∈ T |αEβ}+ k = 2#T − 2 + k.

Therefore

#T = 3#T −
∑

α∈T

nα + k − 2

=
∑

α∈T

(3 − nα) + k − 2

=
∑

α:f(α)=0

(3 − nα) +
∑

α:f(α)≥E0

(3 − nα) + k − 2

≤ 0 +
∑

α:f(α)≥E0

2 + k − 2

≤ 2
∑

α∈T f(α)

E0

+ k − 2.

Here in the forth line we have used the hypothesis nα ≥ 3 if f(α) = 0, and

that nα ≥ 1 for every α ∈ T . This proves Lemma 4.14. 2

Recall the definition (4.42) of d̄.

Lemma 4.15 Let r0 > 0 be a number, ū : C ∪ {∞} \Br0 →M/G be a con-

tinuous map, Rν > 0 be a sequence of numbers, and let wν = (uν ,Φν ,Ψν) ∈
W 1,p

loc (C\Br0 ,M×g×g) be an Rν-vortex for ν ∈ N. Assume that infν Rν > 0,

and that there is a compact subset K ⊆M such that uν(C) ⊆ K for every ν

and that Guν(z) → ū(z) for every z ∈ C\Br0. Then the following conditions

hold.

(A) Suppose also that

lim
R→∞

lim sup
ν→∞

ERν (wν ,C \BR) = 0. (4.84)

Then for every ε > 0 there are numbers R ≥ r0 and ν0 ∈ N such that

for every ν ≥ ν0 and every z ∈ C \BR we have

d̄(ū(∞),Guν(z)) < ε. (4.85)
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(B) Let now in addition z0 ∈ C be a point, ū′ : Br−1
0

(z0) →M/G be another

continuous map and λν, zν ∈ C be sequences of numbers. Assume that

Guν(λν(z − zν)) → ū′(z) for every z ∈ Br−1
0

(z0) \ {z0}, and that

λν → ∞, (4.86)

zν → z0, (4.87)

lim
R→∞

lim sup
ν→∞

ERν
(
wν , B|λν |/R(λν(z0 − zν)) \BR

)
= 0. (4.88)

Then

(i) For every ε > 0 there are numbers R > r0 and ν0 ∈ N so that for

every ν ≥ ν0 and every z ∈ B̄|λν |/R(λν(z0 − zν)) \BR we have

d̄(ū(∞),Guν(z)) + d̄(ū′(z0),Guν(z)) < ε. (4.89)

(ii)

ū(∞) = ū′(z0).

Proof of Lemma 4.15: Let r0, ū, Rν , wν and K be as in the hypothesis.

Let E1, C1 and a > 0 be constants as in Lemma 4.11, corresponding to K

and r0 replaced by R/2 infν Rν .

We prove (A). Assume that (4.84) holds. Let ε > 0 be a number. We

choose R > r0 so large that

lim sup
ν→∞

ERν (wν ,C \BR/2) < min

{
E1,

4aε2

9C2
1

}
, (4.90)

d̄(ū(∞), ū(R)) <
ε

3
. (4.91)

We choose ν0 ∈ N so large that for ν ≥ ν0

ERν (wν,C \BR/2) < min

{
E1,

4aε2

9C2
1

}
. (4.92)

By assumption Guν(R) converges to ū(R). Thus increasing ν0 we may assume

that for ν ≥ ν0

d̄(ū(R),Guν(R)) <
ε

3
. (4.93)

We fix ν ≥ ν0. Then by (4.92)

E(wν(·/Rν),C \BRRν/2) = ERν (wν,C \BR/2) < E1,

and hence the hypotheses of the annulus Lemma 4.11 with w := wν(·/Rν)

and r, R replaced by RRν/2,∞ are satisfied. Setting λ := 2 it follows that

for each two points z, z′ ∈ C \BR we have

d̄
(
Guν(z),Guν(z

′)
)
≤ C1

√
E(w,C \BRRν/2)

2a
<
ε

3
. (4.94)



4.3 Soft rescaling 108

Here in the last step we have used (4.92). Setting z′ := R we get, combining

(4.91), (4.93) and (4.94),

d̄(ū(∞),Guν(z)) ≤ d̄(ū(∞), ū(R)) + d̄(ū(R),Guν(R))

+d̄(Guν(R),Guν(z))

<
ε

3
+
ε

3
+
ε

3
= ε,

and hence (4.85) holds. This proves (A).

We prove (B). Let z0, ū
′, λν and zν be as required, satisfying (4.86), (4.87)

and (4.88). We show that (i) holds. Let ε > 0. We choose R > 2r0 so large

that

lim sup
ν→∞

ERν

(
wν , B7|λν |/R(λν(z0 − zν)) \BR/2

)
< min

{
E1,

4aε2

36C2
1

}
, (4.95)

d̄(ū(∞), ū(R)) <
ε

6
, (4.96)

d̄
(
ū′(z0), ū

′
(
z0 +

2

R

))
<
ε

6
. (4.97)

We choose ν0 ∈ N so large that for ν ≥ ν0 we have

ERν
(
wν , B7|λν |/R

(
λν(z0 − zν))

)
\BR/2

)
< min

{
E1,

4aε2

36C2
1

}
. (4.98)

By (4.87) and (4.86), increasing ν0 we may assume that for ν ≥ ν0

|z0 − zν | <
1

R
, (4.99)

|λν | ≥ R2. (4.100)

Let ν ≥ ν0. Then (4.99) implies that B6|λν |/R ⊆ B7|λν |/R(λν(z0 − zν)). There-

fore, setting

w̃ν(z) := (ũν, Φ̃ν , Ψ̃ν)(z) :=
(
uν ,Φν/Rν ,Ψν/Rν

)
(z/Rν),

we have

E
(
w,A(RRν/2, 6Rν|λν |/R)

)
= ERν (wν, A(R/2, 6|λν|/R))

≤ ERν
(
wν , B7|λν |/R

(
λν(z0 − zν))

)
\BR/2

)

< min

{
E1,

4aε2

36C2
1

}
. (4.101)

Here in the last step we have used (4.98). It follows that the hypotheses

of the annulus Lemma 4.11 with r, R replaced by RRν/2, 6Rν |λν |/R are
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satisfied. Hence by that Lemma, setting λ := 2 we have for each two points

z, z′ ∈ A(RRν , 3Rν |λν |/R)

d̄
(
Guν(z/Rν),Guν(z

′/Rν)
)

= d̄(Gũν(z),Gũν(z
′))

≤
C1

√
E
(
w̃ν , A(RRν/2, 6Rν|λν |/R)

)

2a

<
ε

6
. (4.102)

Here in the last step we have used (4.101).

By assumption Guν(R) converges to ū(R) and Guν
(
λν(z0 + 2

R
− zν)

)

converges to ū′
(
z0 + 2

R

)
. Hence increasing ν0 further we may assume that for

ν ≥ ν0

d̄(ū(R),Guν(R)) <
ε

6
, (4.103)

d̄
(
ū′
(
z0 +

2

R

)
,Guν

(
λν(z0 +

2

R
− zν)

))
<

ε

6
. (4.104)

Let ν ≥ ν0. We set z′ := R. Combining (4.96), (4.102) and (4.103) we get

for every z ∈ A(R, 3|λν |/R)

d̄(ū(∞),Guν(z)) ≤ d̄
(
ū(∞), ū(R)

)
+ d̄
(
ū(R),Guν(R)

)

+d̄
(
Guν(R),Guν(z)

)
(4.105)

<
ε

6
+
ε

6
+
ε

6
=
ε

2
. (4.106)

Similarly, we set z′ := λν(z0 + 2
R
− zν). By (4.99) we have

1

R
≤
∣∣∣∣z0 +

2

R
− zν

∣∣∣∣ ≤
3

R
.

Hence by (4.100) we have z′ ∈ A(R, 3|λν|/R). Therefore, the inequalities

(4.97), (4.102) and (4.104) imply that

d̄(ū′(z0),Guν(z)) ≤ d̄
(
ū′(z0), ū

′(z0 +
2

R
)
)

+ d̄
(
ū′(z0 +

2

R
),Guν(z

′)
)

+d̄(Guν(z
′),Guν(z))

<
ε

2
, (4.107)

for every z ∈ A(R, 3|λν |/R). By (4.99) we have

B̄|λν |/R(λν(z0 − zν)) \BR ⊆ A(R, 3|λν|/R),

hence statement (i) follows from (4.107) and (4.106).
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To see that statement (ii) holds, let ε > 0 be arbitrary. By (i) there

are numbers R > r0 and ν0 ∈ N such that (4.89) holds for every z ∈
B̄|λν |/R(λν(z0 − zν)) \ BR and every ν ≥ ν0. Choosing an integer ν ≥ ν0

so large that z := R ∈ B̄|λν |/R(λν(z0 − zν)), it follows that

d̄(ū(∞), ū′(z0)) ≤ d̄(ū(∞),Guν(R)) + d̄(Guν(R), ū′(z0)) < 2ε.

Since this holds for arbitrary ε > 0, it follows that d̄(ū(∞), ū′(z0)) = 0, and

therefore ū(∞) = ū′(z0). This proves (ii) and therefore (B).

This completes the proof of Lemma 4.15. 2

We will use the following facts about sequences of Möbius transformations

in the proof of the Bubbling Theorem in the case that there are at least two

marked points.

Remark 4.16 Let x, y ∈ S2 be points and ϕν be a sequence of Möbius

transformations that converges to y, uniformly on every compact subset of

S2 \ {x}. Then ϕ−1
ν converges to x, uniformly on every compact subset of

S2 \ {y}. To see this, let Q ⊆ S2 \ {y} be a compact subset and U ⊆ S2 be

an open neighbourhood of x. Since ϕν converges to y, uniformly on S2 \ U ,

there exists an index ν0 such that ϕν(S
2 \U) ⊆ S2 \Q for every ν ≥ ν0. This

means that ϕ−1
ν (Q) ⊆ U . It follows that ϕ−1

ν converges to x, uniformly on Q.

Lemma 4.17 Let ϕν be a sequence of Möbius transformations and x, y ∈ S2

be points. Suppose there exist convergent sequences xν1, x
ν
2 , y

ν ∈ S2 such that

x 6= limν→∞ xν1 6= limν→∞ xν2 6= x, y 6= limν→∞ yν,

limν→∞ ϕν(x
ν
1) = limν→∞ ϕν(x

ν
2) = y, limν→∞ ϕ−1

ν (yν) = x.

Then ϕν converges to y, uniformly with all derivatives on every compact

subset of S2 \ {x}.

Proof: This follows from Lemma D.1.4 and from Lemma 4.6.6 in the book

[MS3]. 2

Lemma 4.18 (Middle rescaling) Let x, xν , y ∈ S2 be points and ϕν be a

sequence of Möbius transformations that converges to y, uniformly on com-

pact subsets of S2 \ {x}, such that xν converges to x and ϕν(xν) converges

to y. Then there exists a sequence of Möbius transformations ψν such that

ψν(1) = xν , ψν converges to x, uniformly with all derivatives on compact

subsets of S2 \ {∞}, and ϕν ◦ ψν converges to y, uniformly with all deriva-

tives on compact subsets of S2 \ {0}. Moreover, if x′ 6= x is any point in S2

then we may choose ψν such that ψν(∞) = x′.
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Proof of Lemma 4.18: Let x′ 6= x and y′′ 6= y be any two points in S2.

We claim that for ν large enough the three points

x′′ν := ϕ−1
ν (y′′), xν , x′ (4.108)

are all distinct. To see this, note that by hypothesis the point ϕν(xν) con-

verges to y. Hence for ν large enough ϕν(xν) 6= y′′, i.e. xν 6= x′′ν . Since

by hypothesis, xν converges to x, we have xν 6= x′ for ν large enough. Fur-

thermore, by Remark 4.16 the sequence ϕ−1
ν converges to x, uniformly on

compact subsets of S2 \ {y}. It follows that x′′ν converges to x, and therefore

x′′ν 6= x′ for ν large enough. This proves the claim.

Let ν be any positive integer. If at least two of the three points x′′ν , xν and

x′ are equal then we choose ψν to be any Möbius transformation such that

ψν(1) = xν . Otherwise, we define ψν to be the unique Möbius transformation

such that

ψν(0) = x′′ν , ψν(1) = xν , ψν(∞) = x′.

Then the hypotheses of Lemma 4.17 with (ϕν , x, y) replaced by (ψν ,∞, x)

and xν1 := 0, xν2 := 1 and yν := x′ are satisfied. Hence by that Lemma the

maps ψν converge to x, uniformly with all derivatives on compact subsets

of S2 \ {∞}. Moreover, the hypotheses of the same Lemma with (ϕν , x)

replaced by (ϕν ◦ ψν , 0) and xν1 := 1, xν2 := ∞ and yν := y′′ are satisfied. It

follows that ϕν ◦ψν converges to y, uniformly with all derivatives on compact

subsets of S2 \ {0}. This proves Lemma 4.18. 2

4.4 Proof of Theorem 4.1 (Bubbling)

The proof of Theorem 4.1 combines Gromov-compactness with Uhlenbeck

compactness. Uhlenbeck compactness enters the proof of Lemma 4.4 (Com-

pactness with bounded energy density). The starting point in the proof of

Gromov compactness for J-holomorphic curves is the following. Let (M,ω)

be a compact symplectic manifold, J be an ω-compatible almost complex

structure, and uν : S2 → M be a sequence of J-holomorphic curves such

that the energies E(uν) are uniformly bounded above. In order to find the

first bubble, we search for a point z0 ∈ S2 where the energy densities euν go

to infinity. Then we rescale so much that the energy densities of the rescaled

sequence stay bounded on each compact subset of S2 minus one point. Using

Hofer’s Lemma, we can do this in such a way that the resulting bubble has

positive energy. For details see the book by D. McDuff and D. A. Salamon

[MS3].

Let now wν be a sequence of vortices as in Theorem 2. In order to find

the first bubble in M̄ or vortex on C we can try to do the same thing as for
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J-holomorphic curves. However, this does not work. The problem is that

bubbling does not occur at places in C, but at ∞! This means that it can

happen that

lim
R→∞

lim sup
ν→∞

E(wν ,C \BR) > 0.

(Bubbling at places in C is excluded by hypothesis (H3). It would lead to

J-holomorphic curves in M .) While for pseudo-holomorphic spheres we can

apply a Möbius transformation in order to transform this to bubbling at some

point in C, this does not work for vortices. The problem is that a vortex on

C does not extend to a map on S2. (There are topological and analytical

obstructions.) So the energy density of a vortex at infinity does not make

sense! Note also that unlike the Cauchy-Riemann equations, the symplectic

vortex equations are not invariant under biholomorphic maps of an open

subset of C to another open subset. However, they transform according to

formulae (B.8), (B.9) of section B.

The way out of this problem is the following. First, we rescale with fac-

tors that are so large that the energies of the rescaled vortices on C \ B1(0)

tend to zero. This ensures that no energy gets lost at ∞. Then we rescale

back in order to catch the bubbles in M̄ and the vortices on C.

Proof of Theorem 4.1: We consider first the case k = 0. Let wν ∈
M̃1,p be a sequence of vortices with positive energy such that

sup
ν
E(wν) <∞.

We prove that there exists a subsequence such that (wν , z
ν
0 := ∞) converges

to some stable map with one marked point.

Passing to some subsequence we may assume that E(wν) converges to

some constant E ≥ Emin. We choose a sequence Rν ≥ 1 such that

E(wν , BRν ) → E. (4.109)

and define Rν
0 := νRν and

wν0 := (uν0,Φ
ν
0,Ψ

ν
0) :=

(
uν(Rν

0 ·), Rν
0Φ

ν(Rν
0 ·), Rν

0Ψ
ν(Rν

0 ·)
)
.

We set j1 := 0, z1 := 0, Z0 := {0} and zν0 := 0. Recall that an ∞-vortex

on an open subset Ω ⊆ C is a solution (u,Φ,Ψ) ∈W 1,p
loc (Ω,M×g×g) of (0.1)

such that µ ◦ u = 0. If ϕ is a Möbius transformation and w := (u,Φ + iΨ) :

C →M × g
C is a map, then we define

ϕ∗w :=
(
u ◦ ϕ, ϕ̄′ · ((Φ + iΨ) ◦ ϕ)

)
: S2 \ ϕ−1(∞) →M × g

C.
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Claim 1 For every number ℓ ∈ N, passing to some subsequence, there exist a

number N := N(ℓ) ∈ N, values Ri ∈ {1,∞}, Ri-vortices wi = (ui,Φi,Ψi) ∈
W 1,p

loc (C,M × g × g), finite subsets Zi ⊆ C and numbers Rν
i > 0, zνi ∈ C for

i = 1, . . . , N , and numbers ji ∈ {1, . . . , i − 1} and zi ∈ C for i = 2, . . . , N ,

such that the following conditions hold.

(i) For every i = 2, . . . , N we have zi ∈ Zji. Moreover, if i, i′ ∈ {2, . . . , N}
are such that i 6= i′ and ji = ji′ then zi 6= zi′.

(ii) Let i = 1, . . . , N . If Ri = 1 then Zi = ∅ and E(wi) > 0. If Ri = ∞ and

E∞(wi) = 0 then |Zi| ≥ 2.

(iii) Fix i = 1, . . . , N . If Ri = 1 then Rν
i = 1 for every ν, and if Ri = ∞

then Rν
i → ∞. Furthermore,

Rν
i

Rν
ji

→ 0,
zνi − zνji
Rν
ji

→ zi. (4.110)

In the following we set ϕνi (z) := Rν
i z + zνi , for i = 0, . . . , N and ν ∈ N.

(iv) For every i = 1, . . . , N there exist gauge transformations gνi ∈ G2,p such

that for every compact subset Q ⊆ C \ Zi the sequence (gνi )
−1uν ◦ ϕνi

converges to ui in C1(Q) and (gνi )
∗(ϕνi )

∗(Φν ,Ψν) converges to (Φi,Ψi)

in C0(Q).

(v) Fix i = 1, . . . , N , z ∈ Zi and ε0 > 0 so small that Bε0(z) ∩ Zi = {z}.
Then for every 0 < ε < ε0 the limit

Ez(ε) := lim
ν→∞

ERν
i ((ϕνi )

∗wν , Bε(z))

exists and Emin ≤ Ez(ε) <∞. Furthermore, the function (0, ε0) ∋ ε 7→
Ez(ε) ∈ [Emin,∞) is continuous.

(vi) For i = 1, . . . , N

lim
R→∞

lim sup
ν→∞

E
(
wν , BRν

ji
/R(zνji +Rν

ji
zi) \BRRν

i
(zνi )

)
= 0.

(vii) If ℓ > N then for every j = 1, . . . , N we have

Zj = {zi | j < i ≤ N, ji = j}.

Proof of Claim 1: We show that the statement holds for ℓ := 1. We check

the conditions of Proposition 4.10 (Soft rescaling) with z0 := 0, r := 1 and

Rν , wν replaced by Rν
0 , w

ν
0 . Condition 4.10(a) follows from assertion (B) of



4.4 Proof of Theorem 4.1 (Bubbling) 114

Proposition D.6 (asymptotic behaviour). We check condition 4.10(b). Let

ε > 0. Then for every ν ∈ N such that ν ≥ ε−1

ERν
0 (wν0 , Bε) ≥ ERν

0 (wν0 , B 1
ν
) = E(wν , BRν). (4.111)

On the other hand

ERν
0 (wν0 , Bε) ≤ ERν

0 (wν0 ,C) = E(wν).

Therefore, since E(wν) → E, E(wν, BRν ) → E and Rν
0 = νRν , it follows that

lim
ν→∞

ERν
0 (wν0 , Bε) = E.

By Lemma D.1 (quantization of energy) we have E(wν) ≥ Emin for every ν.

Therefore, condition 4.10(b) is satisfied. Thus by Proposition 4.10, passing

to some subsequence, there exist a value R0 ∈ {1,∞}, a finite subset Z ⊆ C,

a map w0 ∈ W 1,p
loc (C \ Z1,M × g × g) and sequences εν > 0, zν such that

the conclusions of Proposition 4.10 with wν replaced by wν0 hold. We define

N := N(1) := 1, R1 := R0, Z1 := Z, w1 := w0, R
ν
1 := ενRν

0 and zν1 := Rν
0zν .

We check conditions (i)-(vii) of Claim 1. Condition (i) is void. Condition (ii)

follows from condition (v) of Proposition 4.10. Condition (iii) follows from

4.10(i), since
Rν

1

Rν
0

= εν1,
zν1 − zν0
Rν

0

= zν .

Condition (iv) follows from 4.10(ii), condition (v) follows from 4.10(iii), and

(vi) follows from 4.10(iv). Condition (vii) is void. This proves the statement

of the Claim for ℓ = 1.

Let ℓ ∈ N and assume, by induction, that we have already proved the

statement of Claim 1 for ℓ. This means that there is a number N := N(ℓ)

and there are Ri, wi, Zi, R
ν
i , z

ν
i , ji and zi for i = 1, . . . , N such that conditions

(i)-(vii) hold. If for every j = 1, . . . , N we have Zj = {zi | j < i ≤ N, ji = j}
then conditions (i)-(vii) hold with N(ℓ + 1) := N and the Claim is proved.

So assume that there is a j0 ∈ {1, . . . , N} such that

Zj0 6= {zi | j0 < i ≤ N, ji = j0}. (4.112)

Then we set N(ℓ + 1) := N + 1 and choose an element

zN+1 ∈ Zj0 \ {zi | j < i ≤ N, ji = j0}.

We fix any number r > 0 so small that Br(zN+1) ∩ Zj0 = {zN+1}. We ap-

ply Proposition 4.10 with z0 := zN+1 and Rν , wν replaced by Rν
j0

, (ϕνj0)
∗wν.

Condition 4.10(a) holds by hypothesis. Furthermore, by condition (v), con-

dition 4.10(b) is satisfied. So passing to some subsequence, we get a value
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R0 ∈ {1,∞}, a finite subset Z ⊆ C, an R0-vortex w0 ∈W 1,p
loc (C\Z,M×g×g)

and sequences εν > 0, zν such that the conclusions of Proposition 4.10 are

satisfied. We define RN+1 := R0, ZN+1 := Z, wN+1 := w0, R
ν
N+1 := ενR

ν
j0

,

zνN+1 := Rν
j0zν + zνj0 and jN+1 := j0.

We check conditions (i)-(vi) of Claim 1 with N replaced by N + 1. To

see that (i) holds, observe that by the induction hypothesis, the statements

hold for i, i′ ∈ {2, . . . , N}. Furthermore, by our choice of zN+1 we have

zN+1 ∈ ZjN+1
= Zj0 and zN+1 6= zi for every i ∈ {1, . . . , N} such that ji = j0.

So (i) is satisfied. As in the case N = 1, condition (ii) follows from 4.10(v),

condition (iii) follows from 4.10(i), condition (iv) follows from 4.10(ii), con-

dition (v) follows from 4.10(iii) and (vi) follows from 4.10(iv). We check

(vii) with N replaced by N + 1. By the induction hypothesis, it holds for

N . Together with our assumption (4.112) this implies that N ≥ ℓ, i.e.

N + 1 ≥ ℓ + 1. So there is nothing to check. This completes the induction

and the proof of Claim 1. 2

Let ℓ ∈ N be any natural number and let N := N(ℓ), Ri, wi = (ui,Φi,Ψi),

Zi, R
ν
i , z

ν
i , ji and zi be as in Claim 1. Recall that Z0 = {0} and zν0 := 0.

Fix i = 0, . . . , N . We define ϕνi (z) := Rν
i z + zνi , for every measurable subset

X ⊆ C we abbreviate

Ei(X) := ERi(wi, X), Eν
i (X) := ERν

i
(
(uν, R

ν
i Φ

ν
i , R

ν
i Ψ

ν
i ) ◦ ϕνi , X

)
,

and for z ∈ Zi we define

mi(z) := lim
ε→0

lim
ν→∞

Eν
i (Bε(z)). (4.113)

For i = 0 it follows from (4.109) and Rν
0 = νRν that

m0(0) = lim
ε→0

lim
ν→∞

E(wν , BενRν) = lim
ε→0

E(C) = E. (4.114)

For i = 1, . . . , N it follows from condition (v) that the limit (4.113) exists

and that mi(z) ≥ Emin. For j, k = 0, . . . , N = N(ℓ) we define

Zj,k := Zj \ {zi | j < i ≤ k, ji = j}

We define the function f : {1, . . . , N} → [0,∞) by

f(i) := Ei(C \ Zi) +
∑

z∈Zi,N

mi(z). (4.115)

Claim 2
N∑

i=1

f(i) = E. (4.116)



4.4 Proof of Theorem 4.1 (Bubbling) 116

Proof of Claim 2: We show by induction that for every k = 1, . . . , N we

have
k∑

i=1

(
Ei(C \ Zi) +

∑

z∈Zi,k

mi(z)
)

= E. (4.117)

Claim 2 follows from this with k = N .

Claim 3 For every i = 1, . . . , N we have

mji(zi) = Ei(C \ Zi) +
∑

z∈Zi

mi(z). (4.118)

Proof of Claim 3: Fix any i = 1, . . . , N . We choose a number ε > 0 so

small that

B̄ε(zi) ∩ Zji = {zi}, Zi ⊆ Bε−1−ε,

and if z 6= z′ are points in Zi then 2ε < |z − z′|. By condition (v) of Claim

1, the limits

lim
ν→∞

Eν
ji
(Bε(zi)), lim

ν→∞
Eν
i (Bε(z)), z ∈ Zi

exist. Applying Lemma 4.9 with

Ω := B2ε−1 \
⋃

z∈Zi

B̄ε/2(z), Q := B̄ε−1 \
⋃

z∈Zi

Bε(z),

we have

lim
ν→∞

Eν
i (Bε−1) = Ei

(
Bε−1 \

⋃

z∈Zi

Bε(z)
)

+
∑

z∈Zi

lim
ν→∞

Eν
i (Bε(z)). (4.119)

It follows from the definitions of Eν
ji

and Eν
i that

Eν
ji
(Bε(zi)) = E(wν , BεRν

ji
(zνji +Rν

ji
zi))

= E
(
wν , BεRν

ji
(zνji +Rν

ji
zi) \Bε−1Rν

i
(zνi )

)
+ Eν

i (Bε−1).

Taking the limits ν → ∞ and then ε→ 0, we get

mji(zi) = lim
ε→0

lim
ν→∞

Eν
ji
(Bε(zi))

= lim
ε→0

lim
ν→∞

E
(
wν, BεRν

ji
(zνji +Rν

ji
zi) \Bε−1Rν

i
(zνi )

)
+ lim

ε→0
lim
ν→∞

Eν
i (Bε−1)

= 0 + lim
ε→0

Ei
(
Bε−1 \

⋃

z∈Zi

Bε(z)
)

+
∑

z∈Zi

lim
ε→0

lim
ν→∞

Eν
i (Bε(z))

= Ei(C \ Zi) +
∑

z∈Zi

mi(z).

Here in the third equality we have used condition (vi) of Claim 1 and equality

(4.119). This proves Claim 3. 2
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Since Z1,1 = Z1, equality (4.117) for k = 1 follows from Claim 3 and

(4.114). Let now k = 1, . . . , N − 1 and assume that we have proved (4.117)

for k. For i = 1, . . . , k + 1 we have

Zi,k+1 =





Zi,k, if i ≤ k and i 6= jk+1,

Zi,k \ {zk+1}, if i ≤ k, and i = jk+1,

Zk+1, if i = k + 1,

Therefore,

k+1∑

i=1

∑

z∈Zi,k+1

mi(z) =

k∑

i=1

∑

z∈Zi,k

mi(z) −mjk+1
(zk+1) +

∑

z∈Zk+1

mk+1(z).

It follows that

k+1∑

i=1

(
Ei(C \ Zi) +

∑

z∈Zi,k+1

mi(z)
)

=

E + Ek+1(C \ Zk+1) −mjk+1
(zk+1) +

∑

z∈Zk+1

mk+1(z) = E .

Here in the first equality we have used the induction hypothesis and in the

second equality Claim 3 with i := k + 1. It follows that (4.117) holds for

every k = 1, . . . , N . This proves Claim 2. 2

Claim 4 The estimate

N ≤ 2E

Emin

+ 1 (4.120)

holds.

Proof: Consider the relation E on T := {1, . . . , N} defined by iEi′ iff i = ji′

or i′ = ji. This is a tree relation. We apply Lemma 4.14 with f as in (4.115),

k := 1, α1 := 1 ∈ T and E0 := Emin. To see that the hypothesis (4.82) holds,

suppose that i0 ∈ {1, . . . , N} is a vertex such that f(i0) < E0 = Emin. It

follows that Ei0(C \ Zi0) < Emin and therefore Ei0(C \ Zi0) = 0. Condition

(ii) of Claim 1 implies that #Zi0 ≥ 2. Furthermore, Zi0,N is empty, because

by condition (v) of Claim 1 we have for every element z ∈ Zi0

mi0(z) = lim
ε→0

lim
ν→∞

Eν
i0(Bε(z)) ≥ Emin .

This means that for every z ∈ Zi0 there is an index i0 < i ≤ N such that

zi = z. If i0 = 1 then

ni0 := #{i ∈ T | iEi0} + #{i ∈ {1, . . . , k} |αi = i0} = #Zi0 + 1 ≥ 3.
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Assume now that i0 6= 1. Then the vertices adjoint to i0 are the elements

of Zi0 and the vertex ji0 . Therefore

ni0 = #Zi0 + 1 ≥ 3.

So hypothesis (4.82) of Lemma 4.14 is satisfied, and therefore by that Lemma

N = #T ≤ 2
∑N

i=1 f(i)

Emin
+ 1 =

2E

Emin
+ 1.

Here in the last equality we have used Claim 2. This proves Claim 4. 2

We choose now an integer ℓ > 2E/Emin +1 and assume that

N = N(ℓ), Ri, wi = (ui,Φi,Ψi), Zi, Rν
i , zνi , ji, zi

are as in Claim 1. Then by (4.120) we have

ℓ >
2E

Emin
+ 1 ≥ N,

and therefore condition (vii) of Claim 1 implies that for every j = 1, . . . , N

we have

Zj = {zi | j < i ≤ N, ji = j}. (4.121)

This means that all the bubble points have been resolved. We define

T := {1, . . . , N}, V := {i ∈ T |Ri = 1}, T̄ := T \ V,

and the tree relation E on T by

iEi′ ⇐⇒ i = ji′ or i′ = ji.

Furthermore, for i, i′ ∈ T such that iEi′ we define the nodal points

zii′ :=

{
∞, if i′ = ji,

zi′ , if i = ji′ .

Moreover, we define the marked point

(α0, z0) := (1,∞) ∈ T × S2.

Claim 5 Let i ∈ T . If i ∈ V then wi ∈ M̃1,p, and if i ∈ T̄ then the map

Gui : C \ Zi → M̄ = µ−1(0)/G

extends to a smooth J̄-holomorphic map

ūi : S2 ∼= C ∪ {∞} → M̄.
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Proof: By condition (iv) of Claim 1 there exist gauge transformations gνi ∈
G2,p such that for every compact subset Q ⊆ C the maps

uνi := (gνi )
−1(uν ◦ ϕνi )

converge to ui in C1(Q), and the maps

(Φν
i ,Ψ

ν
i ) := (gνi )

∗
(
(Rν

i Φν , R
ν
i Ψν) ◦ ϕνi

)

converge to (Φi,Ψi) in C0(Q).

Assume that i ∈ V . By Fatou’s lemma, we have

E(wi) =

∫

C

(
|∂sui +XΦi

(ui)|2 + |µ ◦ ui|2
)
ds dt

≤ lim inf
ν→∞

∫

C

(
|∂suνi +XΦν

i
(uνi )|2 + |µ ◦ uνi |2

)
ds dt

= lim inf
ν→∞

E(wνi )

= lim
ν→∞

E(wν)

= E <∞.

Furthermore, by Proposition D.6(B) there exists a G-invariant compact sub-

set K0 ⊆ M such that uνi (C) ⊆ K0. Since uνi converges to ui pointwise, it

follows that ui(C) ⊆ K0. Hence wi ∈ M̃1,p.

Assume now that i ∈ T̄ . By Proposition E.11 the map

Gui : C \ Zi → M̄ = µ−1(0)/G.

is J̄-holomorphic, and eGui
= e∞wi

. Using again Fatou’s lemma, it follows that

E(Gui,C \ Zi) = E∞(wi,C \ Zi)

=

∫

C\Zi

|∂sui +XΦi
(ui)|2 ds dt

≤ lim inf
ν→∞

∫

C

(
|∂suνi +XΦν

i
|2 + (Rν

i )
2|µ ◦ uνi |2

)
ds dt

= lim inf
ν→∞

ERν
i (wνi )

= lim
ν→∞

E(wν)

= E <∞.

Therefore, by removal of singularities, Theorem 4.1.2 in the book [MS3], it

follows that Gui extends to a smooth J̄-holomorphic map ūi : S2 → M̄ . This

proves Claim 5. 2
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Claim 6 The tuple

(w, ū, z) :=
(
V, T̄ , E, (wi)i∈V , (ūi)i∈T̄ , (zii′)iEi′, (α0, z0)

)

is a stable map in the sense of Definition 3.2 and the sequence (wν , zν0 ) =

(wν ,∞) converges to (w, ū, z) in the sense of Definition 3.6.

Proof of Claim 6: We check the conditions of Definition 3.2. To see that

condition (i) holds, observe that the first part of this condition is satisfied,

since z0 = ∞. Fix i0 ∈ T .

Consider the case i0 = 1. We have 1Ei if and only if 1 = ji. Therefore,

the special points at the vertex 1 are the nodal points z1i = zi with i ∈ T

such that ji = 1, together with the marked point z0 = ∞. It follows from

condition (i) of Claim 1 that these points are all distinct.

Consider the case i0 6= 1. Then the special points at i0 are the nodal points

zi0i = zi with i such that ji = i0 together with the nodal point zi0ji0 = ∞.

By condition 1(i) they are all distinct. To check the last part of condition (i)

of Definition 3.2, let i ∈ V and i′ ∈ T be such that iEi′. Then by condition

(ii) of Claim 1 the set Zi is empty, so i′ = ji, and therefore zii′ = ∞. So we

have proved condition (i) of Definition 3.2.

In order to check condition (ii) of Definition 3.2, we fix an index

i = 2, . . . , N . We define ūi : S2 → M/G to be the unique continuous

extension of the map

ūi := Gui : C \ Zi → M/G.

If i ∈ V then it follows from Proposition D.6(A) (asymptotic behaviour) that

ūi is well-defined, and if i ∈ T̄ then this follows from Claim 5. Let r0 > 0

be so big that Br−1
0

(zi) ∩ Zji = {zi} and Zi ⊆ Br0 . We apply part (B) of

Lemma 4.15 with z0 := zi, ū := ūi, ū
′ := ūji, Rν := Rν

i , λν := Rν
ji
/Rν

i ,

zν := (zνi − zνji)/R
ν
ji

and wν = (uν ,Φν ,Ψν) replaced by (ϕνi )
∗wν . Observe

that the conditions (4.86) and (4.87) follow from Claim 1(iii), and condition

(4.88) follows from Claim 1(vi). Furthermore, it follows from Claim 1(iv)

that Guνi (z) converges to ūi(z) ∈ M/G for every z ∈ C \ Br−1
0

and Guνji(z)

converges to ūji(z) for every z ∈ Br0(zi) \ {zi}. So all hypotheses of Lemma

4.15(B) are satisfied and thus the Lemma implies that

ev∞(wi) = ūi(∞) = ūji(zi) = evz0(wji).

This proves condition 3.2(ii).

We check the stability condition (iii) of that Definition. Let i ∈ T .

By Claim 1(ii) we have E(wi) > 0 if i ∈ V , and |Zi| ≥ 2 if i ∈ T̄ and
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E(ūi) = E∞(wi) = 0. Assume that i ∈ T̄ and E(ūi) = 0. Then the

number of special points at i equals |Zi| + 1 ≥ 3. Here we have used that

the vertex i = 1 carries the marked point (α0, z0) = (1,∞). This proves

condition 3.2(iii). So all conditions of Definition 3.2 are satisfied.

We check now the conditions of Definition 3.6. To see that condition

(3.9) holds, observe that by (4.121) the set Zi,N is empty for every i =

1, . . . , N , and therefore by Claim 2

lim
ν→∞

E(wν) = E =
N∑

i=1

f(i)

=
∑

i∈V

E(wi) +
∑

i∈T̄

E∞(wi,C \ Zi)

=
∑

i∈V

E(wi) +
∑

i∈T̄

E(ūi).

This proves condition (3.9).

To see condition 3.6(i), observe first that if i ∈ V , then by Claim 1(iii)

we have Rν
i = 1, and thus ϕνi (z) = z+zνi . Furthermore, for every i = 1, . . . , N

we have zi,0 = ∞ and therefore ϕνi (zi,0) = ∞, where zi,0 is defined as in (3.7)

and (3.8). Finally, if i ∈ T̄ , choosing ψi := id the derivatives (ϕνi ◦ψi)′(z) = Rν
i

converge to ∞ if z ∈ C. This proves condition (i).

By Lemma B.9, condition 3.6(ii) is equivalent to

Rν
i

Rν
j

→ 0,
zνi − zνj
Rν
j

→ zji,

for each pair (j, i) ∈ {1, . . . , N}2 of adjacent vertices such that zji 6= ∞. If

(j, i) is such a pair then j = ji. Thus 3.6(ii) follows from Claim 1(iii).

Condition 3.6(iii) follows from Claim 1(iv). Finally, condition 3.6(iv)

is void, since k = 0. This proves Claim 6. 2

So we have proved Theorem 4.1 in the case k = 0.

We prove now by induction that the Theorem holds for every k ≥ 1.

Let k ≥ N be an integer and assume that we have already proved the

assertion of the Theorem with k replaced by k − 1. Let wν ∈ M̃1,p be a

sequence of vortices and zν1 , . . . , z
ν
k ∈ C be sequences of marked points such

that the hypotheses of Theorem 4.1 are satisfied. We prove that there exists

a subsequence of (wν , z
ν
0 = ∞, zν1 , . . . , z

ν
k) that converges to some stable map

with k + 1 marked points.
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By our assumption, there exists a subsequence such that (wν , z
ν
0 , . . . , z

ν
k−1)

converges to some stable map

(w, ū, z) :=
(
V, T̄ , E, (wα)α∈V , (ūα)α∈T̄ , (zαβ)αEβ, (αi, zi)i=0,...,k−1

)
,

via sequences of Möbius transformations ϕνα, α ∈ T . By hypothesis, we have

lim sup
ν→∞

|zνi − zνk | > 0,

for every i = 1, . . . , k−1. Passing to some subsequence, we may assume that

the limits

zki := lim
ν→∞

(zνk − zνi ) ∈ C ∪ {∞}

exist for i = 1, . . . , k − 1, and

zki 6= 0, (4.122)

and that the limit

zαk := lim
ν→∞

(ϕνα)
−1(zνk) ∈ S2

exists for every α ∈ T . We set zk0 := ∞. There are three cases.

Case (I) There exists a vertex α ∈ T such that

zαk 6∈ Yα := Zα ∪ {zi |αi = α, i = 0, . . . , k − 1}.

Case (II) There exists an index i ∈ {0, . . . , k − 1} such that zαik = zi.

Case (III) There exists an edge αEβ such that zαk = zαβ and zβk = zβα.

These three cases exclude each other. For the combination of the cases

(II) and (III) this follows from condition (i) (distinctness of the special points)

of Definition 3.2.

Claim 7 One of the three cases always applies.

Proof of Claim 7: Assume that neither Case (I) nor Case (II) applies.

This means that for every α ∈ T we have zαk ∈ Yα and there exists no index

i ∈ {0, . . . , k − 1} such that zαik = zi. It follows that for every α ∈ T the

point zαk is a nodal point. We choose any vertex β0 ∈ T . Consider the chain

of edges β1, β2, . . ., where for each j ≥ 1 βj is the unique vertex such that

zβj−1βj
= zβj−1k. Since T is finite, there exist two indices j 6= j′ ≥ 0 such that

βj = βj′. Furthermore, since T is a tree, there are no cycles, hence j = j′ +2

or j′ = j + 2. Since zβjβj′
= zβjk and zβj′βj

= zβj′k
, the condition of Case

(III) with α := βj and β := βj′ is satisfied. This proves Claim 7. 2
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Assume that Case (I) holds. We fix a vertex α ∈ T such that zαk 6∈ Yα.

(This vertex is actually unique, but we do not need this.) We define αk := α

and introduce a new marked point

znew
k := zαkk

on the αk-sphere. Then (w, ū, z) augmented by znew
k is again a stable map

and the sequence (wν , z
ν
0 , . . . , z

ν
k) converges to this new stable map along

{ϕα}α∈T .

Assume that Case (II) holds. We fix an index 0 ≤ i ≤ k − 1 such that

zαik = zi. (It is unique.) We extend the tree T be introducing an additional

vertex γ which is adjacent to αi. If zki = ∞ then the new vertex corresponds

to a bubble in M̄ , otherwise it corresponds to a vortex. Furthermore, we

move the i-th marked point from the vertex αi to the vertex γ and introduce

an additional marked point on γ. More precisely, we define

T̄ new :=

{
T̄ ⊔ {γ}, if zki = ∞,

T̄ , otherwise,

T new := T ⊔ {γ}, V new := T new \ T̄ new,

αnew
i := αk := γ, znew

γαi
:= ∞, znew

αiγ
:= zi

znew
i := 0, znew

k :=

{
zki, if αi ∈ V,

1, if αi ∈ T̄ .

Assume that γ ∈ V new. This means that zki 6= ∞. Our assumption zαik = zi
implies that αi ∈ T̄ . We define wγ : C →M × g × g to be the constant map

(x0, 0, 0), where x0 is any point in the orbit ūαi
(zi). If γ ∈ T̄ new then we

define ūγ : S2 → M̄ to be the constant map

ūγ ≡ ūαi
(zi).

Note that the new component γ is a “ghost”, i.e. the map wγ (or ūγ) has

0 energy. The tuple (wnew, ūnew, znew) obtained from (w, ū, z) in this way is

again a stable map.

We define the sequence of Möbius transformations ϕνγ : S2 → S2 by

ϕνγ(z) :=





z + zνi , if γ ∈ V new,

(zνk − zνi )z + zνi , if γ ∈ T̄ new, i ≥ 1,
zν
k−ϕ

ν
α0

(w)

z
+ ϕνα0

(w), if γ ∈ T̄ new, i = 0,

(4.123)

where w ∈ S2 \ {z0} is chosen such that ϕνα0
(w) 6= zνk for all ν. Note that

the last line makes sense, since ϕνα0
(w) 6= ϕνα0

(z0) = ∞. Here we use the

convention that ∞−1 := 0.
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Claim 8 There exists a subsequence of (wν , z
ν
0 , . . . , z

ν
k) that converges to

(wnew, ūnew, znew) along the Möbius transformations {ϕνα}α∈Tnew,ν∈N.

Proof of Claim 8: Condition (3.9) (energy conservation) still holds, since

the new component γ carries no energy.

We check condition (i) of Definition 3.6. The first part of this condition

is satisfied by the definition of ϕνγ . We show that the second part holds, i.e.

that

ϕνα(z
new
α,0 ) = ∞, (4.124)

for every α ∈ T̄ new, where znew
α,0 ∈ S2 is defined as in (3.7) and (3.8) by using

the new marked and nodal points. We have

znew
α,0 =





zα,0, if α 6= γ,

znew
0 = 0, if α = γ, i = 0,

znew
γαi

= ∞, if α = γ, i ≥ 1.

Hence for α 6= γ condition (4.124) is satisfied since ϕνα(zα,0) = ∞, and for

α = γ it follows from the definition (4.123) of ϕνγ. We check the third part

of condition (i). We fix a vertex α ∈ T̄ . It suffices to show that there exists

a Möbius transformation ψα such that ψα(∞) = zα,0 and

(ϕνα ◦ ψα)′(z) → ∞, ∀z ∈ C. (4.125)

If α 6= γ then this holds by the choice of the Möbius transformations ϕνα.

Assume that α = γ. In the case i ≥ 1 we set ψγ := id. Then (4.125) follows

from (4.123), since γ ∈ T̄ new means that limν→∞(zνk − zνi ) = zki = ∞.

Assume now that i = 0. We define

ψγ(z) :=
1

z
.

By the definition (4.123) we have to show that

zνk − ϕνα0
(w) → ∞. (4.126)

Assume that α0 ∈ V . Then there exist points zν0 ∈ C such that ϕνα0
(z) =

z + zν0 . By our assumption that we are in Case (II) and that i = 0, we have

∞ = z0 = zα0k

= lim
ν→∞

(ϕνα0
)−1(zνk)

= lim
ν→∞

(zνk − zν0 ).

It follows that

zνk − ϕνα0
(w) = zνk − zν0 − w → ∞,
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so (4.126) holds in this case.

Assume now that α0 ∈ T̄ . Then we choose a Möbius transformation ψα0

such that ψα0(∞) = z0 and define

ϕν := ϕνα0
◦ ψα0 .

Since ϕν(∞) = ∞ there exist numbers λν ∈ C \ {0} and points zν ∈ C such

that ϕν(z) = λνz + zν . By condition 3.6(i) the numbers λν converge to ∞.

Furthermore,

zνk − ϕνα0
(w) = λν

(
zνk − zν
λν

− ψ−1
α0

(w)

)

= λν
(
ϕ−1
ν (zνk) − ψ−1

α0
(w)
)

= λν
(
ψ−1
α0

◦ (ϕνα0
)−1(zνk) − ψ−1

α0
(w)
)
. (4.127)

By assumption we have

(ϕνα0
)−1(zνk) → z0.

Since w 6= z0, it follows that

ψ−1
α0

◦ (ϕνα0
)−1(zνk) − ψ−1

α0
(w) → ψ−1

α0
(z0) − ψ−1

α0
(w) = ∞.

Since λν → ∞, (4.127) implies (4.126). So the last part of condition (i) of

Definition 3.6 holds also in the case α0 ∈ T̄ .

We check condition 3.6(ii). It is enough to consider the cases (α, β) :=

(αi, γ) and (α, β) := (γ, αi). Consider the case (α, β) := (αi, γ). We define

x := znew
γαi

= ∞, y := znew
αiγ

= zi, xν1 := znew
i = 0,

xν2 :=

{
zνk − zνi , if γ ∈ V new,

znew
k = 1, if γ ∈ T̄ new,

yν :=

{
zαi,0, if γ ∈ V new or (γ ∈ T̄ new and i ≥ 1),

w, if γ ∈ T̄ new, i = 0.

Then the hypotheses of Lemma 4.17 with ϕν := ϕναiγ
:= (ϕναi

)−1 ◦ϕνγ are sat-

isfied, and therefore by that Lemma ϕναiγ
converges to y = znew

αiγ
, uniformly

with all derivatives on every compact subset of S2 \ {x} = S2 \ {znew
γαi

}. By

Remark 4.16 it follows that ϕνγαi
= (ϕναiγ

)−1 converges to znew
γαi

, uniformly on

every compact subset of S2 \ {znew
αiγ

}. This proves condition 3.6(ii).

We check condition 3.6(iii). Given an open subset Ω ⊆ S2, a compact

subset Q ⊆ Ω, a sequence of maps ūν : Ω → M/G and a map ū : Ω → M∗/G,

we say that ūν converges to ū in C1(Q), iff the following holds. There ex-

ists an index ν0 ∈ N such that for ν ≥ ν0 we have ūν(Q) ⊆ M∗/G and
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ūν ∈ C1(Q,M∗/G). Furthermore, the maps uν|Q for ν ≥ ν0 converge to ū|Q
in C1(Q,M∗/G).

Assume that γ ∈ V new. This means that zki 6= ∞. Since zk0 = ∞, it

follows that i 6= 0. Furthermore, since we are in Case (II), it follows that

αi ∈ T̄ . For α ∈ T we write

wνα := (uνα,Φ
ν
α,Ψ

ν
α) := wν ◦ ϕνα.

By Proposition 4.3 (Compactness modulo bubbling) with Rν := 1, rν :=

ν and wν replaced by wνγ , passing to some subsequence, there exist gauge

transformations g̃νγ ∈ G2,p and a vortex w̃γ := (ũγ, Φ̃γ, Ψ̃γ) ∈ M̃1,p such that

for every compact subset Q ⊆ C the maps (g̃νγ)
−1uνγ converge to ũγ in C1(Q)

and the maps (g̃νγ)
∗(Φν

γ ,Ψ
ν
γ) converge to (Φγ ,Ψγ) in C0(Q). It follows that

Guνγ : C →M/G converges to Gũγ : C → M/G, uniformly on every compact

subset of C. On the other hand, since αi ∈ T̄ new and i 6= 0, the maps Guναi

converge to ūαi
, in C1 on every compact subset of S \ Zαi

, and hence on

every small enough neighbourhood of zi. Since ϕναiγ
converges to zαiγ = zi,

uniformly on every compact subset of S2 \ {znew
γαi

} = C, it follows that

Guνγ = Guναi
◦ ϕναiγ

→ ūαi
(zi),

uniformly on every compact subset of C. It follows that Gũγ ≡ ūαi
(zi).

Recall that wγ = (uγ,Φγ ,Ψγ) := (x0, 0, 0), where x0 is any point in the orbit

ūαi
(zi). For every z ∈ C we define g(z) ∈ G to be the unique element such

that

ũγ(z) = g(z)x0.

Since ũγ ∈ W 1,p
loc (C,M × g × g), it follows that g ∈ W 1,p

loc (C,G), and Lemma

B.2 implies that g ∈W 2,p
loc (C,G). We define gνγ := g̃νγg ∈ G2,p. Then for every

compact subset Q ⊆ C

(gνγ)
−1uνγ = g−1(g̃νγ)

−1uνγ → g−1ũγ = uγ ≡ x0,

in C1(Q), and similarly

(gνγ)
∗(Φν

γ ,Ψ
ν
γ) → (Φγ,Ψγ) ≡ (0, 0),

uniformly on Q. This proves condition 3.6(iii) in the case γ ∈ V new.

Assume now that γ ∈ T̄ new. Suppose also that i ≥ 1. Then Guναi

converges to ūγ ≡ ūαi
(zi), in C1 on every compact subset of S2 \ Zαi

and

hence on every small enough neighbourhood of zi. Fix a compact subset

Q ⊆ C = S2 \ Zγ. Since ϕναiγ
converges to zi, in C1(Q), it follows that

Guνγ = Guναi
◦ ϕναiγ

converges to ūγ in C1(Q), as required.
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Suppose now that i = 0. For every point z ∈ S2 and every number

r > 0 we denote by BS2

r (z) the open ball of radius r around z in S2, w.r.t. the

standard metric on S2. Recall the definition (4.42) of d̄. Fix a number ε > 0.

As in the proof of Proposition 5.4 (see inequality (5.31)) there exist numbers

δ > 0 and ν0 ∈ N such that for every ν ≥ ν0 and every z ∈ BS2

δ (z0) \ {z0} we

have

d̄(ūα0(z0),Gu
ν
α0

(z)) < ε.

Let Q ⊆ S2 \ (Znew
α0

⊔ {znew
0 }) = C \ {0} be a compact subset. Since ϕνα0γ

converges to zα0γ = z0, uniformly on every compact subset of C = S2\{zγα0},
it follows that there exists an index ν1 ≥ ν0 such that for ν ≥ ν1

ϕνα0γ(Q) ⊆ BS2

δ (z0) \ {z0}.

Hence for every ν ≥ ν1 and every z ∈ Q we have

d̄(ūα0(z0),Gu
ν
γ(z)) = d̄

(
ūα0(z0),Gu

ν
α0

◦ ϕνα0γ
(z)
)
< ε.

It follows that Guνγ converges to the constant map ūγ ≡ ūα0(z0), uniformly on

every compact subset of C \ {0}. We show that passing to some subsequence

the convergence is in C1 on every compact subset of C \ {0}. To see this, we

define Rν > 0, ϕν ∈ [0, 2π) and ϕ̃νγ by

Rνe
iϕν := zνk − ϕνα0

(w), ϕ̃νγ(z) := ϕνγ(e
iϕν/z) = Rνz + ϕνα0

(w),

w̃νγ := (ũνγ, Φ̃
ν
γ, Ψ̃

ν
γ) :=

(
uν , RνΦν , RνΨν

)
◦ ϕ̃νγ .

By (4.126) the sequence Rν converges to R0 := ∞. Hence by Proposition

4.3 with rν := ν and wν replaced by w̃νγ there exist a finite subset Z ⊆ C

and an ∞-vortex w̃γ := (ũγ, Φ̃γ , Ψ̃γ) such that passing to some subsequence

the assertions 4.3(i)-(iii) hold. By 4.3(ii) there exist gauge transformations

gνγ ∈W 2,p
loc (C \Z,G) such that for every compact subset Q ⊆ C \Z the maps

(gνγ)
−1ũνγ converge to ũγ in C1(Q) and the maps (g̃νγ)

∗(Φ̃ν
γ , Ψ̃

ν
γ) converge to

(Φ̃γ , Ψ̃γ) in C0(Q).

Claim 9 We have Z ⊆ {0}.

Proof of Claim 9: For z ∈ C and ε > 0 we define

Ez(ε) := lim inf
ν→∞

ERν (w̃νγ , Bε(z)). (4.128)

Condition 4.3(iii) implies that Ez(ε) ≥ Emin for every z ∈ Z. Let z ∈ C\{0}.
We set ε := |z|/2. As in Claim 1 of the proof of Proposition 5.4 (Conservation

of the homology class), we have

lim
δ→0

lim sup
ν→∞

E
(
wν , ϕ

ν
α0

(BS2

δ (z0) \ {z0})
)

= 0. (4.129)
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We fix a number δ > 0 so small that

lim sup
ν→∞

E
(
wν, ϕ

ν
α0

(BS2

δ (z0) \ {z0})
)
< Emin . (4.130)

Since the maps ϕνα0γ converge to znew
α0γ = z0, uniformly on every compact

subset of C = S2 \ {znew
γα0

}, the maps ϕ̃να0γ
:= (ϕνα0

)−1 ◦ ϕ̃νγ converge to z0,

uniformly on every compact subset of S2 \ {0}. Hence for ν large enough

ϕ̃νγ(Bε(z)) = ϕνα0
◦ ϕ̃να0γ

(Bε(z)) ⊆ ϕνα0
(BS2

δ (z0)),

and therefore by (4.130)

ERν(w̃νγ , Bε(z)) = E
(
wν , ϕ̃

ν
γ(Bε(z))

)

≤ E
(
wν , ϕ

ν
α0

(BS2

δ (z0) \ {z0})
)
< Emin .

Hence Ez(ε) < Emin, where Ez(ε) is as in (4.128), and therefore z 6∈ Z. This

proves Claim 9. 2

Let Q ⊆ C\{0} ⊆ C\Z be a compact subset. Then by Claim 9 the maps

(g̃νγ)
−1ũνγ converge to ũγ in C1(Q), and hence the maps Gũνγ = G(g̃νγ)

−1ũνγ con-

verge to Gũγ in C1(Q). Passing to some subsequence, we may assume that

the numbers ϕν converge to some number ϕ0 ∈ [0, 2π]. It follows that Guνγ
converges to the map C \ {0} ∋ z 7→ Gũγ(e

iϕ0/z) ∈ M̄ , in C1(Q). On the

other hand, the maps Guνγ converge to ūγ ≡ ūα0(z0), uniformly on every

compact subset of C \ {0}, and therefore Gũγ(e
iϕ0/·) ≡ ūα0(z0). This proves

condition 3.6(iii) in the case γ ∈ T̄ new, i = 0.

Condition 3.6(iv) follows from the definition (4.123) of ϕνγ. Note that if

γ ∈ T̄ new and i = 0 then there is nothing to check.

This proves Claim 8. 2

Assume now that Case (III) holds. This means that there exists an

edge αEβ, such that

zαk = lim
ν→∞

(ϕνα)
−1(zνk) = zαβ , zβk = lim

ν→∞
(ϕνβ)

−1(zνk) = zβα.

In this case we introduce a new vertex γ between α and β, corresponding to

a bubble in M̄. Hence α and β are no longer adjacent, but are separated by

γ. We define

T̄ new := T̄ ⊔ {γ}, V new := V, T new := T ⊔ {γ},

znew
αγ := zαβ, znew

βγ := zβα, znew
γα := 0, znew

γβ := ∞, αnew
k := γ, znew

k := 1.
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If α ∈ V then we define ūγ : S2 → M̄ to be the constant map equal to

ev∞(wα), where ev is defined as in (3.5). If α ∈ T̄ then we define ūγ :≡
ūα(zαβ). So in both cases the new component is a “ghost”, i.e. carries no

energy. The tuple (wnew, ūnew, znew) obtained from (w, ū, z) in this way is

again a stable map. For every α ∈ T new we define znew
α,0 as in (3.7) and (3.8),

with i := 0 and w.r.t. to the new tree T new. By interchanging α and β if

necessary, we may assume w.l.o.g. that β is contained in the chain of edges

from α to α0. It follows that for α 6= γ, znew
α,0 = zα,0, where zα,0 is defined as in

(3.7) and (3.8), with i := 0 and w.r.t. to the old tree T , and znew
γ,0 = znew

γ,β = ∞.

Furthermore, the hypotheses of Lemma 4.18 (Middle rescaling) with

x := znew
βγ , x′ := zβ,0, xν := zνβk := (ϕνβ)

−1(zνk), y := znew
αγ ,

ϕν := ϕναβ = (ϕνα)
−1 ◦ ϕνβ

are satisfied. It follows that there exists a sequence of Möbius transformations

ψν such that ψν(1) = zνβk, ψν converges to znew
βγ , uniformly with all derivatives

on compact subsets (u.c.s.) of S2 \ {∞}, ϕναβ ◦ ψν converges to znew
αγ , u.c.s.

on S2 \ {0}, and ψν(∞) = zβ,0. We define

ϕνγ := ϕνβ ◦ ψν .

Claim 10 With these choices the sequence (wν , z
ν
0 , . . . , z

ν
k) converges to

(wnew, ūnew, znew) along the sequence of collections of Möbius transformations

{ϕνα}α∈Tnew,ν∈N.

Proof of Claim 10: Condition (3.9) (energy conservation) still holds, since

the new vertex carries no energy. We verify condition 3.6(i). For the first

part, there is nothing to check, since γ ∈ T̄ . Furthermore,

ϕνγ(z
new
γ,0 ) = ϕνγ(∞)

= ϕνβ ◦ ψν(∞)

= ϕνβ(zβ,0) = ∞. (4.131)

Hence the second part holds. To see that the third part holds, observe that

(4.131) implies that there exist numbers λνγ ∈ C \ {0} and zνγ ∈ C such

that ϕνγ(z) = λνγz + zνγ . We choose a Möbius transformation ψα such that

ψα(∞) = zα,0. We define ϕ̃να := ϕνα ◦ ψα and ϕν := ψ−1
α ◦ ϕναβ ◦ ψν . Then

ϕ̃να(∞) = ∞ and ϕν(∞) = ∞, and hence there exist numbers λνα, λν ∈ C\{0}
and zνα, zν ∈ C such that

ϕ̃α(z) = λναz + zνα, ϕν(z) = λνz + zν .

By the condition 3.6(i) for α, we have λνα → ∞. Furthermore, since ϕναβ ◦ψν
converges to zαβ, uniformly on every compact subset of S2 \ {zβα}, it follows

that λν → ∞. Since

λνγ · +zνγ = ϕνγ = ϕ̃να ◦ ϕν = λνα(λν · +zν) + zνα,
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it follows that λνγ converges to ∞, for ν → ∞. This proves part three of

3.6(i) for the vertex γ.

We check condition 3.6(ii). Let δEδ′ be an edge. It suffices to con-

sider the cases (δ, δ′) = (α, γ) and (δ, δ′) = (β, γ). The condition holds,

since ϕνβγ = ψν converges to znew
βγ , u.c.s. on S2 \ {∞} = S2 \ {znew

γβ }, and

ϕναγ = ϕναβ ◦ ψν converges to znew
αγ , u.c.s. on S2 \ {0} = S2 \ {znew

γα }.

To see that condition 3.6(iii) holds, fix a number ε > 0. As in the proof

of Proposition 5.4 (see inequality (5.32)) there exist numbers R > 0, ν0 ∈ N

such that for every ν ≥ ν0 and every

z ∈ BS2

R−1(znew
βγ ) \ ϕνβγ(BR)

we have

d̄(ūβ(z
new
βγ ),Guνβ(z)) < ε.

As in Case (II) with γ ∈ T̄ new and i = 0 it follows that Guνγ converges to

the constant map ūγ ≡ ūβ(z
new
βγ ), uniformly on compact subsets of C \ {0} =

S2 \ {znew
γα , znew

γβ }. To see that the convergence is in C1 on every compact

subset of C \ {0}, writing λνγ =: Rν
γe
iϕν

γ we define

wνγ := (uνγ,Φ
ν
γ,Ψ

ν
γ) :=

(
uν , R

ν
γΦν , R

ν
γΨν

)
(Rν

γ · +zνγ).

Since Rν
γ → ∞, the hypotheses of Proposition 4.3 with rν := ν and Rν , wν

replaced by Rν
γ , w

ν
γ are satisfied. It follows that there exist a finite subset Z ⊆

C and an ∞-vortex wγ := (uγ,Φγ,Ψγ) such that passing to some subsequence

the assertions 4.3(i)-(iii) hold. Condition 3.6(iii) follows now as in Case (II)

with γ ∈ T̄ new and i = 0. Finally, by construction

(ϕναnew
k

)−1(zνk) = (ϕνγ)
−1(zνk) = 1 = znew

k ,

and hence the last condition (iv) of Definition 3.6 is also satisfied. This

proves Claim 10. 2

This proves the induction step and hence terminates the proof of Theo-

rem 4.1 in the general case. 2



5 Conservation of the equivariant homology

class

Fix a contractible topological space EG on which G acts continuously and

freely. For a proof that such a space exists see the book [Hu] by Husemoller.

We abbreviate MG := (M × EG)/G. We fix a number p > 2. Every finite

energy solution w ∈ W 1,p
loc (C,M × g × g) of the vortex equations (0.1), (0.2)

on the plane C such that u(C) ⊆ M is compact carries an equivariant ho-

mology class [w]G ∈ H2(MG,Z). More generally, we will define such a class

for every stable (w, ū, z) of vortices on C and pseudo-holomorphic spheres

in the symplectic quotient M̄ . The main result of this section states that if

(wν , z
ν
0 , . . . , z

ν
k) is a sequence of vortices with marked points that converges

to a stable map (w, ū, z) then for ν large enough the equivariant homology

class of wν equals the equivariant homology class of (w, ū, z).

Recall that M∗ denotes the set of all points x ∈ M for which gx = x

implies that g = id. By the Corollary A.6 of the local slice Theorem, M∗ is

an open subset of M and the canonical projection π : M∗ → M∗/G defines

a principal G-bundle. The map

πG : M∗
G := (M∗ × EG)/G → M∗/G, πG([x, e]) := π(x)

defines a continuous fibre bundle with fibre EG. We denote by

ιG : M∗
G → MG := (M × EG)/G (5.1)

the map induced by the inclusion ι : M∗ → M . Since EG is contractible,

there exists a continuous section s : M∗/G → M∗
G. For every continuous

equivariant map θ : M∗ → EG we define the section sθ : M∗/G →M∗
G by

sθ(Gx) := [x, θ(x)]. (5.2)

By Theorem I.4.8.1 (p.46) in the book [Hu] by Husemoller, the map θ 7→
sθ from the set of continuous equivariant maps M∗ → EG to the set of

continuous sections of M∗
G is a bijection. We denote the fundamental class of

a closed oriented manifold X of dimension m ∈ N∪ {0} by [X] ∈ Hm(X,Z).

Definition 5.1 (Equivariant homology class) Let w := (u,Φ,Ψ) ∈ M̃1,p

be a finite energy vortex such that u(C) is compact. Let f : S2 → (M×EG)/G

be a continuous map for which there exists a continuous map e : C → EG

such that

f(z) = [u(z), e(z)], ∀z ∈ C.

We define the equivariant homology class [w]G to be the pushforward of the

fundamental class [S2] under f ,

[w]G := f∗[S
2] ∈ H2(MG,Z).
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Moreover, we define the equivariant homology class of a stable map of vor-

tices on the plane and pseudo-holomorphic spheres in M̄

(w, ū, z) :=
(
V, T̄ , E, (wα)α∈V , (ūα)α∈T̄ , (zαβ)αEβ, (αi, zi)i=0,...,k

)

to be the class

[w, ū, z]G :=
∑

α∈V

[wα]G +
∑

α∈T̄

(ιG ◦ s ◦ ūα)∗[S2],

where ιG is as in (5.1) and s : M∗/G →M∗
G is a section.

Lemma 5.2 The equivariant homology class [w]G is welldefined, i.e. the

required map f exists and [w]G does not depend on the choice of f . Further-

more, if g ∈ G2,p is a gauge transformation then [g∗w]G = [w]G. Moreover,

[w, ū, z]G does not depend on the choice of s.

Proof of Lemma 5.2: Fix a vortex w := (u,Φ,Ψ) ∈ M̃1,p. By part (A)

of Proposition D.6 the map Gu : C → M/G extends continuously to a map

ū : S2 = C ∪ {∞} → M/G, the extension is unique, and ū(∞) lies in the

symplectic quotient M̄ ⊆M/G.

Claim 1 There exists a number R > 0 such that for z ∈ S2 \ BR we have

ū(z) ∈M∗/G.

Proof of Claim 1: By hypothesis (H1) the restriction of the action of G

to µ−1(0) is free. Therefore we have µ−1(0) ⊆M∗, and hence

M̄ ⊆M∗/G. (5.3)

Since the subset M∗ ⊆M is open, Lemma A.2 implies that subset M∗/G ⊆
M/G is open. Hence by the continuity of ū the subset ū−1(M∗/G) ⊆ S2 is

open. Furthermore, it contains the point ∞ ∈ S2, because of ū(∞) ∈ M̄ and

(5.3). Claim 1 follows from this. 2

We define the map f : S2 → MG = (M × EG)G as follows. Fix a

continuous equivariant map θ : M∗ → EG and let R > 0 be as in Claim 1.

Consider the map

θ ◦ u|C\BR
: C \BR → EG .

Since EG is contractible, we can extend this map continuously to a map

e : C → EG. Let sθ : M∗/G → M∗
G be as in (5.2). We define f : S2 =

C ∪ {∞} →MG by

f(z) :=

{
[u(z), e(z)], if z ∈ C,

sθ ◦ ū(∞), if z = ∞.
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Then the map f satisfies

f |S2\BR
= sθ ◦ ū|S2\BR

.

Since ū : S2 → M/G is continuous, the same holds for the restriction f |S2\BR
.

It follows that the map f : S2 →MG satisfies all the requirements of Defini-

tion 5.1.

Assume now that f, f ′ : S2 → MG are two maps that satisfy the re-

quirements of Definition 5.1. We choose any two maps e, e′ : C → EG as

in Definition 5.1, corresponding to f and f ′. We claim that we may as-

sume w.l.o.g. that there exists a continuous map g0 : S1 → G and a point

x0 ∈ µ−1(0) such that

lim
r→∞

sup
z∈S1

d(u(rz), g0(z)x0) = 0, (5.4)

g0(1) = id. (5.5)

To see this, assume for the moment that we have already proved the Lemma

in this case. By Proposition D.3 there is gauge transformation g ∈ G2,p

such that (û, Φ̂, Ψ̂) := g∗w is smooth and in radial gauge outside some ball

containing the origin. Thus by Proposition D.7(B) with p := 2 there exist a

point x0 ∈ µ−1(0) and a map g0 ∈ W 1,2(S1,G) such that (5.4) holds with u

replaced by û. Defining ê := g−1
e, ê′ := g−1

e
′ : C → EG we have

[û, ê] = [g−1u, g−1
e] = [u, e] = f

on the subset C ⊆ S2, and analogously [û, ê′] = f ′ on C. Thus our assump-

tion implies that f∗[S
2] = f ′

∗[S
2]. So we assume that there are a function g0

and a point x0 as above.

We define the map ψ0 : D → S2 ∼= C ∪ {∞} by

ψ0(z) :=





tan
(
π|z|
2

)
z
|z|
, if z 6= 0, |z| < 1

0, if z = 0,

∞, if |z| = 1.

Then ψ0|B1 : B1 → C is an orientation preserving homeomorphism. By (5.4),

we can continuously extend the map u ◦ ψ0 : B1 → M to a map v : D →M ,

such that

v|S1 = g0x0. (5.6)

Claim 2 The maps e ◦ ψ0, e
′ ◦ ψ0 : B1 → EG can be continuously extended

to maps ẽ, ẽ′ : D → EG such that

ẽ|S1 = g0ẽ(1), (5.7)

ẽ
′|S1 = g0ẽ

′(1). (5.8)
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Proof of Claim 2: We choose an open subset U ⊆M∗ containing the orbit

ū(∞), on which there exists a local equivariant trivialization. This means

that there is a function g : U → G, equivariant w.r.t. to left multiplication

on G, such that the map

(π|U , g) : U → U/G × G

is a diffeomorphism. The local trivialization (π|U , g) induces the local trivi-

alization

(πG|(U×EG)/G, eG) : UG := (U × EG)/G → U/G × EG

of the fibre bundle M∗
G = (M∗ × EG)/G. Here the map eG : UG → EG is

defined by

eG([x, e]) := g(x)−1e. (5.9)

Since the map ū is continuous and by Lemma A.2 the subset U/G ⊆ M/G

is open, it follows that the subset ū−1(U/G) ⊆ S2 is open. It contains the

point ∞, since ū(∞) ⊆ U . Hence there is a number R > 0 such that for

every z ∈ C \BR we have u(z) ∈ U . It follows that for every z ∈ C \BR

e(z) = g(u(z)) · eG([u(z), e(z)]) = (g ◦ u(z)) · eG ◦ f(z).

Defining r := ψ−1
0 (R), this means that on B1 \Br we have

e ◦ ψ0 = (g ◦ u ◦ ψ0) · eG ◦ f ◦ ψ0 = (g ◦ v) · eG ◦ f ◦ ψ0 : B1 \Br → EG .

Since the maps g : U → G, v : D →M , eG : UG → EG and f : S2 →MG are

continuous, it follows that we can uniquely extend the map e◦ψ0 : B1 → EG

to a continuous map ẽ : D → EG such that

ẽ(z) = g(v(z)) · eG(f(∞)), ∀z ∈ S1.

Observe that

f(∞) = lim
r→∞

f(r)

= lim
r→∞

[u(r), e(r)]

= [g0(1)x0, ẽ(1)]

= [x0, ẽ(1)].

Here in the third step we have used (5.4), and in the last step we have used

(5.5). It follows that

eG(f(∞)) = g(x0)
−1ẽ(1),

and therefore

ẽ(z) = g(g0(z)x0)eG(f(∞))

= g0(z)g(x0)eG(f(∞))

= g0(z)ẽ(1).
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Hence condition (5.7) is satisfied. Similarly, it follows that the map e
′ ◦ ψ0 :

B1 → EG can be extended to a continuous map ẽ′ : D → EG such that

condition (5.8) holds. This proves Claim 2. 2

Let D′ be a copy of the unit disk D and ẽ : D → EG and ẽ
′ : D′ → EG

be as in Claim 2. Consider the connected sum

X := D#([0, 1] × S1)#D′

obtained from the cylinder [0, 1] × S1 and two disks D,D′ by identifying the

boundary of D with the left boundary of [0, 1] × S1 and the boundary of D′

with the right boundary of [0, 1]× S1. The space X is homeomorphic to S2.

We choose a continuous path γ : [0, 1] → EG joining ẽ(1) with ẽ
′(1). By

(5.7) and (5.8) the maps ẽ, ẽ′ and and the map

[0, 1] × S1 ∋ (λ, z) 7→ g0(z)γ(λ) ∈ EG

can be connected to give a continuous map

E : X → EG .

Since EG is contractible, there exists a continuous map

h : [0, 1] × D → EG

such that h|∂X = E, i.e.

h(0, z) = ẽ(z), h(1, z) = ẽ
′(z), ∀z ∈ D,

h(λ, z) = g0(z)γ(λ), ∀λ ∈ [0, 1], z ∈ S1.

We define F : [0, 1] × S2 → MG = (M × EG)/G by

F (λ, z) :=

{
[u(z), h(λ, ψ−1

0 (z))], if z 6= ∞,

[v(1), γ(λ)], if z = ∞.

We denote by pr1 : D × [0, 1] → [0, 1] the projection to the first factor and

by id × ψ0 the map

[0, 1] × D ∋ (λ, z) 7→ (λ, ψ0(z)) ∈ [0, 1] × S2.

It follows that

F ◦ (id × ψ0) = [v ◦ pr1, h] : [0, 1] × D →MG.

Since the map [v ◦ pr1, h] is continuous and the map id × ψ0 is open, it

follows that the map F : [0, 1] × S2 → MG is continuous. Furthermore,

F (0, z) = f(z) and F (1, z) = f ′(z) for every z ∈ S2, so F is a homotopy
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from f to f ′. Therefore, the pushforwards f∗[S
2] and f ′

∗[S
2] agree. This

shows that [w]G does not depend on the choice of f .

To prove the second statement of the lemma, let g ∈ G2,p be a gauge

transformation. We fix a continuous map f : S2 → MG such that there

exists a continuous map e : C → EG with f |C = [u, e]. Defining w′ := g∗w

and e′ := g−1e, we have

f |C = [u, e] = [g−1u, g−1e] = [u′, e′],

and hence [w′]G = f∗[S
2] = [w]G.

To prove the last statement of the lemma, observe that each two sections

s, s′ : M∗/G → M∗
G are homotopic to each other, since the fibre EG is con-

tractible. It follows that for every α ∈ T̄ the equivariant homology classes

(ιG ◦ s ◦ ūα)∗[S2] and (ιG ◦ s′ ◦ ūα)∗[S2] agree.

This proves Lemma 5.2. 2

Remark 5.3 For a vortex, in [GS], D. Salamon and R. Gaio define the

equivariant homology class in a different but equivalent way, constructing a

certain principal G-bundle over S2. The above definition is more adapted for

the proof of the main result, which is the following proposition.

Proposition 5.4 (Conservation of homology class) Assume that (H2)

(convexity at ∞) holds. Let (wν, zν0 := ∞, zν1 , . . . , z
ν
k) ∈ M̃1,p×{∞}×Ck be

a sequence of vortices with marked points that converges to some stable map

(w, ū, z). Then for ν large enough [wν]G = [w, ū, z]G.

Remark 5.5 Intuitively, one might expect that even the equivariant homo-

topy class of wν is conserved in the limit. However, it is not obvious how to

define the equivariant homotopy class of a vortex or a stable map, even in the

case G = {1}. One attempt to define such a homotopy class is the following.

Let G := {1}, let (M,J) be an almost complex manifold and x0 ∈ M be

a fixed point. We denote the set of (free) homotopy classes of maps from

S2 → M by [S2,M ], and we denote the homotopy class of a continuous map

u : S2 → M by [u] ∈ [S2,M ]. For k ∈ N we denote the based homotopy

class of a continuous map u : Sk → M by [u]0. The fundamental group

π1(M,x0) acts on the group π2(M,x0) as follows. Let [γ]0 ∈ π1(M,x0) and

[u]0 ∈ π2(M,x0) and let γ#u : S2 → M be the map obtained by running

through γ on the lower hemisphere and through u on the upper hemisphere.

We define

([γ]0)∗[u]0 := [γ#u]0 ∈ π2(M,x0)
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The map

π2(M,x0)/π1(M,x0) ∋ π1(M,x0)∗[u]0 7→ [u] ∈ [S2,M ]

is welldefined and a bijection. Let

(u, z) = (T, (zαβ)αEβ, (zi)i=1,...,k, (uα)α∈T )

be a stable of J-holomorphic spheres in M . One attempt to define the ho-

motopy class of (u, z) would be

[u] :=
∑

α∈T

[γα#uα] ∈ π2(M,x0)/π1(M,x0) = [S2,M ]. (5.10)

Here γα : [0, 1] →M is a path connecting x0 with uα(0) ∈M . However, this

does not always make sense, since the addition on π2(M,x0) need not descend

to a group structure on π2(M,x0)/π1(M,x0), as the following example shows.

Consider the manifold

M := R4\
(
R×{(0, 0, 0)}∪R2×{(1, 0)}

)
= R×

(
R3\({(0, 0, 0)}∪R×{(1, 0)})

)

and let x0 ∈ M be a point. There is a deformation retraction r : M →
X := S1 ∨ S2. For k ∈ N and y0 := r(x0) this induces isomorphisms r∗ :

πk(M,x0) ∼= πk(X, y0). Furthermore, for a ∈ π1(M,x0), b ∈ π2(M,x0) we

have r∗(a∗b) = (r∗a)∗(r∗b). Therefore, it is enough to show that the addition

on π2(X, y0) does not descend to a group structure on π2(X, y0)/π1(X, y0).

Let γ : S1 → X = S1 ∨ S2 and ι : S2 → S1 ∨ S2 be the inclusions. Then

π2(X, y0) is the free abelian group generated by ei := ([γ]0)
i
∗[ι]0, for i ∈ Z (see

for example 16.5.9 Beispiel in the book [SZ] by R. Stöcker and H. Zieschang).

Consider the classes B1 := B2 := π1(X, y0)∗e0 ∈ π2(X, y0)/π1(X, y0). Then

B1 + B2 is not welldefined. Namely, let b1 := b2 := b′1 := e0 and b′2 := e1.

Then Bi = π1(X, y0)∗bi = π1(X, y0)∗b
′
i for i = 1, 2. Let a ∈ π1(X, y0) ∼=

π1(S
1, 1) ∼= Z. Let i ∈ Z be such that [γ]i0 = a. Then

a∗(b1 + b2) = 2ei 6= b′1 + b′2 = ei + ei+1.

Therefore,

π1(X, y0)∗(b1 + b2) 6= π1(X, y0)∗(b
′
1 + b′2).

This shows that B1 + B2 is not welldefined and therefore (5.10) does not

make sense.

Proof of Proposition 5.4: Let wν , z
ν
0 , . . . , z

ν
k and (w, ū, z) be as in the

hypothesis and let ϕνα be a sequence of Möbius transformations for α ∈ T :=

V ⊔ T̄ so that conditions (i)-(iv) of Definition 3.6 are satisfied. We may
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assume W.l.o.g. that z0 = ∞ and for every α ∈ T̄ there are sequences of

numbers λνα ∈ C \ {0} and zνα ∈ C such that

ϕνα(z) = λναz + zνα. (5.11)

To see this we choose Möbius transformations ψα for α ∈ T̄ so that ψα(∞) =

zα,0, where zα,0 is given by (3.7), (3.8), set ψα := id for α ∈ V , and define

v̄α := ūα ◦ ψα, ϕ̃να := ϕνα ◦ ψα, z̃αβ := ψ−1
α (zαβ), z̃i := ψ−1

αi
(zi),

(w̃, v̄, z̃) :=
(
V, T̄ , E, (wα)α∈V , (v̄α)α∈T̄ , (z̃αβ)αEβ, (z̃i)i=0,...,k

)

Then conditions 3.2(i)-(iii) and 3.6(i)-(iv) are satisfied with (w, ū, z) and ϕνα
replaced by (w̃, v̄, z̃) and ϕ̃να. Furthermore,

[w̃, v̄, z̃]G = [w, ū, z]G.

So we assume that z0 = ∞ and ϕνα(z) = λναz + zνα for some numbers

λνα ∈ C \ {0} and zνα ∈ C, for α ∈ T̄ . For α ∈ V let zνα ∈ C be such

that ϕνα(z) = z + zνα.

We introduce the following ordering > on T . For α 6= β ∈ T we write

α > β iff the chain of edges [α0, β] contains α. It follows that α0 > α for

every α0 6= α ∈ T . We denote by Ẽ ⊆ T × T the subrelation of E consisting

of all pairs (α, β) ∈ E such that α > β. We write αẼβ iff (α, β) ∈ Ẽ.

Claim 1 For every pair αẼβ we have

lim
R→∞

lim sup
ν→∞

E
(
wν , BR−1|λν

α|(λ
ν
αzαβ + zνα) \BR|λν

β |
(zνβ)

)
= 0. (5.12)

Furthermore,

lim
R→∞

lim sup
ν→∞

E
(
wν ,C \ ϕνα0

(BR)
)

= 0. (5.13)

Proof of Claim 1: We prove (5.12). Let δ > 0 be a constant. For every

α ∈ T and R > 0 we denote

Kα,R := B̄R \
⋃

α eEβ

BR−1(zαβ).

We choose R > 0 so large that

B̄R−1(zαβ) ⊆ BR, if αẼβ, (5.14)

B̄R−1(zαβ) ∩ B̄R−1(zαγ) = ∅, if αẼβ, αẼγ, (5.15)∑
α∈T E(wα,C \Kα,R) < δ, (5.16)
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where by abuse of notation we set wα := ūα if α ∈ T̄ . Fix a pair αẼβ.

Denoting

Aν := B(2R)−1|λν
α|(λ

ν
αzαβ + zνα) \B2R|λν

β |
(zνβ),

we claim that

lim sup
ν→∞

E(wν , Aν) < δ. (5.17)

To see this, observe that by conditions 3.6(i), 3.6(ii) and Lemma B.9 we have

λνβ
λνα

→ 0,
zνβ − zνα
λνα

→ zαβ .

Therefore there is a number ν0 such that for every ν ≥ ν0 we have

B2R|λν
β |/|λ

ν
α|

(
zν
β−z

ν
α

λν
α

)
⊆ B(2R)−1(zαβ), (5.18)

(ϕνα)
−1(Aν) = B(2R)−1(zαβ) \B2R|λν

β |/|λ
ν
α|

(
zν
β−z

ν
α

λν
α

)
⊆ BR−1(zαβ). (5.19)

It follows from condition (ii) of Definition 3.6 that increasing ν0 if necessary,

we have for every ν ≥ ν0 and every pair γẼγ′

(ϕνγ)
−1 ◦ ϕνγ′(B̄R) ⊆ BR−1(zγγ′). (5.20)

Fix ν ≥ ν0. Fix a pair γ > γ′. Setting (γ0, . . . , γℓ) := [γ, γ′] and using (5.20),

it follows that

ϕνγ′(B̄R) ⊆ ϕνγℓ−1
(BR−1(zγℓ−1γ′))

⊆ ϕνγℓ−1
(BR)

⊆ . . .

⊆ ϕνγ(BR−1(zγγ1)). (5.21)

For γ ∈ T we define

Kν
γ := ϕνγ(Kγ,R),

It follows from (5.21) that for every pair γ > γ′ we have

Kν
γ′ ⊆ ϕνγ′(B̄R) ⊆ ϕνγ(BR−1(zγγ1)) ⊆ C \Kν

γ ,

ie Kν
γ ∩Kν

γ′ = ∅. (5.22)

By (5.19) and (5.21) we have for every γ > α

Aν ⊆ ϕνα(BR−1(zαβ))

⊆ ϕνα(BR)

⊆ ϕνγ(BR−1(zγγ1))

⊆ C \Kν
γ ,
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where [γ, α] = (γ, γ1, . . . , α). Similarly, for every γ ≤ α we have

Kν
γ ⊆ C \ Aν .

It follows that

Aν ∩Kν
γ = ∅, (5.23)

for every γ ∈ T . It follows from (5.22) and (5.23) that

E(wν, Aν) ≤ E(wν ,C) −
∑

γ∈T

E(wν , K
ν
γ ).

Taking the limit ν → ∞ we have

lim sup
ν→∞

E(wν , Aν) ≤ lim
ν→∞

E(wν ,C) −
∑

γ∈T

lim inf
ν→∞

E(wν , K
ν
γ ). (5.24)

Fix a γ ∈ T . If γ ∈ V then it follows from condition 3.6(iii) with Q := B̄R

that

lim
ν→∞

E(wν , K
ν
γ ) = lim

ν→∞
E
(
(gνγ)

∗(wν(· + zνγ )), B̄R

)

= E(wγ, B̄R). (5.25)

Assume now that γ ∈ T̄ . Abbreviating wνγ := (uνγ,Φ
ν
γ ,Ψ

ν
γ) := (ϕνγ)

∗wν , since

wνγ is a |λνγ|-vortex, Proposition B.3 implies that

E(wν , K
ν
γ ) = E|λν

γ |
(
wνγ , Kγ,R

)

=

∫

Kγ,R

(
|∂suνγ +XΦν

γ
(uνγ)|2 + |λνγ|2|µ ◦ uνγ|2

)
ds dt. (5.26)

By condition 3.6(iii) we have for ν large enough

uν(K
ν
γ ) = uνγ(Kγ,R) ⊆M∗,

and therefore by the definition of the Riemannian metric ḡ on M∗/G

|∂suνγ +XΦν
γ
(uνγ)| ≥ |∂sGuνγ|.

Thus it follows from (5.26) and condition 3.6(iii) that

E(wν , K
ν
γ ) ≥

∫

Kγ,R

|∂sGuνγ|2 ds dt

→
∫

Kγ,R

|∂sūγ|2 ds dt

= E(ūγ, Kγ,R). (5.27)
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Combining (5.24), (5.25), (5.27) and (3.9), it follows that

lim sup
ν→∞

E(wν, Aν) ≤
∑

γ∈V

(
E(wγ) − E(wγ, B̄R)

)
+
∑

γ∈T̄

(
E(ūγ) −E(ūγ, Kγ,R)

)

=
∑

γ∈T

E(wγ ,C \Kγ,R) < δ.

Here the last inequality follows from (5.16). This proves (5.17). It follows

that (5.12) is satisfied. The proof of (5.13) is analogous. This proves Claim

1. 2

Recall that M∗ ⊆ M denotes the set of points x such that if ax = x then

a = e, for every a ∈ G. We denote by exp the exponential map on M w.r.t.

the Riemannanian metric gω,J := ω(·, J ·), by exp the exponential map on

M∗/G w.r.t. the Riemannian metric ḡω,J given as in (1.10), and by dḡ the

distance function on the components of M∗/G induced by ḡ. Recall also the

definition (4.42) of the distance function d̄ on the components of M/G. Since

the set M̄ ⊆ M∗/G is compact, by Lemma A.11 there is a number ε > 0

such that for any two points x̄, ȳ ∈ M̄ satisfying d̄(x̄, ȳ) < 2ε we have

d̄(x̄, ȳ) = dḡ(x̄, ȳ).

We fix a G-invariant compact subset K0 ⊆M such that u(C) ⊆ K0 for every

vortex (u,Φ,Ψ) ∈ M̃1,p, as in part (B) of Proposition D.6. Furthermore, we

choose an open set K0 ⊆ U0 ⊆ M such that Ū0 is compact. Decreasing ε if

necessary, we may also assume that the maps

(id, exp) : {(x, v) ∈ TM | x ∈ U0, |v| < ε}
→ {(x, y) ∈ U0 ×M | d(x, y) < ε}

(x, v) 7→ (x, expx v),

(id, exp) : {(x̄, v̄) ∈ T (M∗/G) | x̄ ∈ M̄, |v̄| < 2ε}
→ {(x̄, ȳ) ∈ M̄ ×M∗/G | dḡ(x̄, ȳ) < 2ε},

(x̄, v̄) 7→ (x̄, expx̄v̄)

are well-defined and diffeomorphisms. Recall the definition 3.1 of ev. We

choose r0 > 0 so large that conditions (5.14), (5.15) are satisfied with R := r0
and such that for every α ∈ T , z ∈ C \Br0

d̄(ev∞(wα), evz(wα)) < ε, (5.28)

and for every pair αẼβ and every z ∈ Br−1
0

(zαβ)

d̄(ūα(zαβ), ūα(z)) < ε. (5.29)
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Here by abuse of notation we write wα := ūα if α ∈ T̄ .

For α ∈ V we choose a sequence of gauge transformations gνα ∈ G2,p as in

condition 3.6(iii), and we define

wνα := (uνα,Φ
ν
α,Ψ

ν
α) := (gνα)

∗(wν(· + zνα)),

and ūα : S2 = C ∪ {∞} →M/G by

ūα(z) :=

{
Guα(z), if z ∈ C,

limr→∞ Guα(r), if z = ∞.
(5.30)

That the limit exists follows from part (A) of Proposition D.6 (Asymptotic

Behaviour). Furthermore, for α ∈ T̄ we set

uνα := uν ◦ ϕνα.

We check the hypotheses of part (A) of Lemma 4.15 with ū := ūα0 , and

wν replaced by the |λνα0
|-vortex wνα0

. The condition that there is a compact

subset K ⊆ M such that uνα0
(C) ⊆ K for every ν follows from Proposition

D.6(B). That Guνα0
(z) → ūα0(z) for every z ∈ C \Br0 follows from condition

(iii) of Definition 3.6. Condition (4.84) is satisfied by assertion (5.13) of Claim

1. So applying part (A) of Lemma 4.15, it follows that there exist numbers

R0 ≥ r0 and ν0 ∈ N such that for every ν ≥ ν0 and every z ∈ C \ BR0 we

have

d̄(ūα0(∞),Guνα0
(z)) < ε. (5.31)

Assume that α ∈ T̄ , β ∈ T are two vertices such that αẼβ. We check

the hypothesis of part (B) of Lemma 4.15 with z0 := zαβ, ū := ūβ, ū
′ := ūα,

Rν := |λνβ|, λν := λνα/λ
ν
β, zν := (zνβ − zνα)/λ

ν
α, and wν replaced by the |λνβ|-

vortex wνβ. The condition that there is a compact subset K ⊆ M such that

uνβ(C) ⊆ K for every ν is satisfied by Proposition D.6(B), and conditions

(4.86) and (4.87) follow from condition 3.6(ii) and Lemma B.9. Furthermore,

condition 3.6(iii) implies that Guνβ(z) → ūβ(z) for every z ∈ C \ Br0 , and

that

Guνβ(λν(z − zν)) = Guνα(z) → ūα,

for every z ∈ Br−1
0

(zαβ) \ {zαβ}. Finally, condition (4.88) follows from as-

sertion (5.12) of Claim 1. So applying part (B) of Lemma 4.15 there are

numbers Rαβ > r0 and ναβ ∈ N such that for every ν ≥ ναβ and every

z ∈ B̄R−1
αβ |λν |

(λν(zαβ − zν)) \BRαβ

we have

d̄(ūβ(∞),Guνβ(z)) < ε. (5.32)
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We set

R := max{R0} ∪ {Rαβ |αẼβ}.
Fix an α ∈ T . By condition 3.6(iii) with Q := B̄R \⋃α eEβ BR−1(zαβ) there is

a number να ∈ N such that for every ν ≥ να the following holds. If α ∈ V

then for every z ∈ B̄R we have

d(uνα(z), uα(z)) < ε, (5.33)

and if α ∈ T̄ then for every z ∈ B̄R \⋃α eEβ BR−1(zαβ) we have

d̄(Guνα(z), ūα(z)) < ε. (5.34)

Condition (ii) of Definition 3.6 implies that there is an integer ν1 ∈ N such

that for every ν ≥ ν1 and every pair αẼβ we have

(ϕνα)
−1 ◦ ϕνβ(B̄R) ⊆ BR−1(zαβ), (5.35)

We set

ν2 := max
(
{ν0, ν1} ∪ {να |α ∈ T} ∪ {ναβ |αẼβ}

)
.

Claim 2 For every ν ≥ ν2 the equivariant homology class of wν equals the

equivariant homology class of (w, ū).

Proof of Claim 2: We fix a continuous equivariant map θ : M∗ → EG

and define

sθ : M∗/G →MG := (M × EG)/G, sθ(Gx) := [x, θ(x)].

Fix ν ≥ ν2. For α ∈ T we define maps f να : S2 = C ⊔ {∞} → MG as

follows. For every α 6= α0 we choose a continuous map

v̄να : S2 \BR → Bd̄
ε (ūα(∞)),

such that

v̄να(Re
iϕ) = Guνα(Re

iϕ),

for every ϕ ∈ R. To see that this map exists, observe that by (5.32) we have

Guνα(Re
iϕ) ∈ Bd̄

ε (ūα(∞)), (5.36)

for every ϕ ∈ R, and that by the choice of ε > 0 the ball Bd̄
ε (ūα(∞)) is

contractible. We set v̄να0
:= ūνα0

.

We fix a vertex α ∈ V . Since EG is contractible, we can extend the

map

S1
R ∋ z 7→ θ ◦ uνα(z) ∈ EG
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to a continuous map e
ν
α : B̄R → EG. We define f να : S2 ∼= C ∪ {∞} → MG

by

f να(z) :=

{
[uνα(z), e

ν
α(z)], if z ∈ B̄R,

sθ ◦ v̄να(z), if z ∈ S2 \BR.

Note that the composition in the second line makes sense, since v̄να takes

values in Bd̄
ε (ūα(∞)) ⊆ M∗/G. For α = α0 this follows from (5.31), since

ν ≥ ν2 ≥ ν0.

We fix now a vertex α ∈ T̄ . For every vertex β ∈ T such that αẼβ

we choose a continuous map

v̄ναβ : BR−1(zαβ) → Bd̄
ε (ūα(zαβ)) ⊆M∗/G,

such that for every z ∈ S1
R−1(zαβ) we have

v̄ναβ(z) = Guνα(z).

Since Bd̄
ε (ūα(zαβ)) is contractible, such a map exists by (5.34). We define

ûνα : S2 →M/G by

ûνα(z) :=





Guνα(z), if z ∈ B̄R \⋃α eEβ BR−1(zαβ),

v̄να(z), if z ∈ S2 \BR,

v̄ναβ(z), if z ∈ BR−1(zαβ), αẼβ.

We claim that

d̄(ûνα(z), ūα(z)) < 2ε, (5.37)

for every z ∈ S2. To see this observe that by (5.34), the estimate holds for

every z ∈ B̄R \ ⋃α eEβ BR−1(zαβ). Furthermore, for z ∈ S2 \ BR we have by

the choice of v̄να that

ûνα(z) = v̄να(z) ∈ Bd̄
ε (ūα(∞)),

and hence by (5.28)

d̄(ûνα(z), ūα(z)) ≤ d̄(v̄να(z), ūα(∞)) + d̄(ūα(∞), ūα(z)) < ε+ ε.

Similarly, if β ∈ T is such that αẼβ and z ∈ BR−1(zαβ), then by the choice

of v̄ναβ we have

ûνα(z) = v̄ναβ(z) ∈ Bd̄
ε (ūα(zαβ)),

and hence by (5.29)

d̄(ûνα(z), ūα(z)) ≤ d̄(v̄ναβ(z), ūα(zαβ)) + d̄(ūα(zαβ), ūα(z)) < ε+ ε.

It follows that (5.37) holds for every z ∈ S2.

We define f να := sθ ◦ ûνα : S2 → (M∗ × EG)/G, for α ∈ T̄ . It follows from

(5.37) that this composition is welldefined.
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Claim 3 For every α ∈ V we have

(f να)∗[S
2] = [wα]G. (5.38)

Furthermore, for every α ∈ T̄ the maps sθ ◦ ūα and f να are homotopic. More-

over, ∑

α∈T

(f να)∗[S
2] = [wν ]G. (5.39)

Proof of Claim 3: Let α ∈ V . Since R ≥ r0 we have by (5.28) for every

z ∈ C \BR

d̄(ev∞(wα),Guα(z)) < ε,

and hence Guα(z) ∈M∗/G, i.e. uα(z) ∈M∗. Therefore, the map

S1
R ∋ z 7→ θ(uα(z)) ∈ EG

is welldefined. Since EG is contractible, we can extend this to a continuous

map eα : B̄R → EG. We define fα : S2 →MG by

fα(z) :=

{
[uα(z), eα(z)], if z ∈ BR,

sθ ◦ evz(wα), if z ∈ S2 \BR.

It follows that fα is continuous and

[wα]G = (fα)∗[S
2]. (5.40)

We show that fα is homotopic to f να . To see this, observe that by (5.33) for

every z ∈ B̄R we have d(uνα(z), uα(z)) < ε and hence by the choice of ε there

exists a unique vector ξνα(z) ∈ Tuα(z)M such that

|ξνα(z)| < ε, (5.41)

expuα(z) ξ
ν
α(z) = uνα(z).

Furthermore, since uνα is continuous, the map ξνα : B̄R → TM is continuous.

We define

hνα : [0, 1] × B̄R → M, hνα(λ, z) := expuα(z) λξ
ν
α(z).

Then for every λ ∈ [0, 1], z ∈ S1
R

d̄(Ghνα(λ, z), ev∞(wα)) ≤ d̄(Ghνα(λ, z),Guα(z)) + d̄(Guα(z), ev∞(wα))

≤ d(hνα(λ, z), uα(z)) + d̄(Guα(z), ev∞(wα)) < ε+ ε.

Here we have used (5.41) and (5.28). Furthermore, the restriction of the map

ūα to the boundary S1
R = ∂(S2 \BR) agrees with the restriction

Ghνα(0, ·) : {0} × S1
R → Bd̄

ε (ev∞(wα)),
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and the restriction of the map ūνα to S1
R agrees with the restriction

Ghνα(1, ·) : {1} × S1
R → Bd̄

2ε(ev∞(wα)).

Thus we can connect the maps

ūα|S2\BR
, Ghνα|[0,1]×S1

R
, ūνα|S2\BR

to obtain a map

ũνα : S2 \BR#([0, 1] × S1
R)#S2 \BR → Bd̄

2ε(ev∞(wα)).

Note that the domain of this map is homeomorphic to S2. Since the ball

Bd̄
2ε(ev∞(wα)) is contractible, the map ũνα is homotopic to a constant. This

means that there exists a continuous map

h̃να : [0, 1] × S2 \BR → Bd̄
2ε(ev∞(wα)),

whose restriction to the boundary

∂([0, 1] × S2 \BR) = S2 \BR#([0, 1] × S1
R)#S2 \BR

equals the map ũνα. Since for every z ∈ S1
R we have eα(z) = θ ◦ uα(z) and

e
ν
α(z) = θ ◦ uνα(z), we can connect the map eα : B̄R → EG, the map

[0, 1] × S1
R ∋ (λ, z) 7→ θ ◦ hνα(λ, z) ∈ EG

and the map e
ν
α : B̄R → EG to obtain a continuous map

êνα : B̄R#([0, 1] × S1
R)#B̄R → EG .

Since EG is contractible, we can extend this map to a continuous map

E : [0, 1] × B̄R → EG .

We define now the map F : [0, 1] × S2 → MG by

F (λ, z) :=

{
[hνα(λ, z), E(λ, z)], if λ ∈ [0, 1], z ∈ BR,

sθ ◦ h̃να(λ, z), if λ ∈ [0, 1], z ∈ S2 \BR.

The map F is a homotopy from fα to f να. Hence using (5.40), it follows that

(f να)∗[S
2] = (fα)∗[S

2] = [wα]G.

This proves (5.38).
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To see that the second statement of the claim holds, fix α ∈ T̄ . By

(5.37) and the choice of ε, for every z ∈ S2 there exists a unique vector

ξ̄να(z) ∈ Tūα(z)(M
∗/G) such that

expūα(z)ξ̄
ν
α(z) = ûνα(z).

The map ξνα : S2 → T (M∗/G) is continuous. The map

[0, 1] × S2 ∋ (λ, z) 7→ sθ ◦ expūα(z)λξ̄
ν
α(z) ∈M∗/G

is a homotopy from sθ ◦ ūα to f να = sθ ◦ ûνα, as required.

In order to see that (5.39) holds, note that by (5.35), since ν ≥ ν2 ≥ ν1

we have for αẼβ

ϕνβ(B̄R) ⊆ ϕνα(BR−1).

It follows as in the proof of Claim 1 that S2 is the disjoint union of the sets

S2 \ ϕνα0
(B̄R), Xν

α := ϕνα

(
B̄R \

⋃

α eEβ

BR−1(zαβ)
)
, for α ∈ T,

Xν
αβ := ϕνα(BR−1(zαβ)) \ ϕνβ(B̄R), for αẼβ.

We fix a pair αẼβ. It follows from (5.32) that

Guν(z) ∈ Bd̄
ε (ūβ(∞)),

for every z ∈ Xν
αβ . Consider the connected sum

v̄ναβ◦(ϕνα)−1#Guν |Xν
αβ

#v̄νβ◦(ϕνβ)−1 : ϕνα(B̄R−1(zαβ))#X
ν
αβ#ϕ

ν
β(S

2\BR) → Bd̄
ε (zαβ).

Note that the domain of this map is homeomorphic to S2. Since Bd̄
ε (zαβ) is

contractible, this map is contractible. We define f ναβ to be the composition of

this map with the map sθ : M∗/G →M∗
G. It follows that f ναβ is contractible.

We define f ν : S2 →MG by

f ν(z) :=

{
[uν(z), eνα ◦ (ϕνα)

−1(z)], if z ∈ ϕνα(B̄R), α ∈ V,

sθ ◦ Guν(z), if z ∈ S2 \⋃α∈V ϕ
ν
α(B̄R).

The map f ν is continuous and represents the equivariant homology class

[wν ]G. It follows that

[wν ]G = f ν∗ [S2]

=
∑

α∈T

(f να)∗[S
2] +

∑

α eEβ

(f ναβ)∗[
(
− ϕνα(B̄R−1(zαβ))

)
#Xν

αβ# − ϕνβ(S
2 \BR)]

=
∑

α∈T

(f να)∗[S
2].
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Here the − indicates that we reverse the orientation. In the second line

we have used that v̄να0
= ūνα0

and that on chain level, for every αẼβ the

restriction

f να |B̄R−1(zαβ) = sθ ◦ v̄ναβ
cancels the restriction

f ναβ|−ϕν
α(B̄R−1 (zαβ)),

and the restriction f νβ |S2\BR
cancels the restriction f ναβ |−ϕν

β(S2\BR). In the third

line we have used that f ναβ is contractible for every pair αẼβ. This proves

(5.39) and completes the proof of Claim 3. 2

It follows from Claim 3 that

[wν]G =
∑

α∈T

(f να)∗[S
2] =

∑

α∈V

[wα]G +
∑

α∈T̄

(sθ ◦ ūα)∗[S2] = [w, ū, z]G,

for every ν ≥ ν2. This proves Claim 2 and concludes the proof of Proposition

5.4. 2



6 A continuous evaluation map

This section contains a proof that there exists an evaluation map from the

set of equivalence classes of stable maps with k marked points M̄k to ((M ×
EG)/G)k, that is continuous w.r.t. convergence of a sequence of vortices

against a stable map. Here EG is a contractible topological space on which

G acts continuously and freely.

As a corollary to the theorem of Peter and Weyl, every compact connected

Lie group G has an embedding as a closed subgroup ι : G → U(ℓ) for ℓ large

enough, see the book by Th. Bröcker and T. tom Dieck [BtD]. We may

therefore assume w.l.o.g. that G is a closed subgroup of U(ℓ) for some

ℓ ∈ N. We define EG to be the set of all orthonormal tuples (v1, . . . , vℓ),

where vi = (vij)j∈N is a sequence of complex numbers whose members vanish

for large enough j. For every N ≥ ℓ we denote by EGN ⊆ EG the subset of

all orthonormal tuples (v1, . . . , vi) such that vij = 0 if j ≥ N +1. We identify

EGN with the set of all unitary ℓ×N matrices. We endow the set EG with

the topology in which a subset U ⊆ EG is open iff the intersection U ∩EGN

is open in EGN for every N . The Lie group G acts continuously on EG by

multiplication from the left. The quotient

BG := EG /G

is the classifying space of G. We fix a regular value δ0 > 0 of |µ|2 : M → R

so small that G acts freely on M2δ0 := {x ∈ M | |µ(x)| ≤ 2δ0}. Then M2δ0

is a smooth compact principal G-bundle (with boundary) and hence there

exists a smooth G-equivariant map θ : M2δ0 → EGm for some large enough

integer m. We define

sθ : Mδ0/G → (Mδ0 × EGm)/G, sθ(Gx) := [x, θ(x)]. (6.1)

Recall the notation

MG := (M × EG)/G,

and the definition 3.1 of the map

ev : (C0(S2,M/G) ⊔ M̃1,p) × S2 →M/G.

We denote by

πG : MG →M/G

the canonical projection.

Proposition 6.1 (Existence of a continuous evaluation map) Assume

that hypothesis (H2) (Convexity at ∞) holds. Then for every k ∈ N there

exists a map ev : Mk → Mk
G with the following properties.
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(i) (Evaluation) Fix an equivalence class of stable maps

[w, ū, z] =

[T̄ , V, E, (wα := (uα,Φα,Ψα))α∈V , (ūα)α∈T̄ , (zαβ)αEβ, (αi, zi)i=0,...,k−1] ∈ Mk

and an index i ∈ {0, . . . , k − 1}. If αi ∈ V and zi 6= ∞ then

π ◦ evi([w, ū, z]) = Guαi
(zi). (6.2)

Furthermore, assume that αi ∈ T̄ or the following condition is satisfied.

The vertex αi lies in V and

zi = ∞ or |µ ◦ uαi
(zi)| < δ0.

Then

evi([w, ū, z]) = sθ ◦ evzi
(wαi

), (6.3)

where by abuse of notation we write wαi
:= ūαi

if αi ∈ T̄ .

(ii) (Continuity) Let wν ∈ M̃1,p and zν1 , . . . , z
ν
k−1 ∈ C be sequences of vor-

tices and marked points such that (wν, z
ν
0 := ∞, zν1 , . . . , z

ν
k−1) converges

to some stable map (w, ū, z) of vortices on C and pseudo-holomorphic

spheres in M̄ . Then

ev([wν , zν0 , . . . , z
ν
k−1]) → ev([w, ū, z]).

Remark 6.2 If G = {1} then we can identify M̄k with the set of stable

maps of J-holomorphic spheres in M with k marked points modelled over

some tree T = V ⊔ T̄ such that zαβ = ∞ if α ∈ V and αEβ. Furthermore,

M{1} = M and the map

Mk → Mk,(
V, T̄ , (uα)α∈T , (zαβ)αEβ, (αi, zi)i=0,...,k−1

)
7→ (u0(z0), . . . , uk−1(zk−1))

satisfies the conditions of Proposition 6.1. If G is not the trivial Lie group

then we have to take ((M×EG)/G)k as a target of the evaluation map, since

it does not make sense to define an evaluation map from M̄k to Mk. To

understand this observe that if αi ∈ T̄ then there is no canonical choice of

a representative in µ−1(0) of the orbit ūαi
(zi) ∈ M̄ . Furthermore, if αi ∈ V

then the problem is that the point uαi
(zi) ∈ M depends on the choice of a

representative (w, ū, z) of the equivalence class of stable maps, since gauge

transforming the vortex (uαi
,Φαi

,Ψαi
) we may get a point in the orbit of

uαi
(zi).

The proof of Proposition 6.1 is based on the following Proposition.
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Proposition 6.3 Assume that (H2) holds. Then there exists a map

Θ : M̃1,p × C → EG

such that the following holds.

(i) For every g ∈ G2,p and (w, z) ∈ M̃1,p × C we have

Θ(g∗w, z) = g(z)−1Θ(w, z).

(ii) (Invariance under translation) Let (w, z0) ∈ M̃1,p×C and let ζ ∈ C.

Then

Θ(w(· − ζ), z0 + ζ) = Θ(w, z0).

(iii) For every (u,Φ,Ψ; z0) ∈ M̃1,p × C such that |µ(u(z0))| < δ0 we have

Θ(u,Φ,Ψ; z0) = θ(u(z0)).

(iv) Let wν ∈ M̃1,p × C be a sequence of vortices that converges to a vortex

w ∈ M̃1,p, uniformly on every compact subset of C, and let zν ∈ C

is a sequence of points converging to some point z ∈ C. Assume that

supν∈N E(wν) <∞. Then

Θ(wν, zν) → Θ(w, z).

Proof of Proposition 6.3: We fix a smooth function ρ : [0,∞) → [0, 1]

such that ρ(a) = 1 if a ≤ δ0 and ρ(a) = 0 if a ≥ 2δ0. For every vortex

w ∈ M̃1,p, every point z0 ∈ C and every nonnegative integer j we define

ρw,z0j := ρ(|µ(u(z0 + 2j))|).

Claim 1 For every constant E ≥ 0 there exists an integer n such that the

following holds. If (w, z0) ∈ M̃1,p ×C is a pair such that E(w,B2n(z0)) ≤ E

then there exists an integer j0 ∈ {0, . . . , n} such that ρw,z0j0
= 1.

Proof: By Proposition D.6(B) there exists a compact subset K0 ⊆ M such

that u(C) ⊆ K0 for every (u,Φ,Ψ) ∈ M̃1,p. We choose E0 > 0 as in the a

priori Lemma C.1, depending onK0. Furthermore, we fix an integer n greater

than E
E0

and greater than 8E/(πδ2
0). Let (w, z0) be as in the hypothesis. Since

the balls B1(z0 + 2j), j = 0, . . . , n− 1, are all disjoint, we have

E ≥ E(w,B2n(z0)) ≥
n−1∑

j=0

E(w,B1(z0 + 2j)).

Hence there exists an integer j0 ∈ {0, . . . , n− 1} such that

E(w,B1(z0 + 2j0)) ≤
E

n
. (6.4)
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By the choice of n it follows that E(w,B1(z0 + 2j0)) < E0, and therefore the

conditions of Lemma C.1 with r := 1 and z0 replaced by z0 +2j are satisfied.

Hence by that Lemma

ew(z0 + 2j0) ≤
8E(w,B1(z0 + 2j0))

π
≤ 8E

nπ
< δ2

0.

Here in the second inequality we have used the estimate (6.4). It follows that

|µ(u(z0 + 2j0))| ≤
√
ew(z0 + 2j0) < δ0,

and hence

ρj0 := ρ(|µ(u(zj0))|) = 1.

This proves Claim 1. 2

We define now the map Θ : M̃1,p×C → EG as follows. Fix a vortex w :=

(u,Φ,Ψ) ∈ M̃1,p and a point z0 ∈ C. Since p > 2, by the Morrey embedding

theorem the maps Φ,Ψ : C → g are continuous. Applying Proposition E.13

repeatedly with T := 1, 2, . . ., ξ := Φ(· + z0)|(0,1), ξ := Φ(· + z0)|(0,2), . . . it

follows that there exists a unique continuous solution gz0 : [0,∞) → GL(ℓ,R)

of the linear integral equation

gz0(t) = 1 −
∫ t

0

Φ(s+ z0)gz0(s)ds.

Since Φ is continuous, it follows that gz0 is continuously differentiable and

that it solves the linear differential equation

ġz0(s) = −Φ(s+ z0)gz0(s), gz0(0) = 1. (6.5)

Furthermore, since Φ takes values in the Lie algebra g of G, Proposition E.13

implies that gz0 takes values in G. We choose a positive integer n as in Claim

1, corresponding to E := E(w). For j = 1, . . . , n we set zj := z0 + 2j, and

for j = 0, . . . , n we define ρj := ρ(|µ ◦ u(zj)|) and

λj := ρj

√
(1 − ρ2

j−1) · · · (1 − ρ2
0), (6.6)

and Θj(w, z0) ∈ Cℓ×m by

Θj(w, z0) :=

{
λjgz0(2j)

−1θ(u(zj)), if |µ(u(zj))| ≤ 2δ0,

0, otherwise.

We define

Θ(w, z0) :=
(

Θ0(w, z0) . . . Θn(w, z0)
)
∈ Cℓ×(n+1)m. (6.7)
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Claim 2 We have Θ(w, z0) ∈ EG(n+1)m, i.e. the rows of Θ(w, z0) are an

orthonormal system.

Proof: Since the rows of the matrix θ(u(zj)) ∈ Cℓ×m are orthonormal and

gz0(2j) ∈ U(ℓ) it follows that the rows of Θj(w, z0) are orthonormal. This

implies that the rows of Θ(w, z0) are orthogonal. Fix j = 1, . . . , ℓ. We show

that the j-th row of Θ(w, z0) has norm 1. Since for every j = 1, . . . , n the

j-th row of Θj(w, z0) has norm 1, it is enough to show that

n∑

j=0

λ2
j = 1. (6.8)

To see this observe that by the statement of Claim 1 there exists an integer

j0 ∈ {0, . . . , n} such that ρj0 = 1, and hence

(1 − ρ2
n) · · · (1 − ρ2

j0
) · · · (1 − ρ2

0) = (1 − ρ2
n) · · ·0 · · · (1 − ρ2

0) = 0.

It follows that

n∑

j=0

λ2
j = ρ2

0 + . . .+ ρ2
n(1 − ρ2

n−1) · · · (1 − ρ2
0) + (1 − ρ2

n) · · · (1 − ρ2
0)

= ρ2
0 + . . .+ ρ2

n−1(1 − ρ2
n−2) · · · (1 − ρ2

0)

+(ρ2
n + 1 − ρ2

n)(1 − ρ2
n−1) · · · (1 − ρ2

0)

= ρ2
0 + . . .+ ρ2

n−2(1 − ρ2
n−3) · · · (1 − ρ2

0)

+(ρ2
n−1 + 1 − ρ2

n−1)(1 − ρ2
n−2) · · · (1 − ρ2

0)

= . . .

= ρ2
0 + (1 − ρ2

0) = 1.

It follows that all the rows of Θ(w, z0) have norm 1 and hence Θ(w, z0) ∈
EG(n+1)m. This proves Claim 2. 2

We check the conditions (i)-(iv). To see that condition (i) holds, let

g ∈ G2,p and (w, z0) ∈ M̃1,p × C and define w′ := (u′,Φ′,Ψ′) := g∗w ∈ M̃1,p.

Let gz0 : [0,∞) → G be the unique continuously differentiable solution of

(6.5). We define

g′z0 : [0,∞) → G, g′z0(s) := g(s+ z0)
−1gz0(s)g(z0).

Then g′z0(0) = 1, g′z0 is continuously differentiable, and

ġ′z0(s) = g(s+ z0)
−1
(
− ∂sg(s+ z0)g(s+ z0)

−1gz0(s) + ġz0(s)
)
g(z0)

= −g(s+ z0)
−1
(
∂sg(s+ z0) + Φ(s + z0)g(s+ z0)

)
g(s+ z0)

−1gz0(s)g(z0)

= −Φ′(s+ z0)g
′
z0(s).
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This means that g′z0 solves equation (6.5) with Φ replaced by Φ′. We define

λj as in (6.6), corresponding to u. Since

|µ(u′(zj))| = |µ(u(zj))|,

setting zj := z0 + 2j, it follows that

Θj(w
′, z0) = λjg

′
z0(2j)

−1θ(u′(zj))

= λjg(z0)
−1gz0(2j)

−1g(zj)θ(g(zj)
−1u(zj))

= λjg(z0)
−1gz0(2j)

−1θ(u(zj))

= g(z0)
−1Θj(w, z0).

Therefore, Θ(g∗w, z0) = g(z0)
−1Θ(w, z0). This proves (i).

(ii) follows similarly to (i) with w′ := w(· − ζ).

To prove (iii) observe that in the case |µ(u(z0))| < δ0 we have ρ0 :=

|ρ(|µ(u(z))|) = 1 and therefore Θ0(w, z0) = θ(u(z0)). Furthermore, for j =

1, . . . , n we have

λj = ρ2
j (1 − ρ2

j−1) · · · (1 − ρ2
1) · 0 = 0,

and hence Θj(w, z0) = 0. This implies (iii).

We prove (iv). Let wν := (uν ,Φν ,Ψν) ∈ M̃1,p be a sequence of vortices

that converges to some vortex w := (u,Φ,Ψ) ∈ M̃1,p, uniformly on every

compact subset of C, and let zν ∈ C be a sequence of points converging to

some point z ∈ C. Assume that E := supν E(wν) < ∞. We choose an

integer n as in Claim 1, corresponding to E. Fix an integer j = 0, . . . , n.

Since zν → z, there exists a number R > 0 such that zν ∈ B̄R for every ν.

By assumption, the maps uν converge to u, uniformly on B̄R, and hence

d(uν(zν), u(z)) ≤ d(uν(zν), u(zν)) + d(u(zν), u(z)) → 0. (6.9)

We define zj := z + 2j, zνj := zν + 2j, ρj := ρ(|µ ◦ u(zj)|) and λj as in (6.6),

ρνj := ρ(|µ ◦ uν(zνj )|), and λνj as in (6.6) with ρj replaced by ρνj . We define

Θ̃j ∈ Cℓ×m by

Θ̃j :=

{
λjθ ◦ u(z), if |µ ◦ u(z)| ≤ 2δ0,

0, otherwise,

and Θ̃ν
j ∈ Cℓ×m by

Θ̃ν
j :=

{
λνj θ ◦ uν(zν), if |µ ◦ uν(zν)| ≤ 2δ0,

0, otherwise.
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It follows from (6.9), that

Θ̃ν
j → Θ̃j.

Let g : [0,∞) → G and gν : [0,∞) → G be the unique continuously dif-

ferentiable solutions of (6.5), corresponding to Φ, z0 := z and Φν , z0 := zν
respectively. Then, abbreviating

Θj := g(zj)
−1Θ̃j, Θν

j := gν(z
ν
j )

−1Θ̃ν
j ,

we have

Θ(w, z) =
(
Θ0 . . . Θn 0 . . .

)
, Θ(wν, zν) =

(
Θν

0 . . . Θν
n 0 . . .

)
.

Let 〈·, ·〉 be an invariant inner product on g. By the last statement in Propo-

sition E.13, with

T := 2j, ξ := Φ(· + z), η := Φν(· + zν) : [0, 2j] → g

we have

d〈·,·〉(gν(z
ν
j ), g(zj)) ≤ ||Φ(· + z) − Φν(· + zν)||L1([0,2j])

≤ 2j||Φ(· + z) − Φν(· + zν)||C0([0,2j])

≤ 2j||Φ(· + z) − Φ(· + zν)||C0([0,2j])

+2j||Φ(· + zν) − Φν(· + zν)||C0([0,2j]) → 0.

Here in the last step we have used that zν → z and that Φν converges to Φ,

uniformly on B̄R+2j . Since Θ̃ν
j → Θ̃j, this implies that Θ(wν , zν) → Θ(w, z).

This completes the proof of (iv) and therefore of Proposition 6.3. 2

Proof of Proposition 6.1: Fix a nonnegative integer k. We define the

map ev : M̄k → Mk
G as follows. Fix a map Θ : M̃1,p × C → EG as in

Proposition 6.3. Let W ∈ Mk be an equivalence class of stable maps. We

choose a representative

(w, ū, z) :=
(
T̄ , V, E, (uα,Φα,Ψα)α∈V , (ūα)α∈T̄ , (zαβ)αEβ, (αi, zi)i=0,...,k−1

)

of W. For every i = 0, . . . , k − 1 we define the i-th component of ev(W) by

evi(W) :=





[uαi
(zi),Θ(wαi

, zi)], if αi ∈ V, zi 6= ∞,

sθ ◦ ev∞(wαi
), if αi ∈ V, zi = ∞,

sθ ◦ evzi
(ūαi

), if αi ∈ T̄ .

We claim that evi(W) is welldefined, i.e. does not depend on the choice of

the representative (w, ū, z) of W. To see this, assume that

(w′, ū′, z′) :=
(
V ′, T̄ ′, E ′, (u′α,Φ

′
α,Ψ

′
α)α∈V , (ū

′
α)α∈T̄ , (z

′
αβ)αEβ, (α

′
i, z

′
i)i=0,...,k−1

)
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is another representative of W. This means that (w, ū, z) and (w′, ū′, z′)

are equivalent stable maps. Hence there exist a tree isomorphism f : T :=

V ⊔ T̄ → T ′ := V ′ ⊔ T̄ ′, Möbius transformations ϕα, for α ∈ T and gauge

transformations gα ∈ G2,p such that the conditions (i)-(iii) of Definition 3.12

are satisfied. Fix i = 0, . . . , k − 1. We denote α′
i := f(αi) ∈ T ′.

Assume that αi ∈ V and zi 6= ∞. Denoting

wi := (uαi
,Φαi

,Ψαi
), w′

i := (u′α′
i
,Φ′

α′
i
,Ψ′

α′
i
), ϕi := ϕαi

, gi := gαi
,

we have by condition 3.12(iii) g∗i (wi ◦ ϕi) = w′
i. It follows that

Θ(w′
i, z

′
i) = Θ

(
g∗i (wi ◦ ϕi), z′i

)

= gi(z
′
i)
−1Θ(wi ◦ ϕi, z′i)

= gi(z
′
i)
−1Θ(wi, ϕi(z

′
i))

= gi(z
′
i)
−1Θ(wi, zi).

Here the second equality follows from assertion (i) of Proposition 6.3, the

third equality from assertion 6.3(ii), and the last equality from condition (ii)

of Definition 3.12. It follows that

[u′i(z
′
i),Θ(w′

i, z
′
i)] = [gi(z

′
i)
−1ui ◦ ϕi(z′i), gi(z′i)−1Θ(wi, zi)]

= [ui(zi),Θ(wi, zi)].

Hence evi(W) does not depend on the choice of (w, ū, z) in the case αi ∈ V

and zi 6= ∞. That this is true also in the other cases follows directly from

the definition of evi(W).

We claim that ev satisfies the conditions of Proposition 6.1. We check

(i). If αi ∈ V and zi 6= ∞, then condition (6.2) is satisfied by the definition

of evi(W). Assume that αi ∈ T̄ or αi ∈ V and (zi = ∞ or |µ ◦uαi
(zi)| < δ0).

To see that condition (6.3) holds, note that in the case αi ∈ T̄ or αi ∈ V

and zi = ∞, the statement follows from the definition of evi(W). If αi ∈ V ,

zi 6= ∞ and |µ ◦ uαi
(zi)| < δ0 then (6.3) follows from condition (iii) of

Proposition 6.3 and the definition (6.1) of sθ.

In order to see that condition 6.1(ii) holds, let wν := (uν,Φν ,Ψν) ∈ M̃1,p

and zν1 , . . . , z
ν
k−1 ∈ C be sequences of vortices and marked points such that

(wν , z
ν
0 := ∞, zν1 , . . . , z

ν
k−1) converges to some stable map (w, ū, z). Hence

there exist Möbius transformations ϕα for α ∈ T such that the conditions

(i)-(iii) of Definition 3.6 are satisfied. Fix an integer i = 0, . . . , k − 1.

Assume that i ≥ 1 and αi ∈ V . Then by condition (i) of Definition

3.6 the maps ϕνi := ϕναi
are translations, and by condition 3.6(iii) there exist

gauge transformations gνi ∈ G2,p such that (gνi )
∗(wν ◦ ϕνi ) converges to wi :=

wαi
, uniformly on every compact subset of C. Denoting z′i

ν := (ϕνi )
−1(zνi )



6 A continuous evaluation map 157

and wνi := (gνi )
∗(wν ◦ ϕνi ), we have

Θ(wν , z
ν
i ) = Θ(wν ◦ ϕνi , (ϕνi )−1(zνi ))

= gνi ((ϕ
ν
i )

−1(zνi ))Θ
(
(gνi )

∗(wν ◦ ϕνi ), (ϕνi )−1(zνi )
)

= gνi (z
′
i
ν
)Θ(wνi , z

′
i
ν
).

Here the first equality follows from condition (ii) of Proposition 6.3 and the

second one from 6.3(i). It follows that

evi([wν , z
ν
0 , . . . , z

ν
k−1]) = [uν(z

ν
i ),Θ(wν, z

ν
i )]

= [uν ◦ ϕνi (z′iν), gνi (z′iν)Θ
(
wνi , z

′
i
ν)

]

= [gνi (z
′
i
ν
)−1uν ◦ ϕνi (z′i

ν
),Θ

(
wνi , z

′
i
ν)

] (6.10)

By condition (iv) of Definition 3.6 we have

z′i
ν

= (ϕνi )
−1(zνi ) → zi.

By Remark 3.5 we have zi 6= ∞. So, abbreviating xνi := gνi (z
′
i
ν)−1uν ◦ϕνi (z′iν),

we have

d(xνi , ui(zi)) ≤ d(xνi , ui(z
′
i
ν
)) + d(ui(z

′
i
ν
), ui(zi)).

Since

wνi =
(
(gνi )

−1(uν ◦ ϕνi ), (gνi )∗
(
(Φν

i ,Ψ
ν
i ) ◦ ϕνi

))
→ wi =: (ui,Φi,Ψi),

uniformly on every compact subset of C, it follows that xνi converges to ui(zi).

Furthermore, by condition (iv) of Proposition 6.3 we have

Θ
(
wνi , z

′
i
ν)→ Θ(wi, zi).

Hence equality (6.10) implies that evi([wν , z
ν
0 , . . . , zk−1]) converges to

[ui(zi),Θ(wi, zi)] = evi([w, ū, z]).

This proves condition (ii) in the case i ≥ 1 and αi ∈ V .

Assume that i ≥ 1 and αi ∈ T̄ . Then by condition 3.6(iv) we have

z′i
ν

:= (ϕναi
)−1(zνi ) → zi.

We choose ε > 0 so small that

B̄S2

ε (zi) ∩ Zαi
= ∅,

where for every r > 0 and z ∈ S2 B̄S2

r (z) denotes the closed ball on S2 w.r.t.

the standard metric, with radius r and center z. By condition 3.6(iii) with

Q := B̄S2

ε (zi) the maps

ūναi
:= Guαi

◦ ϕναi
: S2 \ {zαi,0} →M/G
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converge to ūαi
on B̄S2

ε (zi), uniformly w.r.t. d̄. It follows that

d̄(Guν(z
ν
i ), ūαi

(zi)) = d̄(ūναi
(z′i

ν
), ūαi

(zi))

≤ d̄(ūναi
(z′i

ν
), ūαi

(z′i
ν
)) + d̄(ūαi

(z′i
ν
), ūαi

(zi)) → 0.

Therefore for ν large enough we have

Guν(z
ν
i ) ⊆Mδ0/G,

i.e. |µ ◦ uν(zνi )| ≤ δ0 and hence

evi([wν ; z
ν
0 , . . . , z

ν
k−1]) = sθ ◦ Guν(z

ν
i ),

and this converges to

sθ ◦ ūαi
(zi) = evi([w, ū, z]).

This proves condition (ii) in the case i ≥ 1 and αi ∈ T̄ .

Assume now that i = 0. We claim that

ev∞(wν) → evz0(wα0), for ν → ∞, (6.11)

where by abuse of notation we write wα0 := ūα0 , if α0 ∈ T̄ . To see this,

let ε > 0. It follows as in the proof of Proposition 5.4 (Conservation of

the equivariant homology class, inequality (5.31)), that there exist numbers

δ > 0 and ν0 ∈ N such that for every ν ≥ ν0 and every z ∈ BS2

δ (z0) \ {z0} we

have ϕνα0
(z) ∈ C and

d̄(evz0(wα0),Gu
ν ◦ ϕνα0

(z)) < ε.

Fix an integer ν ≥ ν0. By condition (i) of Definition 3.6 we have ϕνα0
(z0) = ∞,

hence for large enough r > 0 we have

(ϕνα0
)−1(r) ∈ BS2

δ (z0). (6.12)

On the other hand, by definition

ev∞(wν) = lim
r→∞

Guν(r).

We choose r > 0 so large that

d̄(Guν(r), ev∞(wν)) < ε

and (6.12) is satisfied. It follows that

d̄(ev∞(wν), evz0(wα0))

d̄(ev∞(wν),Guν(r)) + d̄(Guν(r), evz0(wα0)) < ε+ ε.
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This proves (6.11).

It follows that

ev0([wν ;∞, zν1 , . . . , z
ν
k−1]) = sθ ◦ ev∞(wν) → sθ ◦ evz0(wα0) = ev0([w, ū, z]).

This proves condition 6.1(ii) in the case i = 0. So 6.1(ii) is satisfied in every

case.

This proves Proposition 6.1. 2

Remark 6.4 The map Θ : M̃×C → EG only uses local data, and hence the

same holds for the evaluation map ev : M̄k → Mk
G as defined in the proof

of Proposition 6.1. More precisely, for every constant E > 0 the compo-

nent evi([w, ū, z]) ∈ MG only depends on the restriction wαi
|B̄R(E)(zi), where

R(E) > 0 is a number independent of [w, ū, z].

Naively, we could try to define the evaluation map in the following alter-

native way, without using Proposition 6.3. We fix a continuous equivariant

map θ : M∗ → EG and set sθ(Gx) := [x, θ(x)]. Let W ∈ M̄k be an equiva-

lence class of stable maps and i ∈ {0, . . . , k− 1}. We choose a representative

(w, ū, z) of W. If αi ∈ T̄ then we define as before

evi(W) := sθ ◦ ūαi
(zi).

Similarly, if αi ∈ V and zi = ∞ we set evi(W) := sθ(limr→∞ Guαi
(r)).

Assume now that αi ∈ V and zi 6= ∞. We choose a gauge transformation

gi ∈ G2,p such that

w′
i := (u′i,Φ

′
i,Ψ

′
i) := g∗i (wαi

(· + zi − 1))

is smooth and in radial gauge outside B1, as in Proposition D.3. Then by

Proposition D.7 u′i(r) converges to some point xi ∈ µ−1(0) for r → ∞. The

idea would be to define evi(W) := [u′i(zi), θ(xi)]. This does not depend

on the choice of the representative (w, ū, z) of W nor on the choice of gi.

However, the problem is that the map ev so defined is not continuous w.r.t.

to convergence of a sequence of vortices against a stable map. This comes

from the fact that it uses global data instead of local data. More precisely,

the point evi([w, ū, z]) depends on the restriction of w to the ray parallel

to the real axis emanating from the point zi. This global information gets

lost in the limit, if (wν , z
ν
0 := ∞, zν1 , . . . , z

ν
k−1) is a sequence of vortices with

marked points converging to some stable map (w, ū, z).



7 An application

This section contains an application of the techniques developed in this dis-

sertation. It states that there exists a solution of the symplectic vortex

equations on the complex plane with positive energy if at least one of the

following conditions is satisfied.

• The symplectic vortex invariants do not vanish for some nonzero second

equivariant homology class.

• The 3-point Gromov-Witten invariants of the symplectic quotient do

not vanish for some nonzero homology class in the quotient.

Since I still have to carry out some details, the application is still a conjecture.

However, the ingredients of its proof are all contained in this dissertation.

In particular, it does not involve transversality for vortices on C. For details

about the Gromov-Witten invariants the reader is referred to the book by

D. McDuff and D. A. Salamon [MS3]. The symplectic vortex invariants

are defined in the paper by K. Cieliebak, R. Gaio, I. Mundet and D. A.

Salamon [CGMS]. See also the papers [CGS], [CGMS], [CS], [GS], R. Gaio’s

dissertation [Ga], and my overview article [Zi2].

The 3-point Gromov-Witten invariants of a symplectic manifold are de-

fined by means of a regular almost complex structure. We fix a symplectic

manifold (M,ω) and an ω-compatible almost complex structure J on M .

Then J is called regular iff the vertical differential of the Cauchy-Riemann

operator ∂̄J is surjective at every simple J-holomorphic sphere and all the

edge evaluation maps are transverse to the diagonal. A J-holomorphic map

u : S2 → M is called simple iff there does not exist a J-holomorphic map

u′ : S2 → M and a holomorphic map ϕ : S2 → S2 of degree > 1 such that

u = u′◦ϕ. If the vertical differential of ∂̄J at u is surjective for every simple J-

holomorphic sphere u then for every spherical homology class B ∈ H2(M,Z)

the set M̃∗(B, J) of all simple J-holomorphic spheres representing B carries

a canonical structure of a smooth finite dimensional manifold. The dimension

of M̃∗(B, J) is given by the Riemann-Roch formula

dimM̃∗(B, J) = dimM + 2〈c1(TM, ω), B〉.

The condition that the edge evaluation maps are transverse to the diagonal

implies that the set of simple stable maps in M carries a canonical structure

of a smooth finite dimensional manifold.

Assume now that (M,ω) is closed and semipositive. The latter condition

means that for every homotopy class B ∈ π2(M) we have

〈[ω], B〉 > 0, c1(B) := 〈c1(TM, ω), B〉 ≥ 3 − n =⇒ c1(B) ≥ 0.
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Here c1(TM, ω) denotes the first Chern class of the symplectic vector bundle

(TM, ω). We denote by H∗(M) the quotient of H∗(M,Z) over its torsion

subgroup. We call a homology class B ∈ H2(M,Z) good, iff there is no pair

(k,B′), where k ≥ 2 is an integer and B′ is a spherical second homology

class such that B = kB′ and c1(B
′) = 0. For every positive integer k, every

spherical homology class 0 6= B ∈ H2(M,Z) and every ω-compatible almost

complex structure J on M we denote by M∗
k(B, J) the set of equivalence

classes of tuples (u, z1, . . . , zk), where u : S2 →M is a simple J-holomorphic

map that represents B and z1, . . . , zk ∈ S2 are distinct points. Semiposi-

tivity of (M,ω) implies that for every regular ω-compatible almost complex

structure J and every good spherical homology class B the evaluation map

evB,J : M∗
k(B, J) → Mk, (u, z1, . . . , zk) 7→ (u(z1), . . . , u(zk))

is a pseudo-cycle. The genus 0 three-point Gromov-Witten invariants

GWM,ω
3,B : H∗(M)3 → Z

are given as follows. For each triple (α1, α2, α3) ∈ H∗(M)3 such that

3∑

i=1

degαi = dimM + 2c1(B) (7.1)

the number GWM,ω
3,B (α1, α2, α3) is defined to be the intersection number of

the pseudo-cycles evB,J and f , where J is a regular ω-compatible almost

complex structure and f : X → M3 is a pseudo-cycle Poincaré dual to

π∗
1α1 ⌣ π∗

2α2 ⌣ π∗
3α3 ∈ H∗(M3). Here πi : M3 → M denotes the projection

to the i-th factor. If the dimension condition (7.1) is not satisfied then

GWM,ω
3,B (α1, α2, α3) := 0.

Let now (M,ω) be a symplectic manifold with a Hamiltonian action of

a compact connected Lie group G, and let J be a G-invariant ω-compatible

almost complex structure. Assume that G acts freely on µ−1(0), and let

the symplectic structure ω̄ on M̄ := µ−1(0)/G be defined as in (1.2). Recall

that J induces an ω-compatible almost complex structure J̄ on the symplectic

quotient M̄ := µ−1(0)/G, defined as in (1.9). For every equivariant homology

class B ∈ HG
2 (M,Z) the genus 0 symplectic vortex invariants corresponding

to B are given by a linear map

ΦM,ω,µ
B : H∗

G(M) → Q.

Fix a class α ∈ H∗
G(M). The class B determines an isomorphism class [P ]

of principal G-bundles over S2. Intuitively, the number ΦM,ω,µ
B (α) equals

the number of gauge equivalence classes of solutions (u,A) of the symplectic

vortex equations over P , such that [u]G = B and (u,A) evaluates at the

point 0 ∈ S2 to a point in the “Poincaré dual” of α. Here [u]G ∈ H2(MG,Z)
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denotes the equivariant homology class of u. For α ∈ H∗
G(M) the number

ΦM,ω,µ
B (α) can only be nonzero if the dimension condition

degα = dimM − 2 dimG + 2〈cG1 (TM), B〉

is satisfied. Here cG1 (TM) denotes the first Chern class of the complex vector

bundle TM ×G EG →M ×G EG, and EG is a contractible topological space

on which G acts continuously and freely.

Conjecture 7.1 (Existence of vortices on C with positive energy) As-

sume that the hypotheses (H1), (H2) and (H3) are satisfied, that the sym-

plectic quotient (M̄, ω̄) is semipositive, and that J̄ is regular. If at least one

of the following conditions is satisfied, then there exists a vortex on C with

positive energy.

(i) There exists an equivariant homology class 0 6= B ∈ HG
2 (M,Z) such

that

ΦM,ω,µ
B 6≡ 0 (7.2)

and the following condition holds. If there exists a spherical homol-

ogy class B̄ ∈ H2(M̄,Z) with κ.B̄ = B then B̄ is good and every J̄-

holomorphic sphere representing B̄ is simple. Here κ. : H∗(M̄,Z) →
H∗(MG,Z) denotes the Kirwan homomorphism.

(ii) There exists a good homology class 0 6= B̄ ∈ H2(M̄,Z), such that

GWM̄,ω̄

3,B̄
6≡ 0

and every J̄-holomorphic map ū : S2 → M̄ that represents B̄ is simple.

Example 7.2 For n ≥ 1 consider the diagonal action of G := S1 on M :=

Cn+1 with the standard symplectic structure ω0, with moment map µ(z) :=
i
2
(1 − |z|2). It satisfies the hypotheses (H1), (H2), (H3). The symplectic

quotient is M̄ = CPn with the Fubini-Studi form ωFS. It is monotone and

hence semipositive. Furthermore, J̄ equals the standard complex structure

on CPn. By Proposition 7.4.3. in the book [MS3], it is regular. We denote

by

L ∈ H2(CPn,Z)

the class of the projective line CP1 ⊆ CPn, and by

c ∈ H2
S1(Cn+1) ∼= H2(CP∞)

the positive generator for which

〈c, κ.L〉 = 1,
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where κ. : H∗(CPn,Z) → HS1

∗ (Cn+1,Z) denotes the Kirwan homomorphism.

Let d be a positive integer. Since CPn is monotone, the spherical class

dL ∈ H2(CPn) is good. We define m := d(n+1)+n. By Example 3.3. in the

paper [CS], the genus 0 symplectic vortex invariants of (dκ.L, c
m) are given

by

ΦCn+1,ω0,µ
dκ.L

(cm) = 1.

It follows that condition (i) of Conjecture 7.1 is satisfied. Hence if the con-

jecture is true then there exists a vortex on C with positive energy. Note

that also condition ii) is satisfied, since

GWCPn,ωF S

3,L

(
PD([pt]),PD([pt]),PD([CPn−1])

)
= 1, (7.3)

where PD : Hk(CPn) → H2n−k(CPn) denotes Poincaré duality, pt ⊆ CPn

is an oriented submanifold consisting of one point, and we embed CPn−1

in CPn. This formula follows from the fact that there exists exactly one

complex projective line through two distinct points in CPn.

Sketch of the proof of Conjecture 7.1: Assume that (i) holds. Let

0 6= B ∈ HG
2 (M,Z) be such that ΦM,ω,µ

B 6≡ 0. Since G is connected, the

classifying space BG is simply connected, and hence by Hurewicz’s theorem

the canonical map π2(BG) → H2(BG) is an isomorphism. Let C ∈ π2(BG)

be the image of B under the composition

HG
2 (M,Z) → H2(BG,Z) → π2(BG),

where the first map is induced by the canonical projection (M × EG)/G →
BG = EG /G. We fix a principal G-bundle P over S2 whose isomorphism

class is determined by C. We denote by C∞
G (P,M) the space of smooth G-

equivariant maps from P to M , and by A(P ) the space of smooth connection

one forms on P . For ε > 0 consider the ε-vortex equations on P for a pair

(u,A) ∈ C∞
G (P,M) ×A(P ):

∂̄J,A(u) = 0, (7.4)

ε2 ∗ FA + µ ◦ u = 0. (7.5)

For every continuous equivariant map u : P → M we denote by [u]G ∈
H2(MG,Z) its equivariant homology class, and we define

M̃ε
B :=

{
(u,A) ∈ C∞

G (P,M) ×A(P )
∣∣ (7.4), (7.5), [u]G = B

}
. (7.6)

We choose a constant c > 0 and a function f : M → [0,∞) as in hypothesis

(H2). Let B̄r ⊆ g be the closed ball of radius r := 〈[ω − µ]G, B〉/(4π).

Here [ω − µ]G ∈ H2
G(M) denotes the equivariant cohomology class of ω − µ.

Since µ is proper, the inverse image µ−1(B̄r) ⊆ M is compact, and hence
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f(µ−1(B̄r)) ⊆ [0,∞) is compact. Therefore, increasing c if necessary, we

may assume that f(µ−1(B̄r)) ⊆ [0, c). This means that

f(x) ≥ c =⇒ |µ(x)| > 〈[ω − µ]G, B〉
4π

. (7.7)

Therefore, as in the proof of Lemma 2.7 in [CGMS] with τ := 0, it follows

that for every 0 < ε ≤ 1 and every ε-vortex (u,A) ∈ M̃ε
B we have

u(P ) ⊆M<c = {x ∈M | |µ ◦ u(x)| < c}. (7.8)

Increasing c further we may assume that it is a regular value of the map

|µ|2 : M → [0,∞). It follows that Mc ⊆ M is a compact submanifold with

boundary.

For δ > 0 and r > 0 we define

Bδ,r :=

{
(u,A) ∈ C∞

G (P,M) ×A(P )
∣∣∣∃z ∈ S2 sup

Br(z)

|µ ◦ u| < δ

}
. (7.9)

Furthermore, we denote by G(P ) the space of smooth gauge transformations

on P , i.e. of smooth maps g : P → G such that g(ph) = h−1g(p)h for every

h ∈ G and p ∈ P . As a corollary to the theorem of Peter and Weyl we may

assume w.l.o.g. that G is a closed subgroup of U(ℓ) for some integer ℓ. For

every integer m ≥ ℓ we define

EGm := {Θ ∈ Cℓ×m |ΘΘ∗ = 1}.

This is a finite dimensional approximation of the classifying space EG, which

consists of all orthonormal ℓ-tuples of finite sequences of complex numbers.

By our hypothesis (H1) we may choose a number δ > 0 so small that G acts

freely on Mδ. We also choose a smooth G-equivariant map θ : Mδ → EGm

for some integer m ≥ ℓ. By Proposition 12.1 in the paper by R. Gaio and D.

A. Salamon [GS], for every r > 0 there exist an integer N ≥ m and a map

Θ : Bδ,r × P → EGN with the following properties.

(i) For every g ∈ G(P ), h ∈ G and (u,A, p) ∈ Bδ,r × P we have

Θ(g−1u, g∗A, pg(p)−1) = Θ(u,A, p) = hΘ(u,A, ph). (7.10)

(ii) The map Θ is continuous w.r.t. the C0-topology on Bδ,r.

(iii) Denoting by ιm,N : EGm → EGN the inclusion we have

|µ ◦ u(p)| < δ =⇒ Θ(u,A, p) = ιm,N ◦ θ ◦ u(p).
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By Lemma 12.2 in the paper [GS] there exist positive constants r and ε0 such

that

M̃ε
B ⊆ Bδ,r,

for 0 < ε ≤ ε0. We fix such constants ε0 and r and define the evaluation

map at the point 0 ∈ S2 to be the map

ev : Bδ,r → M<c ×G EGN , ev(u,A) := [u(p),Θ(u,A, p)], (7.11)

where p ∈ P is an arbitrary point in the fibre over 0 ∈ S2.

We define

k := dimM − 2 dim G + 2〈cG1 (TM), B〉.
By our assumption that ΦM,ω,µ

B 6≡ 0, there exists a cohomology class α ∈
H∗

G(M) of degree k such that ΦM,ω,µ
B (α) 6= 0. Combining the inclusion

EGN → EG with the inclusion Mc →֒ M , we get a continuous map

Mc × EGN → M × EG

which descends to a map

ι : Mc ×G EGN := (Mc × EGN)/G →MG := (M × EG)/G. (7.12)

We define α̃ := ι∗α ∈ H∗(Mc ×G EGN). By Theorem E.16 (de Rham iso-

morphism) we may identify α̃ with a de Rham cohomology class on the

manifold with boundary Mc ×G EGN . By Theorem E.18 applied with α re-

placed by α̃ there exists a rational number λ 6= 0 and a compact oriented

submanifold X ⊆ Mc ×G EGN of codimension k, possibly with boundary

∂X ⊆ ∂(Mc ×G EGN), such that

λαX = α̃,

where αX is the de Rham cohomology class Poincaré dual to X defined in

(E.50). We define the map

sθ : M̄ = µ−1(0)/G → µ−1(0) ×G EGN , sθ(x̄) := [x, ιm,N ◦ θ(x)], (7.13)

where x ∈ µ−1(0) is an arbitrary point in the orbit x̄. Perturbing X slightly

we may assume w.l.o.g. that it is transverse to the submanifold µ−1(0) ×G

EGN ⊆Mc ×G EGN and to sθ. It follows that

X̄ := s−1
θ (X ∩ µ−1(0) ×G EGN) ⊆ M̄

is a submanifold of codimension k. Fix a finite tree (T̄ , E), a positive integer

ℓ, vertices α1, . . . , αℓ ∈ T̄ and a collection B̄α ∈ H2(M̄,Z), α ∈ T̄ of spherical

homology classes. We denote by M̃∗
T̄ ,(αi)

((B̄α)α∈T̄ , J̄) the set of simple stable

maps of J̄-holomorphic spheres in M̄ modelled over T̄ with ℓ marked points
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corresponding to α1, . . . , αℓ. It consists of all stable maps of J̄-holomorphic

spheres (
T̄ , E, (ūα)α∈T̄ , (zαβ)αEβ, (αi, zi)i=1,...,ℓ

)

(see Definition 5.1.1 in the book [MS3]), such that each ūα is simple and

ūα(S
2) 6= ūβ(S

2) for any two vertices α 6= β such that ūα and ūβ are non-

constant. Moreover, we denote by M∗
T̄ ,(αi)

((B̄α)α∈T̄ , J̄) the set of equivalence

classes of such simple stable maps. Since by assumption J̄ is regular, by

Theorem 6.2.6 in the book [MS3] this set carries a canonical structure of a

smooth manifold. We define the evaluation map

evT̄ ,(αi),(B̄α) : M∗
T̄ ,(αi)

((B̄α)α∈T̄ , J̄) → M̄ ℓ, (7.14)
(
T̄ , E, (ūα)α∈T̄ , (zαβ)αEβ, (αi, zi)i=1,...,ℓ

)
7→
(
ūα1(z1), . . . , ūαℓ

(zℓ)
)
.

We assume that for every finite tree T̄ , every vertex α1 ∈ T̄ and every collec-

tion of spherical homology classes B̄α ∈ H2(M̄,Z), α ∈ T̄ , the submanifold

X̄ ⊆ M̄ is transverse to evT̄ ,α1,(B̄α). It should be possible to arrange this by

perturbing X slightly.

Since ΦM,ω,µ
B (α) 6= 0, it should follow that for every number 0 ≤ ε ≤ ε0

there exists a smooth solution (u,A) of the ε-vortex equations (7.4), (7.5) on

P such that [u]G = B and

ev(u,A) ∈ X,

where ev is defined as in (7.11). The idea to prove this is to use the func-

toriality axiom in the definition of the Euler class of a regular G-moduli

problem (see the paper [CGMS], Theorem 6.4) and Lemma (E.19). We

choose a sequence of numbers 0 < εν < ε0 converging to 0 and a sequence

(uν , Aν) of solutions of the εν vortex equations on P such that [u]G = B

and ev(uν , Aν) ∈ X. By a bubbling argument analogous to Theorem 4.1

there should exist a subsequence of (uν, Aν) that converges in a suitable

sense to some stable map of vortices on C (with positive energy) and pseudo-

holomorphic spheres in M̄ with one marked point. If this stable map contains

vortices than we are done. Hence assume by contradiction that it consists

only of pseudo-holomorphic spheres in M̄ . It follows that the class B lies in

the image of the Kirwan homomorphism κ. : H2(M̄,Z) → H2(MG,Z). Let

B̄ ∈ H2(M̄,Z) be such that κ.B̄ = B. By assumption, the limit stable map

is a tuple

(ū, z) :=
(
T̄ , E, (ūα)α∈T̄ , (zαβ)αEβ, α1, z1

)
,

where (T̄ , E) is a tree, the ūα : S2 → M̄ are J̄-holomorphic maps, the

zαβ ∈ S2 are nodal points and z1 ∈ S2 is a marked point thought of as lying

on the vertex α1 ∈ T . Convergence of the sequence (uν , Aν) against (ū, z)

should imply that

ūα1(z1) ∈ X̄. (7.15)
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By Proposition 6.1.2. in the book [MS3] there exists a simple stable map

with one marked point

(ū′, z′) :=
(
T̄ ′, E ′, (ūα)α∈T̄ ′ , (z′αβ)αE′β, α

′
0, z

′
0

)
,

such that

evT̄ ′,α1,(B̄α)(ū
′, z′) = ūα1(z1), (7.16)

B̄ =
∑

α∈T̄ ′

mαB̄
′
α.

Here mα are positive integers and B̄′
α := [ū′α] ∈ H2(M̄,Z). Furthermore,

since by assumption (M̄, ω̄) is semipositive and B̄ is good, it follows as in

the proof of Theorem 6.6.1. in the book [MS3] that

dimM∗
T̄ ′,α1

((B̄′
α)α∈T̄ ′ , J̄) ≤ k − 4. (7.17)

By our choice of X the evaluation map evT̄ ′,α1,(B̄′
α) is transverse to the sub-

manifold X̄ ⊆ M̄ . Furthermore, by (7.16) and (7.15) we have

evT̄ ′,α1,(B̄′
α)(ū

′, z′) = ūα1(z1) ∈ X̄.

Since the codimension of X̄ in M̄ is k and by (7.17) the domain of the

evaluation map evT̄ ′,(B̄′
α) has dimension at most k−4, this is a contradiction.

Hence there exists a vortex on C with positive energy.

Assume now that (ii) holds. The idea of proof of the conjecture is

then the following. By our assumption there exists a good homology class

0 6= B̄ ∈ H2(M̄,Z) and cohomology classes ᾱ1, ᾱ2, ᾱ3 ∈ H∗(M̄) such that

GWM̄,ω̄
3,B̄

(ᾱ1, ᾱ2, ᾱ3) 6= 0. We define B := κ.B̄. Since the Kirwan homomor-

phism κ. : H∗(MG) → H∗(M̄) is surjective, there exist cohomology classes

αi ∈ H∗(MG) such that κ.αi = ᾱi. As above, we choose a principal G-bundle

P whose isomorphism class is determined by B, and a constant c > 0 such

that for every number 0 < ε ≤ 1 and every ε-vortex (u,A) ∈ M̃ε
B we have

u(P ) ⊆M<c and such that c is a regular value of the map |µ|2 : M → [0,∞).

Furthermore, we assume that G is a closed subgroup of U(ℓ), and we choose a

number δ > 0 so small that G acts freely on Mδ and a smooth G-equivariant

map θ : Mδ → EGm for some m ≥ ℓ. We also choose positive constants ε0

and r such that M̃ε
B ⊆ Bδ,r, for 0 < ε ≤ ε0, as in Lemma 12.2 in the paper

[GS]. Here M̃ε
B and Bδ,r are defined as in (7.6) and (7.9). Furthermore,

we choose an integer N ≥ m and a map Θ : Bδ,r × P → EGN such that

conditions (i), (ii) and (iii) above are satisfied. For every 0 ≤ ε ≤ ε0 we de-

fine Mε
B := M̃ε

B/G(P ) to be the set of gauge equivalence classes of smooth

ε-vortices that represent B. For ε := 0 the map

M0
B ∋ [u,A] 7→ Gu ∈ M̃(B̄, J̄) :=

{
ū : S2 → M̄

∣∣ u is J̄-holomorphic, [ū] = B̄
}

(7.18)
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is a bijection, see for example Proposition 4.20 in my overview article [Zi2] or

the Ph.D.-thesis by R. Gaio [Ga]. Since by hypothesis every J̄-holomorphic

map ū : S2 → M̄ is simple and J̄ is regular, by Theorem 3.1.5. in the book

[MS3] the set M̃(B̄, J̄) carries a canonical structure of a smooth manifold of

dimension

dimM̃(B̄, J̄) = dimM − 2 dim G + 2〈c1(TM̄, ω̄), B̄〉.

Hence the bijection (7.18) endows M0
B with a canonical structure of a smooth

manifold.

For every point z ∈ S2 we define

evεz : Mε
B →M<c ×G EGN , evεz([u,A]) := [u(p),Θ(u,A, p)],

where p ∈ P is an arbitrary point over the fibre of z, and we define the

evaluation map

evε : Mε
B → (M<c ×G EGN)3,

evε([u,A]) :=
(
evε1([u,A]), evε2([u,A]), evε3([u,A])

)
.

We fix an index i = 1, 2, 3. We define α̃i := ι∗αi ∈ H∗(Mc ×G EGN ), where

ι is as in (7.12), and identify this with a de Rham cohomology class on

Mc ×G EGN . By Theorem E.18 there exists a rational number λi 6= 0 and

a compact oriented submanifold Xi ⊆ Mc ×G EGN of codimension degαi,

possibly with boundary ∂Xi ⊆ ∂(Mc ×G EGN), such that

λiαXi
= α̃i,

where αXi
is the de Rham cohomology class Poincaré dual to Xi defined

in (E.50). We define sθ as in (7.13). Perturbing the Xi’s slightly we may

assume w.l.o.g. that Xi is transverse to the submanifold µ−1(0) ×G EGN ⊆
Mc×G EGN and to the map sθ, and that X := X1 ×X2 ×X3 is transverse to

ev0 : M0
B → M<c×G EGN . We also assume that for every finite tree T̄ , each

three vertices α1, α2, α3 ∈ T̄ and every collection B̄α ∈ H2(M̄,Z) of spherical

homology classes the submanifold X̄ := X̄1 × X̄2 × X̄3 ⊆ M̄3 is transverse to

the evaluation map

evT̄ ,(αi),(B̄α) : M∗
T̄ ,(αi)

((B̄α)α∈T̄ , J̄) → M̄3.

Here evT̄ ,(αi),(B̄α) is defined as in (7.14).

For ε ≥ 0 define

Mε
B,X :=

{
[u,A] ∈ Mε

B

∣∣ evε(u,A) ∈ X
}
.

In Step 4 in the proof of Theorem A of the paper [GS], R. Gaio and D. A.

Salamon constructed for 0 < ε ≤ ε1 an injective map

T ε
B,X : M0

B,X → Mε
B,X ,
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where 0 < ε1 ≤ ε0 is a small enough number. There are two cases.

Case: The map T ε
B,X is surjective for some 0 < ε ≤ ε1. Then

GWM̄,ω̄

B̄
(ᾱ1, ᾱ2, ᾱ3) = ΦM,ω,µ

B (α1 ⌣ α2 ⌣ α3),

see the paper [GS]. Since by assumption GWM̄,ω̄

B̄
(ᾱ1, ᾱ2, ᾱ3) 6= 0, the argu-

ment of the first part of the sketch of a proof shows that there exists a vortex

on C of positive energy.

Case: The map T ε
B,X is not surjective for any 0 < ε ≤ ε1. Then for

every integer ν ≥ ε−1
1 we choose a gauge equivalence class of (1/ν)-vortices

Wν ∈ M
1
ν
B,X \ imT

1
ν
B,X ,

and a smooth representative (uν, Aν) of Wν . By a bubbling argument anal-

ogous to Theorem 4.1 there should exist a subsequence of (uν , Aν) that con-

verges in a suitable sense to some stable map of vortices on C (with positive

energy) and pseudo-holomorphic spheres in M̄ with three marked points. If

it contains vortices on C than we are done. So assume by contradiction that

it consists solely of J̄-holomorphic spheres. So it is a tuple

(ū, z) :=
(
T̄ , E, (ūα)α∈T̄ , (zαβ)αEβ, (αi, zi)i=1,2,3

)
,

where (T̄ , E) is a finite tree, the ūα : S2 → M̄ are J̄ -holomorphic maps, the

zαβ ∈ S2 are the nodal points and for i = 1, 2, 3 zi ∈ S2 is a marked point

thought of as lying on the component αi ∈ T̄ . Convergence of the sequence

(uν , Aν) against (ū, z) should imply that
(
ūα1(z1), . . . , ūα3(z3)

)
∈ X̄. (7.19)

Furthermore, the tree T̄ consists of more than one vertex, since otherwise for

ν large enough Wν = T
1
ν
B,X([u,A]), where [u,A] ∈ M̃0

B,X is the image of ūα1

under the inverse map to (7.18). By Proposition 6.1.2. in the book [MS3]

there exists a simple stable map with three marked points

(ū′, z′) :=
(
T̄ ′, E ′, (ūα)α∈T̄ ′ , (z′αβ)αE′β , (α

′
i)i=1,2,3

)
,

such that

evT̄ ′,(αi),(B̄α)(ū
′, z′) =

(
ūα1(z1), . . . , ūα3(z3)

)
, (7.20)

B̄ =
∑

α∈T̄ ′

mαB̄
′
α.

Here mα are positive integers and B̄′
α := [ū′α] ∈ H2(M̄,Z). We abbreviate

k :=
∑3

i=1 degαi. Since by assumption (M̄, ω̄) is semipositive and B̄ is good,

it follows as in the proof of Theorem 6.6.1. in the book [MS3] that

dimM∗
T̄ ′,(αi)

((B̄′
α)α∈T̄ ′, J̄) ≤ k − 2. (7.21)
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By our choice of the Xi’s the evaluation map evT̄ ′,(αi),(B̄′
α) is transverse to the

submanifold X̄ ⊆ M̄3. Furthermore, by (7.19) and (7.20) we have

evT̄ ′,(αi),(B̄′
α)(ū

′, z′) ∈ X̄.

Since the codimension of X̄ in M̄3 is k, and by (7.21) the domain of the eval-

uation map evT̄ ′,(αi),(B̄′
α) has dimension at most k− 2, this is a contradiction.

Hence there exists a vortex on C with positive energy. 2



A Group actions

A.1 Convergence in the quotient

Let X be a topological space, ∼ be an equivalence relation on X and π :

X → X/ ∼ be the canonical projection. Recall that a subset V ⊆ X/ ∼
is called open in the quotient topology iff π−1(V ) ⊆ X is open. Let G be a

group and ρ : G ×X → X be an action. For every g ∈ G we define

ρg : X → X, ρg(x) := g · x := ρ(g, x).

The next proposition reformulates convergence of a sequence of points yν in

the quotient X/G against a point y0 ∈ X/G. Recall that the space X is said

to satisfy the first axiom of countability iff for every point x ∈ X there are

neighbourhoods Ui ⊆ X of x, for i ∈ N, such that for every neighbourhood

U of x there is an i ∈ N such that Ui ⊆ U .

Proposition A.1 Assume that X satisfies the first axiom of countability and

that for every g ∈ G the map ρg : X → X is continuous. Let y0, yν ∈ X/G,

ν ∈ N be points. Then the following conditions are equivalent.

(i) The sequence yν converges to y0 in the quotient topology.

(ii) For every representative x0 of y0 there is a sequence of representatives

xν of yν such that xν → x0.

(iii) There is a representative x0 of the orbit y0 and for every ν ∈ N there

is a representative xν ∈ X of yν such that xν → x0.

The proof this proposition is based on the next lemma.

Lemma A.2 Let G be a group, X be a topological space and ρ : G × X →
X be an action. Assume that for every g ∈ G the map ρg : X → X is

continuous. Let U ⊆ X be an open subset. Then the image π(U) ⊆ X/G is

open.

Proof of Lemma A.2: It suffices to show that π−1(π(U)) ⊆ X is open.

To see this note that

π−1(π(U)) = {x ∈ X | ∃y ∈ U : x ∼ y} =
⋃

g∈G

g · U. (A.1)

Let g ∈ G. Then the subset

g · U = ρ−1
g−1(U) ⊆ X
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is open, by our assumption that ρg−1 : X → X is continuous. It follows from

(A.1) that π−1(π(U)) ⊆ X is open. This proves Lemma A.2. 2

Proof of Proposition A.1: We show that (i) implies (ii). Let x0 be a

representative of y0. By assumption there is a sequence Ui ⊆ X of neighbour-

hoods of x0 such that for every neighbourhood U of x0 there is i ∈ N such

that Ui ⊆ U . By replacing Ui by U1 ∩ . . .∩Ui for every i ∈ N we may assume

w.l.o.g. that U1 ⊇ U2 . . .. Let i ∈ N. By Lemma A.2 the set π(Ui) ⊆ X/G

is an open neighbourhood of y0. Therefore, there is an integer νi ∈ N such

that for every ν ≥ νi we have yν ∈ π(Ui). W.l.o.g. we assume that

ν1 < ν2 < . . .. It follows that if ν ≥ νi then there is a representative xν ∈ Ui
of yν, for every i ∈ N. We choose xν ∈ X for ν ∈ N as follows. If ν < ν1 then

let xν ∈ X be arbitrary. Otherwise, let i ∈ N be the unique integer such that

νi ≤ ν < νi+1 and let xν ∈ Ui be a representative of yν . We claim that xν
converges to x0, as ν → ∞. To see this let U ⊆ X be an open neighbourhood

of x0. Let i ∈ N be so large that Ui ⊆ U . Since U1 ⊇ U2 ⊇ . . . it follows

that for ν ≥ νi we have xν ∈ Ui ⊆ U . This proves the claim and therefore (ii).

Condition (ii) immediately implies condition (iii). We are left to show that

(iii) implies (i). Assume (iii) and let x0 be a representative of y0 and xν be a

representative of yν for ν ∈ N such that xν converges to x0. Let V ⊆ X/G be

an open neighbourhood of y0. Since π−1(V ) ⊆ X is an open neighbourhood

of x0, for large enough ν we have xν ∈ π−1(V ), i.e. yν = π(xν) ∈ V . This

proves (i) and concludes the proof of Proposition A.1. 2

We use the next lemma in the proof of Proposition D.23.

Lemma A.3 Let G and X be as in Lemma A.2, x ∈ X be a point and

{Ui}i∈I be a (not necessarily countable) basis of open neighbourhoods of x.

Then the collection {π(Ui)}i∈I is a basis of open neighbourhoods of π(x) ∈
X/G.

Proof of Lemma A.3: By Lemma A.2 the subsets π(Ui) ⊆ X/G, i ∈ I,

are open. Let V ⊆ X/G be an open neighbourhood of π(x). Then the subset

π−1(V ) ⊆ X is an open neighbourhood of x. Hence there exists an index

i ∈ I such that π−1(V ) ⊆ Ui. It follows that V = π(π−1(V )) ⊆ π(Ui). This

proves Lemma A.3. 2

A.2 Smooth Lie group actions

Let M be a real n-dimensional manifold and G be a k-dimensional Lie group

that acts smoothly on M . We denote by g the Lie algebra of G, by Gx the
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stabilizer of a point x ∈M and by M∗ the set of all points x ∈M such that

if g ∈ G is such that gx = x then g = e.

Lemma A.4 The Lie algebra of the stabilizer of a point x ∈M is

Lie(Gx) = {ξ ∈ g |Xξ(x) = 0}.

Proof of Lemma A.4: This is Lemma B.15 in the book by V. Ginzburg,

V. Guillemin and Y. Karshon [GGK]. 2

Recall that the action of G on M is called proper iff the map

G ×M ∋ (g, x) 7→ (x, gx) ∈M ×M

is proper.

Theorem A.5 (Existence of local slices) Assume that the action of G

on M is proper. Then for every point x ∈M∗ there is an equivariant diffeo-

morphism from G × Rn−k to a G-invariant open neighborhood of x.

Proof: This is a special case of Theorem B.24 in the book by V. Ginzburg

et al. [GGK]. 2

Corollary A.6 The subsets M∗ ⊆ M and M∗/G ⊆ M/G are open. Fur-

thermore, the canonical projection π : M∗ → M∗/G defines a principal G-

bundle.

Proof of Corollary A.6: The set M∗ is the union of the open sets

ψx(G × Rn−k), where ψx is an equivariant diffeomorphism from G × Rn−k

to an invariant open neighborhood of x as in Theorem A.5, for x ∈ M∗. By

Lemma A.2 the subset M∗/G = π(M∗) ⊆ M/G is also open. Theorem A.5

implies that the projection π : M∗ → M∗/G defines a principal G-bundle

follows. This proves Corollary A.6. 2

If G is a group and H ⊆ G is a subgroup, then H acts on G by multipli-

cation from the left. The quotient is the set of right cosets

G/H := {Hg | g ∈ G}.

Corollary A.7 Let G be a Lie group and H ⊆ G be a closed subgroup. Then

the canonical projection π : G → G/H defines a principal G-bundle.

Proof of Corollary A.7: We claim that the action of H on G is proper.

To see this observe that the map

H × G → G × G, (h, x) 7→ (x, hx)
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is the composition of the inclusion

ι : H × G → G × G

with the map

ϕ : G × G → G × G, ϕ(g, x) 7→ (x, gx).

The map ϕ is a diffeomorphism, its inverse is given by

(x, y) 7→ (yx−1, x).

Since H ⊆ G is a closed subset, the inclusion ι is proper. It follows that ϕ is

proper. Corollary A.7 follows now from Theorem A.5. 2

The next Lemma says that given a torsion-free and G-invariant connection

the covariant derivative of a vector field along a curve in M , twisted by a

curve in the Lie algebra, behaves equivariantly under gauge transformations.

We use this Lemma in the proof of Proposition 2.11. Fix a torsion-free and

G-invariant connection ∇ on M . By the latter condition we mean that

∇gvgX = g∇vX,

for every g ∈ G, v ∈ TxM , x ∈ M, and every vector field X on M . Fix an

element Φ ∈ g. We define the twisted connection ∇Φ on M by

∇Φ
vX := ∇vX + ∇X(x)XΦ,

for every v ∈ TxM , x ∈ M, and every vector field X on M . Let R ∋ t 7→
γ(t) ∈ M be a smooth curve and X be a vector field along γ. For t ∈ G we

denote by ∇tX(t) the covariant derivative of X at the point t and by

∇Φ
t X(t) := ∇tX(t) + ∇X◦γ(t)XΦ (A.2)

the twisted covariant derivative at t. Note that if Φ also depends on t then

the second term in (A.2) is to be understood as fixing t ∈ R and taking

the covariant derivative of the vector field XΦ(t). For every smooth map

ψ : R → g we denote

∂Φ
t ψ := ∂tψ + [Φ, ψ].

Lemma A.8 Let ∇ be a torsion-free and G-invariant connection on M , let

Φ : R → g, g : R → G and γ : R → M be smooth curves, and X be a vector

field along γ. Then

∇g∗Φ
t (gX) = g∇Φ

t X. (A.3)

Furthermore, let ψ : R → g be another smooth map. Then

∂g∗Φ
t (gψg−1) = g(∂Φ

t ψ)g−1. (A.4)
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The Lemma is a “coordinate” version of Lemma B.3. in [GS]. The map

Φ : R → g corresponds to a component of the connection one form A,

appearing in that lemma. See also Proposition 3.2.5 in R. Gaio’s PhD thesis

[Ga]. For the proof of Lemma A.8, we need the following lemma.

Lemma A.9 Let ∇ be a torsion-free connection on a manifold M , let ϕ :

R × M → M be a smooth map such that ϕt := ϕ(t, ·) : M → M is a

diffeomorphism for every t ∈ R, let x ∈ M be a point and v ∈ TxM be a

vector. Then the covariant derivative of the vector field dϕt(x)v along the

curve R ∋ t 7→ ϕt(x) ∈M is given by

∇tdϕt(x)v = ∇dϕt(x)vXt, (A.5)

where Xt is the vector field on M defined by

Xt := ϕ̇t ◦ ϕ−1
t .

Proof of Lemma A.9: We denote the dimension of M by n. Let t0 ∈ R.

We choose local parametrizations ψ : Rn → U and ψ̃ : Rn → Ũ , where

U ⊆ M is a neighbourhood of x and Ũ ⊆ M is a neighbourhood of ϕt0(x).

For i = 1, . . . , n we denote by

ei := ∂iψ̃ ◦ ψ̃−1 : U → TM

the i-th coordinate vector field. We denote by R ∋ t 7→ Y (t) := dϕt(x)v ∈
Tϕt(x)M the vector field along the curve t 7→ ϕt(x). We choose a number

ε > 0 so small that for t ∈ (t0 − ε, t0 + ε) we have ϕt(x) ∈ Ũ . We denote by

X1
t , . . . , X

n
t : Ũ → R and Y 1, . . . , Y n : (t0 − ε, t0 + ε) → R the components

of Xt and Y w.r.t. the frame e1, . . . , en. This means that for y ∈ Ũ , t ∈ R

we have

Xt(y) =

n∑

i=1

X i
t(y)ei(y),

and for t ∈ (t0 − ε, t0 + ε) we have

Y (t) =

n∑

i=1

Y i(t)ei(ϕt(x)).
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Then for every i and for t ∈ (t0 − ε, t0 + ε), abbreviating w := d(ψ−1)xv,

Ẏ i(t) =
d

dt

(
d(ψ̃−1)ϕt(x)Y (t)

)i

=
d

dt

(
d(ψ̃−1 ◦ ϕt ◦ ψ)ψ−1(x)d(ψ

−1)xv
)i

=
d

dt

(
d(ψ̃−1 ◦ ϕt ◦ ψ)ψ−1(x)

)i
w

= d
( d
dt

(ψ̃−1 ◦ ϕt ◦ ψ)
)i
ψ−1(x)

w

= d
(
d(ψ̃−1)ϕt(x)Xt ◦ ϕt ◦ ψ

)i
ψ−1(x)

w

= d(X i
t ◦ ϕt ◦ ψ)ψ−1(x)w

= dX i
t(ϕt(x))dϕt(x)v. (A.6)

Furthermore,

∑

i

Y i(t)∇Xt◦ϕt(x)ei =
∑

i,j

Y i(t)Xj
t ◦ ϕt(x)∇ej(ϕt(x))ei

=
∑

i,j

Y i(t)Xj
t ◦ ϕt(x)∇ei(ϕt(x))ej

=
∑

j

Xj
t ◦ ϕt(x)∇dϕt(x)vej . (A.7)

Here in the second equality we have used that ∇ is torsion-free and that

[ei, ej] = 0, since ei is the i-th coordinate vector field. Equalities (A.6) and

(A.7) imply that

∇t(dϕt(x)v) =
∑

i

∇t(Y
i(t)ei)

=
∑

i

Ẏ i(t)ei + Y i(t)∇Xt◦ϕt(x)ei

=
∑

i

(
dX i

t(ϕt(x))dϕt(x)v
)
ei +X i

t ◦ ϕt(x)∇dϕt(x)vei

=
∑

i

∇dϕt(x)v(X
i
tei)

= ∇dϕt(x)vXt.

This proves equality (A.5). This proves Lemma A.9. 2

Proof of Lemma A.8: We define the map u : R2 → M by u(s, t) :=

g(s)γ(t), and the vector field Y along u by Y (s, t) := g(s)X(t). Then for
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every point t0 ∈ R

∇t|t=t0(gX) = ∇t|t=t0Y (t, t)

= ∇sY (t0, t0) + ∇tY (t0, t0)

= ∇s|s=t0g(s)X(t0) + ∇t|t0g(t0)X(t)

= ∇(gX)(t0)X(ġg−1)(t0) + g(t0)∇t|t0X.

Here in the last equality we have used Lemma A.9 and the G-invariance of

∇. It follows that

∇g∗Φ
t (gX) = ∇t(gX) + ∇gXXg∗Φ

= ∇gXXġg−1 + g∇tX + ∇gXXgΦg−1−ġg−1

= ∇gXXġg−1 + g∇tX + ∇gX(gXΦ) −∇gXXġg−1

= g(∇tX + ∇XXΦ)

= g∇Φ
t X.

Here in the forth step we have used the G-invariance of ∇. This proves

equality (A.3). Equality (A.4) follows from a straight-forward computation.

This proves Lemma A.8. 2

A.3 Induced metric on the quotient

Let (X, d) be a metric space, G be a topological group, and let ρ : G×X → X

be a continuous action by isometries, which means that d(gx, gy) = d(x, y)

for every g ∈ G, x, y ∈ X. By π : X → X/G we denote the canonical

projection. The topology on X, determined by d, induces a topology on the

quotient X/G.

Lemma A.10 Assume that G is compact. Then the map d̄ : X/G×X/G →
[0,∞) defined by

d̄(Gx,Gy) := min
x′∈Gx, y′∈Gy

d(x′, y′)

is a metric on X/G that induces the quotient topology on X/G.

Proof of Lemma A.10: To see that the map d̄ is welldefined, i.e. that

the minimum is attained, observe that for every x ∈ X the orbit Gx is the

image under ρ of the compact set G × {x} and therefore it is compact. In

order to see that d̄ is positive definite, assume that x̄, ȳ ∈ X/G are such

that d̄(x̄, ȳ) = 0. This means that there are points x, y ∈ X such that

Gx = x̄, Gy = ȳ and d(x, y) = 0. It follows that x = y and therefore x̄ = ȳ.

Symmetry of d̄ follows immediately from the symmetry of d. To see that the

triangle inequality holds, let x̄, ȳ, z̄ ∈ X/G. We choose x, y, y′, z ∈ X such
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that Gx = x̄, Gy = Gy′ = ȳ, Gz = z̄, d(x, y) = d̄(x̄, ȳ) and d(y′, z) = d̄(ȳ, z̄).

Let g ∈ G be such that y′ = gy. Then

d̄(x̄, z̄) ≤ d(x, g−1z)

≤ d(x, y) + d(y, g−1z)

= d(x, y) + d(y′, z)

= d̄(x̄, ȳ) + d̄(ȳ, z̄).

This proves the triangle inequality.

For every x ∈ X and r > 0 we denote by Bd
r (x) the open ball w.r.t. d with

center x and radius r, and analogously for Bd̄
r (x̄). We prove that d̄ induces

the quotient topology on X/G, i.e. that a subset U ⊆ X/G is open w.r.t. d̄

if and only if π−1(U) ⊆ X is open w.r.t. d. Assume that U ⊆ X/G is open

w.r.t. d̄ and let x ∈ π−1(U). We choose an r > 0 so small that Bd̄
r (Gx) ⊆ U .

It follows from the definition of d̄ that Bd
r (x) ⊆ π−1(U). So π−1(U) is open

w.r.t. d. Conversely, let U ⊆ X/G be a subset such that π−1(U) ⊆ X is open

w.r.t. d. We show that U is open w.r.t. d̄. To see this let x̄ ∈ U . We choose

any x ∈ X such that Gx = x̄ and any r > 0 such that Bd
r (x) ⊆ π−1(U). We

claim that Bd̄
r (x̄) ⊆ U . To see this, let ȳ ∈ Bd̄

r (x̄), and choose any x′, y ∈ X

such that Gx′ = x̄, Gy = ȳ and d(x′, y) = d̄(x̄, ȳ). Let g ∈ G be such that

x′ = gx. Then

d(x, g−1y) = d(x′, y) = d̄(x̄, ȳ) < r,

therefore g−1y ∈ Bd
r (x) ⊆ π−1(U), and thus ȳ ∈ U . This proves that U is

open w.r.t. d̄. So we have proved that d̄ induces the quotient topology on

X/G. This concludes the proof of Lemma A.10. 2

Let (M, g) be a Riemannian manifold. We denote by ℓ(γ) the length

w.r.t. g of a smooth curve γ : [0, 1] → M . Assume that M is connected,

so that g induces a distance function d on M . Suppose also that the action

is by isometries. Recall that M∗ denotes the set of all points x ∈ M such

that ax = x implies that a = e, for every a ∈ G. We define the Riemannian

metric ḡ on M∗/G by

ḡx̄(v̄, w̄) := gx(v, w),

for v̄, w̄ ∈ Tx̄M
∗/G and every point x̄ ∈ M∗/G, where x ∈ M is a point in

the orbit x̄ and v, w ∈ (imLx)
⊥ ⊆ TxM are chosen such that dπ(x)v = v̄,

dπ(x)w = w̄. We denote the length of a smooth curve γ̄ : [0, 1] → M∗/G by

ℓ̄(γ̄) and by dḡ the distance function on the connected components of M∗/G

induced by ḡ. Let d̄ be as in Lemma A.10.

Lemma A.11 Assume that G is compact. Then

dḡ(x̄, ȳ) ≥ d̄(x̄, ȳ), (A.8)
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for every two points x̄, ȳ ∈M∗/G. Furthermore, for each compact connected

subset K ⊆ M∗/G there is a constant r > 0 with the following property. If

x̄, ȳ ∈ K satisfy d̄(x̄, ȳ) < r then

dḡ(x̄, ȳ) = d̄(x̄, ȳ). (A.9)

Proof of Lemma A.11: Let x̄, ȳ ∈ M∗/G. It suffices to show that for

every smooth path γ̄ : [0, 1] → M∗/G such that γ̄(0) = x̄, γ̄(1) = ȳ there is

a smooth path γ : [0, 1] →M∗ such that

π ◦ γ = γ̄, (A.10)

ℓ(γ) = ℓ̄(γ̄) (A.11)

Fix a smooth path γ̄ : [0, 1] →M∗/G. We choose a γ̃ : [0, 1] → M∗ such that

π ◦ γ̃ = γ̄ and define the map ξ : [0, 1] → g as follows. Fix t ∈ [0, 1]. Since

γ̃(t) ∈M∗ it follows from Lemma A.4 that

{ξ ∈ g |Xξ(γ̃(t)) = 0} = Lie(Geγ(t)) = 0.

This means that the map Leγ(t) : g → Teγ(t)M is injective. Therefore, we can

define ξ(t) ∈ g to be the unique element such that

˙̃γ + Leγ(t)ξ(t) ⊥ imLeγ(t). (A.12)

Let a : [0, 1] → G be the solution of the ordinary differential equation

a−1ȧ = ξ, a(0) = e.

Abbreviating ξx := Xξ(x) for any ξ ∈ g, x ∈ M , the map γ := aγ̃ : [0, 1] →
M satisfies

a−1γ̇ = a−1 d

dt
(aγ̃)

= (a−1ȧ)γ̃ + ˙̃γ

= ξγ̃ + ˙̃γ ⊥ imLeγ,

where the last equality follows from (A.12). By the definition of the metric

ḡ we have

|γ̇| = | ˙̃γ + Leγξ| = | ˙̄γ|,
and therefore

ℓ(γ) = ℓ̄(γ).

This implies (A.11). This proves the first part of the Lemma.

To prove the second part, let K ⊆ M∗/G be a connected compact subset.

Since by Corollary A.6 the subset M∗/G ⊆ M/G is open, for each x̄ ∈ K
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there is a number rx̄ > 0 such that Bd̄
2rx̄(x̄) ⊆M∗/G. The open balls Bd̄

rx̄(x̄)

with x̄ ∈ K cover the set K. Since K is compact, we can pick finitely many

points x̄i ∈ K, i = 1, . . . , N such that abbreviating ri := rx̄i
the balls Bri(x̄i),

i = 1, . . . , N still cover K. We set

r := min
i=1,...,N

ri.

Let x̄ ∈ K and ȳ ∈ (M \M∗)/G be any two points. Choosing i ∈ {1, . . . , N}
such that x̄ ∈ Bd̄

r̄i
(x̄i), we have

d̄(x̄, ȳ) ≥ d̄(x̄i, ȳ) − d̄(x̄, x̄i)

> 2ri − ri

= ri > r. (A.13)

Let x̄, ȳ ∈ K be points such that d̄(x̄, ȳ) < r. Since

d̄(x̄, ȳ) = inf
Gx=x̄,Gy=ȳ

d(x, y)

= inf{ℓ(γ) | γ ∈ C∞([0, 1],M) : Gγ(0) = x̄,Gγ(1) = ȳ},

there is a smooth path γ : [0, 1] → M such that γ(0) = x̄, γ(1) = ȳ and

ℓ(γ) ≤ r. Let γ : [0, 1] → M be any such path. We claim that γ([0, 1]) ⊆M∗.

To see this, assume by contradiction that there was a point t0 ∈ [0, 1] such

that γ(t0) ∈M \M∗. Then

ℓ(γ) ≥ d(x, γ(t0)) + d(y, γ(t0))

≥ d̄(x̄,Gγ(t0)) + d̄(ȳ,Gγ(t0))

≥ r + r. (A.14)

Here the last inequality follows from (A.13). This contradiction shows that

indeed γ([0, 1]) ⊆M∗. It follows that

d̄(x̄, ȳ) = inf{ℓ(γ) | γ ∈ C∞([0, 1],M∗) : Gγ(0) = x̄,Gγ(1) = ȳ}
≥ inf{ℓ̄(γ̄) | γ̄ ∈ C∞([0, 1],M∗/G) : γ̄(0) = x̄, γ̄(1) = ȳ}
= dḡ(x̄, ȳ).

Together with (A.8) this implies (A.9). This completes the proof of Lemma

A.11. 2

A.4 Hamiltonian Lie group actions

A.4.1 Regular values of the moment map

Let G be a connected Lie group acting in a Hamiltonian way on a symplectic

manifold (M,ω), with moment map µ. An element τ ∈ g is called central
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iff gτg−1 = τ for every g ∈ G. The next lemma guarantees that for every

central value τ ∈ g such that G acts with discrete isotropy groups on µ−1(τ)

the subset µ−1(τ) ⊆ M is a submanifold. For its proof see also Proposition

2.3.2 [Ga].

Lemma A.12 (Regular value of µ) Let τ ∈ g be a central element. As-

sume that the stabilizer Gx of every x ∈ µ−1(τ) is discrete, i.e. consists of

isolated points. Then τ is a regular value of µ.

Proof: Fix x ∈ µ−1(τ). We have to show that dµ(x) is surjective. For this

it suffices to show that (imdµ(x))⊥ = 0. Fix any ξ ∈ (imdµ(x))⊥ = 0. Then

for every v ∈ TxM

0 = 〈dµ(x)v, ξ〉 = ω(Lxξ, v),

and therefore Lxξ = 0 by the nondegeneracy of ω. By Lemma A.4 we have

0 = Lie(Gx) = kerLx,

and thus ξ = 0. This proves that (imdµ(x))⊥ = 0 and thus the Lemma.

2

A.4.2 Local equivariant symplectic action

Assume now that G is compact. Let J be a G-invariant ω-compatible almost

complex structure on M . Assume that the hypothesis (H1) holds.

Lemma A.13 There are constants δ, C > 0 such that the following holds.

If x : S1 ∼= R/(2πZ) → M and η : S1 → g are smooth loops such that

maxS1 |µ ◦ x| ≤ δ, then there is a point x0 ∈ µ−1(0) and a smooth loop

g0 : S1 → G such that

C−1 sup
S1

|η + ġ0g
−1
0 | ≤ ℓ(x, η) :=

∫ 2π

0

|ẋ+Xη(x)| dϕ, (A.15)

d(x(ϕ), g0(ϕ)x0) ≤ C(|µ(x(ϕ))| + ℓ(x, η)), ∀ϕ ∈ S1. (A.16)

Furthermore, let τ0 < τ1 ∈ R and let u ∈ C∞([τ0, τ1]×S1,M), η ∈ C∞([τ0, τ1]×
S1, g) be such that max[τ0,τ1]×S1 |µ(u)| ≤ δ. Then there are maps x0 ∈
C∞([τ0, τ1], µ

−1(0)) and g0 ∈ C∞([τ0, τ1] × S1,G) such that for every τ ∈
[τ0, τ1] (A.15) and (A.16) hold with x := u(τ, .), η replaced by η(τ, .) and g0

replaced by g0(τ, .).

Proof: The first part of this Lemma is Lemma 11.2. in [Ga]. The second

part follows as in the proof of that Lemma by choosing δ > 0 enough such

that c3δ/2π is less than the injectivity radius of the exponential map of G,
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where c3 is a constant as in the proof of that Lemma. 2

We define ι > 0 to be the largest number such that if x ∈ µ−1(0) then

the exponential map of (M, gω,J) restricted to the open ball Bι ⊆ TxM is

injective. We fix constants δ, C > 0 as in Lemma A.13 and set

δ0 := min
{
δ,

ι

2C

}
. (A.17)

Definition A.14 Let (x, η) : S1 → M × g be a smooth loop such that

maxS1 |µ(x)| < δ0 and ℓ(x, η) < δ0. The local equivariant symplectic ac-

tion of the pair (x, η) is defined to be

A(x, η) := −
∫
u∗ω +

∫ 2π

0

〈µ(x(ϕ)), η(ϕ)〉 dϕ,

where u : [0, 1]×S1 →M is given as follows. Let x0 ∈ µ−1(0) and g0 : S1 →
G be as in Lemma A.13, and for ϕ ∈ S1 let v(ϕ) ∈ Bι ⊆ Tg0(ϕ)x0

M be the

unique tangent vector such that

x(ϕ) = expg0(ϕ)x0
v(ϕ).

It follows from Lemma A.13 that the vector v(ϕ) exists. That it is unique

follows from the definition of ι. So A(x, η) is well-defined.

Lemma A.15 (Isoperimetric inequality) There exists a constant c > 0

such that the following holds. If (x, η) : S1 → M is a smooth loop such that

maxS1 |µ ◦ x| ≤ δ0 and ℓ(x, η) ≤ δ0, where δ0 is as in (A.17), then

|A(x, η)| ≤ c

∫ 2π

0

(|ẋ+Xη(x)|2 + |µ(x)|2) dϕ.

Proof: This is Lemma 11.3. in [GS]. 2



B Gauge and reparametrizations

In this section p > 2 is a fixed number.

B.1 Gauge

Recall that for every open subset Ω ⊆ C the gauge group W 2,p
loc (Ω,G) acts on

W 1,p
loc (Ω,M × g × g) by the formula

g∗(u,Φ,Ψ) := (g−1u, g−1(Φ + ∂s)g), g
−1(Ψ + ∂t)g)). (B.1)

Lemma B.1 Let Ω ⊆ C be an open subset, w ∈ W 1,p
loc (Ω,M × g × g) be a

map and g ∈ W 2,p
loc (Ω,G) be a gauge transformation. Then defining w′ :=

(u′,Φ′,Ψ′) := g∗(u,Φ,Ψ) we have

∂su
′ +XΦ′(u′) = g−1

(
∂su+XΦ(u)

)
, (B.2)

∂tu
′ +XΨ′(u′) = g−1

(
∂tu+XΨ(u)

)
, (B.3)

∂sΨ
′ − ∂tΦ

′ + [Φ′,Ψ′] = g−1(∂sΨ − ∂tΦ + [Φ,Ψ])g, (B.4)

ew′ = ew. (B.5)

Proof of Lemma B.1: These are straight forward computations, using

that µ : M → g is equivariant and that the metric gω,J is invariant under the

action of G. 2

By the Lemma, the energy is invariant under gauge transformations, i.e.

E(g∗w,Ω) = E(w,Ω),

for every open subset Ω ⊆ C, for every map w ∈ W 1,p
loc (C,M × g × g) and

every gauge transformation g ∈ G2,p.

The next Lemma is used in the proof of Proposition (D.2) (Regularity

modulo gauge). As a corollary to the Theorem of Peter-Weyl, we can embed

the Lie group G as a closed subgroup of the group of orthogonal matrices

O(ℓ) for every large enough integer ℓ. So w.l.o.g. we may assume that G

is a closed subgroup of O(ℓ) ⊆ Rℓ×ℓ. Every norm on a space of maps from

Ω ⊆ C to G is to be understood w.r.t. this embedding. For the proof of the

next lemma see also [Weh], Lemma A.8.

Lemma B.2 (Regularity of the gauge transformation) Let k ∈ N ∪
{0} and Ω ⊆ C be an open subset. Then the following holds.

(i) Let g ∈ W 1,p
loc (Ω,G) and let Φ,Ψ ∈ Ck(Ω, g) be such that g∗(Φ,Ψ) ∈

Ck(Ω, g). Then g ∈ Ck+1(Ω,G).
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(ii) Assume that Ω is bounded and has a smooth boundary. Then there exists

a constant C such that for every g ∈ W 1,p(Ω,G) and every (Φ,Ψ) ∈
W k,p(Ω, g×g) the following holds. If (Φ′,Ψ′) := g∗(Φ,Ψ) ∈W k,p(Ω, g×
g) then g ∈W k+1,p(Ω,G) and

||Dk+1g||Lp(Ω) ≤
C
(∣∣∣∣(Φ,Ψ,Φ′,Ψ′)

∣∣∣∣
W k,p(Ω)

+
∣∣∣∣(Φ,Ψ,Φ′,Ψ′)

∣∣∣∣k+1

W k,p(Ω)

)
. (B.6)

Proof: If g ∈W 1,p
loc (Ω,G) and (Φ,Ψ) ∈ Lploc(Ω, g×g) are maps, then defining

(Φ′,Ψ′) := g∗(Φ,Ψ), we have

∂sg = gΦ′ − Φg, ∂tg = gΨ′ − Ψg. (B.7)

Part (i) of the lemma follows from this equality by induction on k.

We prove (ii) by induction on k. For k := 0 the assertion follows

from (B.7). We fix k ≥ 1 and assume that the assertion holds for k − 1.

In the following C denotes a constant depending only on G,Ω, k, p and the

embedding of G in O(ℓ). It changes from estimate to estimate. Let g ∈
W 1,p(Ω,G) and (Φ,Ψ) ∈ W k,p(Ω, g × g) be such that (Φ′,Ψ′) := g∗(Φ,Ψ) ∈
W k,p(Ω, g × g). We abbreviate

|| · ||i,p := || · ||W i,p(Ω), || · ||p := || · ||Lp(Ω), || · ||C0 := || · ||C0(Ω̄),

u := (Φ,Ψ,Φ′,Ψ′) : Ω → g
4.

Equality (B.7), Morrey’s inequality and the induction hypothesis imply that

g ∈W k+1,p(Ω,G) and

||Dk+1g||p ≤ C

(
||g||C0||Dku||p +

k∑

i=1

||Dig||p||Dk−iu||C0

)

≤ C

(
||u||k,p +

k∑

i=1

(
||u||i−1,p + ||u||ii−1,p

)
||u||k−i+1,p

)

≤ C

(
||u||k,p + ||u||2k,p +

k∑

i=1

||u||i+1
k,p

)

≤ C
(
||u||k,p + ||u||k+1

k,p

)
.

Hence the assertion holds for k. This proves (ii) and concludes the proof of

Lemma B.2. 2
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B.2 Reparametrizations

We can generalize the notion of a vortex and of energy as follows. Let

Ω, Ω̃ ⊆ C be open subsets and ϕ : Ω̃ → Ω be a holomorphic map. Let

w̃ ∈ W 1,p
loc (Ω,M × g × g). The ϕ-vortex equations for w̃ are the equations

∂sũ+XeΦ(ũ) + J(ũ)(∂tũ+XeΨ(ũ)) = 0, (B.8)

∂sΨ̃ − ∂tΦ̃ + [Φ̃, Ψ̃] + |ϕ′|2µ ◦ ũ = 0. (B.9)

We abbreviate

κ̃ := ∂sΨ̃ − ∂tΦ̃ + [Φ̃, Ψ̃],

and define the ϕ-energy density of w̃ to be the map

eϕ
ew :=

1

2

(
|∂sũ+XeΦ(ũ)|2+|∂tũ+XeΨ(ũ)|2+|ϕ′|−2|κ̃|2+|ϕ′|2|µ◦ũ|2

)
: Ω̃ → [0,∞),

(B.10)

and the ϕ-energy of w̃ on Ω̃ by

Eϕ(w̃, Ω̃) :=

∫

eΩ

eϕ
ewdsdt ∈ [0,∞].

In the following we identify g×g with the complexification g
C := g⊗R C. We

fix a map w := (u,Φ+ iΨ) ∈W 1,p
loc (Ω,M ×g

C) and define w̃ := (ũ, Φ̃+ iΨ̃) :=

ϕ∗w to be

ϕ∗w :=
(
u ◦ ϕ, ϕ′ · (Φ + iΨ) ◦ ϕ

)
: Ω̃ →M × g

C. (B.11)

For x ∈M, v ∈ TxM and λ := a + bi ∈ C we use the notation

λv := av + bJ(x)v ∈ TxM.

Proposition B.3 Assume that Ω, Ω̃ and w, w̃ are as above and that ϕ : Ω̃ →
Ω is a biholomorphic map. Then the first vortex equation (0.1) for w is equiv-

alent to the equation (B.8) for w̃ and (0.2) is equivalent to (B.9).

Furthermore,

eϕ
ew = |ϕ′|2ew ◦ ϕ (B.12)

and

Eϕ(w̃, Ω̃) = E(w,Ω). (B.13)

For the proof of Proposition B.3 we need the following lemma.

Lemma B.4 Let Ω, Ω̃, w, w̃ be as in Proposition B.3 and let ϕ : Ω̃ → Ω be

a holomorphic map. Then
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∂sũ+XeΦ(ũ)+J(ũ)(∂tũ+XeΨ(ũ)) = ϕ′ ·
(
∂su+XΦ(u)+J(u)(∂tu+XΨ(u))

)
◦ϕ,

(B.14)

κ̃ = |ϕ′|2κ ◦ ϕ, (B.15)

|∂sũ+XeΦ(ũ)|2 + |∂tũ+XeΨ(ũ)|2 = |ϕ′|2
(
|∂su+XΦ(u)|2 + |∂tu+XΨ(u)|2

)
◦ϕ.

(B.16)

For the proof of Lemma B.4 we introduce the following notation. For

every 1-form A ∈ Ω1(C, g) we define

FA := dA+
1

2
[A ∧ A].

Note that defining P to be the trivial principal G-bundle C × G, A can be

viewed as a connection one form on P and FA corresponds to its curvature.

For k = 0, 1, 2, Ω ⊆ C an open subset and g a metric on Ω we denote by

∗g : Ωk(C, g) → Ω2−k(C, g) the Hodge ∗-operator w.r.t. g and the standard

orientation on Ω. For every x ∈ M and every linear map α : C → TxM we

define

α(0,1) :=
1

2
(α + Jαi).

Furthermore, for every u ∈ C∞(Ω,M) and A ∈ Ω1(Ω, g) we set

dAu := du+XA(u) ∈ Ω1(Ω, u∗TM),

∂̄J,A(u) := (dAu)
(0,1) ∈ Ω(0,1)(Ω, u∗TM).

Lemma B.5 Let Ω, Ω̃ ⊆ C be open subsets, g be a metric on Ω, A ∈
Ω1(Ω, g), k ∈ {0, 1, 2}, α ∈ Ωk(Ω, g) and ϕ : Ω̃ → Ω be an orientation

preserving diffeomorphism. Then

Fϕ∗A = ϕ∗FA, (B.17)

∗ϕ∗g(ϕ
∗α) = ϕ∗(∗gα). (B.18)

Let u ∈ C∞(Ω,M). Assume that ϕ : Ω̃ → Ω is holomorphic. Then

∂̄J,ϕ∗A(u ◦ ϕ) = ϕ∗∂̄J,A(u) ∈ Ω(0,1)(Ω, (u ◦ ϕ)∗TM). (B.19)

Furthermore, let α ∈ Ω1(Ω, u∗TM). Then

|ϕ∗α|2 = |ϕ′|2|α|2 ◦ ϕ. (B.20)

Proof: (B.17), (B.18) and (B.20) follow from short calculations. To prove

(B.19), observe that for every α ∈ Ω1(Ω, u∗TM) we have

(ϕ∗α)(0,1) = ϕ∗(α(0,1)).
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Applying this to α := dAu yields (B.19). This completes the proof of Lemma

B.5. 2

Proof of Lemma B.4: By a density argument we may assume w.l.o.g.

that w and w̃ are smooth. We define

A := Φds+ Ψdt ∈ Ω1(Ω, g),

Ã := Φ̃ds+ Ψ̃dt ∈ Ω1(Ω̃, g).

Denoting by ℜ(z) the real part of a number z ∈ C, we have

Ã = ℜ
(
ϕ′ · (Φ + iΨ) ◦ ϕdz̄

)

= ℜ
(
ϕ∗
(
(Φ + iΨ)dz̄

))

= ϕ∗ℜ
(
(Φ + iΨ)dz̄

)

= ϕ∗A. (B.21)

To prove equation (B.14) note that

(ds− J(ũ)dt)
(
∂sũ+XeΦ(ũ) + J(ũ)(∂tũ+XeΨ(ũ))

)

= 2∂̄J, eA(ũ)

= 2ϕ∗∂̄J,A(u)

= ϕ∗
(
(ds− J(u)dt)

(
∂su+XΦ(u) + J(u)(∂tu+XΨ(u))

))

= (ds− J(ũ)dt)ϕ′ ·
(
∂su+XΦ(u) + J(u)(∂tu+XΨ(u))

)
◦ ϕ.

Here in the second equality we have used (B.19) and (B.21). This implies

(B.14).

To prove (B.15) note that

FA = κds ∧ dt, F eA = κ̃ds ∧ dt.
Therefore, Lemma B.5(B.17) and (B.21) imply

κ̃ds ∧ dt = F eA

= Fϕ∗A

= ϕ∗FA

= (κ ◦ ϕ)ϕ∗(ds ∧ dt)
= |ϕ′|2(κ ◦ ϕ)ds ∧ dt.

This implies (B.15).

To prove (B.16) we set α̃ := d eAũ ∈ Ω1(Ω̃, ũ∗TM). Then by Lemma B.5

we have

|∂sũ+XeΦ(ũ)|2 + |∂tũ+XeΨ(ũ)|2 = |d eAũ|2
= |ϕ∗dAu|2

= |ϕ′|2|dAu|2 ◦ ϕ
= |ϕ′|2(|∂su+XΦ(u)|2 + |∂tu+XΨ(u)|2) ◦ ϕ.
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This proves (B.16) and completes the proof of Lemma B.4. 2

Proof of Proposition B.3: By a density argument we may assume w.l.o.g.

that w and w̃ are smooth. That (0.1) is equivalent to (B.8) follows from

Lemma B.4(B.14). That (0.2) is equivalent to (B.9) follows from Lemma

B.4(B.15). Equation (B.12) follows from B.4(B.15) and (B.16). To prove

(B.13) note that

Eϕ(w̃, Ω̃) =

∫

eΩ

eϕ
ew ds dt

=

∫

eΩ

|ϕ′|2ew ds dt

=

∫

Ω

ew ds dt = E(w,Ω).

This proves Proposition B.3. 2

B.3 Reparametrization by an automorphism of C

Consider now the special case Ω := Ω̃ := C, and let ϕ : C → C be a complex

automorphism. Then there exist λ = Reiθ ∈ C \ {0} and z0 ∈ C such that

ϕ(z) = λz+ z0. We fix a map w := (u,Φ+ iΨ) ∈W 1,p
loc (C,M × g

C). We have

ϕ∗(u,Φ + iΨ) =
(
u, λ̄(Φ + iΨ)

)
◦ ϕ

=
(
u,R

((
cos(θ)Φ + sin(θ)Ψ

)

+i
(
− sin(θ)Φ + cos(θ)Ψ

)))
◦ ϕ. (B.22)

The ϕ-vortex equations are now given by

∂su+XΦ(u) + J(u)(∂tu+XΨ(u)) = 0, (B.23)

∂sΨ − ∂tΦ + [Φ,Ψ] +R2µ ◦ u = 0. (B.24)

We refer to these equations also as the R-vortex equations.

It follows from Proposition B.3 that w solves the vortex equations (0.1),(0.2)

if and only if ϕ∗w solves the R-vortex equations (4.1),(4.2). If ϕ is an orienta-

tion preserving rigid motion of the plane then it is of the form ϕ(z) = eiθz+z0.

It follows that equations (0.1),(0.2) are invariant under the action of such a ϕ.

For every R > 0 we define the R-energy density of w : Ω → M × g× g to

be

eRw :=
1

2

(
|∂su+XΦ◦u|2+|∂tu+XΨ◦u|2+R−2|∂sΨ−∂tΦ+[Φ,Ψ]|2+R2|µ◦u|2

)
ds dt
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and the R-energy of w on Ω by

ER(w,Ω) :=

∫

Ω

eRw ds dt.

We denote ER(w) := ER(w,C). Let ϕ(z) := Reiθz + z0. Then eRw = eϕw,

ER(w,Ω) = Eϕ(w,Ω) and it follows from Proposition B.3 that ER(ϕ∗w,Ω) =

E1(w, ϕ(Ω)). Note also that if w solves (4.1),(4.2) then

eRw = |∂su+XΦ(u)|2 +R2|µ ◦ u|2.

B.4 Gauging and reparametrization

The action of the gauge group G2,p = W 2,p
loc (C,G) on W 1,p

loc (C,M × g
C) given

by (B.1) does not commute with the action of the group Aut(C) of com-

plex automorphisms of C on W 1,p
loc (C,M × g

C) given by (B.22). This would

mean that ϕ∗(g∗w) equaled g∗ϕ∗w for every ϕ ∈ Aut(C), every gauge trans-

formation g ∈ G2,p and every map w ∈ W 1,p
loc (C,M × g

C). If this was the

case then there would be an action of the product group Aut(C) × G2,p on

W 1,p
loc (C,M×g

C) defined by (ϕ, g)∗w := g∗ϕ∗w. As a substitute, we will show

that this formula defines an action of the semi-direct product Aut(C) ⋊ G2,p

on W 1,p
loc (C,M × g

C). This action descends to an action of Aut(C) on the set

of gauge equivalence classes W 1,p
loc (C,M × g

C)/G2,p.

Proposition B.6 Let Ω, Ω̃ ⊆ C be open subsets, (u,Φ+ iΨ) ∈ W 1,p
loc (Ω,M ×

g
C) be a map, ϕ : Ω̃ → Ω be a holomorphic map and g ∈ G2,p be a gauge

transformation. Then

ϕ∗(g∗(u,Φ + iΨ)) = (g ◦ ϕ)∗ϕ∗(u,Φ + iΨ). (B.25)

Proof of Proposition B.6: To simplify the proof, we work with the

complexified tangent spaces TC
g G := TgG ⊗R C for g ∈ G and write

g(ξ + iη) := gξ + igη, (ξ + iη)g := ξg + iηg,

for g ∈ G, ξ, η ∈ g. Since ϕ is holomorphic, we have

∂t(g ◦ ϕ) = dg(ϕ)∂tϕ = dg(ϕ)(i∂sϕ).

Therefore, writing ϕ = ϕ1 + iϕ2 we have

∂s(g ◦ ϕ) + i∂t(g ◦ ϕ) = dg(ϕ)∂sϕ+ idg(ϕ)(i∂sϕ)

= (∂sϕ1 − i∂sϕ2) · (∂sg + i∂tg) ◦ ϕ
= ϕ′ · (∂sg + i∂tg) ◦ ϕ. (B.26)
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It follows that for every map Φ + iΨ : C → g
C we have

(g ◦ ϕ)∗ϕ∗(Φ + iΨ)

= (g−1 ◦ ϕ)
(
ϕ′ · (Φ + iΨ) ◦ ϕ

)
g ◦ ϕ+ (g−1 ◦ ϕ)

(
∂s(g ◦ ϕ) + i∂t(g ◦ ϕ)

)

= ϕ′ · (g−1(Φ + iΨ)g) ◦ ϕ+ (g−1 ◦ ϕ)
(
ϕ′ · (∂sg + i∂tg) ◦ ϕ

)

= ϕ′ ·
(
g∗(Φ + iΨ)

)
◦ ϕ

= ϕ∗(g∗(Φ + iΨ)). (B.27)

Here we have used (B.26) in the third line. Equality (B.25) follows from

(B.27) and from the equality

ϕ∗(g∗u) = (g−1u) ◦ ϕ
= (g−1 ◦ ϕ)u ◦ ϕ
= (g ◦ ϕ)∗ϕ∗u.

This proves Proposition B.6. 2

We recall the following definition. Let G and H be two groups with

neutral elements eG, eH. We denote by Aut(G) the group of automorphisms

of G. Let G ∋ g 7→ ρg ∈ Aut(H) be an anti-homomorphism, in the sense

that ρgg′ = ρg′ρg. The semi-direct G ⋊ H is defined to be the product G×H

together with the multiplication given by

(g, h) · (g′, h′) := (gg′, ρg′(h)h
′)

and neutral element given by (eG, eH). Consider the case G := Aut(C),

H := G2,p, and let Aut(C) ∋ ϕ 7→ ρϕ ∈ Aut(G2,p) be the pullback action

given by

ρϕ(g) := g ◦ ϕ.
Corollary B.7 The map

(Aut(C) ⋊ G2,p) ×W 1,p
loc (C,M × g

C) →W 1,p
loc (C,M × g

C),

(ϕ, g)∗w := g∗(ϕ∗w) (B.28)

is an action.

Proof of Corollary B.7: Let w ∈ W 1,p
loc (C,M × g

C). It follows immedi-

ately from the definitions that (id, e)∗w = w. Furthermore, for every (ϕ, g),

(ϕ′, g′) ∈ Aut(C) × G2,p we have
(
(ϕ, g) · (ϕ′, g′)

)∗
w = (ϕ ◦ ϕ′, (g ◦ ϕ′)g′)∗w

= ((g ◦ ϕ′)g′)∗(ϕ ◦ ϕ′)∗w

= g′∗(g ◦ ϕ′)∗ϕ′∗ϕ∗w

= g′∗ϕ′∗g∗ϕ∗w

= (ϕ′, g′)∗(ϕ, g)∗w.
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Here the forth line follows from Proposition B.6. This proves Corollary B.7.

2

Corollary B.8 The group Aut(C) acts on the set of gauge equivalence classes

W 1,p
loc (C,M × g

C)/G2,p by the formula

ϕ∗[w] := [ϕ∗w]. (B.29)

Proof of Corollary B.8: We show that (B.29) is welldefined, i.e. [ϕ∗w]

does not depend on the choice of the representative of [w]. Let w ∈W 1,p
loc (C,M×

g
C), ϕ ∈ Aut(C) and g ∈ G2,p. By Proposition B.6 the map ϕ∗(g∗w) is gauge

equivalent to ϕ∗w via the gauge transformation g ◦ϕ, hence [ϕ∗g∗w] = [ϕ∗w].

This proves Corollary B.8. 2

B.5 Sequences of reparametrizations

The next lemma reformulates conditions (i) and (ii) of Definition 3.6 (Con-

vergence) in an equivalent way assuming that we are in some special case.

Lemma B.9 Let (T,E) be a tree, with T = V ⊔ T̄ , let α0 ∈ T , z0 := ∞
and let zαβ ∈ S2 for αEβ be points such that condition (i) of Definition 3.2

with k := 0 holds. Let ϕνα be a Möbius transformation for α ∈ T , ν ∈ N.

Furthermore, assume that zα,0 = ∞ for every α ∈ T̄ , where zα,0 is defined as

in (3.7) and (3.8) with i := 0. Then the following holds.

(*) If α, β ∈ T are such that αEβ then either zαβ = ∞ or zβα = ∞ (but

not both).

Furthermore, condition (i) of Definition 3.6 is equivalent to

(i’) For every α ∈ T , ν ∈ N there are numbers 0 6= λνα ∈ C and zνα ∈ C

such that ϕνα(z) = λναz + zνα. If α ∈ V then λνα = 1. Furthermore, if

α ∈ T̄ then λνα → ∞ for ν → ∞.

Assume now that (i’) is satisfied. Then condition (ii) of Definition 3.6 is

equivalent to

(ii’) If α, β ∈ T are such that αEβ and zαβ 6= ∞ then

λνβ
λνα

→ 0,
zνβ − zνα
λνα

→ zαβ ,

where λνα, λ
ν
β, z

ν
α, z

ν
β are as in (i’).
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Proof: We prove (*). Assume that α, β ∈ T are such that αEβ. From

section 1 recall the definition of the subtree Tαβ ⊆ T , which contains the

vertex β. Suppose that zαβ = ∞. Since by hypothesis zα,0 = ∞, distinctness

of the nodal points at β (condition 3.2(i)) implies that α0 ∈ Tαβ . It follows

that zβα 6= zβ,0 = ∞.

Suppose now that zαβ 6= ∞. By distinctness of the nodal points at α we

have α0 ∈ Tβα. It follows that zβα = zβ,0 = ∞. This proves (*).

We prove that 3.6(i) implies (i’). Let α ∈ T be a vertex. If α ∈ V

then the assertion of (i’) follows immediately. Assume that α ∈ T̄ . Our

hypothesis that zα,0 = ∞ and condition 3.6(i) imply that there are numbers

λνα ∈ C \ {0} and zνα ∈ C such that ϕνα(z) = λναz + zνα. Furthermore, setting

ψα := id : S2 → S2, the last part of 3.6(i) implies that

λνα = (ϕνα)
′(z) → ∞,

for ν → ∞, for every z ∈ C. That (i’)=⇒3.6(i) follows analogously.

Assume now that (i’) is satisfied. In order to prove that 3.6(ii) and (ii’)

are equivalent, we fix numbers λνα and zνα as in (i’). Observe that if αEβ then

ϕναβ(z) := (ϕνα)
−1 ◦ ϕνβ(z) =

λνβ
λνα
z +

zνβ − zνα
λνα

. (B.30)

We show that 3.6(ii) implies (ii’). Assume that αEβ and that zαβ 6= ∞.

Then by (*) we have zβα = ∞. Therefore, condition 3.6(ii) and (B.30) imply

that

ϕναβ(0) =
zνβ − zνα
λνα

→ zαβ .

Furthermore, using again (B.30) and 3.6(ii), we have

λνβ
λνα

=
λνβ
λνα

+
zνβ − zνα
λνα

−
zνβ − zνα
λνα

= ϕναβ(1) −
zνβ − zνα
λνα

→ zαβ − zαβ = 0.

Hence (ii’) holds.

We show that (ii’) implies 3.6(ii). Assume that αEβ. In the case

zαβ 6= ∞ the assertion of 3.6(ii) follows from (B.30) and condition (ii’).

Assume that zαβ = ∞. Then (*) implies that zβα 6= ∞. Hence (ii’) implies

that
λνα
λνβ

→ 0,
zνα − zνβ
λνβ

→ zβα.

It follows that

ϕναβ =
λνβ
λνα

(
· −

zνα − zνβ
λνβ

)
→ ∞,
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uniformly on every compact subset Q ⊆ S2 \ {zβα}. Thus the assertion of

3.6(ii) holds in every case. This completes the proof of Lemma B.9. 2



C Vortices on bounded subsets of C

We fix a number p > 2.

C.1 An a priori Lemma

For r > 0 and z0 ∈ C we denote by Br(z0) the open ball in C, and we

abbreviate Br := Br(z0).

Lemma C.1 (A priori Lemma) Let K ⊆ M be a compact subset. Then

there exists a constant E0 > 0 such that the following holds. For every z0 ∈ C,

r > 0 and every solution w := (u,Φ,Ψ) ∈ W 1,p(Br(z0),M × g × g) of the

vortex equations (0.1),(0.2) satisfying

u(Br(z0)) ⊆ K, (C.1)

E(w,Br(z0)) =

∫

Br(z0)

ewds dt ≤ E0, (C.2)

the estimate

ew(z0) ≤
8

πr2
E(w,Br(z0)) (C.3)

holds.

For the proof of Lemma C.1 we need the following lemma.

Lemma C.2 (Heinz) Let r > 0 and c ≥ 0. Then for every function f ∈
C2(Br,R) satisfying the inequalities

f ≥ 0, ∆f ≥ −cf 2,

∫

Br

f <
π

8c
(C.4)

we have

f(0) ≤ 8

πr2

∫

Br

f. (C.5)

Proof of Lemma C.2: This is Lemma 4.3.2 in the book [MS3]. 2

Proof of Lemma C.1: Let K ⊆ M be a compact subset. Consider the

set

K ′ := G ·K := {gx | g ∈ G, x ∈ K}.
Since K ′ is the image of the compact sets G and K under the continuous

map G ×M ∋ (g, x) 7→ gx ∈M , it is compact. By the calculation in Step 1

of the proof of Proposition 11.1. in [GS], there is a constant c(K ′) > 0 with

the following property. If Ω ⊆ C is an open subset and w′ := (u′,Φ′,Ψ′) ∈
C2(Ω,M × g × g) is a solution of (0.1), (0.2) satisfying u′(Ω) ⊆ K ′ then

∆ew′ ≥ −c(K ′)e2w′. (C.6)
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We set

E0 :=
π

9c(K ′)
.

Let r > 0 be a number, z0 ∈ C be a point and w = (u,Φ,Ψ) ∈W 1,p(Br(z0),M×
g × g) be a solution of (0.1), (0.2) such that (C.1), (C.2) are satisfied. By

replacing the map w by ŵ := w(·+ z0) we may assume w.l.o.g. that z0 = 0.

By Theorem C.6 there exists a gauge transformation g ∈ W 2,p(Br(z0)) such

that

w′ := (u′,Φ′,Ψ′) := g∗w ∈ C∞(B̄r(z0)).

By (C.1) we have

u′(Br(z0)) = (g−1u)(Br(z0)) ⊆ G ·K = K ′,

and hence inequality (C.6) is satisfied. Furthermore, Lemma B.1 implies that

ew′ = ew and hence by (C.2)

E(w′, Br(z0)) = E(w,Br(z0)) ≤ E0 =
π

9c(K ′)
.

It follows that condition (C.4) of Lemma C.2 is satisfied with f := ew and

c := c(K ′). Applying Lemma C.2 we conclude that inequality (C.3) holds.

This proves Lemma C.1. 2

The next lemma follows from Lemma 9.1 in [GS].

Lemma C.3 Let c > 0, p > 2, Ω ⊆ C be an open set and Q ⊆ Ω and

K ⊆M be compact subsets. Then there are positive constants R0 and Cp :=

C(c, p,Ω, Q,K) such that the following holds. Let R ≥ R0 and let w =

(u,Φ,Ψ) ∈W 1,p
loc (Ω,M × g× g) be a solution of the R-vortex equations (4.1),

(4.2) such that

u(Ω) ⊆ K, (C.7)

||∂su+XΦ ◦ u||L∞(Ω) ≤ c, (C.8)

|ξ| ≤ c|Lu(z)ξ|, ∀z ∈ Ω, ∀ξ ∈ g. (C.9)

Then ∫

Q

|µ ◦ u|p ≤ CpR
−2p, sup

Q
|µ ◦ u| ≤ CpR

2/p−2.

Proof of Lemma C.3: Let Ω′ ⊆ Ω be an open bounded subset with

smooth boundary such that Q ⊆ Ω′. We define K ′ := G · K ⊆ M . Since

K and G are compact, K ′ is also compact. Let R > 0 be a number and

consider the Riemann surface Σ := Ω̄′ with volume form dvolR := R2ds ∧ dt
and the principal G-bundle P := Ω̄′ ×G. Denote by A1,p(P ) the affine space
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of W 1,p-connections on P and by W 1,p
G (P,M) the set of equivariant W 1,p-

maps û : P → M . For every map w := (u,Φ,Ψ) ∈ W 1,p(Ω′,M × g × g) we

define (û, A) ∈W 1,p
G (P,M) ×A1,p(P ) by

û(z, g) := g−1u(z), A(z,g)(ζ, gξ) := ξ + g−1
(
ζ1Φ(z) + ζ2Ψ(z)

)
g,

for (z, g) ∈ Ω̄ × G and (ζ, gξ) ∈ T(z,g)(Ω̄ × G) = C × gg. Then w solves the

R-vortex equations (4.1), (4.2) on Ω′ if and only if the pair (û, A) solves the

vortex equations on P ,

∂̄J,A(u) = 0, (C.10)

∗FA + µ(u) = 0. (C.11)

Here ∗ : Ω2(Ω̄′, gP ) → Ω0(Ω̄′, gP ) denotes the Hodge star operator w.r.t.

dvolR. It follows from the proof of Theorem 3.1 in [CGMS] that for ev-

ery R-vortex w ∈ W 1,p(Ω′,M × g × g) there is a gauge transformation

g ∈W 2,p(Ω′,G) such that g∗w ∈ C∞(Ω′,M × g × g). To see this we have to

use a version of the Local Slice Theorem that allows the base manifold of the

principal G-bundle P to have a nonempty smooth boundary, see Theorem 8.1

in the book [Weh]. Furthermore, if u(Ω′) ⊆ K then g∗u(Ω′) ⊆ K ′. Lemma

C.3 follows now as in the proof of Lemma 9.1 in [GS]. 2

Lemma C.4 Let C0 > 0, Ω ⊆ C be a bounded open subset, Q ⊂ Ω be a

compact subset, and λ : Ω̄ → (0,∞) be a smooth function. Then there exist

constants R0 > 0 and C > 0 such that the following holds. If R ≥ R0 is

a number and w := (u,Φ,Ψ) : Ω → M × g × g is a smooth solution of the

equations

∂su+XΦ(u) + J(∂tu+XΨ(u)) = 0, ∂sΨ− ∂tΦ + [Φ,Ψ] +R2λ2µ ◦ u = 0,

such that

sup
Ω

(
|∂su+XΦ(u)| +R|µ ◦ u|

)
≤ C0, (C.12)

then

||µ ◦ u||Lp(Q) ≤ CR−1− 2
p
(
||∂su+XΦ(u)||L2(Ω) +R||µ ◦ u||L2(Ω)

)
, (C.13)

for 2 ≤ p ≤ ∞.

Proof of Lemma C.4: This is part of the statement of Lemma 9.3 in the

paper by R. Gaio and D. A. Salamon [GS]. 2
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C.2 Regularity modulo gauge

Lemma C.5 Let Ω ⊆ C be an open subset and (u,Φ,Ψ) ∈W 1,p
loc (Ω,M×g×g)

be a solution of the first vortex equations (0.1). Then u ∈W 2,p
loc (Ω,M).

Proof of Lemma C.5: Let z0 ∈ Ω be a point, ϕ : U ⊆ M → R2n be a

local coordinate chart such that u(z0) ∈ U , and let Ω′ := u−1(U) ⊆ Ω. We

define uloc := ϕ ◦ u : Ω′ → R2n and J loc : Ω′ → R2n×2n by

J loc(z) := dϕ(u(z))J(u(z))dϕ(u(z))−1,

for z ∈ Ω′. Then uloc ∈ W 1,p
loc (Ω′,R2n) and J loc ∈ W 1,p

loc (Ω′,R2n×2n). Propo-

sition E.10 applied with Ω replaced by Ω′ implies that uloc ∈ W 2,p
loc (Ω′,R2n)

and therefore u|Ω′ = ϕ−1 ◦ uloc ∈ W 2,p
loc (Ω′,M). Since z0 ∈ Ω is arbitrary, it

follows that u ∈W 2,p
loc (Ω,M). This proves Lemma C.5. 2

Theorem C.6 Let k be a positive integer or be equal to ∞, let J be a G-

invariant ω-compatible almost complex structure on M , of class Ck, let p > 2

and R ≥ 0 be numbers and Ω ⊆ C be an open bounded subset with smooth

boundary. Then for every solution w = (u,Φ,Ψ) ∈ W 1,p(Ω,M × g × g)

of the R-vortex equations (4.1), (4.2) there exists a gauge transformation

g ∈ W 2,p(Ω̄,G) such that g∗w ∈ W k+1,p(Ω,M × g × g) in the case k < ∞
and g∗w ∈ C∞(Ω̄) in the case k = ∞.

Proof of Theorem C.6: This follows from the proof of Theorem 3.1 in

[CGMS] with ℓ := k, P := B̄r(z0) × G and the connection 1-form A on P

given by

A(z,g)(ζ, gξ) := ξ + g−1
(
ζ1Φ(z) + ζ2Ψ(z)

)
g,

for (z, g) ∈ P and (ζ, gξ) ∈ T(z,g)P = C × gg. Observe that that Theorem

holds also in the case in which the base Σ of the principal G-bundle P has

boundary. To see this, we use a version of the local slice theorem for the case

∂Σ 6= ∅, for example Theorem 8.1. in the book [Weh]. 2

By the Whitney embedding theorem (see the book by Hirsch [Hi], Theo-

rem 3.2.14 p. 55) there exists an embedding ι : M → R2 dimM+1. For every

open subset Ω ⊆ C, every nonnegative integer k, every number p > 2 and

every k-times weakly differentiable map w := (u,Φ,Ψ) : Ω → M × g × g we

denote

||w||W k,p(Ω) := ||ι ◦ u||W k,p(Ω) + ||(Φ,Ψ)||W k,p(Ω) ∈ [0,∞].

Note that this norm depends on the embedding ι.
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Theorem C.7 (W k,p-bound modulo gauge for vortices on a bounded set)

Let c > 0 be a constant, Ω ⊆ C be a bounded open subset with smooth bound-

ary, and K ⊆ M be a compact subset. Then for every k ∈ N and every

p > 2 there is a constant Ck,p := C(c,Ω, K, k, p) such that for every solution

w = (u,Φ,Ψ) ∈ W 1,p(Ω,M × g × g) of the vortex equations (0.1), (0.2) the

following holds. If

u(Ω) ⊆ K, ||∂su+XΦ(u)||L∞(Ω) ≤ c

then there is a gauge transformation g ∈W 2,p(Ω,G) such that

||g∗w||W k,p(Ω) ≤ Ck,p.

Proof of Theorem C.7: Assume by contradiction that there are a constant

c > 0, an open subset Ω ⊆ C with smooth boundary, and numbers k ∈ N

and p > 2 such that there is no such constant Ck,p. This means that there is

a sequence wν = (uν ,Φν ,Ψν) ∈W 1,p(Ω,M × g× g) of solutions of the vortex

equations (0.1), (0.2) such that

uν(Ω) ⊆ K, ||∂suν +XΦν (uν)||L∞(Ω) ≤ c

and for every sequence gν ∈W 2,p(Ω,C) we have

||g∗νwν ||W k,p(Ω) → ∞,

and therefore g∗νwν has no Ck(Ω̄)-convergent subsequence. This contradicts

the assertion of Theorem 3.2. in [CGMS], with Σ := Ω̄, dvolΣ := ds ∧ dt,

P := Ω̄×G, τν := τ := 0, (ων , µν, Jν , Hν) := (ω, µ, J, 0). Note that the proof

of that theorem also works in our case, in which the base Ω̄ of the principal

G-bundle P = Ω×G has boundary. For this one has to use a version of Uh-

lenbeck compactness for a compact base with boundary, see Theorem E.7,

and a version of the local slice theorem allowing boundary, see Theorem 8.1

in the book [Weh]. This proves Theorem C.7. 2

C.3 The energy-action identity

In this subsection we state and prove a lemma which says that for τ− ≤ τ+ the

energy of an expC-vortex on [τ−, τ+]× S1 equals the difference of the actions

of its end loops. Since every such expC-vortex corresponds to an ordinary

vortex on the annulus A(eτ− , eτ+), it follows that the energy of a vortex on

an annulus equals the difference of the actions of its suitably reparametrized

end loops. The lemma is used in the proof of the Annulus Lemma 4.11.
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Consider the equations for a map (ũ, Φ̃, Ψ̃) ∈W 1,p
loc (C,M × g × g)

∂sũ+XeΦ(ũ) + J(ũ)(∂tũ+XeΨ(ũ)) = 0, (C.14)

∂sΨ̃ − ∂tΦ̃ + [Φ̃, Ψ̃] + e2τµ ◦ ũ = 0. (C.15)

In the language of section B.2 these are the expC-vortex equations, where

expC : R × S1 ∼= R × (R/(2πZ)) → C

is the exponential map given by expC(τ, ϕ) := eτ+iϕ. The expC-energy density

of a map w̃ = (ũ, Φ̃, Ψ̃) ∈ W 1,p
loc (Ω,M × g × g) defined on an open subset

Ω ⊆ R × S1 is given by

ẽ ew =
1

2

(
|∂τ ũ+XeΦ(ũ)|2 + |∂ϕũ+XeΨ(ũ)|2 + e−2τ |κ̃|2 + e2τ |µ ◦ ũ|2

)
,

where

κ̃ := ∂τ Ψ̃ − ∂ϕΦ̃ + [Φ̃, Ψ̃].

Furthermore, the expC-energy of such a map w̃ on a measurable subsetX ⊆ Ω

is given by

Ẽ(w̃, X) =

∫

X

ẽ ew ds dt.

Lemma C.8 Let δ0 be as in (A.17). Let τ− ≤ τ+ be real numbers and

w̃ := (ũ, Φ̃, Ψ̃) ∈ C∞([τ−, τ+] × S1,M × g × g) be a solution of the expC-

vortex equations (C.14), (C.15). Assume that

|µ(ũ(τ, ϕ))| < δ0, ∀τ ∈ [τ−, τ+], ϕ ∈ S1, (C.16)

ℓ((ũ, Ψ̃)(τ, ·)) =
∫ 2π

0

∣∣∂ϕũ(τ, ϕ) +XeΨ(τ,ϕ)(ũ(τ, ϕ))
∣∣dϕ < δ0, ∀τ. (C.17)

Then

Ẽ(w̃, [τ−, τ+] × S1) = −A((ũ, Ψ̃)(τ+, .)) + A((ũ, Ψ̃)(τ−, .)).

Proof of Lemma C.8: We define ι > 0 to be the largest number such that

if x ∈ µ−1(0) then the exponential map of (M, gω,J) restricted to the open ball

Bι ⊆ TxM is injective. We fix constants C and δ as in Lemma A.13. Applying

that lemma with u := ũ and η := Ψ̃ there exists x0 ∈ C∞([τ−, τ+], µ−1(0)) and

g0 ∈ C∞([τ−, τ+] × S1,G) such that (A.15) and (A.16) with x := ũ(τ, ·) and

g0(ϕ) := g0(τ, ϕ) are satisfied, for every τ ∈ [τ−, τ+]. We define w′ := g∗0w̃.

Since 2Cδ0 < ι, (A.16) and the hypotheses (C.16), (C.17) imply that for

every τ ∈ R and ϕ ∈ S1 ∼= R/(2πZ)

d(u′(τ, ϕ), x0(τ)) = d(ũ(τ, ϕ), g0(τ, ϕ)x0(τ))

≤ C
(
|µ(ũ(τ, ϕ))| + ℓ(ũ(τ, ·), Ψ̃(τ, ·))

)

≤ C(δ0 + δ0) < ι.
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Therefore for each (τ, ϕ) ∈ [τ−, τ+] × S1 we can define v(τ, ϕ) ∈ Tx0(τ)M to

be the unique vector of norm less than ι such that

expx0(τ) v(τ, ϕ) = u′(τ, ϕ).

The map v : [τ−, τ+] × S1 → TM is smooth. We define

h : [τ−, τ+] × [0, 1] × S1 →M, hτ (λ, ϕ) := h(τ, λ, ϕ) := expx0(τ) λv(τ, ϕ).

The calculation in the proof of Proposition 3.1 in [CGS] shows that

ẽw′ = ω(∂τu
′, ∂ϕu

′) − ∂τ 〈µ(u′),Ψ′〉 + ∂ϕ〈µ(u′),Φ′〉.

Therefore,

Ẽ(w′, [τ−, τ+] × S1) =

∫

[τ−,τ+]×S1

(
ω(∂τu

′, ∂ϕu
′) − ∂τ 〈µ(u′),Ψ′〉

+ ∂ϕ〈µ(u′),Φ′〉
)
dτ dϕ

=

∫

[τ−,τ+]×S1

(u′)∗ω −
∫ τ+

τ−

∂τ

∫ 2π

0

〈µ(u′),Ψ′〉 dϕ dτ + 0

=

∫

[τ−,τ+]×S1

(u′)∗ω −
∫ 2π

0

〈µ(u′(τ+, ϕ)),Ψ′(τ+, ϕ)〉 dϕ

+

∫ 2π

0

〈µ(u′(τ−, ϕ)),Ψ′(τ−, ϕ)〉 dϕ. (C.18)

Furthermore, since dh∗ω = h∗dω = 0, we have

0 =

∫

[τ−,τ+]×[0,1]×S1

dh∗ω

=

∫

∂
(
[τ−,τ+]×[0,1]×S1

) h∗ω

=

∫

[0,1]×S1

h∗τ+ω −
∫

[0,1]×S1

h∗τ−ω

−
∫

[τ−,τ+]×S1

h(·, 1, ·)∗ω +

∫

[τ−,τ+]×S1

h(·, 0, ·)∗ω. (C.19)

Since for λ := 0 the expression h(τ, 0, ϕ) does not depend on ϕ, we have

∫

[τ−,τ+]×S1

h(·, 0, ·)∗ω = 0.

Furthermore, for λ := 1 we have h(τ, 1, ϕ) = u′(τ, ϕ). Hence equality (C.19)
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together with (C.18) implies that

Ẽ(w′, [τ−, τ+] × S1) = −
∫

[0,1]×S1

h∗τ−ω +

∫

[0,1]×S1

h∗τ+ω

−
∫ 2π

0

〈µ(u′(τ+, ϕ)),Ψ′(τ+, ϕ)〉 dϕ

+

∫ 2π

0

〈µ(u′(τ−, ϕ)),Ψ′(τ−, ϕ)〉 dϕ

= −A((u′,Ψ′)(τ+, .)) + A((u′,Ψ′)(τ−, .))

= −A((ũ, Ψ̃)(τ+, .)) + A((ũ, Ψ̃)(τ−, .)).

This proves Lemma C.8. 2



D Vortices on C

D.1 Quantization of energy

For every compact symplectic manifold (M,ω) and every ω-compatible al-

most structure J on M the infimum of the energies of all nonconstant J-

holomorphic spheres in M is positive, see Proposition 4.1.4 in [MS3]. The

next lemma implies that the same holds for vortices.

Lemma D.1 (Quantization of energy) We have

inf
{
E(w) |w ∈ W 1,p

loc (C,M×g×g) : (0.1), (0.2), E(w) > 0, u(C) compact
}
≥ E0,

where E0 > 0 is the constant from Lemma C.1.

Proof of Lemma D.1: Let E0 > 0 be as in Lemma C.1. Let w =

(u,Φ,Ψ) ∈ W 1,p
loc (C,M × g × g) be a solution of (0.1),(0.2) such that u(C)

is compact and E(w) < E0. Let z0 ∈ C. Since the estimate (C.3) holds for

every r > 0 it follows that ew(z0) = 0. This proves Lemma D.1. 2

D.2 Existence of good gauges

For k ∈ N ∪ {0,∞} we denote by J k
G(M,ω) the set of ω-compatible G-

invariant almost complex structures of class Ck.

Proposition D.2 (Regularity modulo gauge) Let k ∈ N ⊔ {∞}, J ∈
J k

G(M,ω), p > 2, R ≥ 0 be numbers, and w ∈W 1,p
loc (C,M×g×g) be a solution

of the R-vortex equations (4.1),(4.2). Then there is a gauge transformation

g ∈ G2,p such that g∗w ∈ W k+1,p
loc (C,M × g × g) in the case k < ∞ and

g∗w ∈ C∞(C,M × g × g) in the case k = ∞.

The proof of Proposition D.2 follows the lines of the proofs of Theorem

3.6 and Theorem A.3 in [Fr1].

Proof of Proposition D.2: Consider the case k <∞.

Claim 1 There exists a collection of gauge transformations gj ∈W 2,p(Bj+1,G),

j ∈ N, such that for every j ∈ N we have

g∗jw ∈W k+1,p(Bj+1,M × g × g). (D.1)

gj+1|Bj
= gj |Bj

. (D.2)

Proof: By Theorem C.6 there exists a gauge transformation g1 ∈W 2,p(B2,G)

such that g∗1w ∈ W k+1,p(B2). Let ℓ ∈ N be an integer and assume by

induction that there exist gauge transformations gj ∈ W 2,p(Bj+1,G), for
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j = 1, . . . , ℓ, such that (D.1) holds for j = 1, . . . , ℓ, and (D.2) holds for

j = 1, . . . , ℓ − 1. We show that there exists a gauge transformation gℓ+1 ∈
W 2,p(Bℓ+2,G) such that

g∗ℓ+1w ∈W k+1,p(Bℓ+2), (D.3)

gℓ+1|Bℓ
= gℓ|Bℓ

. (D.4)

We choose a smooth function ρ : B̄ℓ+2 → Bℓ+1 such that ρ(z) = z for z ∈ Bℓ.

By Theorem C.6 there exists a gauge transformation h ∈W 2,p(Bℓ+2,G) such

that

h∗w ∈W k+1,p(B̄ℓ+2). (D.5)

We define

gℓ+1 := h
(
(h−1gℓ) ◦ ρ

)
.

Then gℓ+1 ∈ W 2,p(Bℓ+2,G) and (D.4) is satisfied. Furthermore, since h∗w ∈
W k+1,p(Bℓ+2) and

g∗ℓw = (h−1gℓ)
∗h∗w ∈W k+1,p(Bℓ+1),

Lemma B.2(ii) implies that h−1gℓ ∈ W k+2,p(Bℓ+1). It follows that (h−1gℓ) ◦
ρ ∈W k+2,p(Bℓ+2), and therefore

g∗ℓ+1w =
(
(h−1gℓ) ◦ ρ

)∗
h∗w ∈W k+1,p(Bℓ+2).

So (D.3) is also satisfied. This terminates the induction and concludes the

proof of Claim 1. 2

We choose now a collection of gauge transformations gj , j ∈ N as in Claim

1 and define g ∈ G2,p by

g(z) := gj(z),

if z ∈ Bj. By (D.2) this map is well-defined. Furthermore, (D.1) implies that

g∗w ∈ W k+1,p
loc (C). This proves the statement of the proposition in the case

k < ∞. In the case k = ∞ the proof is analogous. This proves Proposition

D.2. 2

We denote by

expC : C → C \ {0}
the exponential map on C. We identify g × g with the complexified Lie

algebra g
C := g ⊗R C. For every function (u,Φ + iΨ) : C \ 0 → M × g

C we

define w̃ := (ũ, Φ̃ + iΨ̃) := exp∗
C
w, as in (B.11). This means that

ũ(eτ,ϕ) := u(eτ+iϕ),

Φ̃(τ, ϕ) := eτ
(
cos(ϕ)Φ(eτ+iϕ) + sin(ϕ)Ψ(eτ+iϕ)

)
,

Ψ̃(τ, ϕ) := eτ
(
− sin(ϕ)Φ(eτ+iϕ) + cos(ϕ)Ψ(eτ+iϕ)

)
. (D.6)
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For every g : C \ 0 → G we define

g̃ := g ◦ expC : C → G.

It follows that for every w ∈W 1,p
loc (C \ 0,M × g

C) and g ∈W 2,p
loc (C \ 0,G) we

have

(g∗w)̃ = g̃∗w̃ :=
(
g̃−1ũ, g̃−1

(
Φ̃ + ∂τ + i(Ψ̃ + ∂ϕ)

)
g̃
)
. (D.7)

Recall the definitions (1.15) and (1.16) of the sets M̃k,p := M̃k,p
J and M̃ :=

M̃J of vortices on C, and the definitions (1.17) and (1.19) of the gauge groups

Gk+1,p and G. For τ0 ∈ R we define

M̃τ0 :=
{
(u,Φ,Ψ) ∈ M̃ | Φ̃(τ + iϕ) = 0, ∀τ ≥ τ0, ϕ ∈ R

}

and

Gτ0 :=
{
g ∈ C∞(C,G) | ∂τ g̃(τ + iϕ) = 0 ∀τ ≥ τ0, ϕ ∈ R

}
.

Note that the action of G on M̃ restricts to an action of Gτ0 on M̃τ0 .

Proposition D.3 Let k ∈ N, p > 2 and let τ0 ∈ R. Then the map

M̃τ0/Gτ0 → M̃k,p/Gk+1,p, G∗
τ0

(u,Φ + iΨ) 7→ (Gk+1,p)∗(u,Φ + iΨ) (D.8)

is a bijection.

Proof of Proposition D.3: We prove that the map is injective. Assume

that G∗
τ0
w,G∗

τ0
w′ ∈ M̃τ0/Gτ0 are such that (Gk+1,p)∗w = (Gk+1,p)∗w′. This

means that there is gauge transformation g ∈W k+1,p
loc (C,G) such that g∗w =

w′. Lemma B.2 implies that g ∈ C∞(C,G). Furthermore, for τ ≥ τ0 we have

Φ̃ = Φ̃′ = 0. Since

Φ̃′ = g̃∗Φ̃ = g̃−1(Φ̃ + ∂τ )g̃

it follows that ∂τ g̃ = 0 for τ ≥ τ0. Therefore g ∈ Gτ0 and thus G∗
τ0w = G∗

τ0w
′.

This implies injectivity.

To prove that the map (D.8) is surjective let (Gk+1,p)∗(u,Φ,Ψ) ∈ M̃k,p/Gk+1,p.

By Proposition D.2 there is g ∈ G2,p such that w′ := g∗w ∈ C∞(C,M×g×g).

We define h : C → G as follows. On Beτ0−2 we set h ≡ e. Let now

ρ ∈ C∞([τ0 − 2,∞), [0, 1]) be such that ρ(τ) = 0 for τ ≤ τ0 − 1 and ρ(τ) = 1

for τ ≥ τ0. For τ ≥ τ0 − 2, ϕ ∈ R we define h(eτ+iϕ) := h̃(τ, ϕ), where

h̃(., ϕ) : [τ0 − 2,∞) → G is the unique solution of the ordinary differential

equation

∂τ h̃(., ϕ) = −ρΦ̃′(., ϕ)h̃(., ϕ)

with initial condition h̃(τ0 − 2, ϕ) = e. We define w′′ := h∗w′. Then for

τ ≥ τ0 we have ∂τ h̃ = −Φ̃′h̃ and therefore

Φ̃′′ = h̃∗Φ̃′ = h̃−1(Φ̃′ + ∂τ )h̃ = 0.
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Furthermore, since the data ρΦ̃′ of the differential equation depends smoothly

on τ, ϕ it follows that h ∈ C∞(C,G) and therefore w′′ ∈ C∞(C,M × g × g).

Thus w′′ ∈ M̃τ0 . Under the map (D.8) the equivalence class G∗
τ0
w′′ gets

mapped to (Gk+1,p)∗w′′ = (Gk+1,p)∗w. This proves surjectivity and completes

the proof of Proposition D.3. 2

That the map (D.8) is surjective, implies that for every r > 0 and every

vortex w ∈ M̃1,p there exists a gauge transformation g ∈ G2,p such that g∗w

is smooth and in radial gauge outside the ball Br.

The next proposition is used in the proof of Proposition 4.6 (Hard rescal-

ing) and in the proof of Lemma (D.14) (Vortices of 0 energy).

Proposition D.4 Let (Φ,Ψ) ∈ C∞(C, g × g) be such that κ := ∂sΨ −
∂tΦ + [Φ,Ψ] = 0. Then there exists a gauge transformation g ∈ G such

that g∗(Φ,Ψ) = 0.

The proof of this proposition uses the following lemma. For its proof see also

the dissertation by U. Frauenfelder [Fr1], Corollary 3.7.

Lemma D.5 (s-gauge) Let (Φ,Ψ) ∈ C∞(R2, g× g). Then there is a gauge

transformation g ∈ G such that (Φ′,Ψ′) := g∗(Φ,Ψ) satisfies

Φ′ ≡ 0, Ψ′(0, t) = 0,

for every t ∈ R.

Proof: We define g1 : R2 → G as follows. For every t0 ∈ R we define g1(., t0)

to be the unique smooth solution of the ordinary differential equation

d

ds
g1(., t0) = −Φ(., t0)g1(., t0)

with initial condition g1(0, t0) := e. Then the map g1 : R2 → G is smooth.

Furthermore, we define g2 : R → G to be the unique smooth solution of the

ordinary differential equation

d

dt
g2 = −g∗1Ψ(0, .)g2 = −

(
g−1
1 (Ψ + ∂t)g1

)
(0, ·)g2 (D.9)

with initial condition g2(0) := e. Then g2 is also smooth. We define now g :

R2 → G by g(s, t) := g1(s, t)g2(t). We check that g satisfies the requirements

of the lemma. It is smooth. Furthermore,

g∗1Φ = g−1
1 (∂s + Φ)g1 = 0.

Therefore, considering g2 as a map from R2 to G by setting g2(s, t) := g2(t),

we have

Φ′ := g∗Φ = g∗2g
∗
1Φ = g−1

2 ∂sg2 + 0 = 0.
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Moreover, by (D.9) we have

Ψ′(0, ·) = g∗Ψ(0, ·) = g∗2g
∗
1Ψ(0, ·) =

(
g−1
2 (∂t + g∗1Ψ)g2

)
(0, ·) = 0.

This proves the lemma. 2

Proof of Proposition D.4: By Lemma D.5 there is g ∈ G such that

(Φ′,Ψ′) := g∗(Φ,Ψ) satisfies Φ′ = 0 and Ψ′(0, t) = 0 for every t ∈ R. Fur-

thermore,

∂sΨ
′ = ∂sΨ

′ − ∂tΦ
′ + [Φ′,Ψ′] =: κ′ = g−1κg = 0.

It follows that Ψ′ ≡ 0. This proves Proposition D.4. 2

D.3 Asymptotic behaviour of finite energy vortices on

C

Given a map w = (u,Φ + iΨ) : C → M × g
C we denote by

w̃ := (ũ, Φ̃ + iΨ̃) := exp∗
C
w

the coordinate transformed map, as in (D.6). Here we identify S1 with

R/(2πZ). Given a number τ0 ∈ R we say that w is in radial gauge outside

the ball Beτ0 iff

Φ̃(τ, ϕ) = 0, ∀τ ≥ τ0, ϕ ∈ R.

Recall that by (1.11) with R = 1 for every open subset Ω ⊆ C the energy

density of a map w = (u,Φ,Ψ) ∈W 1,p
loc (Ω,M × g × g) is defined by

ew :=
1

2

(
|∂su+XΦ ◦ u|2 + |∂tu+XΨ ◦ u|2 + |∂sΨ− ∂tΦ + [Φ,Ψ]|2 + |µ ◦ u|2

)
,

and recall from (1.13) with R = 1 that

E(w,X) :=

∫

X

ew ds dt

denotes the energy of w on the measurable subset X ⊆ Ω. Recall that M̃1,p

denotes the set of all solutions w = (u,Φ,Ψ) ∈ W 1,p
loc (C,M × g × g) of the

vortex equations (0.1), (0.2) such that E(w) <∞ and the subset u(C) ⊆M

is compact. The next proposition makes it possible to define an evaluation

map ev∞ : M := M̃1,p/G2,p → M̄ , see Definition 3.1. Its proof is based on

Proposition 11.1. in [GS] and Proposition D.2. Part (C) is a refinement of

an estimate in Proposition 11.1 in [GS].
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Proposition D.6 (Asymptotic behaviour) Let (M,ω) be a symplectic

manifold, G be a compact connected Lie group that acts on M in a Hamil-

tonian way with moment map µ, and let J be a G-invariant ω-compatible

almost complex structure on M . Assume that hypothesis (H1) is satisfied,

i.e. that G acts freely on µ−1(0) and µ is proper. Then the following state-

ments hold.

(A) For every finite energy vortex w = (u,Φ,Ψ) ∈ M̃1,p the map Gu : C →
M/G extends continuously to a map ū : S2 = C ∪ {∞} → M/G, such

that ū(∞) ∈ M̄ = µ−1(0)/G.

(B) Assume that (H2) (convexity at ∞) holds. Then there is a G-invariant

compact subset K0 ⊆M such that for every vortex w = (u,Φ,Ψ) ∈ M̃1,p

we have u(C) ⊆ K0.

(C) Assume that (H2) holds. Then there are constants E > 0, C > 0 and

δ > 0 such that the following holds. For every vortex w ∈ M̃1,p, every

R ≥ 1 such that

E(w,C \BR) < E (D.10)

and every z ∈ C \B2R we have

ew(z) ≤ CRδ|z|−2−δ. (D.11)

For the proof of Proposition D.6 we need the following. We identify

S1 ∼= R/(2πZ).

Proposition D.7 (A) Let w := (u,Φ,Ψ) : C → M × g × g be a smooth

finite energy vortex in radial gauge outside Br0 for some number r0 > 0,

and assume that u(C) is compact. Then the function u∗ω : C → R is

Lebesgue integrable and

E(w) =

∫

C

u∗ω. (D.12)

(B) There exists a number δ > 0 such that the following holds. Let 2 ≤ p <

4/(2 − δ) be a real number. Let w := (u,Φ,Ψ) : C → M × g × g be a

smooth finite energy vortex in radial gauge outside Br0 for some number

r0 > 0 and assume that u(C) is compact. Then the limit

x0 := lim
r→∞

u(r) (D.13)

exists and lies in µ−1(0), and there exists a map g0 ∈ W 1,p(S1,G) such

that
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lim
r→∞

max
ϕ∈S1

d(u(reiϕ), g0(ϕ)x0) = 0, (D.14)

sup
τ0≥0

||ġ0g
−1
0 + Ψ̃(τ0, ·)||Lp(S1)e

(−1+ 2
p
+ δ

2)τ0 < ∞. (D.15)

Proof of Proposition D.7: Statement (A) is part of the statement of

Proposition 11.1 in [GS].

Proof of (B): We fix δ0 > 0 as in (A.17) and choose δ > 0 to be a number

less than the constant 1/c, where c > 0 is as in Lemma A.15 (Isoperimetric

inequality), depending on δ0. Let 2 ≤ p < 4/(2 − δ) and let w := (u,Φ,Ψ)

be a vortex as in the hypothesis, and let r0 > 0 be so large that w is in radial

gauge outside Br0. As in Step 6 in the proof of Proposition 11.1 in [GS] we

have

C0 := sup
(τ,ϕ)∈[0,∞)×S1

(
|∂τ ũ(τ, ϕ)| + eτ |µ ◦ ũ(τ, ϕ)|

)
e

δ
2
τ <∞. (D.16)

Claim 1

C1 := sup
τ0≥log r0

e

(
p+2+ δp

2

)
(τ0+1)

∫ τ0+1

τ0

∫ 2π

0

|µ ◦ ũ|pdϕ dτ <∞. (D.17)

The proof of Claim 1 is analogous to part of the proof of the second esti-

mate in Step 6 in the proof of Proposition 11.1 in [GS]. For the convenience

of the reader I repeat it here.

Proof of Claim 1: By Lemma C.4 with C0, Ω := (−1, 2) × (−π, 3π),

Q := [0, 1]× [0, 2π] and λ(τ, ϕ) := eτ there exist constants R0 > 0 and C > 0

such that the following holds. If R ≥ R0 and ŵ := (û, Φ̂, Ψ̂) is a smooth

solution of the equations

∂τ û+XbΦ(û) + J(∂ϕû+XbΨ(û)) = 0, (D.18)

∂τ Ψ̂ − ∂ϕΦ̂ + [Φ̂, Ψ̂] +R2e2τµ ◦ û = 0 (D.19)

on (−1, 2) × (−π, 3π), such that

sup
(−1,2)×(−π,3π)

(
|∂τ û+XbΦ(û)| +R|µ ◦ û|

)
≤ C0, (D.20)

then

||µ ◦ û||Lp([0,1]×[0,2π]) ≤ CR−1− 2
p

(
||∂τ û+XbΦ(û)||

L2
(
(−1,2)×(−π,3π)

)

+R||µ ◦ û||
L2
(
(−1,2)×(−π,3π)

)
)
.(D.21)
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Proposition B.3 implies that for τ0 ∈ R the shifted map ŵ := w̃(τ0 + ·, ·)
satisfies (D.18), (D.19) with R := eτ0 . Furthermore, (D.20) holds with R :=

eτ0 , for τ0 ≥ 1. Since Φ̃(τ0, ϕ) = 0 for τ0 ≥ log(r0), it follows that for τ0 large

enough

e(p+2)τ0

∫ τ0+1

τ0

∫ 2π

0

|µ ◦ ũ|pdϕ dτ

≤ 2
p
2Cp

(∫ τ0+2

τ0−1

∫ 3π

−π

(
|∂τ ũ|2 + e2τ0 |µ ◦ ũ|2

)
dϕ dτ

) p
2

. (D.22)

On the other hand, as in Step 5 of the proof of Proposition 11.1 in [GS], we

have

sup
τ0≥log(r0)

eδτ0
∫ ∞

τ0

∫ 2π

0

(
|∂τ ũ|2 + e2τ |µ ◦ ũ|2

)
dϕ dτ <∞.

Estimate (D.17) follows from this and (D.22). This proves Claim 1. 2

For τ ≥ log r0 we have

∂τ Ψ̃ = κ̃ := ∂τ Ψ̃ − ∂ϕΦ̃ + [Φ̃, Ψ̃] = −e2τµ ◦ ũ, (D.23)

where in the last equality we have used the second vortex equation (0.2) and

Proposition B.3. We fix real numbers τ0 ≥ log r0 and τ0 ≤ τ1 ≤ τ0 + 1, and

define C1 > 0 as in Claim 1. Equality (D.23) and Hölder’s inequality imply

that

|Ψ̃(τ1, ϕ) − Ψ̃(τ0, ϕ)|p =

∣∣∣∣
∫ τ1

τ0

∂τ Ψ̃(τ, ϕ)dτ

∣∣∣∣
p

≤
∫ τ1

τ0

e2pτ |µ ◦ ũ(τ, ϕ)|p dτ

≤ e2pτ1
∫ τ1

τ0

|µ ◦ ũ(τ, ϕ)|p dτ.

Defining ε := −1 + 2/p+ δ/2, it follows that
∫ 2π

0

|Ψ̃(τ1, ϕ) − Ψ̃(τ0, ϕ)|pdϕ ≤ e−pετ1e

(
p+2+ δp

2

)
τ1

∫ τ1

τ0

∫ 2π

0

|µ ◦ ũ(τ, ϕ)|pdϕ, dτ

≤ C1e
−pετ1. (D.24)

Here in the second estimate we have used (D.17). Since p < 4/(2 − δ), the

number ε is positive. Hence (D.24) implies that for every number τ0 ≥ log r0
and every positive integer k

||Ψ̃(τ0, ·) − Ψ̃(τ0 + k, ·)||Lp(S1) ≤
k−1∑

j=0

||Ψ̃(τ0 + j, ·) − Ψ̃(τ0 + j + 1, ·)||Lp(S1)

≤ C
1
p

1

k−1∑

j=0

e−ε(τ0+j)

<
C

1
p

1

1 − e−ε
e−ετ0 . (D.25)
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Hence for every τ0 ≥ log r0 the sequence of maps Ψ̃(τ0 + k, ·) : S1 → g

converges in Lp(S1, g) to some map ξ ∈ Lp(S1, g). Inequality (D.24) implies

that the limit ξ does not depend on the choice of τ0. Estimate (D.16) implies

that for τ1 ≥ τ0 ≥ log(r0) and ϕ ∈ S1 we have

d
(
ũ(τ1, ϕ), ũ(τ0, ϕ)

)
≤
∫ τ1

τ0

|∂τ ũ(τ, ϕ)| dτ ≤ 2C0

δ
e−

δ
2
τ0 .

It follows that for τ0 → ∞ the sequence ũ(τ0, ·) converges uniformly to some

continuous map x : S1 → M . Again by estimate (D.16) the limit x takes

values in µ−1(0). Furthermore, by the Whitney embedding theorem (see

the book by Hirsch [Hi], Theorem 3.2.14 p. 55), there exists an embedding

ι : M → R2 dimM+1. Since w is in radial gauge outside Br0 , it follows that on

[log(r0),∞) × S1

∂ϕ(ι ◦ ũ) = dι(ũ)∂ϕũ

= dι(ũ)
(
∂ϕũ+XeΨ(ũ) −XeΨ(ũ)

)

= dι(ũ)(J∂τ ũ−XeΨ(ũ)). (D.26)

Since as τ0 → ∞ the maps ũ(τ0, ·) converge uniformly to x and the maps

Ψ̃(τ0, ·) converge to ξ in Lp(S1), it follows that the maps
(
dι(ũ)XeΨ(ũ)

)
(τ0, ·)

converge to dι(x)Xξ(x) in Lp(S1, g). Furthermore, estimate (D.16) implies

that ∂τ ũ(τ0, ·) converges to 0 in L∞(S1), as τ0 → ∞. Hence (D.26) implies

that ∂ϕ(ι ◦ ũ)(τ0, ·) converges to −Xξ(x) in Lp(S1). It follows that x ∈
W 1,p(S1), ũ(τ0, ·) converges to x in W 1,p(S1), as τ0 → ∞, and that

ẋ = −Xξ(x), (D.27)

almost everywhere on S1. We denote by π : µ−1(0) → M̄ = µ−1(0)/G the

projection to the quotient. Equality (D.27) implies that the map π◦x : S1 →
M̄ satisfies

(π ◦ x)˙ = dπ(x)ẋ = −dπ(x)Xξ(x) = 0

almost everywhere on S1. It follows that π ◦ x ≡ Gx(0), so the image of x

is contained in the orbit Gx(0). For ϕ ∈ S1 we define g0(ϕ) ∈ G to be the

unique element such that

g0(ϕ)x(0) = x(ϕ).

Since G acts freely on µ−1(0) the map g0 : S1 → G is welldefined. Further-

more, g0 ∈W 1,p(S1,G), since by the Local Slice Theorem A.5 the map

G → Gx(0), g 7→ gx(0)

is an embedding, and g0 is the composition of x with the inverse of this map.
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We check the conditions of statement (B). We have already proved that

the limit

x0 := lim
r→∞

u(r) = lim
τ0→∞

ũ(τ0, 0) = x(0)

exists and lies in µ−1(0). Furthermore, condition (D.14) follows from the

uniform convergence of the map ũ(τ0, ·) against the map x = g0x0. We prove

(D.15). Since the map Ψ̃(τ0, ·) converges to ξ in Lp(S1, g), for τ0 → ∞,

inequality (D.25) implies that

sup
τ0≥0

||Ψ̃(τ0, ·) − ξ||Lp(S1)e
ετ0 <∞.

Therefore, it suffices to prove that

ġ0g
−1
0 = −ξ, (D.28)

almost everywhere on S1. To see this, observe that by (D.27) we have

−Xξ ◦ x|ϕ0 = ẋ(ϕ0)

=
d

dϕ

∣∣∣∣
ϕ=ϕ0

(
g0(ϕ)g0(ϕ0)

−1x(ϕ0)
)

= Xġ0g
−1
0

(x)|ϕ0, (D.29)

for almost every ϕ0 ∈ S1. Since G acts freely on µ−1(0), it follows from

Lemma A.4 that the map Lx(ϕ) : g → Tx(ϕ)M is injective for every ϕ ∈ S1.

Hence (D.28) follows from (D.29). This proves statement (B) and completes

the proof of Proposition D.7. 2

Proof of Proposition D.6: Let M,ω,G, µ, J be as in the hypothesis.

Proof of Part (A): Let w = (u,Φ,Ψ) ∈ M̃1,p be a vortex. By Proposition

D.3 there is a gauge transformation g ∈ G2,p such that w′ := (u′,Φ′,Ψ′) :=

g∗w is smooth and in radial gauge outside B1. Hence by Proposition B the

limit x0 := limr→∞ u′(r) exists and lies in µ−1(0), and there exists a map

g0 ∈W 1,2(S1,G) such that

lim
r→∞

max
z∈S1

d(u′(rz), g0(z)x0) = 0. (D.30)

Recall the definition (4.42) of the distance function d̄ on the connected com-

ponents of M/G. We have

d̄(Gu(rz),Gx0) = d̄(Gu′(rz),Gg0(z)x0) ≤ d(u′(rz), g0(z)x0),

for every r > 0, z ∈ S1. Hence (D.30) implies that

lim
r→∞

max
z∈S1

d̄(Gu(rz),Gx0) = 0,
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and therefore we can extend the map Gu : C →M/G continuously to a map

ū : S2 ∼= C ∪ {∞} →M/G. This proves Part (A).

Proof of Part (B): We choose a function f : M → [0,∞) and a constant

c > 0 as in hypothesis (H2). By hypothesis (H1) the map µ is proper and

therefore the set µ−1(0) is compact. Thus f(µ−1(0)) ⊆ [0,∞) is compact,

and increasing c if necessary, we may assume w.l.o.g. that f(µ−1(0)) ⊆ [0, c].

We define K0 := f−1([0, c]) ⊆ M . Since f is proper, the set K0 is compact,

and since f is G-invariant, K0 is G-invariant. Let w = (u,Φ,Ψ) ∈ M̃1,p

be a vortex. We choose a gauge transformation g ∈ G2,p such that w′ :=

(u′,Φ′,Ψ′) := g∗w is smooth and in radial gauge outside B1, as in Proposition

D.3. By Proposition 11.1. in [GS] we have for every z ∈ C

f ◦ u(z) = f ◦ u′(z) ≤ c,

and hence u(C) ⊆ K0 = f−1([0, c]).

Proof of Part (C): We fix a G-invariant compact subset K0 ⊆ M as in

Part (B), and constants E0 > 0 as in Lemma C.1 and E1, C1, a > 0 as in

Lemma 4.11, corresponding to K := K0 and r0 := 1/2. We set

E := min{E0, E1}, C :=
32C1

π
, δ := a.

Let w ∈ M̃1,p be a vortex and R ≥ 1 be a number such that (D.10) is

satisfied, and let z ∈ C\B2R be a point. Since B|z|/2(z) ⊆ C\BR, hypothesis

(D.10) implies that

E(w,B|z|/2(z)) ≤ E(w,C \BR) < E ≤ E0.

Hence Lemma C.1 implies that

ew(z) ≤ 8E(w,B|z|/2(z))

π(|z|/2)2
≤ 32E(w,C \B|z|/2(0))

π|z|2 . (D.31)

By Lemma 4.11 with r := R/2, λ := |z|/R and R replaced by ∞ we have

E(w,C \B|z|/2) ≤
C1R

δE(w,C \BR/2)

|z|δ .

This together with (D.31) and hypothesis (D.10) implies that

ew(z) ≤ CRδE

|z|2+δ .

This proves inequality (D.11) and hence assertion (C).

This completes the proof of Proposition D.6. 2
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D.4 The action of G2,p and of Isom+(R2)

Recall that the gauge group G2,p acts on the set M̃1,p of finite energy vortices

(u,Φ,Ψ) on C such that u(C) is compact, by the formula

g∗(u,Φ,Ψ) :=
(
g−1u, g−1(Φ + ∂s)g, g

−1(Ψ + ∂t)g
)
. (D.32)

Lemma D.8 The action (D.32) is free.

Proof: Assume that w := (u,Φ,Ψ) ∈ M̃1,p and g ∈ G2,p are such that

g∗w = w. We show that g ≡ e. By Proposition D.3 there is h ∈ G2,p such

that w1 := (u1,Φ1,Ψ1) := h∗w is smooth. We define g1 := h−1gh ∈ G2,p.

Then g∗1w1 = w1, i.e.

g−1
1 u1 = u1 (D.33)

∂sg1 = g1Φ1 − Φ1g1, ∂tg1 = g1Ψ1 − Ψ1g1. (D.34)

Let δ0 > 0 be so small that G acts freely on Mδ0 := {x ∈ M | |µ(x)| ≤
δ0}. Proposition D.6(C) implies that there is a number R > 0 such that

u1(z) ∈ Mδ0 if |z| ≥ R. By (D.33) it follows that g1(z) = e if |z| ≥ R.

Now let s0 + it0 ∈ BR. By (D.34) the map g1(s0 + ·, t0) is an integral curve

of the smooth vector field X on G defined by X(g) := gΦ1 − Φ1g ∈ TgG.

Since |z0 − 2R| > R the map g1(s0 + ·, t0) satisfies the initial condition

g1(s0 − 2R, t0) = e. Since the constant map e is an integral curve of X

on [−2R, 0] with the same initial condition if follows that g1(s0 + ·, t0) ≡ e.

Since this holds for every s0 + it0 ∈ BR it follows that g1 ≡ e on all of C and

therefore g = hg1h
−1 ≡ e. This proves Lemma D.8. 2

A rigid motion of C = R2 equipped with the Euclidian metric is a map

ϕ : R2 → R2 of the form ϕ(z) = eiθz + z0, where θ ∈ R and z0 ∈ C. We

denote the group of rigid motions by Isom+(R2). It acts on M̃1,p by the

formula

ϕ∗(u,Φ,Ψ)(z) :=
(
u ◦ ϕ(z), cos(θ)Φ ◦ ϕ(z) + sin(θ)Ψ ◦ ϕ(z),

− sin(θ)Φ ◦ ϕ(z) + cos(θ)Ψ ◦ ϕ(z)
)
.(D.35)

By Corollary B.7 this induces an action of Isom+(R2) on M = M̃1,p/G2,p

defined by

ϕ∗[w] := [ϕ∗w]. (D.36)

Consider the restriction of this action to the subgroup of Isom+(R2) con-

sisting of the translations on C. If T : C → C is a translation and [w] ∈ M
then the action of T on [w] is given by

T ∗[w] = [w ◦ T ]. (D.37)
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Lemma D.9 The restriction of the action of the group of translations on C

to the subset

M>0 :=
{
w ∈ M̃1,p

∣∣E(w) > 0
}
/G2,p ⊆ M

is free.

Proof of Lemma D.9: Let 0 6= ζ ∈ C be a vector and T : C → C

be the translation by ζ defined by T (z) := z + ζ and let w := (u,Φ,Ψ) ∈
W 1,p

loc (C,M × g × g) be a vortex of positive energy such that u(C) is com-

pact. Assume that T ∗w = w ◦ T is gauge equivalent to w. The lemma is a

consequence of the following claim.

Claim 1 We have

E(w) = ∞.

Proof.: By our assumption there is a gauge transformation g ∈ G2,p such

that T ∗w = w ◦T = g∗w. We fix k ∈ N and write T k := T ◦ . . .◦T . It follows

from Proposition B.6 that

(T k)∗w = (T ∗)kw

= (T ∗)k−1(g∗w)

= (T ∗)k−2(g ◦ T )∗T ∗w

= (T ∗)k−2(g ◦ T )∗g∗w

= . . .

= (g ◦ T k−1)∗ · · · g∗w = h∗w,

where h := g · · · (g ◦ T k−1) ∈ G2,p. This implies for the energy density

ew◦T k = e(T k)∗w = eh∗w = ew.

Here the last equality follows from Lemma B.1. On the other hand,

it follows from the definition of the energy density that ew ◦ T k = ew◦T k .

Thus for every number k ∈ N and every measurable subset S ⊆ C, writing

S − kζ := {z − kζ | z ∈ S}, we have

E(w, S − kζ) =

∫

S−kζ

ew ds dt

=

∫

S−kζ

ew ◦ T k ds dt

=

∫

S

ew ds dt = E(w, S). (D.38)
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Since E(w) > 0 there is a point z0 ∈ C such that E(w,B|ζ|/2(z0)) > 0.

Since the balls B|ζ|/2(z0 − kζ) with k ∈ N are all disjoint, by (D.38) applied

with S := B|ζ|/2(z0) we get

E(w) ≥
∑

k∈N

∫

B|ζ|/2(z0−kζ)

ew ds dt

=
∑

k∈N

E(w,B|ζ|/2(z0)) = ∞.

This proves Claim 1 and concludes the proof of Lemma D.9. 2

The action of the whole group Isom+(R2) on M>0 is in general not free,

as the following example shows.

Example D.10 Consider the action of G := S1 ⊆ C on M := C by mul-

tiplication. Let d be a nonnegative integer. By Proposition D.22 there is a

finite energy vortex w0 = (u0,Φ0,Ψ0) on C such that

u0(z) 6= 0, ∀z 6= 0 (D.39)

deg
(
u0

|u0|
: S1 → S1

)
= d. (D.40)

Furthermore, every other w with these properties is gauge equivalent to w0.

Note that it follows that if d ≥ 1 then u0(0) = 0. On the other hand,

if d = 0 then w0 is gauge equivalent to the constant map (1, 0, 0) : C →
µ−1(0) × Lie(S1) × Lie(S1) = S1 × iR × iR. Let R ∈ SO(2) be a rotation.

Then the vortex w := R∗w0 also solves the conditions (D.39), (D.40) and

therefore it is gauge equivalent to w0. Thus the restricted action of the

subgroup SO(2) ⊆ Isom+(R2) on M>0 is not free and thus the action of

Isom+(R2) on M>0 is not free.

More generally, for every z0 ∈ C and d ∈ N ⊔ {0} let w0 := (u0,Φ0,Ψ0) be a

finite energy vortex such that u(z) 6= 0 for every z 6= z0 and

deg

(
u0

|u0|
: S1(z0) → S1

)
= d.

For every ζ ∈ C we denote by Tζ : C → C the translation by ζ . Then

by an analogous argument as above, for every R ∈ SO(2) the isometries

Tz0RT
−1
z0 ∈ Isom+(R2) fix the map w0.

If d ≥ 2 then the choice of the vortex w0 = (u0,Φ0,Ψ0) above is very spe-

cial. The map u0 vanishes only at the point z0 and the “multiplicity” or local

degree of z0 equals d. As opposed to that, for a “generic” vortex (u,Φ,Ψ)

the map u vanishes at d distinct points z1, . . . , zd, each of “multiplicity” one.

The choice of w0 in the cases d = 0 and d = 1 is however the most general one.
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It would be interesting to know in the general case under what conditions

on M,ω,G, µ, J and the homology class B ∈ HG
2 (M,Z) the group Isom+(R2)

acts freely on the set MB ⊆ M of gauge equivalence classes of vortices

representing B.

D.5 Vortices lie in Bp
λ

In section 2 I introduced an abstract setting for the vortex equations. We

interpreted them as a section of some “infinite dimensional vector bundle”

over some “infinite dimensional manifold” Bpλ. The purpose of the Proposi-

tion below is to justify the definition of Bpλ by showing that for good choices

of p and λ the finite energy vortices (u,Φ,Ψ) for which u(C) is compact

indeed lie in Bpλ.
For every pair of numbers p > 2 and λ > −2/p + 1 recall the definition

of the set

Bpλ :=
{
(u,Φ + iΨ) ∈ C∞(C,M × g

C)
∣∣ u(C) is compact, (D.41)

|µ ◦ u(reiϕ)| → 0, r → ∞∀ϕ, ||dΦ,Ψu|| ∈ Lpλ,

∃g ∈ C∞(C \B1,G) : g∗(Φ + iΨ) ∈ Lpλ(C \B1, g
C)
}
.

Recall that M̃ denotes the set of all smooth finite energy solution w :=

(u,Φ + iΨ) : C → M × g
C of the vortex equations (0.1) and (0.2) for which

u(C) is compact.

Proposition D.11 There exists a real number p0 > 2 such that if 2 < p < p0

and −2/p+ 1 < λ < −2/p0 + 1 then

M̃ ⊆ Bpλ.

Remark D.12 If 2 < p ≤ q and λ and µ are real numbers such that λ +

2/p < µ + 2/q then Bqµ ⊆ Bpλ. This follows from part (i) of Proposition

E.6, which states that there exists a constant C > 0 such that for every

measurable function f : C → C

||f ||Lp
λ(C) ≤ C||f ||Lq

µ(C).

It follows that if q > 2 and µ > −2/q+1 are such that M̃ ⊆ Bqµ then M̃ is also

contained in Bpλ, for every pair (p, λ) with 2 < p ≤ q and λ+ 2/p < µ+ 2/q.

Remark D.13 Using the Uhlenbeck gauge Theorem, it should be possible to

prove a stronger version of Proposition D.11 saying that there exists a number

ε > 0 such that for every p > 2 and every −2/p + 1 < λ < −2/p + 1 + ε we

have M̃ ⊆ Bpλ. (Setting p0 := 2/(1 − ε) this would imply the proposition.)
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Proof of Proposition D.11: Let E > 0, C1 := C > 0 and δ > 0 be

as in part (C) of Proposition D.6 (Asymptotic behaviour). Decreasing δ we

may assume that δ < 2 and that it satisfies also the condition of part (B) of

Proposition D.7. We define

p0 :=
4

2 − δ
.

Let

2 < p < p0, −2

p
+ 1 < λ < − 2

p0
+ 1,

and let w := (u,Φ,Ψ) ∈ M̃. We abbreviate

κ := ∂sΨ − ∂tΦ + [Φ,Ψ].

Recall the definition of the energy density of w

ew :=
1

2

(
|dΦ,Ψu|2 + |µ ◦ u|2 + |κ|2

)
.

Let R ≥ 1 be so large that E(w,C \ BR) < E. Then by the statement in

part (C) of Proposition D.6 we have for every z ∈ C \B2R

ew(z) ≤ C1R
δ|z|−2−δ.

This implies that |µ ◦ u(reiϕ)| → 0 for r → ∞, uniformly in ϕ ∈ R. Further-

more, since λ < −2/p0 + 1 = δ/2 and p > 2, we have

||dΦ,Ψu||pp,λ ≤ C
p
2
1 R

δp
2

∫

C

(
〈·〉−1− δ

2 〈·〉 δ
2

)p
ds dt <∞.

We prove that there exists a g ∈ C∞(C \ B1,G) such that g∗(Φ +

iΨ) ∈ Lpλ(C \ B1). By Proposition D.3 there exists a gauge transformation

g0 ∈ G2,p = W 2,p
loc (C,G) such that w0 := (u0,Φ0 + Ψ0) := g∗0w is smooth and

in radial gauge outside the ball B1. Recall that the radial gauge condition

means that defining Φ̃0 + iΨ̃0 : C → g
C by

(Φ̃0 + iΨ̃0)(τ + iϕ) := eτ−iϕ(Φ0 + iΨ0)(e
τ+iϕ),

we have Φ̃0 = 0 on [0,∞) + iR ⊆ C. Since w and w0 = g∗0w are smooth,

by Lemma B.2(i) g0 is smooth as well. We identify S1 ∼= R/(2πZ). By the

statement of part (B) of Proposition D.7 the limit x∞ := limr→∞ u(r) exists

and lies in µ−1(0), and there exist a map g∞ ∈ W 1,p(S1,G) and a number

C0 > 0 such that

lim
r→∞

max
ϕ∈S1

d(u(reiϕ), g∞(ϕ)x∞) = 0, (D.42)

∫ 2π

0

|ġ∞(ϕ)g∞(ϕ)−1 + Ψ̃0(τ, ϕ)|p dϕ ≤ C0e

(
p−2− pδ

2

)
τ , ∀τ ≥ 0.(D.43)
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We define the map g̃∞ ∈W 1,p
loc ((0,∞) × S1,G) by

g̃∞(τ + iϕ) := g∞(ϕ).

By Whitney’s embedding theorem, setting N := 2 dimG + 1, there exists an

embedding ι : G → RN , see the book by M. W. Hirsch [Hi], Theorem 3.2.14

p. 55. For 1 ≤ q ≤ ∞ we abbreviate

|| · ||q;k := || · ||Lq((k,k+1)×S1), || · ||1,q;k := || · ||W 1,q((k,k+1)×S1).

Claim 1 For every sequence of positive numbers εk, k ≥ 0 there exists a

gauge transformation g̃1 ∈ C∞([0,∞) × S1,G) such that

||ι ◦ g̃1 − ι ◦ g̃∞||∞,k +
∣∣∣∣ |g̃−1

1 ∂τ g̃1| + |g̃−1
1 ∂ϕg̃1 − g̃−1

∞ ∂ϕg̃∞|
∣∣∣∣
p;k
< εk, (D.44)

for every nonnegative integer k.

Proof of Claim 1: For every subset X ⊆ RN and every δ > 0 we denote

by Uδ(X) := X +Bδ ⊆ RN the open δ-neighbourhood of X. By the tubular

neighbourhood theorem (see Theorem 5.1 in the book by M. W. Hirsch [Hi])

there exists a number δ > 0 and a smooth map

r : Uδ(ι(G)) → ι(G),

such that r(x) = x for every x ∈ ι(G) and |r(x) − x| < δ for every x ∈
Uδ(ι(G)). We choose a smooth map ρ : [0, 1] → [0, 1] such that ρ(τ) = 1 for

τ ≤ 1/3 and ρ(τ) = 0 for τ ≥ 2/3. Let εk < δ, k ≥ 0 be a sequence of positive

numbers. We fix a nonnegative integer k. The usual argument with mollifiers

implies that C∞([k−1, k+1]×S1,RN) is dense inW 1,p((k−1, k+1)×S1,RN).

Hence there exists a smooth map hk : [k − 1, k + 1] × S1 → RN such that

||ι ◦ g̃∞ − hk||L∞([k−1,k+1]×S1) < εk, (D.45)

||ι ◦ g̃∞ − hk||W 1,p((k−1,k+1)×S1) < εk. (D.46)

We define

ρk : [k, k + 1] × S1 → [0, 1], ρk(τ + iϕ) := ρ(τ − k).

Furthermore, we define

fk := ρkhk + (1 − ρk)hk+1 ∈ C∞([k − 1, k + 1] × S1,RN),

and we define g̃1 : [0,∞) × S1 → G to be the map whose restriction to

[k, k + 1) × S1 is given by

ι ◦ g̃1 := r ◦ fk,
for every k. Note that the right hand side makes sense, since inequality

(D.45) and εk < δ imply that fk takes values in Uδ(ι(G)). In the following
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we denote by C > 0 a constant depending only on the embedding ι : G → RN

and on the retraction r : Uδ(ι(G)) → ι(G), but not on g̃∞ and g̃1. It may

change from estimate to estimate. We fix a nonnegative integer k. Inequality

(D.45) implies that

||ι ◦ g̃1 − ι ◦ g̃∞||∞;k = ||r ◦ fk − r ◦ ι ◦ g̃∞||∞;k

≤ C||fk − ι ◦ g̃∞||∞;k

≤ C
(
||ρk(hk − ι ◦ g̃∞)||∞;k

+||(1 − ρk)(hk+1 − ι ◦ g̃∞)||∞;k

)

≤ C(εk + εk+1). (D.47)

Furthermore,

||g̃−1
1 dg̃1 − g̃−1

∞ dg̃∞||p;k = ||g̃∞g̃−1
1 dg̃1 − dg̃∞||p;k

≤ C
∣∣∣∣dι(g̃∞)(g̃∞g̃

−1
1 dg̃1 − dg̃∞)

∣∣∣∣
p;k

≤ C
(∣∣∣∣(dι(g̃∞)g̃∞g̃

−1
1 − dι(g̃1)

)
dg̃1

∣∣∣∣
p;k

+||dι(g̃1)dg̃1 − dι(g̃∞)dg̃∞||p;k
)

≤ C
(
||ι ◦ g̃1 − ι ◦ g̃∞||∞;k||dg̃1||p;k

+||d(ι ◦ g̃1 − ι ◦ g̃∞)||p;k
)

≤ C
(
(εk + εk+1) ·

·
(
||d(ι ◦ g̃1 − ι ◦ g̃∞)||p;k + ||d(ι ◦ g̃∞)||p;k

)

+||d(ι ◦ g̃1 − ι ◦ g̃∞)||p;k
)

≤ C
(
(εk + εk+1 + 1)||d(ι ◦ g̃1 − ι ◦ g̃∞)||p;k (D.48)

+(εk + εk+1)||dg∞||Lp(S1)

)
.
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Here in the forth and in the last step we have used (D.47). Moreover,

||d(ι ◦ g̃1 − ι ◦ g̃∞)||p;k = ||d(r ◦ fk − r ◦ ι ◦ g̃∞)||p;k
≤ ||(dr(fk) − dr(ι ◦ g̃∞))dfk||p;k

+||dr(ι ◦ g̃∞)(dfk − d(ι ◦ g̃∞))||p;k
≤ C

(
||fk − ι ◦ g̃∞||∞;k||dfk||p;k + ||dfk − d(ι ◦ g̃∞)||p;k

)

≤ C
(
(εk + εk+1)||dfk||p;k

+
∣∣∣∣d
(
ρk(hk − ι ◦ g̃∞) + (1 − ρk)(hk+1 − ι ◦ g̃∞)

)∣∣∣∣
p;k

)

≤ C
(
(εk + εk+1)||dfk||p;k

+
∣∣∣∣(dρk)(hk − ι ◦ g̃∞) + ρkd(hk − ι ◦ g̃∞)

∣∣∣∣
p;k

+
∣∣∣∣− dρk(hk+1 − ι ◦ g̃∞)

+ (1 − ρk)d(hk+1 − ι ◦ g̃∞)
∣∣∣∣
p;k

)

≤ C
(
(εk + εk+1)

(
||hk||1,p;k + ||hk+1||1,p;k

)

+ ||hk − ι ◦ g̃∞||1,p;k + ||hk+1 − ι ◦ g̃∞||1,p;k
)

≤ C
(
(εk + εk+1 + 1) ·

·
(
||hk − ι ◦ g̃∞||1,p;k + ||hk+1 − ι ◦ g̃∞||1,p;k

)

+ 2(εk + εk+1)||ι ◦ g̃∞||1,p;k
)

≤ C(εk + εk+1)
(
εk + εk+1 + 1 + 2||dg∞||Lp(S1)

)
. (D.49)

Here in the forth step we have used (D.47), and in the last step we have used

(D.46). Inserting estimate (D.49) into (D.48) yields, using ∂τ g̃∞ = 0

∣∣∣∣ |g̃−1
1 ∂τ g̃1| + |g̃−1

1 ∂ϕg̃1 − g̃−1
∞ ∂ϕg̃∞|

∣∣∣∣
p;k

≤
√

2||g̃−1
1 dg̃1 − g̃−1

∞ dg̃∞||p;k
≤C(εk + εk+1)(1 + ||dg∞||Lp(S1)).

(D.50)

We have shown that for every sequence εk > 0, k ≥ 0, there exists a gauge

transformation g̃1 ∈ C∞([0,∞) × S1,G) such that inequalities (D.47) and

(D.50) hold. Claim 1 follows from this by replacing the given sequence εk by

a sequence of numbers ε̃k such that

C(ε̃k + ε̃k+1)(2 + ||dg∞||Lp(S1)) < εk.

2
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By Claim 1 there exists a gauge transformation g̃1 ∈ C∞([0,∞)× S1,G)

such that inequality (D.44) with εk := e

(
1− 2

p
− δ

2

)
k holds. We define g ∈

C∞(C \B1,G) by

g(eτ+iϕ) := g0(e
τ+iϕ)g̃1(τ + iϕ).

Claim 2 We have

g∗(Φ + iΨ) ∈ Lpλ(C \B1). (D.51)

Proof of Claim 2: We fix a nonnegative integer k. We denote by C

a constant that depends only on the embedding ι : G → RN and on the

retraction r : Uδ(ι(G)) → ι(G). It may change from estimate to estimate.

We have

||g̃−1
∞ Ψ̃0g̃∞ − g̃−1

1 Ψ̃0g̃1||p;k ≤ C||ι ◦ g̃∞ − ι ◦ g̃1||∞;k||Ψ̃0||p;k
≤ Ce

(
1− 2

p
− δ

2

)
k ·

·
(
||(∂ϕg̃∞)g̃−1

∞ + Ψ̃0||p;k + ||ġ∞g−1
∞ ||Lp(S1)

)

≤ Ce

(
1− 2

p
− δ

2

)
k
(
C

1
p

0 + ||ġ∞g−1
∞ ||Lp(S1)

)

=: C ′e

(
1− 2

p
− δ

2

)
k.

Here in the second inequality we have used (D.44), and in the third inequality

we have used (D.43) and the fact that p− 2 − pδ/2 < 0. It follows that

||g̃∗1(iΨ̃0)||p;k =
∣∣∣∣g̃−1

1 (∂τ g̃1 + i(Ψ̃0 + ∂ϕ)g̃1

)∣∣∣∣
p;k

≤
∣∣∣∣ |g̃−1

1 ∂τ g̃1| + |g̃−1
1 ∂ϕg̃1 − g̃−1

∞ ∂ϕg̃∞|
∣∣∣∣
p;k

+||g̃−1
∞ ∂ϕg̃∞ + g̃−1

∞ Ψ̃0g̃∞||p;k + ||g̃−1
∞ Ψ̃0g̃∞ − g̃−1

1 Ψ̃0g̃1||p;k
< (1 + C

1
p

0 + C ′)e

(
1− 2

p
− δ

2

)
k

=: C ′′e

(
1− 2

p
− δ

2

)
k. (D.52)

Here in the last inequality we have used (D.43) and (D.44). We define g̃0 ∈
C∞(R × S1,G) by

g̃0(τ + iϕ) := g0(e
τ+iϕ).

Then it follows from Proposition B.6 that for every τ + iϕ ∈ R × S1

(g̃0g̃1)
∗(Φ̃ + iΨ̃)(τ + iϕ) = eτ−iϕ

(
g∗(Φ + iΨ)

)
(eτ+iϕ),

and therefore

∣∣(g̃0g̃1)
∗(Φ̃ + iΨ̃)(τ + iϕ)

∣∣ = eτ |g∗(Φ + iΨ)(eτ+iϕ)|.
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It follows that for every nonnegative integer k

∫

A(ek,ek+1)

|g∗(Φ + iΨ)|pds dt =

∫ k+1

k

∫ 2π

0

|(g̃0g̃1)
∗(Φ̃ + iΨ̃)|pe(2−p)τ dϕ dτ

=

∫ k+1

k

∫ 2π

0

|g̃∗1(iΨ̃0)|pe(2−p)τ dϕ dτ

≤ (C ′′)pe−
δpk
2 . (D.53)

Here in the second step we have used the radial gauge condition Φ̃0 = 0, and

in the last step we have used (D.52). Since the number λ− δ
2

is negative, it

follows that

||g∗(Φ + iΨ)||p
Lp

λ(C\B1)
=

∞∑

k=0

||g∗(Φ + iΨ)||p
Lp

λ(A(ek,ek+1))

≤
∞∑

k=0

(C ′′)pe(λ)pepk(λ−
δ
2
)

≤ (C ′′)pe(λ)p

1 − ep(λ−
δ
2
)
<∞.

Here in the second step we have used (D.53). This proves Claim 2. 2

This concludes the proof of Proposition D.11. 2

D.6 Vortices of 0 energy

Let (M,ω) be a symplectic manifold, G be a Lie group with Lie algebra g,

and 〈·, ·〉 be an invariant inner product on g. Suppose that G acts on M in a

Hamiltonian way with moment map µ, let J be an ω-compatible G-invariant

almost complex structure on M and let p > 2 be a number. The next lemma

characterizes the vortices with 0 energy.

Lemma D.14 (Vortices with 0 energy) Let w ∈ W 1,p
loc (C,M × g × g) be

a solution of the vortex equations (0.1) and (0.2) on the plane C. Then the

following two conditions are equivalent.

(i) E(w) = 0.

(ii) There is a point x ∈ µ−1(0) and a gauge transformation g ∈ G2,p =

W 2,p
loc (C,G) such that

w = g∗(x, 0, 0) = (g−1x, g−1∂sg, g
−1∂tg). (D.54)
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Proof: Assume condition (i). Then it follows from the definition of E(w)

((1.13) with R = 1) that

κ := ∂sΨ − ∂tΦ + [Φ,Ψ] = 0.

By Proposition D.2 there is a gauge transformation h1 ∈ G2,p such that

(u1,Φ1,Ψ1) := h∗1(u,Φ,Ψ) is smooth. Furthermore,

κ1 := ∂sΨ1 − ∂tΦ1 + [Φ1,Ψ1] = h−1
1 κh1 = 0.

Therefore, by Proposition D.4 there is a gauge transformation h2 ∈ G such

that (Φ2,Ψ2) := h∗2(Φ1,Ψ1) = (0, 0). We define u2 := h−1
2 h−1

1 u and g :=

h−1
2 h−1

1 . Since the energy is invariant under gauge transformations, we have

0 = E(u,Φ,Ψ)

= E(u2, 0, 0)

=
1

2

∫

C

(
|∂su2|2 + |∂tu2|2 + |µ(u2)|2

)
ds dt. (D.55)

Therefore, ∂su2 ≡ 0, ∂tu2 ≡ 0 and thus u2 equals some constant point x ∈M .

Furthermore, equality (D.55) implies that x ∈ µ−1(0). Moreover, (D.54) is

satisfied, and therefore condition (ii) holds.

Conversely, assume that condition (ii) holds. Then E(w) = E(x, 0, 0) =

0, and therefore, condition (i) holds. This proves Lemma D.14. 2

D.7 A topology on M
By the Whitney embedding theorem ([Hi], Theorem 3.2.14 p. 55), setting

N := 2 dimM + 1, there exists an embedding ι : M → RN . Hence, we

may assume w.l.o.g. that M ⊆ RN . Consider the distance function on

X := W 1,p
loc (C,M × g × g) defined by

dX(w,w′) := (D.56)
∑

i∈N
2−i

dB̄i
(w,w′)

dB̄i
(w,w′)+1

∈ [0, 1],

where for every compact subset Q ⊆ C we have set

dQ
(
(u,Φ,Ψ), (u′,Φ′,Ψ′)

)
:= ||u− u′||C1(Q) + ||(Φ,Ψ) − (Φ′,Ψ′)||C0(Q).

The distance function dX induces a topology on X, which does not depend

on ι. We endow the quotient Y := X/G2,p with the quotient topology. This

means that a subset U ⊆ Y is open iff π−1(U) ⊆ X is open, where π :

X → Y = X/G2,p denotes the canonical projection. We endow the subset

M = M̃1,p/G2,p ⊆ Y of gauge equivalence classes of vortices with the relative

topology.
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Lemma D.15 Let wν := (uν,Φν ,Ψν) and w := (u,Φ,Ψ) ∈ X be maps.

Then the following two conditions are equivalent.

(i) The maps wν converge to w w.r.t. to dX .

(ii) For every compact subset Q ⊆ C the maps uν converge to u in C1(Q)

and the maps (Φν ,Ψν) converge to (Φ,Ψ) in C0(Q).

Proof of Lemma D.15: Assume that (i) holds. We fix an index i ∈ N. If

ν is so large that dX(wν , w) < 2−i, then follows from (D.56) that

||uν − u||C1(B̄i) + ||(Φν ,Ψν) − (Φ,Ψ)||C0(B̄i) ≤
(
2−idX(wν , w)−1 − 1

)−1
.

This expression converges to 0 as ν → ∞, and therefore (ii) holds.

Assume now in turn that (ii) holds. Let ε > 0. We choose an integer i0
so large that 2−i0 < ε and ν0 so large that for ν ≥ ν0 and i = 1, . . . , i0 we

have

||uν − u||C1(B̄i) + ||(Φν ,Ψν) − (Φ,Ψ)||C0(B̄i) < ε.

It follows that for ν ≥ ν0

dX(wν , w) =

i0∑

i=1

2−i
dB̄i

(wν , w)

dB̄i
(wν , w) + 1

+
∑

i≥i0+1

2−i
dB̄i

(wν , w)

dB̄i
(wν , w) + 1

<

i0∑

i=1

2−iε+
∑

i≥i0+1

2−i

< ε+ 2−i0 < 2ε.

It follows that (i) holds. This proves Lemma D.15. 2

Lemma D.16 Let wν := (uν,Φν ,Ψν) and w := (u,Φ,Ψ) ∈ X be maps.

Then the following two conditions are equivalent.

(i) There exist gauge transformations gν ∈ G2,p such that for every compact

subset Q ⊆ C the maps g−1
ν uν converge to u in C1(Q) and the maps

g∗ν(Φν ,Ψν) converge to (Φ,Ψ) in C0(Q).

(ii) The gauge equivalence classes [wν ] converge to [w] in the quotient topol-

ogy on Y .

Proof of Lemma D.16: We check the hypotheses of Proposition A.1. Since

the topology on X is induced by the distance function d, it satisfies the first

axiom of countability. Furthermore, let g ∈ G2,p be a gauge transformation.

In order to see that ρg : X → X is continuous, let wν := (uν ,Φν ,Ψν) ∈ X be
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a sequence that converges to some map w := (u,Φ,Ψ) ∈ X w.r.t. dX . Fix a

compact subset Q ⊆ C. By Lemma D.15 the maps uν converge to u in C1(Q)

and the maps (Φν ,Ψν) converge to (Φ,Ψ) in C0(Q). It follows that g−1uν
converges to g−1u in C1(Q) and g∗(Φν ,Ψν) converges to g∗(Φ,Ψ) in C0(Q).

Since this holds for every compact subset Q ⊆ C, Lemma D.15 implies that

g∗wν converges to g∗w. Hence ρg is continuous. So by Proposition A.1 the

statement (ii) is equivalent to

(i’) There exist gauge transformations gν ∈ G2,p such that g∗νwν converges

to w w.r.t. dX .

By Lemma D.15 this condition is equivalent to condition (i). This proves

Lemma D.16. 2

D.8 Finite energy (S1,C)-vortices on C

Let G := S1 act on M := C by multiplication with moment map µ : C → iR

given by µ(z) := i
2
(1− |z|2), let the almost complex structure J : TC → TC

be given by multiplication by i and let p > 2 be a number. Recall that M̃1,p

denotes the set of all solutions w = (u,Φ,Ψ) ∈ W 1,p
loc (C,M × g × g) of (0.1),

(0.2) such that E(w) < ∞ and the set u(C) ⊆ M is compact. In this case,

the last condition on w is superfluous, as the following shows.

Remark D.17 Let w = (u,Φ,Ψ) ∈ W 1,p
loc (C,M × g × g) be a solution of

(0.1), (0.2) such that E(w) < ∞. Then the set u(C) is compact. To see

this observe that in our case in the a-priori-Lemma C.1 we can dispose of

the assumption that u(Br(z0)) ⊆ K. The crucial point of the proof of that

Lemma is that our solution w satisfies the estimate ∆ew ≥ −C(ew + e2w),

where C > 0 is a constant independent of w. This is true in our case, as

can be seen from the proof of L.9.3 in [GS]. It follows as in Lemma C.1 that

there exists a constant E0 > 0 such that for every z0 ∈ C, r > 0 and every

solution w = (u,Φ,Ψ) ∈ W 1,p
loc (Br(z0),M × g × g) of (0.1), (0.2) such that

E(w,Br(z0)) < E0 we have

ew(z0) =
(
|µ(u)|2 + |∂su+XΦ(u)|2

)
(z0) ≤

8

πr2
E(w,Br(z0)). (D.57)

Let w := (u,Φ,Ψ) ∈ W 1,p
loc (C,M × g × g) be a solution of (0.1), (0.2) such

that E(w) <∞. Let R > 0 be so large that E(w,C \BR+1) < E0. Then by

(D.57) with r := 1 we have |µ(u(z))| ≤
√

(8E0)/π for every z ∈ C \ BR+1.

This implies that a := supz∈C |µ(u(z))| < ∞, i.e. u(C) ⊆ µ−1(B̄a). Since

µ is proper the set µ−1(B̄a) is compact and therefore the same holds for the

closure u(C) ⊆ µ−1(B̄a).
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By Proposition D.6(A) for every vortex w = (u,Φ,Ψ) ∈ M̃1,p the point

Gu(reiϕ) ∈ C/S1 converges to the unique point in M̄ = S1/S1, for r → ∞,

uniformly in ϕ ∈ R. Hence for r large enough we have u(reiϕ) 6= 0 for every

ϕ ∈ R. The makes the following definition meaningful.

Definition D.18 Let w = (u,Φ,Ψ) ∈ M̃1,p be a finite energy vortex. Let

R > 0 be so large that u(z) 6= 0 if |z| ≥ R. We define the degree of w by

deg(w) := deg

(
u

|u| : S1
R → S1

)
.

Remark D.19 If (M,ω) is a general symplectic manifold and G is a general

compact connected Lie group acting on M in a Hamiltonian way, then we can

not associate a degree to w in an analogous way. However, denoting by [X, Y ]

the set of (free) homotopy classes of maps between two topological spaces X

and Y , a vortex w determines a class aw ∈ [S1,G] as follows. Let w′ ∈ M̃
be a smooth vortex that is in radial gauge outside B1 and gauge equivalent

to w, as in Proposition D.3 and let g ∈ W 1,2(S1,G) and x ∈ µ−1(0) be such

that u′(reiϕ) converges to g(eiϕ)x0, uniformly in ϕ ∈ R, as in Proposition

D.7(B), corresponding to w′. We define aw to be the free homotopy class of

g. It is welldefined, i.e. does not depend on the choice w′. Note that in the

case G := S1 acting on M := C by multiplication, the map

[S1, S1] ∋ [γ] 7→ deg(γ) ∈ Z

is a bijection and aw gets mapped to the degree deg(w) under this map.

Proposition D.20 Let w ∈ M̃1,p be a vortex. Then

E(w) = deg(w)π. (D.58)

Proof: This is part of Theorem III.1.1 in the book by Jaffe and Taubes [JT].

2

Corollary D.21 The degree of a (S1,C)-vortex on C is always nonnegative.

Proof: This follows immediately from Proposition D.20, since E(w) ≥ 0. 2

Classification of finite energy (S1,C)-vortices on C

Let G := S1 ⊆ C act on M := C be multiplication with moment map

µ : C → iR given by µ(z) := i
2
(1 − |z|2). As shown in the book by A. Jaffe

and C. Taubes [JT], the (S1,C)-vortices on C can be classified as follows. For
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every d ∈ N we denote by Symd(C) := Cd/Sd the d-fold symmetric product.

Here the group Sd of permutations of {1, . . . , d} acts on Cd by

σ · (z1, . . . , zd) := (zσ−1(1), . . . , zσ−1(d)).

Consider the set S̃ym
d
(C) of all maps m : C → N ⊔ {0} such that m(z) 6= 0

only for finitely many points z ∈ C and

∑

z∈C

m(z) = d. (D.59)

We can identify the symmetric product with S̃ym
d
(C) by assigning to z :=

[z1, . . . , zd] ∈ Symd(C) the multiplicity map mz : C → N ⊔ {0} defined by

mz(z) := #{i ∈ {1, . . . , d} | zi = z}.

We fix a vortex w = (u,Φ,Ψ) ∈ M̃1,p. By Proposition 2.2 in the book by

A. Jaffe and C. Taubes [JT] the zero set u−1(0) ⊆ C is finite. We define the

local degree map degw : C → Z by

degw(z) := deg

(
u

|u| : Sε(z) → S1

)
, (D.60)

where ε > 0 is a number smaller than the distance of each two points in

u−1(0). Again by Proposition 2.2 in the book [JT] degw(z) ≥ 0 for every

z ∈ C, and if u(z) = 0 then degw(z) > 0. Furthermore, the local degree only

depends on the gauge equivalence class of w. Let d be a nonnegative integer.

We define

M̃1,p
d := {w ∈ M̃1,p | deg(w) = d}

The next proposition is proved in [JT].

Proposition D.22 The map

Md := M̃1,p
d /G2,p ∋ [w] 7→ degw ∈ Symd(C). (D.61)

is a bijection.

D.9 Convergence of (S1,C)-vortices on C

For every topological space X and every d ∈ N ∪ {0} the set Symd(X) =

Xd/Sd is endowed with the quotient topology. For 0 ≤ d′ ≤ d we define the

inclusion

ι : Symd′(C) → Symd(S2), ι([z1, . . . , zd′]) := [z1, . . . , zd′ ,∞, . . . ,∞],

where we identify S2 := C ⊔ {∞}.
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Proposition D.23 Let G := S1 ⊆ C act on M := C by multiplication with

moment map µ : C → iR given by µ(z) := i
2
(1 − |z|2). Let 0 ≤ d′ ≤ d be

integers, w = (u,Φ,Ψ) ∈ M̃1,p
d′ be a finite energy vortex of degree d′ and let

wν = (uν ,Φν ,Ψν) ∈ M̃1,p
d be a sequence of vortices of degree d. Then the

following conditions are equivalent.

(i) There exist gauge transformations gν ∈ G2,p such that g−1
ν uν converges

to u in C1(Q) and g∗ν(Φν ,Ψν) converges to (Φ,Ψ) in C0(Q) for every

compact subset Q ⊆ C.

(ii) The point in the symmetric product degwν
∈ Symd(C) ⊆ Symd(S2)

converges to ι(degw) ∈ Symd(S2).

Lemma D.24 Let X be a topological space, x ∈ X and xν ∈ X be a se-

quence. Then xν converges to x for ν → ∞ if and only if for every subse-

quence (νi)i∈N there is a further subsequence (ij)j∈N such that xνij
converges

to x for i→ ∞.

Proof of Lemma D.24: The “only if” part follows immediately. We prove

the “if” part by showing the contraposition. Let x ∈ X and xν ∈ X be a

sequence and assume that xν does not converge to x for ν → ∞. We claim

that there is a subsequence (νi) such that for every further subsequence (ij)

the points xνij
do not converge to x for j → ∞. To see this note that by

assumption there is an open neighbourhood U ⊆ X of x such that for every

ν0 ∈ N there is a ν ≥ ν0 such that xν 6∈ U . Thus there is a subsequence

(νi) such that xνi
6∈ U , for every i. Let (ij) be a further subsequence. Then

xνij
6∈ U and therefore xνij

does not converge to x. This proves the claim

and concludes the proof of Lemma D.24. 2

Proof of Proposition D.23: In this proof, for every r > 0 and z ∈ S2 we

denote by Br(z) and S1
r (z) the ball and the circle on S2 w.r.t. the standard

metric dS
2
, with center z and radius r. We show that (i) implies (ii). Let

gν ∈ G2,p be a sequence of gauge transformations as in (i). Let x1, . . . , xk ∈ C

be the distinct zeros of u, with multiplicities di := degw(xi). Then the point

x := (x1, . . . , x1, . . . , xk, . . . , xk,∞, . . . ,∞) ∈ (S2)d (xi occuring di times)

represents the equivalence class ι(degw) ∈ Symd(S2) = (S2)d/Sd. Consider

the basis of open neighbourhoods of x given by

{
Uε :=

(
Bε(x1)

)d1 × . . .×
(
Bε(xk)

)dk ×
(
Bε(∞)

)d−d′}
ε>0

.

By Lemma A.3 the collection

{Vε := π(Uε)}ε>0

is a basis of open neighbourhoods of ι(degw) ∈ Symd(S2), where π : (S2)d →
Symd(S2) = (S2)d/Sd denotes the canonical projection. Hence it suffices to
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prove that for every ε > 0 there exists an index ν0 such that for every ν ≥ ν0

we have degwν
∈ Vε.

We denote x0 := ∞ ∈ S2. Let ε > 0 be so small that ε < dS
2
(xi, xj)/2

for i, j = 0, . . . , k and i 6= j. We denote u′ν := g−1
ν uν . Then u′ν converges to

u, uniformly on compact subsets of C, and therefore there exists an integer

ν0 so large that for ν ≥ ν0 and every

z ∈ Xε := S2 \
⋃

i=0,...,k

Bε(xi)

we have

|u′ν(z) − u(z)| < |u(z)|
2

. (D.62)

Note that here we use that u does not vanish on Xε. Fix indices ν ≥ ν0 and

j = 1, . . . , k. Consider the map

h : [0, 1] × S1
ε (xj) → C, h(λ, z) := λu′ν(z) + (1 − λ)u(z).

Inequality (D.62) implies that h does not vanish anywhere. Hence we can

define the map
h

|h| : S1
ε (xj) → S1.

This is a homotopy connecting the restricted maps

u

|u| ,
u′ν
|u′ν |

: S1
ε (xj) → S1.

It follows that

deg

(
u′ν
|u′ν|

: S1
ε (xj) → S1

)
= deg

(
u

|u| : S1
ε (xj) → S1

)
= degw(xj) = dj.

On the other hand,

deg

(
u′ν
|u′ν|

: S1
ε (xj) → S1

)
=

∑

z∈Bε(xj)

degwν
(z).

Hence for every j = 1, . . . , k

∑

z∈Bε(xj)

degwν
(z) = dj.

We choose a representative (xν1 , . . . , x
ν
d) ∈ Cd of the point degwν

∈ Symd(C),

such that

xν1, . . . , x
ν
d1 ∈ Bε(x1), . . . , xνd1+···+dk−1+1, . . . , x

ν
d′ ∈ Bε(xk).
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Inequality (D.62) implies that the map u′ν , and hence the map uν = gνu
′
ν does

not vanish onXε. Therefore, the remaining zeros of uν, x
ν
d′+1, . . . , x

ν
d lie in the

ball Bε(∞). It follows that (xν1 , . . . , x
ν
d) ∈ Uε and hence degwν

∈ Vε = π(Uε).

This proves that (i) implies (ii).

To see that (ii) implies (i), assume that (ii) is satisfied. Recall from

subsection D.7 the notationX := W 1,p
loc (C,M×g×g) and the definition (D.56)

of the distance function dX . By Lemma D.16 condition (i) is equivalent to

(i’) The gauge equivalence classes [wν ] ∈ M ⊆ X/G2,p converge to [w] in

the quotient topology.

Hence by Lemma D.24, it suffices to show for every subsequence (νi)i∈N there

exists a further subsequence (ij)j∈N such that the classes [wνij
] converge to

[w]. Let (νi) be a subsequence. By Proposition 4.3 (Compactness modulo

bubbling) there exists a vortex w0 := (u0,Φ0,Ψ0), a subsequence (ij) and

gauge transformations gj ∈ G2,p such that for every compact subset Q ⊆ C

the maps g−1
j uνij

converge to u0 in C1(Q) and the maps g∗j (Φνij
,Ψνij

) con-

verge to (Φ0,Ψ0) in C0(Q). It follows that u0(C) ⊆ K0, where K0 is as in

Proposition D.6(B), and deg(w0)π = E(w0) ≤ supν E(wν) = dπ <∞, where

we have used by Proposition D.20. Hence w0 ∈ M̃1,p. By Lemma D.16 the

gauge equivalence classes [wνij
] converge to [w0], as j → ∞. Hence it remains

to show that [w0] = [w]. Applying the implication (i)=⇒(ii) with (wν), w, d
′

replaced by (wνij
), w0, deg(w0), it follows that the point degwij

∈ Symd(S2)

converges to ι(degw0
). Since by assumption degwij

also converges to ι(degw),

it follows that ι(degw0
) = ι(degw) and therefore degw0

= degw. Proposi-

tion D.22 (Classification) implies that [w0] = [w]. Hence (i) is satisfied. This

proves that (ii) implies (i) and concludes the proof of Proposition D.23. 2

Remark D.25 The proof of Proposition D.23 shows that (ii) already holds,

if we assume a weaker condition than (i), namely that there is a sequence of

gauge transformations gν ∈ G2,p such that g∗νwν converges to w in C0(K) for

every compact subset K ⊆ C.



E Additional topics

E.1 A little bit of functional analysis

Fix a normed vector space X and a linear subspace V ⊆ X. We denote by

X∗ the dual space of X, and by

V ⊥ := {ϕ ∈ X∗ |ϕ(x) = 0, ∀x ∈ V }

the annihilator of V . Likewise, for a linear subspace W ⊆ X∗ we define

W⊥ := {x ∈ X |ϕ(x) = 0, ∀ϕ ∈W}.

Note that V ⊥ is a closed linear subspace of X∗ and W⊥ is a closed linear

subspace of X. If V ⊆ X is a closed linear subspace then we endow X/V

with the quotient norm.

Lemma E.1 Let X be a normed vector space and V ⊆ X be a closed linear

subspace. Then the map

V ⊥ → (X/V )∗, ϕ 7→
(
x+ V 7→ ϕ(x)

)
(E.1)

is well-defined and an isometric isomorphism.

For the proof of this lemma see also Satz III.1.10 in the book by D. Werner

[Wer].

Proof of Lemma E.1: The proof that the map is well-defined is straight-

forward. The inverse map is given by

(X/V )∗ → V ⊥, ψ 7→ ψ ◦ π.

This map is bounded with norm ≤ 1. It remains to show that the map (E.1)

is bounded with norm ≤ 1. In order to see this, let ϕ ∈ V ⊥ be such that

||ϕ|| ≤ 1. It suffices to prove that the map

(X/V )∗ ∋ x+ V 7→ ϕ(x) ∈ R (E.2)

has norm ≤ 1. To see this, let x ∈ X be a vector and ε > 0 be a number.

We choose a vector v ∈ V such that ||x+ v||X ≤ ||x+ V ||X/V + ε. It follows

that

|ϕ(x)| = |ϕ(x+ v)| ≤ ||ϕ||
(
||x+ V ||X/V + ε

)
.

Hence

|ϕ(x)| ≤ ||ϕ|| · ||x+ V ||,
for every x ∈ X, and therefore the norm of the map (E.2) is bounded by 1.

This proves Lemma E.1. 2
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Proposition E.2 (Closed image) Let X and Y be Banach spaces and T :

X → Y be a bounded linear map. Then denoting by T ∗ : Y ∗ → X∗ the

adjoint operator, the following statements are equivalent.

(i) imT is closed.

(ii) imT = (kerT ∗)⊥

(iii) imT ∗ is closed.

(iv) imT ∗ = (ker T )⊥

Proof of Proposition E.2: This is Theorem IV.5.1 in the book [Wer]. 2

E.2 Weighted Sobolev spaces and a Hardy-type in-

equality

The following lemma is used in section 2, in order to define a norm on the

vector space Xd. We choose a smooth map ρ0 : C → [0, 1] such that ρ0(z) = 0

for |z| ≤ 1/2 and ρ0(z) = 1 for |z| ≥ 1. For every integer d we define

pd(z) := zd.

Lemma E.3 Let 1 < p < ∞ and λ > −2/p be real numbers, let d be an

integer, and let ρ0 : C → [0, 1] be as above. Then the maps

C × L1,p
λ (C,C) → C + L1,p

λ (C,C), (v∞, v) 7→ v∞ + v, (E.3)

C × L1,p
λ−d(C,C) → C · ρ0pd + L1,p

λ−d(C,C), (v∞, v) 7→ v∞ρ0pd + v(E.4)

are isomorphisms of vector spaces.

Proof of Lemma E.3: The maps are linear and surjective. In order to see

that the map (E.3) is injective, assume that (v∞, v) ∈ C×L1,p
λ (C,C) is such

that v∞ + v = 0. Since λ > −2/p, a calculation in polar coordinates shows

that

||1||p
Lp

λ(C)
=

∫

C

〈·〉λp = ∞.

Therefore, if v∞ did not vanish then ||v||Lp
λ(C) = ||v∞||Lp

λ(C) = ∞, a contradic-

tion. It follows that (v∞, vv) = (0, 0), and hence the map (E.3) is injective.

Injectivity of (E.4) follows analogously. This proves Lemma E.3. 2

Proposition E.4 (Hardy-type inequality) Let n and k be positive inte-

gers and p > n and λ > −n/p be real numbers. Then there exists a constant

C > 0 with the following property. If u : Rn → Rk is a weakly differentiable
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map such that ||Du| · |λ+1||Lp(Rn) < ∞ then u(rx) converges to some vector

y∞ ∈ Rk for r → ∞, uniformly in x ∈ Sn−1. Furthermore, the inequality

||(u− y∞)| · |λ||Lp(Rn) ≤ C||Du| · |λ+1||Lp(Rn) (E.5)

holds.

Lemma E.5 (Hardy’s inequality) Let n be a positive integer and 1 < p <

∞ and λ > −n/p be numbers. Then for every weakly differentiable function

u : Rn → R vanishing almost everywhere outside some large enough ball, the

following inequality holds.

||u| · |λ||Lp(Rn) ≤
p

λ+ n
p

||Du| · |λ+1||Lp(Rn) (∈ [0,∞]) (E.6)

Proof of Lemma E.5: Let ϕ be a mollifier, i.e. a smooth function on

Rn with compact support such that
∫

Rn ϕ(x)dx = 1. For ε > 0 we define

ϕε(x) := ε−nϕ(ε−1x), and uε := u ∗ ϕε. Then uε is smooth and has compact

support, hence by Exercise 21, Chapter 6, in the book by O. Kavian [Ka],

inequality (E.6) holds for uε. Taking the limit ε→ 0, it follows that

||u| · |λ||Lp(Rn) = lim
ε→0

||uε| · |λ||Lp(Rn)

≤ lim
ε→0

p

λ+ n
p

||Duε| · |λ+1||Lp(Rn)

=
p

λ+ n
p

||Du| · |λ+1||Lp(Rn). (E.7)

This proves the lemma. 2

Proof of Proposition E.4: It suffices to consider the case k := 1. Let

n, p, λ as in the hypothesis. We set ε := λ+ n
p
. Let u : Rn → R be a weakly

differentiable map, such that ||Du||Lp
λ+1(R

n) <∞.

Claim 1 There exists a constant C independent of u such that if x, y ∈ Rn

are points with 0 < |x| ≤ |y| then

|u(x) − u(y)| ≤ C|x|−ε||Du| · |λ+1||Lp(Rn\B|x|). (E.8)

Proof of Claim 1: Let N ∈ N be such that 2N−1|x| ≤ |y| ≤ 2N |x|. For

i = 0, . . . , N we define xi := 2ix ∈ Rn. Furthermore, for i = N+1, . . . , N+7

we choose points xi ∈ Sn−1
2N |x|

such that

xN+7

|xN+7|
=

y

|y| ,
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and |xi − xi−1| ≤ 2N−1|x|, for i = N + 1, . . . , N + 7, and we set XN+8 := y.

Then for i = 0, . . . , N − 1 we have xi ∈ B̄2i|x|(2
i+1x), and therefore by

Morrey’s theorem

|u(xi+1) − u(xi)| ≤ C(2i|x|)1−n
p ||Du||

Lp
(
B2i|x|(2

i+1x)
)

≤ C(2i|x|)1−n
p (2i|x|)−λ−1||Du| · |λ+1||

Lp
(
B2i|x|(2

i+1x)
)

≤ C(2i|x|)−ε||Du| · |λ+1||Lp(Rn\B|x|),

where C is a constant that depends only on n and p. Moreover, for i =

N, . . . , N + 7 we have xi+1 ∈ B̄2N−1|x|(xi), and hence analogously,

|u(xi+1) − u(xi)| ≤ C(2N−1|x|)−ε||Du| · |λ+1||Lp(Rn\B|x|).

It follows that

|u(y)− u(x)| ≤
N+7∑

i=0

|u(xi+1) − u(xi)|

≤ C|x|−ε||Du| · |λ+1||Lp(Rn\B|x|)

(
N−1∑

i=0

2−iε + 8 · 2(1−N)ε

)

≤ C ′|x|−ε||Du| · |λ+1||Lp(Rn\B|x|),

where the constant C ′ only depends on n, p and λ. This proves Claim 1. 2

The claim implies that for every δ > 0 there exists a number R > 0 such

that |u(x) − u(y)| < δ if |x|, |y| ≥ R. Hence defining y∞ := limν→∞ u(ν), we

have

lim
r→∞

sup
ϕ∈R

|u(reiϕ) − y∞| = 0,

as claimed. To prove inequality (E.5), we choose a smooth map ρ : [0,∞) →
[0, 1] such that ρ(t) = 1 for 0 ≤ t ≤ 1, ρ(t) = 0 for t ≥ 2 and |ρ′(t)| ≤ 2. We

fix a number R > 0 and define ρR : R → [0, 1] by ρR(x) := ρ(x/R). Then

||(u− y∞)| · |λ||Lp(BR) ≤ ||ρR · (u− y∞)| · |λ||Lp(Rn)

≤ C||D(ρR · (u− y∞))| · |λ+1||Lp(Rn)

≤ C
(
||(DρR)(u− y∞)| · |λ+1||Lp(B2R\BR)

+||ρRDu| · |λ+1||Lp(Rn)

)

≤ C
(
||2R−1(u− y∞)2R| · |λ||Lp(B2R\BR)

+||Du| · |λ+1||Lp(Rn)

)
, (E.9)
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where C is a constant independent of u. Here in the second line, we have used

lemma E.5 for the function ρR(u−y∞). Claim 1 implies that for x ∈ Rn \BR

|u(x) − y∞| ≤ C|x|−λ−n
p ||Du| · |λ+1||Lp(Rn\BR),

and hence

||(u− y∞)| · |λ||pLp(B2R\BR) ≤ C||Du| · |λ+1||pLp(Rn\BR)

∫

B2R\BR

|x|−ndx

= C|Sn−1| log 2||Du| · |λ+1||pLp(Rn\BR),

where in the last step we have used a calculation in polar coordinates. In-

serting this into (E.9) yields

||(u− y∞)| · |λ||Lp(BR) ≤ C||Du| · |λ+1||Lp(Rn),

where C does not depend on u and R. Since this holds for every R > 0,

inequality (E.5) follows. This proves Proposition E.4. 2

The following Proposition is used in the proof of Proposition 2.12. We

abbreviate

||u||p,λ := ||u||Lp
λ(RN ),

and use the convention t/∞ := 0, for every real number t.

Proposition E.6 (Weighted Sobolev spaces) Let N be a positive inte-

ger. Then the following statements hold.

(i) Let 1 ≤ p ≤ q ≤ ∞ and λ and µ be real numbers such that λ +N/p <

µ + N/q. Then there exists a constant C > 0 such that for every

measurable function u : RN → C we have

||u||p,λ ≤ C||u||q,µ. (E.10)

(ii) Let λ and 1 < p < ∞ be real numbers. Then for every integer d the

map

L1,p
λ (RN \B1) ∋ u 7→ pdu ∈ L1,p

λ−d(R
N \B1) (E.11)

is well-defined and an isomorphism of Banach spaces.

(iii) Let λ and N < p <∞ be real numbers. Then there exists a constant C

such that for every u ∈W 1,1
loc (RN) we have

||u〈·〉λ+ N
p ||L∞(RN ) ≤ C||u||L1,p

λ (RN ). (E.12)

Furthermore, if λ > −N/p then there is a compact inclusion

L1,p
λ (RN) →֒ Cb(R

N) := {u ∈ C(RN) | sup
x∈RN

|u(x)| <∞}. (E.13)



E.2 Weighted Sobolev spaces and a Hardy-type inequality 236

(iv) Let λ and 1 < p <∞ be real numbers. Then the map

W 1,p
λ (RN) ∋ u 7→ 〈·〉λu ∈W 1,p(RN) (E.14)

is well-defined and an isomorphism of Banach spaces.

(v) Let λ and p > 1 be real numbers, and let f ∈ L∞(RN) be a function

such that

||f ||L∞(RN\Bi) → 0, (E.15)

for i→ ∞. Then the map

W 1,p
λ (RN) ∋ u 7→ fu ∈ Lpλ(R

N) (E.16)

is compact.

Proof of Proposition E.6:

Proof of (i): This is part (i) of Theorem 1.2 in the paper by R. Bartnik

[Ba]. For the convenience of the reader I give a proof here. In the case

p = q the estimate (E.10) follows from the definition of || · ||p,λ. Assume that

p < q <∞. Then by Hölder’s inequality we have

||u||p,λ = ||(u〈·〉µ)〈·〉λ−µ||p
≤ ||u〈·〉µ||q||〈·〉λ−µ|| pq

q−p

= C||u||q,µ,

where we have set C := ||〈·〉λ−µ|| pq
q−p

. Since λ + N/p < µ + N/q, a short

calculation using polar coordinates shows that C <∞. The case p < q = ∞
is analogous. This proves (i).

Proof of (ii): We claim that the map (E.11) is welldefined and bounded.

We fix a map u ∈ L1,p
λ (RN \B1). Then

||pdu||Lp
λ−d(RN\B1) ≤ C||u||Lp

λ(RN\B1), (E.17)

where C is a constant independent of u. Moreover, we have on C \B1

|D(pdu)|2 = 2
(
|∂z(pdu)|2 + |∂z̄(pdu)|2

)

= 2
(
|d · pd−1u+ pd∂zu|2 + |pd∂z̄u|2

)

≤ 4
(
|d|2| · |2(d−1)|u|2 + | · |2d

(
|∂zu|2 + |∂z̄u|2

))

= 4|d|2| · |2(d−1)|u|2 + 2| · |2d|Du|2.

Combining this with (E.17), it follows that

||pdu||L1,p
λ−d(RN \B1) ≤ C||u||L1,p

λ (RN\B1),
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for some constant C > 0 independent of u, i.e. the map (E.11) is welldefined

and bounded, for every d ∈ Z. Replacing d by −d, it follows that the map

L1,p
λ−d(R

N \B1) ∋ v 7→ p−dv ∈ L1,p
λ (RN \B1)

is a bounded inverse of (E.11). This proves (ii).

Proof of (iii): Inequality (E.12) follows from inequality (1.11) in Theorem

1.2 in the paper by R. Bartnik [Ba]. Assume now that λ > −N/p. We

fix a function u ∈ L1,p
λ (RN). Then by Morreys embedding theorem u has a

continuous representative, also denoted by u. Furthermore, inequality (E.12)

implies that

sup
x∈RN

|u(x)| ≤ ||u〈·〉λ+ N
p ||L∞(RN ) <∞.

Hence u ∈ Cb(R
N). In order to show that the inclusion (E.13) is compact,

let uν ∈ L1,p
λ (RN) be a sequence such that

C0 := sup
ν

||uν||L1,p
λ (RN ) <∞. (E.18)

Fix a number R > 0. By the Banach-Alaoglu compactness theorem there

exists a subsequence of uν that weakly converges in W 1,p(BR) to some map

u(R). Since p > N , by Kondrachov’s compactness theorem there exists a

further subsequence that converges in C(B̄R), with the same limit u(R). We

set R := 1 and choose such a subsequence (ν
(1)
j )j∈N. By induction, there

exists a sequence of consecutive subsequences (ν
(i)
j )j∈N, i ∈ N ( i.e. (ν

(i)
j ) is

a subsequence of (ν
(i−1)
j ) for every i), such that u

ν
(i)
j

converges to some map

u(i) ∈ W 1,p(Bi), for j → ∞, in C(B̄R) and weakly in W 1,p(BR). It follows

that u(i′) = u(i) on the ball B(i), if i ≤ i′. So we may define u : RN → R by

u(x) := u(i)(x), where we choose i (depending on x) so large that x ∈ Bi. Fix

a positive integer i. Since u
(i)
νj converges to u, weakly in W 1,p(Bi), it follows

that

||u||L1,p
λ (Bi)

≤ lim sup
j

||uνj
||L1,p

λ (Bi)
≤ C0.

It follows that

||u||L1,p
λ (RN ) ≤ C0, (E.19)

and hence u ∈ Cb(R
N). We define the diagonal subsequence νj := ν

(j)
j . We

prove that

||uνj
− u||Cb(RN ) := sup

x∈RN

|uνj
(x) − u(x)| → 0, (E.20)

for j → ∞. To see this, we choose a smooth function ρ : RN → [0, 1] such

that ρ(x) = 0 for x ∈ B1 and ρ(x) = 1 for x ∈ RN \ B2. Let ε > 0. Since

λ > −N/p we may choose a number R ≥ 1 so large that R−λ−N/p < ε. We
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define ρR := ρ(·/R) : RN → [0, 1]. We choose j0 ∈ N so large that for j ≥ j0
we have ||uνj

− u||L∞(B2R) < ε. It follows that for j ≥ j0

||uνj
− u||Cb(RN ) ≤ ||(uνj

− u)(1 − ρR)||Cb(RN ) + ||(uνj
− u)ρR||Cb(RN )

< ε+ CR−λ−N
p ||(uνj

− u)ρR||L1,p
λ (RN )

≤ ε+ C ′ε||uνj
− u||L1,p

λ (RN )

≤ ε+ C ′ε
(
||uνj

||L1,p
λ (RN ) + ||u||L1,p

λ (RN )

)

≤ ε+ 2C ′C0ε,

where C and C ′ are constants depending only on N , p, λ. Here we have used

inequality (E.12) in the second line. Hence uνj
converges to u in Cb(R

N) for

j → ∞. This proves that the inclusion (E.13) is compact and terminates the

proof of statement (iii).

Proof of (iv): We show that the map (E.14) is well-defined and bounded.

A short calculation using polar coordinates shows that

|D(〈·〉λ)| ≤ |λ|〈·〉λ−1.

Abbreviating || · ||p := || · ||Lp(RN ) and || · ||p,λ := ||Lp
λ(RN ), it follows that for

every u ∈W 1,p
λ (RN)

||〈·〉λu||W 1,p(RN ) = ||〈·〉λu||p + ||D(〈·〉λu)||p
≤ ||u||p,λ + ||〈·〉λDu||p + |λ| · ||〈·〉λ−1u||p
≤ (1 + |λ|)||u||W 1,p

λ (RN ).

This proves that the map (E.14) is well-defined and bounded. Replacing λ

by −λ it follows that the map

W 1,p(RN) ∋ v 7→ 〈·〉−λv ∈W 1,p
λ (RN)

is well-defined and a bounded inverse of (E.14). This proves (iv).

Proof of (v): Let f ∈ L∞(RN) be such that (E.15) holds. Let uν ∈
W 1,p
λ (RN) be a sequence such that

C1 := sup
ν

||uν||W 1,p
λ (RN ) <∞. (E.21)

Fix a number R > 0. By (E.21) the sequence fuν is uniformly bounded in

W 1,p(BR). Therefore, it follows from Kondrachov’s compactness theorem and

from Hölder’s inequality that there exists a subsequence of fuν that converges

in Lp(BR) to some map v(R). We set R := 1 and choose such a subsequence

(ν
(1)
j )j∈N. By induction, there exists a sequence of consecutive subsequences
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(ν
(i)
j ), such that fu

ν
(i)
j

converges in Lp(Bi) to some map fu(i) ∈ Lp(Bi), for

j → ∞. We define v : RN → R by v(x) := v(i)(x), where we choose i

(depending on x) so large that x ∈ Bi. Then for every i

||v||Lp
λ(Bi) ≤ lim sup

j
||fuνj

||Lp
λ(Bi) ≤ ||f ||L∞(RN )C1.

Hence

||v||Lp
λ(RN ) ≤ C1||f ||L∞(RN ),

and thus v ∈ Lpλ(R
N). We define the diagonal subsequence νj := ν

(j)
j . We

claim that fuνj
converges to v in Lpλ(R

N). To see this let ε > 0. We choose

i so large that

||f ||L∞(RN\Bi) < ε, (E.22)

||v||Lp
λ(RN\Bi) < ε. (E.23)

Since fuνj
converges to v in Lp(Bi), there exists an integer j0 such that for

j ≥ j0 we have

||fuνj
− v||Lp

λ(Bi) < ε.

It follows that for j ≥ j0

||fuνj
− v||Lp

λ(RN ) ≤ ||fuνj
− v||Lp

λ(Bi) + ||fuνj
− v||Lp

λ(RN \Bi)

≤ ε+ ||fuνj
||Lp

λ(RN\Bi) + ||v||Lp
λ(RN\Bi)

≤ ε+ εC1 + ε.

Here in the last inequality we have used (E.22), (E.21) and (E.23). Hence

fuνj
converges to v in Lpλ(R

N). This proves (v) and completes the proof of

Proposition E.6. 2

E.3 Uhlenbeck compactness

Let n be a positive integer, X be a smooth n-manifold (possibly with bound-

ary), k ∈ N ⊔ {0}, ℓ ∈ N and p ∈ [1,∞]. We denote by Hn ⊆ Rn the

closed upper half space consisting of all x ∈ Rn such that xn ≥ 0. We define

W k,p
loc (X,Rℓ) to be the vector space of all maps u : X → Rℓ such that for every

local parametrization ψ : U ⊆ Hn → X we have u ◦ψ ∈W k,p
loc (U,Rℓ), i.e. for

every compact subset Q ⊆ U we have u ◦ψ ∈W k,p(Q,Rℓ). Note that such a

subset Q can have nonempty intersection with the boundary of Hn. Assume

now that k ≥ 1 and kp > n and let X ′ be a manifold of dimension n′. We

define W k,p(X,X ′) to be the set of all maps u : X → X ′ such that for every

pair of local parametrizations ψ : U ⊆ Hn → X and ψ′ : U ′ ⊆ Hn′ → X ′ we

have ψ′−1 ◦ u ◦ ψ ∈W k,p
loc (ψ−1(ψ′(U ′)),Rn′

). That this definition makes sense
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follows from our assumption kp > n.

Let E be a real vector bundle on X of rank ℓ with projection π : E → X.

We define W k,p
loc (X,E) to be the vector space of all maps s : X → E such

that π ◦ s = id and for every local trivialization Ψ : U × Rℓ → E we have

pr2 ◦Ψ−1 ◦ s ∈ W k,p
loc (U,Rℓ), where pr2 : U × Rℓ → Rℓ denotes the projection

to the second factor. Let now G be a compact Lie group with Lie algebra g,

let 〈·, ·〉 be an invariant inner product on g, and let P be a principal G-bundle

over X. We denote by Pg := P ×G g the adjoint bundle. Furthermore, we

define the space of W k,p
loc -connection one forms on P by

A1,p := A0 +W k,p
loc (X, T ∗X ⊗ Pg),

where A0 ∈ A(P ) is a smooth connection one form. We denote

PG := (P × G)/G,

where G acts on itself by the formula

g∗h := g−1hg.

We define the set of W k,p
loc -gauge transformations by

Gk,p := W k,p
loc (X,PG).

The next theorem is Theorem A in the book by K. Wehrheim [Weh]. See

also the paper by K. Uhlenbeck [Uh2], Theorem 1.5.

Theorem E.7 (Weak Uhlenbeck compactness with a compact base)

Let n be a positive integer, G be a compact Lie group, X be a compact

smooth Riemannian n-manifold (possibly with boundary), P be a principal

G-bundle over X and 1 < p < ∞ be a real number such that p > n/2. Let

Aν ∈ A1,p(P ), ν ∈ N be a sequence of connection 1-forms and assume that

sup
ν∈N

||FAν ||Lp(X) <∞. (E.24)

Then passing to some subsequence there are gauge transformations gν ∈
G2,p(P ) such that g∗νA

ν−Â converges weakly in W 1,p(X, gP ), where Â ∈ A(P )

is an arbitrary smooth connection one form.

Theorem E.8 (Weak Uhlenbeck compactness with noncompact base)

Let n be a positive integer, G be a compact Lie group, X be a Riemannian

n-manifold (possibly with boundary), P be a principal G-bundle over X and

1 < p < ∞ be a real number such that p > n/2. Assume that there are
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compact submanifolds Xν ⊆ X for ν ∈ N (possibly with nonempty boundary

∂Xν) such that

X =
⋃

ν∈N

Xν , (E.25)

Xν ⊆ Xν+1 \ ∂Xν+1 and Xν is a deformation retract of X for every ν ∈ N.

Let Aν ∈ A1,p(P |Xν) be a sequence of connection one forms such that for

every ν0 ∈ N we have

sup
ν≥ν0

||FAν ||Lp(Xν0 ) <∞, (E.26)

Then passing to some subsequence there are gauge transformations gν ∈
G2,p(P ) such that the following holds. If Â ∈ A(P ) is a smooth connection

one form and ν0 ∈ N then g∗νA
ν − Â converges weakly in W 1,p(Xν0, T

∗Xν0 ⊗
gP ).

Proof of Theorem E.8: Let Â ∈ A(P ) be a smooth connection 1-form.

For ν ∈ N we choose a connection 1-form Ãν ∈ A1,p(P ) whose restriction

to Xν agrees with Aν . By Theorem A’ in the book [Weh], passing to some

subsequence, there exist gauge transformations g ∈ G2,p such that for every

ν0 ∈ N the sequence g∗νÃν − Â converges weakly in W 1,p(Xν0, T
∗Xν0 ⊗ gP ).

Since for ν ≥ ν0 we have Aν |Xν0
= Ãν |Xν0

, the sequence g∗νAν − Â converges

weakly in W 1,p(Xν0, T
∗Xν0 ⊗ gP ), for every ν0 ∈ N. This proves Theorem

E.8. 2

E.4 Compactness for ∂̄J

We denote by J k(M) the set of Ck-almost complex structures on M . The

proof of the next proposition is almost the same as the proof of Proposition

B.4.2 in the book by D. McDuff and D. A. Salamon [MS3]. For two open

subsets Ω,Ω′ ⊆ Rm the notation Ω ⊂⊂ Ω′ means that Ω̄ ⊆ Ω′ and Ω̄ is

compact.

Proposition E.9 (Compactness for ∂̄J) Let M be a manifold without bound-

ary, k ∈ N, p > 2, J ∈ J k(M), Ω1 ⊆ Ω2 ⊆ . . . ⊆ C be a sequence of

open subsets, uν ∈ W 1,p
loc (Ων) be a sequence and Ω :=

⋃
ν Ων . Assume that

∂suν + J(uν)∂tuν ∈ W k,p
loc (Ων) for every ν and that for every compact set

Q ⊆ Ω the following holds. If ν0 ∈ N is so large that Q ⊆ Ων0 then there is

a compact set K ⊆M such that

uν(Q) ⊆ K, ∀ν ≥ ν0, (E.27)

sup
ν≥ν0

||duν||Lp(Q) < ∞, (E.28)

sup
ν≥ν0

||∂suν + J(uν)∂tuν ||W k,p(Q) < ∞. (E.29)
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Then there is a subsequence of uν that converges weakly in W k+1,p(Q) and in

Ck(Q) for every compact subset Q ⊆ Ω.

Proof of Proposition E.9: Let M,K, p, J,Ων ,Ω and uν be as in the

hypothesis. By the Whitney embedding theorem (Theorem 3.2.14 p. 55

in the book by M. W. Hirsch [Hi]), we may assume w.l.o.g. that M ⊆
R2 dimM+1. We choose a sequence of open subsets Ω(i) ⊆ Ω, i ∈ N, such that

Ω(i) ⊂⊂ Ω(i+1) and ⋃

i∈N

Ω(i) = Ω.

We define ν0
j := j, for j ∈ N, and for i ∈ N we construct a subsequence

(νij)j∈N of the given sequence inductively as follows. Let i ∈ N and assume

that (νi−1
j )j∈N has already been constructed. It follows from the hypotheses

that there is a compact subset Ki ⊆ M such that uν(Ω̄
(i)) ⊆ Ki, for every

ν. Together with assumption (E.28) this implies that the W 1,p-norm of uνi−1
j

on Ω̄(i) is bounded, uniformly in j. Since the inclusion W 1,p(Ω̄(i)) ⊆ C0(Ω̄(i))

is compact, there is a subsequence, denoted by uµ, that converges weakly in

W 1,p(Ω̄(i)) and uniformly on Ω̄(i) to some ui0 ∈W 1,p(Ω̄(i)). Note that ui0 is an

extension of ui−1
0 .

Claim 1

sup
µ

||uµ||W k+1,p(Ω̄(i)) <∞. (E.30)

Assume that the claim is true. Since the inclusion W k+1,p(Ω̄(i)) ⊆ Ck(Ω̄(i))

is compact, there is subsequence, denoted by (νij), such that uνi
j

converges

to ui0 in Ck(Ω̄(i)). This terminates the inductive construction of the subse-

quence. We define now the subsequence νj to be the diagonal subsequence

νj := νjj . Since the sets Ω(i) exhaust Ω this subsequence satisfies the conclu-

sion of the theorem, and thus the theorem is proved, once the claim is proved.

Proof of the Claim: To simplify notation we write K := Ki and u0 := ui0.

We choose local parametrizations ψj : R2n → M , j = 1, . . . , N , such that

K ⊆ ⋃N
j=1 ψj(B1). Then the open subsets U0

j := u−1
0 (ψj(B1)) ∩ Ω(i+1) cover

Ω̄(i). We fix open sets Uk+1
j ⊂⊂ . . . ⊂⊂ U0

j such that

Ω̄(i) ⊆
N⋃

j=1

Uk+1
j . (E.31)

Furthermore, we choose an integer µ0 so large that for µ ≥ µ0 and j =

1, . . . , N we have

uµ(U
1
j ) ⊆ ψj(B1).

W.l.o.g. we assume that µ0 = 1. We define

vνj : ψ−1
j ◦ uµ : U0

j → R2n.
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We prove by induction that for ℓ = 1, . . . , k + 1

sup
µ

||vµj ||W ℓ,p(Uℓ
j ) < ∞. (E.32)

Using (E.31) and setting ℓ = k + 1 this will imply the claim. For ℓ = 1

(E.32) is true because of the hypotheses (E.27) and (E.28) and since U1
j ⊆

Ω(i+1) ⊂⊂ Ω. Let ℓ ∈ {1, . . . , k} and assume that we have already proved

(E.32) for ℓ. We define Jµj := (dψj)
−1J(uµ)dψj : U ℓ

j → R2n×2n. In order to

simplify notation we abbreviate U ℓ := U ℓ
j , ψ := ψj , v

µ := vµj and Jµ := Jµj .

The derivatives of Jµ up to order ℓ involve derivatives of vµ up to the same

order. Therefore, it follows from (E.32) that

sup
µ

||Jµ||W ℓ,p(Uℓ) <∞.

Thus by Proposition E.10 there is a constant C that does not depend on µ

such that

||vµ||W ℓ+1,p(Uℓ+1) ≤ C
(
||∂suµj + Jµ∂tu

µ
j ||W ℓ,p(Uℓ) + ||uµj ||Lp(Uℓ)

)
. (E.33)

On U ℓ we have

∂sv
µ + Jµ∂tv

µ = d(ψ−1)∂suµ + d(ψ−1)J(uµ)dψ ∂tv
µ

= d(ψ−1)(∂suµ + J(uµ)∂tuµ).

Using that Ū ℓ is compact, it follows that there is a constant C independent

of µ such that

||∂svµ + Jµ∂tv
µ||W ℓ,p(Uℓ) ≤ C

(
||∂suµ + J(uµ)∂tuµ||W ℓ,p(Uℓ) + 1

)
.

Inserting this into (E.33), together with the hypothesis (E.29) implies that,

increasing the constant C,

sup
µ

||vµ||W ℓ+1,p(Uℓ+1) ≤ C sup
µ

(
||∂suµ + J(uµ)∂tuµ||W ℓ,p(Uℓ) + 1

)
<∞.

This proves (E.32) with ℓ replaced by ℓ+ 1 and completes the induction. So

(E.32) holds for every ℓ ∈ {1, . . . , k + 1}. This completes the proof of the

claim and of Proposition (E.9). 2

The next proposition follows by repeatedly applying Proposition B.4.9 in

[MS3].

Proposition E.10 (Regularity for ∂̄J on R2n) Let Ω ⊆ C be an open

subset, k ∈ N, p > 2, J ∈ W k,p
loc (Ω,R2n×2n) be such that J2 = −1. Then the

following holds. If u ∈ W 1,p
loc (Ω,R2n) is such that ∂su + J∂tu ∈ W k,p

loc (Ω,R2n)
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then u ∈ W k+1,p
loc (Ω,R2n). Furthermore, for every open set Ω′ such that

Ω′ ⊆ Ω and every constant c there is a constant C with the following signifi-

cance. Assume that J ∈W k,p(Ω,R2n×2n),

||J ||W k,p(Ω,R2n×2n) ≤ c, (E.34)

u ∈W 1,p(Ω,R2n), (E.35)

∂su+ J∂tu ∈W k,p(Ω,R2n). (E.36)

Then u ∈W k+1,p(Ω′,R2n) and

||u||W k+1,p(Ω′,R2n) ≤ C
(
||∂su+ J∂tu||W k,p(Ω,R2n) + ||u||Lp(Ω,R2n)

)
.

E.5 Pseudo-holomorphic curves to the symplectic quo-

tient

This section follows the lines of the overview article [Zi2] and of section 1.5

(“Lifting the ∂̄-equation”) in [Ga]. There the results are formulated in an

intrinsic way, involving principal G-bundles. However, here we use the local

description, since that is what is needed in this Ph.D. thesis.

Let (M,ω) be a symplectic manifold, G a compact connected Lie group

with Lie algebra g, and 〈·, ·〉 be an invariant inner product on g. Assume

that G acts on M in a Hamiltonian way, with moment map µ, and let J be

a G-invariant ω-compatible almost complex structure. Recall the following

definitions. For every x ∈ M we denote by Gx the G-orbit of x. The

Riemannian metric gω,J on M is defined by (gω,J)x(v, w) := ωx(v, Jw), for

x ∈ M, v, w ∈ TxM . For x ∈ µ−1(0) we define the horizontal subspace

Hx := ker dµ(x) ∩ imL⊥
x ⊆ TxM.

By π : µ−1(0) → M̄ := µ−1(0)/G we denote the canonical projection. More-

over, the almost complex structure J̄ on M̄ := µ−1(0)/G is defined by

J̄ v̄ := dπ(x)Jv,

for every vector v̄ ∈ Tx̄M̄ and every point x̄ ∈ M̄ , where x ∈ µ−1(0) is a point

such that π(x) = x̄ and v ∈ Hx is the unique vector such that dπ(x)v = v̄.

For every open subset Ω ⊆ S2 ∼= C ∪ {∞} the energy density of a map

ū ∈W 1,p
loc (Ω, M̄) is given by

eū(z) :=
1

2
(|∂sū|2 + |∂tū|2).

Recall also that for every map w := (u,Φ,Ψ) ∈W 1,p
loc (Ω,M ×g×g) we define

e∞w (z) :=
1

2
(|∂su+XΦ(u)|2 + |∂tu+XΨ(u)|2).
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Proposition E.11 Let Ω ⊆ C be an open subset and (u,Φ,Ψ) ∈W 1,p
loc (Ω,M×

g × g) be a solution of the first vortex equation (0.1) such that µ ◦ u = 0.

Then

∂sGu+ J̄(Gu)∂tGu = 0. (E.37)

Furthermore,

eGu = e∞(u,Φ,Ψ). (E.38)

We will use the next lemma in the proof of Proposition E.11. Here,

for every point x ∈ M the map L∗
x : TxM → g denotes the adjoint of

Lx : g → TxM w.r.t. the inner product on g and gω,J .

Lemma E.12 For every x ∈M and ξ, η ∈ g we have

〈dµ(x)Xξ(x), η〉 = 〈µ(x), [η, ξ]〉, (E.39)

dµ(x)J(x) = L∗
x. (E.40)

Proof: Let x ∈ M and ξ, η ∈ g. To see (E.39), let R ∋ t 7→ g(t) → G be a

smooth curve such that g(0) = e and ġ(0) = ξ. Then

〈dµ(x)Xξ(x), η〉 = 〈 d
dt

∣∣∣∣
t=0

µ(gx), η〉

= 〈 d
dt

∣∣∣∣
t=0

(gµ(x)g−1), η〉

= 〈[ξ, µ(x)], η〉
= 〈µ(x), [η, ξ]〉.

Here the last equality uses the fact

〈[ξ, ζ ], η〉+ 〈ζ, [ξ, η]〉 = 0,

for every ξ, η, ζ ∈ g. This follows from the invariance of the inner product

〈·, ·〉 under the adjoint action of G. This proves (E.39).

To see (E.40) observe that for every x ∈M , v ∈ TxM and ξ ∈ g we have

〈dµ(x)Jv, ξ〉 = ω(Xξ(x), Jv)

= gω,J(Xξ(x), v)

= gω,J(Lxξ, v)

= 〈ξ, L∗
xv〉.

This proves Lemma E.12. 2

Proof of Proposition E.11: Claim: We have on Ω

dµ(u)(∂su+XΦ(u)) = 0, dµ(u)(∂tu+XΨ(u)) = 0.
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Proof of the Claim: We have by assumption

dµ(u)∂su = ∂s(µ ◦ u) = 0, dµ(u)∂tu = ∂t(µ ◦ u) = 0. (E.41)

Furthermore, by Lemma E.12 we have for every ξ ∈ g

〈dµ(u)XΦ(u), ξ〉 = 〈µ(u), [ξ,Φ]〉 = 0.

Here the last equality uses µ ◦ u = 0. It follows that

dµ(u)XΦ(u) = 0.

Similarly we have

dµ(u)XΨ(u) = 0.

Together with (E.41) this implies the Claim. 2

We prove (E.37). By the first vortex equation (0.1) and the Claim we

have

dµ(u)J(u)(∂su+XΦ(u)) = dµ(u)(∂tu+XΦ(u)) = 0,

dµ(u)J(u)(∂tu+XΨ(u)) = −dµ(u)(∂su+XΦ(u)) = 0.

By Lemma E.12 this means that

∂su+XΦ(u) ∈ ker(dµ(u)J(u)) = kerL∗
u = imL⊥

u ,

and similarly ∂tu+XΨ(u) ∈ imL⊥
u . Using again the Claim it follows that

∂su+XΦ(u) ∈ Hu, ∂tu+XΨ(u) ∈ Hu. (E.42)

The equality (E.37) follows now from the first vortex equation (0.1) and the

definition of J̄ .

To see that (E.38) holds, note that (E.42) and the definition of the metric

on M̄ imply that

eGu =
1

2

(
|∂sGu|2 + |∂tGu|2

)

=
1

2

(
|∂su+XΦ(u)|2 + |∂tu+XΨ(u)|2

)

= e∞(u,Φ,Ψ).

Here the second equality uses (E.42). This proves (E.38) and concludes

the proof of Proposition E.11. 2
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E.6 Ordinary linear integral equations

Let G be a Lie group with Lie algebra g and 〈·, ·〉 be an inner product on g.

Then 〈·, ·〉 induces a left invariant metric on G, again denoted by 〈·, ·〉, by

〈v, w〉 := 〈g−1v, g−1w〉,

for every pair v, w ∈ TgG and every point g ∈ G. We denote by | · |〈·,·〉 the

norm on each tangent space of G and by d〈·,·〉 the distance function on the

connected components of G induced by the metric 〈·, ·〉. The next result is

used in the proof of Proposition 6.3.

Proposition E.13 (Ordinary linear integral equations) Let n be a pos-

itive integer, T ≥ 0 be a number and ξ : (0, T ) → Rn×n be a Lebesgue in-

tegrable map. Then there exists a unique continuous solution g : [0, T ] →
GL(n,R) of the linear integral equation

g(t) = 1 +

∫ t

0

ξ(s)g(s)ds, g(0) = 1. (E.43)

Furthermore, let G ⊆ GL(n,R) be a closed subgroup. If ξ takes values in

g then g(t) ∈ G for every t ∈ [0, T ]. Moreover, assume that there exists

an inner product 〈·, ·〉 on g that is invariant under the adjoint action of G.

Suppose that ξ, η : [0, T ] → g are two Lebesgue integrable maps. Then the

corresponding solutions g, h : [0, T ] → G of (E.43) satisfy

d〈·,·〉(g(t), h(t)) ≤ ||ξ − η||L1((0,t)) :=

∫ t

0

|ξ(s) − η(s)|〈·,·〉 ds. (E.44)

Remark E.14 If G is compact, then there exists an invariant inner product

on g, hence the last part of the Proposition applies.

Proof of Proposition E.13: Let n, T and ξ be as in the hypothesis. In

Chapter III.1 of the book [DK], Ju. L. Daleckii and M. G. Krein prove that

there exists a unique continuous solution g : [0, T ] → GL(n,R) of (E.43).

Assume now that ξ takes values in the Lie algebra g of some closed subgroup

G ⊆ GL(n,R). Consider the subset X ⊆ [0, T ] of all points t such that

g(t) ∈ G. The point 0 lies in X, since g(0) = 1 ∈ G. Since g is continuous

and G ⊆ GL(n,R) is a closed subset, X is a closed in [0, T ]. We show that

X is open. To see this, we fix a point t0 ∈ [0, T ] such that g(t0) ∈ G. By

the Corollary A.7 of the Local Slice Theorem the projection π : GL(n,R) →
GL(n,R)/G defines a principal G-bundle. So there exists a local equivariant

coordinate chart around the point g(t0). Abbreviating m := n2−dim(G), this

is a pair (U, ψ), where U ⊆ GL(n,R) is a G-invariant open neighbourhood

of g(t0) and

ϕ := (ϕ̂, g) : U → Rm × G
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is a diffeomorphism, such that

ϕ(ax) = (ϕ̂(x), ag(x)), ∀a ∈ G, x ∈ U,

ϕ̂(x) = 0, ∀x ∈ G.

We choose a number ε > 0 so small that g([t0 − ε, t0 + ε]) ⊆ U . By equation

(E.43), the map g and hence the map ϕ̂◦g : [t0−ε, t0 +ε] → Rm is absolutely

continuous. Hence ϕ̂ ◦ g is differentiable almost everywhere, and for every

t ∈ [t0 − ε, t0 + ε] we have

ϕ̂ ◦ g(t) = ϕ̂ ◦ g(t0) +

∫ t

t0

(ϕ̂ ◦ g)˙(s) ds

= ϕ̂ ◦ g(t0) +

∫ t

t0

dϕ̂(g(s))ġ(s) ds

= ϕ̂ ◦ g(t0) +

∫ t

t0

dϕ̂(g(s))ξ(s)g(s) ds

= ϕ̂ ◦ g(t0) = 0.

Here in the third equality we have used (E.43). It follows that g(t) ∈ G. This

proves that X is open. Hence X = [0, T ], i.e. g(t) ∈ G for every t ∈ [0, T ],

as claimed.

To see that the last statement holds, assume that there exists an invariant

inner product 〈·, ·〉 on g, and let ξ, η : [0, T ] → g be two Lebesgue integrable

maps. We denote the corresponding solutions of (E.43) by g, h : [0, T ] → G.

Using the left-invariance of the metric 〈·, ·〉, we have for every t ∈ [0, T ],

abbreviating d := d〈·,·〉,

d(g(t), h(t)) = d(1, g(t)−1h(t)).

This is bounded by the length of the path [0, t] ∋ s 7→ g(s)−1h(s) ∈ G, hence,

abbreviating | · | := | · |〈·,·〉,

d(g(t), h(t)) ≤
∫ t

0

| d
ds

(g(s)−1h(s))| ds

=

∫ t

0

∣∣− g(s)−1ġ(s)g(s)−1h(s) + g(s)−1ḣ(s)
∣∣ ds

=

∫ t

0

∣∣g(s)−1
(
− ġ(s)g(s)−1 + ḣ(s)h(s)−1

)
h(s)

∣∣ ds

=

∫ t

0

∣∣− ġ(s)g(s)−1 + ḣ(s)h(s)−1
∣∣ ds

=

∫ t

0

| − ξ(s) + η(s)| ds.

Here in the forth line we have used the bi-invariance of the metric on G. This

proves the last statement and completes the proof of Proposition E.13. 2
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E.7 Homology and cohomology

Let X be a topological space, and k be a nonnegative integer. We denote by

Ck(X,R) and Ck(X,R) := Ck(X,R)∗ the vector spaces of singular k-chains

and k-cochains with coefficients in R, and by ∂ : Ck(X,R) → Ck−1(X,R)

and d : Ck(X,R) → Ck+1(X,R) the boundary and the coboundary operator.

Furthermore, we denote by

Hk(X,R) :=
ker
(
∂ : Ck(X,R) → Ck−1(X,R)

)

∂Ck+1(X,R)
,

Hk(X,R) :=
ker
(
d : Ck(X,R) → Ck+1(X,R)

)

dCk−1(X,R)

the k-th singular homology and cohomology groups. By the universal coeffi-

cients theorem (see 13.4.8 Satz in the book [SZ]) the map

Hk(X,R) → Hk(X,R)∗, [ϕ] 7→ ([z] 7→ ϕ(z)) (E.45)

is a linear isomorphism.

Let M be a (smooth) manifold, possibly noncompact and with boundary.

By a smooth k-chain in M we mean a finite formal linear combination

c :=
∑

i

λici,

where ci : [0, 1]k → M is a smooth map and λi ∈ R. We denote by

C∞
k (M,R) the vector space of smooth k-chains. Restriction of a smooth

chain to the components of the boundary ∂[0, 1]k induces a boundary map

∂ : C∞
k (M,R) → C∞

k−1(M,R). We define the C∞-homology groups of M to

be

H∞
k (M,R) :=

ker
(
d : C∞

k (M,R) → C∞
k−1(M,R)

)

dC∞
k+1(M,R)

.

Fixing a partition of the cube [0, 1]k into simplices, we get a linear map

C∞
k (M,R) → Ck(M,R). (E.46)

Proposition E.15 For every nonnegative k and every partition of the cube

[0, 1]k into simplices, the induced map (E.46) descends to an isomorphism

H∞
k (M,R) → Hk(M,R). (E.47)

Proof: This is Theorem 24.12 in the book by Fulton [Fu]. 2

By the previous proposition the composed map

Hk(M,R) → Hk(M,R)∗ → H∞
k (M,R)∗ (E.48)
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is an isomorphism. Here the first map is given by (E.45) and the second map

is induced by the map (E.47).

We denote the de Rham cohomology of M in degree k by Hk(M). Con-

sider the linear map

dR := dRM : Hk(M) → Hk(M,R)

given by composing the map

Hk(M) → H∞
k (M,R)∗, [ω] 7→

([∑

i

λici

]
7→
∑

i

λi

∫

[0,1]k
c∗iω

)
(E.49)

with the inverse of the map (E.48).

Theorem E.16 (de Rham’s theorem) Let M be a manifold, possibly non-

compact and with boundary. Then the map

dR : Hk(M) → Hk(M,R)

is a linear isomorphism.

Proof: This is equivalent to saying that the map (E.49) itself is an iso-

morphism, which is Theorem 24.13 in the book [Fu]. Note that the proof

of that theorem goes through in the case that M has nonempty boundary.

In the local considerations one has to replace Rn by the closed half-space

Hn := {x ∈ Rn | xn ≥ 0}. 2

Assume now that M is orientable and endowed with an orientation. Let

n be the dimension of M and 0 ≤ k ≤ n. We denote by Ωk
c (M) the vector

space of differential k-forms on M with compact support in the interior
◦

M :=

M \ ∂M , and by

Hk
c (M) :=

ker(d : Ωk
c (M) → Ωk+1

c (M))

dΩk−1
c (M)

the de Rham cohomology of M with compact supports. Consider the linear

map

Ωk(M) → Ωn−k
c (M)∗, ω 7→

(
η →

∫

M

ω ∧ η
)
.

It follows from Stokes’ theorem that this map induces a map on cohomology,

PD : Hk(M) → Hn−k
c (M)∗.
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Theorem E.17 (Poincaré duality) Let M be an oriented n-manifold, pos-

sibly with boundary. Then the map

PDM : Hk(M) → Hn−k
c (M)∗

is a linear isomorphism for every 0 ≤ k ≤ n.

Proof: This is Theorem I, Chap. V.4 in Vol. I of the book by W. Greub, St.

Halperin and R. Vanstone [GHV]. Note that their proof goes through in the

case that M has nonempty boundary. For this, in the local considerations

one has to replace Rn by the closed half-space Hn ⊆ Rn. In the case that M

admits a finite good cover see also the book by R. Bott and L. W. Tu [BT],

formula (5.4) p.44. 2

By theorem E.17, every k-dimensional oriented submanifold N ⊆M that

is closed as a subset, defines a cohomology class

αN := αMN := PD−1
M

(
[ω] 7→

∫

N

ω

)
∈ Hn−k(M). (E.50)

For details see the book by R. Bott and L. W. Tu [BT]. We call a de Rham

cohomology class α ∈ Hk(M) an integer class iff dR(α) lies in the image of

the map

Hk(M,Z) → Hk(M,R)

induced by the inclusion Ck(M,Z) → Ck(M,R), where Ck(M,Z) andHk(M,Z)

denote the singular k-chain group and k-th singular cohomology group with

integer coefficients.

Theorem E.18 (Representing a cohomology class) Let M be a com-

pact oriented manifold, possibly with boundary ∂M , let k be a nonnegative

integer and let α ∈ Hk(M) be an integer de Rham cohomology class. Then

there exist a rational number λ 6= 0 and a compact oriented submanifold N

of dimension n− k, possibly with boundary ∂N ⊆ ∂M , such that

λαMN = α. (E.51)

Proof: This is a consequence of Theorem II.29 in the paper [Th] by R.

Thom. Consider the double of M ,

M̃ := M#M̄ ,

defined by identifying the two boundaries, where M̄ denotes the manifold M

with the reversed orientation. Note that M̃ is an oriented manifold. We fix

a collar neighbourhood of the boundary ∂M in M , i.e. a pair (U, ψ), where

U ⊆M is an open neighbourhood of ∂M and

ψ : (−1, 0] × ∂M → U
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is a diffeomorphism, such that ψ({0} × ∂M) = ∂M . We choose a smooth

map ρ : (−1, 0] → (−1, 0] such that ρ(t) ≡ t for t smaller than some number

t0 > −1, and ρ ≡ 0 in some neighbourhood of 0 ∈ (−1, 0]. We define the

map r : M →M by

r(x) :=

{
ψ ◦ rloc ◦ ψ−1(x), if x ∈ U,

x otherwise,

where

rloc : (−1, 0] × ∂M → (−1, 0] × ∂M, rloc(t, x) := (ρ(t), x).

Let α ∈ Hk(M). We choose a representative ω ∈ Ωk(M) of α. Consider the

form ω̃ defined by

ω̃ :=

{
r∗ω, on the first component of M̃ = M#M̄ ,

S∗r∗ω, on the second component of M̃,

where S : M̄ → M is the map that identifies the two components of M̃ =

M#M̄ . By definition of the smooth structure on M̃ , we can extend the colar

neighbourhood ψ of ∂M in M to a colar neighbourhood

ψ̃ : (−1, 1) × ∂M → Ũ := U#Ū ,

by setting ψ̃ := ψ◦S on Ū . Since ρ ≡ 0 in some neighbourhood of 0 ∈ (−1, 0],

it follows that

ψ̃∗ω̃ = π∗ι∗ω,

in some neighbourhood of {0} × ∂M ⊆ (−1, 1) × ∂M , where π : (−1, 1) ×
∂M → ∂M denotes the projection to the first component and ι : ∂M → M

denotes the inclusion. Hence the form ω̃ is smooth along ∂M . Furthermore,

it is closed and hence represents a cohomology class [ω̃] ∈ H∗(M̃). Since

M̃ is compact and ∂M̃ = ∅, we have Hn−k
c (M̃) = Hn−k(M̃). Consider the

adjoint map of dRfM ,

dR∗
fM

: Hn−k(M̃,R) ∼= Hn−k(M̃,R)∗ → Hn−k(M̃)∗.

By de Rham’s theorem E.16, this map is an isomorphism. We define ϕ̃ ∈
Hn−k(M̃)∗ by

ϕ̃([η̃]) :=

∫

fM

ω̃ ∧ η̃,

and we set

ã := (dR∗
fM

)−1(ϕ̃) ∈ Hn−k(M̃,R).

Our assumption that α is an integer de Rham cohomology class implies that

ã lies in the image of the natural map

Hn−k(M̃,Z) → Hn−k(M̃,R).
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Therefore, by Theorem II.29 in the paper [Th] by R. Thom, there exists

a closed oriented submanifold Ñ ⊆ M̃ of dimension n − k and a rational

number λ such that

ã = λ[Ñ ],

where [Ñ ] denotes the fundamental class of Ñ . This means that for every de

Rham cohomology class [η̃] ∈ Hn−k(M̃) we have

∫

fM

ω̃ ∧ η̃ = ϕ̃([η̃])

= dR∗
fM
ã([η̃])

= 〈dRfM([η̃]), ã〉
= λ〈dRfM([η̃]), [Ñ ]〉

= λ

∫

eN

η̃. (E.52)

Perturbing Ñ slightly in the colar neighbourhood of ∂M in M̃ , we may

assume w.l.o.g. that Ñ intersects ∂M transversely. It follows that the

intersection

N := Ñ ∩M
is a submanifold of M with boundary ∂N ⊆ ∂M .

We show (E.51), i.e. that λαMN = α. Let [η] ∈ Hn−k
c (M) be a cohomology

class, where η is a closed n − k-form with compact support in the interior
◦

M . Extending η by 0 on the second component of M̃ , yields a closed form

η̃ ∈ Ωn−k(M̃). It follows from (E.52) that

λPDM

(
αMN
)
([η]) = λ

∫

N

η

= λ

∫

eN

η̃

=

∫

fM

ω̃ ∧ η̃

=

∫

M

r∗ω ∧ η

= PDM(r∗α)([η])

It follows that

λαMN = r∗α = α.

Here we have used that r is smoothly homotopic to the identity on M . This

completes the proof of Theorem E.18. 2
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Lemma E.19 Let M be an n-dimensional oriented manifold, possibly non-

compact and with boundary, k ≥ 0 be an integer, N ⊆ M be an oriented

(n− k)-dimensional submanifold without boundary that is closed as a subset,

and b ∈ Hk(M,R) be a singular homology class. Assume that there exists a

cycle c :=
∑

i λici that represents b such that

im(ci) ∩N = ∅. (E.53)

Then

〈dR(αN), b〉 = 0. (E.54)

Proof of Lemma E.19: By Proposition E.15 there exists a smooth (n−k)-
cycle c′ :=

∑
i λ

′
ic

′
i in the open subset M \N ⊆M that is homologous to c in

M \N . Hence c′ is homologous to c in M . By Proposition 6.25 (Localization

Principle) in the book [BT] there exists a representative ω ∈ Ωk(M) of αN
with support in an arbitrary small neighbourhood ofN . Since im(c′i)∩N = ∅,
we may choose a representative ω of αN with support in M \ ⋃i im(c′i). It

follows that c′i
∗ω = 0 and therefore

〈dR(αN), b〉 = 〈dR([ω]), b〉

=
∑

i

λ′i

∫

[0,1]n−k

c′
∗
iω = 0.

This proves Lemma E.19. 2
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ate Colloquium Zürich”, edited by A. Iozzi.



F Curriculum vitae

June 28, 1977 Born as son of Walter and Louise Ziltener-Keller, in Affoltern am Albis,

Switzerland.

1984 - 1997 Elementary, secondary and high school in Mels and Sargans, Switzerland.

“Matura Typus B” at the Kantonsschule Sargans. Military service.
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