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Abstract

Let (M,w) be a symplectic manifold, G be a compact connected
Lie group that acts on M in a Hamiltonian way, with moment map
1, and let P be a principal G-bundle over a Riemann surface 3. The
symplectic vortex equations are nonlinear first order partial differential
equations for a G-equivariant map u : P — M and a connection one
form A on P. This dissertation investigates these equations in the
case of the trivial bundle over the complex plane C. In this case they
become equations for a map (u, ®,¥) : C — M x gx g, where g denotes
the Lie algebra of G. Assume that the moment map u is proper and
that G acts freely on x~1(0). The main results are the following:

o Let w:= (u,®,¥) be a smooth finite energy solution of the vor-
tex equations on C such that the closure u(C) C M is compact.
Then the vertical differential of the vortex equations at a point
w, augmented by a gauge fixing operator, is a Fredholm opera-
tor between two suitable weighted Sobolev spaces of sections of

wTMdgdg.

e A bubbling result in the case that M is convex at oo and symplec-
tically aspherical. Let (wy) := ((uy, Py, ¥, ))ven be a sequence
of vortices ( i.e. solutions of the vortex equations) on C for which

u,(C) is compact. Assume that the energies of the vortices are
positive and uniformly bounded above. Then there exists a sub-
sequence of (w,) that converges to a new kind of stable map
consisting of vortices on C and pseudo-holomorphic spheres in
the symplectic quotient.

e Given a sequence (w,) of vortices that converges to some stable
map, the equivariant homology class is preserved in the limit.

e Construction of an evaluation map on the set of equivalence
classes of stable maps with finitely many marked points. This
evaluation map is continuous w.r.t. convergence of vortices against
a stable map.

Furthermore, 1 sketch a proof of an application stating that there
exists a vortex on C with positive and finite energy, provided that at
least one of the following conditions holds. 1. There exists a nonzero
second equivariant homology class for which the genus 0 symplectic
vortex invariants do not vanish. 2. Denoting by (M, @) the symplectic
quotient, there exists a class 0 # B € Ho(M,7Z) such that the 3-point
genus 0 Gromov-Witten invariants of (M,&w, B) do not vanish. As
an example, once the details of this applications are carried out, it
follows that for every positive integer n there exists a positive and
finite energy solution of the vortex equations on C, associated to the
diagonal action of S' on C". The application is based on the one
hand on the bubbling techniques developed in this dissertation. On



the other hand, it relies on an adiabatic limit argument for the vortex
equations, which has been carried out by R. Gaio and D. A. Salamon.

The main difficulty in stating and proving the Fredholm and bub-
bling results is that the domain of the considered maps is the whole
plane C. In the case of the Fredholm theorem one problem is to find
the right weights for the Sobolev spaces of sections of w*T'M $gdg —
C. Unlike the situation of a compact base manifold the definition of
these spaces is not canonical. Furthermore, the Kondrachov compact-
ness theorem does not hold on C. This means that the 0-th order
terms in the augmented vertical differential are not compact. On the
other hand in the case of the bubbling theorem the following problem
arises, since C has infinite measure. If (w,) is a sequence of vortices
on C with uniformly bounded energies, then in the limit v — oo, some
energy may escape to oo € CU {oo}.

This dissertation is part of a larger project, whose aim is to define
a ring homomorphism from the equivariant cohomology of M to the
quantum cohomology of the symplectic quotient, assuming that (M, w)
is symplectically aspherical. This homomorphism should be defined
by counting vortices on C.



Zusammenfassung

Sei (M,w) eine symplektische Mannigfaltigkeit, G eine kompakte
zusammenhangende Lie-Gruppe, die auf Hamiltonsche Weise auf M
operiere, mit Impuls-Abbildung u, und sei P ein G-Hauptfaserbiindel
iiber einer Riemannschen Fliache 3. Die symplektischen Vortex-Gleich-
ungen sind nichtlineare partielle Differential-Gleichungen erster Ord-
nung fiir eine G-dquivariante Abbildung u : P — M und eine Zusam-
menhangs-1-Form A auf P. Diese Doktorarbeit untersucht diese Gleich-
ungen im Fall des trivialen Biindels iiber der komplexen Ebene C. In
diesem Fall werden sie zu Gleichungen fiir eine Abbildung (u, ®, V) :
C — M x g x g, wobei g die Lie-Algebra von G bezeichnet. Wir
nehmen an, dass u eigentlich ist und G frei auf ~1(0) operiert. Die
Hauptresultate sind die folgenden:

e Sei w = (u,®, V) eine glatte Losung der Vortex-Gleichungen
mit endlicher Energie, so dass der Abschluss «(C) C M kompakt
ist. Dann ist das Differential der Vortex-Gleichungen am Punkt

w, erweitert um einen Kich-Fixierungs-Operator, ein Fredholm-
Operator zwischen geeigneten gewichteten Sobolev-Raumen von
Schnitten von v*TM & g @ g.

e Ein “Blasen”-Resultat im Fall, dass M konvex bei oo und sym-
plektisch asphérisch ist. Sei (w,) := ((uy, Py, ¥,))en eine Folge
von Vortizes (das heisst Losungen der Vortex-Gleichungen) auf
C, fiir welche u(C) kompakt ist. Wir nehmen an, dass die En-
ergien der Vortizes positiv und gleichméssig nach oben beschrankt
sind. Dann existiert eine Teilfolge von (w, ), die gegen eine neue
Art von stabiler Abbildung konvergiert. Diese besteht aus Vor-
tizes auf C und pseudo-holomorphen Sphéaren im symplektischen

Quotienten.

e Die dquivariante Homologie-Klasse jeder Folge (w, ) von Vortizes,
die gegen eine stabile Abbildung konvergiert, bleibt im Limes
erhalten.

e Konstruktion einer Auswertungs-Abbildung auf der Menge der
Aquivalenz-Klassen von stabilen Abbildungen mit endlich vielen
markierten Punkten. Diese Auswertungs-Abbildung ist stetig
beziiglich der Konvergenz von Vortizes gegen eine stabile Abbil-
dung.

Dariiber hinaus skizziere ich einen Beweis einer Anwendung, die
besagt, dass ein Vortex auf C mit positiver und endlicher Energie
existiert, falls mindestens eine der folgenden Bedingungen erfiillt ist.
1. Es gibt eine zweite dquivariante Homologie-Klasse ungleich 0, fiir
welche die symplektischen Vortex-Invarianten fiir das Geschlecht 0
nicht verschwinden. 2. Wenn wir den symplektischen Quotienten mit
(M,&) bezeichnen, dann existiert eine Klasse 0 # B € Hy(M,Z)



so, dass die Geschlecht-0-Gromov-Witten-Invarianten von (M, o, B)
nicht verschwinden. Als ein Beispiel folgt, sobald die Details dieser
Anwendung ausgefiihrt sind, dass es Vortizes auf C mit positiver und
endlicher Energie gibt, die zur diagonalen Operation von S' auf C"
gehoren. Die Anwendung beruht auf den “Blasen”-Techniken, die ich
in dieser Doktorarbeit entwickle, und auf einem Argument von R. Gaio
und D. A. Salamon {iiber einen adiabatischen Limes in den Vortex-
Gleichungen.

Die Hauptschwierigkeit in der Formulierung und im Beweis der
Fredholm- und “Blasen”-Resultate ist, dass der Definitions-Bereich
der betrachteten Abbildungen die ganze Ebene C ist. Im Fall des
Fredholm-Theorems ergibt sich unter anderem das Problem, die richti-
gen Gewichte fiir die Sobolev-Raume von Schnitten von w*T'M &
gD g — C zu finden. Anders als im Fall einer kompakten Basis-
Mannigfaltigkeit, ist die Definition dieser Raume nicht kanonisch. Uber-
dies gilt der Kondrachovsche Kompaktheitssatz auf C nicht. Das fiihrt
dazu, dass die Terme nullter Ordnung im erweiterten vertikalen Dif-
ferential nicht kompakt sind. Da C unendliches Mass hat, tritt auf
der anderen Seite im Fall des “Blasen”-Theorems das folgende Prob-
lem auf: Wenn (w,) eine Folge von Vortizes auf C mit gleichméssig
beschréinkten Energien ist, dann kann im Limes v — oo Energie nach
oo € CU{oo} entweichen.

Diese Doktorarbeit ist Teil eines grosseren Projektes, in dem es
darum geht, im symplektisch aspharischen Fall mittels Zahlen von
Vortizes auf C einen Ring-Homomorphismus von der aquivarianten
Kohomologie von M zur Quanten-Kohomologie des symplektischen
Quotienten zu konstruieren.



0 Introduction

0.1 Main results

Let (M,w) be a symplectic manifold (without boundary) and G be a compact
connected Lie group that acts on M in a Hamiltonian way. We denote by g
the Lie algebra of G and fix an inner product (.,.) on g that is invariant under
the adjoint action of G. We also fix an (equivariant) moment map p: M — g
and a smooth G-invariant w-compatible almost complex structure J on M.
The symplectic vortex equations on the complex plane are the equations for
a map (u,®,V): C— M x g x g given by

Osu + Xo(u) + J(u)(Ou + Xg(u)) = 0,
OV — 0, + [, V] + p(u) = 0.

Here we write an element of z € C as z = s + it. Furthermore, for every
r € M and £ € g the vector X¢(x) € T, M denotes the infinitesimal action
of £ at the point x. These equations were discovered, independently, on the
one hand by K. Cieliebak, R. Gaio and D. A. Salamon [CGS] and on the
other hand by I. Mundet i Riera [Mul], [Mu2]. They arise from the energy
functional £ : C*°(C, M x g x g) — [0, co] defined by

1
E(u, ®,0) = 5/(\asw)np(lb)\u|atu+xwlu(u)|2+
C
0,0 — 9, + [, U] + [u(u)P) ds dt (0.3)

as follows. We denote by M the set of all smooth solutions w := (u, @, V)
of the vortex equations on C (0.1), (0.2) (vortices) such that E(w) < oo and
the closure u(C) C M is compact. We impose the following hypothesis.

H1) G acts freely on p~*(0) and the moment map p is proper.
Y w u

It follows that every vortex w € M determines a second equivariant ho-
mology class [w|g € HS(M,Z). We fix a class B € HY(M,Z) and assume
that there exists a vortex w € M such that [w]g = B. Then the vortices
w € M such that [w]q = B are precisely the minimizers of E among all
smooth maps behaving suitably at co and representing B.

From now on, throughout this dissertation, unless otherwise men-
tioned, we assume that hypothesis (H1) is satisfied.

This hypothesis has the following consequences. That G acts freely on
p~(0) implies that 0 is a regular value of y and therefore p=1(0) C M is a
smooth submanifold of dimension dim M — dim G. Since G is compact, the
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action of G on p~1(0) is proper. It follows that the quotient M := p~1(0)/G
carries a canonical manifold structure of dimension dim M — 2dim G and a
canonical symplectic form @. That u is proper implies that p~!(0) and M
are compact.

The first main result is a Fredholm theorem. We use a complexified
notation. This makes the notation simpler and, more importantly, reveals a
symmetry in the augmented vertical differential of the vortex equations. Fix
a point x € M and consider the linearized action L, : g — T, M defined by
L.¢ := X¢(x). Denoting by g := g ®g C the complexified Lie algebra, the
map L, extends to a complex linear map LS : g¢ — T,M. The “complex
action bundle” is the complex subbundle imL® C T'M whose fibre over a
point z € M is the subspace imLS = imL, & JimL,. We denote by P
TM — imLC the (real) orthogonal projection to this subbundle, w.r.t. the
Riemannian metric g, ; := w(-, J-). Furthermore, we define

P:=P®id: TM ® g¢ — imLE & ¢°.

The Lie bracket [-,-] and the inner product (-, ) on g, and the Riemannian
metric g, ; on M extend uniquely to a complex linear Lie bracket [+, -] on g,
to a hermitian inner product {-,-)c on g€ and to a hermitian metric ¢¢ on
TM. We fix real numbers p > 2 and A > 1 — 2/p and a linear G-invariant
torsionfree connection V on M. We also fix a vortex w := (u, ®, V) € M.
We identify g® with the trivial bundle C x g© and fix a locally W'?-section
¢ :=(v,8) : C — w*TM @ g®. We denote by V,v and Vv the covariant
derivatives of v in the s- and t-direction, and define

Viw,B) = (Viv,078) := (Vi + V,Xe, 0,8+ [, f])
Vi, B) = (Vv,0'B):= (Vw+ V. Xy, 00+ [V, []).

We define the (possibly infinite) (p, A, w)-norm of ¢ := (v, 3) to be

112 = 1I¢lzmqey + [ (P T2 TEON X+ 1 P3| o e

where for each z € M the norm on T, M @ g is taken w.r.t. g, s and (-, -)c.
We define XP* to be the vector space

ocC

Xy = {C € WI(C.u'TM @ g°) | |[¢] 1 < oo}
with norm || - [|2}. Furthermore, we define the normed vector space

yzzl)))\ — {C e L} (C,u*TM & QC) } [[¢l[pa < OO}’

loc

where the norm
A
Sl pr == IS+ [ )2 ] rc)
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is taken w.r.t. g, s and (-,-)c. For every locally W'P-section (v,3) : C —
w*TM @ g© we denote

VI = (VS + IV, 0P8 = (97 —id))p.

We also abbreviate 0 u := dyu + Xg(u) and denote by (V.J) : TM &TM —
TM the map taking (v,w) € T,M x T, M to (V,J)w € T, M, for each point
x € M. For x € M we denote by (LS)* : T,M — g® the adjoint map of LS
w.r.t. (-,-)c and g¢. The vertical differential of the vortex equations at the
point w = (u, ® 4+ 1V), augmented by a gauge fixing operator, is the map

DPA —

w

oVEHY (7 N9y LC
(LS)" 2081

Note that DP is in some sense symmetrical in the two components (v, 3) of

) D XPA 5 PP (0.4)

its argument ¢ € XP*. The vortex w carries a Maslov index m(w) € Z, see
Definition 2.6. The first main result is the following.

Theorem 1 Assume that dim M > 2dim G. Then there exists a real number
po > 2 such that the following holds. Let 2 <p <py, 1 =2/p <A <1—=2/pg
and w = (u,®, V) € M be a vortex. Then the spaces XPA and VP are
complete. Furthermore, the operator D2« XPA — YPA s well-defined and
Fredholm of real index given by

indD?* = dim M — 2dim G + 2m(w).

The proof of Theorem 1 has two main ingredients. The first one is a
suitable complex trivialization of the bundle w*T'M @ g€. For |z| large this
trivialization respects the splitting T}y M = (imL%)* @ imLS(Z) of the tan-
gent space at wu(z) into the “horizontal” and “complex action” parts. It
induces an isomorphism of normed vector spaces from X?* to some weighted
Sobolev space on C, and similarly for Y»*. The proof of this relies on a
Hardy-type inequality. Since the weighted Sobolev spaces are complete, the
same holds for X?* and Y»*. The second ingredient of the proof of Theo-
rem 1 are two propositions stating that the d;-operator and a related matrix
differential operator are Fredholm maps between suitable weighted Sobolev
spaces.

We come now to the next result, the bubbling theorem. We fix real
numbers p > 2 and E > 0 and define M3 to be the set of solutions w =
(u,®, W) € W,"P(C, M x gxg) of the vortex equations (0.1), (0.2) with energy

loc

E(w) = E such that u(C) is compact. We endow M ¥ with the compact open
topology. The gauge group G*>? := W2P(C,G) acts on W,'P(C, M x g x g)
by

g (u, @, V) := (g7 u, g~ (Pg + 059), 9~ (Vg + O,9)). (0.5)
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. . . . 1,
This action restricts to an action on Mz".

Question Is the set Mg := M}E’p /G*P endowed with the quotient topology
compact?

In general, the answer to this question is no. Let for example M be the
sphere S? = C U {oo}, w be the standard volume form on S? J := i, and
G := {1} be the trivial Lie group. Consider the sequence of holomorphic
maps u, : C — S? defined by u,(z) := 2z + v, and let w, := (u,,0,0). Then
w, € /K/lv}lf for every v, and the sequence (w,) converges to the constant
map w = (00,0,0) € S? x {0} x {0}, uniformly on every compact subset
of C. However, w ¢ M}l’f, since E(w) = 0. So in the limit v — oo,
all the energy of the sequence w, escapes to the point oo € S? = C U
{oo}. Tt follows that ML? = ML? is noncompact. The bubbling theorem
remedies this noncompactness, by allowing for some new kind of limit object,
namely a stable map of vortices on C and J-holomorphic maps from S? to the
symplectic quotient M := 1 ~1(0)/G. Here the w-compatible almost complex
structure J on M is induced by the almost complex structure J. Such a
stable map is a tuple

(Ta ‘/7 E7 (uom (I)on \I/oz)ae\/a (ﬂa)ae’fv (Zozﬁ)aEﬁa (Oéi, Zi)izO,...,k—l)a

where T and V are finite sets, E is a tree relation on the disjoint union
T :=TUV, wy = (ta, P, ¥,) € WP(C,M x g x g) is a finite energy
vortex such that u,(C) is compact, for every a € V, i, : S — M is a
J-holomorphic map, for every a € T, 2,5 € S? = C U {oo} is a nodal point,
for adjacent o and 3 € T and the pair (o, z;) € T x S is a marked point, for

every i = 0,...,k — 1. Every component o € V' (corresponding to a vortex)
is a leaf of the tree T'= T LUV . For each two adjacent components a and 3 of
T the maps w, (or u,) and ws (or ug) are connected at the nodal points z,g
and zg,. If @ € V, corresponding to a vortex, and 3 € T is a component ad-
jacent to «, then 8 € T, corresponding to a sphere, and 2,4 equals the point
0o € S 2 CU{co}. The special ( i.e. marked or nodal) points lying on a
fixed component o € T" are all distinct. Furthermore, the stability condition
says that every component « of the tree T' for which E(w,) = 0, carries at
least three special points. The notion of a stable map of vortices on C and
J-holomorphic spheres in M is modelled on the notion of a genus 0 stable
map of pseudo-holomorphic spheres, as introduced by M. Kontsevich in [Ko].
In order to state the bubbling theorem, we impose the following hypotheses.

(H2) (Convexity at oco) There exists a proper G-invariant function f :
M — [0,00) and a constant ¢ > 0 such that

f(z) > c= w(V,Vf(z), Jv) —w(V,Vf(zx),v) >0 (0.6)
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for every nonzero vector v € T, M and

f(x) > c = df (x) J X yz)(z) > 0. (0.7)

This hypothesis implies that there exists a compact subset Kqg C M such
that the following holds. If (u, ®,¥) € W,5P(C, M x g x g) is a finite energy
vortex such that u(C) is compact then u(C) C K, (see Proposition D.6(B)).

(H3) (M symplectically aspherical)

/ vV’w =0
SQ

for every smooth map v : S — M.

The bubbling theorem includes also the case of marked points. Note that
for some technical reason we add the marked point 2§ := oo to each member
of the sequence of vortices (w,).

Theorem 2 (Bubbling) Assume that the hypotheses (H2), (H3) (and (H1))
hold. Let w¥ = (u”,®", W) € Wi’f(@, M x g x g) be a sequence of positive
energy solutions of the vortex equations (0.1), (0.2) such that u*(C) is com-
pact for every v, let k > 0 be an integer, and let 27, ...,z € C be sequences

of points. Assume that

sup E(w") < o0

veN
and that
limsup |z — 2| > 0,
V00
for i # j. Then there exists a subsequence of (w", z§ = 00, 2Y,...,2;) that

converges to some stable map of vortices on C and J-holomorphic maps from
S? to M with k + 1 marked points.

This Theorem generalizes the Gromov compactness theorem, which cor-
responds to the case G := {1}. Its intuitive meaning is that the space of
(equivalence classes of) stable maps (of vortices on C and J-holomorphic
spheres in M) compactifies the space of vortices on C. An important feature
of convergence of a sequence of vortices w, against a stable map is that the
limit of the energies F(w,) exists and equals the sum of the energies of the
components of the stable map.

To understand why the limit object should consist of vortices on C and
J-holomorphic spheres, we fix a sequence (w,) of vortices on C. Furthermore,
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we fix a sequence of positive numbers R, and points z, € C, and consider
the rescaled sequence

(U, ®,,¥,) = (uy, R,®,, RV, (R, -+2,) :C— M xgxg.

Then w, solves the first vortex equation (0.1) and a modified version of the
second vortex equation, namely

0,0, — 0,0, + [®,,V,] + R2puot, = 0. (0.8)

By passing to some subsequence, we may assume w.l.o.g. that R, converges
to some value Ry € [0, 00]. There are three cases.

Case Ry = 0. Then from looking at (0.1) and (0.8), we may expect
that in the limit v — oo we get a solution (u,®, W) of (0.1) such that
0¥ — 0;® + [P, V] = 0. By gauge transforming this solution we may as-
sume w.lo.g. that (®,¥) =0, so u : C — M is a J-holomorphic map.
By removal of singularities it extends to a J-holomorphic sphere in M. The
hypothesis (H3) that (M, w) is symplectically aspherical implies that u is
constant.

Case 0 < Ry < co. In the limit we get a solution of (0.1) and of
OV — O + [®, U] + Rippou = 0.
By rescaling we get a vortex.

Case Ry = oo. Rewriting (0.8) as
R;2(8,0, — 0, + [®,,W,]) + po i, =0,

in the limit we expect to get a solution of (0.1) such that pou = 0. It follows

that the map Gu : C — M := p~1(0)/G is J-holomorphic, and by removal

of singularities it extends to a J-holomorphic sphere in M.

The proof of Theorem 2 combines Gromov compactness for pseudo-holomorphic

spheres with Uhlenbeck compactness. It involves versions for vortices on C

of all the ingredients of the proof of Gromov compactness for pseudoholo-
morphic spheres: quantization of energy, an a priori Lemma, compactness
modulo bubbling, compactness with bounded energy density, hard rescaling,

soft rescaling, an annulus lemma.

The next result guarantees that for a sequence w, of vortices on C con-
verging to a stable map, in the limit ¥ — oo not only the energy but even
the equivariant homology class is preserved.
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Proposition 3 (Conservation of homology class) Assume that (H2)
holds. Let w¥ := (u”,®", W) be a sequence of finite energy solutions of
(0.1), (0.2) such that u*(C) is compact, and let 2V, ..., z; € C be sequences
of points. Assume that (w”,zf := oo, 2y,...,2;) converges to some stable
map (w,Q,z). Then for large enough v the equivariant homology class of w”
equals the equivariant homology class of (w,,z).

The following Proposition states that for every positive integer there is
a continuous evaluation map from the set M, of equivalence classes of sta-
ble maps with k& marked points to ((M x EG)/G)*. Here EG denotes a
contractible topological space on which G acts continuously and freely. We
denote by 7 : Mg := (M x EG)/G — M/G the canonical projection to
the topological space M /G, and write Gz € M /G for the orbit of any point
x e M.

Proposition 4 (Existence of a continuous evaluation map) Assume
that hypothesis (H2) (Convezxity at co) is satisfied. Then for every k € N
there exists a map ev : My, — Mg with the following properties.

(i) (Evaluation) For every equivalence class of stable maps

[w, 0,2 =
[Ta ‘/7 E7 (uom (I)on \I/oz)ae\/a (ﬂa)ae’fv (Zozﬁ)aEﬁa (Oéi, Zi)i:O,...,k—l] S Mk‘

and every index i € {0,...,k — 1} we have

m(ev'([w,1,2])) = Gug,(2) € M/G.

(i) (Continuity) Let (w”, 2§, ..., 2z;_) be a sequence of vortices on C and
marked points that converges to some stable map (w,Q,z) of vortices
on C and pseudoholomorphic spheres in M. Then

ev([w”, zg, ..., z_1]) — ev(|w,q, z]).

We come now to the application. There always exist solutions of the
symplectic vortex equations on C, (0.1), (0.2), namely the constant solu-
tions (u, @, V) := (z0,0,0), where 25 € = '(0) is a point, and the solutions
gauge equivalent to the constant solutions. These solutions have zero energy.
Solutions with finite and positive energy are known to exist in the case of
linear actions of the torus G := T™ on M := C", see the books [Ya] by Y.
Yang, and [JT] by A. Jaffe and C. Taubes for the case n = 1. The following
conjecture gives sufficient criteria for existence of finite and positive energy
vortices in the general setting. Assume that the symplectic quotient (M, @)
is semipositive. Then for every integer k£ > 0 and every spherical homology
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class B € Hy(M,Z) the genus 0 Gromov-Witten invariants of (M, ) with k
fixed marked points are well-defined, see for example the book [MS3] by D.
McDuff and D. A. Salamon. They are given by a k-linear map

GW,'2: H* (M)* — Z,

where H*(M) denotes the quotient of H*(M,Z) over its torsion subgroup.
Furthermore, under the hypotheses (H1), (H2) and (H3) for every equivariant
homology class B € H$ (M,7Z) the genus 0 symplectic vortex invariants of
(M, w, u, B) are well-defined. They are given by a linear map

B HE(M) - @
see the paper by K. Cieliebak et al. [CGMS].

Conjecture 5 (Existence of vortices on C with positive energy) As-
sume that the hypotheses (H1), (H2) and (H3) are satisfied, that the sym-
plectic quotient (M ,) is semipositive, and that J is reqular. If at least one
of the following conditions is satisfied, then there exists a vortex on C with
positive energy.

(i) There exists an equivariant homology class 0 # B € HS(M,7Z) such
that
DY £ () (0.9)

and the following condition holds. If there exists a spherical homology
class B € Hy(M,Z) with k B = B then B is not a nontrivial multiple of
a homology class with first Chern number 0, and every J-holomorphic
sphere representing B is simple. Here r_ : H,(M,Z) — H,(Mg,7Z)
denotes the Kirwan homomorphism.

(ii) There exists a homology class 0 # B € Ho(M,Z) that is not a nontrivial
multiple of a homology class with first Chern number 0, such that
GWALE £

,B

and every J-holomorphic map u : S* — M that represents B is simple.

As an example, if the conjecture is true, then there exists a finite and
positive energy vortex on C for the diagonal action of S' on C", for every
integer n > 1. (As mentioned above, in the case n = 1 this is already known.)
The idea to prove the conjecture is to use the bubbling techniques developed
in this dissertation and the adiabatic limit analysis of R. Gaio and D. A.
Salamon [GS], see section 7. No other techniques are needed, in particular
no transversality result for vortices on C.
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0.2 Relation with other work and motivation for the
results

The bubbling phenomenon was discovered by J. Sacks and K. Uhlenbeck
in [SUJ in the context of minimal surfaces. Later, Gromov [Gr] realized its
meaning for symplectic geometry.

Let (X,7) be a Riemann surface, dvol be a volume form on ¥ that is
compatible with 7 and P be a principal G-bundle over 3. Then the symplectic
vortex equations on P (see the paper [CGS]) are the equations for a pair
(u, A), where u : P — M is a G-invariant map and A is a connection 1-form
on P:

dyalu) = 0, (0.10)
*Fp+pou = 0. (0.11)

Here 0 4(u) denotes the complex antilinear part of dsu := du+ X (u), which
we think of as a one form on ¥ with values in the complex vector bundle
uwTM/G — 3. Furthermore, we view the curvature Fy of A as a 2-form
on Y with values in the adjoint bundle gp := (P x g)/G and we view g o u
as a map from X to gp. Moreover, * denotes the Hodge-*-operator w.r.t.
the Riemann metric dvol(-, j-) on ¥. The symplectic vortex equations on C,
(0.1), (0.2) correspond to the case ¥ := C, j := i, dvol := ds A dt and the
trivial principal G-bundle P := C x G.

Under hypothesis (H1), (H2) and (H3), for a general principal G-bundle P
over a compact Riemann surface 3, K. Cieliebak, R. Gaio, I. Mundet i Riera
and D. A. Salamon proved in [CGMS] that the space of gauge equivalence
classes of vortices on P is compact. Furthermore, without the assumption
of symplectic asphericity (H3), in the case G := S and P being a principal
Sl-bundle over a compact Riemann surface, I. Mundet i Riera and G. Tian
compactified the space of gauge equivalence classes of vortices on P in the
dissertation [Mul] and the papers [Mu2] and [MT].

Furthermore, in the case of a compact Riemann surface 3, in [CGMS] K.
Cieliebak et al. proved that the augmented vertical differential of the vortex
equations is Fredholm. I would also like to mention work related to this
dissertation by S. Bradlow [Br], O. Garcia-Prada [G-P] and U. Frauenfelder
[Frl], [Fr2], [Fr3], [Fr4]. In the article [Fr3], U. Frauenfelder gives a new
proof for existence of finite and positive energy vortices on the cylinder. His
approach is based on Floer theoretical methods.

The main motivation for the results presented above is Conjecture 6 be-
low. It states that there is a ring homomorphism from the equivariant co-
homology of M H¢(M) to the quantum cohomology of (M, w) with coef-
ficients in the equivariant Novikov ring. This homomorphism should inter-
twine the genus 0 symplectic vortex invariants of (M, w, p) with the genus 0
Gromov-Witten invariants of (M,&). Under some rather strong additional
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hypotheses, R. Gaio and D. A. Salamon proved that there is a ring homo-
morphism from HE (M) to the quantum cohomology with coefficients in the
usual Novikov ring, see the dissertation [Ga] and the paper [GS].

The equivariant Novikov ring AS is defined as follows. As a set, it consists
of all maps A\ : Hy(Mg) := Hy(Mg,Z)/torsion — Z such that for every real
number c the set

{B € Hy(M) | A(B) #0. ([v — pl°. B) < c}

is finite. Here [w — pu]% € HE(M) is the equivariant cohomology class of
w — p, see the paper by Cieliebak et al. [CGS]. We define addition in AY
in the usual way and multiplication to be convolution. This means that for
each two elements \, v € AS we set

Av(B):= Z NBw(B - B,

B/EHQ(MG)

for every homology class B € Hy(Mcg). In the case of the trivial Lie group
G = {1} the equivariant Novikov ring is the usual Novikov ring A,,, which
consists of all maps B : Hy(M) — Z such that for every real number ¢ the
set

{B € Hy(M)|X(B) #0, ([v], B) < c}

is finite. In the general case, since the Kirwan homomorphism _: H,(M) —
HS(M) is injective (see the book by F. Kirwan [Ki]), there is an injective
ring homomorphism

Ay — A8, X\,
where )\ : H$ (M) — 7Z is defined by

[ XB), ifkB=B5B,
AB) = { 0, if B ¢im(k).

Therefore, we can view AS as an extension of A,. We define the quantum
cohomology ring of (M, &) with coefficients in A to be the tensor product

QH*(M,w,AS) :== H*(M) ®z AZ,
with multiplication
% QH* (M, w0, AS) x QH* (M, w0, AS) — QH*(M,, A%)

defined to be the AS-bilinear extension of the quantum cup product on or-
dinary cohomology classes in H*(M). (For this see the book by D. McDuff
and D. A. Salamon [MS3].) The ring QH*(M,&,AS) is a AS-module and a
Ag-module. The quantum cohomology ring of (M, @) with coefficients in the

usual Novikov ring Ay can be regarded as a Ag-submodule of QH* (M, @, AS).
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For each nonnegative integer k and equivariant homology class B € Hy(Mg)
the genus 0 Gromov-Witten invariants of (M, &) with & fixed marked points
can naturally be extended to a Z-multi-linear map

GW + (QH* (M, 2, AS))* — Z.
We denote by —: HE(M) x HE(M) — HE(M) the cup product.

Conjecture 6 Assume that the hypotheses (H1), (H2) and (H3) are satisfied
and that the symplectic quotient (M, ©) is semipositive. Then there exists a
ring homomorphism

T2 (Ha(M)’v) - (QH*(M,(D,AS’),*),

such that for every nonnegative integer k, every equivariant homology class

B € Hy(Mg) and every k-tuple of equivariant cohomology classes ay, ..., oy €
HE (M) we have

GWY (o(aq), -+, play)) = O o — L= ). (0.12)

Assuming that the hypotheses (H2) and (H3) (and (H1)) hold, that the
action of G on M is monotone (hypothesis (H3) in the paper [GS]) and
that H*(Mcg) is generated by classes of degree less than twice the minimal
Maslov number, R. Gaio and D. A. Salamon [Ga, GS] have defined a ring
homomorphism from H¢,(M) to the quantum cohomomology of (M, w) with
coefficients in the usual Novikov ring. Their additional assumptions are how-
ever rather strong. Monotonicity of the action for example implies that the
symplectic quotient is monotone. In their proof, Gaio and Salamon use an
adiabatic limit argument. This method fails in the more general situation
that is considered here.

The idea for the proof of Conjecture 6 is more geometric. It is to define
the map ¢ by counting solutions of the vortex equations on C. Note that
in general, we have to use the equivariant Novikov ring AS instead of the
usual Novikov ring of the symplectic quotient. Otherwise, the map ¢ whose
construction is indicated below, will not be a ring homomorphism.

The definition of the map ¢ of Conjecture 6 is based on the symplectic
vortex equations on C, (0.1), (0.2). Let B € HS(M) be an equivariant
homology class. We denote by Mp the set of gauge equivalence classes
of vortices that represent B, see section 5. There is an evaluation map at

infinity, &v : Mp — M = u~(0)/G defined by
&v([u, ®,¥]) := lim Gu(r) € u*(0)/G € M/G.

r—00

The idea is to define

ola) = Z@B(a,éi)éfeB = Z (/ evy o — W*él-) ereb. (0.13)
i,B Mp

i,B
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Here é;, i = 1,...,N and &}, i = 1,..., N are bases of H*(M) dual to
each other, in the sense that

- —x
/ €; ~— €j :51]
M

For integral classes o € HY(M,Z) and 3 € H*(M,Z) the idea is that
¢p(a, B) equals the number of gauge equivalence classes of vortices [w] € Mp
such that w “passes through” X at the point 0 € C and through Y at oo,
where X C Mg is a “closed oriented submanifold Poincaré dual to «” and
Y C M is a closed oriented submanifold Poincaré dual to 3. (To make this
statement precise we have to replace the contractible topological space EG on
which G acts continuously and freely by a finite dimensional approximation
EG C EG and M by a compact submanifold with boundary M’ C M)

The idea of proof that ¢ is a ring homomorphism, is the following. Let
B € HS(M,Z), ay, a0 € H;(M,Z) and @ € H,(M,Z). One has to prove
that

(pBlan — @), @) = ((p(en) * p(a2)), @). (0.14)

Consider the sequences of points 2 := —v, 2§ := v € C and consider a
sequence w, of vortices on C, representing B and passing through “submani-
folds” X1, Xy C Mg at 2¥, 25 and through a submanifold X C M at oo, where
X1, X, are “Poincaré dual” to aq, ap and X represents a. In the transversal
case, it follows from Theorem 2 (Bubbling) that in the limit v — oo we get a
stable map consisting of two vortices on C and a pseudo-holomorphic sphere
in M, such that certain conditions hold. The number of such stable maps
equals the right hand side of (0.14). By the gluing argument described below
this number should equal the number of vortices representing B and passing
through X, X5, X at —1,1 and oo.

On the other hand, consider the sequences z}’ := —%, 2l = % and a
sequence w, of vortices representing B and passing through X, X, and X
at 27,z and oo respectively. In the limit v — oo, in the transversal case,
we get a single vortex on C passing through X; N X, at 0 and X at oo.
The number of such vortices equals the left hand side of (0.14). By a gluing
argument this number should equal the number of vortices representing B
and passing through X, X, X at —1, 1 and oo. Together with the argument
above this would conclude the proof of (0.14).

In order to make sense of the formula (0.13), one has to prove that the
maps evy and v are pseudo-cycles, as defined in the book [MS3]. This in-
volves the bubbling theorem 2, the conservation of the equivariant homology
class (Proposition 3) existence of a continuous evaluation map (Proposition
4) and the Fredholm theorem 1. It remains to prove transversality for vor-
tices on C and for the edge evaluation maps for collections of vortices on C
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and J-holomorphic spheres. In order to show that the map ¢ intertwines the
cup product with the quantum product, in addition, one has to prove the
following gluing result. If % : S? = C U {oo} — M is a pseudo-holomorphic
sphere and w; and wy are two vortices on C such that ev(w;) = u(1) and
ev(wy) = u(2), then u, wy and wy can be glued together to a new vor-
tex on C that represents the sum of the homology classes of u, w; and ws.
The proof of the gluing theorem will be similar to the gluing theorem for
pseudo-holomorphic spheres in [MS2, MS3]. Finally, in order to prove that
¢ intertwines @,ﬁ{g’ # and GW%’;, one has to prove a bubbling result similar
to theorem 2. It says that given a sequence (u,, A,) of vortices on a prin-
cipal G-bundle P over S? with volume form \,dvol, where dvol is a fixed
volume form on S?, and the numbers )\, > 0 converge to oo, there exists a
subsequence of (u,, A,) that converges in a suitable sense to a stable map
of vortices on C and pseudo-holomorphic spheres in M. The techniques for
the proof of this are all developed in this dissertation. Moreover, one has
to prove that a J-holomorphic sphere % and k vortices wy, ..., wy, on C can
be glued together to a vortex (u, A) on a principal G-bundle P over S? with
volume form Advol, for a large number A > 0.

Instead of establishing transversality, one could also try to use abstract
perturbation theory, as developed by F. Fukaya and K. Ono [FO], H. Hofer,
K. Wysocki, E. Zehnder [HWZ] and others.

0.3 Organization of the dissertation

Section 1 briefly reviews some standard definitions from symplectic geometry
that are used throughout this dissertation. It also contains some background
information about the symplectic vortex equations on C and about trees.
Trees are the underlying structures of stable maps. Theorem 1 (Fredholm)
is proved in section 2 (Corollary 2.9). In section 3 I introduce the notion
of a stable map of vortices on C and of pseudo-holomorphic spheres in the
quotient. Section 4 contains the proof of the Bubbling theorem 2 (see Theo-
rem 4.1), section 5 contains the proof of Proposition 3 (Conservation of the
equivariant homology class, see Proposition 5.4), and section 6 the proof of
Proposition 4 (Existence of a continuous evaluation map, see Proposition
6.1). The application is explained in section 7 (Conjecture 7.1).



1 Preliminaries

1.1 Symplectic manifolds and symplectic quotients

In this subsection we recall some classical concepts referring to the books by

D. McDuff and D. A. Salamon [MS1] and by F. Scheck [Sch] for details.

A symplectic structure on a manifold M is a 2-form w € Q*(M) that is
closed, i.e. dw = 0, and nondegenerate, i.e. for every point x € M and
every vector 0 # v € T, M there is a vector w € T, M such that w(v,w) # 0.
As an example, consider the manifold M := R?" with the standard symplectic
form wy defined as follows. For every point z € R?" and each two vectors
(E8my, . €% ), (€7, €)L)€ TLR? we define

n

WO((gla M- 7§n7 nn)a (5/17 nia s 7€/n7 77;1)) = ZSZT/ZI - 5/1772 (]']')

i=1
Symplectic structures originated from mechanics. There the configuration
space of a system (for example of a particle) is a manifold L, the phase space
is the cotangent bundle M := T*L and there is a canonical symplectic form
Wean = —dAean € Q2(T*L), where Aean = pdq is the Liouville form. The
dimension of every symplectic manifold is an even integer.
An action p : G x M — M of a Lie group G on a manifold M is a smooth
map satisfying

p(id,ZL‘) =T, p(gh,x) = p(g,p(h, l‘))

for every g,h € G and x € M. Given an action of G on M then for every
fixed g € G the map

pg: M — M, py(x) = p(g,z)

is a diffeomorphism. For every element g € G, every point x € M and every
vector v € T, M we abbreviate

gr = plg,x) € M,
gu = dpy(x)v.
The action of G on M is called proper iff the map
GxM—MxM, (g,2)— (x,92)

is proper, in the sense that the preimage of each compact subset of M x M is
compact. We denote by g the Lie algebra of G and for each £ € g we define
the vector field X, by

Xe(z) = — . exp(té)z.
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We choose an inner product (-,-) on g that is invariant under the adjoint
action of G, i.e.

(9€9™ " gng™") = (&)
for every £,n € g and g € G.

Assume now that M is equipped with a symplectic structure w € Q*(M).
The action of G on M is said to be Hamiltonian, iff there exists a smooth
map u : M — g such that the following conditions are satisfied. The map u
is equivariant, i.e.

p(gz) = gu(x)g™,

for every g € G, x € M. Furthermore, u generates the action, i.e.

{dp(z)v, &) = w(Xe(x), v),

for every x € M, v € T,M and £ € g.

Such a map p is called a moment map for the action of G on M. We
assume that a moment map g exists. Since pu is equivariant, for every point
x € p~0) and every g € G the point gz lies again in x~1(0). Therefore,
the action of G on M restricts to an action of G on p~!(0). We denote the
quotient by

M :=p~(0)/G

and the canonical projection to the quotient by 7 : u~1(0) — M. We assume
that this restricted action is free, i.e. if gr = x then g = id, for every g € G,
x € p~1(0). We also assume that G acts properly on =%, This condition
is satisfied if G is compact. It follows that the quotient M is a manifold
and carries the symplectic structure @ € Q2(M) defined as follows. Given
a point Z € M and vectors v, w € Tz M, we choose an arbitrary point x in
the G-orbit 7 C ~1(0) and two arbitrary vectors v, w € T,u~1(0) such that
dr(x)v = v, dr(x)w = w and define

w(v,w) = w(v,w). (1.2)

This definition does not depend on the choice of the point = in the orbit z
and of the vectors v, w € T, 1(0). The pair (M, o) is called the symplectic
quotient or the Marsden-Weinstein quotient of the action of G on M. In
mechanics, the action of G on M plays the role of a symmetry of the system
and going to the symplectic quotient corresponds to the reduction of the
number of degrees of the system.

1.2 Almost complex structures and pseudo-holomorphic
spheres

A good reference for this subsection is the recent book by D. McDuff and D.
A. Salamon [MS3].
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For every manifold M an endomorphism of the tangent bundle T'M is a
smooth map J : TM — T'M such that for every x € M there is a linear
map J, : T,M — T,M such that J(z,v) = (z,J,v). An almost complex
structure on M is an endomorphism J : TM — T M such that J? = —id. As
an example, the standard complex structure J :=i on M := S? is given by

W=z X,

for x € S?2 C R3 and v € T,,5?, where x : R? x R3 — R? denotes the vector
product. We fix a manifold M and an almost complex structure J on M
and Riemann surface (X, j), i.e. a real two dimensional manifold ¥ and an
almost complex structure j on Y. Since the real dimension of X is two, the
structure j is integrable, i.e. it arises from a holomorphic atlas of charts
on Y. A smooth map u : ¥ — M is called J-holomorphic iff it solves the
Cauchy-Riemann equations

du(z)j = Jdu(z) : T.X — T,)M, (1.3)

for every z € 3. An almost complex structure J on a symplectic manifold
(M,w) is called w-compatible iff g, ; = w(-,J-) : TM x TM — Ris a
Riemannian metric. Furthermore, if M is a manifold, G is a Lie group, and
p:Gx M — M is a smooth action then J is called invariant under p iff

dpy(x)Jv = Jdpg(z)v,

for every x € M, v e T, M, g € G.

1.3 The symplectic vortex equations

Let (M,w) be a symplectic manifold, G be a compact connected Lie group,
p: Gx M — M be a Hamiltonian action and J be an w-compatible G-
invariant almost complex structure on M. There is always such a structure,
see the book by D. McDuff and D. A. Salamon [MS1]. We fix a number p > 2.
The symplectic vortex equations on C are the system of first order nonlinear
partial differential equations for a triple (u, ®, V) € VVli’f(C, M x gxg) given
by

Osu + Xo(u) + J(u)(Ou + Xg(u)) = 0,
OV — 0P + [®, V] + pu(u) = 0,

where we write an element of 2 € C as z = s + 1t. These equations were
discovered, independently, by K. Cieliebak, R. Gaio and D. A. Salamon
[CGS] and I. Mundet i Riera [Mul], [Mu2]. For the case M := C" and

G a closed subgroup of U(n), they were already known in physics as gauged
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sigma models, starting with the work of E. Witten [Wi]. Before that, in
the case G := S! C C acting on M := C by multiplication, the equations
were introduced by V. L. Ginzburg and L. D. Landau in [GL] as a model
for superconductivity. Note that in the case that G := {1} is the trivial Lie
group, the vortex equations are equivalent to the Cauchy-Riemann equations
given by (1.3). Besides this, other important equations such as anti-self-dual
Yang-Mills instantons, Bradlow pairs and the Seiberg-Witten equations are
special cases of the symplectic vortex equations, see [CGS].

Consider the set G*P = W27 (C,G) of gauge transformations. It is a

loc
group, with neutral element the constant map 1 : C — G. There is an action

G>P(C,G) x WHP(C, M x g x g) — W-P(C, M x g x g),

loc loc

(g;u, @, 0) — g*(u, ®, V) := (¢, g (Pg + 059), 9 (¥g + brg)). (1.6)

Equations (1.4), (1.5) are invariant under this action, i.e. if (u,®, V) €
WLP(C, M x g x g) solves (1.4), (1.5) and g € G*>” is a gauge transformation
then ¢*(u,®,¥) also solves (1.4), (1.5). The solutions of (1.4), (1.5) with
zero energy are precisely the maps g*(wy, 0,0), where zq € ~1(0) is a point
and g € G*P is a gauge transformation, see Lemma D.14. In the case of
G := T" acting on M := C" linearly and diagonally, there exist solutions of
(1.4) and (1.5) on C with finite positive energy, and they can be classified
up to gauge equivalence. This follows from Theorem 4.1.1. in the book by
Y. Yang, and in the case n := 1 from Theorem 1.1 in the book by A. Jaffe
and C. Taubes. Furthermore, for S acting on C by multiplication, in the
article [Fr3] U. Frauenfelder gives a new proof that vortices on the cylinder
with positive and finite energy exist. These vortices lift to vortices C of
positive and infinite energy. Another existence result is sketched in section 7
of this dissertation. The approach in this article is based on Floer theoretical
methods.
We define the energy functional E : W,'P(C, M x g x g) — [0, 00] by

ocC

1
E(u,®,0) — 5/(\asw)np(u)\u|atu+xwlu(u)|2+
C
0,0 — 9, @ + [@, U]|* + |u(u)|?) dsdt. (1.7)

It is invariant under the action of the gauge group G*” on VV&’?(C, M xgxg).
Assume that g : M — g is proper, i.e. the preimage u '(K) C M is
compact, for every compact subset K C g. Suppose also that G acts freely
on p~'(0). Then the equations (1.4),(1.5) arise from E given by (1.7) in the
following way. We choose a contractible topological space EG on which G
acts continuously and freely. Such a space always exists, see for example
the book by V. W. Guillemin and S. Sternberg [GSt]. Let w := (u, ®, V) €
WLP(C, M x g x g) be a solution of (1.4),(1.5) with finite energy E(w) such

loc

that u(C) is compact. By Lemma 5.2 there exists a continuous map f : S? =
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CU{o0} — (M x EG)/G for which a continuous map e : C — EG exists
such that
f() = [u(),e(s),  VzeC.

We define the equivariant homology class [w|g € Ha(Mg, Z) to be the push-
forward of the fundamental class [S?] under f. Again by Lemma 5.2 this
definition does not depend on the choice of f. Furthermore, the class [w]g
depends only on the gauge equivalence class of w. Fix a second homology

class B € Ho((M x EG)/G,Z). We denote by /T/l};p the set of all solu-

tions w = (u,®, W) € W2P(C,M x g x g) of (1.4), (1.5) such that u(C)

loc
is compact and [w]g = B. If Mp is nonempty than it can be character-

ized as the set of global minimizers of the functional F among all maps
w = (u,®, V) € W,-P(C, M x g x g) for which there exists a number § > 0
such that

sup ey (2)]2] 7270 < 0.
z€C\ By

This follows from the proof of the energy identity, Proposition 3.1 in the paper
by K. Cieliebak, R. Gaio and D. A. Salamon [CGS], and from Proposition
D.6(C).

1.4 Trees

Let T be a finite set. A tree relation on 7' is a subset £ C T x T with the
following properties.

(i) (Symmetry) If (o, 3) € E then (8,a) € E.
(ii) (Antireflexivity) If (o, 5) € E then o # §3.

(iii) (No cycles) If m > 2 and «, ..., q,, € T are such that (a;, ;1) € E
fori=0,...,m—1and a;;0 # «; for i =0,...,m — 2 then ag # a,.

(iv) (Connectedness) For each two distinct elements a, 3 € T there are
a natural number m and elements ay,...,a,,_1 € T such that setting
ap := « and «a,, := [ we have (o, ;1) € Efori=0,...,m— 1.

An element of T is called a vertex and each pair (o, 3) € E is called an ori-
ented edge. Furthermore, the set {(«, ), (8,a)} C E is called an unoriented
edge. Let T :={0,...,m}. An example of a tree relation on T is

Ey={(G,i+1)]i=1,....m—1}U{(i+1,0)|i=1,...,m—1}.
Another example is

By ={(0,d)]i=1,...,m}U{@0)]i=1,...,m}.
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We can represent a tree (T, E) graphically by drawing a point z, on the
plane for each vertex o € T and the straight line segment from z, to 3 for
each pair (a,3) € E. The tree ({0,...,m}, Ey) corresponds to a “flower”
whose center corresponds to the vertex 0 € T.

Let F be a tree relation on 7. We write aE'3 for the statement (a, §) € £
and say that a and 3 are adjacent iff this holds. For «, 3 € T we define the
(oriented) chain of edges running from « to 3 to be

[aa/g] = (040, ag, ... aam)a
where a; € T, 1 =0, ..., m are the unique vertices such that g = o, o, = 8
and o;_1Fa; fori=1,...,m.

Assume now that a3 and consider the forest obtained from 7" by deleting
the edge {(a, 3), (8, a)}. We define the subtree 7,5 C T' to be the connected
component of this forest containing the vertex (.

A vertex a € T is called an leaf of T iff there is at most one vertex § € T
such that aFEj3.

Let (T,FE) and (T", E’) be trees and f : T'— T’ be a map. Then f is
called a tree isomorphism iff it is bijective and if «F'5 implies f(a)E' f(53).
Note that if f is a tree isomorphism and o’ E’'3’ then f~1(a/)Ef~1(3). This
follows from the fact

\E'| = 2|T'| — 2 =2|T| -2 = |E|

1.5 Notation

Our convention for the natural numbers is N := {1,2,...}. Let N € N be
a number, x € RY a point and r > 0. We denote by B,(z) and B,(z) the
open and the closed ball and by S,.(z) the sphere with radius r around .

Furthermore,
(x) == +/|]z|> + L.

We denote the space of Schwartz functions on RY by & and the space of
temperate distributions by &’. Furthermore, by ~: &' — &’ we denote the
Fourier transform, defined by

for ¢ € S, where
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Moreover, we denote by vV : &' — &’ the inverse Fourier transform. For ¢ € §

it is given by
v

o) = @m)7F | (e dve.
We denote the closed unit disk in (ﬂé by
D:={zeC|l|z] <1}
and the closed annulus around z € C with radii 0 <r <’ < oo by
A(z,r,7") = B (2) \ Br(2).

Here if r = 0 then B,(z) := 0 and if r = oo then B,(z) := C. We identify
St >~ R/Z. The sphere S? C R? carries the metric g2 and the volume form
dvolg: induced from R3. We identify S? = C U {oo}, using stereographic
projection. Under this identification we have

4 4
gs2 = m(','), dvol = WdS/\dt,

where (-, ) is the standard inner product on R?. For every z € 5% and every
real linear map a : 7,5 — C we denote by |a| the norm of the differential
w.r.t. to the metrics gg2 and (-, -). This means that

laf = Va(er)]? + la(ez)

where e, e is an gg2-orthonormal basis of 7,52

For every topological group G we denote by EG an arbitrary contractible
topological space on which G acts continuously and freely and by BG :=
EG /G the classifying space of G. That such an EG exists is proven in the
book by Husemoller [Hu]. We denote Mg := M xg EG := (M x EG)/G.

Let p: G x M — M be an action of a Lie group G on a manifold M,
g € G and z € M. We abbreviate gz := p(g,z). Furthermore, for every
v € T, M we denote by gv := dp,(z)v € T,,M the differential of the action of
g. We denote the projection to the quotient by pi : M — M /G, and the orbit
of a point x € M by Gz = w(z). Recall that for every £ € g the infinitesimal
action of ¢ is the vector field X¢ on M defined by

d
Xe(z) = p exp(té)x.
t=0

For every x € M we define L, : g — T,,M by
L& = X¢(x). (1.8)

The map L, is linear. The notation M* C M means the subset of points
x € M on which G acts freely.
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We fix a symplectic manifold (M,w). For every w-compatible almost
complex structure J on M we denote by g, = w(-,J-) the Riemannian
metric induced by w and J. Let G be a connected Lie group with Lie algebra
g and let (-,-) be an inner product on g that is invariant under the adjoint
action of G. Assume that G acts on M in a Hamiltonian way with moment
map p : M — g. Then for every ¢ > 0 we denote

M, = {z e M||u()| < ¢},

Recall that an almost complex structure J on M is called G-invariant iff for
every g € G and x € M we have

Jdpy(z) = dpy(x)J.

We fix a structure G-invariant w-compatible almost complex structure J on
M. Unless otherwise mentioned, all norms of vectors in M are w.r.t. g, ;.
For every point x € M and every linear subspace V' C T, M we denote by
V+ C T,M the orthogonal complement of V w.r.t. g, ;. For every z € M
we define the horizontal subspace to be

H, := ker du(x) N (imL,)* C T, M.

We define the almost complex structure J on the symplectic quotient M :=
1 1(0)/G as follows. For every point Z € M and every vector v € Tz M we
define

Jv = dr(x)Jv, (1.9)
where x € ;1~1(0) is a point in the orbit 7 and v € H, is the unique horizontal
vector such that dn(z)v = . We define the metric g := g, on M*/G as
follows. For every z € M*/G, v,w € Tz(M*/G) we define

(0, w) == gy, (v,w), (1.10)

where x € M* is any point such that 7(z) = Z and v,w € Im L} are the
unique vectors such that dr(z)v = v, dr(z)w = w. Note that the restriction
of g to the submanifold M C M*/G coincides with the metric induced by @
and J.
Fix p > 2, R € [0,00] and w := (u,®,¥) € W,2P(C,M x g x g). We
abbreviate
K= 0,¥ — 0,® + [P, U]

If 0 < R < 0o we define the R-energy density of w by

R ._
ey 1=

(|0su + Xo o u|* + |0 + Xy o u|* + R?|6]* + R*|poul?). (1.11)

DO | —

If R=0and k =0orif R=o00and pou =0 we define

1
el = §(|asu+Xq>Ou|2+|atu+X\you|2). (1.12)
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For every measurable subset X C C we define the R-energy of w on X by

Ef(w, X) = /Xeﬁ dsdt € [0, o0. (1.13)

In the case R = 1 we abbreviate e,, := el and F(w, X) := F'(w, X) and call
this the energy density of w and the energy of w on X for short. In the case
X = C we write Ef(w) := Ef(w,C). Moreover, we denote the energy of a
map % € WIP(X, M) on a measurable subset X C S? by

1
E(u,X) = §/X|du|2dvolg,2. (1.14)

For every integer k£ > 1 and every real number p > 2 we define

MEP = {(u, ®, ) € WP(C, M x g x g) | (1.15)

(0.1),(0.2), E(u, ®, ¥) < oo, u(C) compact }.
Furthermore, we define

My = {(u,® V) € C*(C,M x g x g) | (1.16)
(0.1),(0.2), E(u,®,¥) < oo, u(C) compact }.
If it is clear which almost complex structure J is meant, we will drop it from
the notation.

Remark 1.1 By Proposition D.6(B) there is a compact subset Ky C M such
that for every w € M'? we have u(C) C Ky. Therefore, in the definition of
Mva’ we could replace the condition that u(C) is compact by the condition
that u(C) is contained in the fixed compact set Kj.

The gauge group
GHLP = WP(C, G). (1.17)

loc
acts on MFEP by
g (u, ®,9) = (g7 u,g7 09+ g~ '®g, 97 ' 0g + g Vg). (1.18)

We call two vortices w, w’ € Mbp gauge equivalent iff there is a gauge trans-
formation g € G%? such that g*w = w’. We denote the gauge equivalence

class of w € M by [w] := (G*?)*w and the set of all such equivalence
classes by
M = le’p/QQ’p.
The group of smooth gauge transformations
G :=C>(,G) (1.19)

acts on M by formula (1.18). Tt follows from the proof of Proposition D.3
that the inclusion M — M? induces a bijection

M/G — M /G*P = M.

The energy F is invariant under gauge transformation and therefore we can

define E([w]) := E(w) for every [w] € M.



2 The Fredholm property

Let (M,w) be a symplectic manifold, G be a compact connected Lie group
with Lie algebra g and (-, -) be an inner product on g that is invariant under
the adjoint action of G. Let G act on M in a Hamiltonian way, with moment
map pu @ M — g. Here we identify the dual space g* with g, using the
inner product (-,-). We fix an w-compatible G-invariant almost complex
structure J on M. Let w := (u,®,¥) be a finite energy solution of the
symplectic vortex equations (0.1), (0.2) on C such that the closure u(C) is
compact. The main result of this section states that the vertical differential
of the vortex equations at w, augmented by some gauge fixing operator, is a
Fredholm map between suitable weighted Sobolev spaces. This means that
it is bounded, its kernel has finite dimension, and its image is closed and
has finite codimension. Its index, i.e. the dimension of its kernel minus the
codimension of its image, equals the dimension of the symplectic quotient
plus twice the Maslov index of w. The situation here differs heavily from
the case of the vortex equations on some principal G-bundle over a compact
surface. In that case K. Cieliebak et al. already proved a Fredholm result
using ordinary Sobolev spaces, see [CGMS], Proposition 4.6. In the present
situation, the augmented vertical differential D, is an operator from a space
of sections of the bundle v*T'M & g & g with noncompact base C to another
space of sections of this bundle. Fix a nonnegative integer k and a real
number p > 2. Since C is noncompact, the definition of the space of W?-
vector fields along w is not canonical, but it depends on a choice of weights
(or of a metric). Furthermore, the operator D,, will only be Fredholm for
a suitable choice of the weights, and its index will depend on them. The
weighted Sobolev spaces we will use are natural in the sense that the weights
correspond to the asymptotical behaviour of vortices on C.

Since the Kondrachov compactness theorem does not hold on C, the 0-th
order terms in the operator D, are no longer compact. This means that
we can not ignore them. It forces us to incorporate the splitting TM =
H @& (imL & JimL) into the definition of the domain of D,,. Here H denotes
the “horizontal bundle” defined by H, := kerdu(z) NimLy, for x € M.
We denote by g€ := g ®g C the complexified Lie algebra. Then for each
vector field ¢ = (v,8) : C — w*TM @ g© along w = (u,® + V) the
orthogonal projection of v : C — u*T'M to the “complex action sub-bundle”
imL & JimL C TM plays the role of a counter part of the “complex gauge
part” 3 : C — g®. This correspondence is incorporated in the operator D,,.
Namely, it is in some sense symmetrical w.r.t. the orthogonal projection of
v to the “complex action bundle” and the component f3, see formula (2.31).

Throughout this section, we will use a complexified notation.
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2.1 An abstract setting

In this subsection I set up the notation, in order to state the main result
of the section, Theorem 2.8. Furthermore, I motivate it by explaining the
abstract setting it fits into. Namely, intuitively, the vortex equations over C
can be viewed as a section S of an infinite dimensional vector bundle &£ over
an infinite dimensional manifold B. The abstract framework will not be used
any further after this subsection. Readers who want to get to the core of the
matter may directly turn to subsection 2.2.

We denote the action of an element g € G on a point x € M by gz :=
pg(z). Furthermore, if v € T, M is a tangent vector, we write gv := dp,(z)v €
Ty M. We choose a linear torsionfree connection V on T'M that is invariant
under the action of G, i.e.

VagX =gV, X, (2.1)

for every vector field X on M, every tangent vector v € T, M with © € M,
and every element g € G. For instance we may choose V to be the Levi-
Civita connection of the Riemannian metric g,y := w(-, J-), since the action
of G on M preserves w and J, and hence g, ;. We fix a map (u,®, V) €
C>®(C,M x g x g). We use the notation

O*u = Osu+ Xg(u), Ofu = O+ Xy (u), d®Vu = 0*uds+ 0 u dt.

We denote by g© := g ®g C the complexified Lie algebra, and we write an
element of g© as ® + iV, where (®,¥) € g x g. We fix a positive integer N,
two real numbers A and 1 < p < co and a measurable subset X C RY. For
every vector x € R we denote

(x) = +/|z]? + 1.

We define the (possibly infinite) (p, A\)-norm of a measurable function u :

X — C to be A
lullgen = ( [ (ul2)")" (22)

If X = RY, we abbreviate
lullps = lullp@yy, L8 = LX(RY).
We define
L (X) :=={u: X — C|u measurable, ||ul|prx) < oo} (2.3)
For every pair of real numbers p > 2 and A > —2/p + 1 we define the set

B = {(u,®+1i¥) € C*(C, M x g°) |u(C) is compact,
\pou(re®)| — 0, r — oo, Yo, ||d* ul| € L, (2.4)
Jg € C*(C\ B1,G) : ¢"(® +iV) € LY(C\ By, g")}.
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Recall the definition (0.3) of the energy functional. We define

M = {w = (u,® +i¥) € C=(C, M x ¢°) | (2.5)

w solves (0.1), (0.2), E(w) < oo, u(C) is compact }.

We will see below that this set is the zero set of a section of an “infinite
dimensional vector bundle” over B%. For this to be true it is necessary that
the set M is contained in BY. That this is the case for a good choice of the
parameters p and A is the content of Proposition D.11 in the appendix. It
states that there exists a number py > 2 such that for every 2 < p < py and
every —2/p+1 < A < —2/py+1 we have MC B.. By Remark D.12,if ¢ > 2
and p > —2/q+1 are such that MC B, then M is also contained in B, for
every pair (p, A) such that 2 < p < g and A+ 2/p < p + 2/q. Furthermore,
using the Uhlenbeck gauge theorem, it should be possible to prove a stronger
version of Proposition D.11 stating that there exists a number ¢ > 0 such
that for every p > 2 and every —2/p+1 < A < —2/p+1+¢ we have MC B,
(Note that setting py := 2/(1 — ) this would imply Proposition D.11.)

We fix p > 2 and A > —2/p+1 and abbreviate B := BY. The gauge group
G := C>*(C,G) acts on B by the formula

7 (0, ® + i0) = (g—lu, g0+ D +i(0, + \I/))g>. (2.6)

We define R
B:=B/G.

Formally, we may think of B as a Banach manifold. For each W € B we
define a Banach space Ay, of which we think of as the “tangent space” of
B at W, in the following way. We first fix a map w := (u, ® 4+ i¥) € B and
define the space X, as follows.

We extend the definition of the Lie bracket on g to the complexified Lie
algebra g® by setting

o+ iy, " + i) = [, ] = [, ]+ i([v, ¢+ [0, ¥]).
Furthermore, we identify g& with the trivial bundle C x g and abbreviate
wTM @ gt .= uw'TM @ (C x g°).

This is a smooth complex vector bundle over C. We denote by VVli’f(C, uT'Mée
g%) the space of locally W!P-sections of u*T'M @ g® and fix a section (v, 3) €
WLP(C,u*TM @ g%). The covariant derivative of v in the s-direction Vv
is the section of the pullback bundle vw*T'M — C defined as follows. Let
so+itg € C be a point. We choose a local frame around the point u(so+itg) €
M, i.e. a collection of vector fields ey, ... ey, defined on some neighbourhood

U C M of u(sg + itg) that span the tangent space of M at every point in U.
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Writing v =: 327", v’e; o u on the neighbourhood u~!(U) C C of sq + it, we
define

2n
Vsv(sg +ity) := Z (v'Vao,ue; + (05v")e; 0 u) (sg + itp).
i=1

We define Vv analogously, and we denote

V;DU = VS’U + vaq:., V;II’U = Vtv + VUX\I/7 (27)
03B =08+[2,6, OB :=0B+[¥,0] (2.8)
V(v B) = (V5v,078),  Vi(v,8) = (V/v,0B). (2.9)

Moreover, we define V®%v to be the real linear one form on C with values
in u*T'M given by

(V®¥0).(0 +i7) := (Vv + 7V 0) (2),

where z € C and o + it € C = T,C. Moreover, we define d®¥3 to be the
real linear one form on C with values in g€ given by

(dcp’q’ﬁ)z(o +i7) = (U@f + T@Qy)ﬁ,

and we denote
V¥ (v, B) == (VPY0,d>7B). (2.10)

Furthermore, we define the hermitian metric ¢ on TM
g (0,0 == gu s (v, V") 4+ iw(v, V"), (2.11)
and the hermitian inner product (-,-)¢ on g by

(p+ i, ¢ + it )c == (p,¢) + (W, ) +i({p,¥) — (¥, ¢).  (2.12)

Both the metric ¢¢ and the inner product (-, )¢ are complex antilinear in
the first argument. We denote by P : TM — T'M the orthogonal projection
to the “complex action subbundle” imL & JimL C T'M, and we set

P:=P&id:TM & ¢° — TM & ¢C. (2.13)
We define the (possibly infinite) (p, A, w)-norm of a section

C:=(v,0) € Wl’p(C,u*TM @ g%)

loc

to be

1¢1w = lISIE = 11¢l ) + HPCT+IVE¥C g ). (2.14)

Here the norms on each tangent space of M and on g® are taken w.r.t. g, s
and (-,-)c. We define now the space X, to be

X, o= X0 = {C € WP(C,uw'TM & g%) | [|¢]]w < 00} (2.15)

loc
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By Corollary 2.13 below this space is complete. Consider the map
Ly CP(C,g) — Xy, Lyé = (Lu&, —07¢ —i0)€).

Formally, this map corresponds to the infinitesimal action of the Lie algebra
of the gauge group G on B. We denote by C5°(C, g) and C5°(C, u*TM & g°)
the spaces of C"*°-maps and C'*°-sections with compact support. Consider
the real L?-inner product on C§°(C, g) given by

(&, m)p2 = A(f,'r]} ds dt,

and the real L%-inner product on C5°(C,u*TM @ g®) given by
(0,0 +i), (v, ¢ + i) 2 1= / (9w (v,0) + {0, ) + (U, 0)) ds dt.
C
The formal adjoint L, : C°(C,u*TM & g%) — C°(C, g) of L, w.r.t. these
inner products is given by
Lyy(v, ¢ + i) = Lyv + 070 + 0.
It satisfies
<L:<U(,U7 ﬁ)) €>L2 = <(Ua B)a Lw§>L27

for every (v,3) € C°(C,u*TM @ g®) and every & € Cg°(C,g). This map
extends continuously to a map

L X, — L5 (C,g).

We fix a gauge equivalence class W = [w] = [u, ®, U] € B. Heuristically, we
should have
TwB = X,/imL,, = ker L},

Fix a gauge transformation ¢ € G = C*°(C, G) and a section ¢ := (v, ) €
WP (C,w*TM @ g©). Then g acts on ¢ by

loc
9" (v, B) == (9" "v,97 ' By). (2.16)

Heuristically, this corresponds to the “differential” of the action of g on B at
the point w, applied to (. By Lemma A.8 and a density argument we have

vg*(@,\P)g*C — (vg*(@,\ll)v’ dg*(@,\ll)ﬁ) — g*VCI),\IIC_
It follows that the map

Xy 2 (v,0) = g"(v,8) :== (g7 "0, 97" Bg) € Xy (2.17)
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is well-defined and an isometric isomorphism. Note also that for every z € M,
veT, M and g € G we have

L, v =g (Liv)g € 9.
Hence for every g € G and every (v, 3) € &,

Lo (970,97 Bg) = g7 (L, (v, B))g.

Therefore, the map (2.17) identifies ker Ly, C &, with ker L}.,,. We fix an

equivalence class W € B=~B /G and define the normed vector space /'?W to

be the quotient
Xy = <|_| ker L;) /G, (2.18)

weW

together with the norm
1 Z]lw == 1€ |w, (2.19)

for Z € /?W, where (w,() € ||, cn ker Ly, is an arbitrary representative of
(W, Z). Since the map (2.17) is an isometric isomorphism, this norm is well-
defined, and Ay is isometrically isomorphic to ker L}, for every w € W.
Since the map L7 : X,, — L£(C, g) is continuous, the subspace ker L¥ C X,
is closed. Since &, is a Banach space, it follows that ker L} and hence )A(W
are Banach spaces.

Consider now the “Banach space bundle”

=& —B

weB

where for each point w := (u, ® +i¥) € B the fibre &, is defined by

Ewi={(v,p) € L}

loc

(C,u"'TM @ g) ‘ (v, o)z () < 00},

where the norm |[[-||r ) is induced by the metric g, ; on M and the real inner
product (-, -) on g. The gauge group G acts on £ by isometric isomorphisms,

by the formula

g (v, ) = (97", 9 "pg), (2.20)

lifting the action of G on B. Hence we can view the quotient
E:=E/G

as a “Banach space bundle” over B=28 /G. We can now interpret the vortex
equations (0.1), (0.2) as the section S : B — & given by

S(w) = (w,o(w)),
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where

(2.21)

o(u,®+4 V) := ( Osu+ Xo(u) + J (O + X (u)) ) .

OV — 0P+ [P, V] +pou

By a straight-forward calculation, using that p is equivariant, we have S(g*w) =
g*S(w), hence the section S descends to a section

S:B—E

We fix a zero of S, i.c. a point W € B such that S(W) = (W,0). Then the
“tangent space” of £ at (W, 0) splits canonically as

T(Wp)g = ng@ é\W

We denote by ﬁw : T(ng — gw the projection to gw along TWE and
consider the “vertical differential”

The main result of this section, Theorem 2.8 below, is the main step in
proving that this map is a Fredholm map. To understand this, fix a vector
Z € TWB\. We choose representatives w € B of W and ¢ € T,,8 of Z. Since
S(w) = 0, the “tangent space” of £ at w splits canonically as

T(w,O)g =T.B®E,.

We denote by P, : T(,,0€ — &, the projection to &, along T;,B and consider
the “vertical differential”

D, := P,dS(w) : T,B =X, — .

We derive an explicit formula for D,. Formally, the connection V on M
induces a “covariant derivative” V¢ on £ in a pointwise way. Namely, for
every “smooth” path R 2 a — w, € B and every “smooth” section of £
along w, R 3 a — (v, ) € Eu,, the “covariant derivative” at a := 0,
V¢ az0(Va, Pa) € Eu,, 18 given by

d
(V§|a:0(va>¢a))(z) = (va|a:0(va(z))a da gpa(z)).
@ a=0
Here for every z € C and every a € R the vector Vo(vq(2)) € Ty, (»)M is the
covariant derivative of the vector field v (z) in M along the curve u (z), at
the point a. If g € G is a gauge transformation, then

vi(g*(vaa ®a)) = g*vg(vav Pa)s



2.1 An abstract setting 30

i.e. V¢ is invariant under the action of G. For w € B such that S(w) = (w, 0)
and ¢ € T,,B the “vertical differential” of S at w in the direction ( is now
given by

Dyl = VE|amoS(w,), (2.22)

where R 3 a — w, € B is such that wy = w and d/da|,—ow, = (. The
following lemma gives a formula for the right hand side of (2.22), which is
also valid in the case that S(w) # (w, 0).

Lemma 2.1 (“Vertical differential” of the vortex equations on C) Let
V be a torsionfree connection on M and

w = (u,® +i¥) € C=(C, M x g°), ¢:=(v,9) € C*(C,M & g).
Furthermore, let
R x C3 (a,2) — (ua(2), Pulz) +i0u(2)) € M x g°
be a smooth map such that
(w0, Oula=owa) = (w; ().

Then
va |a:00<wa> =

(V2 + IV v+ Lyp+ JL + (Vo) (Oru + Xy (uw)) (2.23)
0% — 0o + dp(u)v o
where o is defined as in (2.21).
Proof of Lemma 2.1: That V is torsionfree implies that
Va|a:088ua = V86a|a:0ua = VS’U, (224
Va|a:08tua = Vtﬁa\azoua = th. (225)
Furthermore, we claim that
va|a:0<Xq>a (ua)) = Lu(p + vaq) (226)
va|a:0(X\I/a (ua)) — Lu'QZ) + VUX\II (227)

To see this, we fix a point zy € C, and consider the map f : R? — M,
f(a,b) := up(zo) and the vector field X along f given by

X(a,b) == Xa,(z0) (us(20))-
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We have

va|a:0 (cha(zo)(ua(ZO))) = Va|a:0)((a'7 0) + Vb|b:0)((07 b)
= Xoulamo®a(z0)(U(20)) + Vi l_gup(z0) X @
= Ly)p(20) + Vo) Xo.

This proves (2.26). Equality (2.27) follows analogously. It follows that

va:() (J(@tua + Xq;a (ua))) = (Vaa|a:0ua J) (&tu + X@(U))
+ IV ala=0(Oruq + X, (uq))
= (Vo J)(Owu + Xo(u)) + J (Vv + Lyp + V, Xy).

Therefore, using (2.26)

Valaz=o(0sta + X, (ua) + J(Optig + Xu, (uq))) =
Vv~ Lyp + Vi Xo + (Vo) (Ou + Xg(u)) + J(Viv + Lyb + V. Xg(u)).

This shows that the first component of V,|,—0S(w,) is as claimed. That the
second component is as claimed follows from a straight-forward calculation.
This proves Lemma 2.1. a

The “vertical differential” D,, : T, B — E(w) at a zero w of the section
S : B — £ is not a Fredholm operator. The reason is that the image of
C°(C, g) under the infinitesimal gauge action L,, is an infinite dimensional
subspace of the kernel of D,. However, if we augment D, by the gauge
fixing operator LY : T,B = X, — L5(C,g), then the resulting operator
Dy, : Xy — &, @ L (C, g) is Fredholm. This is the content of the main result
2.8. More precisely, for every w = (u, ® + V) € B we define
Vo =Y = {( € L} (C,uTM & g°)||[¢][p < o0} (2.28)

loc

where the norm
€llpx = 1I¢] ez o) (2.29)

is taken w.r.t. the Riemannian metric g, ; on M and the hermitian inner
product (-, )4 on g® defined in (2.12). Then ), is isomorphic as a normed
vector space to the space &, @ L (C, g). By Corollary 2.13 below it is com-
plete. We denote 9u := dyu + Xy (u) and define the augmented “vertical
differential” to be the linear operator

— 7)\ . 7>\ 7>\
Dy, =D« XPA — Y,

(VE+ IV + Lup + JLb + (Vo J) 0 u
D2 (v, p+iv)) = Liv+ 020+ 07y . (2.30)
dp(uyv + 039 — 9
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The operator D,, is well-defined and bounded. We can rewrite it in a compact
form. Namely, for every z € M we extend L, : g — T, M to a complex linear
map

LS g" =T, M,  LE(p+ i) i= Ly + JL.

The adjoint map of LS w.r.t. {-,-)c and g€ (defined in (2.11) is the complex
linear map given by

(LSY = LF —iL*J = L +idp(x) : T,M — g°.
We also introduce the notations for (v, 3) € &,

. 1
Vi, = §(v§’+Jv?)v

) 1 ]
B = (0 —id})B.

By V_J we mean the map taking (z,v) € TM to the endomorphism V,J(x) :
T.M — T, M. Then the operator D, is given by

D+il v C

Dw _ ( QVZ ("[:S()YJ)at u Qagfiﬂ, ) ZXw _ yw. (2.31)
Remark 2.2 This formula reveals some symmetry of D, with respect to
the components v and 3 of the vector (v,3) € X,. Assume that we are
in the Kahler case, i.e. that J is integrable, and let V be the Levi-Civita
connection of g, ;. Then V.J = 0, see for example Lemma C.7.1 in the book
by D. McDuff and D. A. Salamon [MS3]. Therefore, the term (V_J)9 u in
(2.31) vanishes, and hence the symmetry of the operator becomes even more
apparent.

Remark 2.3 Note that the off-diagonal terms in the formula (2.31) are not
compact operators. This is due to the fact that the Morrey embedding of
W1P(C) into the space of bounded continuous functions on C is not compact,
in contrast to the case of WP(Q), where Q C C is a bounded domain.

The next lemma shows that if W is a zero of S : B — é\, weWisa
representative, the map D, : X, — Y, is Fredholm and the gauge fixing
operator Ly, : X, — LY(C,g) is surjective, then the “vertical differential”
of S at the point W, DW XW — SW ~ &, is also a Fredholm operator.
Moreover, under the identification XW = ker L} C X, the kernels of DW
and D,, agree, and we can identify the cokernels. This is the motivation for
the Fredholm theorem 2.8.

Lemma 2.4 Let XY, Z be vector spaces and D : X — Y andT : X — Z
be linear maps. We define D : kerT' — Y to be the restriction of D to kerT.
Then the following statements hold.
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(i)

ker D = ker(D,T).
(ii) Assume that T : X — Z is surjective. Then the map

coker D := Y/imD — coker(D,T) := (Y & Z)/im(D,T),
y +imD — (y,0) + im(D, T) (2.32)

is well-defined, i.e. independent of the choice of the representative y
of y +1imD. Furthermore, it is an isomorphism.

(iii) Let || - ||y, || - ||z be norms on'Y and Z and assume that the image
im(D, T) is closed in Y & Z. Then the image imD 1is closed in Y .

Proof of Lemma 2.4: Statement (i) and linearity and well-definedness of
the map (2.32) in (ii) follow immediately from the definitions. To see that
(2.32) is surjective, let (y,2) € Y @& Z be a vector. By our assumption that
T : X — Z is surjective, there exists a vector x € X such that Tx = 2. It
follows that under the map (2.32)

y— Dz +imD (y — Dz,0) +im(D,T)
= (y—Dz,0)+ (Dx,Tz) +im(D,T)
(y,z) +im(D,T).

Hence the map (2.32) is surjective.

We prove statement (iii). Let y, € imD be a sequence that converges in
Y, and let y be its limit. Then (y,,0) € im(D,T’). By our assumption that
im(D,T) CY & Z is closed, the limit (y,0) = lim, (Y, 0) lies in im(D, T').
It follows that there exists a vector € kerT such that Dz = Dz = Y.
Therefore, imD is closed in Y. This proves Lemma 2.4. a

2.2 The Fredholm Theorem

We come now to the main result of the section. It is Theorem 2.8 below,
which says that the augmented vertical differential of the symplectic vortex
equations at every point w € BY is Fredholm. Its index is the dimension
of the symplectic quotient plus twice the Maslov index of w. We fix a real
numbers p > 2 and A > —2/p + 1 and define B := B as in (2.4). The
definition of the Maslov index is based on the following lemma.

Lemma 2.5 Let w := (u,®, V) € B be a map. Then there ezists a gauge
transformation g € G = C*(C,G), a map goo € C®(S*,G) and a point
Too € p H(0) such that (g 'u)(re™) converges to goo(€¥)Ts, as 1 — oo,
uniformly in ¢ € R.
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Proof of Lemma 2.5: Let w := (u,® + i¥) € B be a map. By the
definition of B there exists a gauge transformation gy € C*°(C\ By, G) such
that w' := (v, ®' + V') := giw satisfies &' + iV’ € LL(C\ By, g%). We set
N :=2dim M + 1 and choose an embedding ¢ : M — R", as in Whitney’s
embedding theorem, see Theorem 3.2.14 p. 55 in the book by M. W. Hirsch
[Hi]. Furthermore, we fix a smooth map p : C — [0, 1] such that p(z) = 0
if |z] <1 and p(z) = 1if |z| > 2. By the definition of B the closure of the

image of u in M is compact. Since u/(C) = g5 'u(C) is a closed subset of the
compact set G - u(C), it is also compact. Hence

a := sup {[|c o u'|| e\ my), |de(w)]| Lo (ermyy | < 00

It follows that

ld(prow)||ze)y < ll(dp)eon||rraqzy + [lpdu()du|| i c\sy)
< Clleo|[p=aq,2) + lde(u)| =@\ pylldu| 2 c\s)
< Ca+alldd||pc\5y)
< Ca(l+ ||d¢/+i\plul||L§(C\Bl) + /]9 + i‘I’/HLI;(C\Bl))

b < o0.

Here C'is a constant depending only on p, A and p. Therefore, by Proposition
E.4 (Hardy-type inequality), applied with u replaced by ptou’ : C — R¥Y,
the points tou/(re’¥) converge to some point 4., € RV, for r — oo, uniformly
in . Since ¢(u/(C)) is compact, we have y, € t(u/(C)), hence there exists a
point zo, € M such that ((Ts) = Yso. Furthermore, by the definition of B
we have |y o u/(re®?)| = |pu o u(re®?)| — 0 for r — oo, for every ¢ € R, and
therefore 7o, € = 1(0). We define the map g : C — G by

2.\ —1 .
g(z) — g(J(z)gO(m) ) 1f ‘Z| Z 27
1, if 2] < 2.

Smoothing the map ¢ in the ball Bj yields a smooth map g : C — G. Fur-
thermore, we define g, : S' — G by goo(2) := g0(22). The triple ¢, goo; Too
has the required properties. This proves Lemma 2.5. O

We define the continuous map ¢y : By — C by
z M) '
ol2) = { 7 tan ( 5 ), if 2 #0, (2.33)

Definition 2.6 (Maslov index) Let w := (u,® +iV) € B be a map. Let
g:C — G and goo : S* — G be continuous maps, and v, € pu 1(0) be a
point, such that (g7 u)(re’?) converges to goo (€)oo, as r — oo, uniformly
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in o € R, as in Lemma 2.5. Let v : D — M be the unique continuous

extension of the map (g7 u) o)y : By — M, and let

F:DxC"—v'TM, (z,v) — F(z,v) = Fv

be a continuous complex trivialization of the pullback bundle v*T'M — D.
We define the Maslov index of w to be

det (F g (2) - F1)
‘det (Folgoo(2) - Fl)‘

m(w) := deg (Sl >z € Sl>. (2.34)

Remark 2.7 The Maslov index m(w) does not depend on the choice of
95 oo, Too and F'| since if ¢, ¢/, 2. and F’ are other choices, then the result-
ing map

St o F'Ngl (2) - Fl € Aut(C")

is homotopic to
S o= Flgeo(2) - Fy € Aut(C™).

Furthermore, the Maslov index depends only on the gauge equivalence class
G*w of w.

We come now to the main result of this section. Recall that we always
assume hypothesis (H1), i.e. that p is proper and that G acts freely on

pH(0).

Theorem 2.8 (Fredholm property) Assume that dim M > 2dim G. Let
p>2and N\ > —=2/p+1 be real numbers. Let w := (u,® +i¥) € BY be a
map, where BY is defined as in (2.4). Then the following statements hold.

(i) The normed spaces (X2, || -||22) and (V2 || - ||p0), defined in (2.15),
(2.14), (2.28) and (2.29), are complete.

(ii) Assume that —2/p+1 < X\ < =2/p+ 2. Let the Maslov index m(w) be
defined as in (2.34). Then the operator DP? : XP* — YPA defined in
(2.30) is Fredholm of real index

indDP? = dim M — 2dim G + 2m(w). (2.35)

Recall that M denotes the set of all smooth finite energy solutions of the

vortex equations (0.1), (0.2) such that u(C) is compact.

Corollary 2.9 Assume that dim M > 2dim G. Then there exists a real
number py > 2 such that the following holds. Let 2 < p < py, —2/p+1 <
A< =2/pp+1andw € M be a vortex. Then the spaces XPA and YPA are
complete, and the operator DPA : XPA — YPA given by (2.50) is well-defined
and Fredholm of real index given by (2.535).
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Proof of Corollary 2.9: By Proposition D.11 there exists a real number
po > 2 such that if 2 < p <pgand —2/p+1 < A < —2/py+ 1 then

M C Bﬁ’\.
Hence the assertion follows from Theorem 2.8. O

The proof of Theorem 2.8 is given on page 60. It contains two main
ingredients. The first one is a suitable complex trivialization of the bundle
uw*TM @ g®. For |z| large, this trivialization respects the splitting T, u(z)M =
Hy.) @® imLS(Z) of the tangent space at u(z) into the “horizontal” and the
“complex action” parts. It induces an isomorphism of normed vector spaces
from X, to some weighted Sobolev space on C, and similarly for ). In the
proof of this we will use a Hardy-type inequality. It says that if A > —N/p
then there exists a constant C' such that for every weakly differentiable map
u : RY — C there exists a point zo € C such that the Lf-norm of u — o is
bounded above by C' times the L% ,-norm of the derivative of u. The proofs
of this result, and of more results about weighted Sobolev spaces, are given
in appendix E.2. Since the weighted Sobolev spaces are complete, the same
holds for X, and )),,. The second ingredient of the proof of Theorem 2.8
are two propositions stating that the ds-operator and a related matrix differ-
ential operator are Fredholm maps between suitable weighted Sobolev spaces.

The trivialization we will use is of the following kind. We assume that
n:=dimM/2 —dimG > 1.
Fix a map (u, ® +i¥) € C~(C, M x g%). We abbreviate
V=C"x g% x ¢°.

By a complex trivialization of ©*T'M @ g© we mean a complex vector bundle
isomorphism
F:CxV —uTM® g,

Here the domain of F' is the trivial complex vector bundle with base C and
fibre V. We define V®¥ F to be the one form on C with values in the vector
bundle of real vector bundle homomorphisms from C x V to «*T'M x g© by

(VEYE) (o +47)¢ = o V2 (F¢) + 7V (FC), (2.36)

for o +i7 € T.C=C, 2z € C and ¢ € V. Here we use the notation of (2.9).
For d € Z we denote by pgq : C — C the monomial py(2) := 2%, and

pg-Pid:CxV =V,

(z;vh . 0™, B) = (pa(2)vt, 0% 0™ aL B).
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For x € M recall the definition of the “horizontal” part of T, M,
H, := ker du(x) N (imL,)" = (imLS)" .
We denote by Ad : G — Aut(g®) the adjoint representation, i.e.
Ady(p + i) = gl +iv)g ™",
for every g € G and ¢ + i) € gC.

Definition 2.10 Let p > 2, A > —=2/p+1 and w := (u,® + V) € B be a
map. We call a smooth complex trivialization

F:CxV —u'TMag"
good, if the following properties are satisfied.
(i) (Splitting) For every z € C we have

Fz(cﬁ X g(C X {0}) :Tu(z)M X {0}7 (237)
F({0} % {0} x g°) = {0} x ¢°. (2.39)

Furthermore, there exists a number R > 0 and a gauge transformation
go € C°(C\ Bg, G) such that the following conditions are satisfied. For
every z € C\ Bgr we have

F.(C" x {0} x {0}) = Hy(). (2.39)
Moreover, g3(® +i¥) € LY(C\ Bg, g%), and for every 2 € C\ Bg

FZ(Oaaaﬁ) = (LS(Z)AdQO(Z)a’AdQO(»’«’)B)) V(Oz,ﬁ) € gC X gC. (2'40)

(ii) There exists a number ¢ > 0 such that for every (z,() € Cx V
el < B ()™ - @id)¢| < el (2.41)
where m(w) denotes the Maslov index of w (Definition 2.6).

(iii)
VY (F (P - ®id)) € LE(C\ By). (2.42)

Proposition 2.11 Ifp>2 and A > =2/p+1 and w := (u, ® +i¥) € B is
a map, then there exists a good complex trivialization of w*T M.
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Proof of Proposition 2.11: By the definition of B there exists a gauge
transformation gy € C*°(C \ By, G) such that w' = (v, ®' 4+ V') := gjw
satisfies ® + ¥’ € LE. Therefore, as in the proof of Lemma 2.5 there
exists a point 2o, € p~1(0) such that u'(re'?) converges to s, for r — oo,
uniformly in ¢ € R. By the local slice theorem A.5 there exists a G-invariant
neighbourhood U C M* of z,, and a smooth equivariant parametrization
P R2=dmG 5 G — U. We choose a smooth complex trivialization

F o (R4mG 5 113) X € — ¢ Hgan-aimay 1)
We define the smooth complex trivialization FU : U x C" x g© — T M|y, by
FmU(vo, a) = gﬁ(ﬁl)vo + Lga,

for z € U, (vo,a) € C" x g®, where (Z,9) = ¢ H(z) € R¥dmG . G,

Furthermore, we choose a number R > 1 so large that u(z) € U if |z| > R.
We also choose a complex trivialization

FY: Brx C" x g = w'TM|g,.
We define d € Z to be the degree of the map
det ((F2) ' FIf (- Adco )
’det ((FO)-1FY, (-, Adgo(z)-)))

S}%BZH e St

Consider the loop

Sh 3z A(z) = (F)) ' Fl (- Adgy(ey) - (27¢ - @id) € Aut(C" x g©),

u

where by Aut(C" x g®) we denote the group of complex automorphisms of V.
The map det oA/| det oA| : Sj — S! has degree 0. Therefore, it is homotopic
to a constant map.

We denote by U(C" x g©) the group of unitary automorphisms of C" x g©
w.r.t. the standard hermitian product on C" and (-, )¢. Recall that the space
Aut(C™ x g©) strongly deformation retracts to U(C™ x g©). (This follows
from the Gram-Schmidt orthonormalization procedure.) Furthermore, the
determinant map det : U(C™ x g&) — S! and hence the map det : Aut(C" x
g%) — S! induce isomorphisms of fundamental groups, see e.g. Proposition
2.23 in the book by D. McDuff and D. A. Salamon [MS2]. For two topological
spaces X and Y we denote by [X,Y] the set of all (free) homotopy classes
of continuous maps from X to Y. Since 7 (Aut(C" x g%)) = Z is abelian,
by Satz 16.3.13 in the book by R. Stocker and H. Zieschang [SZ] the map
7 (Aut(C* x g%)) — [St, Aut(C™ x g©)] that forgets the base point, is a
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bijection. Similarly, the “forgetful map” Z = m (S') — [S!, S1] is a bijection.
It follows that the map [S*, Aut(C" x g©)] — [S!, S'] induced by det /|det | :
Aut(C" x g) — St is bijective.

Returning to our setting, since detoA/|det oAl : S — S is homotopic
to a constant map, it follows that the same holds for the map A : S} —
Aut(C" x g©). Hence there exists a continuous map h : Bg\ B — Aut(C" x

g%) such that
1, if z € S},
M=) = { A(z) ifz € SL.

We define F': C x (C" x g€) — w*TM by

7o FOh(z), for z € Bp,
T Fi (G Adge)) - (27 - @id), for 2 € C\ Bg.

This is a continuous complex vector bundle isomorphism. Smoothing F
out on the ball of radius R + 1, we get a smooth complex vector bundle
isomorphism

F:Cx(C"x g% — uTM.

This is a trivialization of the “manifold component” u*T' M of the bundle
w*TM®g®. In order to extend this to a trivialization F' : CxV — w*TM®g®,
we look now at the “complex gauge component” g°.
Claim 1 The loop

Sll Sz Adgyz) € Aut(gc)

1s homotopic to a constant.

Proof of Claim 1: We claim that det(Ad,) € R, for every g € G. To
see this we fix g € G and choose a basis e;,...,e; of g. Then Adge; € g
and Adgie; = tAdge; € ig for every 4, so the matrix of Ad, w.r.t. the basis
e1,... e e, ..., ie, of g* has real entries. Hence det(Ad,) € R, as claimed.

It follows that
det(Adgo(z))

T = T (Ad o)
for every z € C\ By or it equals —1 for every z € C\ B;. Hence the degree of
the map Si 3 z +— f(z) € S!is zero. Since the map [S*, Aut(g®)] — [S?, S
induced by det /| det | is a bijection, Claim 1 follows. O

=1

By Claim 1 we may choose a continuous map k: B — Aut(g®) such that
E(z) = Ady,(,) for z € S*. Smoothing the connected sum k#go on the ball
By, we get a map k € C(C, Aut(g®)). We now define the smooth complex
trivialization

F:CxV=Cx(C"xg"xg%) —uwTMag" F =(F.,kz).
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We check that F' satisfies conditions (i), (ii) and (iii) of Definition 2.10.
The first condition follows from the construction of F. We check (ii).

Claim 2 The number d equals the Maslov index of w,
d = m(w). (2.43)

Proof of Claim 2: In order to calculate m(w), we gauge transform w by
amap g € C°(C,G) defined as follows. We first define the continuous map
g:C— G by

3(2) = { g0(2)90 (|—j|>_1, for z € C\ By,

1, for z € By.

Then by smoothing this map on By, we get our map g € C*(C,G). We
define w” := (u”, ®", V") := g*w and

O - Sl - G, goo(z) = 90(2)90(1)_17 Yoo = gO(l)xoo-

Recall the definition (2.33) of the map ¢y : By — C. We define v: D — M
by
[ u"oy(z), forze By,
v(z) = { Goo(2)Yoo, for z € ST

Since (g 'u)(re’?) converges to x4, for 7 — oo, uniformly in ¢ € R, it follows
that the map v is continuous. We define the complex trivialization

F':Dx (C" x g°) — v*TM,

Fr e (s = 4 (90t0(2) 7 Fo) 0 ([0(2)|? - @id), for 2 € By,
: 9oo(2) - F (-, Adgy1)-) o (274 - @id),  for z € S

Claim 3 The map F’ is continuous.

Proof of Claim 3: By a short calculation we have for every x € M, h € G,
vo € C" and a € g°©

FY (vo, Adypa) = hEY (v, ). (2.44)

Therefore, for r < 1 close enough to 1 we have for every ¢ € R, abbrevi-
ating Z = ’lp(]('r’e“o)’
;e“ﬂ = g(z)ilFlij(z) (', Adgo(z) . ) . (eiidﬁa . @1d>
Fuy (5 Adgey-1 Adgy () - ) (7% - @id)
- Fz%re”) (', Ady_ (eiv)go(1) * )(6_”“" - ®id),
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and this converges for r — oo to

Fy eieyy ( Ay einygony - ) (€74 - @id)
:goo(ew>Fy[io (~,Adgo(1) . )( —idyp ®id),

uniformly in ¢ € R. This proves Claim 3. a

By Claim 3 the tuple (g, goo, Yoo, F’) satisfies the condition of Definition
2.6, and therefore the Maslov index m(w) is given by the degree of the map

St o F/ g (2) - FI € Aut(C™ x g©). (2.45)

Since goo(1) = 1, we have for z € S!

- -1 _

FI7lgoo(2) - F = (2" @Id)F (5 Adgyn) ) goo(2) " goo(2) - L (- Adgyr) -)
=2 @id.

Hence the degree of the map (2.45) is d. This proves Claim 2. O

Condition (ii) follows from Claim 2 and the construction of F', since for
|z| > R+ 1 we have

F.(z"") - @id) = F{{.) (-, Adgy()) @ Adgy().
We check condition (iii). We fix a vector
¢:=(vg,o, ) €V =C" x g© x g
Then by Lemma A.8 we have for z € C\ Bg,1, dropping the z,
VE(F(pa-@id)C) = (90)- (V5 (95" FY (10, Adyya), 067 5)
= (90 (V¥ (Pl (w0, )), [, 5))
= (90)« (V3 (F"(vo, @), [/, 5])
It follows that
||V (F(pa - @id)C)] }L’A’(C\BRH)
= H vﬁsu (FY(vo, ), [®', B )HLI;(C\BRH)
< C(10' |12\ Bryy) + 11|22 @ Brsn)) €]
< (119 + Xor (W)l g\ + 121|517, ) €]

= (10se + Xa (@) 50\5000) + 1€l g\, ) €]

< 00,
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where C,C" > 0 are constants depending on the local trivialization FY, but
not on the point z € C\ Bgy1 nor on ¢. This implies condition (iii) of Defi-
nition 2.10, and completes the proof of Proposition 2.11. a

The purpose of a good complex trivialization of w*TM @ g is to translate
the operator D,, into a simpler operator defined on maps from C to C" x
g® x g®. This translation is the content of the next result, Proposition 2.12
below. In order to state it, we now introduce the two types of weighted
Sobolev-spaces mentioned in the introduction of section 2.

We fix a value 1 < p < oo, two integers N > 1, k > 0, a real number
A, an open subset Q2 C RY and a real or complex vector space V. For every
multi-index o = (o, ...,ay) € (NU{0})" we denote its length by

N
la| := Z o
i=1
and the multiple partial derivative operator corresponding to a by
0% =07t - - 0.

We define the strongly A\-weighted (k, p)-Sobolev norm of a map u € W/IIZCP(Q, V)
by

k
lull ooy = D 10Ul o,y € 0, 00],
|ee]=0

and the small A-weighted (k,p)-Sobolev space over Q) by

loc

L2, V) = {u e WEP(Q, V)| lull e vy < o0}

Furthermore, we define the weakly \-weighted (k,p)-Sobolev norm of u by

k
lullyro@uy = D 116 0%ul| ey € [0,00],
A (V)
|a|=0

and the big A-weighted (k,p)-Sobolev space over € by

loc

WP V) = {u € M (@ V) [lullygoa,y) < o0}

Note that

||u||W§’P(Q7v) < ||u||L§’p(Q7V) < ||u||w/’\“fk(§27v)>
and therefore Wffk(ﬂ, V) C LYP(Q,V) € WP(Q,V). Furthermore the
space L3P(Q,V) = WP(Q,V) agrees with L2(Q,V) defined in (2.3). In
the papers [McO1], [McO2], [McO3], [Lo2|, [LM1], [LM2], [Lo3] R. B. Lock-
hart and R. C. McOwen established Fredholm theorems for elliptic partial
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differential operators (for example for the Laplacian on RY) between small
weighted Sobolev spaces. (They use different notations.)

Assume that 7 > 1. Let d be an integer and p > 2 and A > —2/p + 1
be real numbers. We choose a smooth function py : C — [0, 1] such that
po(z) = 0 for |z| < 1/2 and py(z) = 1 for |z| > 1. Recall that pg : C — C
denotes the monomial py(z) := 2¢. We define the vector space

Xy = X0 = (Cpopa + Ly, _4(C,C)) x (C*' + LyP (C,C™7Y))  (2.46)

x WyP(C, g x g%).
Here in the first factor Cpgpy denotes the vector space of complex multiples
of the function pyps : C — C. Analogously, in the second factor we identify

C™ 1 with the complex vector space of constant functions from C to C*~!
We fix a vector

Uclxapopd + o'

V2 4 v?
Yo .
C = (6% = 7 _ S Xdu
3 vy + "
a
g
where (vl,...,v%) € C". By Lemma E.3 the vector (v, ..., %) is uniquely
determined. We define the norm of { by
¢, = (2.47)
‘(Uéov Tt 7U<7>Lo)‘ + HvluLi’_"l_d(C) + ||(U27 cet 7Un>||L}\’fl((C) + ||(Oé, ﬁ)HW;’p(C)'
Furthermore, we define the normed vector space
Vy=Y = I (C,C) x L}(C,C" ! x g€ x ¢%). (2.48)

We use super- or subscripts to indicate the target of functions on which an
operator acts. For example, the operator @Cﬁ acts on functions from C to
C™. Likewise, idyc is the identity on a space of functions from C to g®. For
every finite dimensional hermitian vector space (V/ (-, -)) we call a linear map
AV — V strictly positive iff for every 0 # v € V' we have

(Av,v) > 0.

Note that such a map A is self-adjoint, see for example Satz V.5.6 in the
book by D. Werner [Wer].
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Proposition 2.12 Let 2 < p < oo and A > —2/p + 1 be real numbers.
Assume that i = dim M /2 — dim G > 1. Let w := (u, ® + V) € BY be a
map and F : Cx V — w*TM @ g€ be a good complex trivialization. Let
m(w) € Z denote the Maslov index of w, as in Definition 2.6, let X, := XP?
and Yy, := Y2 be defined as in (2.15) and (2.28), and let Xy = Xﬁb’(’\w)
and Ymw) = g;?w) be defined as in (2.46) and (2.48). Then the following
statements hold.

(i) The maps

Xm(w) 5(— F(e X,, (2.49)
ym(w) S5C— F(e Wy (2.50)

are well-defined and isomorphisms of normed vector spaces, i.e. there
exists a constant C' > 0 such that

CHICN 2y < NECw < ClICH Xy (2.51)
CHICN < I Cpa < ClICH,00)- (2.52)

(ii) The operator
ngiv = Fﬁl'DwF : Xm(w) — ym(w)

1s a compact perturbation of the operator

. 209 id

where A : g© — g is some positive C-linear map.

Corollary 2.13 For each two numbers p > 2 and X > —2/p+ 1 and every
map w = (u,® + 1¥) € By the normed vector spaces XP* and Y2 are
complete.

Proof of Corollary 2.13: Recall that if (X, || ||1),.-., (Xk, || - ||x) are
normed vector spaces then the product norm on X; x --- x X}, is defined
by |[(z1,...,zk)|| == ||z1|ls + - - + ||zk||x. We abbreviate d := m(w). By
definition of the norm on X, this space is isometrically isomorphic to the
vector space

C" x L;",_4(C,C) x Ly?,(C,C"1) x Wy P(C, g%), (2.54)

with the product norm. By Proposition E.6(iv) the normed space W; P(C, g%)
is isomorphic to W'?(C, g®). Furthermore, as R. B. Lockhart proved in his
PhD thesis [Lol], the space L}qu (C,C) is complete, for every two real num-
bers p and 1 < ¢ < oo. It follows that the space X, is complete. The same
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holds for V;. Since by Proposition 2.12 the spaces X; and )Y, are isometri-
cally isomorphic to X, and ), these spaces are also complete. This proves
Corollary 2.13. a

Proof of Proposition 2.12: Let F': Cx V — w*TM @ g© be a good
complex trivialization. We choose a number R > 0 and a gauge transforma-
tion go € C®(C \ Bg, G) such that the conditions in Definition 2.10(i) are
satisfied. We abbreviate d := m(w).

We prove (i). We choose a smooth function py : C — [0, 1] such that
po(2) = 0 for 2 € Byjy and py(2) = 1 for z € C\By. Let ¢ € Wi (C,w*'TM @

g%). Then by the definitions (2.10) and (2.36) of V®¥¢ and V¥ F we have
on C\ {0}

VEH(EC) = VY (F(pa- @id)(p-a- ©id)C)
= VY (F(pg- @id)) (p_q - ®id)¢ (2.55)
+F(pqg - ®id)d((p-q - ®id)C).
Claim 1 The map (2.49) is well-defined and bounded.
Proof of Claim 1: Let

1 1
Vo POPd +v
vgo + v?

¢:= ('Uo,Oz,ﬁ) = € Xy

n n
v + v
«

g

In the following C' > 0 will denote a constant that may depend on p, A, d,
the map w, the number R and the trivialization F', but not on the map (. It

may change from estimate to estimate. We abbreviate

Fllon =11 lloe— 1loai=1llger N lloo 2= 11+ llzme-
We have
1FClle < IIF(O) @id) ()7 @id)C |
< Ol @id)] |
< OIke o B+ IO oo+ [[ (0% 0™ 0 D))
S C(|(Uc1>o7 "7,Ugo)|+||v1”1,p,7%7d+H(U27"'7,Uﬁ7057ﬁ)H17p77%>

VAN

C(Iwkes- o)+ 0 1pr-1-a

12 0 lpac + (@ Bl o )
ClI¢ L (2.56)
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Here in the second line we have used inequality (2.41), in the forth line
we have used Proposition E.6(iii), and in the fifth line we have used that
A > —2/p+1 and therefore ||v*||1,—2/p—a < ||0!||1pr—1-4, and we have used
that

(e, D)l1pa-1 < [l B)llw ey
Furthermore, recalling the definition (2.13) of P, we have on C \ B

PF( = (L;Adg,or, Ady,3),
and therefore
[[PFC|[pn < ||PFC||L§(<C\BR) + Cl|PFC||Lr(Br)
< C(I1Adg (s B)llsgerme) + 1Kl oo
< Cll¢]lx- (2.57)
Here in the last line we have used that |[Ad,,(a, 5)| = |(a, 5)].

A\

Furthermore, by (2.55), we have
IV (FO) g e
< ||[VPY(F(pq - ®id))] }LI;(@\BI)H(P—d - ®id) (|| Lo (c\By)
+C|d((p-aq - ®id)¢)] ‘L‘;(C\Bl)
< O(Iks o ) 1100 e + 10207, 0, D)
1p-avll o, vz + 11020 0B, )
< O(J(her o VB + 10 oz a (| (050" @ B, s

I hpacra+ |07 8,
< C[¢]] (2.58)
On the other hand, since
VEY(FQ) = (VY F)( + FdC, (2.59)
it follows that
IVE¥(FO sy < CIVPYF|leml ¢l o) + 1Fpee B l1dC | 2o(a1)
< ClICl],- (2.60)

Here in the second inequality we have used condition (iii) of Definition 2.10
and Proposition E.6(iii). Combining estimates (2.56), (2.57), (2.58) and
(2.60) we get

1ECllw < CIC s

This proves Claim 1. a
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Claim 2 The map
X, —F{'ecxn (2.61)

is well-defined and bounded.
Proof of Claim 2: We fix (' :== (¢v/, ') € X, and define ¢ := (vg, o, 3) :=

F~1¢" . C — V. Choosing R > 0 as in condition (i) of Definition 2.10, it
follows that on C\ Bpg

(o, B)| < | P
Therefore,
(@, DI zcvsr) < CIIPCzcvBr) < ClC - (2.62)
Claim 3 We have
[[d((pop-a - SDF )|y e < CIE (2.63)

Proof of Claim 3: By equality (2.55) we have on C \ {0}
d((p-a-@A)F'¢) = (pa-@id)F"-
(v“g’ — VY (F(py- id)) (pa - @id)F—lg').

Hence using conditions (ii) and (iii) of Definition 2.10, we have

[d((p-a- SDETC) | ey < CITPHC

+| [V (F(pg - ®id))| \MHCHOO)
< O < 00. (2.64)

On the other hand, (2.59) with ¢ := F~'¢’ implies that
d(F71¢") = F-H(V™Y = (VPYR)FI(). (2.65)
Therefore,

l|d((pop—a - ®id)F (") }LP(Bl)

IA

|| (d(pop-a - ®id)) F'C|[ 1, 5,

+||(pop—a - ®id)d(F~'¢")] ’LP(Bl)
< C(lI¢ I + IV oan))
< ClI¢ -

Combining this with (2.64) proves Claim 3. O

By Claim 3, the hypotheses of Proposition E.4 (Hardy-type inequality)
with u replaced by (pop_q - ®id)F~1(" are satisfied. Hence, applying that
Proposition, there exists a vector

oo 1= (Vhes -+ VL, oo, Bog) €V =C7 x g% x gF,
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such that
(pop—q - ®id)F 1 (re") — (o, (2.66)

for r — oo, uniformly in ¢ € R. Furthermore, we have

[ (pop—a - @I = Co) |- 17 | ey
< Clld((pop-a - @I F'C) -1 o g
< ClI¢ (2.67)

where in the second inequality we have used Claim 3. Since A > —2/p + 1,

/(C\BR<‘>p)\ e

Hence estimate (2.62) implies that (teo, Bs) = (0,0).

we have

The convergence (2.66) implies that

(ks t2) < Il(pop—a- ©IAF |
< Ol
< Ol (2.68)

where in the second inequality we have used condition (ii) of Definition 2.10.
We define

(v', .. 0" a, B) == F7'¢ = (popavls, vZ, . . ., 0%, 0,0).

Using Proposition E.6(ii) and inequalities (2.67) and (2.63), we have

1 2 7 1
|| ||L§’flid(c\31) + (w7 .. )||L§’EI(C\Bl) < C(||p_dv ||L§vfl(<c\31)
+||<027"'7Uﬁ>||L}\’fl(C\B1))
< ¢ (2.69)

Finally, on the ball Bg, we estimate F~(’ by

FE¢ | o (B ClIC | pre(BR)

<
< Ol (2.70)

Inequalities (2.62), (2.68), (2.69) and (2.70) imply that

1E75¢ [, < ClIC N

i.e. the map (2.61) is well-defined and bounded. This proves Claim 2. O
So we have proved that the map (2.49) is an isomorphism of normed vector
spaces. In order to see that the map (2.50) is an isomorphism of normed
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vector spaces, observe that by condition (ii) of Definition 2.10, we have for
every ¢ € Vy

1EClpa = |[F(C)* - @id)(() - @id)(]] |
< O~ @id)¢|]pa
< C|¢]ly,-

Analogously, we have
[I¢lya < CIEC][pa

This proves that the map (2.50) is an isomorphism of normed vector spaces,
and completes the proof of (i).

We prove statement (ii). Recall that we have chosen R > 0 and gy as
in Definition 2.10(i). It follows as in the proof of Lemma 2.5, that the point
u'(re'?) = go ' (re*¥)u(re’) € M converges to some point 1o, € pu~'(0), for
r — 00, uniformly in ¢ € R. By our hypothesis (H1) the Lie group G acts
freely on p~'(0). Hence Lemma A.4 implies that L, : g — T, M is injective
for every # € pu~1(0). Tt follows that there exists a number R’ > R such
that for every z € C\ Br the map L,y : g — Ty)M is injective. Thus
the complexified infinitesimal action LS(Z) gt — Ty M is injective, for
z € C\ Bgr. We define the linear map

A= (Lg )Ly - g" —g".

This map is strictly positive complex linear. By the splitting property (2.37)
and (2.38) in Definition 2.10(i), the trivialization F : C x V — w*TM @ g©
is the direct sum of two complex vector bundle isomorphisms

Fi:Cx (C"x g% — u'TM, Fy:Cx gt — ¢~
Hence by (2.31), the operator DY : X; — ), is given by

ijf” = (Fl@F2>71Dw(F1€BF2>

2V (v 0P LS
- o) (T LT e ) e
= (1o Fz)fl .
(VIR 4 2F10; 4+ VE 0 u LCF,
_ a“
20C" & ( 2% ;gggi ) + 8. (2.71)

Here S : X; — ), is the 0-th order perturbation defined by

g ( FH@VETR) + (VR )0 u) 7L E (2.72)
T FyY(LE)*F — Apr 2Fy (02T Ey) ) .
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where ¢ : gc — C" x g is the inclusion to the second factor and pr :
C™ x g© — g€ is the projection to the second factor. By (2.71) the statement
(ii) follows, once we have proved that the operator S is compact. In order to
prove compactness of this operator, observe that we can write it as a sum

S:SO+51:Xd:X£@XCl1—>yd’
where

X; :=Cpopa x C"1 x {(0,0)},
X} =17, (C,C)x Ly* (C,C" 1) x W P(C, g% x g©).

The operators Sy and S are given by the same formula as S. Since X)) is
finite dimensional, Sy is compact. We prove that S; is compact as well. In
order to see that S is compact, we also write it as a sum

S1 = XBS1 + XC\Bp S1-

Since Bp is bounded and has smooth boundary, the operator xg,,S1 : X} —
Vi is compact. We prove that xc\p,, 51 : X] — Yy is compact.

Claim 4 The map

Xevsy FUH(VEPYER) 0 LyP 4(C,C) x Ly? (C,C™) x WyP(C, g%)
— I%_,(C,C) x LE(C,C™* x ¢g) (2.73)

1§ compact.
Proof of Claim 4: On C\ {0}, we have

FIY VI R) = FHVEY(F(pa- @id))) (p-a - ©id)
+(pa - ®id) (9:(p_q - ®id))
= FU(VEY(Fy(pe- @id) (pa- ©id).  (2.74)
Here we have used that p_; is holomorphic. By Proposition E.6(ii), the map

Xevs,, (P-a)- + Ly"_4(C,C) — LY? (C,C) (2.75)

is bounded. By the same Lemma, statement (iii), there exists a compact
inclusion

Ly? (C,C™) x W, P(C, g%) C Cy(C,C™ x g°). (2.76)

Here we have used that the inclusion W; P C L}\’fl is bounded. By condition
(iii) of Definition 2.10, the map

xorBy (VI (Fi(pg - @id))) : Cy(C,C* x g%) — LE(C,w*TM)  (2.77)
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is bounded. Finally, it follows from condition (ii) of Definition 2.10 that the
map

F7U o IR(Cou'TM) — IE_,(C,C) x LE(C,C™* x g© x g%) (2.78)

is bounded. Combining equality (2.74), the boundedness of the map (2.75),
the compactness of the inclusion (2.76), and the boundedness of (2.77) and
(2.78), it follows that the map (2.73) is compact. This proves Claim 4. O

In the same manner as in the proof of Claim 4, Proposition E.6(iii) and
conditions (ii) and (iii) of Definition 2.10 imply that the map
Xe\Bg Fy (077 Fe) s WP (C, %) — L5(C, ¢") (2.79)

is compact. Furthermore, by the definition of B, we have 9u € L{(C). This
together with statements (ii) and (iii) of Proposition E.6 and condition (ii)
of Definition 2.10 implies that the map

XC\BR/Fl_l(VFv])a;IJU : ,\ P1-4(C,C) x L}\p1(C>Cﬁ_1) X W,\l’p(cagc)
— L§_4(C,C) x L{(C,C" ! x g%) (2.80)

is compact. By the splitting condition (i) of Definition 2.10 we have for
ze€C \ BR/
FIULER), =

Thus
Xevs,, (Fr LS Fy — 1) = 00 W P(C, g%) — L§(C,C" x g°). (2.81)

Moreover, by short calculations, we have for every z € M, g € G, a € g
and v € T,M

L%Adga = gLta, (2.82)
(Ley)*gv = Adg(LY) . (2.83)

We fix a point z € C\ Br. Recall that v’ = g; 'u. We define
f(z) = (LS’(z)>*LS’(z) - (L(x:w)*Lfoo : Q(C - Q(C-
By the splitting condition 2.10(i) we have
Fi(C" x {0}) = Hyp) = ker(LS(Z))*.
It follows that

F2_1(LS)*F1|Z_API = (le LC ) Fil —A)pr
(L) LS|, — (LS. )LC ) pr
= f(z)pr:C" x g — ¢ (2.84)
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Here we have used equalities (2.82) and (2.83). Since u/(re¥) converges to
Too, for 7 — o0, uniformly in ¢, the linear map f(re?) converges to 0, for
r — 00, uniformly in ¢. Hence by statement (v) of Proposition E.6, the map

Wy"(C,g%) 2 a fa € L5(C.g°)
is compact. Equality (2.84) implies that the map
Xevs,y (Fs H(LE)*Fy — Apr) : WP(C,C" x g%) — L{(C,g%)  (2.85)

is compact. Combining the compactness of the maps (2.73), (2.79), (2.80),
(2.81) and (2.85) we conclude that the map

Xe\B,, St X =Ly, ,(C,C) x Ly" (C,C™ 1) x W P(C, g x g%) — Yy

is compact. So we have proved that the perturbation S : X; — Y, defined
in (2.72), is compact. This proves statement (ii) and concludes the proof of
Proposition 2.12. O

Remark 2.14 To have identity (2.74) in the proof of Proposition 2.12 was
the main reason for the precise form of condition (iii) in Definition 2.10 (good
trivialization), involving the function py rather than for example the function

()"

For the proof of the main result, Theorem 2.8, we need two more ingredi-
ents, namely that the two summands in the direct sum (2.53) in part (ii) of
Proposition 2.12 are Fredholm. These are the statements of Corollary 2.17
and Proposition 2.18 below. Fix an integer d. We define P, to be the space
of polynomials in z € C with complex coefficients, of degree less than d. So
it has complex dimension d. Our convention is that if d < 0 then P, = {0}.
Likewise, we denote by P; the space of polynomials in zZ € C with complex
coefficients, of degree less than d. We abbreviate

Ly? = Ly?(C,C), I} :=IX(C,C).
For a normed vector space X we denote by X* its dual space.

Proposition 2.15 Let d be an integer and 1 < p < oo and —2/p+1 <\ <
—2/p+ 2 be real numbers. Then the operator

T:=0.:L" ,— L%, (2.86)
18 Fredholm. Furthermore, its kernel is

ker T = P,. (2.87)
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Moreover, the map
P,— (l'};\id/imT)*7 U — (U +im7T +— / uv ds dt) (2.88)
C

is well-defined and an isometric isomorphism. Here we equip L% _,/imT with
the quotient norm.

Remark 2.16 It follows that 0 : Liﬁl—d — L%, is injective if d < 0 and
surjective if d > 0. In particular, for d = 0 it is an isomorphism. In general,
its real Fredholm index is 2d.

We denote by S the space of Schwartz functions on C and by S’ the space
of temperate distributions. By ~: &' — &’ we denote the Fourier transform,

defined by

for ¢ € S, where

1 A
PG +1iC) = o / ©(s + it)e 50T2) s qt.
TJc

Furthermore, we denote by vV : & — &’ the inverse transformation. For
1 € S it is given by

\%

1 )

U(s+it) = — / $(Gr + iGy)e TR d(y de,.
2T C

Proof of Proposition 2.15:

Claim 1 The kernels of T and T™ are

kerT" = Py, (2.89)
ker T* = P, (2.90)

Proof of Claim 1: We prove (2.89). A calculation in polar coordinates
shows that for every polynomial u in the variable z we have

uELi’fl_d — degu<d—)\+1—§. (2.91)
We prove that ker 7' O P,. Fix a polynomial v € P;. Then Tu = d;u =
0. Since by our assumption A < —2/p + 2 and degu is an integer less than
d, it follows that degu < d — A+ 1 — 2/p. Hence by the equivalence (2.91)
we have u € Li’f 1_q» and therefore u € ker T". This proves that ker T’ O P;.
We prove that kerT' C P;. We fix a function u € ker T'. Then 0su =0
and therefore in the sense of temperate distributions

—

0= Bou(C) = ica.
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It follows that the support of w is either empty or consists of the point
0 € C. Hence the Paley-Wiener theorem implies that u is real analytic in
the variables s and t, and there exists an integer N such that

sup (Ju(2)[()") < oo,

zeC
see for example Theorem IX.12 in Vol. T of the book by M. Reed and B.
Simon [RS]. Since u is holomorphic, Liouville’s Theorem implies that it is
a polynomial in the variable z. Since by our assumption A > —2/p + 1, it
follows from the equivalence (2.91) that degu < d, hence u € P;. This proves
that ker 7' C P, and thus equality (2.89).

We prove (2.90). We define p’ := p/(p — 1). For every u € R the map

L’juﬁ(Lz)*, u = (v»—>/(cuv)

is an isometric isomorphism. Hence we may identify (L} ,)* with LY Apd-
The adjoint operator T™ is given by

% 1 . ! ~ * , *
T5 =0, = 5(83 —i0;) : in)\—f—d = (Ll))\—d) - (Li\fl—d) )

where the derivatives are taken in the sense of distributions. Analogously to
(2.91), for every polynomial u in the variable z we have
/ 2 2
uwe (L5 ) =1L, <= degu < —d+)\—? = —d+)\—2+2—9. (2.92)
We prove that ker 7* O P_;. Fix a polynomial u € P_,; in the variable
z. Since by our assumption A > —2/p + 1 and degu is an integer less than
—d, it follows that degu < —d + A — 2 + 2/p. Therefore by the equivalence
(2.92) u € (L5_,)*, and hence u € ker T*. This proves that ker T* 2 P_,.
We prove that kerT* C P 4. We fix a function v € ker T*. Then
0.u = 0 in the sense of temperate distributions, and therefore

0= 0.u=iCa.

Hence as above, the Paley-Wiener theorem and Liouville’s Theorem (for anti-
holomorphic functions) imply that « is a polynomial in the variable z. Since
by our assumption A < —2/p + 2 it follows from (2.92) that degu < —d,
hence u € P_;. This proves that ker T* C P_, and therefore (2.90).

This completes the proof of Claim 1. a

We apply now Theorem 4.3 in the paper by R. B. Lockhart [Lo2]. The
hypotheses of that theorem are satisfied, since by our assumption —2/p+1 <
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A < —2/p+2, and since the operator T' = J; has constant coefficients and is
elliptic, in the sense that its principal symbol

or:C—C, or(()= %(Q +i(s)

does not vanish on S* C C. Hence that theorem implies that in the case d < 0
the operator T : Li’f . — L% is Fredholm, and that in the case d > 0 the
operator T* : (LX)* — (L)?,)* is Fredholm. Consider the case d > 0. Since
T is Fredholm, it has a closed image. Therefore, Proposition E.2 implies
that the image of T' is also closed. It follows that imT is always closed. Thus
we may apply Lemma E.1 with X := If , and V := imT, to deduce that
the map

ker T = (imT)* — (L§_,/imT)*, u— (v+imT — / uv ds dt)
C

is well-defined and an isometric isomorphism. Here (im7")* C (L%)* denotes
the annihilator of im7. The statements (2.87) and (2.88) follow now from
Claim 1. So ker T" and coker T" are always finite dimensional, hence 7T is Fred-
holm also in the case d > 0. This proves Proposition 2.15. a

Let d be an integer and 1 < p < oo and —2/p+1 < A < —2/p+ 2 be real
numbers. Let py : C — [0, 1] be a smooth function that vanishes on B/, and
equals 1 on C\ By. By Lemma E.3 the map

C x Li’fl_d — Cpopa + Li’fl_d, (Zoo, U) > TooPoPa + U (2.93)

is an isomorphism of vector spaces. We may therefore define the norm of a
vector v € Cpopg + Ly?,_, by setting
vlla = o] + [ull g

A—1—d’

where (2o, u) € C x LY?,_ is the inverse image of v under the map (2.93).
The vector space Cpopg + L}\’fplf 4 €quipped with this norm is complete, since
C x LY?,_, is complete, see the PhD thesis by R. B. Lockhart [Lol].

Corollary 2.17 Let d,p, A and py be as above. Then the operator
0 : Cpopa + Ly",_y — L5_, (2.94)
1s Fredholm, and its real index equals 2 + 2d.

Proof of Corollary 2.17: A short calculation using the Leibnitz product
rule shows that the composition of the maps (2.93) and (2.94) is given by

T+S:Cx Ly ,— I, (2.95)
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where
T(Too,u) = Osu,
S(Too, ) = Too(Ozp0)Pa-

The map T is the composition of the projection to the second factor
pr:Cx Ly’ ,— L7,

with the operator
0. LyP, ,— IX_. (2.96)

By Proposition 2.15 the operator (2.96) is Fredholm of real index 2d. Since
the projection pr is Fredholm of real index 2, it follows that T is Fredholm
of real index 2 + 2d. Furthermore, the operator S is compact, since it is the
composition of the two compact operators
C x Li’fl_d S (T tt) — T € C,
C 3 Zoo — Too(0zp0)pa € LY,
It follows that the operator T4+ S : C x Li’f —q — Li_ 4 1s Fredholm of real

index 2+ 2d, and hence the operator (2.94) is Fredholm with the same index.
This proves Corollary 2.17. a

Let (V, (-, -)) be a finite dimensional hermitian vector space, and let A, B :
V' — V be strictly positive complex linear maps. Recall that this means that

(Au,u) > 0, (Bu,u) > 0,

for every 0 # u € V. (It follows that A and B are self-adjoint, see for
example Satz V.5.6 in the book by D. Werner [Wer|.) We fix real numbers A
and 1 < p < oo and define the operator

20. A
T = ( 5 2, ) L WIP(C,V x V) — LE(C,V x V).

Proposition 2.18 The operator T is Fredholm of index 0.
For the proof of Proposition 2.18 we need the following.

Theorem 2.19 (A. P. Calderén) Let N be a positive integer, 1 < p < o0
be a real number, (V. (-,-)) be a finite dimensional hermitian vector space and
AV =V be a strictly positive complex linear map. Then the map

~A+AWHRY,V xV) - LP(RY,V xV) (2.97)

is an isomorphism of Banach spaces.
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Proof of Theorem 2.19: We denote the complex dimension of V' by k
and the eigenvalues of A by Aq,..., \; and choose a unitary basis ey, ..., e
of eigenvectors of A such that Ae; = \;e; for every i. We define the linear
map

k
T:CF—=V, Tu:= Zuiei.
i=1

Since 7' is invertible, it induces isomorphisms of Banach spaces

T W?*P(RYN CF) — W2PRN, V), (2.98)
T4 LP(RYN, V) — LP(RYN CH). (2.99)
It follows that
A0 0
T (At AT = -Ar| Y . : W2P(RY, C*) — LP(RY, CP).
0 0 A

(2.100)
We define the temperate distribution

G:=(@2m7 () ) es.
Then the map
So2u—Gxues

is well-defined. By the usual Calderén Theorem this map extends uniquely
to an isomorphism of Banach spaces

LP(RY C) 3 ur Gxuc W*PRYN C), (2.101)

see Theorem 1.2.3. in the book by D. R. Adams [Ad] or Theorem V.3 p.135
in the book by E. M. Stein [1]. Note that for every Schwartz function u we
have

(A +1)(G xu) = ({(-)*(G xu))Y =u.
It follows that the operator
—~A+1:W?*?(RY C) — LP(RY,C) (2.102)

is the inverse of (2.101), and hence it is an isomorphism of Banach spaces.
Since \; > 0 for every i, it follows from a scaling and direct sum argument
that the operator (2.100) is an isomorphism of Banach spaces. Since the
transformations (2.98) and (2.99) are isomorphisms of Banach spaces, by
equality (2.100) the same holds for the operator

A+ A WHRY V) — LPRY, V).
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This proves Theorem 2.19. O

Proof of Proposition 2.18: We abbreviate
LP = LP(C,V x V), etc.
Claim 1 We may assume w.l.o.g. that A = 0.

Proof of Claim 1: Assume that we have already proved Proposition 2.18
in the case A = 0. The map

12 3 (u,v) — ()Mu,v) € LP (2.103)
is an isometric isomorphism. Furthermore, by Proposition E.6(iv) the map
WP 5 (u,v) = () Mu,v) € WP (2.104)

is well-defined and an isomorphism of Banach spaces. Moreover, we have

(VT =To+ 8 : W — L7, (2.105)
where
_(20: A _ 2000007 0
7, ._( 0 2@), s._( ’ 2<.>A<az<.>x>)'

By our assumption the operator Ty is Fredholm of index 0. Furthermore, a
calculation using the identity |z|*> = zz shows that

o097 < Bl oy < Bl
Therefore, Proposition E.6(v) implies that the operator S is compact. This
together with equality (2.105) and the fact that the maps (2.103) and (2.104)
are isomorphisms of Banach spaces, implies that T"is a Fredholm map of in-
dex 0. This proves Claim 1. O

So we assume from now on that A = 0. We show that in this case the
operator T' : WP — [P is an isomorphism of Banach spaces. We define
AY2 BY2 .V — V to be the unique strictly positive linear maps such that

1

(A2)2=A, (B2)?=B.

For existence and uniqueness of these maps see Satz VI.3.4 in the book by
D. Werner [Wer]. We define the operator

20, AB: .
= 1 1 . ’ Lp.
S ( B2A> 20, ) W=
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Consider the automorphisms of Banach spaces

( %2 ; ) C W WP, (2.106)
( A02 BO; ) . LP L7 (2.107)

A short calculation shows that

A2 0 A5 0
| T | =8 2.1
( 0 B—a> ( 0 B3 ) S (2.108)

Claim 2 The operator S : WY — LP is an isomorphism of Banach spaces.

Proof of Claim 2: We define

1

S = ( B_?flzl A;gQ ) WP WP,
2 A2 —20;

Note that S’ is the formal adjoint of S w.r.t. the L? hermitian product on
C§° given by

{(u,v), (W, 0")) e := / ((u,v) + (o', 0"))d" .

C

This means that
(S(u,v), (W', v) = ((u,v), S'(«, ),

for every pair (u,v), (v/,v") € Cg°. By a short calculation we have

SS,_(-A+A£BA% 0

0 A+ BAAB ) WP — LP. (2.109)

Since the linear maps
AiBA? B2AB?:V —V

are positive, Theorem 2.19 (Calderén) implies that S.S” is an isomorphism of
Banach spaces. We denote by (SS)~! : LP — W?P its inverse and define the
bounded operator

R:= S/(SS')fl LIPS Wb,

It follows that
SR =1idzs.

We show that
RS = idyp. (2.110)



2.2 The Fredholm Theorem 60

By a short calculation, we have for every Schwartz function (u,v) € §
SS (u,v) = S5'S(u,v).
This implies that (SS")7'S|s = S(SS5")!|s, and therefore
RS|s = ids.

Since RS : WP — WP is continuous and S C WP is dense, it follows that
RS = idy1.». This shows (2.110) and proves Claim 2. O

Since the maps (2.106) and (2.107) are automorphisms of Banach spaces
and by Claim 2 the map S is an isomorphism of Banach spaces, it follows from
(2.108) that T is an isomorphism of Banach spaces, assuming that A = 0.
Therefore, for a general number A € R it follows from Claim 1 that 7" is a
Fredholm operator of index 0. This proves Proposition 2.18. O

We are now ready for the proof of the main result of this section.

Proof of Theorem 2.8 (Fredholm): Letp > 2, A > —2/p+ 1, and
let w := (u,® + V) € B} be a map. That the normed vector spaces X
and VP are complete is the statement of Corollary 2.13. Assume now that
-2/ +1 < XA < —2/p+ 2. Recall the Definition 2.6 of the Maslov index
d := m(w). We prove that the operator DP;* : XP* — YP* is Fredholm of
real index

indD,, = dim M — 2dim G + 2d.

By Proposition 2.11 there exists a good complex trivialization
F:Cx (C"xg"x g% = uwTMeag",
as defined in Definition 2.10. We recall the definitions (2.46) and (2.48)

Xy = (Cpopa+ Ly",_4(C,C)) x (C* '+ Ly (C,C™ 1)) x W P(C, " x g°),
Va = L(C.C) x LT, O x g x 6°),
where py : C — [0, 1] is a smooth function such that py(z) = 0 for z € By,

and po(z) = 1 for 2 € C\ By, and py(z) := 2%. We recall also the definition
(2.47) of the norm on X;. Namely, for every map

U;opopd + o'

2 2
vV, +v

v 4"

g s

o
g
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with (vl,...,v%) € C", we defined

2

1l = 10k O e e HI@P 0t ot B) oy

By Proposition 2.12 the linear operator
Dgiv = F "D, F: X — Y,

is a compact perturbation of the operator

_ o€
20" ( 2% zladgc ) L Xy — Y, (2.111)

where A : g© — g® is a strictly positive complex linear map. By Corollary
2.17 and a direct sum argument the operator

205" : (Cpopa + Ly",_4(C,©)) x (C + LY¥,(C,C™))
— I5_4(C,C) x L{(C,C")
is Fredholm of real index 2d + 2 + 2n — 2 = 2n + 2d. Moreover, since

A id : g® — g© are strictly positive linear maps, by Proposition 2.18 the
operator

209 id
( i 218g<c ) ;W P(C, g% x g%) — LX(C, g% x %)

is Fredholm of index 0. It follows that the operator (2.111) is Fredholm of
real index 2n 4 2d. This proves Theorem 2.8. O



3 Stable maps of vortices on C and bubbles
in M
3.1 Stable maps and convergence

Let (M,w) be a symplectic manifold, let G be a compact connected Lie group
with Lie algebra g, and let (-, -) be a G-invariant inner product on g. Assume
that G acts on M in a Hamiltonian way, with moment map p: M — g. Let J
be an w-compatible G-invariant almost complex structure. Recall from (1.9)
that J induces an almost complex structure J on the symplectic quotient
M = p71(0)/G, defined by

Jv = dr(z)Jv,

for v € TzM, ¥ € M, where v € H, = kerdu(z) N (imL,)* and x € M
are chosen such that 7(x) := Gz = Z, dr(x)v = 9. The structure J is
w-compatible, i.e. @(-,J-) is a Riemannian metric on M. In this section I
introduce stable maps of vortices on C and J-holomorphic spheres in M. The
idea is that they compactify the space of finite energy vortices (u, ®, ¥) on
C for which u(C) is compact, see Theorem 4.1 in section 4. The definition of
a stable map of vortices on C and J-holomorphic spheres is modelled on the
notion of a genus 0 stable map of pseudo-holomorphic spheres, as introduced
by Kontsevich in [Ko]. For an exhaustive exposition of those stable maps see
the book by D. McDuff and D. A. Salamon [MS3].

As always, we assume that the hypothesis (H1) is satisfied, i.e. that G
acts freely on p~1(0) and that u is proper. We fix a real number p > 2 and
define the energy functional E : W P(C, M x g x g) — [0, 0] by

B(u.0,9) = 5 [ (0 Xa@P + |0+ Xo(w) +
C
10,0 — 0, + [®, U]|* + \u(u)|2) dsdt. (3.1)

Furthermore, we define MIP to be the set of finite energy vortices (u, ®, V)
on C for which the closure of the image of v in M is compact,

M = {(u,®,0) € WLP(C, M x g x g) | (3.2)

(0.1), (0.2), E(u, ®,¥) < cou(C) compact}.
The gauge group G>? := W2*(C, G) acts on ML by the formula

g (u, @, 0) == (g7, g7 (0s + ®)g, g (0 + V)g). (3.3)

We denote the quotient by

M = MG, (3.4)
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Definition 3.1 We define the evaluation map
ov: (C°(S%, M/G)UMMP) x §2 — M/G
as follows. For (u,z) € C°(S?*, M/G) x S? we define
ev,(u) :=ev(u, z) := u(z). (3.5)
Furthermore, for (w,z) = (u, ®,V; z) € MUP x S2 e define

Gu(z), if z # o0,

lim, oo Gu(r), if z = 00. (36)

ev.(w) = ev(w, 2) == {

That the limit in (3.6) exists, follows from Proposition D.6. Furthermore,
for every w € M'? and g € G*? we have & (g*w) = & (w). Therefore,
we can define by abuse of notation vy, : M = M /G?*? — M/G by

Voo ([W]) := Voo (w).

Definition 3.2 For every nonnegative integer k a stable map of vortices on
C and pseudo-holomorphic spheres in M with k+ 1 marked points is a tuple

where V and T are finite sets, F is a tree relation on T =V UT, w, =
(Ug, Doy, Vo) € MYP s a vorter fora €V, i, : S* — M = u~0)/G is
a J-holomorphic map for a € T, 2,5 € S* = CU {00} is a point for each
adjacent pair o E3, oy € T is a vertex and z; € S? is a point, fori =0,...,k,
such that the following conditions hold.

(i) (Special points)

o [fag eV then zy = oco.

o ['ix a € T. Then the points z,z with B € T such that aEB3 and
the points z; with i = 0,...,k such that o; = « are all distinct.

o IfacV,BeT are such that aES3 then z,s = o0.
(i) (Connectedness) Let a, 3 € T be such that «E(. Then
Wzaﬁ (wa) = Wzﬁa (wﬁ)'

Here €V is defined as in (3.5) and (3.6) and by abuse of notation we set
Wo :=1Tg ifa €T.

(iii) (Stability) If a € T is such that E(w,) = 0 then
#HO e T|aES} + 41 €{0,... .k} |ai = a} = 3.

Here we set wg, := tq if « € T.
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Figure 1: Stable map. The “raindrops” correspond to vortices on C and the
spheres to pseudo-holomorphic spheres in M. The seven dots are marked
points. The dashed objects are “ghosts”, i.e. they carry no energy.

Examples 3.3 The easiest example of a stable map consists of the tree with
one vertex T =V = {aq}, a vortex w € M'?, the point z := oo and a finite
number of distinct points z; € C, i =1,...,k, where k > 2 if E(w) = 0.

As a second example we set V' := (). Then a stable map of vortices on C
and pseudo-holomorphic spheres in M is the same as a genus 0 stable map
of J-holomorphic spheres in M, modelled over the tree 7T

As another example we set k := 0, choose an integer ¢ > 0, and define
Vo= {1,...,0}, T := {0}, ap := 0, with the tree relation such that j is
adjacent to 0 for j = 1, ..., ¢ and to no other vertex of T". We define z;y := co
for i = 1,...,¢. Furthermore, let 2z, and zo; € S?%, i = 1,...,¢ be distinct
points, let w; € M be such that E(w;) >0, fori =1,...,¢, and let @ be
a J-holomorphic sphere. If £ < 1 then assume that 1 is nonconstant. Then
the tuple

({1, oA A0Y, (wi)ieqa,.y Tos (245)iE55 (O, Zo))

is a stable map.

Remark 3.4 Note that it follows from condition (i) that if &« € V' then there
is at most one 3 € T such that aF(3. This means that every vortex is a leaf
of the tree T. Furthermore, if ag € V' then it follows that T = V consists
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only of ap. It follows that if T has at least two elements, then o € T, and
hence T # (). Furthermore, if « € V and 8 € T are such that aE3 then
peT.

Remark 3.5 If i > 1 and «; € V then z; # co. To see this assume first
that ap = ;. Then by condition (i) we have z; # zy = co. Assume now that
ap # a;. Let 3 € T be the unique vertex such that a; £3. Then by condition
(1) we have z; # 24,3 = 00.

We fix a stable map (w,@,z) as in Definition 3.2. For every v € T' we
define the set of nodal points to be

Zo ={2ap| B € T,aEB} C S*

For a € T the set of marked points on « is defined to be the set {z; | a; =
a,i=1,...,k}. We define the set Y, of special points to be the union of Z,,
and the set of marked points at «. The stability condition (iii) says that if
a € T is such that E(w,) = 0 (or E(u,) = 0) then there are at least three
special points on a. The point of this condition is the following. We fix two
finite sets T,V and a tree relation on the disjoint union 7" := TV such that
every element of V' is a leaf. There is an associated group G¢ that acts on
the set of stable maps modelled over (T, V, E). Condition (iii) implies that
every isotropy group of this action is finite. For the next definition we need
the following notation. Let « € T and ¢ = 0,..., k. We define z,,; € S? as
follows. If o« = a; then we set

Otherwise let 3 € T be the unique vertex such that [a, as] = (o, 3, . .., ),
where [a, o] is the chain of vertices of T running from a to «. i
also allowed.) We define

RZayi = Raf- (38)

Given integers k > 0, £ > 1, a compact subset  C R’, a manifold X
and maps u,,uy € C*(Q, X), we say that the sequence u, converges to ug
in C*(Q,X) iff ¢ o u, converges in C*(Q,RY), where + : X — R is an
embedding. That such a ¢ exists is guaranteed by the Whitney embedding
theorem, see [Wh] Theorem II.1 or [Hi], Theorem 3.2.14 p. 55.

Definition 3.6 (Convergence) Let w” = (u”,®", W) € MP be q se-
quence of finite energy vortices, k > 0 be an integer, z{,...,z; € C be

sequences of points, and let

(Wa ﬁ7 Z) = (V7 T7 E7 (Zaﬁ)aEﬁa (Oéi, zi)i:O,...,k:u (wa)aeVu (ﬂa>aef)
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be a stable map. The sequence (w¥,zf = 00, 2V, ..., z}) is said to converge
to (w,0,z) as v — oo iff the limit E := lim,_,o E(w") ezists and

E=) E(w,)+» E(u), (3.9)

acV aeT

and there exist Mébius transformations ¢, : S* — S%, fora € T =V UT,
v € N, such that the following conditions hold.

(i) e Ifa €V then ¢Y is a translation on the plane C, for every v € N.

o For every a € T we have ¢%(za0) = 00, where 24 is defined as
in (3.7), (3.8).

o We fiz a vertexa € T and choose a Mdbius transformation v, such
that 1o (00) = z4,0. Then the derivatives (p% o1,)'(z) converge to
oo, for every z € C.

ii) If a, B € T are such that aEB3 then (©%)~! o ©% — 243, uniformly on
Pa (Pﬁ g
compact subsets of S*\ {zsa}

(iii) o For every a € V there exist gauge transformations g*, € G*P, such
that for every compact subset Q C C the sequence (g%)~(u” o ¢%)
converges to u, in CY(Q) and the sequence (gg)*((éy,llfy) o ngé)
converges to (9., ¥,) in C°(Q).

o Fiza €T. If a # g let Q be a compact subset of S?\ Z, and if
a =g let Q be a compact subset of S*\ (Za, U{z0}). Then for v
large enough

uwopl(Q)C M :={zxeMl|ifgr=2=g=1}.

Furthermore, Gu” o ©" converges to t, in C1(Q, M*/G). Here we
denote the orbit of a point v € M by Gx € M/G.
(w) (%) 1 (zV) — z for everyi=1,... k.

)

Remark 3.7 This definition is based on the notion of convergence of a se-
quence of pseudo-holomorphic spheres to a genus 0 stable map of pseudo-
holomorphic spheres. (For that notion see for example the book by D.
McDuff and D. A. Salamon [MS3]). The meaning of Definition 3.6 is the
following. Assume that a sequence w” & M of vortices converges to some
stable map (w,@,z). Fix a vertex a € V' and an index v € N. We define
by w? := (g%)*(w” o ¢%) the reparametrized and gauge transformed map.
Since a € V, the Mobius transformation ¢!, is a translation, and therefore
the map w? is again a vortex. The first part of condition (iii) says that
w? converges to the vortex w,. Fix now a vertex a € T, and recall the
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Figure 2: Convergence of a sequence of vortices on C against a stable map.
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definition Z, := {z,5| SEa} of the set of nodal points at «, and the defi-
nition (3.7) and (3.8) of z,0. Then the second part of condition (iii) says
that the composition @ : S? \ {za0} — M/G of the rescaled map u” o %
with the projection to the quotient M — M /G converges the J-holomorphic
map 1, : S — M C M/G, away from Z, U {z40}. The motivation for this
condition is the following. In the case o € T, the last part of condition (i)
implies that we “zoom out”. This means that the image of a fixed compact
ball B C S?\ {240} under % becomes a larger and larger subset of C. If
Zo0 = 00, then there exist numbers A, € C\ {0} and 2 € C such that
0¥ (z) = Alz+ 22, In this case the condition (i) says that A\” converges to oo,
for v — oo. Moreover, we identify g x g with the complexification g&. Then
the rescaled maps

Wl =, B W) = (¥, 3 (8 470N - C - M x g
satisfy the |AY|-vortex equations. These are the equations (0.1) and
(Nl (0507, — 05, + @4, Wi ]) + poug, =0,

see section B.2. Taking the limit ¥ — oo, the second equation becomes the
equation prou = 0 for amap (u, ®+i¥) : C — M xg®. Together with the first
vortex equation (0.1), this corresponds to the equation for a J-holomorphic
map from C to M, see (E.11). This motivates the second part of condition
(iii).

For every vertex a € T we set
v o.__ v v vy .__ v 1
wy = (ul, ®Y UY) = w” o pl.

We fix a vertex a € T and a compact subset @ C S?\ (Z, U {240}). The
¥ -energy of w% on () is given by

B7 (@) = [ (10 + Xog () -+ (e8Pl ) ds
Q

see section B.2. Tt follows from (iii) that E¥«(wY, Q) converges to E(w,, Q)
(or E(tg,Q)) for v — co. An important feature of Definition 3.2 is that in
the limit ¥ — oo no energy gets lost. This is the content of equality (3.9) and
of the fact that in the limit ¥ — oo we count the energy only one time. The
latter means the following. For each vertex o € T we fix a large compact
subset Qo C S\ (Zo U {2a0}). Then for v large enough the compact sets
©n(Qa) and pj(Qy) for different o and 3 do not overlap. It follows that

> B s, Qu) = B(w”, | ¢4(Qu)).

acT aeT
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Example 3.8 Consider the action of G := S' on M := C by multiplication,
and let J := i be the standard complex structure. We define a moment
map g : C — Lie(S') = iR for this action by p(z) := £(1 — |z]?). Then
M = {pt} and therefore there are only “ghost bubbles” in M, i.e. constant
J-holomorphic spheres. Fix a vortex w := (u, ®, ¥) € MLP. By Proposition
2.2 in the book [JT] by A. Jaffe and C. Taubes, the set Z, C C of zeros of u
is finite. We define the local degree map deg,, : C — Z by

u

dog () = deg (1550 — 57,

Jul

where € > 0 is a number smaller than the distance of each two points in Z,.
Again by Proposition 2.2 in the book [JT] deg, (z) > 0 for every z € C, and
if u(z) = 0 then deg,(z) > 0. Furthermore, the local degree only depends
on the gauge equivalence class of w. We define the degree of w to be

deg(w) := Z deg,(2).

2ELy

Let d be a nonnegative integer. The symmetric group Sy acts on C¢ by

o (21,5 2d) = (Zo101)s - - - Zo-1(a))-

The d-fold symmetric product of C is the quotient Sym?(C) := C?/S,, en-
dowed with the quotient topology. It can be identified with the set of all
maps m : C — NU {0} such that m(z) # 0 only for finitely many z € C and
> .ecm(2) = d. By Proposition D.22 the map

M= {w € M| deg(w) = d}/G*" — Sym*(C),  [w] > deg,
is a bijection.
Let £ := 0 and for v € N let W"¥ € M be the preimage under this
bijection of the point m € Sym’(C) given by
m(—2—1) =1, m(3 + 4i) = 2, m(ve™) = 4,

and m(z) = 0 for all other z € C. We choose a representative w” :=
(u”, ®”, ") € M of W”. Then

deg,.(—2 —i) =1, deg,,. (3 + 4i) = 2, deg,,. (ve”) = 4,
and deg,,.(z) = 0 otherwise. We choose a vortex w; € M7 such that
deg,, (=2 —1) =1, deg,, (3 +4i) =2

and deg,, (2) = 0 otherwise, and we choose a vortex w, € M*? such that
deg,,,(0) = 4 and deg,,(2) = 0 for z # 0. Then w"” converges to the stable
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map consisting of the sets V := {1,2}, T := {0}, the tree relation E :=
{(1,0),(0,1),(2,0), (0,2)}, the vortices w; and ws, the J-holomorphic sphere
Uy = pt, the nodal points z19 = 299 1= 00, 291 := 1, 299 = 2 € S%
C U {oo}, and the marked point (v, z0) := (0,00) € T x S?. This follows
from Proposition 3.13 below.

Remark 3.9 The purpose of the additional marked point (ayg, z9) is to be
able to formulate the second part of condition (iii). For « € T and v € N
the map Gu” o % is only defined on the subsets (¢%)~1(C) C S%. Since by
condition (i) we have ¢¥(z,0) = 00, the composition Gu” o ¢? : Q — M/G
is well-defined for each compact subset @ C S?\ (Z, U {z40}). Hence the
the second part of condition (iii) makes sense.

Remark 3.10 One conceptual difficulty in defining the notion of conver-
gence is the following. The symplectic vortex equations are invariant under
rotation. This means the following. Let (u, ®,¥) € WP(C, M x g x g) be
a map and 0 € R be a number (corresponding to the angle of rotation). We
define (@, ®, ¥) € WP(C, M x g x g) by

loc

w = (u,®,V)(z) :=
(u(e?z), cos(0)P (e z) + sin(0)U(e?2), — sin(0) (e z) + cos(0) U (e£3)10)

Then w also solves the vortex equations. Therefore, the following question
arises about the definition of convergence. Namely, denoting by Isom™(C)
the group of orientation preserving isometries of C, in the case a € V' should
we allow " to be any element of Isom™(C) rather than just a translation?
The answer is no. The reason is the following. There is a notion of equiva-
lence of stable maps, see Definition 3.12. If in the definition of convergence
we allowed ¢ € Isom™(C) for @ € V, then we would have to adjust the
definition of equivalence, allowing ¢, € Isom*(C) for o € V. Let EG be
contractible topological space on which G acts continuously and freely. Then
in general, there is no evaluation map ev : MIP x 52 — (M x EG)/G such
that ev(w, e ?2) = ev(w, 2) for every w € M'P, 2 € S? and 6 € R, where @
is given by formula (3.10). This implies that there is no evaluation map on
the set of equivalence classes of vortices, if in the definition of equivalence we
allow ¢, € Isom™(C) for a € V. However, we need such an evaluation map.

Remark 3.11 We could replace the part of condition (iii) concerning the
vortices by the following condition. Namely, for every a € V', (g%)*w” con-
verges to w, for v — oo, uniformly with all derivatives on every compact
subset of C\ Z,. Combining the argument of the proof of Theorem 3.2. in
the paper by K. Cieliebak et al. [CGMS] and Theorem E.8, it is possible
to show compactness w.r.t. this alternative definition. However, we do not
need this sharpened compactness theorem.
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Note also that the condition Gu” o ¥ — u, in C*(K, M*/G) is strong
enough to ensure that the evaluation map (see section 6) is continuous and
that in the limit the equivariant homology class is preserved, see Proposition
5.4. Alternatively, for a € T one could impose a condition involving a lift
of i, and maps ®,, ¥,, defined on S? minus a finite number of points, and
with target g. However, the above definition seems simpler to me.

Let (T, E), (T', E') be trees and f : T'— T" be a map. Recall from subsec-
tion 1.5 that f is called a tree isomorphism iff it is bijective and a3 implies
f(@)E'f(B). If f is a tree isomorphism and o E'3" then f~1(«/)Ef~1(5).

Definition 3.12 Let
(w,0,2) = (V,T, B, (Wa)aev, (Ta)act (Zap)ams: (s 2i)i=0,.. k1)
and
(w0, 2') == (V/, T, E, (we)awevr, (U aerr, (Zarg a1, (0 2)im0,...h-1)

be two stable maps with k marked points. Then (w,Q,z) and (w',@,2') are
called equivalent iff there is a tree isomorphism [ : T — T', there are Mdbius
transformations ., for a € T and there are gauge transformations g, € G*?
for a € V' such that the following conditions hold.

(i) e We have f(V)=1V".
o Foreveryi=0,...,k—1 we have f(a;) = a.
o Fora €V the map v, s a translation.
In the following, for o € T we abbreviate o/ := f(a).

(i1) If aEB then 2,5 = ¢, (2ap). Furthermore, 2y = Ol (2a,) for every
i=0,. . k-1

(iii) For o € V we have g’ (wa 0 o) = wl,. Furthermore, for o € T we
have 4, = Uy © Pq.

We denote by M,, the set of all equivalence classes of stable maps with k
marked points.

3.2 An example

Consider the action of G := S' C C on M := C by multiplication. This
action is Hamiltonian, a moment map p : C — Lie(S') = iR is given by
w(z) :=1/2(1—|z|?). Let J := i be the standard complex structure on C. The
symplectic quotient p~1(0)/S* = S'/S? consists only of the orbit S*. Hence
the only J-holomorphic map is the constant map @ = S'. Furthermore,
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we can explicitly describe what it means for a sequence of vortices on C to
converge against a stable map. Every finite energy vortex w = (u, ®, V) €
M1 determines a local degree map deg,, : C — NU{0} and a degree deg(w),
as in example 3.8. We fix a nonnegative integer d. Then as in that example,
the map

My = {w € M| deg(w) = d} /G*” — Sym*(C) = C*/S,;,  w — deg,
is a bijection. For 0 < d’ < d there is an inclusion

v : Sym? (C) — Sym?(S?), [z1, -y za]) = [z1, oy 200,00, ..., 0],
(3.11)
where we identify S? = C U {oo}. The next proposition gives an equivalent
condition for convergence against a stable map. Here we drop the constant
maps to the symplectic quotient from the notation for a stable map, since
no information gets lost.

Proposition 3.13 Let G := S! C C act on M := C by multiplication with
moment map p : C — iR, and let J := i, as above. Let w” € M’ be a
sequence of finite energy vortices, k be a nonnegative integer, let 2, ..., 2] €
C be sequences of points and let

(w,z) = (Tu V. E, (Wa)aev, (2a8)ars, (i, Zz)z:o,...,k)
be a stable map. Then the following conditions are equivalent.
(i) The sequence (w”, zf = 00,2V, ..., z}) converges to (W, z).
(ii) For large enough v we have
deg(w”) =) _ deg(wa) =: d. (3.12)
acV

Furthermore, there are Mobius transformations ¢% : S* — S? fora € T
and v € N such that conditions (1), (ii) and (iv) of Definition 3.6
are satisfied and for every o € V' the point in the symmetric product
deg,, op% € Sym?(C) C Sym?(S?) converges to i(deg,, ) € Sym?(S?)
for v — oo.

For the proof of Proposition 3.13 we need the following lemma.

Lemma 3.14 Let k be a positive integer, ¢f, ..., ¢} be sequences of Mobius
transformations, and let 2y, . .., z,_1 and wy, ..., wy € S? be points. Assume
that z1 # wy, ..., 2k_1 # Wi_1, and that

(@)) " o9l — 2y
uniformly on compact subsets of S\ {wi1}, fori=0,...,k—1. Let Q C

S2\ {20}, Q" C S?\ {wi} be compact subsets. Then for v large enough we
have

v6(Q) Ngr(Q) = 0. (3.13)
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Proof of Lemma 3.14: For:=1,... k — 1 we choose a compact neigh-
bourhood Q; C S? of z; that does not contain w;. Furthermore, we choose
a compact neighbourhood Qg C S? of zy such that Qo N Q = (), and we set
Qr = Q'. We denote ¢}, := (@) to @4 fori,j =0,..., k. By assumption,
there exists an integer vy such that for i =0,...,k — 1 and v > vy we have

07 iv1(Qiv1) C Qi

It follows that

‘Po,k(Q/) = 905,1 ©-+-0 ‘PZq,k(Q/)
- 805,1 0:-:0 90272&71(@1671)
- 905,1(Q1)
C Qo< S*\Q.
Hence
Pr(Q) S w5 (SP\ Q) = 5%\ ¢(Q),
and therefore condition (3.13) holds. This proves Lemma 3.14. O

Proof of Proposition 3.13:  Assume that (i) holds. By Proposition D.20
we have F(w,) = deg(w,)m and E(w,) = deg(w,)m for a € V', and therefore
by (3.9)

lim deg(w,)m = lim E(w,)
= Z deg(wy)m + 0.
acgV

It follows that deg(w,) = d := }_ . deg(w,) for v large enough, as claimed.
Furthermore, by assumption, there exist Mobius transformations ¢¥ for o €
T and v € N such that conditions 3.6(i)-(iv) are satisfied. Let a € V. By
condition 3.6(iii) the condition (i) of Proposition D.23 with w,,w replaced
by w¥ = w, o ¢%, w, is satisfied. Thus Proposition D.23 implies that

deg,, 0@}, = deg,, o, — t(deg,, ) € Sym?(S5?).

Therefore, condition (ii) holds.

Suppose now on the contrary, that condition (ii) holds. Similarly as above,
equation (3.12) implies (3.9). Let % for @ € T be as in condition (ii). We
have to show condition 3.6(iii). By Proposition D.23 with w,,w replaced by
WY, we, for a € V there exist gauge transformations g% € G*? such that for
every compact subset @ C C the maps (¢%) ' (u, o ¢%) converge to u, in
C'(Q) and the maps (g%)*((®,, ¥,) o ) converge to (¥, ¥,) in C°(Q).
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Let now a € T, and let Q C S?\ (Z, U {240}) be a compact subset. We
have to show that for v large enough we have u” o 9% (Q) C M* and that
Gu” o ", converges to the constant pt € S'/S! in C'(Q). It suffices to prove
that for every subsequence (V;)ien there exists a further subsequence (45)jen
such that "% o<pa (Q) € M* for every j € N and that Gu"% o<paj — pt, for
j — 0o. We fix a subsequence (v;);en. We choose Mébius transformation
such that 1)(c0) = 2,,0. Then by condition 3.6(i) we have

Yo © Y(00) = ¢(2a0) = 00,

and hence there are numbers A € C\ {0} and 22 € C such that ¢ ot(z) =
Az + 2. By the same condition, A/ converges to co. We identify g x g
with the complexified Lie algebra g®. Then the hypotheses of Proposition
4.3 with R; := |\Vi|, Ry := oo, 1; := i and w; replaced by

(uum S\ZZ ' ((I)Zz + Z\IIZZ))()OZZ © 1/}

are satisfied. Therefore there exist a finite subset Z C C, an oo-vortex
wo = (ug, o, To) € WP(C\ Z, M x g x g) and a subsequence (i;) such that
conditions 4.3(i)-(iii) hold. By condition 4.3(ii) there exist gauge transfor-
mations g; € W2P(C\ Z,G) such that gj_l(u,,l o’ 0 1b) converges to ug
in C! on every compact subset of C\ Z. Let Q' C S%2\ ¥(Z U{oc}) be a
compact subset. Then v/, := g] o~ (u,,lj ) <pa 7) converges to ug o ¢! in
CHQ"). Let § > 0 be so small that Ms := {x € M ||u(x)| < §} € M*. For
j large enough we have u/ (Q') C Ms C M*. Furthermore, Gu/, converges to
Gugo9p™! = pt = 4, in C' on every compact subset of S?\ ¢/(Z U {cc}),
where pt € M equals the orbit S* C C. So it suffices to prove the following

claim.
Claim 1 The set (Z U{o0}) is contained in Z, U{za0}-

Proof of Claim 1: We choose a number R > 0 so large that

3" E(ws,C\ Bg) < g (3.14)
Bev

For every vertex € V Lemma 4.9 implies that

E(w”,¢3(Br)) = E((g5)"(w” 0 ¢}3), Br) — E(ws, Br),

for v — oco. We choose an index jy so large that for 7 > j9 and every g € V

we have
T

VT (3.15)

E(w,,,¢5" (Br)) > E(wg, Br) -
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Let p #~v € T. Let (8,01,...,08k-1,7) be the chain of edges connecting /3
with v. We write 8y := 3, Bx := 7. Because of conditions 3.2(i) and 3.6(ii)
the hypothesis of Lemma 3.14 with

@i = QOEN %= 2By Wi t= 268

are satisfied. It follows that for every compact subset @ C S?\ Z3 and
Q' C S?\ Z, we have for v large enough

pp(Q) N (Q) = 0. (3.16)

Applying this several times with 3,7 € V and @Q := Q' := By, we have that
for v large enough the sets @%(BR), G € V, are disjoint. Increasing j, we
may assume w.l.o.g. that this holds for v > v;; . Therefore, for j > jo

E(w,,ij, U (p;ij (BR)) = ZE w"” Ja(pﬁ Br))

BEV BEV
\Vir
> <Z E<wﬁuBR)> NG|
gev
m
= > E(ws,C) = > E(ws,C\ Bg) — )
BEV BEV
> 7d— . (3.17)

Here in the second line we have used (3.15) and in the last line we have used
Proposition D.20 and (3.14).

Let now z € 5%\ (Z, U {za0}). We show that z does not belong to
Y(Z U {oo}). Since 1(00) = 240, we have p7'(2) # oco. We choose a
number ¢ > 0 so small that B.(¢"1(2)) € C\ ¢ 1(Z,). We define Q' :=
Y(B.(¢¥~1(2))). By (3.16), increasing j, we may assume w.l.o.g. that for
v > v, and § € V we have

0o (Q) Ni(Br) = 0.
Therefore, increasing jo so that (3.12) holds for v > v;, , we have by (3.17)
E(w,, 0o’ (Q) < E(w",C\ | ¢y (Br))
BeV
< EW"i,C)—nd+m7
= wdeg(w") —nd+m =,

for j > jo. On the other hand, if ¢/~*(2) belonged to Z, then by condition
4.3(iii) we would have

liminf E(w,, ¢%(Q')) = lim inf B! ((u”, A (@Y +00)) o gl 01, Bg(z/ﬂ(z)))

V—00 V—00

> .
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This contradiction proves that ¢~!(z) & Z. This proves Claim 1. O

It follows that condition (iii) of Definition 3.6 is satisfied. This proves that
(wy, 25°, ..., 2)) converges to (w,,z), and terminates the proof of Proposi-
tion 3.13. O



4 Compactification for vortices on C

Let (M,w) be a symplectic manifold (without boundary), let G a compact
connected Lie group with Lie algebra g and let (-,-) be a G-invariant inner
product on g. Assume that G acts on M in a Hamiltonian way, with moment
map p: M — g. We fix an w-compatible G-invariant almost complex struc-
ture J on M. Remember that we always impose the hypothesis (H1), i.e.
that G acts freely on x~!(0) and that u is proper. We fix a number p > 2.

4.1 Bubbling

Theorem 4.1 (Bubbling) Assume that the hypotheses (H2) (Convexity at
00) and (H3) (Symplectic asphericity) hold, as stated in section 0. Let w” =
(u”, ", U") € WLP(C, M x g x g) be a sequence of positive energy solutions

of the vortex equations (0.1), (0.2) such that u,(C) is compact, let k > 0 be
an integer, and let 27, ...,z € C be sequences of points. Assume that

sup E(w") < o0

veN
and that
limsup |z — 27| > 0,
V—00
for i # j. Then there exists a subsequence of (w”,z§ = 00,2Y,...,2})

that converges to some stable map of vortices on C and pseudo-holomorphic
spheres in M = p~1(0)/G with k + 1 marked points.

The proof of this theorem is postponed to subsection 4.4. It combines
Gromov compactness for pseudo-holomorphic spheres with Uhlenbeck com-
pactness. It involves versions for vortices on C of quantization of energy, an
a priori Lemma, compactness modulo bubbling, compactness with bounded
energy density, hard rescaling, soft rescaling, and of an annulus lemma. Fur-
thermore, it uses an extension of Uhlenbeck compactness to principal G-
bundles with noncompact base, which is proved in the book [Weh] by K.
Wehrheim. A standard reference for Gromov compactness is the book by D.

McDuff and D. A. Salamon [MS3].

4.2 Compactness modulo bubbling for rescaled vor-
tices

We fix a value R € [0, 00]. In the case R < oo the R-vortex equations on C
are the equations for a map w := (u,®, V) : C — M x g X g given by

Osu + Xo(u) + J(u)(Ou + Xy (u)) =0, (4.1)
0¥ — 9,® + [®, V] + R*puou =0, (4.2)
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and in the case R = oo the co-vortex equations on C are the equation (4.1)
and the equation pou = 0. We call a solution w of (4.1), (4.2) an R-vortex. In
the case R := 1 these are the usual vortex equations (0.1), (0.2). Assume that
0 < R < 0o. Then equations (4.1), (4.2) arise from the equations (0.1), (0.2)
by rescaling, as follows. We fix a map w := (u, ®, ¥) € W,2P(C, M x g x g)
and define

W = (u,®,V) := (u, R®, RV)(R-). (4.3)

Then w solves the 1-vortex equations (0.1), (0.2) if and only if w solves the
R-vortex equations (4.1), (4.2). We abbreviate

K= 0,¥ — 0,® + [P, V]
If 0 < R < oo then we define the R-energy density of w to be

R._
Cp 1=

(|0su 4+ Xo o u* + |0u + Xy ou|* + R[> + R*|poul?). (4.4)

DO —

Furthermore, if R=0and xk =0 or if R = oo and pou = 0 we define

1
et i= L 10+ X 0w + 00 + Xy o ). (45

w

For every measurable subset X C C we define the R-energy of w on X to be

Ef(w,X) := / el dsdt € [0, 00]. (4.6)
b
In the case R = 1 we abbreviate e,, := el and F(w, X) := F'(w, X) and call
this the energy density of w and the energy of w on X for short. In the case
X = C we write Ef(w) := E®(w,C). Moreover, we define the energy of a
map 4 € WIP(X, M) on a measurable subset X C S? to be

1
E(u,X) := §/X|du|2dvolsz, (4.7)

where the norm of the differential di is taken w.r.t. the standard metric on S?
and w.r.t. the metric g, ; = @(-, J-) on M. We abbreviate E(u) := E(u, S?).

In this subsection we consider pairs of sequences ((R,), (w,)), where for
each v R, is a positive number and w, is an R, -vortex, and the sequence
(R,) converges to some value Ry € (0,00]. The main result of this subsec-
tion is Proposition 4.3. Assuming that (M, w) is symplectically aspherical,
it says that if the energies Eg, (w,) are uniformly bounded then there is a
subsequence such that the R,-vortices w, converge modulo gauge and bub-
bling to some Ry-vortex wy := (ug, o, ¥p). In the case Ry = oo it follows
that Gu, : C — M /G converges to the J-holomorphic map Gug : S* — M,
away from the bubbling points. On the other hand, in the case Ry < oo no
bubbling takes place.
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We define

By = inf {E(w)|we W, (C,M xgxg):

(0.1),(0.2), E(w) > 0,u(C) compact },
E = imf{E()|ue C™(5* M): 05(u) =0, E(a) >0},
Enim = min{Ey, E}. (4.8)

Here we use the convention that the infimum over the empty set is co. Lemma
D.1 implies that Ey > 0 and Proposition 4.1.4 in the book by D. McDuff
and D. A. Salamon [MS3] implies that £ > 0. Therefore, the number E,,;,
is positive.

Remark 4.2 If w := (u, ®,¥) € WLP(C, M x g x g) is a solution of the first

vortex equation (0.1) such that g ow = 0, then by Proposition E.11 the map
Gu : C — M is J-holomorphic and

E®(u, ®,0) = E(Gu).

If this energy is finite, then by removal of singularities (see Theorem 4.1.2. in
the book [MS3]), the map Gu extends to a J-holomorphic map @ : S? — M.
It follows that E*(w) > Ep,, provided that E*(w) > 0.

Proposition 4.3 (Compactness modulo bubbling) Assume that the hy-
pothesis (H3) (symplectic asphericity) holds. Let R, > 0 be a sequence that
converges to some value Ry € (0,00], let r, > 0 be a sequence that converges
to oo and for every v € N let w, = (u,,®,,V,) € W-P(B,,, M x g x g)
be a solution of (4.1), (4.2) with R := R,. Assume that there is a com-
pact subset K C M such that u,(B,,) C K for every v. Suppose also that
sup, E® (w,, B,,) < co. Then there exist a finite subset Z C C and an Ry-
vortex wy = (ug, Bo, Wo) € WP(C\ Z, M x g x g) such that passing to some
subsequence the following holds.

(i) If Ry < 0o then Z = ).

(ii) There are gauge transformations g, € WP (C\ Z, Q) such that for every
compact subset Q@ C C\ Z the gauged transformed maps g, *u,, converge
to ug in CY(Q, M) and the maps g:(®,,¥,) converge to (Pg, Vo) in

C'(Q,g % g).

(iii) Fix a point z € Z and a number eg > 0 so small that B.,(2) N Z = {z}.
Then for every 0 < & < g the limit E.(¢) := lim,_ ., E®(w,, B.(2))
exists and Ep;, < E,(e) < 00. Furthermore, the function (0,e) 3 € —
E.(¢) € [Emin, 00) is continuous.
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The proof of this proposition will be given on page 89. Its strategy is
the following. Consider the energy densities e, := eﬁg. If for every com-
pact subset ) C C we have sup, ||e,||r~(g) < 00, then the statement of
Proposition 4.3 with Z = () follows by combining Uhlenbeck compactness
and elliptic bootstrapping for perturbed pseudo-holomorphic curves. Other-
wise we rescale the maps w, by zooming in near the point z; in order to get a
positive energy RO—VorteX in the limit, for some number EO < Ry. If Ry < o0
then EO = 0, and we get a J-holomorphic sphere in M. This contradicts hy-
pothesis (H3) (symplectic asphericity) and thus the bubbling point z, cannot
exist. If Ry = oo then either a vortex or a pseudo-holomorphic sphere in M
bubbles off, and we lose at least the energy E.;, at zo. Our assumption that
the energy of w, is uniformly bounded implies that there can only be finitely
many bubbling points.

For the proof of the next lemma see also step 5, case 3 in the proof of
Theorem A in the paper [GS] by R. Gaio and D. A. Salamon and Theorem 3.2
in the paper [CGMS] by K. Cieliebak et al. Note that in the latter theorem
the domain of the vortices is a compact principal G-bundle P, while our
situation corresponds to the trivial bundle P := (C\ Z) x G, where Z C C
is a finite set.

Lemma 4.4 (Compactness with bounded energy density) Letp > 2,
7 C C be a finite subset, R¥ > 0 be a sequence of numbers that converges to
some value Ry € [0,00], let 2 C Qs C ... C C\ Z be open subsets such that
U, 2 = C\ Z and for v € N let w, = (u,, ®,,¥,) € W,P(Q,, M x g x g) be
an RY-vortex. Suppose that there is a compact subset K C M such that for
v large enough

u,(Q,) C K, (4.9)

and for every compact subset Q C C\ Z

sup [legr || (@) < o0, (4.10)
v>vQ

for every v > vg, where vg € N is such that Q) C €, if v > vg. Then passing
to some subsequence there are gauge transformations g, € VVlif(C \ Z,G)
and there is an Ro-vortex wy = (ug, B, ¥o) € WP(C\ Z, M x g x g) such
that the following holds. Let Q C C\ Z be a compact subset. Then g, lu,
converges to ug in C*(Q) and gi(®,,¥,) converges to (®g, ¥g) in C°(Q).

Proof of Lemma 4.4: We write
Ky = 0¥, — 0P, + [D,,V,].

Let @ € C\ Z be a compact subset and let vy € N be so large that
Q C Q.
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Claim 1
sup ||ky||e(@) < 00. (4.11)

v>rQ

Proof of the Claim: Consider the case 0 < Ry < co. Then by the second
vortex equation (4.2) we have

|| B2 (w) || Loy
Cllp(uy)| | =) < €7,

K| Lr (@)

IN

where the constants C',C” < oo do not depend on v. The last inequality
follows from the assumption (4.9).

Consider now the case Ry = oco. Let {2 C C be an open subset containing
@ such that © is compact and contained in C\ Z. We check the conditions
of Lemma C.3. Since

655 = [Osu, + Xo, (u,,)‘2 + R12/|/~L o UV‘Qv
assumption (4.10) implies that
co := sup | |05ty + Xo, ()| L) < 00,

and

sup R, || g 0 uy|| Loy < sup ||\/€w, || o) < 0. (4.12)
Let 0 < § be so small that G acts freely on
My = {z € M ||u(@)] < 0},

Since p is proper the set My is compact. Therefore there is a constant ¢; > 0
such that for every x € My, £ € g we have

€] < er[Lat].

Let ¢ be the maximum of ¢y and ¢;. Since by assumption R, — oo, it follows
from (4.12) that there is vy € N such that for v > vy we have || ou,||r=@) <
6. Therefore the conditions of Lemma C.3 with w = w, are satisfied and
therefore

sup R2||powy||og) < oc. (4.13)

Estimate (4.11) now follows from (4.13) and the second vortex equation (4.2).
This proves Claim 1. a
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Let v € N be so large that By \ J,., Bi(z) € Q,. Let £, € N be the
largest number ¢ such that

Yei= B\ | Bi(2) €.

zeZ

We check the conditions of the Uhlenbeck compactness Theorem E.8 with
X =C\Z, P:=(C\Z) xG, X, =Y, and the connection one forms
A € AMP(P|x,) given by

AL (€, 98) =€+ 971 (GP(2) + ¥ (2))g,

for (z,9) € P and (¢, g§) € T(.,oP = C x gg. To see that condition (E.26) is
satisfied, observe that

(Fa,)(29)((¢,96), (¢, 9€1)) = (G185 — ¢1)g ™ hu(2) g, (4.14)
for (¢, 9€), (¢, 9¢') € Ti.,0P = C x gg and (z,g) € P, where
Ky = 0V, — 0P, + [D,,¥,],

see Theorem 7.2, (4) in the book by Dupont [Du]. By (4.14), the second
vortex equation (0.2) and by the Claim we have for every compact subset
QCX

sup ||, [[zri@) = sup [|ku[r@) < oo
v>vg v>vg

Therefore, condition (E.26) of Theorem E.8 is satisfied. Consider the
smooth connection one form A on C x G given by

A(z,g) (Ca gg) = 57

for (z,9) € P and (¢,9¢) € 1. 4P. By Theorem E.8, passing to some
subsequence, there is a connection one form A° € A + W?(C, (P x g)/G)
and there are gauge transformations g, € W.2*(C, (P x G)/G) such that
G AY — A converges to A° — A, weakly in W'"(X,,, (P x g)/G), for every
vy € N. We define (0, ¥y) € W,P(C\ Z,g x g) by

loc

1Po(2) + GWo(2) = A?z,g)(C? 0),

g, € WQ’p(C \ Z,G) by ¢9,(2) := g,(z,e) and w), := (v, ®, V) = gtw, €

loc
WLP(C\ Z,M x g x g). Then (®,,¥) converges to (®y, ¥y), weakly in
WhP(X,,,gxg), for every 1y € N. By the Kondrachov compactness theorem
there is a subsequence (v} );en of v, a subsequence (7) e of (1), and so on,

such that (®/,, ¥’ ,) converges to (g, ¥y) in C°(X,,, g x g) for every £ € N.
J J

Passing to the diagonal subsequence (I/J] )jen We may assume w.l.o.g. that
(@, W) converges in C°(X,,) for every vy € N. It follows from Lemma B.1
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that w!, solves the R-vortex equations (4.1), (4.2) with R = R, for every
veN.

We now show that the hypotheses of Proposition E.9 with k£ := 1 are
satisfied. Let @ C C\ Z be a compact subset. Since the sequence (P, V')
converges to (®g, ¥y), weakly in WHP(Q), we have

sup [ (), W,)[lwrr(q) < o0, (4.15)

v>vQ

where v € N is so large that Q C €2,,,. Condition (E.27) is satisfied by the
assumption (4.9). We check condition (E.28). The assumption (4.9) implies
that there is a constant C' independent of v such that

| Xe(u, (2))] < Cl], (4.16)
for every z € @, € € g and v € N. Furthermore,

sup [|0su, ||r@) < sup ([0sw, + Xay, (w,)[| o) + [ Xey, (w))]2(@))

v>vg v>vg
< O sup (||0su, + Xay, ()| (@) + 12}l 10(@)
v>rQ
< oo, (4.17)

for some constant C’. Here the second inequality uses (4.16) and the last
inequality uses (4.10) and (4.15). Analogously, it follows that

sup |0y, || o) < 0. (4.18)

v>vg

Therefore condition (E.28) holds. Furthermore, by the Whitney embedding
theorem we may assume w.l.o.g. that M is a submanifold of R**1. (See
Theorem II.1. in the article by H. Whitney [Wh] or Theorem 3.2.14 p. 55 in
the book by M. W. Hirsch [Hi].) Therefore, we can define the map

feMxgxg—R" 0 f(2,6,n) = Xe(a) + T (2) X, ().
We fix an index v > vg. Then by the first vortex equation (4.1) we have
osu, + J(u,) o, = —Xor (u;,) — J(uy,) Xwr (us,). (4.19)
Since u},(@Q)) is contained in the compact set G - K C M, this implies that

1d(Osus, + J (u,) 0w )| r@) = Md(f o w))l|Lr @)
= [df (w,)dw) [|rg) < €, (4.20)

where C” > 0 is a constant independent of v. The last inequality uses (4.15),
(4.17) and (4.18), and that u,(Q) C G - K. It follows that condition (E.29)
of Proposition E.9 with k = 1 is satisfied. Thus this Proposition implies that
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passing to some subsequence u/, converges to some map uy € W?P(C\ Z),
weakly in W2? and strongly in C! on every compact subset of C\ Z. The
limit (ug, ®g, ¥g) solves the first vortex equation, (4.1). Assume now that
0 < Ry < oo. Since w!, converges weakly in WP(X,) for every £ € N, wy
solves the second vortex equation (4.2) with R = Ry. In the case Ry = o0
we have for v so large that R, # 0

R %0,V — 0,®!, + [®,,V!]) + poul, =0.

It follows that wy solves the equation p o uy = 0. This means that wy is an
oo-vortex. This proves Lemma 4.4. O

Remark 4.5 Note that in the proof of Lemma 4.4 we use Theorem E.8,
which is a version of Uhlenbeck compactness with noncompact base mani-
fold X. In our case X := C\ Z. It is necessary to use this extension of
ordinary Uhlenbeck compactness (Theorem E.7), because of the following.
Theorem E.7 only provides gauge transformations on a fixed compact subset
K C C. The only chance to get the gauge transformations g,, using only
Theorem E.7, is the following. Let Ky:= K C K; C ... C C\ Z be an ex-
hausting sequence of compact subsets. Applying Theorem E.7 to X := K,
we get gauge transformations ¢/, defined on K;. Now one could try to extend
g7 to all of C and then use a diagonal subsequence argument to get the g,’s.
However, this does not work, since for 7 > i g7 need not be the restriction of
gj to K.

Recall the definition of E;, > 0, (4.8).

Proposition 4.6 (Hard rescaling) Assume that hypothesis (H3) (symplec-
tic asphericity) holds. Let Q@ C C be an open subset, 0 < R, < oo be a
sequence such that inf, R, > 0 and let w, € VVIE)CP(Q, M x g xg)bean R,-
vortex for v € N. Assume that there is a compact subset K C M such that
u,(Q) C K for every v and that sup, B (w,, ) < co. Then the following
holds.

(i) For every compact subset Q) C ) we have
sup R, ?[legt [[corq) < oo
(ii) If there is a compact subset Q C Q2 such that sup,, ||ef¥||cog) = oo then

there is zo € Q with the following property. For every ¢ > 0 so small
that B:(z) C Q we have

lim sup B (w,, B-(2)) > Euin - (4.21)

V—00
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Remark 4.7 Under the assumptions of Proposition 4.6, if sup, R, < oo
then for every compact subset @@ C Q we have sup, ||ef||co(g) < co. This
follows from (i).

The proof of Proposition 4.6 is built on a bubbling argument, as in step
5, in the proof of Theorem A in the paper by R. Gaio and D. A. Salamon
[GS]. We need the following two lemmata. The first one is due to Hofer, see
Lemma 4.6.4 in the book by McDuff and Salamon [MS3].

Lemma 4.8 (Hofer) Let (X,d) be a metric space, f : X — [0,00) be a
continuous function, v € X and § > 0. Assume that the closed ball Bos(x) is
complete. Then there is a £ € X and a number 0 < € < ¢ such that

d(r,&) < 24, ;u(}z) f<2f(6),  ef(§) =df(x).

Proof: This is Lemma 4.6.4 in the book [MS3]. O

The next lemma ensures that for a suitably convergent sequence of rescaled
vortices on an open subset 2 C C, in the limit ¥ — oo no energy gets lost
on any compact subset of €.

Lemma 4.9 Let Q2 C C be an open subset, ) C Q a compact subset, K C M
be a compact subset, R, > 0 be a sequence of numbers that converges to some
value Ry € [0, 00], let wy = (ug, @y, Uy) € VVlif(Q, M x g xg) be a Ry-vortex
and for v € N let w, = (u,,®,,V,) € VVhl)f(Q,M X g X g) be an R,-vortex.
Assume that u, () C K, that u, converges to ug in C1(Q) and that (®,,0,)
converges to (®g, o) in C°(Q). Then the energy densities efv converge to

efo in C(Q).

wo
Proof of Lemma 4.9: Recall that if R < oo and w is an R-vortex then
efj = |Osu, + ch(u)|2 + R2\u(u)|2. (4.22)

In the case Ry < oo the statement of the lemma follows directly from this
formula.

Consider the case Ry = co. Let § > 0 be so small that G acts freely on
M;s :={x € M||u(zx)| < d}. Let ¢ > 0 be so big that

sup ||8Sul/ + X@V<u1/)||L°°(Q) < C,

|ttlcogy < cand €| < c| L& for every x € Ms and £ € g. Let C,, > 0, Ry >0
be constants as in Lemma C.3, with Ry replaced by EO. By assumption,
condition (C.7) of Lemma C.3 is satisfied. Since pou, — pouy = 0in C°()
there is 1y € N such that for v > vy we have wu,(z) € Mj, for every z € Q.
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Increasing 1y we may assume that for every v > 1y we have R, > éo. We
fix an index v > 1. Then the conditions (C.8) and (C.9) of Lemma C.3 are
satisfied with w := w,. Applying that Lemma we have

sup |p o u,| < C,RYP~2.
Q

This implies that
1Rzl 0w lloogg) < CpRy/P~2 — 0. (4.23)

If follows from (4.22) and (4.23) that el converges to €2 = |95u, +Xo, (u,)|*
in C°(Q). This completes the proof of Lemma 4.9. O

Proof of Proposition 4.6 (Hard rescaling): Consider the function
fo 1= 10wy, + Xo, ()| + Ry|pouy| € C°(, [0, 00)).

Claim 1 Suppose that the hypotheses of Proposition 4.6 are satisfied and
that there is a sequence z, € ) that converges to some 2y € €2 such that

fu(z,) — oc.

Then there is a value

R,
0 < rg < limsup < o0 4.24
mSup 7= (< o0) (4.24)
and a positive energy ro-vortex wy € VV&,’C”(C, M x g x g) such that
E™ (w0) < lim sSup ERV (wua BE(ZO))v (425)

for every € > 0 so small that B.(z) C €.

Proof of Claim 1: We define ¢, := fy(zy)*% and denote e, = 655. Then
for v large enough we have Bss, (2,) C Q. We pass to some subsequence such
that this holds for every v. By Lemma 4.8 applied to

f=rf, 0 =0y, T =2z,

there are numbers (, € By, (20) and ¢, < 4, such that

G =2l < 2f(2)77, (4.26)
sup f, < 2f,(G), (4.27)
B, (C)

e fu(C) = fulz)? (4.28)
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Since f,(z,) — o0, it follows from (4.26) that the sequence ¢, converges
to zp. We define ¢, := f,(¢,) and

W, = (U, <T>V, \Tfy) = (uy,c;lq)y,c;lllfy)(cgl “+()-

Passing to some subsequence we may assume that R, := ¢, 'R, converges
to some 7y € [0,00]. Since ¢, < 0, = f,(z,)"2 it follows from (4.28) that
fu(z) < fu(G). It follows that (4.24) holds for the original sequence. We
check the conditions of Lemma 4.4 with Z := () and Q, :=¢, - (2 — (,) and
R,,w, replaced by EV, w,. By hypothesis there is a compact subset K C M
such that for v large enough we have u,(€,) C K. So it suffices to check
condition (4.10) with Q := Bp, for every R > 0. We have

(Ot + X5, (W,))(2) = ¢, (Osuy + X, () (e, 2+ G) = ¢ fule, 2+ G).
Therefore, (4.27) implies that for every z € B., ., (0) we have

(1040, + Xz, (@) + Rolpn(@))(3) = ¢ fulc,'F+¢)
< 2, f(C) =2 (4.29)

Let R > 0. We choose an integer vg such that f,,(z,,)% > R for every v > vp.
By (4.28) we have

eve, = e fy(¢) > R

for every v. Therefore, (4.29) implies that ||e2”||ro(5,) < 8 and so (4.10)
is satisfied with ) = Bgr. By Lemma 4.4 there is an rg-vortex wy, =
(ug, ¥o, ¥y) € WIP(C,M x g x g) with the following property. Passing
to some subsequence there are g, € W??(C,G) such that the map g, 'u,
converges to ug in CH(Q) and ¢*(®P,, ¥,) converges to (g, o) in CO(Q), for
every compact subset () C C. By Lemma 4.9 with (2 C C any bounded open
subset such that ) C 2 we have

el = ¢Fr gm0 (4.30)

w, ~ Cgiwy wo?

in C°(Q) for every compact subset @ C C. Tt follows that

e (0) = lim e ”(0)

(4.31)

and therefore, E™(wg) > 0.

Let € > 0 be so small that B.(zp) C €. In order to show (4.25) we choose
any § > 0. Let R > 0 be so large that E™(w,C \ Bg) < 6. By (4.30) it
follows that

lim E™(w,, B,_14(¢,) = lim E™ (@, Bg)

= ETO (’wo, BR)
> E™(wp) — 0. (4.32)
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On the other hand, since ¢, — oo and (, — 2, for v large enough the ball
B,-15((,) is contained in B.(2) and therefore

B (wua Bc;lR(§V) < B (wua BE(ZO))'
Together with (4.32) this implies that

lim sup B (w,,, Be(20)) > E™(w) — 0.

V—00

Since this holds for every ¢ > 0 this proves (4.25) for the original sequence.

It remains to prove that o > 0. Assume by contradiction that ry = 0.
By Proposition D.2 there is a gauge transformation g € G>? such that wj :=
(ug, PG, ¥y) = g*wp is smooth. By the second R-vortex equation (4.2) with
R := 0 we have 0,¥( — 0,®(, + [®, ¥(] = 0. Therefore, by Proposition D.4
there is h € G such that h*(®f, () = 0. By the first vortex equation the
map uf := h~'u) : C — M is J-holomorphic. We have for every & > 0 such
that B.(z) C Q

E(uy) = |0su|* ds dt

|
&
=]
—~
S
o3
~—

IA

lim sup E% (w,,, Be(20))

V—00

sup B (w,, Q) < oo. (4.33)

14

VAN

Here in the forth line we have used inequality (4.25) and the last inequality
holds by hypothesis. By (4.33) and removal of singularities, Theorem 4.1.2
in [MS3], it follows that uj extends to a smooth J-holomorphic map from 52
to M. Since FE(uj) = E°(wg) > 0 such a map can not exist by the hypothesis
(H3). This contradiction proves that 1o > 0 and so concludes the proof of
Claim 1. O

Proof of (i): Assume by contradiction that there was a compact subset
@ C Q such that
~2|| Ry —
sup 12, ”[|e,,” || coq) = oo

Passing to some subsequence we may assume that
lim R, | f,[loogg) = 0. (4.34)

Let 2, € @ be such that f,(z,) = ||f,||coq). Since by assumption inf, R, >
0, it follows that f,(z,) — oo. Passing to some subsequence, we may assume
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that z, converges to some point zy € ). Therefore, applying Claim 1 we
arrive at a contradiction, since by (4.34) we have

’ R,
imsup ———~
V—00 j;(zu)

and thus the value ry of Claim 1 cannot exist. This proves (i).

=0,

Proof of (ii): Assume that there is a compact subset ) C €2 such that
sup, ||ef”||co) = o0. Let z, € @ be such that f,(z,) — co. By Claim 1
there is a value

R,
0 <7y <limsup ——

vooo  Ju(2y)

and an ro-vortex wg € WHP(C, M x g x g) such that

0 < E™(wg) < limsup E™ (w,, B:(2))
for every € > 0 with B.(zy) C Q. By the definition of E,;, and by Remark
4.2 it follows that E™(wgy) > Emyin, and therefore

lim sup £ (w,,, B-(20)) > E™(wg) > Ewin,
for every € > 0 such that B.(zy) C Q. This proves (ii) and concludes the
proof of Proposition 4.6. a

Ry

wy *

Proof of Proposition 4.3: We abbreviate e, := e

Claim 1 For every { € NU{0} there is a finite subset Zy C C such that the
following holds. If Ry < oo then Zy; =0, and if |Z,| < £ then

sup |le,||cog) < 00, (4.35)
v>vg
for every compact subset QQ C C\ Z,, where vg € N is so large that Q C B,,
for v > vg. Furthermore, for every z € Zy; and every € > 0 we have

lim sup B (w,,, Bz(2)) > Ewin - (4.36)
Proof of Claim 1: For ¢ = 0 the assertion holds with Z, := (). We prove by
induction that it holds for every ¢ > 1. Fix £ > 1. By induction hypothesis
there is a finite subset Z, 1 C C such that the assertion with ¢ replaced by
¢ — 1 holds. If (4.35) holds for any compact subset Q C C\ Z,_; then the
statement for ¢ holds with Z, := Z, 1. So assume that there is a compact
subset @ C C\ Zy_; such that

sup |le,||cog) = 00. (4.37)

v>vQ



4.2  Compactness modulo bubbling for rescaled vortices 90

It follows from the induction hypothesis that
| Zo_1| > 0 —1. (4.38)

Let ©Q C C be any bounded open subset such that @ C 2. Applying Propo-
sition 4.6 to the sequence (wy,|q),>,, by condition (ii) of that proposition
there is a point zy € @ such that for every € > 0 so small that B.(z9) C 2
inequality (4.36) holds. We set Z, := Z,_1 U {29}. By induction hypothesis
(4.36) holds for every z € Z,_ and thus for every z € Z,. We claim that
Ry = 00. By condition (i) of Proposition 4.6 we have

levlleo@) < CRy,

for every v so large that Q C B, , where C' := sup, R, *||e,||cog). Thus
(4.37) implies that sup, R, = oo and therefore Ry = oo. Finally, since
20 € Q C C\ Z,_y, it follows from (4.38) that |Z,| > £. So all the assertions
of Claim 1 for ¢ are satisfied. This proves Claim 1. O

We fix an integer

sup, B (w,, B,,)
Emin

and a finite subset Z := Z, C C that satisfies the conditions of Claim 1.

Then condition (i) of Proposition 4.3 is satisfied. Furthermore, by (4.36)

there are consecutive subsequences (ui(l))l-eN, (ui(Q))l-eN, (e (yi(Q))l-eN is a

subsequence of (Vz‘(l))ieNa- ..) such that the limit

0>

(4.39)

R
Ej(z) = lim B (w,0), By (2)) (4.40)

1—00

exists and F;(z) > Enyin for every j € N and z € Z. Passing to the diagonal

subsequence (u(z)

.") we may assume that lim, .., E® (w,, By/;(z)) exists for
every j € N and z € Z. Let jp be so large that 1/jy < 1/2|z — 2| for each

two points z # 2/ € Z. Then

|Z)Bin <Y lim E™(w,, Byyj(2))
Z€Z V—00
= UILIEO ERV (wy, U Bl/jo (Z))
z€Z

< sup ER (wy, By,).

This together with (4.39) implies that ¢ > |Z| and therefore inequality (4.35)
is satisfied for every compact subset Q C C\ Z. Thus the assumptions of
Lemma 4.4 (Compactness with bounded energy density) with €, := B, \ Z
are satisfied. So passing to some subsequence there are gauge transforma-
tions g, € W2P(C\ Z,G) and there is an Ry-vortex wy = (ug, ®g, Uy) €

loc
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WLP(C\ Z, M x g x g) such that for every compact subset Q@ C C\ Z the
maps g, 'u, converge to ug in C*(Q, M) and the maps ¢*(®,,¥,) converge
to (@, ¥p) in C°(Q, g x g). It follows that condition (ii) of Proposition 4.3

is satisfied.

To see that condition (iii) holds, let z € Z and fix g9 > 0 so small that
B.,(2) N Z = {z}. Let 0 < ¢ < gg and choose numbers ¢ < & < g
and j € N such that 1/j < e. Then Lemma 4.9 with Q := B.(2) \
By j2j(z) implies that the limit lim, o B (w,, A(z,1/j,¢)) exists and equals
Efo(wg, A(z,1/j,¢)). Since by our choice of a subsequence the limit E;(z) :=
lim, oo B (w,, By/;(2)) exists and E;(z) > Epy, it follows that the same
holds for the limit F,(¢) := lim, .., Ef(w,, B-(2)). Since B (wy, A(z,1/j,€))
depends continuously on ¢, the same holds for F,(¢). This implies condition
(iii) and completes the proof of Proposition 4.3. O

4.3 Soft rescaling

The next proposition is an adaption of Proposition 4.7.1. in [MS3] to vortices
instead of J-holomorphic curves.

Proposition 4.10 (Soft rescaling) Assume that the hypothesis (H2) (con-
verity at oo) and (H3) (symplectic asphericity) hold. Let r > 0, zy € C,
R, > 0 be a sequence that converges to oo and for every v € N let w, €
WP (B,(2), M x g x g) be an R,-vortex such that the following conditions
are satisfied.

(a) There exists a compact subset K C M such that u,(B.(2)) € K for
every v.

(b) For every 0 < ¢ < r the limit E(g) = lim,_ o B (w,, B(20)) exists
and Enin < E(e) < co. Furthermore, the function (0,7] 2 € — E(e) €
[Emin, 00) 18 continuous.

Then passing to some subsequence there exist a value Ry € {1,00}, a finite
subset Z C C, an Ro-vorter wy € W,P(C\ Z,M x g x g) and sequences
g, >0 and z, € C such that the following conditions hold.

(1) The sequence z, converges to zy. Furthermore, if Ry =1 thene, = R}!
for every v, and if Ry = oo then €, converges to 0 and €,R,, converges
to 00.

(i) There exists a sequence of gauge transformations g, € W2P(C\ Z,G)

loc
such that for every compact subset Q C C\ Z the sequence g, *(u, (s, -
+2,)) converges to ug in C*(Q) and g}, ((e,®,,e,V,)(es+2,)) converges
to ((I)(), \I/0> m CO(Q)
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(i1i) Fiz z € Z and a number g > 0 such that B.,(2) N Z = {z}. Then for
every 0 < € < gg the limit

E,(g) := lim E*fv ((u,,, e,®,,e,0,)(e, - +2,), Be(z))

V—00

exists and Ep, < E,(e) < 00. Furthermore, the function (0,g9) 3 € —
E.(¢) € [Emin, 0) is continuous.

(iv)
I%im limsup E™ (w,, Br-1(20) \ Bgs,(2,)) = 0. (4.41)
(v) If Ry = 1 then Z = 0 and E(wy) > 0. If Ry = 0o and E*(wy) = 0
then |Z| > 2.

The proof of Proposition 4.10 is given on page 98. We need the following
Lemma. For 0 < r,R < oo we denote the closed and the open annulus
around 0 with radii r, R by

A(r,R) = Bg\ B,,  A(r,R):= Br\ B,.

Note that in the case r > R A(r, R) = (. Furthermore, A(0, R) = Bg and
A(r,00) =C\ B,. Let

d:| M x M —[0,00)
M/

be the distance function induced by the Riemannian metric g,, ;, where M’
runs over all connected components of M. Since by assumption G is con-
nected, the action of G on M leaves each connected component of M invari-
ant. We can therefore define

d: UM'/GXM'/G — [0, 00), d(Gz,Gy):= min  d(z',y). (4.42)
M/

' eGz,y €Gy

By Lemma A.10, for each connected component M’ C M the restriction of
d to M' x M’ is a distance function that induces the quotient topology.

Lemma 4.11 (Annulus Lemma) For every compact subset K C M and
every number rq > 0 there are constants Fy > 0, a > 0 and C; > 0
such that the following holds. Assume that ro < r < R < oo and w €

o

WEP(A(r, R), M x g xg) is a vortex such that u(z) € K for every z € A(r, R),

loc

and suppose that E .= E(w, A(r, R)) < Ey. Then for every A > 2 we have

E(w, AAr,\"'R)) < g (4.43)
sup d(Gu(z),Gu(?)) < Cl\/E. (4.44)

2,2/ € AAr,A~1R) A
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Remark 4.12 If A > /R/r then A(Ar, \"'R) = () and hence the statement

of the Lemma is void.

Proof: Let K C M be a compact subset and let vy > 0 be a number. We
choose constants dg, ¢ > 0 as in Lemma A.15 (Isoperimetric inequality) and
Ey > 0 as in the a-priori-Lemma C.1, with K replaced by G - K. We define

E1 = min {Eo, 52 58T8} s a = M

1287 8 2c

Let 1o <r < R < ooand w = (u,®,V¥) € Wlp(A(r,R),ngxg) be a

loc

vortex such that u(z) € K for every z € A(r, R) and F < Ej.

We consider the case R < oo and w € lep(jl(r, R),M x g x g). By

Theorem C.6 there exists a gauge transformation g € W2P( ;1(7“, R),G) such
that g*w is smooth. Replacing K by G- K and w by g*w we may therefore
assume w.l.o.g. that w is smooth. We identify R x S' = C/ ~, where
the equivalence relation ~ is defined by z ~ z + 27 for every z € C. The
exponential map C > 7 + ip — €™ descends to a map expg : R x ST =
C/ ~— C. We denote by g© := g ® C the complexified Lie algebra and
define the map w : R x S* — M x g° by

W= (U, ® + i) := (u 0 expe, exXpe - (P + i¥) o expg)).

Claim 1 . For every 1 < X\ < /R/r we have
2 a
E(w, Ar,A7'R)) < <X> E. (4.45)

Proof of Claim 1: It suffices to prove (4.45) for A\ > 2.
Claim 2 Let 1y € [log(2r),log(R/2)]. Then

(im0, )l
£<u<7—07')7 (TOv'))

Proof of Claim 2: Let ¢y € S' 2 R/(27Z) and set 2z := expe (70 + i0).
Than the ball Ber_,.(29) is contained in the annulus A(r, R). Therefore,
condition (C.2) of Lemma C.1 is satisfied with r replaced by €™ — r. It
follows that

50, Vo € St (4.46)
(4.47)

8
m(em™ —r)?
32

7T€27—0

IA

E(w, Bero—r(20))

ew(20)

(4.48)
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The last inequality uses the assumption 7y > log(2r). Inequality (4.48) im-
plies that

(@70, 00))] = |p(u(e™*#0))]
< ew(20)

SE
< /=5 < do.

This proves (4.46). The expg-energy density of @ is the map € := e © :
R x St — [0, 00) given by
e(r +ip) = |0:U + Xg(@)*(1 + i) + e |po (7 + i) ?,

see definition (B.10) and Proposition B.3. Furthermore, the energy of w on
a measurable subset X C R x S! is given by

Eoe (i, X)) = / edrdp.

b'e
By Proposition B.3 we have

2

e = e“Tey 0 expe,

and therefore
E®Pc(w, X) = E(w, expe(X)),

for every measurable subset X C R x S!'. Furthermore, the map @ solves
the expg-vortex equations

Oru+ Xg(u) + J(0,u+ Xg(u)) = 0,
0, U — 9, + [, V] + e o = 0.
It follows that
0.0+ Xz(0)|* =
<
= ¥ey, 00 (4.49)

(10-1 + X5 (W) + 10,1 + X5 (@)[*)

DN =

The last equality uses Proposition B.3. By (4.49) and (4.48)

|0ru + X5(w)(20) < €™ Vew(20)

< 9,/%F
s
E
s

< %
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Therefore,

(@, ), (0, ) = / 10,7+ X5 @) (0 ) dp < .

This proves (4.47) and completes the proof of Claim 2. O

Let now log(2) < T < log(R/r)/2 be a number. We define E(T) :=
E(w, A(reT, Re™T)). The Claim guarantees that the local equivariant sym-
plectic actions of (7, ¥)(log(R)—T,.) and (%, ¥)(log(r)+T, .) are well-defined,
as in Definition A.14, and that the hypotheses of Lemma A.15 are satisfied.
Therefore,

AT, B)(log(R) — T,.)
< [T (0.4 Xg@P + @) Oog(R) — T.) dip

27
<emax{lry?) [ Foa(R) = T.0)
log(R)-T

=—a — / e(r, ) dpdr.

log(Rr)/2
In the second inequality we have used the fact that e2T—18 ) <y 2 Simi-
larly,
log(Rr)/2

|A(T@, ©)(log(r) + T.))| < —a~ ' — / (1, ) dp dr.

log(r)+T

Using Proposition B.3 and Lemma C.8 we have
E(T) = Ee"p@(f&ﬂlog(r) + T, log(R) — ><~51)
= —Al(u, ‘I’)(log(R) - )) A((u, ¥)(log(r) +T,.))

< |A((w, W))(log )+ [A((@, W) (log(r) + T,.))|
log(R
< —a - / e(r,p)dpdr
= —a ddTE( ,Nlog(r) + T,1log(R) — T] x S*) = —a ' E'(T).
Therefore,

r
c

(Be"™Y = (B +aE)ec < (E'— E'e™ =0.

So

E(T)eT < E(log(2))e*e® < 29F.
It follows that for 2 < A < \/R/r

E(w, AMr,A"'R)) = E(log(\))

10g(>\)

< 2%

- (-
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This proves Claim 1. O

We define 7 := (log(R) + log(r))/2.
Claim 3 For every T € [7,log(R/2)], ¢ € S* we have
&(r,0) < CR *etE,
and for every T € [log(2r), 7|, p € S* we have
&(r,¢) < Cree <E,
where C' := 22975 /.

Proof of Claim 3: Let 7 € [log(2r),log(R/2)] and ¢ € S'. Assume first
that 7 > 7. We set A\ := 2% > 1, Then

e(1,0) = e¥e,(e™?)
< ZBw, B (7))
e 2
32
<

= B(w, A\, AU R)

1
32 /2\*
< Z2(2) E

1 T

= (CR ceckE.

The first line follows from (B.12), the second from Lemma C.1 and the third
from the fact B e (e7™%) C A(Ar, \"'R). The forth line follows from Claim

1. The case 7 € [log(2r), 7] can be treated similarly with A := £ > 1. This
proves Claim 3. a

Claim 4 For every 2 < A < \/R/r and zy € A(Ar, \"'R) we have

<C\/E

d(Gu(VRr), Gu(z)) < o

(4.50)

where C" := +/C(a™ + 2r) and the constant C is as in Claim 3.

Proof of Claim 4: Let 7y € R, ¢y € [0,27) be such that zy = e™tio,
Consider the case 7y > 7. We define paths 1,7, in M as follows. Let
g1 : [T, 0] — G be the unique solution of the ordinary differential equation

g1(t) = g1(t)®(¢,0), g1(7) = id. (4.51)
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We define v, := gyu(+,0) : [T, 7] — M. Furthermore, let g : [0, o] — G be
the unique solution of

92(t) = g2()¥ (70, 1), 92(0) = g1(70)- (4.52)

We define v5 := goti(70,-) : [0,00] — M. Then ~v1#7, is a path from the
point u(v Rr) to ga(wo)u(zp). Furthermore,

;Yl = (gﬂj(,(]))
= g1(X, -1, ((-,0)) + 8;u(-,0))

91 91

Here in the last equality we have used (4.51). Claim 3 implies that
)] = 10,(t,0) + X5, (@(t, 0))]

e(t,0)
VCER %™,

VANVAN

Analogously, we have

o (t)] < VOER ™.

Therefore,

d(Gu(VRr), Gu(z))

IN

£(v1) +£(72)
70 ®o
VCER™* (/ e’mdr +/ e’ dgp)
7 0
vVCER™ (aile‘”
e™\”

! E -
C'VE ( R)
C'VE

e

IN

T0 a
~ + poe TO)

IN

<
Here the last inequality follows from the fact |z| = e™ < R/A.

In the case 75 < 7 inequality (4.50) follows analogously. This proves
Claim 4. 0

Recalling that we have set a = 1/(2¢) and setting C; := max{2%,2C"},
inequality (4.43) follows from Claim 1. Furthermore, by Claim 4 we have for
every z,2' € A(Mr, A\7!R)

d(Gu(z),Gu(?)) < d(Gu(z), Gu(vVRr)) + d(Gu(VRr), Gu(z"))
20'VE
Mo

<
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and hence inequality (4.44) holds.

Consider now the general case 1y < r < R < oo and

o

w e WP(A(r, R), M x g x g). We choose sequences 7, > r converging to r

loc
and R, < R converging to R. We fix a number A\ < 2. What we have already
proved, implies that

C.E
E(w,A(Ar,,\"'R,)) < AL

- VE
sup d(Gu(z),Gu(z")) < G :
2,2/ €A(NrL,A"1R,) A&

Inequalities (4.43) and (4.44) follow from this. This proves Lemma 4.11. O

Proof of Proposition 4.10: By hypothesis (b) the function

(0,7] 3 e — lim E™(w,, B.(2)) € [Emn, 00)

V—00

is well-defined. Since it is increasing, the limit

me := lim lim Ef (wy, B=(20)) € [Emin, 00) (4.53)

e—=0v—o0
exists. Fix a compact subset K C M as in hypothesis (a). We choose a

constant Ey > 0 as in Lemma C.1, depending on K.

Claim 1 We may assume w.l.o.g. that zo = 0 and that

llew: llcos,) = e (0). (4.54)

Wy

Proof of Claim 1: Suppose that we have already proved the proposi-
tion under these additional assumptions, and let r, zg, R,,w, be as in the
hypotheses of the proposition. We choose 0 < 7 < r/4 so small that

E
lim E™ (w,, Bi(z)) < mo + —. (4.55)

V—00 2
For v € N we choose 2, € Bas(2g) such that

Ry

eur (%) = [lew ooy o)) - (4.56)

Claim 2 The sequence z, converges to zg.
Proof of Claim 2: Recall that

A(z,r1,19) := By (2) \ By,
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denotes the closed annulus of radii 0 < r; < ry < oo with center z € C. Fix
0 < e < 27. By hypothesis (b) there exists a number v(¢) € N such that for

every v > v(e)

E
E®(w,, B.js) > mg — 70 (4.57)

By (4.55), by increasing v(¢) we may also assume that for v > v(e)

E
E™ (w,, Bis) < mg + 70 (4.58)

Let z € A(zp,¢,2r) and v > v(e). Consider the 1-vortex

@, = (u, (R, "), R'®, (R, "), R,'U, (R, ")) € WP (B,p,, M X g X g).

v

We check the condition (C.2) of the a priori Lemma C.1 with w := @, and
2o, 7 replaced by R,z and R,e/2. We have
E(@y, Br,ej2(Ry2)) = E™(wy, Beja(2))
< Ef(w,, A(e/2,47)) < Ep.

Here the last inequality follows from (4.57) and (4.58). So condition (C.2) is
satisfied and thus Lemma C.1 implies that

efe(z) = Rlea,(R.2)

Wy

32

< W—EQE(UJV, BRVS/Q (RVZ))
32F,

< . 4.59
— (4.59)

We choose a number

0<d<mind2F o
<min< 27, ¢ GiE, |

By assumption (b), increasing v(¢) we may assume that Ef(w,, Bs(2)) >
mo/2 for v > v(e). Let v > v(e). Then

1
HegZH%O(B(;(zo)) > —5 B (w,, Bs(20))

Ik
mo 32E0
> —. 4.60
2m6% — we? (4.60)
Since inequality (4.59) holds for z € A(zo,¢,27r), it follows from (4.56)
and (4.60) that z, € B.(zp). This proves Claim 2. O

By Claim 2 we may pass to some subsequence such that |z,| < 7 for every
v. We define now the map @, : Br — M X g x g by w,(2) := w,(z + Z,).
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Then (4.54) with w,, r replaced by w,, 7 is satisfied. We check the hypotheses
of Proposition 4.10 with (w,,r, z9) replaced by (w,,7,0). Hypothesis (a) for
the sequence w, holds by the assumption for the sequence w,. In order to
see that condition (b) holds for the sequence w,, we show that for every
0 < e <7 we have

liminf E® (@, B.) > lim E™(w,, B.(2)) > limsup E®(@,, B.). (4.61)
Let 0 < e < 7. We fix a number 0 < 6 < . Then for v so large that

|2, — 20| < 0 we have
8575(20) - Be(zu)-

It follows that
lim B (w,, B._5(z)) < liminf E(@,, B.).

Since this holds for every 0 < 6 < ¢ and by hypothesis (b) for the sequence
w,, the map

(0,7] 2 e — lim ER”(w,,,BE(zO)) € [Emin, 00)

V—00

is continuous, it follows that

lim E% (w,, B.(z)) < liminf E™ (@, B.).

V—00 V—00

Analogously

lim E%(w,, B.(z)) > limsup B (@, B.),
and thus (4.61) holds. This implies that for every 0 < & < 7 the limit
lim, ., B (@,, B.) exists and equals lim,_.o, B (w,, B.(2)) and thus im-
plies condition (b) for the sequence w,,.

Assuming that we have already proved the Proposition for w,, passing to
some subsequence, there exist a value Ry € {1, 00}, a finite subset Z C C, an
Ry-vortex wy € W,bP(C\ Z, M x g x g) and sequences ¢, > 0 and 2, € C such
that conditions (i)-(v) of Proposition 4.10 hold with (w,, 2,, z9) replaced by
(Wy, 2,,0). Setting z, := z, + z,, it follows that conditions (i)-(iii) and (v)
hold for the tuple (w,, Ro, Z, wo, (¢, 2,)). To see that also (iv) is satisfied
for the sequence w,, fix a number R > 7~ !. Since by Claim 2 the sequence

Z, converges to zg, we have for v large enough

Br-1(20) € Bay/r(Zy),

and therefore

R (wy, Bres (20) \ Bre,(5) < E™ (wy, Byn(3) \ By, (2))
= E™(@y, Bojr \ Bry2e, ().
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Taking limsup,_, . and then R — oo and using condition (iv) for the se-
quence w,, we get

lim limsup E™ (w,, Bg-1(20) \ B, (%))

R—oo oo

< I%im limsup E™ (@,, Bojr \ B(ry2), (%)) = 0. (4.62)

0 y—oo

It follows that the assertion of Proposition 4.10 for w, is satisfied. This
proves Claim 1. O

So we assume w.l.o.g. that zy = 0 and that (4.54) holds. Recalling
that we have chosen Ejy > 0 as in the a-priori Lemma C.1, we fix any constant
0 > 0 smaller than E,;, and Fy/2. By assumption (b) we have for v large
enough

E®(w,, B,(2)) > mg — 6. (4.63)

We pass to some subsequence such that (4.63) holds for every v € N and
choose 0 < &, < r such that

Ef(w,, Bs,)) = mqy — 0. (4.64)

We claim that
g, — 0. (4.65)

To see this let € > 0. By assumption (b) there is a number vy € N such that
Ef(w,, B.) > my—4 for v > 1. By (4.64) it follows that &, < ¢ for v > 1.
This proves the claim.

Abbreviating
we have by (4.54)

E™ (w,, Bs,) < wéy el |cos., ) < 7E,C. (4.66)

It follows that

ER” B- 2 _ 2
inf &2 122 > inf <“;C AL moﬂ 5@%. (4.67)

Here the first inequality follows from (4.66) and the second step uses (4.64).
We apply now Proposition 4.6 (Hard rescaling) with Q := B, and the se-
quences R, and w,. Note that the hypotheses of this Proposition are satis-
fied, since by assumption R, — oo and because of hypotheses (a) and (b).
Thus by assertion (i) of that proposition with @ := {0} we have

2
inf % > 0. (4.68)

v v
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Since mgy > Epin and 0 < Eyy, it follows from (4.67) and (4.68) that
inf 2 R2 > 0. (4.69)

Therefore, passing to some subsequence, we may assume that the limit

Ry := lim &,R, € (0, ] (4.70)
exists. We define
(00,5,), if Ry = oo,
= 4.71
(Fo. &) { (1, R;"), otherwise, (471)
é,, = g, R,.

and E,, := ¢, R,. Consider the sequence of ﬁ,,—vortices w, € I/Vli’f(Br Jen, M X
g X g) defined by

Wy (2) = (W, Py, V) (2) == (w(ev2), 6,0 (c,2), €, 0, (6,2)). (4.72)
By Proposition 4.3 with R,, w, replaced by E,,, w, and r, := r/e, there
exist a finite subset Z C C and an Ry-vortex wg = (ug, Pg, Vo) € VVliCp(C\

Z, M x g x g) such that passing to some subsequence conditions (i)-(iii) of
Proposition 4.3 hold.

We check the conditions (i)-(v) of Proposition 4.10 with
z, =z := 0.

Condition 4.10(i) holds by the definition (4.71) of ¢,, by (4.65) and by
(4.70). Condition 4.10(ii) follows from 4.3(ii) and condition 4.10(iii) follows
from 4.3(iii).

We prove condition 4.10(iv). We choose constants £y > 0, a > 0 and
C7 > 0 as in Lemma 4.11, corresponding to K and

ro :=infe, R,,.
14

By inequality (4.69) the number ry is positive. We choose numbers 0 < ¢ <

E1/2 and
1
1 B\ *©
)\>max{2,—,<01€ 1) } (4.73)
T

lim Ef™(w,, By-1) < mg +¢.

V—00

such that
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We choose an index vy € N so large that for v > 1y we have
g, < A7 (4.74)
Ef(w,, By1) < mg+e. (4.75)

Fix v > 1. We check the requirements of Lemma 4.11 with r, R, w, replaced
by e,R,, A\"'R, and

W, = (u,, R;'®,, R\, (R ).
Since A > 2 we have by (4.74) that ¢, R, < AR, and therefore

E(@,, A(e, Ry, AN 'R,)) = E™(w,, A(g,, A7)
= Ef(w,,By1) — E™(w,, B.,)
< m0+E1/2—m0+5<E1. (476)

Here the third step uses (4.75) and (4.64). It follows that the requirements
of Lemma 4.11 are satisfied, and thus by that Lemma

Ef(w,, AAe,,\7%)) = E(©,, AARye,, \°R,))

C\E(©,, A(R,e,, \"'R,))
< N
CE®(w,, A(e,, \71))
\a

C;GEI <e

Here in the third step we use (4.76) and in the last step we use (4.73). It

follows that for every € > 0 there exists a A > 0 such that

<

(4.77)

lim sup B (w,,, A(\e,, A\72)) < e.

UV—00

Since z, = 29 = 0, it follows that condition (iv) is satisfied.

To see that condition 4.10(v) holds, assume first that Ry = 1. Then
Z =0 by 4.3(i). Since &, R, — Ry, for v large enough we have B,z , 2 Bs,
and therefore
E(@,, By,) = E™(w,,Byz,s,)
> B%(w,, Bs)
= Mgy — o> 0, (478)

where the third step follows from (4.64). By condition 4.3(ii) we have Z = ().
Thus condition 4.3(ii) and Lemma 4.9 imply that

E(w0>B2EO) = lim E(IA&V,BQEO) > 0.

V—00

Assume now that Ry = oo and E*(wy) = 0.
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Claim 3 The set Z is not contained in the open ball B;.

Proof of Claim 3: By 4.10(iv) there is A > 0 so that

lim sup B (w,,, A(z,, Ae,, A1) < 4. (4.79)

V—00

Since Ry = oo, we have £, = ¢,,. Therefore by (4.64)
Ef (ww A<€u7 )\71)) = B (wm B)\—1> —mg + 9,
for every v, and hence by the definition (4.53) of myg

lim B (w,, A(e,, A1) > mg — mg + 6 = 0.

V—00

Together with (4.79) this implies that

liminf BR(@,, A(1,\)) = liminf E®(w,, A(e,, \e,))

V—00 V—00

= lim E®(w,, Ae,, A7)

— limsup B (w,, A(Ae,, A7) > 0.(4.80)

Suppose by contradiction that Z C Bj. Then by 4.3(ii) there exists a

sequence of gauge transformations g, € W2?(C\ Z, Q) such that the maps

g, 'u, converge to up in C*(A(1,)) and the maps g}(®,,¥,) converge to
(@9, ¥y) in CY(A(1,))). By Lemma 4.9 it follows that

0 = Ef(w)
> B (wy, A(1, )
lim E® (@, A(1,))) > 0.

V—00

Here in the last step we have used (4.80). This contradiction proves Claim
3. O

We claim that 0 € Z. To see this, observe that by Claim 3 Z \ B; is
nonempty. We choose a point z € Z \ B; and a number £y > 0 so small that
B.,(z) N Z = {z} and fix 0 < € < gg. Condition (iii) implies that there is a
Vg such that for v > vy

Emin
—_— 2 .

ER(@,, B.())

Increasing vy we may assume that e, < r for v > 1. We fix an index
v > 1. By the definition (4.72) of w, and by (4.54) we have

eﬁ: (0) = ||€§ZHCO(BE(Z))-
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It follows that

E§”<wa€<2)) > Emin

R 2
v > .
es, (0)" = me? — 2me?

Therefore, given any number C' > 0, choosing

V Emin
V21’

there is an integer vy such that for every v > vy

O<e<

exr(0) > C.

This means that -
e (0) — oo. (4.81)

If 0 did not belong to Z, then choosing ¢ > 0 sufficiently small, by 4.3(ii)
with @ := {0} and Lemma 4.9 with Q := B, and @Q := {0} we would have
el (0) — €22 (0), a contradiction to (4.81). So indeed 0 € Z. Since by Claim
3 the set Z is not contained in By, it follows that Z contains at least 2 points.
Thus condition (v) of Proposition 4.10 is satisfied.

This concludes the proof of Proposition 4.10. a

Remark 4.13 In the proof of condition (v) of Proposition 4.10, assuming
that Ry = oo and E*(wg) = 0, we showed that Z Z B;. We can say more
than that. Namely, since for every R > 1

lim E®(@,, A(1, R)) = lim E®(@,, Bg) — mo +6 < mo — mo + 6 < B,

it follows that no point of Z lies outside the closed ball B;. So at least one
point of Z lies on the circle S*.

The next lemma is Exercise 5.1.2. in the book [MS3].

Lemma 4.14 Let k € NU{0} be a number, (T, E) be a finite tree, oy, ..., ay €
T be vertices, f: T — [0,00) be a function and Ey > 0 be a number. Assume
that for every vertexr o € T we have

f(a) > Eqy or  H#HpPeT|aEf}+#{ie{l,...k}|as=a}>3.
(4.82)

Then

#T < 22 0er /(@) + k. (4.83)
Ey
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Proof of Lemma 4.14: If T is empty or #7 = 1 then (4.83) is true. So
assume that #7T > 2. For a € T' we denote

ne =#{ €T |aEB}+#{ic{l,... .k} |a; = a}.

Since #1° > 2, we have n, > 1 for every a € T. Since the number of
unoriented edges of T is #T — 1, we have

> na=> #{BET|aEB}+k=24T —2+k.

a€cT aeT

Therefore

#HT = 3H#T = no+k—2

€T
= > (B—na)+k-2
aceT
SEP DR SERD SRCESE ST
a:f(@)=0 a: f(@)>Eo
< 0+ Z 24+ k—2
a:f(e)>Eo
9
< > wer f@) Y
Ey

Here in the forth line we have used the hypothesis n, > 3 if f(«a) = 0, and
that n, > 1 for every a € T'. This proves Lemma 4.14. a

Recall the definition (4.42) of d.

Lemma 4.15 Let rg > 0 be a number, u: CU{oc} \ B,, — M/G be a con-
tinuous map, R, > 0 be a sequence of numbers, and let w, = (u,,®,,¥,) €
WLP(C\ B,,, M xgxg) be an R,-vortex for v € N. Assume that inf, R, > 0,
and that there is a compact subset K C M such that u,(C) C K for every v
and that Gu,(z) — u(z) for every z € C\ B,,. Then the following conditions

hold.

(A) Suppose also that

I%im lim sup £ (w,,, C \ Bg) = 0. (4.84)
Then for every ¢ > 0 there are numbers R > ry and vy € N such that
for every v > vy and every z € C\ Br we have

d(u(o0), Gu,(2)) < e. (4.85)
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(B) Let now in addition zy € C be a point, 0 : BT,O—1<ZO> — M/G be another
continuous map and N\,, z, € C be sequences of numbers. Assume that

Guy, (A (2 — 2,)) — @ (2) for every z € Bral(zo) \ {20}, and that
A — 0o, (4.86)
z, — 2, (4.87)
lim limsup E™ (w,, By, ;yr(A(20 — 2)) \ Br) = 0. (4.88)

R—oo 00

Then

(i) For every e > 0 there are numbers R > 1y and vy € N so that for
every v > vy and every z € By, ;r(Av(20 — 2,)) \ Br we have

d(u(o0), Guy,(2)) + d(@'(20), Gu,(2)) < . (4.89)
(i)
u(00) = @'(20).

Proof of Lemma 4.15: Let o, 4, R,, w, and K be as in the hypothesis.
Let Fy, C; and a > 0 be constants as in Lemma 4.11, corresponding to K
and 1o replaced by R/2inf, R,,.

We prove (A). Assume that (4.84) holds. Let ¢ > 0 be a number. We
choose R > 1y so large that

40 2
limsup E™ (w,,C\ Bgjz) < min {El’g—g?} : (4.90)
V—00 1
d(a(co), a(R)) < % (4.91)
We choose 1y € N so large that for v > 1y
R ) 4@82
E™(w,,C\ Bg/2) < min ¢ Fy, 97 (- (4.92)
1

By assumption Gu,(R) converges to @(R). Thus increasing vy we may assume
that for v > 1

d(u(R), Gu,(R)) <
We fix v > 1. Then by (4.92)

(4.93)

Wl M

E(wl/<'/Rl/)7 (C \ BRRV/Q) = ERV (wl/7 C \ BR/2) < E17

and hence the hypotheses of the annulus Lemma 4.11 with w := w,(-/R,)
and r, R replaced by RR, /2,00 are satisfied. Setting A := 2 it follows that
for each two points z, 2z’ € C\ Bg we have

3(Guy(2), Guy (1)) < SV I CA\ B o)

(4.94)

<&
20 3
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Here in the last step we have used (4.92). Setting 2’ := R we get, combining
(4.91), (4.93) and (4.94),

d(i(c0), Gu,(2)) < d(u(c0), u(R)) + d(u(R), Gu, (R))
+d(Gu(R), Guy(2))

< E+E+E—s
3 3 3 7

and hence (4.85) holds. This proves (A).
We prove (B). Let zq, @/, A\, and z, be as required, satisfying (4.86), (4.87)

and (4.88). We show that (i) holds. Let € > 0. We choose R > 27 so large
that

4(1 2
limsup B (w,, Bija, (A (20 = 2)) \ Bry2) < min {E —5} . (4.95)

. 3607
d(i(00), a(R)) < % (4.96)
d(#(z0), @ (20 + }2%)) < (4.97)

We choose 1y € N so large that for v > vy we have

JoliZ <wy,B7p\V‘/R()\ (20 — zl,))) \BR/Q) < min {El, ;gCl } (4.98)

By (4.87) and (4.86), increasing vy we may assume that for v > 1y

1
|20 — 2] < 7L (4.99)
A > R (4.100)

Let v > vy. Then (4.99) implies that Be|x,|/r € Brja,|/r(Av(20 — 2,)). There-
fore, setting

Wy(2) = (U, ®,, W) (2) := (s, P/ Ry, U, /R,)(2/Ry),
we have

E(w, A(RR,/2,6R,|\,|/R)) = ER”(w A(R/2,6|\,|/R))

< Wy, Brpyr (M (20 — 2))) \BR/Q)
: 4%
< min {E17 @} . (4101)

Here in the last step we have used (4.98). It follows that the hypotheses
of the annulus Lemma 4.11 with r, R replaced by RR,/2, 6R,|\,|/R are
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satisfied. Hence by that Lemma, setting A := 2 we have for each two points
2,2 € A(RR,,3R,|\,|/R)

d(Gu,(2/R,),Gu, (¢ /R,)) = d(Guy,(z), G, (%))

Cl\/E(@V, A(RR,/2,6R,|\,|/R))
< 5
<

£
—. 4.102
° (1102
Here in the last step we have used (4.101).

By assumption Gu,(R) converges to @(R) and Gu, (A, (20 + 2 — 2,))
converges to o’ (zo + }%) Hence increasing v further we may assume that for
V>

d(a(R), Gu,(R)) < % (4.103)
J( (20 + R) Guy()\y(zo+%—zy))> < % (4.104)

Let v > vy. We set 2/ := R. Combining (4.96), (4.102) and (4.103) we get
for every z € A(R, 3|\,|/R)

d(

(), Guy(z)) < d(a(oo),u(R)) + d(u(R), Gu,(R))
+d(Gu, (R), Guy,(2)) (4.105)
e € € €
-+ -+-=-==. 4.1
< stsTE=3 (4.106)
Similarly, we set 2’ := A, (20 + & — 2,). By (4.99) we have
R=|""R "R

Hence by (4.100) we have 2z’ € A(R,3|\,|/R). Therefore, the inequalities
(4.97), (4.102) and (4.104) imply that

d(@ (z0), Guy(2)) < d(a/(z )ﬁ’(zo—i—%))+d(ﬁ’(zo+%),Gul,(z'))
d(Guy (2'), Guy ()

_'_
£
< =, (4.107)
2
for every z € A(R, 3|\,|/R). By (4.99) we have
By, i/r(M(z0 — 2)) \ Br € A(R,3|\|/R),

hence statement (i) follows from (4.107) and (4.106).
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To see that statement (ii) holds, let € > 0 be arbitrary. By (i) there
are numbers R > ry and 1y € N such that (4.89) holds for every z €
Bin,;yrR(\(20 — 2,)) \ Br and every v > 1. Choosing an integer v > 1y
so large that z := R € B}y, |/r(A(20 — 2,)), it follows that

d(i(00), @(20)) < d(@(00), Guy(R)) + d(Guu (R), @ (20)) < 2e.

Since this holds for arbitrary ¢ > 0, it follows that d(u(oc0),uw/(20)) = 0, and
therefore u(00) = @'(2p). This proves (ii) and therefore (B).

This completes the proof of Lemma 4.15. a

We will use the following facts about sequences of Mobius transformations
in the proof of the Bubbling Theorem in the case that there are at least two
marked points.

Remark 4.16 Let z,y € S? be points and ¢, be a sequence of Mobius
transformations that converges to y, uniformly on every compact subset of
S\ {z}. Then ;' converges to x, uniformly on every compact subset of
S\ {y}. To see this, let @ C S*\ {y} be a compact subset and U C S? be
an open neighbourhood of x. Since ¢, converges to y, uniformly on S?\ U,
there exists an index 1 such that ¢, (S?\U) C S?\ Q for every v > 1. This
means that ¢, '(Q) C U. Tt follows that ¢, ! converges to x, uniformly on Q.

Lemma 4.17 Let o, be a sequence of Mobius transformations and x,y € S?
be points. Suppose there exist convergent sequences x%,xy,y" € S? such that

x #lim, o 2} # lim, o x4 # x, y # lim, . 4",

1imu—>oo Sou(xllj) - hml/—>oo SOV(:L‘E) = y7 hml/—>00 Sp;l(yy) = .

Then ¢, converges to y, uniformly with all derivatives on every compact

subset of 5%\ {z}.

Proof: This follows from Lemma D.1.4 and from Lemma 4.6.6 in the book
[MS3]. O

Lemma 4.18 (Middle rescaling) Let x,x,,y € S* be points and o, be a
sequence of Mobius transformations that converges to y, uniformly on com-
pact subsets of S* \ {x}, such that x, converges to x and ¢,(z,) converges
to y. Then there exists a sequence of Mobius transformations 1, such that
¥V, (1) = x,, ¥, converges to x, uniformly with all derivatives on compact
subsets of S*\ {00}, and ¢, o1, converges to y, uniformly with all deriva-
tives on compact subsets of S*\ {0}. Moreover, if ¥’ # x is any point in S*
then we may choose 1, such that 1, (c0) = z’.
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Proof of Lemma 4.18: Let 2/ # x and y” # y be any two points in S2.
We claim that for v large enough the three points

wy =9, (y"), @, o (4.108)

are all distinct. To see this, note that by hypothesis the point ¢, (z,) con-
verges to y. Hence for v large enough ¢,(z,) # v”, ie. z, # x/. Since
by hypothesis, z, converges to x, we have x, # 2’ for v large enough. Fur-
thermore, by Remark 4.16 the sequence ¢! converges to x, uniformly on

compact subsets of S?\ {y}. It follows that 2/ converges to x, and therefore
xl # x’ for v large enough. This proves the claim.

Let v be any positive integer. If at least two of the three points 2, x,, and
a2’ are equal then we choose 1, to be any Mdbius transformation such that
Y, (1) = x,. Otherwise, we define v, to be the unique Mdbius transformation
such that

’(/JV(O) = xlulv ’QZ)V(].) = ZL'V, @Z)y(oo) - l‘,.

Then the hypotheses of Lemma 4.17 with (p,,x,y) replaced by (¢,,00,x)
and z} := 0, 2§ := 1 and y, := 2’ are satisfied. Hence by that Lemma the
maps 1, converge to x, uniformly with all derivatives on compact subsets
of 52\ {oo}. Moreover, the hypotheses of the same Lemma with (¢, )
replaced by (p, 01,,0) and z¥ := 1, 2§ := oo and y, := y” are satisfied. It
follows that ¢, 01, converges to y, uniformly with all derivatives on compact
subsets of S?\ {0}. This proves Lemma 4.18. O

4.4 Proof of Theorem 4.1 (Bubbling)

The proof of Theorem 4.1 combines Gromov-compactness with Uhlenbeck
compactness. Uhlenbeck compactness enters the proof of Lemma 4.4 (Com-
pactness with bounded energy density). The starting point in the proof of
Gromov compactness for J-holomorphic curves is the following. Let (M, w)
be a compact symplectic manifold, J be an w-compatible almost complex
structure, and u, : S?> — M be a sequence of J-holomorphic curves such
that the energies F/(u,) are uniformly bounded above. In order to find the
first bubble, we search for a point zy € S? where the energy densities e, go
to infinity. Then we rescale so much that the energy densities of the rescaled
sequence stay bounded on each compact subset of S? minus one point. Using
Hofer’s Lemma, we can do this in such a way that the resulting bubble has
positive energy. For details see the book by D. McDuff and D. A. Salamon
[MS3].

Let now w, be a sequence of vortices as in Theorem 2. In order to find
the first bubble in M or vortex on C we can try to do the same thing as for
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J-holomorphic curves. However, this does not work. The problem is that
bubbling does not occur at places in C, but at co! This means that it can
happen that

im limsup E(w,,C\ Bg) > 0.

|
R—oo 0o

(Bubbling at places in C is excluded by hypothesis (H3). It would lead to
J-holomorphic curves in M.) While for pseudo-holomorphic spheres we can
apply a M6bius transformation in order to transform this to bubbling at some
point in C, this does not work for vortices. The problem is that a vortex on
C does not extend to a map on S?. (There are topological and analytical
obstructions.) So the energy density of a vortex at infinity does not make
sense! Note also that unlike the Cauchy-Riemann equations, the symplectic
vortex equations are not invariant under biholomorphic maps of an open
subset of C to another open subset. However, they transform according to
formulae (B.8), (B.9) of section B.

The way out of this problem is the following. First, we rescale with fac-
tors that are so large that the energies of the rescaled vortices on C\ B;(0)
tend to zero. This ensures that no energy gets lost at co. Then we rescale
back in order to catch the bubbles in M and the vortices on C.

EEOOf of Theorem 4.1: We consider first the case £k = 0. Let w, €
MUP be a sequence of vortices with positive energy such that

sup E(w,) < oo.

We prove that there exists a subsequence such that (w,, 2§ := 00) converges
to some stable map with one marked point.

Passing to some subsequence we may assume that F(w,) converges to
some constant F > E;,. We choose a sequence R” > 1 such that

E(w”,Bg) — E. (4.109)
and define Ry := vR” and

We set j; := 0, 21 := 0, Zp := {0} and z§ := 0. Recall that an co-vortex
on an open subset 2 C C is a solution (u, ®, ) € W-P(Q, M x g x g) of (0.1)

such that powu = 0. If ¢ is a Mébius transformation and w := (u, ® + V) :
C — M x g% is a map, then we define

o'w = (uop, @ (P +iV)oyp)): 5%\ ¢ '(c0) = M x g°.
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Claim 1 For every number ¢ € N, passing to some subsequence, there exist a
number N := N({) € N, values R; € {1,00}, R;-vortices w; = (u;, ®;,V;) €
VVli’f((C, M x g x g), finite subsets Z; C C and numbers RY > 0, z¥ € C for

i=1,...,N, and numbers j; € {1,...;i — 1} and z; € C fori=2,... N,
such that the following conditions hold.

(1) For everyi=2,...,N we have z; € Z;,. Moreover, ifi,i' € {2,...,N}
are such that i # i’ and j; = jy then z; # zy.

(i1) Leti=1,...,N. If R; = 1 then Z; = () and E(w;) > 0. If R; = o0 and
E>(w;) =0 then |Z;| > 2.

(iii) Fixi=1,...,N. If R; =1 then R =1 for every v, and if R; = oo
then RY — oco. Furthermore,

RY 2z — 2

. 0 - 23 i 4.110

AR )

In the following we set @Y (z) := R{z+ 2/, fori=0,...,N and v € N.

(iv) For everyi=1,..., N there exist gauge transformations g* € G*P such
that for every compact subset Q C C\ Z; the sequence (g¥) " u” o ¥
converges to u; in CY(Q) and (g¥)*(¢¥)*(®,, ¥,) converges to (P;, V;)
in C°(Q).

(v) Fixi=1,...,N, z € Z; and 9 > 0 so small that B.,(z) N Z; = {z}.
Then for every 0 < € < gq the limit

E.(¢) := lim ERiV((cp;’)*wy,BE(z))

V—00

exists and B, < E,(e) < 0o. Furthermore, the function (0,g9) 3 € —
E.(¢) € [Emin, 00) is continuous.

(vi) Fori=1,...,N

im lim sup E(w,,, BR;/R(%Z + R;/ZZZ) \ BRRZV (Z;j)) =0.

1
R—oo 00
(vii) If £ > N then for every j =1,..., N we have
Zy=A{z|j<i<N,ji=j}.

Proof of Claim 1: We show that the statement holds for ¢ := 1. We check
the conditions of Proposition 4.10 (Soft rescaling) with zo := 0, r := 1 and
R,, w, replaced by Ry, wy. Condition 4.10(a) follows from assertion (B) of
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Proposition D.6 (asymptotic behaviour). We check condition 4.10(b). Let
e > 0. Then for every v € N such that v > &7}

B (wg, B.) > B (wy, By) = E(w,, Bg,). (4.111)
On the other hand
Ef(wy, B.) < E%(wy,C) = E(w,).
Therefore, since E(w,) — E, E(w”, Bgr) — E and R{ = vR,, it follows that

lim B (wy, B.) = E.

By Lemma D.1 (quantization of energy) we have E(w,) > E;, for every v.
Therefore, condition 4.10(b) is satisfied. Thus by Proposition 4.10, passing
to some subsequence, there exist a value Ry € {1, 00}, a finite subset Z C C,
a map wy € Wif(@ \ Z1, M x g x g) and sequences ¢, > 0, z, such that
the conclusions of Proposition 4.10 with w, replaced by wg hold. We define
N:=N(1):=1, Ry := Ry, Z1 :=Z, wy := wy, RY := "R and 2} := RYz,.
We check conditions (i)-(vii) of Claim 1. Condition (i) is void. Condition (ii)
follows from condition (v) of Proposition 4.10. Condition (iii) follows from
4.10(i), since

R, A4 _,
it it

Condition (iv) follows from 4.10(ii), condition (v) follows from 4.10(iii), and

(vi) follows from 4.10(iv). Condition (vii) is void. This proves the statement

of the Claim for ¢ = 1.

Let ¢ € N and assume, by induction, that we have already proved the
statement of Claim 1 for ¢. This means that there is a number N := N(/)
and there are R;, w;, Z;, RY, 2/, j; and z; fori = 1,..., N such that conditions
(i)-(vii) hold. If for every j =1,..., N we have Z; = {z;|j <i < N, j; = j}
then conditions (i)-(vii) hold with N(¢ + 1) := N and the Claim is proved.
So assume that there is a jo € {1,..., N} such that

Zjy #{2iljo <i < N, ji = jo}. (4.112)
Then we set N(¢ + 1) := N + 1 and choose an element
N1 € Zjg \{zi|J <i <N, ji = jo}-

We fix any number r > 0 so small that B,(zy4+1) N Zj, = {#n+1}. We ap-
ply Proposition 4.10 with 2 := zy41 and R,, w, replaced by R% , (¢} ) w".
Condition 4.10(a) holds by hypothesis. Furthermore, by condition (v), con-
dition 4.10(b) is satisfied. So passing to some subsequence, we get a value
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Ry € {1,000}, a finite subset Z C C, an Ry-vortex wy € WtP(C\ Z, M x g x g)
and sequences ¥ > 0, z” such that the conclusions of Proposition 4.10 are
satisfied. We define Ry 1= Ry, Zn41 := Z, wny = wo, Ry = e, R

J07
14 . 14 14 y e—
2N = Rjoz,, + 23, and jyi1 = Jo-

We check conditions (i)-(vi) of Claim 1 with N replaced by N + 1. To
see that (i) holds, observe that by the induction hypothesis, the statements
hold for 4,7 € {2,..., N}. Furthermore, by our choice of zy.; we have
N1 € Ly, = Zj, and zy4q # z; for every i € {1,..., N} such that j; = jo.
So (i) is satisfied. As in the case N = 1, condition (ii) follows from 4.10(v),
condition (iii) follows from 4.10(i), condition (iv) follows from 4.10(ii), con-
dition (v) follows from 4.10(iii) and (vi) follows from 4.10(iv). We check
(vii) with N replaced by N 4 1. By the induction hypothesis, it holds for
N. Together with our assumption (4.112) this implies that N > ¢, i.e.
N 4+ 1 > ¢+ 1. So there is nothing to check. This completes the induction
and the proof of Claim 1. O

Let ¢ € N be any natural number and let N := N (), R;, w; = (u;, ®;, V;),
Z;i, RY, 27, j; and z; be as in Claim 1. Recall that Z; = {0} and 2§ := 0.
Fix i =0,..., N. We define ¢¥(2) := Rz + 2/, for every measurable subset
X C C we abbreviate

Ei(X) := Ef(w;, X), EY(X) = E™ ((u,, R/®Y, R/UY) o ¥, X),
and for z € Z; we define

mi(z) = lim lim EY(B.(z)). (4.113)

e—0v—o0

For i = 0 it follows from (4.109) and R{ = vR, that

mo(0) = lim lim F(w,, Bsyg,) = lim E(C) = E. (4.114)

e—0v—o0 e—0

For i = 1,..., N it follows from condition (v) that the limit (4.113) exists
and that m;(z) > Ep,. For j,k=0,...,N = N(¢) we define

Zir =Zi\{zlj<i<k,ji=7j}
We define the function f: {1,..., N} — [0,00) by

f) =E(C\Z)+ Y miz). (4.115)

zGZi,N
Claim 2

Zf(i) —E. (4.116)
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Proof of Claim 2: We show by induction that for every k = 1,..., N we
have
k
> (E(C\Z)+ > mi(2)) =E. (4.117)
i=1 2€7; 4
Claim 2 follows from this with £ = N.
Claim 3 For everyi=1,..., N we have
mj,(z) = E(C\ Zi) + Y my(2) (4.118)
zZE€Z;
Proof of Claim 3: Fix any:=1,...,N. We choose a number € > 0 so
small that

Be(zz) N Zji = {Zz}7 ZZ Q Bs—l_e,

and if z # 2’ are points in Z; then 2¢ < |z — 2/|. By condition (v) of Claim

1, the limits

lim EY (B.(z)), lim EY(B.(z)), z¢€Z;

V—00 V—00

exist. Applying Lemma 4.9 with
Q= By \ |J Bepa(z), Q=B \ | B:(2)

ZeZi ZEZi
we have
lim EY(B.-1) = E;j(Be1 \ | B(2)) + ) lim EY(B.(2)).
zZ€Z; 2€Z;

It follows from the definitions of E7 and £y that
E]VZ(Ba(ZZ)) = E(wy, BER‘.’ (Zl-/, + RVZZ))
= E(U}V7B€RV (Z +RVZZ)\B lRV< )) —|—EV(B
Taking the limits ¥ — oo and then ¢ — 0, we get

my,(z) = lim lim EY (B.(2))

e—0v—o0

(4.119)

).

= lim lim E(w,,,BERu (20 + RY z) \ Be-1py(2))) + lim lim EY(B.-

e—0v—o0 e—0v—o0

- 0+11I%Ei B.-1\ UBSZ + lim lim EY(B.(z))

e—0v—o0
zZEZ; zZE€Z;

= E(C\Z)+ ) mi(2)

2€Z;

Here in the third equality we have used condition (vi) of Claim 1 and equality

(4.119). This proves Claim 3.

O

)
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Since Zy; = Zi, equality (4.117) for k = 1 follows from Claim 3 and
(4.114). Let now k =1,..., N — 1 and assume that we have proved (4.117)
for k. Fort=1,...,k+ 1 we have

Zi,ka if ¢ S k and 1 7& jk-f—la
Ziks1 =198 Zig \ {21}, ifi <k, and i = jpiq,
Zrit, ifi=Fk+1,
Therefore,
E+1
Z Z mi(z) = Z m;(2) — my,,, (2k41) + Z Mi41(2).
=1 ZEZi’kﬂ‘,l =1 ZEZi,k ZGZk+1
It follows that
E+1
S(ECN\NZ)+ > mi(z) =
=1 ZEZi’kﬂ‘,l
E+ Ee1(C\ Ziyt) — myy, (2ra1) + > mya(2) = E
2€ZK+1

Here in the first equality we have used the induction hypothesis and in the
second equality Claim 3 with ¢ := k + 1. It follows that (4.117) holds for
every k =1,..., N. This proves Claim 2. a

Claim 4 The estimate

+1 (4.120)

holds.

Proof: Consider the relation F on T := {1,..., N} defined by iE?" iff i = j;
or i’ = j;. This is a tree relation. We apply Lemma 4.14 with f as in (4.115),
k:=1,a;:=1€T and Ey := Epj,. To see that the hypothesis (4.82) holds,
suppose that iy € {1,..., N} is a vertex such that f(ig) < Ey = Epn. It
follows that E; (C\ Z;,) < Emn and therefore E; (C\ Z,;,) = 0. Condition
(ii) of Claim 1 implies that #Z,, > 2. Furthermore, Z;, y is empty, because
by condition (v) of Claim 1 we have for every element z € Z;,
Mg (2) = ll_l)% Vh_)rglo B} (Be(2)) = Enin -

This means that for every z € Z;, there is an index ig < ¢ < N such that
z; = z. If 39 = 1 then
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Assume now that iy # 1. Then the vertices adjoint to 7y are the elements
of Z;, and the vertex j;,. Therefore

So hypothesis (4.82) of Lemma 4.14 is satisfied, and therefore by that Lemma

23N f() 2F
N=#T<===127 1= 1.

# - Emin * Emin *

Here in the last equality we have used Claim 2. This proves Claim 4. a

We choose now an integer ¢ > 2E/ E,;i, +1 and assume that

N = N(é), Ri7 w; = (uiu (I)i7 \I[Z>7 ZZ Rfa zl'ju jia Zi

7

are as in Claim 1. Then by (4.120) we have

>

E
1>N
Emin+ o ’

and therefore condition (vii) of Claim 1 implies that for every j =1,..., N
we have

Zy={=lj<i<N,ji=j} (4.121)
This means that all the bubble points have been resolved. We define

T:={1,...,N}, V={iecT|R=1}, T:=T\V,
and the tree relation £ on T by
iBi <= i=jyori =j.

Furthermore, for 7,7 € T such that iFi we define the nodal points

oo, if i =yj;,
Zigl = P .
zp, if 1= gy.

Moreover, we define the marked point
(v, 20) = (1,00) € T x S*.
Claim 5 Letie€T. Ifi € V then w; € le’p, and if i € T then the map
Gu; : C\ Z; — M = (0)/G
extends to a smooth J-holomorphic map

u;: S? 2 CU {0} — M.
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Proof: By condition (iv) of Claim 1 there exist gauge transformations g? €
G?*P such that for every compact subset @ C C the maps

u = (g7) 7 (u” o ¢f)
converge to u; in C1(Q), and the maps
(@7, 07) == (97)" ((By @, RV,) 0 )
converge to (®;, ¥;) in C°(Q).
Assume that ¢ € V. By Fatou’s lemma, we have
B(w) = / (10t + X, (w)? + |12 0 wsl?) ds dt
c

C

V—00

= liminf E(w})

V—00

= lim E(w,)

V—00

= F < 0.

Furthermore, by Proposition D.6(B) there exists a G-invariant compact sub-
set Ko C M such that uj(C) C Ky. Since uj converges to u; pointwise, it
follows that u;(C) C Ky. Hence w; € MP.

Assume now that i € T. By Proposition E.11 the map
Gu; : C\ Z; — M = p~1(0)/G.
is J-holomorphic, and eq,,, = eq - Using again Fatou’s lemma, it follows that
E(Gu;,C\ Z;) = E*(w;,C\ Z))
_ / Ot + X, ()| ds dt
C\Z

< liminf/ (\8su’;+X¢i,|2+(R;’)2mou’; 2) dsdt
C

V—00

= liminf B (w})

3
V—00

= lim E(w,)

V—00

= F < 0.

Therefore, by removal of singularities, Theorem 4.1.2 in the book [MS3], it
follows that Gu; extends to a smooth J-holomorphic map ; : S?> — M. This
proves Claim 5. a
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Claim 6 The tuple
(w,0,2) = (V, T, E, (wi)iev, (@)ict, (2 )igi, (0, 20))

is a stable map in the sense of Definition 3.2 and the sequence (w”,zf) =
(w”, 00) converges to (w, @, z) in the sense of Definition 3.6.

Proof of Claim 6: We check the conditions of Definition 3.2. To see that
condition (i) holds, observe that the first part of this condition is satisfied,
since zp = 0. Fix ig € T.

Consider the case ip = 1. We have 1FE7 if and only if 1 = j;. Therefore,
the special points at the vertex 1 are the nodal points zy; = 2z; with ¢ € T
such that j; = 1, together with the marked point zy = oco. It follows from
condition (i) of Claim 1 that these points are all distinct.

Consider the case iy # 1. Then the special points at iy are the nodal points
Zioi = z; with 7 such that j; = 7o together with the nodal point Zigjsy, = OO-
By condition 1(i) they are all distinct. To check the last part of condition (i)
of Definition 3.2, let ¢ € V and ¢’ € T be such that iFi’. Then by condition
(ii) of Claim 1 the set Z; is empty, so i’ = j;, and therefore z;; = co. So we
have proved condition (i) of Definition 3.2.

In order to check condition (ii) of Definition 3.2, we fix an index
i = 2,...,N. We define u; : S*> — M/G to be the unique continuous
extension of the map

If i € V then it follows from Proposition D.6(A) (asymptotic behaviour) that
; is well-defined, and if i € T then this follows from Claim 5. Let ry > 0
be so big that B -1(z;) N Z;, = {z} and Z; C B,,. We apply part (B) of
Lemma 4.15 with zy = 2, u = w;, @' = u, R, == R}, A\, == R} /R},
z, = (2f — 2})/RY and w, = (u,,®,,¥,) replaced by (¢})*w,. Observe
that the conditions (4.86) and (4.87) follow from Claim 1(iii), and condition
(4.88) follows from Claim 1(vi). Furthermore, it follows from Claim 1(iv)
that Guy(z) converges to u;(z) € M/G for every z € C\ B,-1 and Guj (2)
converges to u;,(z) for every z € B, (2;) \ {#z:}. So all hypotheses of Lemma
4.15(B) are satisfied and thus the Lemma implies that

This proves condition 3.2(ii).
We check the stability condition (iii) of that Definition. Let ¢ € T.
By Claim 1(ii) we have E(w;) > 0if i € V, and |Z;] > 2 if i € T and
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E(u;) = E*(w;) = 0. Assume that i € T and F(u;) = 0. Then the
number of special points at i equals |Z;| + 1 > 3. Here we have used that
the vertex ¢ = 1 carries the marked point (ag, z9) = (1,00). This proves
condition 3.2(iii). So all conditions of Definition 3.2 are satisfied.

We check now the conditions of Definition 3.6. To see that condition

(3.9) holds, observe that by (4.121) the set Z; 5 is empty for every ¢ =
1,..., N, and therefore by Claim 2

}er;oE(wy):E = Zf(”
= ) Ew)+ > E*(w;,C\ %)

1% ieT
= Y Ew)+ > E(u).
i€V ieT

This proves condition (3.9).

To see condition 3.6(i), observe first that if i € V| then by Claim 1(iii)
we have RY = 1, and thus ¢?(z) = z+2z/. Furthermore, foreveryi =1,..., N
we have z; o = 0o and therefore ¢¥(z;9) = oo, where z; is defined as in (3.7)
and (3.8). Finally, if i € T, choosing 1; := id the derivatives (¢¥01);)'(z) = RY
converge to oo if z € C. This proves condition (i).

By Lemma B.9, condition 3.6(ii) is equivalent to

v v
R Ry
J J

for each pair (j,7) € {1,..., N}* of adjacent vertices such that z;; # oco. If

(7,1) is such a pair then j = j;. Thus 3.6(ii) follows from Claim 1(iii).
Condition 3.6(iii) follows from Claim 1(iv). Finally, condition 3.6(iv)

is void, since k = 0. This proves Claim 6. a

So we have proved Theorem 4.1 in the case k = 0.
We prove now by induction that the Theorem holds for every k£ > 1.

Let £ > N be an integer and assume that we have already proved the
assertion of the Theorem with k replaced by k — 1. Let w, € M be a

sequence of vortices and 27, ..., z{ € C be sequences of marked points such
that the hypotheses of Theorem 4.1 are satisfied. We prove that there exists
a subsequence of (w,, z§ = 00,27, ..., z;) that converges to some stable map

with £ 4+ 1 marked points.
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By our assumption, there exists a subsequence such that (w,, 2, ..., z}_;)
converges to some stable map

(W7 u, Z) = (‘/a Ta E7 (wa)a€V7 (ﬂa)aef‘a (Zozﬁ)aEﬁa (aia Zi)i:O,...,k—l)a
via sequences of Mobius transformations ¢%, o € T'. By hypothesis, we have

limsup |2} — 2| > 0,

V—00
for every : = 1,..., k—1. Passing to some subsequence, we may assume that
the limits
2k = lim (2 — 2/) € CU {00}
V—00
exist forz=1,...,k—1, and

2k # 0, (4.122)

and that the limit
Zor 1= lim (%) (z)) € S?

exists for every a € T. We set 2z := 0o. There are three cases.

Case (I) There exists a vertex a € T such that
Zok € Yo = ZoU{zi|lay=0a,i=0,... k—1}.
Case (II) There exists an index ¢ € {0, ...,k — 1} such that z,,; = 2.

Case (III) There exists an edge a3 such that z., = z4p and zg; = 234-

These three cases exclude each other. For the combination of the cases
(IT) and (III) this follows from condition (i) (distinctness of the special points)
of Definition 3.2.

Claim 7 One of the three cases always applies.

Proof of Claim 7: Assume that neither Case (I) nor Case (II) applies.
This means that for every a € T' we have z,, € Y, and there exists no index
i € {0,...,k — 1} such that z,,, = z. It follows that for every a € T the
point z,x is a nodal point. We choose any vertex 3y € T. Consider the chain
of edges (31, 32, ..., where for each j > 1 3; is the unique vertex such that
28;_18; = 2B;_1k- Since T is finite, there exist two indices j # j' > 0 such that
B; = Bjy. Furthermore, since T is a tree, there are no cycles, hence j = j' +2
or j' = j+2. Since zg,3, = zg;x and 23,5, = 23, the condition of Case
(III) with o := §; and [ := ;s is satisfied. This proves Claim 7. O
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Assume that Case (I) holds. We fix a vertex o € T such that z, & Y.
(This vertex is actually unique, but we do not need this.) We define oy := «
and introduce a new marked point

new .

’Zk‘ = Zakk

on the ay-sphere. Then (w, @, z) augmented by 23V is again a stable map

and the sequence (w,, 2§, ..., 2}

{®ataer

) converges to this new stable map along

Assume that Case (II) holds. We fix an index 0 < i < k — 1 such that
Zogk = Zi- (It is unique.) We extend the tree T" be introducing an additional
vertex v which is adjacent to «;. If z; = 0o then the new vertex corresponds
to a bubble in M, otherwise it corresponds to a vortex. Furthermore, we
move the i-th marked point from the vertex «; to the vertex v and introduce
an additional marked point on . More precisely, we define

Tnew L T U {7}a if Zki = OQ,
T T, otherwise,

Tmew . — | | {'Y}, |/new ._ new \ Tnew’

new new new

Q77 = QR =Y, 2y, 00, Zgy T Z
Lhew . () Smew . iy lf (6%} S ‘{,
' Tk 1, ifa;eT.

Assume that v € V"%, This means that zx; # co. Our assumption z,,x = 2;
implies that o; € T. We define w, : C — M x g x g to be the constant map
(70,0,0), where zq is any point in the orbit i, (z;). If v € T"" then we
define @, : S — M to be the constant map

’I_LY = ﬂai (’ZZ)

Note that the new component v is a “ghost”, i.e. the map w, (or @) has
0 energy. The tuple (w new)
again a stable map.

VA

new sSnew
) u 9

obtained from (w, @, z) in this way is

We define the sequence of Mébius transformations ¢ S? — S?% by

z+ 7z, if v € Vmew,
oh(z) =19 (—2)z+z, ifyel™™ izl (4.123)
w+¢go(w)’ if’}/ETneW, ’LZO,

z

where w € 5%\ {20} is chosen such that ¢¥ (w) # z; for all v. Note that
the last line makes sense, since ¢, (w) # ¢¥ (2) = oo. Here we use the
convention that co™! := 0.
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Claim 8 There exists a subsequence of (w,,zy,...,z;) that converges to

(whev, @™V, z"v) along the Mdbius transformations {@% }aernew yen.

Proof of Claim 8: Condition (3.9) (energy conservation) still holds, since
the new component vy carries no energy.

We check condition (i) of Definition 3.6. The first part of this condition
is satisfied by the definition of ¢7. We show that the second part holds, i.e.
that

Pa(zap ) = 00, (4.124)

for every a € T, where 255" € 5% is defined as in (3.7) and (3.8) by using
the new marked and nodal points. We have

20,05 if 7é s
new __ new __ 3 — y —
Zoo =4 20 =0, ifa=v,1=0,
new __ 3 — o
ey =00, ifa=7y,i>1.

Hence for a # 7 condition (4.124) is satisfied since ¢} (24,0) = 00, and for
a = v it follows from the definition (4.123) of ¢¥. We check the third part
of condition (i). We fix a vertex a € T". It suffices to show that there exists
a Mébius transformation v, such that ¢, (00) = 2,0 and

(photh) (2) = 0,  VzeC. (4.125)

If o # v then this holds by the choice of the Mobius transformations 2.
Assume that o = 7. In the case i > 1 we set 1), :=id. Then (4.125) follows

v

from (4.123), since v € T means that lim, .. (2% — z¥) = 2, = 0.

Assume now that i = 0. We define

1
Py (2) = ot
By the definition (4.123) we have to show that
2 — @, (w) — oo, (4.126)

Assume that oy € V. Then there exist points 2§ € C such that @7, (z) =
z + z§. By our assumption that we are in Case (II) and that i = 0, we have

X =2y) = Zcmk
~ i () )
[e.9]
= lim (2] — 25).
V—00

It follows that
2y — Qo (W) = 2 — 25 —w — o0,
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so (4.126) holds in this case.

Assume now that oy € 7. Then we choose a Mobius transformation Ve
such that 1,,(c0) = 2o and define

801/ = gpgo © wa0'

Since p,(00) = 0o there exist numbers A\, € C\ {0} and points z, € C such
that ¢,(2) = A,z + 2,. By condition 3.6(i) the numbers )\, converge to co.

Furthermore,
2y — z, B
‘ < Py %1(1”))

A
= A9, (2) = Yo (w)
M (0 0 ()M (#H) = g (w)). (4.127)

By assumption we have
(0ay) " (2K) = 0.

Since w # zp, it follows that
a0 © (90,) 1 (2K) = oy (W) = g, (20) — g (w) = oo

Since A\, — oo, (4.127) implies (4.126). So the last part of condition (i) of
Definition 3.6 holds also in the case o € T.

We check condition 3.6(ii). It is enough to consider the cases (a, 3) :=
(v, y) and (v, B) := (7, «;). Consider the case (a, 3) := (o, ). We define

. Jnew .__ Jhew __ i v .__ . new __
Ti=z =00, Yi=zpy =2z, wp =z =0

2 — 2y, ifyelVrey,

| 2 70

2 { v =1, if y e TV,

| zag0, ifyEV™ or (y € T and i > 1),
Yy ‘= w, if v c Tnewj i =0.

Then the hypotheses of Lemma 4.17 with ¢, := ¢y, = (S"Zi)_l oy are sat-
isfied, and therefore by that Lemma ¢y, ., converges to y = 2%, uniformly
with all derivatives on every compact subset of 5\ {z} = S*\ {22"}. By
Remark 4.16 it follows that ¢, = (¢% )" converges to 22", uniformly on
every compact subset of S\ {z5%}. This proves condition 3.6(ii).

We check condition 3.6(iii). Given an open subset 2 C S? a compact
subset ) C €2, a sequence of maps u, : 2 — M/G and amap u : Q — M*/G,
we say that 4, converges to u in C'(Q), iff the following holds. There ex-
ists an index vy € N such that for v > 1y we have u,(Q) € M*/G and
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u, € CY(Q, M*/G). Furthermore, the maps u,|q for v > vy converge to g
in CY(Q, M*/G).

Assume that v € V"%, This means that zp; # co. Since zyy = 00, it
follows that ¢ # 0. Furthermore, since we are in Case (II), it follows that
a; € T. For a € T we write

v o.__ v v v P 14
wh = (ug, PV, W) = w, o pl.

By Proposition 4.3 (Compactness modulo bubbling) with R, = 1, r, =
v and w, replaced by wY, passing to some subsequence, there exist gauge
transformations g% € G*” and a vortex w, := (1, th,, CIL,) € MY such that
for every compact subset @ € C the maps (g¥)~'u converge to i, in C'(Q)
and the maps (g7)*(®%, ¥¥) converge to (., ¥,) in C°(Q). It follows that
Gul : C — M/G converges to Gu, : C — M/G, uniformly on every compact
subset of C. On the other hand, since o; € T"" and i # 0, the maps Guy,
converge to ,,, in C' on every compact subset of S\ Z,., and hence on
every small enough neighbourhood of z;. Since ¢y converges to za,, = i,

uniformly on every compact subset of 5\ {225} = C, it follows that

v o_ v v —
Gu'y - Guai O Paiy — uai(zi)’

uniformly on every compact subset of C. It follows that Gu, = g, (2).
Recall that w, = (u,, ®,, V,) := (20, 0,0), where z( is any point in the orbit
U, (2;). For every z € C we define g(z) € G to be the unique element such

that

uy(2) = g(2)z0.
Since 7, € W,'P(C, M x g x g), it follows that g € W,>"(C, G), and Lemma
B.2 implies that g € W>?(C,G). We define g% = gtg € G*P. Then for every
compact subset ) C C

()7 = g @) — 97T, = u, = o,
in C*(Q), and similarly
(g2)* (94, V%) — (@, ¥,) = (0,0),

uniformly on ). This proves condition 3.6(iii) in the case v € V™V,

Assume now that v € T"¢". Suppose also that i > 1. Then Guyg,
converges t0 U, = Uq,(2;), in C* on every compact subset of S?\ Z,, and
hence on every small enough neighbourhood of z;. Fix a compact subset
Q € C = 5%\ Z,. Since ¢ converges to z;, in C*(Q), it follows that
Gul = Guy, o ¢, ., converges to u, in C(Q), as required.
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Suppose now that i = 0. For every point z € S? and every number
r > 0 we denote by BfQ(z) the open ball of radius r around z in S?, w.r.t. the
standard metric on S2. Recall the definition (4.42) of d. Fix a number & > 0.
As in the proof of Proposition 5.4 (see inequality (5.31)) there exist numbers
6 > 0 and vy € N such that for every v > 1y and every z € BS (z) \ {20} we
have

d(tay(20), Guy, (2)) < €.

Let @ C S?\ (Z5 U {*}) = C\ {0} be a compact subset. Since ¢¥ .
converges t0 24,y = 20, Uniformly on every compact subset of C = 5%\ {z,4, }
it follows that there exists an index v; > 14 such that for v > 1y

iy (@) € B (20) \ {z0}-

Hence for every v > v and every z € () we have
(110 (20), G2 (2)) = d(Tag (20), Gty 0 9l (2)) < <.

It follows that Gul converges to the constant map ., = 1, (20), uniformly on
every compact subset of C\ {0}. We show that passing to some subsequence
the convergence is in C'* on every compact subset of C\ {0}. To see this, we
define R, > 0, ¢, € [0,27) and @Y by

Rye" =2 — ¢l (w),  @5(2) == p}(e"¥ [2) = Ruz + g, (w),
@ = (W, 3%, 0Y) = (u,, R,®,, R,¥,) 0 3.
By (4.126) the sequence R, converges to Ry := oco. Hence by Proposition
4.3 with r, := v and w, replaced by w? there exist a finite subset Z C C

and an oco-vortex wy = (U, ;ISW \AI}W) such that passing to some subsequence
the assertions 4.3(i)-(iii) hold. By 4.3(ii) there exist gauge transformations
gy € Wz’p(C \ Z, G) such that for every compact subset  C C\ Z the maps

loc
(9¥)~'u¥ converge to u, in C'(Q) and the maps (g¥)*(®¥, ¥¥) converge to

(®,,¥,) in C°(Q).
Claim 9 We have Z C {0}.
Proof of Claim 9: For z € C and € > 0 we define

E.(¢) := liminf ™ (0?, B.(2)). (4.128)
Condition 4.3(iii) implies that E,(g) > E, for every z € Z. Let z € C\{0}.
We set € := |z]/2. Asin Claim 1 of the proof of Proposition 5.4 (Conservation
of the homology class), we have

lim lim sup £ (w,, 0! (B (20) \ {20})) = 0. (4.129)

V—00
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We fix a number § > 0 so small that

lim sup F (w,, gp’;O(BéSQ(zO) \ {20})) < Emin - (4.130)
Since the maps ¢y, ., converge to z,00 = 2o, uniformly on every compact
subset of C = 5%\ {225V}, the maps @, . = (¢%,) "' o @Y converge to z,

uniformly on every compact subset of S?\ {0}. Hence for v large enough

F1(B:(2)) = ¢4y © By (Be(2)) € 0 (B5 (20)),
and therefore by (4.130)

B (@Y, B(2)) = E(w,, @%(B:(2)))
< E(w,, ¢4, (B5 (20) \ {20})) < Euin -

Hence E,(¢) < Epin, where E,(¢) is as in (4.128), and therefore z ¢ Z. This
proves Claim 9. a

Let @ € C\ {0} C C\ Z be a compact subset. Then by Claim 9 the maps
(94)~"u¥ converge to U, in C'(Q), and hence the maps Gu = G(g%)~ '@ con-
verge to Gu, in C'(Q). Passing to some subsequence, we may assume that
the numbers ¢, converge to some number ¢y € [0,27]. It follows that Gu
converges to the map C\ {0} > z — Gu,(e™°/z) € M, in C'(Q). On the
other hand, the maps Gul converge to i, = 1a,(20), uniformly on every
compact subset of C\ {0}, and therefore Gu,(e"°/-) = 4, (20). This proves

condition 3.6(iii) in the case v € TV, i = 0.

Condition 3.6(iv) follows from the definition (4.123) of ¢¥. Note that if
v € T and i = 0 then there is nothing to check.

This proves Claim 8. a

Assume now that Case (III) holds. This means that there exists an
edge aJ3, such that

zok = 1im (02) 7' (2)) = Zag, 2 = lim (95) ' (2}) = 2ga-

V—00 V—00

In this case we introduce a new vertex v between a and 3, corresponding to
a bubble in M. Hence o and 3 are no longer adjacent, but are separated by

~v. We define

T =T | {v}, V.=V, TV :=TU{v},

new . new new ,__ 0 new new new ,__ 1
) T

Za,y = ZCVB’ Zﬂ,y = Zﬁa, Z,ya Z,yﬁ = 00, O{k = ’y, Zk
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If @ € V then we define @, : S> — M to be the constant map equal to
Voo(w,), where &V is defined as in (3.5). If @ € T then we define i, =
Uo(%ap). So in both cases the new component is a “ghost”, i.e. carries no
energy. The tuple (W, @™V, z obtained from (w,,z) in this way is
again a stable map. For every o € TV we define 257" as in (3.7) and (3.8),
with ¢ := 0 and w.r.t. to the new tree T"°V. By interchanging a and [ if
necessary, we may assume w.l.o.g. that  is contained in the chain of edges
from « to ag. It follows that for av # 7, Zo0 = Za05 where z, ¢ is defined as in
(3.7) and (3.8), with i := 0 and w.r.t. to the old tree T', and 217" = 23" = oo,

Furthermore, the hypotheses of Lemma 4.18 (Middle rescaling) with

new )

new new

ri= 2, al =g, m, = 2= (95) 72, Y= 2,
v, = s = (ph) o vl
are satisfied. It follows that there exists a sequence of M6bius transformations
1, such that 1, (1) = 2§, 1, converges to 25", uniformly with all derivatives

on compact subsets (u.c.s.) of S\ {oo}, ¢¥; 01, converges to 255", u.c.s.
on S?\ {0}, and v, (00) = 250. We define

@y =Pz oYy,

Claim 10 With these choices the sequence (w,, 2§, ..., zy) converges to
(Whev AoV z"V) along the sequence of collections of Mébius transformations

{¥ataernev ven.
Proof of Claim 10: Condition (3.9) (energy conservation) still holds, since

the new vertex carries no energy. We verify condition 3.6(i). For the first
part, there is nothing to check, since v € T'. Furthermore,

@ (25%0") @4 (00)
= ng 0 1, (00)
= ¢h(zp0) = 0. (4.131)

Hence the second part holds. To see that the third part holds, observe that
(4.131) implies that there exist numbers \¥ € C\ {0} and 2 € C such
that ¢¥(2) = Az + zZ. We choose a Mobius transformation 1, such that
Ya(00) = 2za0. We define &% 1= ¢% 09, and @, := ;" 0 @’z 01,. Then
@"(00) = 0o and ¢, (00) = 00, and hence there exist numbers A2, A, € C\{0}
and 27, z, € C such that

Oalz) = Aoz + 22, o (2) = Az + 2.

By the condition 3.6(i) for a, we have A}, — co. Furthermore, since ¢!, ;5 01,
converges t0 z,s, uniformly on every compact subset of S?\ {zs,}, it follows
that A\, — oco. Since

NS tzh = =g oo, = Ag(A - +2) + 20,
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it follows that AY converges to oo, for v — oo. This proves part three of
3.6(i) for the vertex 7.

We check condition 3.6(ii). Let §E¢" be an edge. It suffices to con-
sider the cases (4,d") = (a,7) and (6,0") = (5,7). The condition holds,
since % = v, converges to 232", u.c.s. on S?\ {oo} = 5%\ {225"}, and
@4, = @45 01, converges to 255", u.c.s. on S%\ {0} = S*\ {22V}

To see that condition 3.6(iii) holds, fix a number € > 0. As in the proof
of Proposition 5.4 (see inequality (5.32)) there exist numbers R > 0, 1y € N
such that for every v > 1y and every

2 new v
2 € By (255") \ ¢4, (Br)

we have

d(us(25,"), Gug(z)) < e.

As in Case (II) with v € T and ¢ = 0 it follows that GuY converges to
the constant map @, = us(25;"), uniformly on compact subsets of C\ {0} =
S2\ {zrew zhewl . To see that the convergence is in C' on every compact

yoo ) 7y -
subset of C\ {0}, writing \? =: RYe**" we define

wy = (uy, ®, V) = (u,,, R, RZ\II,,) (R - +2Y).

Since RZ — oo, the hypotheses of Proposition 4.3 with r, := v and R,,w,
replaced by R, w? are satisfied. It follows that there exist a finite subset Z C
C and an co-vortex w,, := (uy, ®,, U, ) such that passing to some subsequence
the assertions 4.3(i)-(iii) hold. Condition 3.6(iii) follows now as in Case (II)
with v € 7" and ¢ = 0. Finally, by construction

(apen) (=) = (£5) 71 (=) = 1=,

and hence the last condition (iv) of Definition 3.6 is also satisfied. This
proves Claim 10. O

This proves the induction step and hence terminates the proof of Theo-
rem 4.1 in the general case. a



5 Conservation of the equivariant homology
class

Fix a contractible topological space EG on which G acts continuously and
freely. For a proof that such a space exists see the book [Hu] by Husemoller.
We abbreviate Mg := (M x EG)/G. We fix a number p > 2. Every finite
energy solution w € W,'?(C, M x g x g) of the vortex equations (0.1), (0.2)
on the plane C such that m C M is compact carries an equivariant ho-
mology class [w|g € Hy(Mg,Z). More generally, we will define such a class
for every stable (w, 1@, z) of vortices on C and pseudo-holomorphic spheres
in the symplectic quotient M. The main result of this section states that if
(wy, 2, ...,2;) is a sequence of vortices with marked points that converges
to a stable map (w, @, z) then for v large enough the equivariant homology
class of w, equals the equivariant homology class of (w, @, z).

Recall that M* denotes the set of all points x € M for which gxr = x
implies that ¢ = id. By the Corollary A.6 of the local slice Theorem, M* is
an open subset of M and the canonical projection w : M* — M*/G defines
a principal G-bundle. The map

g MG = (M* x EG)/G — M*/G, e[z, e]) == w(x)
defines a continuous fibre bundle with fibre EG. We denote by
tg : M& — Mg := (M x EG)/G (5.1)

the map induced by the inclusion ¢ : M* — M. Since EG is contractible,
there exists a continuous section s : M*/G — M. For every continuous
equivariant map 6 : M* — EG we define the section sy : M*/G — M{ by

se(Gzx) == [x,0(x)]. (5.2)

By Theorem 1.4.8.1 (p.46) in the book [Hu] by Husemoller, the map 6 —
sg from the set of continuous equivariant maps M* — EG to the set of

continuous sections of M¢, is a bijection. We denote the fundamental class of
a closed oriented manifold X of dimension m € NU{0} by [X] € H,,(X,Z).

Definition 5.1 (Equivariant homology class) Let w := (u,®, V) € MLe
be a finite energy vortex such thatm is compact. Let f : S?* — (MxEG)/G
be a continuous map for which there exists a continuous map e : C — EG
such that

f(z) = [u(2),e(z)], Vz e C.

We define the equivariant homology class [w]g to be the pushforward of the
fundamental class [S?] under f,

(g = f.[S? € Hyo(Mg,Z).
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Moreover, we define the equivariant homology class of a stable map of vor-
tices on the plane and pseudo-holomorphic spheres in M

to be the class

[w,1,z]q = Z[U}a]g + Z(LG 050 g )« [,

acV aeT

where v is as in (5.1) and s : M*/G — M¢ is a section.

Lemma 5.2 The equivariant homology class [w]q is welldefined, i.e. the
required map f exists and [w]g does not depend on the choice of f. Further-
more, if g € G*P is a gauge transformation then [g*w|q = [w]g. Moreover,
[w, @, z|g does not depend on the choice of s.

Proof of Lemma 5.2: Fix a vortex w := (u, ®, ¥) € M'?. By part (A)
of Proposition D.6 the map Gu : C — M/G extends continuously to a map
u:S? =CU{c0} — M/G, the extension is unique, and %(oc0) lies in the
symplectic quotient M C M/G.

Claim 1 There exists a number R > 0 such that for 2 € S* \ Br we have
u(z) € M*/G.

Proof of Claim 1: By hypothesis (H1) the restriction of the action of G
to p~1(0) is free. Therefore we have u~1(0) € M*, and hence

M C M*/G. (5.3)

Since the subset M* C M is open, Lemma A.2 implies that subset M*/G C
M/G is open. Hence by the continuity of @ the subset u~'(M*/G) C S? is
open. Furthermore, it contains the point co € S2, because of @(oo) € M and
(5.3). Claim 1 follows from this. O

We define the map f : S? — Mg = (M x EG)g as follows. Fix a
continuous equivariant map 6 : M* — EG and let R > 0 be as in Claim 1.

Consider the map
0 oule\s, : C\ Br — EG.

Since EG is contractible, we can extend this map continuously to a map
e: C — EG. Let sy : M*/G — M be as in (5.2). We define f : S? =
CuU {OO} — MG by

f(z) = { [u(z),e(2)],if z € C,

sp o u(00),if z = 0.
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Then the map f satisfies

[ls2\Br = 56 © U|s2\ B,

Since @ : S* — M/G is continuous, the same holds for the restriction f]| S2\Bp -
It follows that the map f : S? — Mg satisfies all the requirements of Defini-
tion 5.1.

Assume now that f, f' : S* — Mg are two maps that satisfy the re-
quirements of Definition 5.1. We choose any two maps e, e’ : C — EG as
in Definition 5.1, corresponding to f and f’. We claim that we may as-
sume w.lo.g. that there exists a continuous map go : S* — G and a point
ro € 1 1(0) such that

TIEEO Sélspl d(u(rz), go(z)xg) =0, (5.4)
go(1) = id. (5.5)

To see this, assume for the moment that we have already proved the Lemma
in this case. By Proposition D.3 there is gauge transformation g € G?P
such that (u, (/I\D, {I\I) := ¢g*w is smooth and in radial gauge outside some ball
containing the origin. Thus by Proposition D.7(B) with p := 2 there exist a
point xp € p~1(0) and a map gy € W'?(S?, G) such that (5.4) holds with u
replaced by . Defining @ := g 'e, e := gl : C — EG we have

[@.¢] =[g7'u, g7 e] = [u,e] = f

on the subset C C S?, and analogously [4,¢] = f/ on C. Thus our assump-
tion implies that f,[S? = f/[S?]. So we assume that there are a function g
and a point zy as above.

We define the map ¢y : D — S? =2 CU {oo} by

tan (%) o iz #0, |z] <1
Yo(2) =4 0, if z =0,
00, if |2| = 1.
Then 9g|p, : By — C is an orientation preserving homeomorphism. By (5.4),
we can continuously extend the map woy: By — M toamapv:D — M,
such that

v|sr = goo. (5.6)

Claim 2 The maps e o gy, e’ o1y : By — EG can be continuously extended
to maps e, e : D — EG such that

elst = goe(l)

€/|Sl = gogl(l)
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Proof of Claim 2: We choose an open subset U C M* containing the orbit
u(00), on which there exists a local equivariant trivialization. This means
that there is a function g : U — G, equivariant w.r.t. to left multiplication
on G, such that the map

(nlv,g) : U - U/G x G

is a diffeomorphism. The local trivialization (7|y, g) induces the local trivi-
alization

(ma|lwxec)/a eq) : Ug == (U x EG)/G — U/G x EG
of the fibre bundle M, = (M* x EG)/G. Here the map eq : Us — EG is
defined by
ea([z,e]) == g(z) e (5.9)
Since the map w is continuous and by Lemma A.2 the subset U/G C M/G
is open, it follows that the subset u~1(U/G) C S? is open. It contains the

point oo, since u(occ) C U. Hence there is a number R > 0 such that for
every z € C\ Bg we have u(z) € U. It follows that for every z € C\ Bg

e(2) = g(u(2)) - ea([u(2), e(2)]) = (g o u(2)) - ec o f(2).
Defining r := 15 '(R), this means that on B; \ B, we have

eotyyg=(gouoty)-egoforhy=(gov)-ego foiy: B\ B, — EG.

Since themaps g: U — G, v:D — M, eq : Ug — EG and f : S? — Mg are
continuous, it follows that we can uniquely extend the map eoy : By — EG
to a continuous map e : D — EG such that

&(2) = g(v(2)) - ea(f(0)),  Vze St
Observe that

floo) = lim f(r)

r—00

= Tim[u(r), e(r)

= [90(1)zo, e(1)]
= [wo, e(1)].

Here in the third step we have used (5.4), and in the last step we have used
(5.5). It follows that

ca(f(00)) = g(xo) 'E(1),

and therefore

e(z) = glgo(z)mo)ec(f(o0))
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Hence condition (5.7) is satisfied. Similarly, it follows that the map e’ o )y :
B; — EG can be extended to a continuous map € : D — EG such that
condition (5.8) holds. This proves Claim 2. O

Let D' be a copy of the unit disk D and € : D — EG and € : D/ — EG
be as in Claim 2. Consider the connected sum

X :=D#([0,1] x SH)#D'

obtained from the cylinder [0,1] x S and two disks D, D’ by identifying the
boundary of D with the left boundary of [0, 1] x S* and the boundary of D/
with the right boundary of [0,1] x S*. The space X is homeomorphic to S2.
We choose a continuous path 7 : [0,1] — EG joining (1) with €'(1). By
(5.7) and (5.8) the maps e, € and and the map

[0,1] x S* 3 (A, 2) = go(2)7(\) € EG
can be connected to give a continuous map
E: X —EG.
Since EG is contractible, there exists a continuous map
h:[0,1] xD — EG
such that hlopx = F, ie.

h(0, 2) = e(z), h(l,z) =¢(z), VzeD,
h(\, 2) = go(2)y(N\), YA €]0,1], z € Sh.

We define F': [0,1] x S? — Mg = (M x EG)/G by

f [uz), k(N0 (2))],if 2 # oo,
FA2) = { (1), YOV, if 2 = o0,

We denote by pr; : D x [0,1] — [0,1] the projection to the first factor and
by id X 9y the map

0,1]x D3 (A, 2) — (A, $(2)) € [0,1] x 52
It follows that
Fo(id x 1) = [vopry, Al : [0,1] x D — M.

Since the map [v o pry, k| is continuous and the map id X vy is open, it
follows that the map F : [0,1] x S* — Mg is continuous. Furthermore,
F(0,2) = f(z) and F(1,z) = f'(z) for every z € S?, so F is a homotopy
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from f to f’. Therefore, the pushforwards f.[S? and f/[S?] agree. This
shows that [w]g does not depend on the choice of f.

To prove the second statement of the lemma, let ¢ € G?P be a gauge
transformation. We fix a continuous map f : S? — Mg such that there

exists a continuous map e : C — EG with f|c = [u, €]. Defining v’ := g*w
and ¢’ := g~ 'e, we have

f|C = [uae] = [g—lu’g—le] = [ulv 6/]7
and hence [w']q = f.[S?] = [w]c.

To prove the last statement of the lemma, observe that each two sections
s, s+ M*/G — M¢, are homotopic to each other, since the fibre EG is con-
tractible. It follows that for every a € T the equivariant homology classes
(tg 0 80 1qa)«[S?] and (1q o 8" © Ty )«[S?] agree.

This proves Lemma 5.2. O

Remark 5.3 For a vortex, in [GS], D. Salamon and R. Gaio define the
equivariant homology class in a different but equivalent way, constructing a
certain principal G-bundle over S2. The above definition is more adapted for
the proof of the main result, which is the following proposition.

Proposition 5.4 (Conservation of homology class) Assume that (H2)
(convexity at o) holds. Let (w", z§ == 00,2Y,...,2}) € MUP % {o0} x CF be
a sequence of vortices with marked points that converges to some stable map
(w,u,z). Then for v large enough [w"|q = [w, 0, z]q.

Remark 5.5 Intuitively, one might expect that even the equivariant homo-
topy class of w” is conserved in the limit. However, it is not obvious how to
define the equivariant homotopy class of a vortex or a stable map, even in the
case G = {1}. One attempt to define such a homotopy class is the following.
Let G := {1}, let (M, J) be an almost complex manifold and =y € M be
a fixed point. We denote the set of (free) homotopy classes of maps from
S? — M by [S?%, M], and we denote the homotopy class of a continuous map
u:S? — M by [u] € [S*, M]. For k € N we denote the based homotopy
class of a continuous map u : S¥ — M by [u]o. The fundamental group
m (M, o) acts on the group me(M, o) as follows. Let [v]o € m (M, xy) and
[ulg € (M, xy) and let y#u : S* — M be the map obtained by running
through ~ on the lower hemisphere and through u on the upper hemisphere.
We define

([]o)«[ulo == [y#ulo € ma(M, o)
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The map
7T2<M,.T0)/7T1<M,.T0) =) 7T1<M,.T0)*[U]0 — [U] € [52,M]
is welldefined and a bijection. Let

(u7 Z) = (T7 (zaﬁ)aEﬁv (zi>i=1 ~~~~~ k> (ua)aeT)

be a stable of J-holomorphic spheres in M. One attempt to define the ho-
motopy class of (u,z) would be

[u] == Z[fya#ua] € mo(M, x0) /71 (M, x0) = [S?, M]. (5.10)

aeT

Here v, : [0,1] — M is a path connecting x¢ with u,(0) € M. However, this
does not always make sense, since the addition on mo(M, ) need not descend
to a group structure on mo(M, x¢) /71 (M, x¢), as the following example shows.
Consider the manifold

M :=R*\ (Rx{(0,0,0)}UR*x{(1,0)}) = Rx (R*\({(0,0,0) }JURx {(1,0)}))

and let xg € M be a point. There is a deformation retraction r» : M —
X = 8'v S2 For k € N and g, := r(zo) this induces isomorphisms r, :
(M, xo) = (X, yo). Furthermore, for a € m (M, ), b € mo(M,zo) we
have 7.(a.b) = (r.a)«(r«b). Therefore, it is enough to show that the addition
on (X, o) does not descend to a group structure on mo(X, yo)/m (X, yo)-
Let v: St — X = Stv S? and ¢+ : §% — S' Vv S? be the inclusions. Then
m2(X, o) is the free abelian group generated by e; := ([v]o)%[t]o, for i € Z (see
for example 16.5.9 Beispiel in the book [SZ] by R. Stocker and H. Zieschang).
Consider the classes By := By := m1(X, y0)«€0 € (X, y0)/m1(X,y0). Then
B; + By is not welldefined. Namely, let by := by := ] := ¢p and b, := e;.
Then B; = m(X,y0)«bi = m(X,y0):b; for i = 1,2. Let a € m(X,yo) =
m1(S', 1) 2 Z. Let i € Z be such that [y]§ = a. Then

CL*(bl + bg) = 262‘ # bll + bl2 =e; + €i11-
Therefore,
(X, y0) (b + b2) # T (X, o)« () + ).
This shows that B; + By is not welldefined and therefore (5.10) does not

make sense.

Proof of Proposition 5.4: Let w,, 2{,...,z; and (w,Q,z) be as in the
hypothesis and let ¢¥ be a sequence of Mdbius transformations for a € 1" :=
V U T so that conditions (i)-(iv) of Definition 3.6 are satisfied. We may
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assume W.l.o.g. that zy = oo and for every a € T there are sequences of
numbers A2 € C\ {0} and 2% € C such that

©r(z) = Alz+ 2. (5.11)

To see this we choose Mdbius transformations 1, for a € T so that 1, (00) =
Za.0, Where z, ¢ is given by (3.7), (3.8), set 1), :=id for @ € V, and define

Vg 1= Ugq O Q/Ja, 9554 = sz © ¢a> zozﬁ = ¢;1(2a5)7 Z = ’g/)all(zl)

({{’7 ‘772) = (‘/7 Ta Ea (wa)a€V7 ('aa)ae’fa (zaﬁ)aEﬁa (zi)i:O ..... k)

Then conditions 3.2(i)-(iii) and 3.6(i)-(iv) are satisfied with (w, @, z) and ¢!
replaced by (w,v,z) and ¢%. Furthermore,

(W, V,z]q = [W, 0, z|g.

So we assume that zy = oo and ¢%(z) = Az + z¥ for some numbers
N € C\{0} and 22 € C, for a« € T. For a € V let 22 € C be such
that % (z) = z + 24.

We introduce the following ordering > on 7. For o« # ( € T we write
a > (3 iff the chain of edges [a, J] contains a. It follows that ag > «a for
every ag # o € T'. We denote by E'C T' x T the subrelation of E consisting
of all pairs (a, 3) € E such that o > 3. We write aE3 iff (o, 8) € E.

Claim 1 For every pair aEﬁ we have

lim lim sup E(wy,BR 1xz ) (Aazag + 24 )\BRM;;\(ZE)) = 0. (5.12)

R—oo o

Furthermore,
hm limsup E(w,,C\ ¢% (Bg)) = 0. (5.13)

R—oo 0o

Proof of Claim 1: We prove (5.12). Let 6 > 0 be a constant. For every
a €T and R > 0 we denote

Kop = Br\ | Br-1(zap)-

aEﬁ
We choose R > 0 so large that
Bp-1(zap) C Bg,  if a2, (5.14)
Br-1(2ap) N Bp-1(2ay) = if «E8, aEry, (5.15)

> et E(wa, C\ Ko g) <9, (5.16)
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where by abuse of notation we set w, = 1, if @« € T. Fix a pair aEﬁ.
Denoting

AV = B(QR)flp\Z\()\ZZaB + Z;) \ B2R|>\;’3|(ZE)’

we claim that

limsup E(w,, A,) < 4. (5.17)

To see this, observe that by conditions 3.6(i), 3.6(ii) and Lemma B.9 we have
As
Aa

v v
Zﬁ_za

>\1/

a

— 0,

— Zaf3-

Therefore there is a number 14 such that for every v > 1 we have

v v
z25—2g

B2R|Ag\/|xzw( ¥ ) C B (2ap); (5.18)

(#2) " (Av) = Beary-1(2a8) \ Barpy)/l <ZEA_;Q) C Br-1(2as)- (5.19)

It follows from condition (ii) of Definition 3.6 that increasing vy if necessary,
we have for every v > 1y and every pair yE~/'

(gpf{)_l o gpf{/(BR) C Br-1(2yy). (5.20)

Fix v > vy. Fix a pair v > «/. Setting (o, ...,7) := [7,7] and using (5.20),
it follows that

‘PZ'(BR) C ‘Pge_l(BRfl(Zw—w’))
C -, (Br)
c ...
S @ (Br-1(2y3,))- (5.21)
For v € T' we define
K: = SOZ(K%R)a

It follows from (5.21) that for every pair v > " we have
K3, C ¢5(Br) € @4(Br-1(2y,)) € C\ K7,

e K'NKY=0. (5.22)

y y
By (5.19) and (5.21) we have for every v > «

Pa(Br-1(2ap))
¢u(Br)
SO»I;(BR*(ZWJ)
C\ K7,

Ay

N

N 1N N
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where [y, a] = (7,71, ..., «). Similarly, for every v < a we have
KY CC\ A,

It follows that
A, NEKY =1, (5.23)

for every v € T'. It follows from (5.22) and (5.23) that

E(w,, A,) < E(w,,C) = Y E(w,, KY).

yeT
Taking the limit ¥ — oo we have
limsup F(w,, 4,) < lim E(w,,C) — Zlim inf E(w,, KY). (5.24)
V—00 v—00 o V—00

Fixa~y € T. If y € V then it follows from condition 3.6(iii) with Q := By
that

Jim B(w,, K2) = lim B((64)*(w,(- + ). Br)
— B(w,, Bp). (5.25)

Assume now that v € T. Abbreviating w? := (u?, ®%, ) := (¢¥)*w,, since
w? is a [\|-vortex, Proposition B.3 implies that

B(w,, KY) = EX(w], K, r)
_ / (1050 + Xaw (u?)|? + N2 0 u?[2) ds dt. (5.26)
Koyn
By condition 3.6(iii) we have for v large enough
UI,(K::) = U:I/(K%R) g M*,
and therefore by the definition of the Riemannian metric g on M*/G
|0su + Xor (uf)] > [0;Gur|.

Thus it follows from (5.26) and condition 3.6(iii) that

E(w,,KY) > / |0,Gu?|* ds dt
K"/’R

— / |04t | ds dt
Ko

— E(i, K, p) (5.27)
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Combining (5.24), (5.25), (5.27) and (3.9), it follows that

limsup E(w,,A,) < > (E(w,y) — E(wy,Bp)) + Y (E(t,) — E(ty, K, r))

reee yev veT

= Y B(w,,C\ K, z) <.

yeT

Here the last inequality follows from (5.16). This proves (5.17). It follows
that (5.12) is satisfied. The proof of (5.13) is analogous. This proves Claim
1. O

Recall that M* C M denotes the set of points x such that if ax = x then
a = e, for every a € G. We denote by exp the exponential map on M w.r.t.
the Riemannanian metric g, ; := w(-,J-), by €Xp the exponential map on
M*/G w.r.t. the Riemannian metric g, s given as in (1.10), and by d9 the
distance function on the components of M*/G induced by g. Recall also the
definition (4.42) of the distance function d on the components of M/G. Since
the set M C M*/G is compact, by Lemma A.11 there is a number ¢ > 0
such that for any two points z,y € M satisfying d(Z, ) < 2¢ we have

d(z,7) = d(z, 7).

We fix a G-invariant compact subset Koy € M such that u(C) C K for every
vortex (u, ®, ¥) € M'? as in part (B) of Proposition D.6. Furthermore, we
choose an open set Ky C Uy C M such that U is compact. Decreasing ¢ if
necessary, we may also assume that the maps

(id,exp) : {(z,v) € TM |z € Uy, |v| < e}
— {(z,y) € Uy x M |d(z,y) < €}
(r,v) — (z,exp,v),
(id, exp) {(z,9) e T(M*/G) |z € M, |v] < 2}
— {(z,9) € M x M*/G|d%(z,3) < 2¢},

(z,0) — (7,8xpz0)

are well-defined and diffeomorphisms. Recall the definition 3.1 of ev. We
choose ry > 0 so large that conditions (5.14), (5.15) are satisfied with R := r
and such that for every a € T, z € C\ B,,

(6 o (wa), 5. (wa)) < . (5.28)

and for every pair a5 and every z € B,-1(%ap)

d(ta(zap), Ua(z)) < e. (5.29)
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Here by abuse of notation we write w, 1= @, if o € T.

For o € V we choose a sequence of gauge transformations g”, € G*? as in
condition 3.6(iii), and we define

wy, = (ug, P4, V5) = (g2)" (wo (- + 20)),

and @, : S? = CU {0} — M/G by

da(2) = { Gug(2), if z € C, (5.30)

lim, o Guga(r), if z = 0.

That the limit exists follows from part (A) of Proposition D.6 (Asymptotic
Behaviour). Furthermore, for o € T we set

up =1, 0 Yl

We check the hypotheses of part (A) of Lemma 4.15 with @ := 4,,, and
w, replaced by the |\! |-vortex wy . The condition that there is a compact
subset K C M such that u}, (C) C K for every v follows from Proposition
D.6(B). That GuY, (2) — tia,(2) for every z € C\ B,, follows from condition
(iii) of Definition 3.6. Condition (4.84) is satisfied by assertion (5.13) of Claim
1. So applying part (A) of Lemma 4.15, it follows that there exist numbers
Ry > rg and vy € N such that for every v > 1y and every z € C\ Bg, we
have

(g, (00), Gul (2)) < e. (5.31)
Assume that o« € T, 3 € T are two vertices such that aEﬁ. We check
the hypothesis of part (B) of Lemma 4.15 with 2y := 2,3, @ := Ug, U := Uy,
R, = |\3l, A = Ao/ Ag, 2 o= (25 — 24) /A, and w, replaced by the |A\jl-
vortex wy. The condition that there is a compact subset K C M such that
uj(C) C K for every v is satisfied by Proposition D.6(B), and conditions
(4.86) and (4.87) follow from condition 3.6(ii) and Lemma B.9. Furthermore,
condition 3.6(iii) implies that Guj(z) — us(z) for every z € C\ B,,, and
that
Gug(A (2 — 2,)) = Gug(z) — Ua,

for every z € B -1(2ag) \ {zag}. Finally, condition (4.88) follows from as-
sertion (5.12) of Claim 1. So applying part (B) of Lemma 4.15 there are
numbers R,3 > 19 and v, € N such that for every v > 1,5 and every

Z € BR;5|,\V\()‘V(2046 —2)) \ Br,,

we have

d(ug(c0), Guj(2)) < e. (5.32)
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We set N
R :=max{Ry} U {R.s3| aES}.

Fix an o € T. By condition 3.6(iii) with Q := B \ Uazs Br-1(2as) there is
a number v, € N such that for every v > v, the following holds. If « € V'
then for every z € B we have

d(ul(2),uq(z)) <e, (5.33)

«

and if o € T then for every z € Bg \ Uazs Br-1(2as) We have
d(GuZ(2),14(2)) < €. (5.34)

Condition (ii) of Definition 3.6 implies that there is an integer v; € N such
that for every v > v; and every pair aE we have

(¥%) " 0 @5(Br) € Br-1(zag), (5.35)

We set N
Vs 1= max ({1/0, ntU{velae T} U{v.s] aEﬁ}).

Claim 2 For every v > vy the equivariant homology class of w, equals the
equivariant homology class of (w, Q).

Proof of Claim 2: We fix a continuous equivariant map 6 : M* — EG
and define

sg: M*/G — Mg := (M x EG)/G, so(Gz) = [z,0(x)].

Fix v > vy. For a € T we define maps f” : S = CU {oo} — Mg as
follows. For every a # o we choose a continuous map

0% 8%\ Br — B(lia(0)),

such that
v”(Re™) = GuY(Re™),
for every ¢ € R. To see that this map exists, observe that by (5.32) we have
Gu’(Re') € B (iiq(c0)), (5.36)

for every ¢ € R, and that by the choice of ¢ > 0 the ball B%(ii,(c0)) is

SV

contractible. We set v = uy, .

We fix a vertex a € V. Since EG is contractible, we can extend the
map
SE 3z 0oul(z) € EG
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to a continuous map e%, : B — EG. We define f% : S? 2 CU {00} — Mg
by B
[ug(2), e (2)], if z € Bg,

falz) == { s90 0%(2), if z € S?\ Bg.

Note that the composition in the second line makes sense, since v, takes
values in B%(@i,(c0)) € M*/G. For a = oy this follows from (5.31), since
V2> Uy 2.

We fix now a vertex a € T. For every vertex 3 € T such that aE’ﬁ
we choose a continuous map

Uap * Br-1(2a) — Bg(aa(zaﬁ)) < M*/G,
such that for every z € S5, (za3) we have
(2) = Gu(2).

Since BY(fia(243)) is contractible, such a map exists by (5.34). We define
u’ . S* — M/G by

Guy(2), if 2 € Br\ Uyzs Br1 (208),
v%(2), if z € §%\ Bg,
vhg(2), if 2 € Br-1(2ap), aEB.

We claim that

AT (2), Tu(2)) < 2, (5.37)

a

for every z € S%. To see this observe that by (5.34), the estimate holds for
every z € Bp \ Uazs Br-1(2ap). Furthermore, for z € S*\ Bg we have by
the choice of v that

@(2) = 04(2) € B(tia(0)),

«

and hence by (5.28)
A" (2), te(2)) < d(V4(2), 1a(00)) + d(tia(0), Ua(2)) < &+ €.

Similarly, if 6 € T is such that BB and z € Bpr-1(zap), then by the choice
of vy; we have

U (2) = Ugp(2) € B(ta(2ap)),
and hence by (5.29)

d(tiy(2), 1a(2)) < d(V55(2), Ua(20p)) + d(tia(2ap), Ua(2)) < € +e.

It follows that (5.37) holds for every z € 52

We define f¥ :=spo @’ : S? — (M* x EG)/G, for a € T. It follows from
(5.37) that this composition is welldefined.
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Claim 3 For every a € V we have

(f2):[5%] = [walc- (5.38)

Furthermore, for every o € T the maps sgo i, and f¥ are homotopic. More-
over,

> (.57 = [w"]e. (5.39)

aeT

Proof of Claim 3: Let a € V. Since R > ry we have by (5.28) for every
A C \ BR

(Voo (W), Guy(2)) < €,

and hence Gu,(z) € M*/G, i.e. uy(z) € M*. Therefore, the map
SE 2z 0(us(2)) € EG

is welldefined. Since EG is contractible, we can extend this to a continuous
map e, : Br — EG. We define f, : S> — Mg by

[ua(2), eq(2)], if z € Bg,
seoﬁz(wa), ifZGSQ\BR.

fa(z) == {
It follows that f, is continuous and

[wale = (fa)«[S?]. (5.40)

We show that f, is homotopic to f%. To see this, observe that by (5.33) for
every z € By we have d(u%(2),us(2)) < € and hence by the choice of ¢ there
exists a unique vector £ (z) € Ty, ()M such that

&a(2)] < & (5.41)
XDy, (s) §al2) = ug(2).
Furthermore, since u?, is continuous, the map &% : Bp — TM is continuous.
We define
hY :10,1] x Bp — M, ho (X, 2) = exp,,, () A (2).

Then for every A € [0,1], z € S}

d(GhZ (A, 2), eV (ws)) d(GRY(N, 2), Gua(2)) + d(Gua(2), 8 (wa))

<
< d(RE(N, 2),ua(2)) + d(Gua(2), 80 (w,)) < €+ €.

Here we have used (5.41) and (5.28). Furthermore, the restriction of the map
U, to the boundary Sy = 9(S? \ Br) agrees with the restriction

GhE(0,7) : {0} x Sk — B (6% a0 (wa)),
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and the restriction of the map uY, to S} agrees with the restriction
Ghi(1,-) : {1} x Sk — B (Ve (wa))-
Thus we can connect the maps
Uals2\Br,  Ghglogxst:  Uals2\sy
to obtain a map
0" 2 52\ Br#£([0,1] x SK)#S52\ Br — Bl (60 (wa)).

Note that the domain of this map is homeomorphic to S2. Since the ball
B (8 (w,)) is contractible, the map @% is homotopic to a constant. This
means that there exists a continuous map

R 2 [0,1] x S%\ Br — B (evoo(ws)),
whose restriction to the boundary
9((0,1] x %\ Bg) = S*\ Br#([0.1] x Sp)#5°\ Br

equals the map u%. Since for every z € Sk we have e,(2) = 6 o u,(z) and
e’(z) = 0 o u’(2), we can connect the map e, : Bgr — EG, the map

[0,1] x Sp 2 (A, 2) = 0o h%()\, 2) € EG
and the map e’ : Bgr — EG to obtain a continuous map
& : Br#(0.1] x Sh)#Br — EG.
Since EG is contractible, we can extend this map to a continuous map
E:[0,1] x B — EG.
We define now the map F' : [0,1] x S? — Mg by

, )= Sg Ohg()\,z), if e [0’ 1]’ = 52\BR-

The map F' is a homotopy from f, to f”. Hence using (5.40), it follows that

(f;)*[SQ] = (fa)*[SQ] = [wa]G-

This proves (5.38).
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To see that the second statement of the claim holds, fix o € T. By
(5.37) and the choice of €, for every z € S? there exists a unique vector

£4(2) € Ty, (»)(M*/G) such that
65, ) E4(2) = T(2).
The map &% : S? — T(M*/G) is continuous. The map
[0,1] X 5% 3 (X, 2) > 590 €XDy, () AEL(2) € M* /G

is a homotopy from sy o 6, to f2 = sg o U, as required.

(e}

In order to see that (5.39) holds, note that by (5.35), since v > vy > v
we have for aE[3

©5(Br) C u(Br-1).
It follows as in the proof of Claim 1 that S? is the disjoint union of the sets

SN\t (Br), X = gi(Br\ U Broizan), fora e T,
aEB
XY = %(Br-1(2ap)) \ @h(Br), for aEp.
We fix a pair aES. It follows from (5.32) that
Gu'(2) € B(ug(o0)),

for every z € X}3. Consider the connected sum
Uho(h) ~ # G | xo #50(05) 7 D (Bro1(20p)) # X0 s #05(S*\Br) — BZ(Zap)-

Note that the domain of this map is homeomorphic to S?. Since Bg(zaﬁ) is
contractible, this map is contractible. We define f7; to be the composition of
this map with the map sy : M*/G — M{. It follows that f¥ o 18 contractible.

We define f”: S? — Mg by

fu(z) - { [u”(z),eg © (902)_1<Z)]7 if z € @Z(BR)v a € VL
' sg o Gu”(z), if z€ S*\ Uper ¢%(Br)-

The map f¥ is continuous and represents the equivariant homology class
[w”]q. Tt follows that

[w"]a = f2[S5°]
Z PSP D (290l ( = 95 Bro1(2a0))) #X2s# — ©5(S° \ Br)]

ozEﬁ
=2
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Here the — indicates that we reverse the orientation. In the second line

we have used that vy = uy and that on chain level, for every oEf the

restriction
JalBy1(cam) = S0 © Vag
cancels the restriction
o~ (Bt (2ap))
and the restriction f§|s2\p, cancels the restriction fa”6|,%(52\BR). In the third

line we have used that f7; is contractible for every pair aEﬁ. This proves
(5.39) and completes the proof of Claim 3. O

It follows from Claim 3 that

[w]a =Y (f2:8% = [wale + Y (590 Ua)s[S?] = [w, T, 2],

a€T agV aeT

for every v > v,. This proves Claim 2 and concludes the proof of Proposition
5.4. O



6 A continuous evaluation map

This section contains a proof that there exists an evaluation map from the
set of equivalence classes of stable maps with & marked points My to ((M x
EG)/G)*, that is continuous w.r.t. convergence of a sequence of vortices
against a stable map. Here EG is a contractible topological space on which
G acts continuously and freely.

As a corollary to the theorem of Peter and Weyl, every compact connected
Lie group G has an embedding as a closed subgroup ¢ : G — U(¢) for ¢ large
enough, see the book by Th. Brocker and T. tom Dieck [BtD]. We may
therefore assume w.l.o.g. that G is a closed subgroup of U({) for some
¢ € N. We define EG to be the set of all orthonormal tuples (v!,...,v"),
where v¢ = (v;) jen is a sequence of complex numbers whose members vanish
for large enough j. For every N > ¢ we denote by EGY C EG the subset of
all orthonormal tuples (v',...,v") such that v} = 0if j > N +1. We identify
EGY with the set of all unitary ¢ x N matrices. We endow the set EG with
the topology in which a subset U C EG is open iff the intersection U N EGY
is open in EG" for every N. The Lie group G acts continuously on EG by
multiplication from the left. The quotient

BG :=EG /G

is the classifying space of G. We fix a regular value &y > 0 of |u|?>: M — R
so small that G acts freely on Mas, == {z € M ||p(x)] < 20p}. Then My,
is a smooth compact principal G-bundle (with boundary) and hence there
exists a smooth G-equivariant map 6 : Mys, — EG™ for some large enough
integer m. We define

sg : My, /G — (Ms, x EG™)/G, so(Gz) := [z, 0(x)]. (6.1)

Recall the notation
Mg := (M x EG)/G,

and the definition 3.1 of the map
ev ¢ (CO(S2, M/G) U M™) x 82 — M/G.

We denote by
TG - MG - M/G

the canonical projection.

Proposition 6.1 (Existence of a continuous evaluation map) Assume
that hypothesis (H2) (Convexity at oo) holds. Then for every k € N there
exists a map ev : My — ME with the following properties.
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(i) (Evaluation) Fiz an equivalence class of stable maps

w,Q,z| =
[T, ‘/7 E, (wa = (qu (I)aa \IIO{))CME‘/u (ﬂa>o¢6T7 (za,@>aE,87 (Oél', zi)i:O,...,kfl] € Mk

and an index i € {0,...,k —1}. If a; € V and z; # oo then
moev([w,1,2]) = Gug,(2). (6.2)

Furthermore, assume that o; € T or the following condition is satisfied.
The vertex oy lies in V' and

2z = 00 or  |poug,(z)] < do.
Then
evl([w, u, Z]) = 8¢ © Wzi (wai)a (63)
where by abuse of notation we write W, = iy, if a; € T.

(ii) (Continuity) Let w” € M and ¢, . . ., zy_, € C be sequences of vor-
tices and marked points such that (w,, 2§ = 00,2y, ..., 2;_,) converges
to some stable map (w, @, z) of vortices on C and pseudo-holomorphic
spheres in M. Then

ev([w”, zg, ..., z¢_1]) — ev(|w,q, z]).

Remark 6.2 If G = {1} then we can identify M, with the set of stable
maps of J-holomorphic spheres in M with k£ marked points modelled over
some tree T =V U T such that z,5 = oo if @ € V and aE3. Furthermore,
My = M and the map

Mk - Mku
(V7 T7 (ua)a€T7 (Zaﬁ)aEﬁ7 (Oéi, Zi)zzo,...,kq) — (U0(20)7 cee ,kal(qu))

satisfies the conditions of Proposition 6.1. If G is not the trivial Lie group
then we have to take ((M x EG)/G)* as a target of the evaluation map, since
it does not make sense to define an evaluation map from M, to M*. To
understand this observe that if o; € T then there is no canonical choice of
a representative in 1 ~1(0) of the orbit @,,(2;) € M. Furthermore, if o € V/
then the problem is that the point wu,,(z;) € M depends on the choice of a
representative (w, @, z) of the equivalence class of stable maps, since gauge
transforming the vortex (uq,, Pa,, Vo,) we may get a point in the orbit of

uoéi(zi)'

The proof of Proposition 6.1 is based on the following Proposition.
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Proposition 6.3 Assume that (H2) holds. Then there exists a map
©: M x C — EG
such that the following holds.
(i) For every g € G*P and (w,z) € M x C we have

O(g"w, z) = g(2) 'O (w, 2).

(ii) (Invariance under translation) Let (w, zp) € MPxC andlet ¢ € C.
Then
O(w(- =), 2+ ¢) = O(w, 2p).

(iii) For every (u,®,V;z) € M'? x C such that l(u(z0))| < do we have
O(u, ®,V; 29) = O(u(2)).

(iv) Let w, € MYP % C be a sequence of vortices that converges to a vortex
w € MYP, uniformly on every compact subset of C, and let z, € C
s a sequence of points converging to some point z € C. Assume that

sup, ey E(w,) < 0o. Then

O(wy, z,) — O(w, z).

Proof of Proposition 6.3: We fix a smooth function p : [0, 00) — [0, 1]
such that p(a) = 1if a < § and p(a) = 0 if @ > 20p. For every vortex
w € MYP, every point zy € C and every nonnegative integer j we define

p; "= pllp(uzo + 27))))-

Claim 1 For every constant E > 0 there exists an integer n such that the
following holds. If (w, zy) € MY x C is a pair such that E(w, Ba,(2)) < E
then there exists an integer jo € {0,...,n} such that p; ™ = 1.

Proof: By Proposition D.6(B) there exists a compact subset Ko C M such
that u(C) C Ky for every (u,®,¥) € M'"P. We choose Ey > 0 as in the a
priori Lemma C.1, depending on K. Furthermore, we fix an integer n greater
than Eﬁo and greater than 8E/(md3). Let (w, zy) be as in the hypothesis. Since
the balls By(zo +2j), j =0,...,n — 1, are all disjoint, we have

I
—

FE Z E(w, Bgn(ZQ)) Z \ E(U},Bl(Z’O + 2]))

Il
o

Hence there exists an integer jo € {0,...,n — 1} such that

] E
E(w, Bi(20 + 2jo)) < o

(6.4)
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By the choice of n it follows that E(w, B1(z0 4+ 2j0)) < Fo, and therefore the
conditions of Lemma C.1 with r := 1 and z, replaced by 2, + 25 are satisfied.
Hence by that Lemma

8E(’w,Bl(2’0+2]0)) < g < 52
0-

ew(20 + 2j0) <

™ nm

Here in the second inequality we have used the estimate (6.4). It follows that

|[(u(zo + 2j0))| < Vew(zo + 2jo) < do,

and hence
pio = p(l(ulz))]) = 1.
This proves Claim 1. O

We define now the map O : MIP x C — EG as follows. Fix a vortex w =
(u, ®,¥) € M and a point z, € C. Since p > 2, by the Morrey embedding
theorem the maps ®, ¥ : C — g are continuous. Applying Proposition E.13
repeatedly with 7' := 1,2,..., £ := ®(- + 20)|(01), & = P(- + 20)|(0,2), -- -1t
follows that there exists a unique continuous solution g, : [0, 00) — GL({, R)
of the linear integral equation

gm@wzl—ZyMs+%mm@m&

Since ® is continuous, it follows that g,, is continuously differentiable and
that it solves the linear differential equation

gzo(‘S) = _(I)(S + 20)920<8)7 gz()(O) =1 (65)

Furthermore, since ® takes values in the Lie algebra g of G, Proposition E.13
implies that g., takes values in G. We choose a positive integer n as in Claim
1, corresponding to £ := E(w). For j = 1,...,n we set z; := 2y + 2j, and
for j =0,...,n we define p; := p(|p o u(z;)|) and

N = /(L= )+ (L= d), (6.6)
and ©,(w, z9) € C™ by

@wﬁmz{%%@”WW%W if [p(u(z;))| < 26,

0, otherwise.

We define

O(w, z) :== ( Op(w,z0) ... On(w,z) )€ CHrHm, (6.7)
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Claim 2 We have ©(w, zp) € EG™D™ e the rows of O(w,z) are an
orthonormal system.

Proof: Since the rows of the matrix 6(u(z;)) € C**™ are orthonormal and
9x(27) € U(¢) it follows that the rows of ©;(w, zp) are orthonormal. This
implies that the rows of ©(w, zy) are orthogonal. Fix 7 =1,... ¢. We show
that the j-th row of ©(w, z) has norm 1. Since for every j = 1,...,n the
j-th row of ©;(w, ) has norm 1, it is enough to show that

d =1 (6.8)
§=0

To see this observe that by the statement of Claim 1 there exists an integer
Jo €{0,...,n} such that p;, = 1, and hence

(IT=p2)--(A=p5)--(L=pp) =1 —=p2)---0--- (1= p3) = 0.

It follows that

XN = g+ =ph )= p) + (L= ph) - (1= pp)
7=0

= Pyt Ao (L=ph) - (1= pp)
o +1=p) (L= phy) - (1= pp)

= Pyt (L= phg) (1= pp)
g+ 1= ) (= pps) - (1= pp)

= o+ (1—p)=1

It follows that all the rows of ©(w), zp) have norm 1 and hence ©(w, zy) €
EG™*+Y™  This proves Claim 2. O

We check the conditions (i)-(iv). To see that condition (i) holds, let
g € G*P and (w, 29) € M7 x C and define w' := (v, ' V) = g*w € MLe,
Let g,, : [0,00) — G be the unique continuously differentiable solution of
(6.5). We define

Gh 1 10,00) = G, gl (s) = g(s+ 20) " z(5)g(20)-
Then g, (0) = 1, g, is continuously differentiable, and
Gy(5) = als+20) (= Ougls + 20)g(s + 20) g (5) + Guals) ) 9(20)

= —g(s+20)7" (Ougls + 20) + B(s + 20)g(s + ) ) g5 + 20) " 920 (8)9(20)
= —(s+20)g, (5)
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This means that g, solves equation (6.5) with ® replaced by ®'. We define
A; as in (6.6), corresponding to u. Since

|(u'(25))] = |i(u(z)))],

setting z; := 29 + 27, it follows that

O;(w' 20) = gl (27)710(u/(
= Ajg(20) 1920 (27) 1 9(2)0(g(2) " ul(z;))

2i9(20) " g20(29) 710 (u(2;))

= g(20)7'0;(w, 2).

Therefore, O(g*w, zy) = g(20) 'O (w, 29). This proves (i).
(ii) follows similarly to (i) with w’ := w(- — ().

To prove (iii) observe that in the case |u(u(zp))| < do we have py =
lp(|e(u(2))]) = 1 and therefore ©g(w, z9) = O(u(2p)). Furthermore, for j =
1,...,n we have

Njo=pi(L=pi ) (1=p7)-0=0,

and hence ©,(w, zp) = 0. This implies (iii).

We prove (iv). Let w, := (u,,®,,¥,) € M be a sequence of vortices
that converges to some vortex w = (u,®, V) € M\/Lp’ uniformly on every
compact subset of C, and let z, € C be a sequence of points converging to
some point z € C. Assume that E := sup, F(w,) < co. We choose an
integer n as in Claim 1, corresponding to E. Fix an integer j = 0,...,n.
Since z, — z, there exists a number R > 0 such that z, € By for every v.
By assumption, the maps u, converge to u, uniformly on By, and hence

d(uy(2,),u(2)) < d(uy(z), u(z)) + d(u(z,),u(z)) — 0. (6.9)

We define z; := 2 + 2j, 2 := 2, + 2§, pj == p(|pou(z;)]) and A; as in (6.6),
Q’; = p(|pou,(27)]), and A7 as in (6.6) with p; replaced by p7. We define
C"‘)j € Cﬁxm by

5 [ Aboula), i juou()| < 26,
0, otherwise,

and C:)J” € C>m by

J

élf = )\]’/9 © uV(ZV)’ if |M o UV(ZV)| S 250,
0, otherwise.
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It follows from (6.9), that N N

0] — 0.
Let g : [0,00) — G and g, : [0,00) — G be the unique continuously dif-
ferentiable solutions of (6.5), corresponding to ®, zy := z and ®,, zp = 2z,
respectively. Then, abbreviating

0, :=9()7'6;,  ©Y:=g,(z) "6y,
we have
O(w,z) = (O ... ©,0...), O(wy, 2,) = (6f ... 040 ... ).

Let (-, -) be an invariant inner product on g. By the last statement in Propo-
sition E.13, with

T = 2.77 g:: (I)(-—FZ), n = (I)u<'+zl/) : [072j] — g
we have

d“(g,(24), 9(25)) [[@(- + 2) — Do (- + 2| 1(0.29))
25[|®(- + 2) — (- + 2)||coo,2))
27[1(- + 2) — (- + 2)||eogo,2)

+25/[®(- + 2,) — @u (- + 2)[|coo,25)) — 0.

INIACIA

Here in the last step we have used that z, — z and that ®, converges to @,
uniformly on Bgyoj. Since ©% — ©;, this implies that ©(w,, z,) — O(w, z).
This completes the proof of (iv) and therefore of Proposition 6.3. a

Proof of Proposition 6.1: Fix a nonnegative integer k. We define the
map ev : M, — Mg as follows. Fix a map © : M x C — EG as in
Proposition 6.3. Let W € M, be an equivalence class of stable maps. We
choose a representative

of W. For every i = 0,...,k — 1 we define the i-th component of ev(W) by

[uai(zi)7 @(wau Zi)]u 1f Q; S ‘/7 Zi # o0,
evi(W) = S O BV oo (W, ), if o €V, 2 = o0,
sg 0 eV, (U, ), if ; €T.

We claim that ev'(W) is welldefined, i.e. does not depend on the choice of
the representative (w, @, z) of W. To see this, assume that

(W', @,2') = (V' T, E, (uly, B, U ) aer, (@h)aets (208)aEs, (04, 2})io,... K1)
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is another representative of W. This means that (w,@,z) and (w/,@’,2’)
are equivalent stable maps. Hence there exist a tree isomorphism f T =
VUT — T := V' UT', Mébius transformations ¢,, for o € T and gauge
transformations g, € G*? such that the conditions (i)-(iii) of Definition 3.12
are satisfied. Fix i =0,...,k — 1. We denote o} := f(a;) € T".

Assume that o; € V and z; # oo. Denoting

w; = (U‘aia (I)Cviu \I]ai>7 U}; = (U‘Z)/.a (I)Z)/.u \I]Z)/.)7 Pi = Pay, 9i ‘= Goy»
we have by condition 3.12(iii) ¢} (w; o ;) = w}. It follows that

O(w},z) = 6)(gZ w; 0 ©;), Z Z)

= gi(2) ' O(wi 0 g, 2;)

= gi(2)"'O(wi, pi())
(21) 71O (wi, ;).

o

i

S

i

Here the second equality follows from assertion (i) of Proposition 6.3, the
third equality from assertion 6.3(ii), and the last equality from condition (ii)
of Definition 3.12. It follows that

i (21), O(wi, z)] = [gi(2) " w0 i(2]), 9i(2]) " O(wi, 2,)]
= [wi(z), ©O(w;, z;)].

Hence ev'(W) does not depend on the choice of (w,,z) in the case a; € V
and z; # oo. That this is true also in the other cases follows directly from
the definition of ev'(W).

We claim that ev satisfies the conditions of Proposition 6.1. We check
(i). If a; € V and z; # oo, then condition (6.2) is satisfied by the definition
of ev!(W). Assume that a; € T or oy; € V and (z; = 00 or |poug,(2)] < o).
To see that condition (6.3) holds, note that in the case a; € T or a; € V
and z; = oo, the statement follows from the definition of ev(W). If a; € V/,
zi # o0 and | o ua,(2)| < 09 then (6.3) follows from condition (iii) of
Proposition 6.3 and the definition (6.1) of sy.

In order to see that condition 6.1(ii) holds, let w, := (u,,®,,¥,) € MLP
and z7,...,2;/_; € C be sequences of vortices and marked points such that
(wy, 2§ == 00,2Y,...,2;_ 1) converges to some stable map (w,u,z). Hence
there exist Mobius transformations ¢, for a € T such that the conditions
(1)-(iii) of Definition 3.6 are satisfied. Fix an integer i =0,...,k — 1.

Assume that i > 1 and «; € V. Then by condition (i) of Definition
3.6 the maps ¢} := ¢y are translations, and by condition 3.6(iii) there exist
gauge transformations g¥ € G*? such that (¢?)*(w, o ¢¥) converges to w; :=

v

Wg,, uniformly on every compact subset of C. Denoting 2}” := (%)~ (2¥)
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and w! := (g7)*(w, o ¢?), we have

O(w,,z/) = O(w, 0}, () (2}))
g ((07) ()0 ((g7) (wy 0 7). (&) (=)
= g/(z)0W}, ).
Here the first equality follows from condition (ii) of Proposition 6.3 and the
second one from 6.3(i). It follows that

evi([w,,, Zg, ce ZZ71]) = [u,,(zl’-’), @<wl/7 Z;/)]
= [w ol ("), g7(2")0(w}, )]
= [0/ (=) w0 i ("), 0wy, )] (6.10)

3 17"

By condition (iv) of Definition 3.6 we have

5 = (¢)) 7 (&) = &

By Remark 3.5 we have z; # co. So, abbreviating x¥ := g¥(2") " tu, 0¥ (z!"),

7 7 7
we have

Az}, ui(z)) < d(af,uilz)) + d(ui(2”), ui(2i)).

Since
wt = ((0) M o 90, (60" (B0, W) 0 ) ) — wi =+ (s, By, W),

uniformly on every compact subset of C, it follows that x¥ converges to u;(z;).
Furthermore, by condition (iv) of Proposition 6.3 we have

O(w!, z") = O(w;, ).
Hence equality (6.10) implies that ev'([w,, 2§, ..., zr_1]) converges to

[ui(2), O(w;, )] = ev'([w, 1, z]).

This proves condition (ii) in the case i > 1 and a; € V.

Assume that i > 1 and «; € T. Then by condition 3.6(iv) we have

v v

z; = ((pgi)*l(zi) — .
We choose € > 0 so small that
BESQ(zi) N Zai = (2)7

where for every r > 0 and z € S? B;QQ(Z) denotes the closed ball on S? w.r.t.
the standard metric, with radius r and center z. By condition 3.6(iii) with

Q := B (%) the maps

,agél = Guai © (pgél : 52 \ {zaiyo} - M/G
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converge to iy, on B5(z;), uniformly w.r.t. d. It follows that

d(Guy(27), s (22)) = A, (2"), Ui (1))
< d(ug,(27), U, (2)) + d(ta,(27), U, (21)) — 0.

Therefore for v large enough we have
Gu,(2]) € Ms, /G,
ie. |powu,(zY)| < do and hence
ev'([wy; 28, ..., 20 1]) = sg 0 Gu,(2)),

and this converges to

590 g, (2) = ev'([w, 1, 2]).

This proves condition (ii) in the case i > 1 and a; € T.

Assume now that i = 0. We claim that
Voo (W) — &V, (Way), for v — oo, (6.11)

where by abuse of notation we write wg,, = tq,, if ap € T. To see this,
let ¢ > 0. It follows as in the proof of Proposition 5.4 (Conservation of
the equivariant homology class, inequality (5.31)), that there exist numbers
6 > 0 and vy € N such that for every v > 1y and every z € B (z) \ {20} we
have ¢}, (z) € C and

AT, (1ay), G’ 0 4 (2)) < <.

Fix an integer v > 1. By condition (i) of Definition 3.6 we have ¢}, (z) = oo,
hence for large enough r > 0 we have

(¢%,)7'(r) € B§" (z0). (6.12)
On the other hand, by definition

Voo(w,) = lim Gu, ().

rT—00

We choose r > 0 so large that

d(Guy (1), 8 (w,)) < €

and (6.12) is satisfied. It follows that

d(ﬁoo (wy) ; €V (wcm ))

A Voo (wy), Guy (1)) + d(Guy (1), 874 (We,)) < € + €.
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This proves (6.11).
It follows that

ev?([wy;00,2Y, ..., 20 1)) = 59 0 BV eo(w,) — 59 08V, (Wa,) = ev°([w, T, 2z]).

This proves condition 6.1(ii) in the case i = 0. So 6.1(ii) is satisfied in every
case.
This proves Proposition 6.1. O

Remark 6.4 The map O : MxC — EG only uses local data, and hence the
same holds for the evaluation map ev : My — ME as defined in the proof
of Proposition 6.1. More precisely, for every constant £ > 0 the compo-
nent ev'([w, 1, z]) € Mg only depends on the restriction w,, where
R(E) > 0 is a number independent of [w, @, z].

Naively, we could try to define the evaluation map in the following alter-

Brp)(zi)>

native way, without using Proposition 6.3. We fix a continuous equivariant
map 0 : M* — EG and set s¢(Gx) := [z,0(x)]. Let W € M, be an equiva-
lence class of stable maps and i € {0,...,k—1}. We choose a representative
(w,1,z) of W. If o; € T then we define as before

ev' (W) := sg 0 1lg, (2).

Similarly, if a; € V and z; = oo we set evi (W) = sg(lim, . Gug,(r)).
Assume now that «; € V and z; # co. We choose a gauge transformation
gi € G*P such that

w; = (ug, B3, W5) = g; (wa, (- + 2 — 1))

is smooth and in radial gauge outside Bj, as in Proposition D.3. Then by
Proposition D.7 u/(r) converges to some point z; € p~1(0) for r — oco. The
idea would be to define ev!(W) := [u}(2),0(z;)]. This does not depend
on the choice of the representative (w,,z) of W nor on the choice of g;.
However, the problem is that the map ev so defined is not continuous w.r.t.
to convergence of a sequence of vortices against a stable map. This comes
from the fact that it uses global data instead of local data. More precisely,
the point ev’([w,1,z]) depends on the restriction of w to the ray parallel
to the real axis emanating from the point z;. This global information gets
lost in the limit, if (w,, 2§ := 00, 27,..., 2f_;) is a sequence of vortices with
marked points converging to some stable map (w, @, z).
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This section contains an application of the techniques developed in this dis-
sertation. It states that there exists a solution of the symplectic vortex
equations on the complex plane with positive energy if at least one of the
following conditions is satisfied.

e The symplectic vortex invariants do not vanish for some nonzero second
equivariant homology class.

e The 3-point Gromov-Witten invariants of the symplectic quotient do
not vanish for some nonzero homology class in the quotient.

Since I still have to carry out some details, the application is still a conjecture.
However, the ingredients of its proof are all contained in this dissertation.
In particular, it does not involve transversality for vortices on C. For details
about the Gromov-Witten invariants the reader is referred to the book by
D. McDuff and D. A. Salamon [MS3]. The symplectic vortex invariants
are defined in the paper by K. Cieliebak, R. Gaio, I. Mundet and D. A.
Salamon [CGMS]. See also the papers [CGS], [CGMS], [CS], [GS], R. Gaio’s
dissertation [Ga|, and my overview article [Zi2].

The 3-point Gromov-Witten invariants of a symplectic manifold are de-
fined by means of a regular almost complex structure. We fix a symplectic
manifold (M,w) and an w-compatible almost complex structure J on M.
Then J is called regular iff the vertical differential of the Cauchy-Riemann
operator 0, is surjective at every simple J-holomorphic sphere and all the
edge evaluation maps are transverse to the diagonal. A J-holomorphic map
u: S% — M is called simple iff there does not exist a J-holomorphic map
v :S? — M and a holomorphic map ¢ : S? — S? of degree > 1 such that
u = u'op. If the vertical differential of 9y at u is surjective for every simple .J-
holomorphic sphere u then for every spherical homology class B € Hy(M,7Z)
the set MV*(B ,J) of all simple J-holomorphic spheres representing B carries
a canonical structure of a smooth finite dimensional manifold. The dimension
of M*(B,J) is given by the Riemann-Roch formula

dim M*(B, J) = dim M + 2{c,(TM,w), B).

The condition that the edge evaluation maps are transverse to the diagonal
implies that the set of simple stable maps in M carries a canonical structure
of a smooth finite dimensional manifold.

Assume now that (M, w) is closed and semipositive. The latter condition
means that for every homotopy class B € my(M) we have

(w],B) >0, (B):={(a(TM,w),B)>3—-n — c1(B) > 0.
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Here ¢ (T'M,w) denotes the first Chern class of the symplectic vector bundle
(TM,w). We denote by H*(M) the quotient of H*(M,Z) over its torsion
subgroup. We call a homology class B € Hy(M,Z) good, iff there is no pair
(k,B’), where k > 2 is an integer and B’ is a spherical second homology
class such that B = kB’ and ¢;(B’) = 0. For every positive integer k, every
spherical homology class 0 # B € Hy(M,7Z) and every w-compatible almost
complex structure J on M we denote by M;(B,J) the set of equivalence
classes of tuples (u, 21, ..., z;), where u : S* — M is a simple J-holomorphic
map that represents B and zq,...,2, € S? are distinct points. Semiposi-
tivity of (M,w) implies that for every regular w-compatible almost complex
structure J and every good spherical homology class B the evaluation map

evp,J - MZ(Ba ‘]) - Mka (u7 Rly«- ) Zk) = (U(Zl), s ,U(Zk))
is a pseudo-cycle. The genus 0 three-point Gromov-Witten invariants
GW,'y  H'(M)* = Z

are given as follows. For each triple (v, g, ) € H*(M)? such that

3
Zdeg a; = dim M + 2¢,(B) (7.1)

i=1

the number GWféw(al,ag,ag) is defined to be the intersection number of
the pseudo-cycles evg ; and f, where J is a regular w-compatible almost
complex structure and f : X — M?3 is a pseudo-cycle Poincaré dual to
Ty — g — mhag € H*(M?). Here m; : M® — M denotes the projection
to the i-th factor. If the dimension condition (7.1) is not satisfied then
GWQ%J(QM Qg ag) = 0.

Let now (M,w) be a symplectic manifold with a Hamiltonian action of
a compact connected Lie group G, and let J be a G-invariant w-compatible
almost complex structure. Assume that G acts freely on p~'(0), and let
the symplectic structure @ on M := ~1(0)/G be defined as in (1.2). Recall
that J induces an w-compatible almost complex structure .J on the symplectic
quotient M := p~1(0)/G, defined as in (1.9). For every equivariant homology
class B € H$' (M, Z) the genus 0 symplectic vortez invariants corresponding
to B are given by a linear map

M [HE (M) — Q.

Fix a class o € H(M). The class B determines an isomorphism class [P]
of principal G-bundles over S2. Intuitively, the number @g’w’” (o) equals
the number of gauge equivalence classes of solutions (u, A) of the symplectic
vortex equations over P, such that [u]lg = B and (u, A) evaluates at the
point 0 € S? to a point in the “Poincaré dual” of a. Here [u]g € Hy(Mg,Z)
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denotes the equivariant homology class of u. For a € HE(M) the number
@g’w’“ () can only be nonzero if the dimension condition

dega = dim M — 2dim G + 2(c$(T M), B)

is satisfied. Here ¢ (T M) denotes the first Chern class of the complex vector
bundle TM xq EG — M xg EG, and EG is a contractible topological space
on which G acts continuously and freely.

Conjecture 7.1 (Existence of vortices on C with positive energy) As-
sume that the hypotheses (H1), (H2) and (H3) are satisfied, that the sym-
plectic quotient (M, ) is semipositive, and that J is reqular. If at least one
of the following conditions is satisfied, then there exists a vortex on C with
positive energy.

(i) There exists an equivariant homology class 0 # B € HS$(M,7Z) such
that
PIH £ () (7.2)

and the following condition holds. If there exists a spherical homol-
ogy class B € Hy(M,Z) with k. B = B then B is good and every J-
holomorphic sphere representing B is simple. Here x_: H,(M,7Z) —
H,(Mg,Z) denotes the Kirwan homomorphism.

(ii) There exists a good homology class 0 # B € Hy(M,Z), such that

M,
GW.e =0

,B

and every J-holomorphic map u : S* — M that represents B is simple.

Example 7.2 For n > 1 consider the diagonal action of G := S* on M :=
C™*! with the standard symplectic structure wy, with moment map pu(z) :=
1(1 — |z|*). It satisfies the hypotheses (H1), (H2), (H3). The symplectic
quotient is M = CP" with the Fubini-Studi form wgg. It is monotone and
hence semipositive. Furthermore, J equals the standard complex structure
on CP". By Proposition 7.4.3. in the book [MS3], it is regular. We denote
by
L € Hy(CP",7Z)

the class of the projective line CP' C CP", and by
¢ € H2 (C'M) = H*(CP™)
the positive generator for which

(e,k Ly =1,
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where x_: H,(CP",Z) — H5" (C"*! 7Z) denotes the Kirwan homomorphism.
Let d be a positive integer. Since CP" is monotone, the spherical class
dL € Hy(CP") is good. We define m := d(n+1)+n. By Example 3.3. in the
paper [CS], the genus 0 symplectic vortex invariants of (dk L, ™) are given
by

Dep (") =1

It follows that condition (i) of Conjecture 7.1 is satisfied. Hence if the con-
jecture is true then there exists a vortex on C with positive energy. Note
that also condition ii) is satisfied, since

GWj,; “ (PD([pt]), PD([pt]), PD([CP"'])) = 1, (7.3)

where PD : Hy(CP") — H?"*(CP") denotes Poincaré duality, pt C CP"
is an oriented submanifold consisting of one point, and we embed CP"*
in CP". This formula follows from the fact that there exists exactly one
complex projective line through two distinct points in CP™.

Sketch of the proof of Conjecture 7.1: Assume that (i) holds. Let
0 # B € H$(M,Z) be such that ®}“* # 0. Since G is connected, the
classifying space BG is simply connected, and hence by Hurewicz’s theorem
the canonical map m(BG) — Hy(BG) is an isomorphism. Let C' € my(BG)
be the image of B under the composition

HS(M,Z) — Hy(BG,Z) — my(BG),

where the first map is induced by the canonical projection (M x EG)/G —
BG = EG /G. We fix a principal G-bundle P over S? whose isomorphism
class is determined by C. We denote by CZ(P, M) the space of smooth G-
equivariant maps from P to M, and by A(P) the space of smooth connection
one forms on P. For € > 0 consider the e-vortex equations on P for a pair
(u, A) € CF(P,M) x A(P):

a],A(u) = 0,
0.

2% Fy4+pou = (7.5)

For every continuous equivariant map w : P — M we denote by [u|g €
Hy (Mg, Z) its equivariant homology class, and we define

Ms; = {(u, A) € CF (P, M) x A(P)|(7.4), (7.5), [ula = B}.  (7.6)

We choose a constant ¢ > 0 and a function f : M — [0, 00) as in hypothesis
(H2). Let B, C g be the closed ball of radius r := ([w — u]%, B)/(4r).
Here [w — pu]¢ € HE(M) denotes the equivariant cohomology class of w — .
Since yu is proper, the inverse image u~'(B,) € M is compact, and hence



7 An application 164

f(u=*(B,)) C [0,00) is compact. Therefore, increasing c if necessary, we
may assume that f(u~1(B,)) C [0,c). This means that
a
w— >, B
fWze = lu) > P &
Therefore, as in the proof of Lemma 2.7 in [CGMS] with 7 := 0, it follows
that for every 0 < e <1 and every e-vortex (u, A) € M% we have

u(P) C M., ={x € M||pou(z)| < c}. (7.8)

Increasing ¢ further we may assume that it is a regular value of the map
||? : M — [0,00). Tt follows that M. C M is a compact submanifold with
boundary.

For 9 > 0 and r > 0 we define

BT = {(u,A) € OX(P,M) x A(P) |3z € S? sup |pou| < (5} . (79

B, (z)

Furthermore, we denote by G(P) the space of smooth gauge transformations
on P, i.e. of smooth maps g : P — G such that g(ph) = h='g(p)h for every
h € G and p € P. As a corollary to the theorem of Peter and Weyl we may
assume w.l.o.g. that G is a closed subgroup of U(¥) for some integer ¢. For
every integer m > ¢ we define

EG™ := {0 € C”™| 00" =1}.

This is a finite dimensional approximation of the classifying space EG, which
consists of all orthonormal /-tuples of finite sequences of complex numbers.
By our hypothesis (H1) we may choose a number § > 0 so small that G acts
freely on Ms. We also choose a smooth G-equivariant map 0 : Ms — EG™
for some integer m > ¢. By Proposition 12.1 in the paper by R. Gaio and D.
A. Salamon [GS], for every r > 0 there exist an integer N > m and a map
O : B> x P — EG" with the following properties.

(i) For every g € G(P), h € G and (u, A, p) € B> x P we have
O(g™"u, g"A,pg(p) ") = O(u, A, p) = hO(u, A, ph). (7.10)
(ii) The map © is continuous w.r.t. the C%-topology on B".
(iii) Denoting by /™" : EG™ — EG" the inclusion we have

wou(p)|<é = O(u,A,p)=1""obou(p),
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By Lemma 12.2 in the paper [GS] there exist positive constants r and gy such
that -
M5 C B,

for 0 < ¢ < g9. We fix such constants g and r and define the evaluation
map at the point 0 € S? to be the map

ev: B — M..xg EGY, ev(u,A) := [u(p),O(u, A, p)], (7.11)

where p € P is an arbitrary point in the fibre over 0 € S2.
We define
k= dim M — 2dim G + 2(c$(T M), B).

By our assumption that @g’w’“ % 0, there exists a cohomology class o €
HE(M) of degree k such that ®3“*(a) # 0. Combining the inclusion
EGY — EG with the inclusion M, < M, we get a continuous map

M. x EGY — M x EG
which descends to a map
L M, xg EGY := (M, x EGY)/G — Mg := (M x EG)/G. (7.12)

We define @ := t*a € H*(M, xg EG"). By Theorem E.16 (de Rham iso-
morphism) we may identify & with a de Rham cohomology class on the
manifold with boundary M, xg EGY. By Theorem E.18 applied with a re-
placed by « there exists a rational number A # 0 and a compact oriented

submanifold X C M, xg EGY of codimension k, possibly with boundary
0X C O(M, xg EGY), such that

Aax = a,

where ay is the de Rham cohomology class Poincaré dual to X defined in

(E.50). We define the map
so: M =p"0)/G — p7H(0) xg EGY,  sp(7) := [2,0™N 0 0(z)], (7.13)

where x € 1(0) is an arbitrary point in the orbit Z. Perturbing X slightly
we may assume w.l.o.g. that it is transverse to the submanifold x~1(0) x¢
EGYN C M, x¢ EGY and to sy. It follows that

X =5, (XNp '(0) xg EGY) C M

is a submanifold of codimension k. Fix a finite tree (T, E), a positive integer
(, vertices ay, ..., ay € T and a collection B, € Hy(M,Z), a € T of spherical
homologyﬁclasses. We denote by M%7(ai)((Ba)a€T, J) Ehe set of simple stable
maps of J-holomorphic spheres in M modelled over T" with ¢ marked points



7 An application 166

corresponding to ar, ..., ay. It consists of all stable maps of J-holomorphic
spheres

(Ta E7 (ﬂa)aefa (Zaﬁ)aEﬁa (aia Zi)izl,...,f)

(see Definition 5.1.1 in the book [MS3]), such that each 4, is simple and
U (S?) # ug(S?) for any two vertices o # 3 such that @, and @z are non-

constant. Moreover, we denote by M}‘,(ai)((BO‘)CMGT’ J) the set of equivalence
classes of such simple stable maps. Since by assumption J is regular, by
Theorem 6.2.6 in the book [MS3] this set carries a canonical structure of a
smooth manifold. We define the evaluation map

WT,(ozi),(Ba) : M%(ai)«Ba)aeT’u j) - M{ (714>
(Ta Ea (ﬂa)aefa (Zozﬁ)aEﬁa (Oéi, Zi)i:l,...,ﬁ) = (aal(zl)a s 771&4(2[))-

We assume that for every finite tree T, every vertex ay € T and every collec-
tion of spherical homology classes B, € Ho(M,Z), a € T, the submanifold
X C M is transverse to €V7F a1,(B.)- 1t should be possible to arrange this by
perturbing X slightly.

Since ®Y“*(a) # 0, it should follow that for every number 0 < ¢ < &,
there exists a smooth solution (u, A) of the e-vortex equations (7.4), (7.5) on
P such that [u]g = B and

ev(u, A) € X,

where ev is defined as in (7.11). The idea to prove this is to use the func-
toriality axiom in the definition of the Euler class of a regular G-moduli
problem (see the paper [CGMS]|, Theorem 6.4) and Lemma (E.19). We
choose a sequence of numbers 0 < ¢, < gq converging to 0 and a sequence
(uy, Ay,) of solutions of the ¢, vortex equations on P such that [ulc = B
and ev(u,,A,) € X. By a bubbling argument analogous to Theorem 4.1
there should exist a subsequence of (u,,A,) that converges in a suitable
sense to some stable map of vortices on C (with positive energy) and pseudo-
holomorphic spheres in M with one marked point. If this stable map contains
vortices than we are done. Hence assume by contradiction that it consists
only of pseudo-holomorphic spheres in M. It follows that the class B lies in
the image of the Kirwan homomorphism x_: Ho(M,Z) — Hy(Mg, 7). Let
B € Hy(M,Z) be such that x B = B. By assumption, the limit stable map
is a tuple
(U,2) := (Tv E, (tUa)aer (za[?)aEﬁv a1, 21)7

where (T, E) is a tree, the @, : S? — M are J-holomorphic maps, the
Zap € S? are nodal points and z; € S? is a marked point thought of as lying
on the vertex a; € T. Convergence of the sequence (u,, A,) against (4@, z)
should imply that

oy (21) € X. (7.15)
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By Proposition 6.1.2. in the book [MS3] there exists a simple stable map
with one marked point

(1_1,, Z,) = (Tla Elv (aa)ae’f’v (2;6)04]5’57 a()? Z())?

such that
WT/’QL(BQ)(TJ/,ZI) = ﬂal (Zl), (716)
B = Z maB.,.
aeT’
Here m,, are positive integers and B!, := [u!,] € Hy(M,Z). Furthermore,

since by assumption (M,®) is semipositive and B is good, it follows as in
the proof of Theorem 6.6.1. in the book [MS3] that

dlm M%ﬂal ((B(/l)aei”a j) S k — 4. (717)

By our choice of X the evaluation map &V 4, () is transverse to the sub-
manifold X C M. Furthermore, by (7.16) and (7.15) we have

WTIQI’(B&)(U ,Z,) = fbal (Zl) c X

Since the codimension of X in M is k and by (7.17) the domain of the
evaluation map vy (g ) has dimension at most k£ —4, this is a contradiction.
Hence there exists a vortex on C with positive energy.

Assume now that (ii) holds. The idea of proof of the conjecture is
then the following. By our assumption there exists a good homology class
0 # B € Hy(M,Z) and cohomology classes &j,&,, @3 € H*(M) such that
GWfé@(dl, Ay, @3) # 0. We define B := k_B. Since the Kirwan homomor-
phism & : H*(Mg) — H*(M) is surjective, there exist cohomology classes
a; € H*(Mg) such that k'«; = @;. As above, we choose a principal G-bundle
P whose isomorphism class is determined by B, and a constant ¢ > 0 such
that for every number 0 < ¢ < 1 and every e-vortex (u, A) € MEB we have
u(P) C M., and such that c is a regular value of the map |u|* : M — [0, 00).
Furthermore, we assume that G is a closed subgroup of U(¢), and we choose a
number ¢ > 0 so small that G acts freely on Ms and a smooth G-equivariant
map 0 : Ms — EG™ for some m > ¢. We also choose positive constants g
and 7 such that M‘% C B, for 0 < € < g, as in Lemma 12.2 in the paper
[GS]. Here M5 and B" are defined as in (7.6) and (7.9). Furthermore,
we choose an integer N > m and a map © : B x P — EGY such that
conditions (i), (ii) and (iii) above are satisfied. For every 0 < e < gy we de-
fine M% = N% /G(P) to be the set of gauge equivalence classes of smooth
e-vortices that represent B. For € := 0 the map

MY > [u, A — Gu € M(B,J) := {w:5* — M |uis J-holomorphic, [u] = B}
(7.18)
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is a bijection, see for example Proposition 4.20 in my overview article [Zi2] or
the Ph.D.-thesis by R. Gaio [Ga]. Since by hypothesis every J-holomorphic
map i : S? —>/]\Z[ is simple and J is regular, by Theorem 3.1.5. in the book
[MS3] the set M(B, J) carries a canonical structure of a smooth manifold of
dimension

dim M(B, J) = dim M — 2dim G + 2(c,(TM,®), B).

Hence the bijection (7.18) endows M% with a canonical structure of a smooth
manifold.
For every point z € S? we define

evs s My — Mo, xa BGY,  evi([u, A)) = [u(p), O(u, A, p)].

where p € P is an arbitrary point over the fibre of z, and we define the
evaluation map

eve : M5 — (Mo, xg EGY)3,
e ([, A1) i= (e ([, 4], evi ([, A]),evs(fu. A).

We fix an index i = 1,2,3. We define @; := t*oy € H*(M, xg EGY), where
¢ is as in (7.12), and identify this with a de Rham cohomology class on
M. xq EGY. By Theorem E.18 there exists a rational number \; # 0 and

a compact oriented submanifold X; C M, x¢g EGY of codimension deg o,
possibly with boundary 0X; C (M, xg EGY), such that

AiaXi =y,

where ay, is the de Rham cohomology class Poincaré dual to X; defined
in (E.50). We define sy as in (7.13). Perturbing the X;’s slightly we may
assume w.l.o.g. that X; is transverse to the submanifold x~'(0) xg EGY C
M. xc EGY and to the map Sg, and that X := X; x X5 x X3 is transverse to
ev?: MY — M. xq EGY. We also assume that for every finite tree T', each
three vertices aq, a, as € T and every collection B, € Hy(M,Z) of spherical
homology classes the submanifold X := X x X, x X3 C M?3 is transverse to
the evaluation map

T (0, (Ba) - M (o) (Ba)aer: J) — M.

Here &V (4,),(5,) is defined as in (7.14).

i

For ¢ > 0 define
Bx = {[u, Al € M3 | evi(u, A) € X}.

In Step 4 in the proof of Theorem A of the paper [GS], R. Gaio and D. A.
Salamon constructed for 0 < ¢ < e; an injective map

€ . 0 €
TB,X : MB,X - MB,Xa
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where 0 < €; < g is a small enough number. There are two cases.

Case: The map 7} x is surjective for some (0 < <¢;. Then
ng,@(@l’ Qo, 6&3) = @g’w’“(al — Qg ~—~ O[g),

see the paper [GS]. Since by assumption ij‘g@(al, ag, ag) # 0, the argu-

ment of the first part of the sketch of a proof shows that there exists a vortex

on C of positive energy.

Case: The map 7j x is not surjective for any 0 < ¢ < ;. Then for
every integer v > ;' we choose a gauge equivalence class of (1/v)-vortices

1 1
W, € Mg x \ im7y .,

and a smooth representative (u,, A,) of W,. By a bubbling argument anal-
ogous to Theorem 4.1 there should exist a subsequence of (u,, A,) that con-
verges in a suitable sense to some stable map of vortices on C (with positive
energy) and pseudo-holomorphic spheres in M with three marked points. If
it contains vortices on C than we are done. So assume by contradiction that
it consists solely of J-holomorphic spheres. So it is a tuple

(ﬁa Z) = (Ta E7 (ﬂa)aefa (Zaﬁ)aEﬁa (aia Zi)i:172,3)7

where (T, E) is a finite tree, the i, : S*> — M are J-holomorphic maps, the
Zap € S? are the nodal points and for i = 1,2,3 2; € S? is a marked point
thought of as lying on the component o; € T. Convergence of the sequence
(u,, A,) against (1, z) should imply that

(ﬂal(zl)a---aaaa(z?))) € X (719)
Furthermore, the tree T consists of more than one vertex, since otherwise for
1 N
v large enough W, = Ty v ([u, A]), where [u, A] € MY, y is the image of @,

under the inverse map to (7.18). By Proposition 6.1.2. in the book [MS3]
there exists a simple stable map with three marked points

(W, 2') := (T', E', (tia)act, (Zap)ars: (0f)i=123),

such that
WT’,(ai),(Ba)<ﬁ/7 Z/) = (ﬂal (Zl), ce ,’I_LQS (223)), (720)
B = Z maB.,.
aeT’

Here m,, are positive integers and B!, := [u/)] € Hy(M,Z). We abbreviate
k= Z?Zl deg c;. Since by assumption (M, ©) is semipositive and B is good,
it follows as in the proof of Theorem 6.6.1. in the book [MS3] that

dim M7, (s ((Be)aerr, ) <k — 2. (7.21)
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By our choice of the X;’s the evaluation map evyr (4,) (5,) is transverse to the
submanifold X C M?3. Furthermore, by (7.19) and (7.20) we have

WT/,(ai),(B&)(ﬁ/7 Z/) € X

Since the codimension of X in M? is k, and by (7.21) the domain of the eval-
uation map Vi (4, (5,) has dimension at most k — 2, this is a contradiction.
Hence there exists a vortex on C with positive energy. a



A Group actions

A.1 Convergence in the quotient

Let X be a topological space, ~ be an equivalence relation on X and 7 :
X — X/ ~ be the canonical projection. Recall that a subset V C X/ ~
is called open in the quotient topology iff #=1(V) C X is open. Let G be a
group and p: G x X — X be an action. For every g € G we define

pg: X — X, pg(z) =g -x:=p(yg,x).

The next proposition reformulates convergence of a sequence of points y, in
the quotient X/G against a point yy € X/G. Recall that the space X is said
to satisfy the first axiom of countability iff for every point x € X there are
neighbourhoods U; C X of x, for i € N, such that for every neighbourhood
U of x there is an 7 € N such that U; C U.

Proposition A.1 Assume that X satisfies the first axiom of countability and
that for every g € G the map py : X — X is continuous. Let yo, y, € X/G,
v € N be points. Then the following conditions are equivalent.

(i) The sequence y, converges to yy in the quotient topology.

(i) For every representative xo of yo there is a sequence of representatives
x, of y, such that x, — x.

(iii) There is a representative xy of the orbit yo and for every v € N there
is a representative x, € X of y, such that x, — xy.

The proof this proposition is based on the next lemma.

Lemma A.2 Let G be a group, X be a topological space and p : G x X —
X be an action. Assume that for every g € G the map p, : X — X s
continuous. Let U C X be an open subset. Then the image 7(U) C X/G is
open.

Proof of Lemma A.2: It suffices to show that 7#=!(7(U)) C X is open.
To see this note that

ml @) ={reX|yeU:x~yt=|Jg U (A1)

geG

Let g € G. Then the subset

g-U:pg_,ll(U) CX
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is open, by our assumption that p,-1 : X — X is continuous. It follows from
(A1) that 7! (7(U)) C X is open. This proves Lemma A.2. O

Proof of Proposition A.1: We show that (i) implies (ii). Let z( be a
representative of yy. By assumption there is a sequence U; C X of neighbour-
hoods of x4 such that for every neighbourhood U of xy there is ¢ € N such
that U; C U. By replacing U; by Uy N...NU; for every ¢ € N we may assume
w.l.o.g. that Uy D Us.... Let i € N. By Lemma A.2 the set 7(U;) C X/G
is an open neighbourhood of yy. Therefore, there is an integer v; € N such
that for every v > v; we have y, € n(U;). W.lLo.g.  we assume that
v < vy < ... Itfollows that if v > v; then there is a representative x, € U;
of y,, for every ¢« € N. We choose z, € X for v € N as follows. If v < 1/ then
let x, € X be arbitrary. Otherwise, let ¢ € N be the unique integer such that
v; < v < vy and let x, € U; be a representative of y,. We claim that x,
converges to xg, as v — 00. To see this let U C X be an open neighbourhood
of xg. Let i € N be so large that U; C U. Since U; D Uy D ... it follows
that for v > v; we have x, € U; C U. This proves the claim and therefore (ii).

Condition (ii) immediately implies condition (iii). We are left to show that
(iii) implies (i). Assume (iii) and let xy be a representative of yo and z, be a
representative of y, for v € N such that z, converges to xy. Let V' C X/G be
an open neighbourhood of yy. Since 77}(V) C X is an open neighbourhood
of xg, for large enough v we have z, € 7~ 1(V), ie. y, = n(z,) € V. This
proves (i) and concludes the proof of Proposition A.1. O

We use the next lemma in the proof of Proposition D.23.

Lemma A.3 Let G and X be as in Lemma A.2, x € X be a point and
{U;}ier be a (not necessarily countable) basis of open neighbourhoods of x.

Then the collection {m(U;)}ier is a basis of open neighbourhoods of m(x) €
X/G.

Proof of Lemma A.3: By Lemma A.2 the subsets n(U;) C X/G, i € I,
are open. Let V' C X/G be an open neighbourhood of 7(z). Then the subset
7 1(V) C X is an open neighbourhood of x. Hence there exists an index
i € I such that 7=1(V) C U;. Tt follows that V = w(7=%(V)) C =(U;). This
proves Lemma A.3. O

A.2 Smooth Lie group actions

Let M be a real n-dimensional manifold and G be a k-dimensional Lie group
that acts smoothly on M. We denote by g the Lie algebra of G, by G, the
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stabilizer of a point x € M and by M* the set of all points x € M such that
if g € G is such that gr = z then g = e.

Lemma A.4 The Lie algebra of the stabilizer of a point x € M 1is

Lie(G;) = {€ € g| Xe(z) = 0}
Proof of Lemma A.4: This is Lemma B.15 in the book by V. Ginzburg,
V. Guillemin and Y. Karshon [GGK]. O

Recall that the action of G on M is called proper iff the map
GxM>(g,z)— (v,gv) € M x M
is proper.

Theorem A.5 (Existence of local slices) Assume that the action of G
on M is proper. Then for every point x € M* there is an equivariant diffeo-
morphism from G x R"™* to a G-invariant open neighborhood of x.

Proof: This is a special case of Theorem B.24 in the book by V. Ginzburg
et al. [GGK]. O

Corollary A.6 The subsets M* C M and M*/G C M/G are open. Fur-
thermore, the canonical projection w : M* — M*/G defines a principal G-

bundle.

Proof of Corollary A.6: The set M* is the union of the open sets
V(G x R") where 1, is an equivariant diffeomorphism from G x R"~*
to an invariant open neighborhood of x as in Theorem A.5, for x € M*. By
Lemma A.2 the subset M*/G = n(M*) C M/G is also open. Theorem A.5
implies that the projection m : M* — M*/G defines a principal G-bundle
follows. This proves Corollary A.6. a

If G is a group and H C G is a subgroup, then H acts on G by multipli-
cation from the left. The quotient is the set of right cosets

G/H:={Hg|g € G}.

Corollary A.7 Let G be a Lie group and H C G be a closed subgroup. Then
the canonical projection m: G — G/H defines a principal G-bundle.

Proof of Corollary A.7: We claim that the action of H on G is proper.
To see this observe that the map

HxG— G xG, (h,z) — (x, hx)
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is the composition of the inclusion
t-HxG—-GxG
with the map
0:GxG—GxG, o(g,x) — (z,9x).
The map ¢ is a diffeomorphism, its inverse is given by

(z,y) — (yz~ ', 2).

Since H C G is a closed subset, the inclusion ¢ is proper. It follows that ¢ is
proper. Corollary A.7 follows now from Theorem A.5. a

The next Lemma says that given a torsion-free and G-invariant connection
the covariant derivative of a vector field along a curve in M, twisted by a
curve in the Lie algebra, behaves equivariantly under gauge transformations.
We use this Lemma in the proof of Proposition 2.11. Fix a torsion-free and
G-invariant connection V on M. By the latter condition we mean that

Vg X = gV, X,

for every g € G, v € T,M, v € M, and every vector field X on M. Fix an
element ® € g. We define the twisted connection V® on M by

VeX =V, X + Vx@u X,

for every v € T, M, x € M, and every vector field X on M. Let R 3 ¢ —
v(t) € M be a smooth curve and X be a vector field along . For t € G we
denote by VX (t) the covariant derivative of X at the point ¢ and by

V?X(t) = th(t) + VXov(t)XCD (AZ)

the twisted covariant derivative at t. Note that if ® also depends on ¢ then
the second term in (A.2) is to be understood as fixing ¢ € R and taking
the covariant derivative of the vector field Xg(). For every smooth map
¥ : R — g we denote

O = O + [®,1)).

Lemma A.8 Let V be a torsion-free and G-invariant connection on M, let
P:R—g,g:R—Gandvy:R— M be smooth curves, and X be a vector
field along ~v. Then

Vit (gX) = gV X. (A.3)

Furthermore, let 1 : R — g be another smooth map. Then

07 (gg™") = g(Of)g " (A4)
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The Lemma is a “coordinate” version of Lemma B.3. in [GS]. The map
® : R — g corresponds to a component of the connection one form A,
appearing in that lemma. See also Proposition 3.2.5 in R. Gaio’s PhD thesis
[Ga]. For the proof of Lemma A.8, we need the following lemma.

Lemma A.9 Let V be a torsion-free connection on a manifold M, let ¢ :
R x M — M be a smooth map such that ¢, == @(t,-) : M — M is a
diffeomorphism for every t € R, let x € M be a point and v € T, M be a
vector. Then the covariant derivative of the vector field dpi(x)v along the
curve R 3t — py(x) € M is given by

thQOt(ZL‘)’U = Vdgot(m)vXta (A5)
where X is the vector field on M defined by
X, = oot

Proof of Lemma A.9: We denote the dimension of M by n. Let ¢, € R.
We choose local parametrizations ¢ : R" — U and {/; LR — U , Where
U C M is a neighbourhood of  and U C M is a neighbourhood of ¢y, (z).
Forv=1,...,n we denote by

e; = Z-QZO@ZA:U%TM

the i-th coordinate vector field. We denote by R 3 t — Y (t) := dyy(x)v €
TpoyM the vector field along the curve ¢t — ¢, (). We choose a number
e > 0 so small that for ¢ € (ty — e, 1o + £) we have ¢y(z) € U. We denote by
XX U — R and Yi ... ,)Y": (tg —e,ty + ) — R the components
of X; and Y w.r.t. the frame ey, ..., e,. This means that for y € [7, teR

we have
n

Xi(y) = Xi(Wei(y),

i=1

and for ¢t € (ty — &,ty + ¢) we have
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Then for every i and for ¢ € (to — €, ty + €), abbreviating w := d(¢!),v,
Vi) = (@Y )
dt ‘Pt(x)
d ~ B i
= (A o g0 V) md(v )
d, ~ i
= a(d(z/; o o)y 1(:,3)11}
d -~ A
— d(=
<dt (progpo 7/’)) 1(3:)"”
= d(d(w_l)w(m)Xt o ¥t o w)w,l(x)w
= d(XtZ oY O w)w—l(x)w
= dX{(pi(x))dpy(x)v. (A.6)
Furthermore,
Z Yi<t)vXto¢t($)€i = Z Yl(t)Xt] @) g0t<l’)vej(%(x))€¢
= Z Yi Xj ¢} g0t<l’)vei(%(x))€j
= ZX 0 () Vg, (2) (A.7)

Here in the second equality we have used that V is torsion-free and that
le;, e;] = 0, since e; is the i-th coordinate vector field. Equalities (A.6) and

(A.7) imply that

Vi(dpi(z)v) = th

— Z YZ el + Y )vXto@t )

= Z(dX< (1) dpu(@)v)e; + Xi 0 pu(@) Vg o

= Zvd% Xel

= vdgot (z) v

This proves equality (A.5). This proves Lemma A.9.

Proof of Lemma A.8:

i

We define the map v : R? — M by u(s,t) :=
g(s)y(t), and the vector field Y along u by Y (s,t) := g(s)X(t).

Then for
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every point {5 € R

Vili=t,(9X) = Vili=, Y (¢, 1)
V.Y (to, o) + VY (Lo, to)
Vils=t09(5) X (to) + Vi, (to) X (¢)
= Vigx)t) X(ag-)t0) + 9(t0) Viltg X.

Here in the last equality we have used Lemma A.9 and the G-invariance of
V. It follows that

VIT(gX) = Vi(gX)+ Vex Xy
= VyxXgg1 +gViX + Vox Xgag-1-gg-1
= VyoxXgo1 +9ViX + Vyx(9Xe) — Vox Xy
= g(ViX +VxXs)
= gViX.

Here in the forth step we have used the G-invariance of V. This proves
equality (A.3). Equality (A.4) follows from a straight-forward computation.
This proves Lemma A.8. O

A.3 Induced metric on the quotient

Let (X, d) be a metric space, G be a topological group, and let p : GXx X — X
be a continuous action by isometries, which means that d(gz, gy) = d(x,y)
for every g € G, z,y € X. By 7 : X — X/G we denote the canonical
projection. The topology on X, determined by d, induces a topology on the
quotient X/G.

Lemma A.10 Assume that G is compact. Then the map d : X/G x X/G —
[0,00) defined by

d(Gz,Gy) := min  d(z',y)

' eGe,y €eGy

is a metric on X/G that induces the quotient topology on X/G.

Proof of Lemma A.10: To see that the map d is welldefined, i.e. that
the minimum is attained, observe that for every x € X the orbit Gz is the
image under p of the compact set G x {z} and therefore it is compact. In
order to see that d is positive definite, assume that z,5 € X/G are such
that d(z,y) = 0. This means that there are points z,y € X such that
Gz =17z, Gy =y and d(z,y) = 0. It follows that z = y and therefore z = y.
Symmetry of d follows immediately from the symmetry of d. To see that the
triangle inequality holds, let z,y,z € X/G. We choose x,y,1y’, 2 € X such
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that Gz =2, Gy = Gy =y, Gz = z, d(z,y) = d(z,y) and d(v/, z) = d(y, Z).
Let g € G be such that iy’ = gy. Then

d(z,z) < d(z,97'2)
< d(x,y) +d(y, g '2)
= d(z,y) +d(y,2)
= d(z,9) +d(y,2)

This proves the triangle inequality.

For every x € X and 7 > 0 we denote by B%(z) the open ball w.r.t. d with
center x and radius r, and analogously for Bf(:f:). We prove that d induces
the quotient topology on X/G, i.e. that a subset U C X/G is open w.r.t. d
if and only if 77*(U) C X is open w.r.t. d. Assume that U C X/G is open
w.r.t. d and let 2 € 71 (U). We choose an r > 0 so small that B4(Gz) C U.
It follows from the definition of d that B4(x) C n~*(U). So 7#~1(U) is open
w.r.t. d. Conversely, let U C X/G be a subset such that 771(U) C X is open
w.r.t. d. We show that U is open w.r.t. d. To see this let z € U. We choose
any x € X such that Gz = 7 and any r > 0 such that B%(z) C 7= }(U). We
claim that B%(z) C U. To see this, let § € BY(z), and choose any z/,y € X
such that Ga’ = z, Gy = 7 and d(2',y) = d(Z,y). Let g € G be such that
' = gx. Then

d(z,g'y) = d(a',y) = d(z,5) <,
therefore g~ly € B%(z) C 7~ Y(U), and thus § € U. This proves that U is

open w.r.t. d. So we have proved that d induces the quotient topology on
X/G. This concludes the proof of Lemma A.10. a

Let (M,g) be a Riemannian manifold. We denote by ¢(vy) the length
w.r.t. g of a smooth curve v : [0,1] — M. Assume that M is connected,
so that ¢g induces a distance function d on M. Suppose also that the action
is by isometries. Recall that M* denotes the set of all points x € M such
that az = z implies that a = e, for every a € G. We define the Riemannian
metric g on M*/G by

gi(ﬁv 7]]) = g:v(vv w>7
for v,w € Tz M*/G and every point z € M*/G, where z € M is a point in
the orbit # and v,w € (imL,)* C T, M are chosen such that dr(z)v = v,
dr(z)w = w. We denote the length of a smooth curve 7 : [0,1] — M*/G by
£(¥) and by d? the distance function on the connected components of M*/G
induced by g. Let d be as in Lemma A.10.

Lemma A.11 Assume that G is compact. Then

d(z,9) > d(z,7), (A.8)
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for every two points z,y € M*/G. Furthermore, for each compact connected
subset K C M*/G there is a constant r > 0 with the following property. If

T,y € K satisfy d(z,y) <r then

d*(z,y) = d(z,7). (A.9)

Proof of Lemma A.11: Let z,y € M*/G. It suffices to show that for
every smooth path 7 : [0,1] — M*/G such that 5(0) = z, ¥(1) = gy there is
a smooth path v : [0, 1] — M* such that
Toy = 7%, (A.10)
() = ) (A1)

Fix a smooth path 7 : [0, 1] — M*/G. We choose a7 : [0,1] — M* such that
m o7y =4 and define the map ¢ : [0,1] — g as follows. Fix ¢t € [0,1]. Since
~(t) € M* it follows from Lemma A.4 that

{€ € gl Xe(7(1) = 0} = Lie(Gs)) = 0.

|2l

This means that the map Lz : g — T5()M is injective. Therefore, we can
define £(t) € g to be the unique element such that

”:)7 + Lq(t)g(t) 1 ing(t). (A.lQ)
Let a : [0,1] — G be the solution of the ordinary differential equation
ata=¢, a(0) = e.
Abbreviating £z := X¢(x) for any £ € g, x € M, the map v := a7 : [0,1] —
M satisfies
d
—1. 1% ~
5 = a7 gl
= (a'a)j+7
= {y+7 LimlLs,
where the last equality follows from (A.12). By the definition of the metric
g we have

4 = 7+ Lsél = 1A,
and therefore
() = ().
This implies (A.11). This proves the first part of the Lemma.

To prove the second part, let K C M*/G be a connected compact subset.
Since by Corollary A.6 the subset M*/G C M/G is open, for each = € K
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there is a number 7z > 0 such that Bg;,i () € M*/G. The open balls Bf,i (Z)
with x € K cover the set K. Since K is compact, we can pick finitely many
points z; € K, i =1,..., N such that abbreviating r; := r5, the balls B,,(z;),
1=1,..., N still cover K. We set

Let 7 € K and y € (M \ M*)/G be any two points. Choosing i € {1,..., N}
such that z € B2 (z;), we have

d(z,y) > d(z;,y) —d(z, ;)
> 27’2‘ —T;
= 7> (A.13)

Let Z,y € K be points such that d(z,7) < r. Since

d(z,5) = inf  d(z,y)

Gz=z,Gy=y

= inf{l(y) |y € C>([0,1], M) : Gy(0) = z,Gv(1) = ¥},

there is a smooth path v : [0,1] — M such that v(0) = z, v(1) = ¢
0(y) <r. Let~:[0,1] = M be any such path. We claim that ([0, 1]) C M*.
To see this, assume by contradiction that there was a point ¢y € [0, 1] such
that y(tg) € M \ M*. Then

() d(z,7(to)) + d(y,v(to))
d(z, Gy(to)) + d(y, G (to))

T4 (A.14)

AVARAVARAY]

Here the last inequality follows from (A.13). This contradiction shows that
indeed ~([0,1]) € M*. Tt follows that

d(z,9) = Wf{(y)[y € C([0,1], M*) : Gy(0) = z,G(1) = 7}
> f{0(7)|5 € C=([0,1], M*/G) : 5(0) = z,7(1) = }
= d'(z,9).

Together with (A.8) this implies (A.9). This completes the proof of Lemma
A1l O

A.4 Hamiltonian Lie group actions
A.4.1 Regular values of the moment map

Let G be a connected Lie group acting in a Hamiltonian way on a symplectic
manifold (M,w), with moment map p. An element 7 € g is called central
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iff grg=! = 7 for every g € G. The next lemma guarantees that for every
central value 7 € g such that G acts with discrete isotropy groups on p=*(7)
the subset x~!(7) € M is a submanifold. For its proof see also Proposition

2.3.2 [Gal.

Lemma A.12 (Regular value of p) Let 7 € g be a central element. As-
sume that the stabilizer G, of every x € u='(7) is discrete, i.e. consists of
i1solated points. Then T is a regular value of .

Proof: Fix z € u~!(r). We have to show that du(z) is surjective. For this
it suffices to show that (imdu(z))* = 0. Fix any £ € (imdu(z))* = 0. Then
for every v € T, M

0 = (du(z)v, &) = w(Ls§, v),
and therefore L, = 0 by the nondegeneracy of w. By Lemma A.4 we have

0 = Lie(G,) = ker L,

and thus & = 0. This proves that (imdu(z))* = 0 and thus the Lemma.
(]

A.4.2 Local equivariant symplectic action

Assume now that G is compact. Let J be a G-invariant w-compatible almost
complex structure on M. Assume that the hypothesis (H1) holds.

Lemma A.13 There are constants 0,C > 0 such that the following holds.
If v : S' 2 R/(27Z) — M and n : S* — g are smooth loops such that
maxg o x| < 6§, then there is a point vy € p=1(0) and a smooth loop
go : St — G such that

27
Csup l +dogs | < o) = [ fi o+ X (o) dy. (A15)
1 0

d(z(¢), go(p)wo) < C(lu(x(@))| + l(x,n)), Ve S (A.16)

Furthermore, let 7o < 71 € R and letu € C™([r9, 1] xS, M), n € C°([r0, 71 X
St.g) be such that maxiy jxs |p(u)| < 8. Then there are maps xy €
C>([10, 7], n~1(0)) and g9 € C®([r0,71] x S, G) such that for every T €
[10,71] (A.15) and (A.16) hold with x := u(r,.), n replaced by n(7,.) and go
replaced by go(T,.).

Proof: The first part of this Lemma is Lemma 11.2. in [Ga]. The second
part follows as in the proof of that Lemma by choosing § > 0 enough such
that c36/27 is less than the injectivity radius of the exponential map of G,
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where c3 is a constant as in the proof of that Lemma. a

We define ¢ > 0 to be the largest number such that if z € p=*(0) then
the exponential map of (M, g, s) restricted to the open ball B, C T, M is
injective. We fix constants d,C' > 0 as in Lemma A.13 and set

§o = min {5, %} (A.17)

Definition A.14 Let (z,n) : S' — M x g be a smooth loop such that
maxgt |u(x)| < 0o and €(x,n) < dy. The local equivariant symplectic ac-
tion of the pair (x,n) is defined to be

Al,m) = — / wwt / (@) () dio,

where u : [0,1] x SY — M s given as follows. Let xg € ~1(0) and go : S* —
G be as in Lemma A.13, and for ¢ € S* let v(p) € B, C Tyy(p)zoM be the
unique tangent vector such that

l’(gO) = engg(gp)xo U(SO)

It follows from Lemma A.13 that the vector v(y) exists. That it is unique
follows from the definition of «. So A(z,n) is well-defined.

Lemma A.15 (Isoperimetric inequality) There ezists a constant ¢ > 0
such that the following holds. If (x,n) : St — M is a smooth loop such that
maxg [ o x| < dy and l(x,n) < &y, where oy is as in (A.17), then

|A(z,m)] < C/o ”<|¢+Xn<x)‘2 + |p(@)[?) di.

Proof: This is Lemma 11.3. in [GS]. O



B Gauge and reparametrizations

In this section p > 2 is a fixed number.

B.1 Gauge

Recall that for every open subset (2 C C the gauge group I/Vlif(Q, G) acts on
WhP(Q, M x g x g) by the formula

g (u, @, V) == (g7 u, g (P + 8)g), 9~ (¥ + 0y)g)).- (B.1)

Lemma B.1 Let Q C C be an open subset, w € VVhl)f(Q,M X gxg)bea
map and g € W2P(Q,G) be a gauge transformation. Then defining w' =

loc

(u', "0 := g*(u, P, ¥) we have

dsu’ + Xor(u') g (Osu + Xo(u)), (B.2)

o' + Xo(u) = g7 (Ou+ Xe(u)), (B.3)

OV — 9,0 + @, V] = ¢ 10,V - 0,® + [®,V])g, (B.4)
Cw = Cp. (B.5)

Proof of Lemma B.1: These are straight forward computations, using
that  : M — g is equivariant and that the metric g, ; is invariant under the
action of G. O

By the Lemma, the energy is invariant under gauge transformations, i.e.
E(g*w,Q) = E(w, ),

for every open subset 2 C C, for every map w € I/Vli’cp((c, M x g x g) and
every gauge transformation g € G>?.

The next Lemma is used in the proof of Proposition (D.2) (Regularity
modulo gauge). As a corollary to the Theorem of Peter-Weyl, we can embed
the Lie group G as a closed subgroup of the group of orthogonal matrices
O(¢) for every large enough integer . So w.l.o.g. we may assume that G
is a closed subgroup of O(f) C R**‘. Every norm on a space of maps from
2 C C to G is to be understood w.r.t. this embedding. For the proof of the
next lemma see also [Weh|, Lemma A.8.

Lemma B.2 (Regularity of the gauge transformation) Let & € N U
{0} and Q C C be an open subset. Then the following holds.
(i) Let g € WEP(Q,G) and let ®, 9 € C*(Q,g) be such that g*(®, V) €

ocC

C*(Q,g). Then g € C*1(Q,G).
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(ii) Assume that Q) is bounded and has a smooth boundary. Then there exists
a constant C' such that for every g € WP(Q, G) and every (®,¥) €
WkP(Q, gx g) the following holds. If (&', V') := ¢*(®, V) € WkP(Q, g x
g) then g € W*LP(Q, G) and

| D¥ g ooy <

C (1102, 9, @) |y + |[(@ 0, @ W[5 ) ) (B6)

Proof: If g € W,'?(Q,G) and (®, ¥) € LP

e(€2, 8 x g) are maps, then defining
(P, 0 := g*(P, V), we have

059 = g — g, g = g¥' — Vg. (B.7)

Part (i) of the lemma follows from this equality by induction on k.

We prove (ii) by induction on k. For k := 0 the assertion follows
from (B.7). We fix £ > 1 and assume that the assertion holds for k£ — 1.
In the following C' denotes a constant depending only on G, €2, k,p and the
embedding of G in O(¢). It changes from estimate to estimate. Let g €
Whr(Q,G) and (®,¥) € WhP(Q, g x g) be such that (&', ¥') := ¢g*(, ¥) €
WkP(Q, g x g). We abbreviate

[ i =11 llwir, -l =11+ o), [ llco =[] lleo@:
u= (O, 0, V):Q - g

Equality (B.7), Morrey’s inequality and the induction hypothesis imply that
g € WELP(Q, G) and

=1

k
1D* ], < C ||9||co||D’“UI|p+ZIID’gllpIID’“_ZUIIC())

IN

i=1

k
C | Muullip + D (allimrp + Hulli_y,)ful Ikm,p)

k
< C |IUI|k7p+IIUIIi,p+ZI|UIIZTp1>
i=1

< O(|lullrp + [ullf5)).

Hence the assertion holds for k. This proves (ii) and concludes the proof of
Lemma B.2. a
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B.2 Reparametrizations

We can generalize the notion of a vortex and of energy as follows. Let
Q,Q2 C C be open subsets and ¢ : 2 — ) be a holomorphic map. Let
w E Wl’p(Q, M x g x g). The p-vortex equations for w are the equations

loc

0,1 + X5 (0) + J(@) (0 + X5 (W) = 0, (B.8)
AU — 0,0 + [®, U] + |¢Puocu = 0. (B.9)

We abbreviate _ I
K= 0,V — 0,® + [®, V],

and define the g-energy density of w to be the map
1 _ _ _ _ o _ ~
e 1= 5 (10,4 X5 (@) P+04+ Xy () *+1| 2[R+ o) : @ — [0, 00),

N (B.10)
and the p-energy of w on 2 by

E?(w,Q) := /~ eZdsdt € [0, 00].
o

In the following we identify g x g with the complexification g€ := g@rC. We
fix a map w = (u, ®+i¥) € W P(Q, M x g€) and define @ := (&, d +iV) :=
Y w to be

Yrw = (uogp,a-(@—l—i\ﬂ)ogo):QHngC. (B.11)
Forx € M, v € T,M and X\ := a + bt € C we use the notation
v = av + bJ(z)v € T, M.

Proposition B.3 Assume that €2, Q and w,w are as above and that o : Q —
Q is a biholomorphic map. Then the first vortex equation (0.1) for w is equiv-
alent to the equation (B.8) for w and (0.2) is equivalent to (B.9).

Furthermore,
eq =¥ ewop (B.12)
and N
E?(w,Q) = E(w, Q). (B.13)

For the proof of Proposition B.3 we need the following lemma.

Lemma B.4 Let Q,@,w,f& be as in Proposition B.3 and let ¢ : Q — Q be
a holomorphic map. Then
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Ast+ X (W) + J (W) (dyu+ Xg () = ¢+ (Dsu+ Xo(u) +J (u) (u+ Xy (u))) o,
(B.14)

E=]¢Progp, (B.15)

05+ X5 (@) + [0u+ Xg (@) = @] (10su + Xo(u) ]+ 0u+ Xo(w)]?) o .
(B.16)

For the proof of Lemma B.4 we introduce the following notation. For
every 1-form A € Q(C, g) we define

1
FA = dA+§[AAA]

Note that defining P to be the trivial principal G-bundle C x G, A can be
viewed as a connection one form on P and F)4 corresponds to its curvature.
For £ = 0,1,2, 2 C C an open subset and g a metric on {2 we denote by
x, 1 QF(C, g) — Q*7%(C, g) the Hodge *-operator w.r.t. g and the standard
orientation on (2. For every x € M and every linear map o : C — T, M we

define .
AL 5(04 + Jai).
Furthermore, for every u € C*(Q, M) and A € Q'(, g) we set

dau = du+ Xu(u) € Q(Q,u*TM),
Oya(uw) = (dau)®V € QOV(Q u*TM).

Lemma B.5 Let Q,ﬁ C C be open subsets, g be a metric on 2, A €
QLQ,9), k€ {0,1,2}, a € Q¥Q,g) and ¢ : Q — Q be an orientation
preserving diffeomorphism. Then

Fon = ¢©"Fa, (B.17)
*prg(Pra) = P (xg00). (B.18)
Let u € C*(Q, M). Assume that ¢ : Q— Qs holomorphic. Then
Dypraluo ) =@ 0y a(u) € QON(Q, (uo ) TM). (B.19)
Furthermore, let a € QY(Q, u*T'M). Then
el = [¢'PPlaf® o . (B.20)

Proof: (B.17), (B.18) and (B.20) follow from short calculations. To prove
(B.19), observe that for every o € Q(Q, w*T M) we have

(") = (@)
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Applying this to o := dau yields (B.19). This completes the proof of Lemma
B.5. a

Proof of Lemma B.4: By a density argument we may assume w.l.o.g.
that w and w are smooth. We define

A = dods+ Vdt € QY(Q, g),

A = ®ds+ Vdt € Q'(Q,g).
Denoting by R(z) the real part of a number z € C, we have

A = R(g- (D +iT)o0pdz)
= R (@ +iw)az))
= R((®+iV)dz)
= @A (B.21)
To prove equation (B.14) note that
(ds - J(@)dt) (05t + Xg(w) + J(0)(0u + Xg()))
= 28J,/_T(ﬁ)
= 2¢"0ya(u)
— " ((ds — J(u)dt) (9su + Xa(u) + J(w)(Dyu + Xo(u))) )
= (ds — J(w)dt)¢’ - (Osu + Xo(u) + J(u)(Ou + Xy (u))) o ¢.
Here in the second equality we have used (B.19) and (B.21). This implies

(B.14).
To prove (B.15) note that

Fy = rds N dt, F; = rds A dt.
Therefore, Lemma B.5(B.17) and (B.21) imply
kds Ndt = Fj
— Fy
= @'Fy
= (ko)p*(ds Adt)
= |¢'|*(k o p)ds Adt.
This implies (B.15). N
To prove (B.16) we set & := d ju € Q(Q,u*TM). Then by Lemma B.5
we have
0, + Xp(@ + 104+ Xg (@ = |d5aP
= l¢*daul’
= |¢Pldaul* o ¢
= |¢*(10su + Xo(u)]* + [Gru + Xa(u)[*) 0 p.
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This proves (B.16) and completes the proof of Lemma B.4. 0

Proof of Proposition B.3: By a density argument we may assume w.l.o.g.
that w and w are smooth. That (0.1) is equivalent to (B.8) follows from
Lemma B.4(B.14). That (0.2) is equivalent to (B.9) follows from Lemma
B.4(B.15). Equation (B.12) follows from B.4(B.15) and (B.16). To prove
(B.13) note that

E?(@,Q) = /~ez%dsdt
Q
= /~|g0'\26wdsdt
Q
= /ewdsdt:E(w,Q).
Q

This proves Proposition B.3. O

B.3 Reparametrization by an automorphism of C

Consider now the special case () := Q= C, and let ¢ : C — C be a complex
automorphism. Then there exist A = Re® € C\ {0} and z, € C such that
©(2) = Az + 2p. We fix a map w := (u, ®+i¥) € W,2’(C, M x g°). We have

e (u,® +i0) = (u,N(®+1i¥))op
= (u, R((COS(@)(IJ + sin(6) ¥)

+i( — sin(0)® + cos(e)\p))) op.  (B.22)
The p-vortex equations are now given by

Osu + Xo(u) + J(u) (O + Xg(u)) =0, (B.23)
OV — 0, + [®, U] + R*pou = 0. (B.24)

We refer to these equations also as the R-vortex equations.

It follows from Proposition B.3 that w solves the vortex equations (0.1),(0.2)
if and only if p*w solves the R-vortex equations (4.1),(4.2). If ¢ is an orienta-
tion preserving rigid motion of the plane then it is of the form () = €2+ 2.
It follows that equations (0.1),(0.2) are invariant under the action of such a .

For every R > 0 we define the R-energy density of w: ) — M x g X g to
be

1
e 3 (|88u+X¢ou|2+|6tu+Xq,ou|2+R_2|8S\I/—8t<l>+[<1>, \II]|2+R2|uou|2) ds dt
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and the R-energy of w on § by

Ef(w, Q) := / el dsdt.
Q
We denote E®(w) := ER(w,C). Let p(z2) := Re?z + 2. Then eff = ¢#,
Ef(w,Q) = E¥(w, ) and it follows from Proposition B.3 that Ef(¢*w, Q) =
El(w,¢(€)). Note also that if w solves (4.1),(4.2) then

el = 10u + Xo(u)|> + R*|p o ul?.

B.4 Gauging and reparametrization

The action of the gauge group G>» = W2*(C, G) on W,"?(C, M x g€) given

by (B.1) does not commute with the action of the group Aut(C) of com-
plex automorphisms of C on WLP(C, M x g®) given by (B.22). This would

loc
mean that ¢*(g*w) equaled g*p*w for every ¢ € Aut(C), every gauge trans-
formation ¢ € G?P and every map w € VVhl)’f(C,M x g©). If this was the
case then there would be an action of the product group Aut(C) x G*P on
WLP(C, M x g€) defined by (i, g)*w := g*¢*w. As a substitute, we will show
that this formula defines an action of the semi-direct product Aut(C) x G*P
on W.5P(C, M x g®). This action descends to an action of Aut(C) on the set

loc

of gauge equivalence classes Wip (C,M x g©)/G?».

loc

Proposition B.6 Let (), Q CC be open, subsets, (u, ®+i¥) € W'P(Q, M x

loc

a%) be a map, ¢ : Q — Q be a holomorphic map and g € G*P be a gauge
transformation. Then

(9" (u, @ +i0)) = (go @) " (u, ® + V). (B.25)

Proof of Proposition B.6: To simplify the proof, we work with the
complexified tangent spaces 7T’ g(CG = T,G ®r C for g € G and write

g(& +1n) == g€ + ign, (£ +1in)g :== &g + ing,

for g € G, £,n € g. Since ¢ is holomorphic, we have

Oi(g o) = dg(p)op = dg(p)(i0sp).

Therefore, writing ¢ = 1 + 192 we have

Os(gop)+idgop) = dg(p)dsp +idg(p)(i0sp)
= (68901 - 268302) : (asg + Zatg) o 90

= ¢ (0sg +i0g) o . (B.26)
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It follows that for every map ® + iV : C — g© we have

(gop)¢"(P+ W)
g op) (¢ GP+NHO¢MO¢+%J”owX&wow)+%Mgow)
(g7 (@ +iW)g) oo+ (g7 0 0) (¢ (Oug +i0ig) 0 )
(g7 (@ +i0)) o
= " (g" (P +1iV)). (B.27)
Here we have used (B.26) in the third line. Equality (B.25) follows from
(B.27) and from the equality

—~

¢
¢

p'(g'u) = (g7 u)oy
= (97 opuoy
= (909)¢"u.
This proves Proposition B.6. O

We recall the following definition. Let G and H be two groups with
neutral elements eg, ey. We denote by Aut(G) the group of automorphisms
of G. Let G 3 g — p, € Aut(H) be an anti-homomorphism, in the sense
that pgy = pg'pg. The semi-direct G x H is defined to be the product G x H
together with the multiplication given by

(9:2) - (d', 1) == (99", py (W)K)
and neutral element given by (eg,en). Consider the case G := Aut(C),
H := G*F, and let Aut(C) 3> ¢ — p, € Aut(G*?) be the pullback action
given by
Pe(9) == go .
Corollary B.7 The map
(AUt(C) x G27) x WZ(C, M x g°) — Wl (C, M x g©),
(0, 9)"w = g*(¢"w) (B.28)

18 an action.

Proof of Corollary B.7: Let w € VVllp((C M x g%). It follows immedi-
ately from the definitions that (id,e)*w = w. Furthermore, for every (¢, g),
(¢, g") € Aut(C) x G*P we have

((p.9)- (¢ ) w = (poyg. (go¢)g)w
= ((go¥)g) (po¢)w

* Ik _*k

“(goy) " w
I£3 * *

q
g g e w
(¢, q) (¢, 9)w
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Here the forth line follows from Proposition B.6. This proves Corollary B.7.
O

Corollary B.8 The group Aut(C) acts on the set of gauge equivalence classes
WhP(C, M x g©)/G>? by the formula

pw] == [P w]. (B-29)

Proof of Corollary B.8: We show that (B.29) is welldefined, i.e. [p*w]
does not depend on the choice of the representative of [w]. Let w € VVli’f(C, M x
g%), v € Aut(C) and g € G*P. By Proposition B.6 the map ¢*(g*w) is gauge
equivalent to p*w via the gauge transformation go ¢, hence [p*g*w| = [p*w].
This proves Corollary B.8. g

B.5 Sequences of reparametrizations

The next lemma reformulates conditions (i) and (ii) of Definition 3.6 (Con-
vergence) in an equivalent way assuming that we are in some special case.

Lemma B.9 Let (T,E) be a tree, with T = V UT, let ag € T, 2y := o0
and let zo5 € S% for aE be points such that condition (i) of Definition 3.2
with k := 0 holds. Let ©% be a Mdbius transformation for « € T, v € N.
Furthermore, assume that z, o = oo for every a € T, where Za,0 15 defined as
in (3.7) and (3.8) with i :== 0. Then the following holds.

(*) If a, 8 € T are such that aEB then either z,3 = 00 or 2z, = 00 (but
not both).

Furthermore, condition (i) of Definition 3.6 is equivalent to

(i’) For every o € T, v € N there are numbers 0 # A\ € C and 2%, € C
such that % (z) = Nz + 2. If a« € V then \! = 1. Furthermore, if
a €T then N, — oo for v — oc.

Assume now that (i’) is satisfied. Then condition (ii) of Definition 3.6 is
equivalent to

(i) If o, B € T are such that aES and z.p # 0o then

A\ 2% —2¥
28 0, g a
Y AV

a

— Zaf,

where \;, \j, 2y, 2 are as in (i’).
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Proof: We prove (*). Assume that a,3 € T are such that «E5. From
section 1 recall the definition of the subtree T,z C T, which contains the
vertex 3. Suppose that z,3 = 0o. Since by hypothesis z,¢ = oo, distinctness
of the nodal points at § (condition 3.2(i)) implies that oy € Tpp. It follows
that 2z, # 23,0 = 00.

Suppose now that z,3 # 0o. By distinctness of the nodal points at o we
have ag € Tp,o. It follows that zg, = 250 = co. This proves (*).

We prove that 3.6(i) implies (i’). Let a € T be a vertex. If a € V
then the assertion of (i’) follows immediately. Assume that o € T. Our
hypothesis that z,0 = co and condition 3.6(i) imply that there are numbers
A2 € C\ {0} and 2% € C such that ¢”(z) = Nz + z¥. Furthermore, setting
Ve = 1id : §% — S?%, the last part of 3.6(i) implies that

Ao = (#0)'(2) = o0,

for v — oo, for every z € C. That (i”)==3.6(i) follows analogously.
Assume now that (i’) is satisfied. In order to prove that 3.6(ii) and (ii’)
are equivalent, we fix numbers A\, and z” as in (i’). Observe that if « £ then
_

v vy—1 v Zg B ng
(pa[?(z) = ((pa) © ()Oﬁ(Z) - )\—VZ + \

(B.30)

We show that 3.6(ii) implies (ii”). Assume that o« E5 and that z,3 # oco.
Then by (*) we have z3, = co. Therefore, condition 3.6(ii) and (B.30) imply
that

v _ LV
Z,G zZ

SOZM,B(O) = )\V = - Za’ﬂ'

Furthermore, using again (B.30) and 3.6(ii), we have

% _ %, s B

Aa Aa Aa e
zg -z

v
Za

— ZaB T RaB = 0.

Hence (ii’) holds.

We show that (ii’) implies 3.6(ii). Assume that aFE3. In the case
zop # 00 the assertion of 3.6(ii) follows from (B.30) and condition (ii’).
Assume that z,3 = co. Then (*) implies that zg, # co. Hence (ii’) implies
that

A Zo — 23

v - v
A A

A\ 2¥ — 24

v 8 o [¢]

Pag )\_1/<_ )‘E >—>OO>
(e}

— ZBa-

It follows that
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uniformly on every compact subset @ C S?\ {z3,}. Thus the assertion of
3.6(ii) holds in every case. This completes the proof of Lemma B.9. O



C Vortices on bounded subsets of C

We fix a number p > 2.

C.1 An a priori Lemma

For r > 0 and zy; € C we denote by B,(zy) the open ball in C, and we
abbreviate B, := B,.(z).

Lemma C.1 (A priori Lemma) Let K C M be a compact subset. Then
there exists a constant Ey > 0 such that the following holds. For every zy € C,
r > 0 and every solution w := (u,®, ) € WIP(B,.(2), M x g x g) of the
vortez equations (0.1),(0.2) satisfying

uw(Br(2)) C K, (C.1)
B(w, By(z0)) = / ends dt < B, (C.2)
By (20)
the estimate 8
ew(20) < —5 E(w, Br(2)) (C.3)

wr

holds.
For the proof of Lemma C.1 we need the following lemma.

Lemma C.2 (Heinz) Let r > 0 and ¢ > 0. Then for every function f €
C?*(B,,R) satisfying the inequalities

2o arz—efs [ gl (C.4)
B, 8c
we have .
0) < — . C.5
o< s (©5)
Proof of Lemma C.2: This is Lemma 4.3.2 in the book [MS3]. O

Proof of Lemma C.1: Let K C M be a compact subset. Consider the
set
K =G -K:={gz|ge G,z e K}.

Since K’ is the image of the compact sets G and K under the continuous
map G X M 3 (g,z) — gx € M, it is compact. By the calculation in Step 1
of the proof of Proposition 11.1. in [GS], there is a constant ¢(K’) > 0 with
the following property. If 2 C C is an open subset and w' := (u/, ®', V') €
C?*(Q2, M x g x g) is a solution of (0.1), (0.2) satisfying u'(2) C K’ then

Aey > —c(K')e2,. (C.6)



C.1 An a priori Lemma 195

We set

~ 9e(K)

Let 7 > 0 be a number, 2y € C be a point and w = (u, ®, ¥) € W'?(B,(z), M x
g x g) be a solution of (0.1), (0.2) such that (C.1), (C.2) are satisfied. By
replacing the map w by @ := w(- + zp) we may assume w.l.o.g. that zo = 0.
By Theorem C.6 there exists a gauge transformation g € W2?(B,(z)) such
that

EQI

W= (@) = g € OBy (z0)).
By (C.1) we have

W' (Br (%)) = (97 u)(B(20)) €G- K = K,

and hence inequality (C.6) is satisfied. Furthermore, Lemma B.1 implies that
ey = €y, and hence by (C.2)

™

~ 9e(K)

E(w', B,(2)) = E(w, B.(20)) < Ey :
It follows that condition (C.4) of Lemma C.2 is satisfied with f := e, and
¢ := ¢(K’). Applying Lemma C.2 we conclude that inequality (C.3) holds.
This proves Lemma C.1. O

The next lemma follows from Lemma 9.1 in [GS].

Lemma C.3 Let ¢ > 0, p > 2, Q2 C C be an open set and ) C 2 and
K C M be compact subsets. Then there are positive constants Ry and C, :=
C(e,p,Q,Q, K) such that the following holds. Let R > Ry and let w =
(u,®, W) € WoP(Q, M x g x g) be a solution of the R-vortex equations (4.1),

loc

(4.2) such that

wWQ) C K, (.
||8SU+X¢ Ou||Loo(Q) < ¢ (CS

Then

Proof of Lemma C.3: Let Q' C Q be an open bounded subset with
smooth boundary such that @ C Q. We define K/ := G- K C M. Since
K and G are compact, K’ is also compact. Let R > 0 be a number and

consider the Riemann surface ¥ := ' with volume form dvolg := R2%ds A dt
and the principal G-bundle P := (' x G. Denote by AP(P) the affine space
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of W'P-connections on P and by WgP(P, M) the set of equivariant 1/P-
maps 4 : P — M. For every map w := (u,®, V) € WHP(Q, M x g x g) we
define (4, A) € WiP(P, M) x A“(P) by

fL(Z, g) = g_lu(z)7 A(z,g)(ga gg) = 5 + g_l (Cl(b(z) + §2\D(Z))g,

for (z,9) € @ x G and (¢, g€) € T, (2 x G) = C x gg. Then w solves the
R-vortex equations (4.1), (4.2) on Q' if and only if the pair (@, A) solves the
vortex equations on P,

Oyalu) = 0, (C.10)
*«Fp+ p(u) = 0. (C.11)

Here * : Q2(Y,gp) — Q°(Y,gp) denotes the Hodge star operator w.r.t.
dvolg. It follows from the proof of Theorem 3.1 in [CGMS] that for ev-
ery R-vortex w € W'P(QY, M x g x g) there is a gauge transformation
g € W2P(QY,G) such that g*w € C=(Q', M x g x g). To see this we have to
use a version of the Local Slice Theorem that allows the base manifold of the
principal G-bundle P to have a nonempty smooth boundary, see Theorem 8.1
in the book [Weh]. Furthermore, if u(€2') C K then g*u()) C K’. Lemma
C.3 follows now as in the proof of Lemma 9.1 in [GS]. O

Lemma C.4 Let Cy > 0, Q C C be a bounded open subset, () C €2 be a
compact subset, and \ : Q0 — (0,00) be a smooth function. Then there exist
constants Ry > 0 and C > 0 such that the following holds. If R > Ry is
a number and w = (u,®, V) : Q@ — M X g X g is a smooth solution of the
equations

Osu + Xo(u) + J(Opu + Xy (u)) = 0, OV — 0, + [®, V] + R*N*pou =0,

such that
sup (|0su + Xo(u)] + Rlpou|) < Co, (C.12)
Q

then
o ulliog) < CR™# (|[85u + Xo(u)||r2) + Rl o ull @), (C.13)
for 2 <p<oo.

Proof of Lemma C.4: This is part of the statement of Lemma 9.3 in the
paper by R. Gaio and D. A. Salamon [GS]. O
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C.2 Regularity modulo gauge
Lemma C.5 Let Q C C be an open subset and (u, ®,¥) € W2 (Q, M xgxg)

loc

be a solution of the first vortex equations (0.1). Then u € W2P(Q, M).

ocC

Proof of Lemma C.5: Let z € Q be a point, ¢ : U C M — R?" be a
local coordinate chart such that u(z) € U, and let ' := v~ }(U) C Q2. We
define u!*® ;= p ou : Q' — R?" and J°° : () — R¥™2" by

J(2) := dp(u(2))J (u(2))dp(u(z)) ™,

for z € . Then ' € W P(Q,R*") and J°° € W.P(Q,R***?>"). Propo-

ocC ocC

sition E.10 applied with © replaced by € implies that u'°¢ € W2P(Q, R*")

loc

and therefore u|o = ¢! o ul® € W2P(QV, M). Since 2z, € Q is arbitrary, it

loc

follows that u € W,>?(Q, M). This proves Lemma C.5. O

loc

Theorem C.6 Let k be a positive integer or be equal to oo, let J be a G-
invariant w-compatible almost complex structure on M, of class C*, let p > 2
and R > 0 be numbers and 2 C C be an open bounded subset with smooth
boundary. Then for every solution w = (u,®, ) € W (Q,M x g x g)
of the R-vortex equations (4.1), (4.2) there ezists a gauge transformation
g € W2P(Q,G) such that g*w € W*LP(Q, M x g x g) in the case k < oo

and g*w € C*(2) in the case k = co.

Proof of Theorem C.6: This follows from the proof of Theorem 3.1 in
[CGMS] with ¢ := k, P := B,(z) x G and the connection 1-form A on P
given by

A0 (€ 98) == €+ g7 (GR(2) + G¥(2))g,

for (z,9) € P and ((,g¢) € T(.y)P = C x gg. Observe that that Theorem
holds also in the case in which the base ¥ of the principal G-bundle P has
boundary. To see this, we use a version of the local slice theorem for the case
0%, # (0, for example Theorem 8.1. in the book [Weh]. O

By the Whitney embedding theorem (see the book by Hirsch [Hi], Theo-
rem 3.2.14 p. 55) there exists an embedding ¢ : M — R2dmM+L For every
open subset 2 C C, every nonnegative integer k, every number p > 2 and
every k-times weakly differentiable map w := (u, ®, V) : Q — M X g X g we
denote

l[wlwrr@) == 1]t o ullwrr) + [[(P, V)] lwrs) € [0,00].

Note that this norm depends on the embedding «¢.
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Theorem C.7 (W*?-bound modulo gauge for vortices on a bounded set)
Let ¢ > 0 be a constant, Q2 C C be a bounded open subset with smooth bound-

ary, and K C M be a compact subset. Then for every k € N and every

p > 2 there is a constant Cy, := C(c,Q, K, k,p) such that for every solution

w= (u,® V) € WHP(Q, M x g x g) of the vortex equations (0.1), (0.2) the
following holds. If

u(2) C K, |05t 4+ Xo(u)|[Loo() < €
then there is a gauge transformation g € W2P(Q, G) such that
||g*w||Wk,p(Q) < Ck,p-

Proof of Theorem C.7: Assume by contradiction that there are a constant
¢ > 0, an open subset 2 C C with smooth boundary, and numbers k£ € N
and p > 2 such that there is no such constant Cj,. This means that there is
a sequence w, = (u,,®,,¥,) € WHP(2, M x g x g) of solutions of the vortex
equations (0.1), (0.2) such that

U‘I/<Q) g K7 “asuu_'_X(I)V(ul/)HLOO(Q) S &
and for every sequence g, € W*P(Q2,C) we have

Hgiwunw(Q) — 09,

and therefore g*w, has no C*()-convergent subsequence. This contradicts
the assertion of Theorem 3.2. in [CGMS], with ¥ := €, dvoly := ds A dt,
P=0xG, 1, :=7:=0, (W, fl, Jo, H,) := (w, 1, J,0). Note that the proof
of that theorem also works in our case, in which the base  of the principal
G-bundle P = €2 x G has boundary. For this one has to use a version of Uh-
lenbeck compactness for a compact base with boundary, see Theorem E.7,
and a version of the local slice theorem allowing boundary, see Theorem 8.1

in the book [Weh]. This proves Theorem C.7. O

C.3 The energy-action identity

In this subsection we state and prove a lemma which says that for 7_ < 7, the
energy of an expg-vortex on [7_, 7,] x S? equals the difference of the actions
of its end loops. Since every such expc-vortex corresponds to an ordinary
vortex on the annulus A(e’,e™), it follows that the energy of a vortex on
an annulus equals the difference of the actions of its suitably reparametrized
end loops. The lemma is used in the proof of the Annulus Lemma 4.11.



C.3 The energy-action identity 199

Consider the equations for a map (, ®, ¥) € W,"(C, M x g x g)

B, + X3 (1) + J@) (8 + Xg(@) = 0, (C.14)
AU — 0D + [®, U]+ e pou = 0. (C.15)

In the language of section B.2 these are the expg-vortex equations, where
expe : R x S' =R x (R/(27Z)) — C

is the exponential map given by exp¢ (1,) := €™, The expc-energy density
of a map @ = (u,®,V) € € WhP(Q, M x g x g) defined on an open subset
Q C R x Stis given by

- 1 - - - - o~ -
G = 5 (105 + Xg(@) + 10,0 + Xg @ + ¥ [RJ + e o),

where N o

K =0,V — 0,0+ [, V]
Furthermore, the expc-energy of such a map w on a measurable subset X C
is given by

B, X) = / S ds dt.
X

Lemma C.8 Let &y be as in (A.17). Let 7 < 7 be real numbers and
w = (u,®,¥) € C°([r_, 7] x S, M x g x g) be a solution of the expc-
vortez equations (C.14), (C.15). Assume that

 nu(r o)l <o, VT €[], p € 5T, (C.16)
(@, T)(7,) = [ |0,0(r, @) + Xg 10 (@7, 9))|dip < b9, V7. (C.17)

Then

E({Dv [7—77_-1—] X Sl) = _A((aa {I;)(T-l—v )) + A((av {IVI)(T—a ))

Proof of Lemma C.8: We define ¢ > 0 to be the largest number such that
if z € = 1(0) then the exponential map of (M, g,, ;) restricted to the open ball
B, C T, M is injective. We fix constants C' and ¢ as in Lemma A.13. Applying
that lemma with u := 7 and 7 := U there exists 2o € C([7_, 7], x~(0)) and
go € C([r_, 7] x S',G) such that (A.15) and (A.16) with = := u(r,-) and
go(v) == go(T, ) are satisfied, for every 7 € [17_,7¢]. We define v’ := giw
Since 2C6y < ¢, (A.16) and the hypotheses (C.16), (C.17) imply that for
every T € R and p € S' 2 R/(27Z)

d(u'(7,0),20(7)) = d(u(r 90) 9o(,)20(7))
C(|u(@(r, )| + £(u(r, ), ¥(r,-)))
0(50 +50) < (L.
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Therefore for each (7,¢) € [r—,74] x S* we can define v(7,¢) € TyyinM to
be the unique vector of norm less than ¢ such that

eXPyy(r) U(T, ) = (7, ).
The map v : [7_, 7] X S — TM is smooth. We define
hilr 7] x[0,1] x S — M, he(A, ) i= (T, A, ) == expy () AV(T, p).
The calculation in the proof of Proposition 3.1 in [CGS] shows that
€y = w01, 0pu’) — O (), ') + O, (u(u'), ).

Therefore,

B[t 7] xS = /[ s (w(0:,0,u") — O (pu(u'), U')
T_,74]|xS1

+ Oy (p(u’), (I>'>) dr dy

= / w
[T— 4] ><S1

_/ U dpdr+0
_ /[T_WSI(“)“’_ / (B (4, 0)), W74, ) dp

2
+ [ o), W) e (C18)
0
Furthermore, since dh*w = h*dw = 0, we have
0 = / dh*w
[r—,7+]%[0,1]xS1
—= / CL)
8( [t—,74+]%[0,1 XSI)
= / hy w— hr w
[0,1]x St [0,1]x St
—/ h(-,l,-)*w+/ h(-,0,)w. (C.19)
[T—vT-F}XSl [T—vT-F}XSl

Since for A\ := 0 the expression h(7,0, ¢) does not depend on ¢, we have

/ h(-,0,-)*w = 0.
[T—,m4]x St

Furthermore, for A := 1 we have h(7,1, ¢) = u/(7, ¢). Hence equality (C.19)
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together with (C.18) implies that

B, [r_, 7] x SY) = —

=

hr w +/ hy w
xSt [0,1]x 81

(il (1, ), W (1 ) dig
(el (), W ) dip

(W )7 ) + A, W) (7, )
(@ ) (74, ) + AT T)(r_..)).

S— S—

+

2 =

This proves Lemma C.8. O



D Vortices on C

D.1 Quantization of energy

For every compact symplectic manifold (M,w) and every w-compatible al-
most structure J on M the infimum of the energies of all nonconstant J-
holomorphic spheres in M is positive, see Proposition 4.1.4 in [MS3]. The
next lemma implies that the same holds for vortices.

Lemma D.1 (Quantization of energy) We have

inf { E(w) |w € WoP(C, Mxgxg) : (0.1),(0.2), E(w) > 0,u(C) compact} > Ey,

loc

where Ey > 0 is the constant from Lemma C.1.

Proof of Lemma D.1: Let Ey; > 0 be as in Lemma C.1. Let w =

(u, ®,¥) € W,'P(C, M x g x g) be a solution of (0.1),(0.2) such that u(C)

is compact and E(w) < Ey. Let zp € C. Since the estimate (C.3) holds for
every r > 0 it follows that e, (z9) = 0. This proves Lemma D.1. O

D.2 Existence of good gauges

For k € N U {0,00} we denote by J&(M,w) the set of w-compatible G-
invariant almost complex structures of class C*.

Proposition D.2 (Regularity modulo gauge) Let k € NU {c0}, J €
JEM,w), p> 2, R >0 be numbers, andw € W,-P(C, Mxgxg) be a solution
of the R-vortex equations (4.1),(4.2). Then there is a gauge transformation
g € G*P such that g*w € Wk+1’p(C,M X g X g) in the case k < oo and

loc

g'w € C®(C, M x g x g) in the case k = co.

The proof of Proposition D.2 follows the lines of the proofs of Theorem
3.6 and Theorem A.3 in [Frl].
Proof of Proposition D.2: Consider the case k < oc.

Claim 1 There exists a collection of gauge transformations g; € W*P(Bj;11, G),
7 €N, such that for every j € N we have
g;w S Wk+1,p(Bj+1’ M x g X g) (D].)
gi+1lB; = gilB;- (D.2)
Proof: By Theorem C.6 there exists a gauge transformation g; € W2?(Bs,, G)

such that giw € W*™P(By). Let ¢ € N be an integer and assume by
induction that there exist gauge transformations g; € W*?(B;,1,G), for
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j = 1,...,¢, such that (D.1) holds for j = 1,...,¢, and (D.2) holds for
j=1,...,¢ —1. We show that there exists a gauge transformation g,,; €

W?2P(Byys, G) such that

gipw € WHIP(By ), (D.3)

9@+1‘Bz = gZ‘BZ'

We choose a smooth function p : Byyo — By, such that p(z) = z for z € By.
By Theorem C.6 there exists a gauge transformation h € W2?( By, 5, G) such
that

h*w € WHP(B,L,). (D.5)

We define
ger1 = h((h™"ge) 0 p).

Then goy1 € WP(Byy2,G) and (D.4) is satisfied. Furthermore, since h*w €
WkHLP(B,, ) and

gw = (h_lgg)*h*w € WkH’p(BgH),

Lemma B.2(ii) implies that h=1g, € W**2P(B,, ;). It follows that (h~lg,) o
p € WF2P(B,,,), and therefore

ginw = ((h"ge) 0 p) W'w € WHIP(Byy).

So (D.3) is also satisfied. This terminates the induction and concludes the
proof of Claim 1. O

We choose now a collection of gauge transformations g;, 7 € N as in Claim

1 and define g € G*” by
9(2) = g;(2),

if z € B;. By (D.2) this map is well-defined. Furthermore, (D.1) implies that
g'w € I/V{Zjl’p (C). This proves the statement of the proposition in the case
k < oo. In the case k = oo the proof is analogous. This proves Proposition
D.2. O
We denote by

expe : C — C\ {0}
the exponential map on C. We identify g x g with the complexified Lie
algebra g© := g ®r C. For every function (u,® +iV¥): C\ 0 — M x g we
define w := (4, ® 4+ iV¥) := exp{ w, as in (B.11). This means that

?(ew’) = (e,
O(r.p) = ¢ ((cos()®(e) +sin(p) U (e™¥)),
U(r,p) = € (—sin(p)P(e™) + cos(p)¥(e™)). (D.6)
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For every g : C\ 0 — G we define
g:=goexpc:C— G.

It follows that for every w € WP(C\ 0, M x g%) and g € W2?(C\ 0,G) we
have

(¢*w) =G = (jcfla, THD+ 0, +i(T+ 8¢))§>. (D.7)

Recall the definitions (1.15) and (1.16) of the sets MFEP = Mvﬁ’p and M :=

M ; of vortices on C, and the definitions (1.17) and (1.19) of the gauge groups
GFt1P and G. For 1y € R we define

Moy = {(u,®,¥) € M| (7 +ip) =0, Vr > 70,0 € R}

and

Gr, = {9 € C¥(C,G)|0:9(T +ip) =0VT > 79, € R}.
Note that the action of G on M restricts to an action of G,, on Mm-
Proposition D.3 Let k € N, p > 2 and let 7o € R. Then the map
May/Gry = MEPJGETLP G2 (0, & i) > (GFT17)" (u, @ + i) (D.8)
s a bijection.

Proof of Proposition D.3: We prove that the map is injective. Assume
that G w,G:w' € M., /G, are such that (GFT1P)*w = (GF1P)*w’. This
means that there is gauge transformation g € W'llf)jl’p (C, G) such that g*w =
w'. Lemma B.2 implies that g € C*°(C, G). Furthermore, for 7 > 7y we have
® = @' = 0. Since
P =ge=g"(¢+0,)3

it follows that d,g = 0 for 7 > 79. Therefore g € G, and thus G; w = G w'.
This implies injectivity.

To prove that the map (D.8) is surjective let (GF+17)* (u, ®, U) € ME? /Gr+1p,

By Proposition D.2 there is g € G*P such that v’ := g*w € C®°(C, M xgxg).
We define h : C — G as follows. On B,-2 we set h = e. Let now

p € C®([1p — 2,0), [0, 1]) be such that p(7) =0 for 7 < 79— 1 and p(7) =1
for 7 > 719. For 7 > 19 — 2, ¢ € R we define h(e™™) := ?L(T, ¢), where
h(.,¢) : [0 — 2,00) — G is the unique solution of the ordinary differential
equation B _ B

Orh(., ) = —p' (. 0)h(. p)
with initial condition %(7’0 —2,) = e. We define w” := h*w’. Then for
T > 79 we have 67}2 = —®'h and therefore

" = h*® = h (&' + 0;)h = 0.
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Furthermore, since the data pig’ of the differential equation depends smoothly
on 7, ¢ it follows that h € C*°(C, G) and therefore w” € C*(C, M x g X g).
Thus w” € Mm- Under the map (D.8) the equivalence class GF w” gets
mapped to (GFTEP)*w” = (GFT1P)*w. This proves surjectivity and completes
the proof of Proposition D.3. O
That the map (D.8) is surjective, implies that for every r > 0 and every
vortex w € MUP there exists a gauge transformation g € G such that g*w
is smooth and in radial gauge outside the ball B,.

The next proposition is used in the proof of Proposition 4.6 (Hard rescal-
ing) and in the proof of Lemma (D.14) (Vortices of 0 energy).

Proposition D.4 Let (¢,V) € C*(C,g x g) be such that k = 0,V —
0P + [®, V] = 0. Then there exists a gauge transformation g € G such
that g*(®, V) = 0.

The proof of this proposition uses the following lemma. For its proof see also
the dissertation by U. Frauenfelder [Fr1], Corollary 3.7.

Lemma D.5 (s-gauge) Let (®,¥) € C>*(R? gx g). Then there is a gauge
transformation g € G such that (®', V') := g*(P, V) satisfies

' =0, v'(0,t) =0,
for every t € R.

Proof: We define g; : R? — G as follows. For every t; € R we define g; (., to)
to be the unique smooth solution of the ordinary differential equation

%91(-7%) = =2(. 1)1, o)

with initial condition g;(0,%y) := e. Then the map g; : R> — G is smooth.
Furthermore, we define g : R — G to be the unique smooth solution of the
ordinary differential equation

d

-2 = =67 0(0,.)g> = = (g7 (¥ + 9)g1) (0, )2 (D.9)

with initial condition go(0) := e. Then g, is also smooth. We define now ¢ :
R? — G by g(s,t) := g1(s,t)ga(t). We check that g satisfies the requirements
of the lemma. It is smooth. Furthermore,

9i® = g7 (05 + ®)g1 = 0.

Therefore, considering g, as a map from R? to G by setting ga(s,t) := g(t),
we have
P = g"® = gigi® = g5 ' 0590 + 0 = 0.
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Moreover, by (D.9) we have

U'(0,) = g"¥(0,-) = g7 (0, ) = (92" (0 + g7 ¥)g2) (0,-) = 0.

This proves the lemma. g

Proof of Proposition D.4: By Lemma D.5 there is ¢ € G such that
(', ¥') := ¢g*(P, V) satisfies &' = 0 and ¥'(0,t) = 0 for every ¢t € R. Fur-
thermore,

OV = 9,0 — 9,9 + [ V] =+ = g kg = 0.

It follows that W' = 0. This proves Proposition D.4. O

D.3 Asymptotic behaviour of finite energy vortices on

C
Given a map w = (u,® +i¥) : C — M x g© we denote by

W= (U, ® + V) := expl w

the coordinate transformed map, as in (D.6). Here we identify S' with
R/(27Z). Given a number 75 € R we say that w is in radial gauge outside

the ball B.~ iff

CT)(T, ) =0, V1T > 19, ¢ € R,
Recall that by (1.11) with R = 1 for every open subset 2 C C the energy
density of a map w = (u, ®, V) € WP(Q, M x g x g) is defined by

loc

1
Cw 1= §(|asu+x¢ oul? + |0u+ Xy oul? + 0,0 — 8,8 + [&, W] + |,,Lou|2),

and recall from (1.13) with R = 1 that
E(w, X) ::/ ewdsdt
X

denotes the energy of w on the measurable subset X C ). Recall that MEp
denotes the set of all solutions w = (u, ®,¥) € W'P(C,M x g x g) of the
vortex equations (0.1), (0.2) such that F(w) < oo and the subset u(C) C M
is compact. The next proposition makes it possible to define an evaluation
map vy, : M = le’p/QZ’p — M, see Definition 3.1. Its proof is based on
Proposition 11.1. in [GS] and Proposition D.2. Part (C) is a refinement of

an estimate in Proposition 11.1 in [GS].
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Proposition D.6 (Asymptotic behaviour) Let (M,w) be a symplectic
manifold, G be a compact connected Lie group that acts on M in a Hamil-
tonian way with moment map p, and let J be a G-invariant w-compatible
almost complex structure on M. Assume that hypothesis (H1) is satisfied,
i.e. that G acts freely on pu=1(0) and u is proper. Then the following state-
ments hold.

(A) For every finite energy vortex w = (u, ®, V) € MIP the map Gu : C —
M/G extends continuously to a map u : S* = CU {oo} — M/G, such
that ii(oco) € M = u~1(0)/G.

(B) Assume that (H2) (convexity at oo) holds. Then there is a G-invariant
compact subset Ko C M such that for every vorter w = (u, ®, ¥) € MP
we have u(C) C K.

(C) Assume that (H2) holds. Then there are constants E > 0, C' > 0 and
0 > 0 such that the following holds. For every vorter w € Ml’p, every

R > 1 such that
E(w,C\ Bg) < E (D.10)

and every z € C\ By we have

ew(2) < CRY|2|7%7°, (D.11)

For the proof of Proposition D.6 we need the following. We identify
St~ R/(277Z).

Proposition D.7 (A) Let w := (u,®,¥) : C — M x g x g be a smooth
finite energy vortex in radial gauge outside B,, for some number ro > 0,
and assume that u(C) is compact. Then the function u*w : C — R is
Lebesgue integrable and

E(w) = /(Cu*w. (D.12)

(B) There exists a number § > 0 such that the following holds. Let 2 <p <
4/(2 = 0) be a real number. Let w := (u,®, V) : C — M X g x g be a
smooth finite energy vortex in radial gauge outside B, for some number
ro > 0 and assume that u(C) is compact. Then the limit

xo := lim u(r) (D.13)

rT—00

exists and lies in p=(0), and there exists a map go € WHP(S1, G) such
that
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lim max d(u(re'?), go(p)zo) = 0, (D.14)
r—00 peSt
3 C14248),
sup [|gogo ' + (70, ')||LP(SI)€( T o o, (D.15)

70>0

Proof of Proposition D.7: Statement (A) is part of the statement of
Proposition 11.1 in [GS].

Proof of (B): We fix p > 0 as in (A.17) and choose 6 > 0 to be a number
less than the constant 1/¢, where ¢ > 0 is as in Lemma A.15 (Isoperimetric
inequality), depending on dy. Let 2 < p < 4/(2 —§) and let w := (u, P, ¥)
be a vortex as in the hypothesis, and let ro > 0 be so large that w is in radial
gauge outside B,,. As in Step 6 in the proof of Proposition 11.1 in [GS] we
have

Co:= sup  (10:0(r, )| + eT|uoii(r, ¢))e2” <00 (D.16)
(1,p)€[0,00) x ST
Claim 1
( ) 6;7) L T0+1 27
Cy:= sup ezt )/ / | o ulPdp dr < 0. (D.17)
To=>log o 70 0

The proof of Claim 1 is analogous to part of the proof of the second esti-

mate in Step 6 in the proof of Proposition 11.1 in [GS]. For the convenience
of the reader I repeat it here.
Proof of Claim 1: By Lemma C.4 with Cy, Q := (—1,2) x (—m,37),
Q :=[0,1] x [0,27] and A(7, ) := €7 there exist constants Ry > 0 and C' > 0
such that the following holds. If R > Ry and w := (ﬂ,&),@) is a smooth
solution of the equations

0.0+ X5(0) + J(0,0+ Xg(@)) = 0, (D.18)
0,V — 8,8 + [®, V] + R** ot = 0 (D.19)

on (—1,2) x (—m,3m), such that

sup (|0-u+ X5(@)| + Rlpoa]) < Co, (D.20)
(-1,2)x (—m,3m)

then

R 2 . -
o @l|zronxpomy < CR™ p(||3TU+X<f>(U)||L2((172)X(ﬂ73ﬂ)

+ R||poll (D.21)

L2 ((—1,2) ><(—7r,37r)) )
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Proposition B.3 implies that for 79 € R the shifted map w = w(r + -, )
satisfies (D.18), (D.19) with R := e™. Furthermore, (D.20) holds with R :=
e™, for 1y > 1. Since P (79, ¢) = 0 for 79 > log(ry), it follows that for 7y large

enough
T0+1 2T
eP+2)m / / |pe o ulPdy dr

To+2 3T E
< 25CP (/ / (|0-ul® + €™ |p o ]? )dgpdT) : (D.22)

On the other hand, as in Step 5 of the proof of Proposition 11.1 in [GS], we
have

sup €’ / / (|0,u]* + €*" o ul?) dp dr < .

T0>log(ro)
Estimate (D.17) follows from this and (D.22). This proves Claim 1. O
For 7 > logry we have
O, =5 =0, — 8¢<5 + [0, V] = —*pou, (D.23)

where in the last equality we have used the second vortex equation (0.2) and
Proposition B.3. We fix real numbers 75 > logrg and 70 < 74 < 79 + 1, and
define C} > 0 as in Claim 1. Equality (D.23) and Hélder’s inequality imply

that

T1 p

¥(r1,0) = U(ro )P = 0, V(r, p)dr

70

T1
< [Tt ar

70

T1
< @ [ ot

70

Defining ¢ := —1 + 2/p + 6/2, it follows that

21
/ T(r, o) — T(rop)Pdp < e rmelres / / o i, )|Pdi, dr
0

< Ciemm (D.24)

Here in the second estimate we have used (D.17). Since p < 4/(2 — §), the
number ¢ is positive. Hence (D.24) implies that for every number 7y > log rg
and every positive integer k

k—1
10 (70,) = Um0+ k, ooy < D0 +4,) = Ulro+ 5+ 1) |ows
=0
| k-1
< CIE Z e—e(r0+7)
j=0
< G e (D.25)
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Hence for every 79 > logry the sequence of maps E’(Tg + k) St — g
converges in LP(S?, g) to some map & € LP(S!, g). Inequality (D.24) implies
that the limit & does not depend on the choice of 7. Estimate (D.16) implies
that for 7, > 79 > log(ry) and ¢ € S we have

~ ~ o~ 2Cy _»s
d(u(r, »), (1o, 9)) S/ |0-u(T, )| dr < Toe 270

70

It follows that for 79 — oo the sequence u(7p, -) converges uniformly to some
continuous map z : S* — M. Again by estimate (D.16) the limit = takes
values in p~!(0). Furthermore, by the Whitney embedding theorem (see
the book by Hirsch [Hi], Theorem 3.2.14 p. 55), there exists an embedding
L M — R2AmMHL - Gince  is in radial gauge outside B,,, it follows that on
[10g<T0>7 OO) x St

0,(to@) = du(@)d,i
— (@) (0,7 + X4 (T) — Xg(10))
= du(@)(JOT — Xg(T0)). (D.26)

Since as 7y — oo the maps u(7y, ) converge uniformly to z and the maps
U (79, -) converge to & in LP(SY), it follows that the maps (du(u)Xg(w)) (70, )
converge to du(x)X¢(x) in LP(S', g). Furthermore, estimate (D.16) implies
that 9,u(o, -) converges to 0 in L°°(S1), as 7y — oo. Hence (D.26) implies
that 9,(c o @)(70,-) converges to —X¢(z) in LP(S?). It follows that = €
WP (SY), (7, -) converges to x in WP(S), as 79 — oo, and that

&= —Xe(x), (D.27)

almost everywhere on S'. We denote by 7 : p=*(0) — M = p~(0)/G the
projection to the quotient. Equality (D.27) implies that the map oz : ST —
M satisfies

(mox) =dn(zx)t = —dr(z)Xe(z) =0

almost everywhere on S'. It follows that m o x = Gz(0), so the image of
is contained in the orbit Gz(0). For ¢ € S* we define go(p) € G to be the
unique element such that

Since G acts freely on p~*(0) the map go : S' — G is welldefined. Further-
more, gy € WP(S!, G), since by the Local Slice Theorem A.5 the map

G — Gz(0), g — gz(0)

is an embedding, and g is the composition of z with the inverse of this map.
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We check the conditions of statement (B). We have already proved that
the limit
zo = lim u(r) = lim @(7,0) = z(0)

r—00 T0—00

exists and lies in p~'(0). Furthermore, condition (D.14) follows from the
uniform convergence of the map u(7, -) against the map = = goxy. We prove
(D.15). Since the map U(r,-) converges to & in LP(S!,g), for 7y — oo,
inequality (D.25) implies that

sup || (70, -) — &|| o1 e™™ < oo.
T0>0

Therefore, it suffices to prove that

Jogo " = —&, (D.28)

almost everywhere on S'. To see this, observe that by (D.27) we have

- X§ Ox|<{70 = i(QOO)
d

= G|, (@@m(eo) ale0)

— Xyt (@) (D.29)

for almost every ¢, € S'. Since G acts freely on p=1(0), it follows from
Lemma A.4 that the map Ly, : g — Ty M is injective for every ¢ € S*.
Hence (D.28) follows from (D.29). This proves statement (B) and completes
the proof of Proposition D.7. a

Proof of Proposition D.6: Let M,w, G, u, J be as in the hypothesis.

Proof of Part (A): Let w = (u,®, V) € M be a vortex. By Proposition
D.3 there is a gauge transformation g € G*? such that w' := (v/,®', V') :=
g*w is smooth and in radial gauge outside B;. Hence by Proposition B the
limit @ := lim, ., u/(r) exists and lies in p~1(0), and there exists a map
go € W12(S', G) such that

lim max d(u'(rz), go(2)xo) = 0. (D.30)

r—oo zcS1

Recall the definition (4.42) of the distance function d on the connected com-
ponents of M/G. We have

d(Cu(rz), Gzy) = d(CGu'(rz), Ggo(2)xo) < d(u/(r2), go(2)x0),

for every r > 0, z € S'. Hence (D.30) implies that

lim max d(Gu(rz), Gzg) = 0,

r—oo 281
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and therefore we can extend the map Gu : C — M/G continuously to a map
u: S5~ CU{oo} — M/G. This proves Part (A).

Proof of Part (B): We choose a function f: M — [0,00) and a constant
¢ > 0 as in hypothesis (H2). By hypothesis (H1) the map pu is proper and
therefore the set ©=1(0) is compact. Thus f(u~1(0)) C [0,00) is compact,
and increasing c if necessary, we may assume w.l.o.g. that f(u=1(0)) C [0, .
We define Ky := f~'([0,¢]) € M. Since f is proper, the set Ky is compact,
and since f is G-invariant, K, is G-invariant. Let w = (u,®, ¥) € M!P
be a vortex. We choose a gauge transformation g € G*? such that w' :=
(v, &', ¥’) := g*w is smooth and in radial gauge outside By, as in Proposition
D.3. By Proposition 11.1. in [GS] we have for every z € C

fou(z)=fou(z) <c,

and hence u(C) C Ko = ([0, c]).

Proof of Part (C): We fix a G-invariant compact subset Ky C M as in
Part (B), and constants Ey > 0 as in Lemma C.1 and E;,Ci,a > 0 as in
Lemma 4.11, corresponding to K := Ky and rq := 1/2. We set
32C
E = min{Ey, F1}, C = 1, 0:=a.

™

Let w € MM be a vortex and R > 1 be a number such that (D.10) is
satisfied, and let z € C\ Byg be a point. Since B|.|/2(z) C C\ Bg, hypothesis
(D.10) implies that

Hence Lemma C.1 implies that

o () < SEW, Baypa(2))  32E(w, C\ By15(0))
WS TR S = EER

By Lemma 4.11 with r := R/2, A := |z|/R and R replaced by co we have

CiR°E(w,C \ Bgys)
|2°

This together with (D.31) and hypothesis (D.10) implies that

CRE
ew(2) < 22+

(D.31)

This proves inequality (D.11) and hence assertion (C).

This completes the proof of Proposition D.6. a
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D.4 The action of G*” and of Isom™(R?)

Recall that the gauge group G*? acts on the set MEP of finite energy vortices
(u, ®, V) on C such that «(C) is compact, by the formula

9" (u, @, 0) == (g7 'u, g (2 +0s)g, 9~ (T + y)g). (D.32)
Lemma D.8 The action (D.32) is free.

Proof: Assume that w = (u,®, V) € M and g € G* are such that
g*w = w. We show that ¢ = e. By Proposition D.3 there is h € G*P such
that wy := (uy, @1, ¥;) := h*w is smooth. We define g, := h~'gh € G*P.
Then gjw; = wy, ie.

3

91w =y (
(D.34

8591 =P — D01, 8tgl =gV, — V0.

o O

3
3

~— —

Let 6y > 0 be so small that G acts freely on M;, = {z € M||u(z)| <
do}. Proposition D.6(C) implies that there is a number R > 0 such that
ui(z) € Mg, if |z| > R. By (D.33) it follows that g1(z) = e if |z|] > R.
Now let sg + ity € Br. By (D.34) the map g1(so + -, o) is an integral curve
of the smooth vector field X on G defined by X(g) := ¢®; — ®19 € T,G.
Since |29 — 2R| > R the map ¢i(so + -,to) satisfies the initial condition
g1(so — 2R, tg) = e. Since the constant map e is an integral curve of X
on [—2R,0] with the same initial condition if follows that g1(so + -,%9) = e.
Since this holds for every so + itg € By it follows that g; = e on all of C and
therefore g = hgih™' = e. This proves Lemma D.8. a

A rigid motion of C = R? equipped with the Euclidian metric is a map
¢ : R? — R? of the form p(2) = ¢?z + 25, where § € R and z € C. We
denote the group of rigid motions by Isom™*(R?). It acts on Mir by the
formula

" (u, ®, V) (2) = (u 0 p(2),cos(8)P o p(z) + sin(0)W o p(z),
— sin(A)P o ¢(z) + cos(6)¥ o p(z))D.35)

By Corollary B.7 this induces an action of Isom™ (R?) on M = MLP /G*P
defined by
e w] = [ w]. (D.36)

Consider the restriction of this action to the subgroup of Isom™(R?) con-
sisting of the translations on C. If T': C — C is a translation and [w] € M
then the action of 7" on [w] is given by

T*[w] = [wo T]. (D.37)
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Lemma D.9 The restriction of the action of the group of translations on C
to the subset

Msg = {w e M" | E(w) > 0}/G*" C M
s free.

Proof of Lemma D.9: Let 0 # ¢ € C be a vector and T : C — C
be the translation by ¢ defined by T(z) := z + ¢ and let w := (u, P, V) €
WLP(C, M x g x g) be a vortex of positive energy such that u(C) is com-
pact. Assume that T*w = w o T is gauge equivalent to w. The lemma is a

consequence of the following claim.

Claim 1 We have
E(w) = occ.

Proof.: By our assumption there is a gauge transformation g € G2 such
that T"w = woT = g*w. We fix k € N and write T := T'o...oT. It follows
from Proposition B.6 that

()0 =

— (gOTk_l)*---g*w:h*w,
where h :=g---(goT* ') € G>P. This implies for the energy density
CwoTk = e(T’“)*w = Chx = Ey-

Here the last equality follows from Lemma B.1. On the other hand,
it follows from the definition of the energy density that e, o T% = e, oz*.
Thus for every number k € N and every measurable subset S C C, writing
S —k(:={z—k(|ze€ S}, we have

E(w,S—k() = / ey dsdt
S—k¢

= / ew 0 TF ds dt
S—k¢

= /ewdsdt:E(w,S). (D.38)
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Since E(w) > 0 there is a point 2 € C such that E(w, Bi¢j/2(20)) > 0.
Since the balls Bj¢|/2(20 — k¢) with k& € N are all disjoint, by (D.38) applied
with S := Bj¢|/2(20) we get

E(w) > Z/ ey ds dt
keN 7 Bicl/2(z0—k0)
= Y E(w, Beypa(z)) = oo.
keN
This proves Claim 1 and concludes the proof of Lemma D.9. O

The action of the whole group Isom™(R?) on M- is in general not free,
as the following example shows.

Example D.10 Consider the action of G := S* C C on M := C by mul-
tiplication. Let d be a nonnegative integer. By Proposition D.22 there is a
finite energy vortex wy = (ug, Po, ¥o) on C such that

up(z) # 0, Vz #0 (D.39)
deg (“—0 LSt 51) —d. (D.40)

|uol

Furthermore, every other w with these properties is gauge equivalent to wy.
Note that it follows that if d > 1 then uo(0) = 0. On the other hand,
if d = 0 then wy is gauge equivalent to the constant map (1,0,0) : C —
p=(0) x Lie(S?) x Lie(S1) = St x iR x iR. Let R € SO(2) be a rotation.
Then the vortex w := R*wy also solves the conditions (D.39), (D.40) and
therefore it is gauge equivalent to wy. Thus the restricted action of the
subgroup SO(2) C Isom™(R?) on My is not free and thus the action of
Isom™(R?) on M. is not free.

More generally, for every zp € C and d € N U {0} let wg := (ug, Po, ¥p) be a
finite energy vortex such that u(z) # 0 for every z # zy and

For every ¢ € C we denote by Ty : C — C the translation by ¢. Then
by an analogous argument as above, for every R € SO(2) the isometries
T.,RT.' € Isom™(R?) fix the map wo.

If d > 2 then the choice of the vortex wy = (ug, g, Vo) above is very spe-
cial. The map uy vanishes only at the point z5 and the “multiplicity” or local
degree of zy equals d. As opposed to that, for a “generic” vortex (u,®, V)
the map u vanishes at d distinct points 21, ..., 24, each of “multiplicity” one.
The choice of wy in the cases d = 0 and d = 1 is however the most general one.
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It would be interesting to know in the general case under what conditions
on M,w, G, i, J and the homology class B € HS (M, Z) the group Isom™ (R?)
acts freely on the set Mp C M of gauge equivalence classes of vortices
representing B.

D.5 Vortices lie in B}

In section 2 I introduced an abstract setting for the vortex equations. We
interpreted them as a section of some “infinite dimensional vector bundle”
over some “infinite dimensional manifold” BY. The purpose of the Proposi-
tion below is to justify the definition of BY by showing that for good choices
of p and X the finite energy vortices (u,®, ¥) for which u(C) is compact
indeed lie in BY.

For every pair of numbers p > 2 and A > —2/p + 1 recall the definition
of the set

By = {(u,®+i¥) e C™(C,M x g°) | u(C) is compact, (D.41)
1o ulré®)| — 0, 1 — ooV, [[d™u|| € L2,
Jg € C*(C\ B1,G) : ¢*(® +iV) € L(C\ By, g")}.

Recall that M denotes the set of all smooth finite energy solution w :=
(u,® +i¥) : C — M x g° of the vortex equations (0.1) and (0.2) for which
u(C) is compact.

Proposition D.11 There exists a real number py > 2 such that if 2 < p < po
and —2/p+1< X< —=2/py+ 1 then

M C B

Remark D.12 If 2 < p < ¢ and A and p are real numbers such that A +
2/p < p+2/q then BY C By. This follows from part (i) of Proposition
E.6, which states that there exists a constant C' > 0 such that for every
measurable function f: C — C

112y < Cll fllzao)-

It follows that if ¢ > 2 and p > —2/g+1 are such that MC B then M is also
contained in BY, for every pair (p, \) with 2 < p < gand A+ 2/p < u+2/q.

Remark D.13 Using the Uhlenbeck gauge Theorem, it should be possible to
prove a stronger version of Proposition D.11 saying that there exists a number
e > 0 such that for every p > 2 and every —2/p+1 <A< =2/p+1+¢ we
have M C B. (Setting po := 2/(1 — ¢) this would imply the proposition.)
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Proof of Proposition D.11: Let £ > 0, C; := C > 0 and § > 0 be
as in part (C) of Proposition D.6 (Asymptotic behaviour). Decreasing § we
may assume that 6 < 2 and that it satisfies also the condition of part (B) of

Proposition D.7. We define
4

Po = -5
Let
2 2
2 < p < po, —+l< A< ——+41,
p Do
and let w := (u, ®, ¥) € M. We abbreviate
K= 0,¥ — 0,® + [P, U]

Recall the definition of the energy density of w
1
ew 1= o (|d" ul* + o uf® + | ]%).

Let R > 1 be so large that E(w,C\ Br) < E. Then by the statement in
part (C) of Proposition D.6 we have for every z € C\ Bag

ew(2) < CLR|2|7%7°.

This implies that | o u(re®?)| — 0 for r — oo, uniformly in ¢ € R. Further-
more, since A < —2/py +1=6/2 and p > 2, we have

N[>

Ity < OERY [ (071208 dsat < e

C
We prove that there exists a g € C*°(C \ By,G) such that ¢*(® +
i) € LY(C\ By). By Proposition D.3 there exists a gauge transformation
go € G*P = VVli’f(C, G) such that wy := (ug, Py + Vo) := giw is smooth and

in radial gauge outside the ball B;. Recall that the radial gauge condition
means that defining ®, + ¥, : C — g© by

(Do + iWo)(T + itp) 1= &7 (g + 1T0) ("),

we have &y = 0 on [0,00) + iR C C. Since w and wy = gjw are smooth,
by Lemma B.2(i) go is smooth as well. We identify S* = R/(27Z). By the
statement of part (B) of Proposition D.7 the limit 2, := lim, o u(r) exists
and lies in p~1(0), and there exist a map g,, € WP(S!,G) and a number
Cy > 0 such that

lim max d(u(re'?), goo (9)T00) = 0, (D.42)

r—oo peSt

2w
/ o) () + Tolm )P < e 278)7 7 > 0.(D.43)
0
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We define the map §oo € WEP((0,00) x S, G) by

loc
Goo(T +10) == goo ()

By Whitney’s embedding theorem, setting N := 2dim G + 1, there exists an
embedding ¢ : G — RY| see the book by M. W. Hirsch [Hi], Theorem 3.2.14
p. 55. For 1 < ¢ < oo we abbreviate

Mg = 11 Hzaqaany sy, 1 Hige = 11 Hwraeren <sy)-
Claim 1 For every sequence of positive numbers €, k > 0 there exists a
gauge transformation g, € C*([0,00) x S*, G) such that

[0 g1 — 10 Goollook + H ‘5;16T51| + |§1_18<p§1 - 55018@500‘ Hp;k <ep, (D.44)
for every nonnegative integer k.

Proof of Claim 1: For every subset X C RY and every § > 0 we denote
by Us(X) := X + Bs C RY the open §-neighbourhood of X. By the tubular
neighbourhood theorem (see Theorem 5.1 in the book by M. W. Hirsch [Hil)
there exists a number § > 0 and a smooth map

r:Us(L(G)) — 1(G),

such that r(z) = z for every z € «(G) and |r(z) — z| < 0 for every = €
Us(1(G)). We choose a smooth map p : [0,1] — [0,1] such that p(7) = 1 for
7 <1/3and p(1) = 0for 7 > 2/3. Let g, < §, k > 0 be a sequence of positive
numbers. We fix a nonnegative integer k. The usual argument with mollifiers
implies that C>°([k—1, k+1] x S*,RY) is dense in WP ((k—1, k+1)x S, RY).
Hence there exists a smooth map hy : [k — 1,k + 1] x St — RY such that

|t 0 Goo = hie||Loo (-1, h41]xs51) < €k, (D.45)
160 Goo — hillwir(r—1hs1)xs1) < €k (D.46)
We define
pr: [k k+ 1] %< SY = [0,1],  pu(7 + i) := p(T — k).
Furthermore, we define
fi = prhi+ (1= pr)heys € C=([k = 1,k +1] x S, RY),

and we define g; : [0,00) x S — G to be the map whose restriction to
[k, k+1) x St is given by

L O 51 =To fku
for every k. Note that the right hand side makes sense, since inequality
(D.45) and g < § imply that fi takes values in Us(¢(G)). In the following
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we denote by C' > 0 a constant depending only on the embedding ¢ : G — RY

and on the retraction r

: Us(1(G)) — «(G), but not on g and g;. It may

change from estimate to estimate. We fix a nonnegative integer k. Inequality

(D.45) implies that

[le0 g1 = ¢ © oo locin

Furthermore,

197 d91 — Goc dGo] i

IA

IA

IA

IA

IA

|70 fr — 010 Gool[oosk
Ol = 10 oo
C(llpwli = 10 Goo)loci

10 = ) g = 10 )l
Cer + €xt1)- (D.47)

IA

IN

IA

195081 'dg1 — dGc [
C||de(Gc) (90cG1 " dG1 — dgic)| .,

O (|1 (do(Ge)gedi” — de(@)dn,
1d0(5)dGs — de(Foc) el
C(llvo 1 = 0 Gocl ot 141 i
Hld(e 0 G = 20 Guo)lp)
C((Ek + Epq1) -
(e 0 G = .0 o)l + 11d(e © Goo)lp)
Hld( 0 Gy = 10 G|yt )
C((ek + ek + Dlld(t0 G = 00 Goc) e (D-48)

(e + i)l |dgocl s ).
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Here in the forth and in the last step we have used (D.47). Moreover,

ld(ro g1 —vogoo)llpw = ld(ro fi = 1010 goo)llpm
[|(dr(fi) = dr(v o Goo))dficlpik
+dr (e 0 goo)(dfi — d(v © goo))| |k

IN

< (I = v o Goolloeslldillys + 1dfic = e 0 Goc) )
< O(ex + eusn)lldfel s
+||d (o (P — ¢ © Goo) + (1 = pr) (Fars1 — £0 Goo)) | }p;k>

< O((ex+ zus)ldfel s

+ [ |(dpr) (hi = 1 0 Goo) + prd(hy — v o goo)Hp;k

+ || = dpr(his1 — 10 Goo)

(1= g — 1050l

< C((en+ o) (el lgs + sl 10

+ |k — 0 Gooll1 it + [|Pr1 — 20 §w||17p;k>
<

C((Ek + €41 + 1) .
(1 = 0 Gool 1,k + [Pes1 = ¢ 0 ool 15k

+2(ek + 241) |1 0 Gool 1.
< C(Ek + 5k+1)(5k + k1 + 1+ 2||dgoo||Lp(Sl)). (D49)

Here in the forth step we have used (D.47), and in the last step we have used
(D.46). Inserting estimate (D.49) into (D.48) yields, using 0,go = 0

970,011 + 1910591 — G Do || < V2197 dG1 — ' dGoc |k

< Clex + err1) (1 + [|dgool|Lr(sn)-
(D.50)

We have shown that for every sequence €, > 0, k > 0, there exists a gauge
transformation g; € C*([0,00) x S, G) such that inequalities (D.47) and
(D.50) hold. Claim 1 follows from this by replacing the given sequence ¢; by
a sequence of numbers £;, such that

C(ek + E141) (2 + [|dgoo] | Lr(s1)) < k-
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By Claim 1 there exists a gauge transformation g, € C*([0,00) x S, G)

such that inequality (D.44) with g := e(l_%_%)k holds. We define g €

g(e7%) i= go(e™T) g (T + igp).

Claim 2 We have
g (P +iV) € L&’(C\Bl). (D.51)

Proof of Claim 2: We fix a nonnegative integer k. We denote by C'
a constant that depends only on the embedding ¢ : G — RY and on the
retraction r : Us(¢(G)) — «(G). It may change from estimate to estimate.

We have

||§c:01\:[10§00 - §f1m0§1||p;k < Ot 0 Goo = L0 G1l|ookl [Wollp:x
< Ce(lfifg)k .
(1105335 + Tollyor + 199 lrcs1))
5 1
e A (R PR [Py

=: C"e(k%*%)k.

Here in the second inequality we have used (D.44), and in the third inequality
we have used (D.43) and the fact that p —2 — pd/2 < 0. It follows that

19 @l = 11 (DrG1 +i(Wo + 0,)31) ],
1197 10-G11 + 197091 — 95 0oTool ||,

IA

92 00 Go0 + Too Yogool Ik + 11700 Podoo — 91 Wl [[pin
1
< @rcp oo
_. om0k (D.52)

Here in the last inequality we have used (D.43) and (D.44). We define g, €
C>(R x S*, G) by
Go(T + i) := go(e™?).

Then it follows from Proposition B.6 that for every 7 +ip € R x S*
(9091)" (D +iW)(7 + i) = € (g"(® + i) (7H7),
and therefore

|(G0g1)"( +iW)(7 + i) | = €7|g" (P + W) (7).
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It follows that for every nonnegative integer k

k+1 L
/ lg"(® 4 V) Pdsdt = / / 1(Gog1) " (® 4 1) |Pe® P dp dr
Ak k1)

k+1
= / / (i W) [Pe® P dy dr
C/I 6Pk

(D.53)

Here in the second step we have used the radial gauge condition &)0 =0, and
in the last step we have used (D.52). Since the number \ — g is negative, it
follows that

g™ (@ + Z\I'>||LP (C\B1) Z l|g™(® + i\II)HZI;(A(ek@kH))
k=0
< Z(CU> N)p epk()\ 5)
k=0
(C"ypeXp
< - .
=1 ep(-3) <0
Here in the second step we have used (D.53). This proves Claim 2. O
This concludes the proof of Proposition D.11. a

D.6 Vortices of 0 energy

Let (M,w) be a symplectic manifold, G be a Lie group with Lie algebra g,
and (-, -) be an invariant inner product on g. Suppose that G acts on M in a
Hamiltonian way with moment map p, let J be an w-compatible G-invariant
almost complex structure on M and let p > 2 be a number. The next lemma
characterizes the vortices with 0 energy.

Lemma D.14 (Vortices with 0 energy) Let w € WLP(C, M x g x g) be
a solution of the vortex equations (0.1) and (0.2) on the plane C. Then the
following two conditions are equivalent.

(i) B(w) =

(ii) There is a point x € pu~'(0) and a gauge transformation g € G*P =
W2P(C,G) such that

loc

w = g*(x,0,0) = (g 'z,g7 059, 9 Drg). (D.54)
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Proof: Assume condition (i). Then it follows from the definition of E(w)
((1.13) with R = 1) that

K= 0¥ — 0,® + [P, U] = 0.

By Proposition D.2 there is a gauge transformation h; € G?? such that
(uy, @1, V) := hj(u, ®, V) is smooth. Furthermore,

Ry = as\:[ll - at(bl + [q)la 1111] = hl_ll{’hl = 0.

Therefore, by Proposition D.4 there is a gauge transformation hy € G such
that (@, Uy) := hi(®1,¥;) = (0,0). We define uy := hy'h;'u and g =

hy'hi!. Since the energy is invariant under gauge transformations, we have

0 = E(u,®,70)

= F(us,0,0)
1
= 5/ (|8su2‘2 + |8tU2|2 + m(ug)P) ds dt. (D.55)
C

Therefore, O,us = 0, Oyus = 0 and thus us equals some constant point z € M.
Furthermore, equality (D.55) implies that # € p~1(0). Moreover, (D.54) is
satisfied, and therefore condition (ii) holds.

Conversely, assume that condition (ii) holds. Then F(w) = E(z,0,0) =
0, and therefore, condition (i) holds. This proves Lemma D.14. a

D.7 A topology on M

By the Whitney embedding theorem ([Hi], Theorem 3.2.14 p. 55), setting
N := 2dim M + 1, there exists an embedding ¢ : M — RY. Hence, we
may assume w.lo.g. that M C RY. Consider the distance function on
X := WP(C, M x g x g) defined by

loc
dx(w,w') = (D.56)
i dp (wa)
ZiENZ dgi(w,w/)Jrl = [07 1]7
where for every compact subset () C C we have set

dQ(<u7 P, \Il>7 (ulv (I)/, \Il/)) = ||u - uIHCl(Q) + H(CI), \I]) - (q)lv \I]/>||CO(Q)'

The distance function dx induces a topology on X, which does not depend
on t. We endow the quotient Y := X/G*P with the quotient topology. This
means that a subset U C Y is open iff 77}(U) C X is open, where 7 :
X — Y = X/G*? denotes the canonical projection. We endow the subset
M = ML» /G*P C Y of gauge equivalence classes of vortices with the relative

topology.
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Lemma D.15 Let w, := (u,,®,,¥,) and w = (u,®, V) € X be maps.
Then the following two conditions are equivalent.

(i) The maps w, converge to w w.r.t. to dy.

(ii) For every compact subset @ C C the maps u, converge to u in C*(Q)
and the maps (®,,V,) converge to (®,¥) in C°(Q).

Proof of Lemma D.15: Assume that (i) holds. We fix an index ¢ € N. If
v is so large that dx(w,,w) < 27 then follows from (D.56) that

-1

[l = ullorgy + (@0, To) = (2, 9)]|oop,y < (27" dx (wy, w) ™" — 1)

This expression converges to 0 as v — oo, and therefore (ii) holds.

Assume now in turn that (ii) holds. Let ¢ > 0. We choose an integer i
so large that 27% < ¢ and 1 so large that for v > vy and i = 1,...,7 we
have

[uy = ullera,) + (Do, W) = (P, V)[|cos,) < e

It follows that for v > 1

o _; dp,(w,,w) _; dp,(wy,w)
dx(w,w) = 3 270 +2 2 dp (w0, w) + 1

< e4270 < 2.

It follows that (i) holds. This proves Lemma D.15. O

Lemma D.16 Let w, := (u,,®,,¥,) and w := (u,®, V) € X be maps.
Then the following two conditions are equivalent.

(i) There exist gauge transformations g, € G*P such that for every compact
subset @ C C the maps g, u, converge to u in C*(Q) and the maps
g:(®,,¥,) converge to (®,¥) in C°(Q).

(ii) The gauge equivalence classes [w,] converge to [w] in the quotient topol-
ogy on Y.

Proof of Lemma D.16: We check the hypotheses of Proposition A.1. Since
the topology on X is induced by the distance function d, it satisfies the first
axiom of countability. Furthermore, let ¢ € G*? be a gauge transformation.
In order to see that p, : X — X is continuous, let w, := (u,, ®,,¥,) € X be
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a sequence that converges to some map w := (u,®,¥) € X w.r.t. dy. Fix a
compact subset Q C C. By Lemma D.15 the maps u,, converge to u in C1(Q)
and the maps (®,,¥,) converge to (®,¥) in C°(Q). It follows that g~ 'u,
converges to g 'u in C'(Q) and g*(®,, ¥,) converges to g*(®, ¥) in C°(Q).
Since this holds for every compact subset () C C, Lemma D.15 implies that
g*w, converges to g*w. Hence p, is continuous. So by Proposition A.1 the
statement (ii) is equivalent to

(") There exist gauge transformations g, € G such that g*w, converges
to w w.r.t. dy.

By Lemma D.15 this condition is equivalent to condition (i). This proves
Lemma D.16. O

D.8 Finite energy (S?, C)-vortices on C
Let G := S* act on M := C by multiplication with moment map u : C — iR

given by 1i(z) := £(1 — |z]?), let the almost complex structure J : TC — T'C

be given by multiplication by ¢ and let p > 2 be a number. Recall that MEp
denotes the set of all solutions w = (u, ®,¥) € W,"P(C, M x g x g) of (0.1),

loc

(0.2) such that E(w) < oo and the set u(C) C M is compact. In this case,
the last condition on w is superfluous, as the following shows.

Remark D.17 Let w = (u,®,¥) € WLP(C,M x g x g) be a solution of
(0.1), (0.2) such that E(w) < oo. Then the set u(C) is compact. To see
this observe that in our case in the a-priori-Lemma C.1 we can dispose of
the assumption that u(B,(z9)) € K. The crucial point of the proof of that
Lemma is that our solution w satisfies the estimate Ae, > —C(e, + €2),
where C' > 0 is a constant independent of w. This is true in our case, as
can be seen from the proof of 1..9.3 in [GS]. It follows as in Lemma C.1 that
there exists a constant Fy > 0 such that for every zg € C, r > 0 and every
solution w = (u, ®, V) € WP (B, (), M x g x g) of (0.1), (0.2) such that

loc

E(w, B.(20)) < Ey we have

eulz0) = ()2 + [0, + Xa(w)[?) (0) < %E(w, Bi(x)).  (D57)

Let w := (u,®,¥) € WP(C, M x g x g) be a solution of (0.1), (0.2) such

ocC

that E(w) < co. Let R > 0 be so large that E(w,C\ Bgry1) < Ey. Then by
(D.57) with 7 := 1 we have |u(u(2))| < /(8FEy)/7 for every z € C\ Bpry1.
This implies that a := sup,c¢ |u(u(2))] < oo, ie. u(C) C p~Y(B,). Since
p is proper the set x4~ 1(B,) is compact and therefore the same holds for the
closure u(C) C u=Y(B,).
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By Proposition D.6(A) for every vortex w = (u, ®, V) € M the point
Gu(re®¥) € C/S* converges to the unique point in M = S1/S*, for r — oo,
uniformly in ¢ € R. Hence for 7 large enough we have u(re’?) # 0 for every
¢ € R. The makes the following definition meaningful.

Definition D.18 Let w = (u,®, V) € MYP be a finite energy vortez. Let
R > 0 be so large that u(z) # 0 if |z| > R. We define the degree of w by

u

deg(w) := deg (m . Sh — Sl) :

Remark D.19 If (M, w) is a general symplectic manifold and G is a general
compact connected Lie group acting on M in a Hamiltonian way, then we can
not associate a degree to w in an analogous way. However, denoting by [ X, Y]
the set of (free) homotopy classes of maps between two topological spaces X
and Y, a vortex w determines a class a,, € [S', G| as follows. Let w’ € M
be a smooth vortex that is in radial gauge outside B; and gauge equivalent
to w, as in Proposition D.3 and let g € W?(S1, G) and = € u~1(0) be such
that u'(re?) converges to g(e*¥)xy, uniformly in ¢ € R, as in Proposition
D.7(B), corresponding to w’. We define a,, to be the free homotopy class of
g. It is welldefined, i.e. does not depend on the choice w’. Note that in the
case G := S! acting on M := C by multiplication, the map

15,5 3 [7] = deg(y) € Z
is a bijection and a,, gets mapped to the degree deg(w) under this map.
Proposition D.20 Let w € M be a vorter. Then
E(w) = deg(w). (D.58)

Proof: This is part of Theorem III.1.1 in the book by Jaffe and Taubes [JT].
a

Corollary D.21 The degree of a (S*, C)-vortez on C is always nonnegative.

Proof: This follows immediately from Proposition D.20, since F(w) > 0. O

Classification of finite energy (S', C)-vortices on C

Let G := S' C C act on M := C be multiplication with moment map
2 C — iR given by pu(z) :== £(1 — |2/|?). As shown in the book by A. Jaffe
and C. Taubes [JT], the (S!, C)-vortices on C can be classified as follows. For
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every d € N we denote by Sym?(C) := C¢/S, the d-fold symmetric product.
Here the group Sy of permutations of {1,...,d} acts on C? by

o (21,5 2a) = (Zo101)s - - - Zo-1(a))-

Consider the set S,};Hld((:) of all maps m : C — N U {0} such that m(z) # 0
only for finitely many points z € C and

> m(z) =d. (D.59)

zeC

We can identify the symmetric product with §};I/nd(C) by assigning to z :=
[21,. .., z4) € Sym?(C) the multiplicity map m, : C — N1 {0} defined by
mg(2) = #{i e {1,...,d} |z = z}.

We fix a vortex w = (u, ®,¥) € ML, By Proposition 2.2 in the book by
A. Jaffe and C. Taubes [JT] the zero set u=1(0) C C is finite. We define the
local degree map deg,, : C — Z by

deg,,(z) := deg (I% L Su(2) — Sl) , (D.60)

where € > 0 is a number smaller than the distance of each two points in
u~1(0). Again by Proposition 2.2 in the book [JT] deg, (z) > 0 for every
z € C, and if u(z) = 0 then deg, (z) > 0. Furthermore, the local degree only
depends on the gauge equivalence class of w. Let d be a nonnegative integer.
We define - s

MEP = {w € M'?| deg(w) = d}

The next proposition is proved in [JT].
Proposition D.22 The map
My = MY /G* 5 [w] — deg,, € Sym?(C). (D.61)

15 a bijection.

D.9 Convergence of (S, C)-vortices on C

For every topological space X and every d € N U {0} the set Sym*(X) =
X4/S, is endowed with the quotient topology. For 0 < d’ < d we define the
inclusion

L Symd/((C) — Sym?(S?), [z1, s za]) = [21, oy 200,00, ..., 00,

where we identify S? := C U {c0}.
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Proposition D.23 Let G := S' C C act on M := C by multiplication with
moment map p : C — iR given by p(z) == (1 —|z[?). Let 0 < d' < d be
integers, w = (u, ®, V) € Mil}p be a finite energy vortex of degree d' and let
w, = (u,, ®,,¥,) € /K/lvil’p be a sequence of vortices of degree d. Then the
following conditions are equivalent.

(i) There exist gauge transformations g, € G*>P such that g, 'u, converges
to u in CH(Q) and g(®,,¥,) converges to (P, W) in C°(Q) for every
compact subset () C C.

(ii) The point in the symmetric product deg, € Sym?(C) C Sym(S?)
converges to 1(deg,,) € Sym?(S?).

Lemma D.24 Let X be a topological space, x € X and x, € X be a se-
quence. Then x, converges to x for v — oo if and only if for every subse-
quence (V;);en there is a further subsequence (i;);en such that Ly, CONVETges
to x fori — oo.

Proof of Lemma D.24: The “only if” part follows immediately. We prove
the “if” part by showing the contraposition. Let x € X and x, € X be a
sequence and assume that x, does not converge to x for v — oco. We claim
that there is a subsequence (1;) such that for every further subsequence (7;)
the points Ty, do not converge to x for j — oo. To see this note that by
assumption there is an open neighbourhood U C X of x such that for every
vy € N there is a v > vy such that z, ¢ U. Thus there is a subsequence
(v;) such that z,, & U, for every i. Let (i;) be a further subsequence. Then
Tu;, ¢ U and therefore Ty, does not converge to x. This proves the claim
and concludes the proof of Lemma D.24. a

Proof of Proposition D.23: In this proof, for every r > 0 and z € S? we
denote by B,(z) and S}!(z) the ball and the circle on S? w.r.t. the standard
metric d%°, with center z and radius r. We show that (i) implies (ii). Let
g € G*P be a sequence of gauge transformations as in (i). Let zy,..., 2, € C
be the distinct zeros of u, with multiplicities d; := deg,,(x;). Then the point
X = (1, ., T1, ey Ty ooy T, 00,...,00) € (S?) (x; occuring d; times)
represents the equivalence class «(deg,) € Sym?(S?) = (5?)¢/S,. Consider
the basis of open neighbourhoods of x given by

(U, = (Bol1)™ x . x (Bola)™ x (Bo(o0))™ "}
By Lemma A.3 the collection
{Vs = 7T(U:€>}z-:>0

is a basis of open neighbourhoods of «(deg, ) € Sym?(S?), where 7 : (S?)? —
Sym?(S?) = (5%)?/S; denotes the canonical projection. Hence it suffices to
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prove that for every € > 0 there exists an index v such that for every v > 1y
we have deg,, € V..

We denote zy := 0o € S%. Let ¢ > 0 be so small that ¢ < d* (z;, ;)/2
fori,j =0,...,k and ¢ # j. We denote v/, := g, u,. Then u/, converges to
u, uniformly on compact subsets of C, and therefore there exists an integer
vy so large that for v > 1y and every

we have

W (2) — u(z)] < 142 (D.62)

Note that here we use that u does not vanish on X,.. Fix indices v > 1 and
j=1,..., k. Consider the map

h:[0,1] x SX(z;) — C, h(X, z) == Aul(2) + (1 — Nu(z).

Inequality (D.62) implies that A does not vanish anywhere. Hence we can

define the map
h

[l

This is a homotopy connecting the restricted maps

D82 (z;) — ST

U /
ﬂ W| : S (z;) — S

It follows that

ul, u
deg ( ik : S (z;) = S ) = deg (m 2 52 (xy) — Sl) = deg,(z;) = d;.

On the other hand,

deg<| 15 - SY(z;) ﬁs> > deg,, (2

z€Be(z;)

Hence for every j =1,... )k
Z deg,, (2) = d;.
2€Be(z;)

v

We choose a representative (z7,...,z%) € C? of the point deg,, € Sym?(C),
such that

v v v v
wy, . xg € Be(w1), oo, TGy 1 Ty € Be(wy).
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Inequality (D.62) implies that the map w/,, and hence the map u, = g,u, does
not vanish on X.. Therefore, the remaining zeros of u,, z,_;, ..., zy liein the
ball B.(c0). It follows that (z7,...,2) € U, and hence deg,, € V. = m(U;).
This proves that (i) implies (ii).

To see that (ii) implies (i), assume that (ii) is satisfied. Recall from
subsection D.7 the notation X := W,2?(C, M x gxg) and the definition (D.56)
of the distance function dx. By Lemma D.16 condition (i) is equivalent to

(i) The gauge equivalence classes [w,] € M C X/G*P converge to [w] in
the quotient topology.

Hence by Lemma D.24, it suffices to show for every subsequence (1;);en there
exists a further subsequence (7;);jen such that the classes [wyij_] converge to
[w]. Let (v;) be a subsequence. By Proposition 4.3 (Compactness modulo
bubbling) there exists a vortex wy = (ug, ®o, V), a subsequence (i;) and
gauge transformations g; € G*? such that for every compact subset Q C C
the maps gj’lu,,ij converge to ug in C'(Q) and the maps g;f(q),,ij,\ll,,ij) con-
verge to (®g, Uy) in C°(Q). It follows that ug(C) C Ky, where K is as in
Proposition D.6(B), and deg(wo)m = E(wy) < sup, F(w,) = dr < oo, where
we have used by Proposition D.20. Hence wq € M, By Lemma D.16 the
gauge equivalence classes [wyij_] converge to [wp], as j — oo. Hence it remains
to show that [wg] = [w]. Applying the implication (i)=-(ii) with (w,),w,d’
replaced by (wyij),wo, deg(wyp), it follows that the point degwij € Sym?(S?)
converges to «(deg,, ). Since by assumption degwij_ also converges to ¢(deg,,),
it follows that «(deg,, ) = ¢(deg,) and therefore deg, = deg,. Proposi-
tion D.22 (Classification) implies that [wo] = [w]. Hence (i) is satisfied. This
proves that (ii) implies (i) and concludes the proof of Proposition D.23. O

Remark D.25 The proof of Proposition D.23 shows that (ii) already holds,
if we assume a weaker condition than (i), namely that there is a sequence of
gauge transformations g, € G*? such that g*w, converges to w in C°(K) for
every compact subset K C C.



E Additional topics

E.1 A little bit of functional analysis

Fix a normed vector space X and a linear subspace V' C X. We denote by
X* the dual space of X, and by

Vii={pe X*|p(x)=0,VrcV}
the annihilator of V. Likewise, for a linear subspace W C X* we define
W, ={rxeX|p)=0,Vpec W}

Note that V* is a closed linear subspace of X* and W, is a closed linear
subspace of X. If V' C X is a closed linear subspace then we endow X/V
with the quotient norm.

Lemma E.1 Let X be a normed vector space and V C X be a closed linear
subspace. Then the map

VES (X/V), o (4 V = o(2) (E.1)
1s well-defined and an isometric isomorphism.

For the proof of this lemma see also Satz I11.1.10 in the book by D. Werner
[Wer].
Proof of Lemma E.1: The proof that the map is well-defined is straight-
forward. The inverse map is given by

(X/V) = VE Y=o

This map is bounded with norm < 1. It remains to show that the map (E.1)
is bounded with norm < 1. In order to see this, let ¢ € V! be such that
||p]] < 1. It suffices to prove that the map

(X/V)* 224V > pz) R (E.2)

has norm < 1. To see this, let x € X be a vector and € > 0 be a number.
We choose a vector v € V such that ||z +v||x < ||z + V||x/v +e. It follows
that

(@)l = lo(@ +v)] < [lell([lz + Vixy +e).

Hence
lp(@)| < lel| - |z + V1],

for every x € X, and therefore the norm of the map (E.2) is bounded by 1.
This proves Lemma E.1. a
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Proposition E.2 (Closed image) Let X and Y be Banach spaces and T :
X — Y be a bounded linear map. Then denoting by T* : Y* — X* the
adjoint operator, the following statements are equivalent.

(i) imT is closed.
(i1) imT = (ker T%) .
(i4i) imT™ is closed.
(iv) imT* = (ker T')*

Proof of Proposition E.2: This is Theorem IV.5.1 in the book [Wer]. O

E.2 Weighted Sobolev spaces and a Hardy-type in-
equality
The following lemma is used in section 2, in order to define a norm on the

vector space Xy. We choose a smooth map po : C — [0, 1] such that py(z) =0

for |z| < 1/2 and po(z) = 1 for |z] > 1. For every integer d we define

pa(2) = 2%

Lemma E.3 Let 1 < p < oo and A > —2/p be real numbers, let d be an
integer, and let po : C — [0,1] be as above. Then the maps

C x LY?(C,C) = C+ LY*(C,C),  (vs0,v) = veo + v, (E.3)
C x Li\Lpd(Ca C) —C- PoPd + Li\Lpd(Ca C)a (vooa U) — Voo P0Pd + Q(E4)

are isomorphisms of vector spaces.

Proof of Lemma E.3: The maps are linear and surjective. In order to see
that the map (E.3) is injective, assume that (v, v) € C x Ly?(C, C) is such
that ve + v = 0. Since A > —2/p, a calculation in polar coordinates shows

that
_ Ap
H1||p[§((c) = /<> P — 0.

Therefore, if vy did not vanish then |[v[|zz ) = [|veo|[z2(c) = 00, a contradic-
tion. It follows that (v, vv) = (0,0), and hence the map (E.3) is injective.
Injectivity of (E.4) follows analogously. This proves Lemma E.3. O

Proposition E.4 (Hardy-type inequality) Let n and k be positive inte-
gers and p > n and A > —n/p be real numbers. Then there ezists a constant
C > 0 with the following property. If u : R" — R¥ is a weakly differentiable
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map such that || Du| - ||| s@ny < 00 then u(rz) converges to some vector
Yoo € R* for r — oo, uniformly in x € S™~t. Furthermore, the inequality

(v = yoo)| - Moy < Cl|1Dul - P |p@ny (E.5)
holds.

Lemma E.5 (Hardy’s inequality) Letn be a positive integer and 1 < p <
oo and A > —n/p be numbers. Then for every weakly differentiable function
u : R™ — R wanishing almost everywhere outside some large enough ball, the
following inequality holds.

lul - Ml ey < [1Dul - [ o) (€ [0, 00]) (E.6)

A2
Proof of Lemma E.5: Let ¢ be a mollifier, i.e. a smooth function on
R™ with compact support such that fRn p(z)dr = 1. For € > 0 we define
p-(z) == e (e 'z), and u. := u * @.. Then u, is smooth and has compact
support, hence by Exercise 21, Chapter 6, in the book by O. Kavian [Ka],
inequality (E.6) holds for u.. Taking the limit ¢ — 0, it follows that

lul - Mlze@n = limfuc] - |M]zoge
<ty P P e
P
T Lz Dl - M| o ny. (E.7)
p
This proves the lemma. g

Proof of Proposition E.4: It suffices to consider the case k := 1. Let
n,p, A as in the hypothesis. We set ¢ := \ + %. Let u : R® — R be a weakly
differentiable map, such that ||Du||L§+1(Rn) < 0.

Claim 1 There exists a constant C' independent of w such that if z,y € R"
are points with 0 < |z| < |y| then

[u(z) — u(y)| < Cla| ™[ Dul - | o@e By, (E-8)

Proof of Claim 1: Let N € N be such that 2V~1|z| < |y| < 2¥|z|. For
i=0,...,N we define z; := 2z € R". Furthermore, fori = N+1,... , N+7
we choose points z; € S;;Iiﬁl such that

TNy Y

X

)
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and |z; — x| <2V Yx|, for i = N +1,...,N + 7, and we set Xy g :=y.
Then for i = 0,...,N — 1 we have z; € Bzi‘x‘(ZiJrlfL'), and therefore by
Morrey’s theorem

IN

ulwin) = (@) < CRal) || Dull

BQZ‘JC‘ (21+11‘))

C(2'|2))"# (2'|2)) Y| Dul - M|

IN

where C' is a constant that depends only on n and p. Moreover, for i =
N,...,N + 7 we have z;,1 € BQNA‘:B‘(@), and hence analogously,

u(it1) — u(z;)| < CEY M)l Dul - P | o@n\B,,)-

It follows that

N+7

Z [u(wip1) — u(z;)]

IA

u(y) — u(z)]

N-1
< C|x|—6||Du| . |A+1||LP(R¢L\B‘Z‘) (Z 9 4 8. 2(1—N)5>
i=0
< Cla||[Dul - Y oo b)),
where the constant C” only depends on n,p and A. This proves Claim 1. O

The claim implies that for every ¢ > 0 there exists a number R > 0 such
that |u(z) — u(y)| < 6 if ||, |y| > R. Hence defining yo, := lim, o, u(v), we
have

lim sup |u(re?) — yso| = 0,
r—00 (PER

as claimed. To prove inequality (E.5), we choose a smooth map p : [0,00) —
[0, 1] such that p(t) =1 for 0 <t <1, p(t) =0 for t > 2 and |p'(t)] < 2. We
fix a number R > 0 and define pg : R — [0,1] by pr(z) := p(x/R). Then

llor - (4= yoo)| - M| Lrm)
ClID(pr - (1 — )| - P 1o

C(IDpR) = gl 1M Lot
+lorDul - P+l ogen) )
C (112w = o) 2] - M 0 am )

+||Du - |>\+1||LP(Rn)>, (E.9)

1w = yeo)| - Pllzoza)

IN A

IN

IN
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where C'is a constant independent of u. Here in the second line, we have used
lemma E.5 for the function pr(u —yso). Claim 1 implies that for z € R™\ Bg

_a_n
(@) = yoo| < Cla[* 2 || Dul - " || zo@e\5a).

and hence

1w = yoo)| - Mooy < ClIDul- |A+1||Lp(Rn\BR)/ x| dx
Bar\Br

= C15"[log2||Dul - "I, @ 5y

where in the last step we have used a calculation in polar coordinates. In-
serting this into (E.9) yields

10w = yoo) | - Moy < ClIDul - Mo,

where C' does not depend on u and R. Since this holds for every R > 0,
inequality (E.5) follows. This proves Proposition E.4. O

The following Proposition is used in the proof of Proposition 2.12. We
abbreviate

[lullpx = [lullz @),

and use the convention t/oco := 0, for every real number t.

Proposition E.6 (Weighted Sobolev spaces) Let N be a positive inte-
ger. Then the following statements hold.

(i) Let 1 <p < q < oo and X and p be real numbers such that A+ N/p <
i+ N/q. Then there exists a constant C' > 0 such that for every
measurable function u : RY — C we have

[lullpx < Cllullg,p- (E.10)

(ii) Let A and 1 < p < oo be real numbers. Then for every integer d the
map
LyP(RV\ By) 3 u — pgu € Ly ,(RV \ By) (E.11)

1s well-defined and an isomorphism of Banach spaces.

(iii) Let X and N < p < oo be real numbers. Then there exists a constant C
such that for every u € WX (RN) we have

loc
N
H'LL<'>)\+1’ HLOO(RN) S CHUHL}\’p(RN)' (E12)
Furthermore, if A\ > —N/p then there is a compact inclusion

LYP(RY) — Cy(RY) == {u € C(RY)| sup |u(z)| < co}. (E.13)

zERN
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(iv) Let A and 1 < p < oo be real numbers. Then the map
WLP(RY) 5 u e (Y e WH(RY) (E.14)
s well-defined and an isomorphism of Banach spaces.

(v) Let X\ and p > 1 be real numbers, and let f € L>(RY) be a function
such that

[ f]Loe @\, — O, (E.15)

for i — oo. Then the map
WIP(RY) 5w fu € L (RY) (E.16)
18 compact.

Proof of Proposition E.6:

Proof of (i): This is part (i) of Theorem 1.2 in the paper by R. Bartnik
[Ba]. For the convenience of the reader I give a proof here. In the case
p = q the estimate (E.10) follows from the definition of || - ||, . Assume that
p < q < co. Then by Holder’s inequality we have

lullpa = 111,
< ) gl 1)) 2,
= Cllullgp

where we have set C := ||(-}*#||z.. Since A + N/p < u+ N/q, a short
q9—p

calculation using polar coordinates shows that C' < co. The case p < ¢ = 00

is analogous. This proves (i).

Proof of (ii): We claim that the map (E.11) is welldefined and bounded.
We fix a map u € Ly?(RY \ By). Then

||PdUHL§_d(RN\Bl) < C||U||L§(RN\31)7 (E.17)
where C'is a constant independent of u. Moreover, we have on C\ By

[D(pau)|* = 2(|0:(pau)|* + |0:(pau)|?)
= 2(|d - pa—1u + padzul* + |padzul”)

< a(laP]- PO+ |- P 0sul + [0:uf?))
— 4[] P4Vl + 2] ] Duf?
Combining this with (E.17), it follows that

||Pdu||L;fd(RN\Bl) < C||U||L§’P(RN\31)’
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for some constant C' > 0 independent of u, i.e. the map (E.11) is welldefined
and bounded, for every d € Z. Replacing d by —d, it follows that the map

LYY (RN \ B)) 30— p_guv € LyP(RY \ By)
is a bounded inverse of (E.11). This proves (ii).

Proof of (iii): Inequality (E.12) follows from inequality (1.11) in Theorem
1.2 in the paper by R. Bartnik [Ba]. Assume now that A > —N/p. We
fix a function u € Li’p (RY). Then by Morreys embedding theorem u has a
continuous representative, also denoted by u. Furthermore, inequality (E.12)
implies that
N

sup [u(x)] < [Jul)" 7| pegen) < o0,

z€RN
Hence u € Cy(RY). In order to show that the inclusion (E.13) is compact,
let u, € Ly?(RY) be a sequence such that

Coy :=sup HU/VHL}\,p(RN) < 00. (E.18)

Fix a number R > 0. By the Banach-Alaoglu compactness theorem there
exists a subsequence of u,, that weakly converges in WP(Bg) to some map

(R).

u Since p > N, by Kondrachov’s compactness theorem there exists a

further subsequence that converges in C(Bg), with the same limit u(®. We
ey

set R := 1 and choose such a subsequence (v;)jen. By induction, there

exists a sequence of consecutive subsequences (I/J(-i) )jen, © € N (ie. (I/J(-i)) is

a subsequence of (l/](i_l)) for every i), such that u () converges to some map
i

u® € WhP(By), for j — oo, in O(Bg) and weakly in W'P?(Bg). It follows
that u®) = u® on the ball BY_ if i <. So we may define v : RN — R by
u(z) := u(z), where we choose i (depending on z) so large that z € B;. Fix
a positive integer 7. Since uy? converges to u, weakly in W1P(B;), it follows
that

||'UJ||L}\,P(BZ,) S hm Sup ||uVj||Li’P(B¢) S CO'
J

It follows that
||u||L1vP RN S CO7 (Elg)
VP(RN)

and hence u € Cy(RY). We define the diagonal subsequence v; := I/](j ). We
prove that
s, — ulleygemy = sup [u, () — (@) — 0, (E:20)
zeRN
for j — oo. To see this, we choose a smooth function p : RY — [0, 1] such
that p(x) = 0 for x € By and p(z) = 1 for z € RY \ By. Let € > 0. Since
A > —N/p we may choose a number R > 1 so large that R™*NP? < ¢, We
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define pr := p(-/R) : RY — [0, 1]. We choose j, € N so large that for j > jy
we have ||u,; — u||p~(B,z) < €. It follows that for j > jo

[, = ulle,eyy < [[(wy; = w)(X = pr)lle,@y) + [ (w, = u)prllc,@y)

N
< e+ CR7||(uy, — w)prl| e @n)
< e+ Celluy, — ul| g
< e+ C’&t(||uuj||L;P(RN) + ||u||L}\’p(]RN))
< e+20Che,

where C' and C” are constants depending only on N, p, A\. Here we have used
inequality (E.12) in the second line. Hence wu,, converges to u in Cy(R") for
j — oo. This proves that the inclusion (E.13) is compact and terminates the
proof of statement (iii).

Proof of (iv): We show that the map (E.14) is well-defined and bounded.
A short calculation using polar coordinates shows that

DU < AT

Abbreviating || - [|, == || - [|o@~) and || - |[px == ||zz@~), it follows that for
every u € WP (RN)

1) ally + 1D )]
[Tl + 11D Dl + AL 1) ull,
(L4 [AD el 1r @y -

1) ul oy
<
<

This proves that the map (E.14) is well-defined and bounded. Replacing A
by —A\ it follows that the map

WP (RY) 50— () v € WyP(RY)
is well-defined and a bounded inverse of (E.14). This proves (iv).

Proof of (v): Let f € L*®(RY™) be such that (E.15) holds. Let u, €
W P(RN) be a sequence such that

Cy = sup Hu,,HW;,p(RN) < 0. (E.21)

Fix a number R > 0. By (E.21) the sequence fu, is uniformly bounded in

WP (Bgr). Therefore, it follows from Kondrachov’s compactness theorem and

from Holder’s inequality that there exists a subsequence of fu, that converges

in LP(Bg) to some map v'®. We set R := 1 and choose such a subsequence
1y . . . .

(yj )jen. By induction, there exists a sequence of consecutive subsequences
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(I/J(-i)), such that fu ) converges in LP(B;) to some map fu® € LP(B,), for
j .
j — oo. We define v : RY — R by v(z) := v@(x), where we choose i

(depending on x) so large that = € B;. Then for every i

[0l 2(m,) < 1iijUP [ funllzz By < (1 f]]Loo @y Ch
Hence
o]l @yy < Cillfl] oo @y,
(9)

and thus v € L5(RY). We define the diagonal subsequence v; := v;”’. We

claim that fu,, converges to v in L4(RY). To see this let ¢ > 0. We choose
1 so large that

[ fllLe@miBy < &, (E.22)
||UHL§(RN\B1-) < & (E.23)

Since fu,, converges to v in LP(B;), there exists an integer j, such that for
J > Jo we have
[, — UHL‘;(Bi) <é&.

It follows that for j > jo

|| fuw, — U||L§(RN) || fuw, — UHL‘;(Bi) + || fuw, — v||L§(RN\BZ~)
€+ ||fuuj\|L§(RN\Bi) + HU||L§(RN\B,.)

e+eC) +e.

IAIA A

Here in the last inequality we have used (E.22), (E.21) and (E.23). Hence
fu,, converges to v in L (R™). This proves (v) and completes the proof of
Proposition E.6. O

E.3 Uhlenbeck compactness

Let n be a positive integer, X be a smooth n-manifold (possibly with bound-
ary), k € NU {0}, £ € N and p € [1,00]. We denote by H* C R" the
closed upper half space consisting of all x € R™ such that z,, > 0. We define
Wk’p(X, R?) to be the vector space of all maps u : X — R such that for every

loc

local parametrization ¢ : U C H" — X we have uo € I/VIIZf(U, R?), i.e. for
every compact subset Q C U we have u oy € WkP(Q,RY). Note that such a
subset () can have nonempty intersection with the boundary of H". Assume
now that £ > 1 and kp > n and let X’ be a manifold of dimension n’. We
define W*P(X, X") to be the set of all maps u: X — X’ such that for every
pair of local parametrizations ¢ : U C H" — X and ¢/ : U’ C H” — X' we
have ¢/~' ouw ot € WrEP(yp=1(4'(U")), R"). That this definition makes sense

loc
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follows from our assumption kp > n.

Let E be a real vector bundle on X of rank ¢ with projection 7 : £ — X.
We define W?(X, E) to be the vector space of all maps s : X — E such
that m o s = id and for every local trivialization ¥ : U x R* — E we have
pry ol o5 € WEP(U,RY), where pr, : U x R — R’ denotes the projection
to the second factor. Let now G be a compact Lie group with Lie algebra g,
let (-, -) be an invariant inner product on g, and let P be a principal G-bundle
over X. We denote by P; := P X g the adjoint bundle. Furthermore, we
define the space of I/Vlﬁf—connection one forms on P by

AV = A+ WEP(X, T* X @ Py),

loc

where Ay € A(P) is a smooth connection one form. We denote
Pe = (P x G)/G,
where G acts on itself by the formula
g*h =g 'hg.

We define the set of W/P-gauge transformations by

loc

gkm = m@f(xv PG)'

The next theorem is Theorem A in the book by K. Wehrheim [Weh]. See
also the paper by K. Uhlenbeck [Uh2], Theorem 1.5.

Theorem E.7 (Weak Uhlenbeck compactness with a compact base)
Let n be a positive integer, G be a compact Lie group, X be a compact
smooth Riemannian n-manifold (possibly with boundary), P be a principal
G-bundle over X and 1 < p < oo be a real number such that p > n/2. Let
A € AY?(P), v € N be a sequence of connection 1-forms and assume that

sup || Fav||ze(x) < 00. (E.24)
N

ve

Then passing to some subsequence there are gauge transformations g, €
G*P(P) such that gt A” — A converges weakly in WY?(X, gp), where A € A(P)
is an arbitrary smooth connection one form.

Theorem E.8 (Weak Uhlenbeck compactness with noncompact base)
Let n be a positive integer, G be a compact Lie group, X be a Riemannian
n-manifold (possibly with boundary), P be a principal G-bundle over X and
1 < p < o0 be a real number such that p > n/2. Assume that there are
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compact submanifolds X, C X for v € N (possibly with nonempty boundary
0X,) such that
x=Jx., (E.25)
veN
X, € X1\ 0X,11 and X, is a deformation retract of X for every v € N.
Let A¥ € AYP(Ply,) be a sequence of connection one forms such that for
every vy € N we have
sup || Fav||zr(x,,) < 00, (E.26)

V>

Then passing to some subsequence there are gauge transformations g, €
G*P(P) such that the following holds. If A € A(P) is a smooth connection
one form and vy € N then gAY — A converges weakly in WP (X,,, T*X,, ®

gr).

Proof of Theorem E.8: Let A € A(P) be a smooth connection 1-form.
For v € N we choose a connection 1-form A, € AP(P) whose restriction
to X, agrees with A,. By Theorem A’ in the book [Weh], passing to some
subsequence, there exist gauge transformations g € G?P such that for every
v € N the sequence giA, — A converges weakly in WhP(X,,, T*X,, ® gp).
Since for v > vy we have A,| Xy = fL| Xug» the sequence g A, — A converges
weakly in W'P(X,,, T*X,, ® gp), for every vy € N. This proves Theorem
E.8. O

E.4 Compactness for 0;

We denote by J*(M) the set of C*-almost complex structures on M. The
proof of the next proposition is almost the same as the proof of Proposition
B.4.2 in the book by D. McDuff and D. A. Salamon [MS3]. For two open
subsets Q, Q' C R™ the notation @ CC € means that Q C € and Q is
compact.

Proposition E.9 (Compactness for d;) Let M be a manifold without bound-
ary, k € N, p > 2, J € JKM), Q1 C Qy C ... C C be a sequence of
open subsets, u, € WEP(Q,) be a sequence and Q = |J,Q,. Assume that

loc

Osuy, + J(uy,)0u, € Wk’p(Q,,) for every v and that for every compact set

loc

Q C Q the following holds. If vy € N is so large that Q) C €, then there is
a compact set K C M such that

w(@) €K, V=, (E.27)
sup l|duy| ey < o0, (E.28)
v>ug
sup ||Osuy, + J () O | lwrng) < 00. (E.29)

V>
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Then there is a subsequence of u, that converges weakly in W*HP(Q) and in
Ck(Q) for every compact subset Q C (0.

Proof of Proposition E.9: Let M, K,p,J, Q,,Q and u, be as in the
hypothesis. By the Whitney embedding theorem (Theorem 3.2.14 p. 55
in the book by M. W. Hirsch [Hi]), we may assume w.l.0.g. that M C
R2dim M+1 \We choose a sequence of open subsets Q%) C Q. i € N, such that
Q0 cc QY and

Jao =q.

We define 1/? = 7, for 7 € N, and for + € N we construct a subsequence
(1/]2) jen of the given sequence inductively as follows. Let ¢ € N and assume
that (V;_l)jeN has already been constructed. It follows from the hypotheses
that there is a compact subset K; C M such that u,(Q®) C K;, for every
v. Together with assumption (E.28) this implies that the W!'P-norm of U, i1
on Q@ is bounded, uniformly in j. Since the inclusion WP(Q®) C C°(Q®)
is compact, there is a subsequence, denoted by u,, that converges weakly in
Wtr(Q®) and uniformly on Q@ to some uf € WHP(Q®). Note that u}, is an

extension of ug’l.

Claim 1

Sup | [w [wrsrp @y < 0o. (E.30)
o

Assume that the claim is true. Since the inclusion W*+1r(Q@W) C C*k(QW)
is compact, there is subsequence, denoted by (1/;), such that u,:; converges
J

to uf in C*(Q@). This terminates the inductive construction of the subse-
quence. We define now the subsequence v; to be the diagonal subsequence
vj = 1/; Since the sets Q) exhaust € this subsequence satisfies the conclu-
sion of the theorem, and thus the theorem is proved, once the claim is proved.

Proof of the Claim: To simplify notation we write K := K; and ug := u}).
We choose local parametrizations ¢; : R* — M, j = 1,..., N, such that
{( C Uévzlz/)j(Bl). Then the open subsets U} := uy (i (By)) N QY cover
Q@ We fix open sets Uf“ CcC...CC U]Q such that

N
Qv c | Jurt. (E.31)
j=1

Furthermore, we choose an integer pg so large that for © > pg and 57 =
1,..., N we have

uu(U2) € 5(B).
W.lo.g. we assume that py = 1. We define

v, ,,—1 . 0 2n
vi Yy ouy s Uy — R
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We prove by induction that for / =1,... k+1

supvaHWe,p(UJz) < 00. (E.32)
I

Using (E.31) and setting ¢ = k + 1 this will imply the claim. For ¢ = 1
(E.32) is true because of the hypotheses (E.27) and (E.28) and since U} C
QU+ cc Q. Let £ € {1,...,k} and assume that we have already proved
(E.32) for £. We define JI' := (dip;) ™" J (u,)dey; - Uj — R*™2". In order to
simplify notation we abbreviate U’ := Uf, Y=y, v = o) and J* = J)
The derivatives of J* up to order ¢ involve derivatives of v* up to the same
order. Therefore, it follows from (E.32) that

sup || J*|[wer@ey < oo
I

Thus by Proposition E.10 there is a constant C' that does not depend on u
such that

[0 llwessowessy < C (1105 + T*0 e, + Il oy ). (E:33)
On U* we have

osv* + JHOwH = d(@[)fl)ﬁsuu + d(z/fl)J(uu)d@/) ot
= d(wil)(asuu + J(uu>8tuu)-

Using that U’ is compact, it follows that there is a constant C' independent
of p such that

1040 + J#0" ||y < c(\ 10t + J (1) Oyt |yremqurey + 1).

Inserting this into (E.33), together with the hypothesis (E.29) implies that,
increasing the constant C,

sup |[v*||wesrperny < Csup (||8Suu + J(up) Osuy| | wen ey + 1) < 0.
p p

This proves (E.32) with £ replaced by ¢+ 1 and completes the induction. So
(E.32) holds for every ¢ € {1,...,k + 1}. This completes the proof of the
claim and of Proposition (E.9). O

The next proposition follows by repeatedly applying Proposition B.4.9 in
[MS3].

Proposition E.10 (Regularity for 9; on R?") Let Q@ C C be an open
subset, k € N, p > 2, J € Wk’p(Q,R2”X2") be such that J*> = —1. Then the

loc

following holds. If u € W"P(Q, R*") is such that d,u + Jou € WP(Q, R2")

loc loc
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then u € Wkﬂ’p(Q,RZ"). Furthermore, for every open set Q' such that

o loc
Q' C Q) and every constant c there is a constant C' with the following signifi-

cance. Assume that J € WkP(Q, R?<2n)

||J‘ ‘Wk,p(QJRQnXQn) S C, <E34)
u € WH(Q, R*™), (E.35)
Osu + JOu € WHP(Q, R™). (E.36)

Then u € WFLP(Q R?) and

[ullwsssoger g2y < C (1105 + Jouullwaapon) + [l sz )

E.5 Pseudo-holomorphic curves to the symplectic quo-
tient

This section follows the lines of the overview article [Zi2] and of section 1.5
(“Lifting the J-equation”) in [Ga]. There the results are formulated in an
intrinsic way, involving principal G-bundles. However, here we use the local
description, since that is what is needed in this Ph.D. thesis.

Let (M,w) be a symplectic manifold, G a compact connected Lie group
with Lie algebra g, and (-,-) be an invariant inner product on g. Assume
that G acts on M in a Hamiltonian way, with moment map pu, and let J be
a G-invariant w-compatible almost complex structure. Recall the following
definitions. For every z € M we denote by Gz the G-orbit of x. The
Riemannian metric g, ; on M is defined by (gu, /). (v, w) = w,(v, Jw), for
re M, v,weT,M. For x € u='(0) we define the horizontal subspace

H, := kerdu(x) NimL: C T, M.

By m: u~1(0) — M := u~*(0)/G we denote the canonical projection. More-
over, the almost complex structure J on M := p~1(0)/G is defined by

Jv = dr(x)Jv,
for every vector o € T M and every point Z € M, where z € ~1(0) is a point
such that m(x) = z and v € H, is the unique vector such that dr(x)v = v.
For every open subset 2 C S? = C U {oo} the energy density of a map
u € WP(Q, M) is given by

1
ea(2) == §(|8Sﬂ|2 + |0,al?).

Recall also that for every map w := (u, ®, ) € W,'?(Q, M x g x g) we define

loc

e (2) 1= 510+ Xa(w)]? + [+ X (w)]?).
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Proposition E.11 Let Q C C be an open subset and (u, ®, W) € WP (Q, M x

loc

g X g) be a solution of the first vortex equation (0.1) such that pou = 0.
Then
9sGu + J(Gu)d,Gu = 0. (E.37)

Furthermore,

We will use the next lemma in the proof of Proposition E.11. Here,
for every point x € M the map L} : T,M — g denotes the adjoint of
L,:g— T,M w.r.t. the inner product on g and g, ;.

Lemma E.12 For every x € M and £,m € g we have

(dﬂ() e(@),n) = (u(=),[n.€), (E.39)
du(z)J(z) = L. (E.40)

Proof: Let z € M and &,n € g. To see (E.39),let R> ¢+ ¢g(t) — G be a
smooth curve such that ¢(0) = e and ¢(0) = £. Then

(du(z) Xe(z),m) = % 0
<% . (gu(x)g™"),m)
= ([¢&, w@)]),n)

= (u(x),[n,£])-

Here the last equality uses the fact

([&¢lm) + (¢, [6m)) =0

for every &,n,( € g. This follows from the invariance of the inner product
(-,-) under the adjoint action of G. This proves (E.39).

p(gz),m)

To see (E.40) observe that for every x € M, v € T, M and £ € g we have

(du(z)Jv,§) = w(Xe(z), Jv)
= gut(Xe(z),0)
= Gus(Le€,v)
= (&, Lv).

This proves Lemma E.12. O

Proof of Proposition E.11: Claim: We have on ()

dp(u)(Osu + Xo(u)) =0, dp(u)(Opu + Xy (u)) = 0.
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Proof of the Claim: We have by assumption
dp(u)Osu = Os(pou) =0, dp(u)Oyu = Oy (ppou) = 0. (E.41)
Furthermore, by Lemma E.12 we have for every £ € g
{dp(u) Xo(u), &) = (u(u), [§, ®]) = 0.
Here the last equality uses powu = 0. It follows that
dp(u)Xe(u) = 0.

Similarly we have
dp(u)Xg(u) = 0.

Together with (E.41) this implies the Claim. O

We prove (E.37). By the first vortex equation (0.1) and the Claim we
have
dp(u)J(u)(Osu + Xo(u)) = dp(u)(Gpu + Xo(u)) =0,
dp(u)J (u) (O + Xy (u)) —dp(u)(Osu + Xo(u)) = 0.

By Lemma E.12 this means that
Osu + Xo(u) € ker(du(u)J(u)) = ker L =1imL,
and similarly d;u + Xg(u) € imL;-. Using again the Claim it follows that
Osu + Xo(u) € Hy, Owu+ Xy(u) € Hy. (E.42)

The equality (E.37) follows now from the first vortex equation (0.1) and the
definition of J.

To see that (E.38) holds, note that (E.42) and the definition of the metric
on M imply that

(|8SGU|2 + \@Gu|2)

€CGu —

N | —

1
— 5(|8su+)('<p(7,L)\2—i- |8tu+X\p(u)\2)
= 6?3,@,\1/)’

Here the second equality uses (E.42). This proves (E.38) and concludes
the proof of Proposition E.11. a
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E.6 Ordinary linear integral equations

Let G be a Lie group with Lie algebra g and (-,-) be an inner product on g.
Then (-, -) induces a left invariant metric on G, again denoted by (-, ), by

(v,w) = (970, g™ w),
for every pair v,w € T;G and every point g € G. We denote by | - |y the
norm on each tangent space of G and by d* the distance function on the
connected components of G induced by the metric (-,-). The next result is
used in the proof of Proposition 6.3.

Proposition E.13 (Ordinary linear integral equations) Letn be a pos-
itive integer, T > 0 be a number and £ : (0,T) — R"™*™ be a Lebesgue in-
tegrable map. Then there exists a unique continuous solution g : [0,T] —
GL(n,R) of the linear integral equation

o =1+ [ elonlorts, g0 =1 (£.43)

Furthermore, let G C GL(n,R) be a closed subgroup. If & takes values in
g then g(t) € G for every t € [0,T]. Moreover, assume that there exists
an inner product (-,-) on g that is invariant under the adjoint action of G.
Suppose that £,m : [0,T] — g are two Lebesgue integrable maps. Then the
corresponding solutions g, h : [0,T] — G of (E.43) satisfy

d“(g(t), h(t)) < (1€ = nllLr o ::/0 &(s) = n(s)l..y ds. (E.44)

Remark E.14 If G is compact, then there exists an invariant inner product
on g, hence the last part of the Proposition applies.

Proof of Proposition E.13: Let n, 7" and £ be as in the hypothesis. In
Chapter IIL.1 of the book [DK], Ju. L. Daleckii and M. G. Krein prove that
there exists a unique continuous solution ¢ : [0,7] — GL(n,R) of (E.43).
Assume now that & takes values in the Lie algebra g of some closed subgroup
G C GL(n,R). Consider the subset X C [0,7] of all points ¢ such that
g(t) € G. The point 0 lies in X, since g(0) = 1 € G. Since g is continuous
and G C GL(n,R) is a closed subset, X is a closed in [0, 7]. We show that
X is open. To see this, we fix a point ¢, € [0,7] such that g(ty) € G. By
the Corollary A.7 of the Local Slice Theorem the projection 7 : GL(n,R) —
GL(n,R)/G defines a principal G-bundle. So there exists a local equivariant
coordinate chart around the point g(ty). Abbreviating m := n?—dim(G), this
is a pair (U,v), where U C GL(n,R) is a G-invariant open neighbourhood
of g(ty) and
v:=(0,8):U—-R"xG
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is a diffeomorphism, such that

olax) = (p(x),ag(x)), VYaeG, xzel,
p(r) =0, VzreG.

We choose a number € > 0 so small that g([to — &,%y +¢]) C U. By equation
(E.43), the map ¢ and hence the map pog : [to—¢, to+¢] — R™ is absolutely
continuous. Hence @ o g is differentiable almost everywhere, and for every
t € [to — &, to + €] we have

Goglt) = Goglte) + / (@og)(s)ds

to

E.43). It follows that g(¢) € G. This

Here in the third equality we have used (
0,7], ie. g(t) € G for every ¢t € [0,T],

proves that X is open. Hence X = |
as claimed.

To see that the last statement holds, assume that there exists an invariant
inner product (-,-) on g, and let £, 7 : [0,7] — g be two Lebesgue integrable
maps. We denote the corresponding solutions of (E.43) by g, h : [0, 7] — G.
Using the left-invariance of the metric (-,-), we have for every ¢t € [0,7],
abbreviating d := d,

d(g(1), h(1)) = d(1, g(t)"h(1)).

This is bounded by the length of the path [0,¢] 3 s+ g(s)"'h(s) € G, hence,
abbreviating | - | :=| - |

dlg(0).h(t) < / 400 h(s) ds
= [ 19 ) his) + () ) s
= [ o) (= 805)g(5) "+ b))t s
= [ 1= a9t + i) s

- /|— n(s)| ds.

Here in the forth line we have used the bi-invariance of the metric on G. This
proves the last statement and completes the proof of Proposition E.13. O
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E.7 Homology and cohomology

Let X be a topological space, and k be a nonnegative integer. We denote by
Cr(X,R) and C*(X,R) := Cy(X,R)* the vector spaces of singular k-chains
and k-cochains with coefficients in R, and by 0 : Ci(X,R) — Cp_1(X,R)
and d : C*(X,R) — C**1(X,R) the boundary and the coboundary operator.
Furthermore, we denote by

_ ker (0: Ch(X,R) — Cp1(X,R))
Hy(X,R) := 90 (X R) :
HYX.R) — ker (d : C*(X,R) — C*(X,R))

dC*1(X,R)

the k-th singular homology and cohomology groups. By the universal coeffi-
cients theorem (see 13.4.8 Satz in the book [SZ]) the map

HY(X,R) — Hy(X,R)", [¢] = ([z] = #(2)) (E.45)

is a linear isomorphism.

Let M be a (smooth) manifold, possibly noncompact and with boundary.
By a smooth k-chain in M we mean a finite formal linear combination

c:= g AiCi,
i

where ¢; : [0,1]* — M is a smooth map and \; € R. We denote by
CX(M,R) the vector space of smooth k-chains. Restriction of a smooth
chain to the components of the boundary 9[0, 1]¥ induces a boundary map
0: CP(M,R) — C2(M,R). We define the C*°-homology groups of M to
be
ker (d : C°(M,R) — C2 (M, R))

doﬁl(Mv R)

HX(M,R) :=
Fixing a partition of the cube [0, 1]* into simplices, we get a linear map
CP(M,R) — Cy(M,R). (E.46)

Proposition E.15 For every nonnegative k and every partition of the cube
[0, 1]% into simplices, the induced map (E.46) descends to an isomorphism

(M, R) — Hy(M,R). (E.47)

Proof: This is Theorem 24.12 in the book by Fulton [Fu]. a

By the previous proposition the composed map

H*(M,R) — Hy(M,R)* — HX(M,R)* (E.48)
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is an isomorphism. Here the first map is given by (E.45) and the second map
is induced by the map (E.47).

We denote the de Rham cohomology of M in degree k by H*(M). Con-
sider the linear map

dR := dRy; : H*(M) — H*(M,R)

given by composing the map

HE(M) — HX(M,R)*,  [w] — <[Z )\ici] — Z)\ /[O " c;*w> (E.49)

with the inverse of the map (E.48).

Theorem E.16 (de Rham’s theorem) Let M be a manifold, possibly non-
compact and with boundary. Then the map

dR : H*(M) — H*(M,R)
1$ a linear isomorphism.

Proof: This is equivalent to saying that the map (E.49) itself is an iso-
morphism, which is Theorem 24.13 in the book [Fu]. Note that the proof
of that theorem goes through in the case that M has nonempty boundary.
In the local considerations one has to replace R™ by the closed half-space
H" :={z e R" |z, > 0}. O

Assume now that M is orientable and endowed with an orientation. Let
n be the dimension of M and 0 < k < n. We denote by QF(M) the vector

space of differential k-forms on M with compact support in the interior j\j[ =
M\ OM, and by

_ ker(d : QF(M) — QFL(M))

=) 40107

the de Rham cohomology of M with compact supports. Consider the linear
map

ONM) — QT M), we (n — / wAn) :
M
It follows from Stokes’ theorem that this map induces a map on cohomology,

PD : H*(M) — H" *(M)*.
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Theorem E.17 (Poincaré duality) Let M be an oriented n-manifold, pos-
sibly with boundary. Then the map

PDyy : H¥(M) — H" *(M)*
is a linear isomorphism for every 0 < k < mn.

Proof: This is Theorem I, Chap. V.4 in Vol. I of the book by W. Greub, St.
Halperin and R. Vanstone [GHV]. Note that their proof goes through in the
case that M has nonempty boundary. For this, in the local considerations
one has to replace R™ by the closed half-space H" C R". In the case that M
admits a finite good cover see also the book by R. Bott and L. W. Tu [BT],
formula (5.4) p.44. O

By theorem E.17, every k-dimensional oriented submanifold N C M that
is closed as a subset, defines a cohomology class

ay = ay =PD;/} <[u)] s /Nw) c H"F(M). (E.50)

For details see the book by R. Bott and L. W. Tu [BT]. We call a de Rham
cohomology class o € H*(M) an integer class iff dR(«) lies in the image of

the map
H*(M,Z) — H"(M,R)

induced by the inclusion Cy, (M, Z) — Cr(M,R), where Cy,(M,Z) and H*(M, Z)
denote the singular k-chain group and k-th singular cohomology group with
integer coefficients.

Theorem E.18 (Representing a cohomology class) Let M be a com-
pact oriented manifold, possibly with boundary OM, let k be a monnegative
integer and let « € H*(M) be an integer de Rham cohomology class. Then
there exist a rational number A\ # 0 and a compact oriented submanifold N
of dimension n — k, possibly with boundary ON C OM, such that

A = a. (E.51)

Proof: This is a consequence of Theorem 11.29 in the paper [Th] by R.
Thom. Consider the double of M,

M = M+#M,

defined by identifying the two boundaries, where M denotes the manifold M
with the reversed orientation. Note that M is an oriented manifold. We fix
a collar neighbourhood of the boundary 0M in M, i.e. a pair (U, %), where
U C M is an open neighbourhood of OM and

Y (=10l x OM — U
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is a diffeomorphism, such that ({0} x OM) = OM. We choose a smooth
map p: (—1,0] — (—1,0] such that p(t) = ¢ for t smaller than some number
to > —1, and p = 0 in some neighbourhood of 0 € (—1,0]. We define the
map r: M — M by

r(z) = { porcoyl(z), ifxel,

T otherwise,

where
¢ (=1,0] x OM — (=1,0] x OM, r'°%(t,x) := (p(t), z).

Let o € H*(M). We choose a representative w € QF(M) of . Consider the
form w defined by

W =

~ r*w, on the first component of M = M#M,
S*r*w, on the second component of M,

where S : M — M is the map that identifies the two components of M =
M#M . By definition of the smooth structure on M, we can extend the colar
neighbourhood v of OM in M to a colar neighbourhood

Ui (=1,1) x OM — U := U#U,

by setting {/; ;=08 on U. Since p = 0 in some neighbourhood of 0 € (-1, 0],
it follows that
IZ*(:) =7""w,

in some neighbourhood of {0} x oM C (—1,1) x OM, where 7 : (—1,1) x
OM — OM denotes the projection to the first component and ¢« : OM — M
denotes the inclusion. Hence the form @ is smooth along M. Furthermore,
it is closed and hence represents a cohomology class [w] € H*(M). Since
M is compact and OM = (), we have H" *(M) = H™*(M). Consider the
adjoint map of dR7,

dR™ : H, (M, R) 2 H"*(M,R)* — H"*(M)".

By de Rham’s theorem E.16, this map is an isomorphism. We define ¢ €

H*(3)* by
() = /ju AT

M
and we set

@:= (dAR%) YD) € Hooi(M,R).

Our assumption that « is an integer de Rham cohomology class implies that
a lies in the image of the natural map

H,_(M,Z) — H,_,(M,R).
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Therefore, by Theorem I1.29 in the paper [Th] by R. Thom, there exists
a closed oriented submanifold N C M of dimension n — k and a rational
number A such that

where [N] denotes the fundamental class of N. This means that for every de
Rham cohomology class [1j] € H"*(M) we have

[ ani = a0
- AR5l
— (R (7).
= MRy (). [¥])

= A / 7. (E.52)

N

Perturbing N slightly in the colar neighbourhood of M in M , wWe may
assume w.l.o.g. that N intersects OM transversely. It follows that the
intersection

N:=NnM

is a submanifold of M with boundary ON C OM.

We show (E.51), i.e. that Aol = a. Let [§] € H»*(M) be a cohomology
class where 7 is a closed n — k-form with compact support in the interior

M Extending 7 by 0 on the second component of M yields a closed form
ne - k(M) It follows from (E.52) that

APDy (an) () = A/Nn

afa
- /M&Aﬁ
= /M'r*w/\n
= PDu(r*e)([n])

It follows that
AN =r*a = a.

Here we have used that r is smoothly homotopic to the identity on M. This
completes the proof of Theorem E.18. a
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Lemma E.19 Let M be an n-dimensional oriented manifold, possibly non-
compact and with boundary, k > 0 be an integer, N C M be an oriented
(n — k)-dimensional submanifold without boundary that is closed as a subset,
and b € Hy(M,R) be a singular homology class. Assume that there exists a
cycle ¢ :== ). \ic; that represents b such that

im(c;) NN = 0. (E.53)

Then
(dR(ap), by = 0. (E.54)

Proof of Lemma E.19: By Proposition E.15 there exists a smooth (n—k)-
cycle ¢ :== )", Nc} in the open subset M \ N C M that is homologous to ¢ in
M\ N. Hence ¢ is homologous to ¢ in M. By Proposition 6.25 (Localization
Principle) in the book [BT] there exists a representative w € QF(M) of ay
with support in an arbitrary small neighbourhood of N. Since im(c;,)NN = 0,
we may choose a representative w of ay with support in M \ J,im(c}). It

follows that ¢;"w = 0 and therefore
<dR(aN)7 b) = <dR([W]), b)

= Z )\;/ diw=0.
P [0’1]n—k

This proves Lemma E.19. a
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