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Abstract

Consider a Hamiltonian action of a compact connected Lie group on a symplec-
tic manifold (M, w). Conjecturally, under suitable assumptions there exists a mor-
phism of cohomological field theories from the equivariant Gromov-Witten theory
of (M,w) to the Gromov-Witten theory of the symplectic quotient. The morphism
should be a deformation of the Kirwan map. The idea, due to D. A. Salamon, is
to define such a deformation by counting gauge equivalence classes of symplectic
vortices over the complex plane C.

The present memoir is part of a project whose goal is to make this definition
rigorous. Its main results deal with the symplectically aspherical case. The first
one states that every sequence of equivalence classes of vortices over the plane has
a subsequence that converges to a new type of genus zero stable map, provided
that the energies of the vortices are uniformly bounded. Such a stable map consists
of equivalence classes of vortices over the plane and holomorphic spheres in the
symplectic quotient. The second main result is that the vertical differential of the
vortex equations over the plane (at the level of gauge equivalence) is a Fredholm
operator of a specified index.

Potentially the quantum Kirwan map can be used to compute the quantum
cohomology of symplectic quotients.
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CHAPTER 1

Motivation and main results

1.1. Quantum deformations of the Kirwan map

Let (M,w) be a symplectic manifold without boundary, and G a compact con-
nected Lie group with Lie algebra g. We fix a Hamiltonian action of G on M and
an (equivariant) momentum map' p : M — g*. Throughout this memoir, we make
the following standing assumption:

Hypothesis (H): G acts freely on p=1(0) and the momentum map u is proper.

Then the symplectic quotient (M := p~'(0)/G,w) is well-defined, smooth and
closed (i.e., compact and without boundary). The Kirwan map is a canonical ring
homomorphism

Here H* and H{, denote cohomology and equivariant cohomology with rational
coefficients, and the product structures are the cup products. F. Kirwan proved
[Kir] that this map is surjective. Based on this result, the cohomology ring H*(M)
was described in different ways by L. C. Jeffrey and F. Kirwan [JK, Theorem 8.1],
S. Tolman and J. Weitsman [TW, Theorem 1], and many others.

The present memoir is concerned with the problem of “quantizing” the Kir-
wan map, which was first investigated by R. Gaio and D. A. Salamon. Assuming
symplectic asphericity and some other restrictive conditions, in [GS, Corollary A’]
these authors constructed a ring homomorphism from H (M) to the (small) quan-
tum cohomology of (M,w), which intertwines the Gromov-Witten invariants of the
symplectic quotient with the symplectic vortex invariants. Their result is based on
an adiabatic limit in the symplectic vortex equations. It was used by K. Cieliebak
and D. A. Salamon in [CS, Theorem 1.3] to prove that given a monotone linear
symplectic torus action on R?" with minimal first equivariant Chern number at
least 2, the quantum cohomology of (M, ) is isomorphic to the Batyrev ring.

The result by Gaio and Salamon motivates the following conjecture. We denote
by QHF; (M, w) the equivariant quantum cohomology. By this we mean the Q-vector
space of all maps a : H (M, Z) — HE (M) satisfying an equivariant version of the
Novikov condition, together with a product counting holomorphic maps from S2
to the fibers of the Borel construction for the action of G on M.? The Novikov
condition states that for every number C' € R there are only finitely many classes
B € H§(M,Z), such that a(B) # 0 and ([w — ], B) < C. Here [w — ] € HE(M)
denotes the cohomology class of the two-cocycle w — p in the Cartan model.

Momentum maps are often called moment maps by symplectic geometers. However, the
first term seems more appropriate, since the notion generalizes the linear and angular momenta
appearing in classical mechanics.

2For the definition of this product see [Gi, GiK, Kim, Lu, Ru].
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2 1. MOTIVATION AND MAIN RESULTS

The space QH (M, ui is naturally a module over the equivariant Novikov ring
A#.3 We denote by QH* (M, @) the quantum cohomology of (M, ©) with coefficients
in this ring. A map

(1.1) ¢ HY(M,Z) — Homg (H& (M), H*(M))
satisfying the equivariant Novikov condition?, induces a A*-module homomorphism
(1.2) .t QHE (M, w) — QH*(M,®), (p.a)(B):=Y_¢(B1)a(By),

where the sum is over all pairs By, B, € HS (M, 7) satisfying B; + By = B. We
denote by ¢¥(M,w) € HZ(M,Z) the first G-equivariant Chern class of (TM,w),
and by

(1.3) N :=inf ({{c{(M,w),B)|B € HY(M,Z) : spherical} NN) € NU {oo}®

the minimal equivariant Chern number. We call (M,w, 1) semipositive iff there
exists a constant ¢ € R such that

(lw—p, B) = e{ef’ (M, w), B),
for every spherical class B € HY (M,Z), and if ¢ < 0 then N > 1 dim M.

1. CONJECTURE (Quantum Kirwan map, semipositive case). Assume that (H)
holds and that (M,w,p) is convex at oo ¢ and semipositive. Then there exists
a map ¢ as in (1.1), satisfying the equivariant Novikov condition, such that the
induced map @, as in (1.2) is a surjective ring homomorphism, and

(1.4) ¢(0) = k,
(1.5) (lw—pl,B) <0, B#0 = ¢(B) = 0.

Once proven, this conjecture will give rise to a recursion formula for QH* (M, ©)
in terms of QHY (M, w) and ¢.” As noticed in [NWZ], without the semipositivity
condition, the conjecture likely needs to be modified as follows:

2. CONJECTURE (Quantum Kirwan map, general situation). Assume that (H)
holds, and that (M, w, p) is convex at co. Then there exists a morphism of coho-
mological field theories (CohFT’s) from the equivariant Gromov-Witten theory of
(M, w) to the Gromov-Witten theory of (M, ).

For the notion of a morphism between two CohFT’s V and W see [NWZ].
Such a morphism consists of a sequence of S,,-invariant multilinear maps

G VI x HY (Maa(A) = W, neNg:=NuU{0},

3This ring consists of all maps A : H2C‘V(M7 Z) — Q satisfying an equivariant version of the
Novikov condition, analogous to the one above. The product is given by convolution.

4This condition is analogous to the one above.

5In this memoir N := {1,2,...} does not include 0.

6This means that there exists an w-compatible and G-invariant almost complex structure J
on M, such that the quadruple (M, w, i, J) is convex at oo in the sense explained before Theorem
3 below.

"The recursion is over the set

(=

where Gng denotes the 3-point genus 0 equivariant Gromov-Witten invariant of (M,w) in the

k € NU{0}, B; € HS (M, Z) : ¢(B;) # 0 or GWG, ¢o,¢=1,...,k},

class B;.



1.2. SYMPLECTIC VORTICES 3

satisfying relations involving the composition maps of V and W. Here M, 1(A)
denotes the moduli space of stable n-marked scaled lines. Furthermore, the action
of the symmetric group S, is by permutations of the first n arguments of ™. The
map 1! plays the role of ¢, as in Conjecture 1. The map ° measures how much
! fails to be a ring homomorphism. Once proven, Conjecture 2 will give rise to
a recursion formula for the Gromov-Witten invariants of (M,®) in terms of the
equivariant Gromov-Witten invariants of (M,w) and the morphism (™).

The present memoir is part of a project whose goal is to prove Conjectures 1
and 2.8 The approach pursued here was suggested by D. A. Salamon.® The idea is
to construct the maps of the conjectures by counting symplectic vortices over the
complex plane C. In a first step, we will consider the (symplectically) aspherical
case. This means that

(1.6) / u'w=0, YuecC>(S% M).
S2

In this case the equivariant quantum cup product is induced by the ordinary cup
product on H}(M).

1.2. Symplectic vortices, idea of the proof of existence of a quantum
Kirwan map

To explain the idea of the proofs of Conjectures 1 and 2, we recall the symplec-
tic vortex equations: Let J be an w-compatible and G-invariant almost complex
structure on M, (-,-)g an invariant inner product on g, (¥,7) a Riemann surface,
and wy, a compatible area form on ¥.1° For every smooth (principal) G-bundle P
over ¥ we denote by A(P) the affine space of smooth connection one-forms on P,
and by C& (P, M) the set of smooth equivariant maps from P to M. Consider the
class

(1.7) B:= By := {w:= (P, A,u) | P smooth G-bundle over X,
A€ A(P),ue CZ(P, M)}
The symplectic vorter equations are the equations

(1.8) dyalu) = 0,
(1.9) Fa+ (pou)ws =

for a triple (P, A, u) € B. To explain these conditions, note that the pullback bundle
u*TM — P descends to a complex vector bundle (v*TM)/G — X.!' For every
x € M we denote by L, : g — T,M the infinitesimal action, corresponding to
the action of G on M. With this notation, 9 4(u) means the complex antilinear
part of dau := du + L, A, which we think of as a one-form on ¥ with values in
(W'TM)/G — X. In (1.9) we view the curvature Fy of A as a two-form on 3 with
values in the adjoint bundle gp := (P x g)/G — ¥ 2. Furthermore, identifying g*
with g via (-,-)g, we view p o u as a section of gp. The vortex equations (1.8,1.9)
were discovered by K. Cieliebak, A. R. Gaio, and D. A. Salamon [CGS], and

SFurther relevant results will appear elsewhere, including [Zi4, Zi5].

9Private communication.

10This means that 7 and wy, determine the same orientation of 3.

HThe complex structure on this bundle is induced by the almost complex structure J.
12Here G acts on g in the adjoint way.



4 1. MOTIVATION AND MAIN RESULTS

independently by I. Mundet i Riera [Mul, Mu2].!® A solution of these equations
is called a (symplectic) vortez.

Two elements w,w’ € B are called (gauge) equivalent iff there exists an iso-
morphism ® : P’ — P of smooth G-bundles (which descends to the identity on %),
such that

O*(A,u) == (Aod®P,uo®)= (A" u).
In this case we write w ~ w’. We define
(1.10) B:=Bs :=B/~.

The equations (1.8,1.9) are invariant under equivalence. We call an element W € B
a vortex class iff it consists of vortices. We define the energy density of a class
W € B to be

1
(1.11) ew = €y = 5(\dAu\2+\FA|2+\uou|2),

where w := (P, A, u) is any representative of W. Here the norms are induced by the
Riemannian metrics wx(+,j-) on ¥ and w(-, J-) on M, and by (-, -)g. This definition
does not depend on the choice of w. Vortex classes are absolute minimizers of the
(Yang-Mills-Higgs) energy functional
(1.12) E:B—0,00], EW):= / ewws,

b
in a given second equivariant homology class.!* We define the image of a class
W € B to be the set of orbits of u(P), where (P, A,u) is any representative of W.
This is a subset of the orbit space M/G.

Consider now the complex plane ¥ := C, equipped with the standard area form
we = wp.'® Let W € Be be a vortex class of finite energy, such that the image
of W has compact closure'®. Then W naturally carries an equivariant homology
class [W] € HY (M, Z). (See Section 3.1.) Let B € HS(M,Z). We denote by Mp
the set of vortex classes W representing the class B, and by EG — BG a universal
G-bundle. There are natural evaluation maps

ev,: Mp — (M xEG)/G, &y : Mp— M

at z € C and oo € C U {00}.1” We denote by PD : H,(M) — H*(M) the Poincaré
duality map. To prove Conjecture 1, heuristically, we define

(1.13) ¢ H§ (M, Z) — Homg (Hg (M), H*(M)),
(1.14) (p(B)a,b) == / evy a — eve PD(b),
Mg

1311 the case G := S! C C acting on M := C by multiplication, and 3 := C, the corresponding
energy functional was introduced previously by V. L. Ginzburg and L. D. Landau [GL], in order
to model superconductivity. More generally, in the case M := C" and G a closed subgroup of
U(n), the functional appeared in physics in the context of gauged linear sigma models, starting
with the work of E. Witten [Wi].

14500 [CGS, Proposition 3.1]. Here we assume that X is closed, and vortices in the given
homology class exist.

1510 this case a vortex may be viewed as a map (®,¥,u) : C — g x g x M, see Remark 6
below.

16yith respect to the quotient topology on M/G

173ee [Zil, Zid] and Section 2.1.
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for B € HY(M,Z), a € H5(M), and b € H.(M). Under the hypotheses of
Conjecture 1, this map is “morally” well-defined and satisfies the conditions of
the conjecture: If J is chosen as in the definition of convexity below, then there
exists a compact subset of M/G containing the image of every finite energy vortex
class W € B¢ whose image has compact closure. This ensures that for every
B € H$(M,Z7), the space Mp can be compactified by including holomorphic
spheres in M and in the fibers of the Borel construction (M x EG)/G. In the
transverse case, it follows that the “boundary” of M p has codimension at least 2.
This makes the map ¢ “well-defined”. It satisfies the equivariant Novikov condition
as a consequence of the compactification argument, conservation of the equivariant
homology class in the limit (see [Zil, Zid]), and the identity

E(W) = (lw — ul, [W]).

This holds for every vortex class W € Bc of finite energy, such that the image of
W has compact closure.!® The identity also implies conditions (1.4,1.5).

The ring homomorphism property for the induced map Qx := ¢, follows from
an argument involving two marked points on the plane C that either move together
or infinitely apart. The semipositivity assumption ensures that in the limit there
is no bubbling of vortex classes over C without marked points. In contrast with
holomorphic planes, such vortex classes may occur in stable maps in top dimensional
strata, even in the transverse case. This is due to the fact that vortices over C
“should not be rotated”, which is explained below.

Surjectivity of Qk will be a consequence of surjectivity of the Kirwan map &,
and the equivariant Novikov property. The idea of the proof of Conjecture 2 is to
define Qx' := Qx as above, and for general n € Ny, Qx™ in a similar way, using n
marked points. The map Qx° counts vortex classes over C without marked points.

The “quantum Kirwan morphism” (Qx")nen, will intertwine the genus 0 sym-
plectic vortex invariants with the Gromov-Witten invariants of (M, ). This will
follow from a bubbling argument for a sequence of vortex classes over the sphere
52, equipped with an area form that converges to co.!?

The goal of the present memoir is to establish bubbling (i.e., “compactifica-
tion”) and Fredholm results for vortices over C in the aspherical case. Together
with a transversality result (see [Zi5]), the Fredholm result will provide a natural
structure of an oriented manifold on the set M p. Furthermore, the bubbling result
will imply that the map

(evp,eVa) : Mp — (M x EG)/G x M

is a pseudocycle??. This will give a rigorous meaning to the integral (1.14). The ring
homomorphism property and the relations defining a morphism of CohFT’s will be
a consequence of the bubbling result and a suitable gluing result.

18The equality follows from [CGS, Proposition 3.1] with ¥ := $2 = CU{co} and a smoothen-
ing argument at oo.

9This corresponds to the adiabatic limit studied by Gaio and Salamon in [GS]. The new
feature here is that in the limit, vortex classes over C may bubble off.

2045 defined in [MS2, Definition 6.5.1]



6 1. MOTIVATION AND MAIN RESULTS

1.3. Bubbling for vortices over the plane

To explain the first main result of this memoir, we assume that (M,w) is
aspherical, i.e., condition (1.6) is satisfied.>! We denote by

(1.15) M= {(P,Au) € Be | (1.8,1.9)}, M= M/~

the class of all vortices over C and the set of equivalence classes of such vortices. The
latter is equipped with a natural topology.?? Consider the subspace of all classes
in M with fixed finite energy £ > 0. There are three sources of non-compactness
of this space: Consider a sequence W,, € M, v € N, of classes of energy E. In the
limit ¥ — oo, the following scenarios (and combinations) may occur:

Case 1. The energy density of W, blows up at some point in C.

Case 2. There exists a number r > 0 and a sequence of points z,, € C that con-
verges to oo, such that the energy density of W, on the ball B,.(z,) is bounded
above and below by some fixed positive constants.

Case 3. The energy densities converge to 0, i.e., the energy is spread out more and
more.

In case 1, by rescaling W, around the bubbling point, in the limit v — oo,
we obtain a non-constant J-holomorphic map from C to M. Using removal of
singularity, this is excluded by the asphericity condition. In case 2, we pull W,
back by the translation z +— z + z,, and in the limit ¥ — oo, obtain a vortex class
over C. Finally, in case 3, we “zoom out” more and more. In the limit » — oo and
after removing the singularity at co, we obtain a pseudo-holomorphic map from S?
to the symplectic quotient M = p~1(0)/G.

Hence in the limit, passing to a subsequence, we expect W, to converge to a new
sort of stable map, which consists of vortex classes over C and pseudo-holomorphic
spheres in M. Here an important difference to Gromov-convergence for pseudo-
holomorphic maps is the following: Although the vortex equations are invariant
under all orientation preserving isometries of ¥, only translations on C should be
allowed as reparametrizations used to obtain a vortex class over C in the limit.
Hence we should disregard some symmetries of the equations. The reasons are that
otherwise the reparametrization group does not always act with finite isotropy on
the set of simple stable maps, and that there is no suitable evaluation map on the
set of vortex classes, which is invariant under rotation.??

We are now ready to formulate the first main result. Here we say that (M, w, u, J)
is convex at oo iff there exists a proper G-invariant function f € C*(M,[0,0))
and a constant C € [0, 00), such that

W(V, V(). T0) — (Y, Vf(@).v) 2 0, df(2)]Lop(z) >0,

for every z € f7!([C,0)) and 0 # v € T, M. Here V denotes the Levi-Civita
connection of the metric w(-,J-). This condition reduces to the existence of a

21The general situation is discussed in Remark 17 in Section 2.1.
2214 is induced by the C°°-topology on compact subsets of C.
233ee Remarks 22 and 33 in Sections 2.2 and 2.4.
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plurisubharmonic function in the case in which G is trivial. It is satisfied e.g. if M
is closed, and for linear actions on symplectic vector spaces.?*

3. THEOREM (Bubbling). Assume that hypothesis (H) is satisfied, (M,w) is
aspherical, and (M, w, 1, J) is convex at co. Let k € Ny, and for v € N let W,, € M
be a vortex class and z7,...,z{ € C be points. Suppose that the closure of the
image of each W, is compact, and

EW,)>0,YveN, supE(W,) < cc.
veN
Then there exists a subsequence of (Wl,,z(‘)’ = 00,2f,.. 72'11;) that converges to
some genus 0 stable map (W, z) consisting of vortex classes over C and pseudo-
holomorphic spheres in M, with k£ 4+ 1 marked points. (See Definitions 15 and 20
in Chapter 2.%5)

The proof of this result combines Gromov compactness for pseudo-holomorphic
maps with Uhlenbeck compactness. It relies on work [CGMS, GS] by K. Cieliebak,
R. Gaio, I. Mundet i Riera, and D. A. Salamon. The idea is the following. In order
to capture all the energy, we “zoom out rapidly”, i.e., rescale the vortices so much
that the energies of the rescaled vortices are concentrated near the origin in C.
Now we “zoom back in” in such a way that we capture the first bubble, which may
either be a vortex class over C or a J-holomorphic sphere in M. In the first case
we are done. In the second case we “zoom in” further, to obtain a finite number of
vortices and spheres that are attached to the first bubble. Iterating this procedure,
we construct the limit stable map.

The proof involves generalizations of results for pseudo-holomorphic maps to
vortices: a bound on the energy density of a vortex, quantization of energy, com-
pactness with bounded derivatives, and hard and soft rescaling. The proof that
the bubbles connect and no energy is lost between them, uses an isoperimetric in-
equality for the invariant symplectic action functional, proved in [Zi2], based on a
version of the inequality by R. Gaio and D. A. Salamon [GS].

Another crucial point is that when “zooming out”, no energy is lost locally in
C in the limit. This relies on an upper bound on the “momentum map component”
of a vortex, due to R. Gaio and D. A. Salamon.

1.4. Fredholm theory for vortices over the plane

The space of gauge equivalence classes of symplectic vortices can be viewed
as the zero set of a section of an infinite dimensional vector bundle. Formally,
the second main result of this memoir states that in the case ¥ = C the vertical
differential of this section is Fredholm when seen as an operator between suitable
weighted Sobolev spaces. We will first state the result and then interpret it in this
way.

Statement of the Fredholm result. Consider the case ¥ := C and w¢ := wy.
Let p > 2 and X be real numbers.? We define the set B as follows. For a

24Gee [CGMS, Example 2.8]. Here the standing assumption that p is proper is used.

25The reasons for introducing the additional marked points 2§ = oo are explained in Remark
21 in Section 2.2.

261y this memoir, p and A always refer to finite values, unless otherwise stated.
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measurable function f : R" — R we denote || f||, := || fl|zr(c) € [0,00] and define
the A-weighted LP-norm of f to be
A
Wl = [0+ P2 7] € 0,00]

We define gﬁx to be the class consisting of all triples (P, A, u), where P — C is a
G-bundle of class W>” 27, A a connection (one-form) of class Wb?, and u: P — M
a G-equivariant map of class VVlif . We call two elements w,w’ € gﬁ)c p-equivalent
iff there exists an isomorphism ® : P’ — P of G-bundles of class I/Vlif (descending
to the identity on C), such that ®*(A4,u) = (A’,v). In this case we write w ~, w'.
We define

(1.16) gf\ = {w:=(P,A,u) € gﬁ)c | u(P) compact, ||y/€wllpr < o0},
(1.17) BY =B/ ~p,

where the energy density e,, is defined as in (1.11).

Let W e BY. We define normed vector spaces X‘fv”\ and ygf as follows. Let
E be a real vector bundle over C. We denote by A?(FE) the bundle of alternating
i-forms on C with values in E. If F is a complex vector bundle, then we denote by
A%1(E) the bundle of anti-linear one-forms on C with values in E. We denote by
I (E) and Fllo’g (E) the spaces of its L - and VVlicp -sections, respectively. We fix

w:= (P, A u) € gﬁ, and denote by
gp:=(Pxg)/G—-%, TM":=@wTM)/G—C

the adjoint bundle and the quotient of the pullback bundle v*TM — P. Let
¢:=(a,v) € Fllo’f:(Al(gp) ®TM"). We denote daa := do+ [AA o] and by V4 the
connection on TM* induced by the Levi-Civita connection V of w(-,J-) and A 28,
and we abbreviate VA¢ := (daa, VAv). We define the weighted norm

(1.18) ¢ Hwp = lI¢loo + [[VAC] + ldp(u)o] + ol ||, , € [0, 00].

Here the norms are taken with respect to w(:, J-), the standard metric on C, and
(-,-)g- We denote by * the Hodge star operator with respect to the standard metric
on C, and by

diy = = dax : T\ (A'(gp)) — T (ap)

loc
the formal adjoint of the twisted differential d4. For x € M we denote by L} :
T,M — g the adjoint map of the infinitesimal action of G on M at z, with respect
to the Riemannian metric w(-,J-) and the inner product (-,-)g. The collection
(L})zem induces a map L} from the space of sections of TM™ to the space of
sections of gp. We define?”
(L19)  Li:DP(A'(gp) @ TMY) — TV (ap), Li(a,v) = —dja+ Liv,

w * ~ loc

27By definition, P is a topological G-bundle over C, equipped with an atlas of local trivial-
izations whose transition functions lie in Wli’cp . Every such bundle is trivializable, but we do not
fix a trivialization here.

28Gee definition (A.63) in Appendix A.7.

2975 explained in the next subsection, the map L}, is the formal adjoint for the infinitesimal
action of the gauge group on the product of the spaces of connections and equivariant maps from
P to M.
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(1.20) X2 = {¢ e TP (AN gp) @ TMY) | LiC = 0, [[Cllwpr < 00},
(1.21) yeri={¢ el (AN (TM™) @ A%(gp)) | IC']lpx < oo},
(1.22) = T X8~

weWw
(1.23) yit= T Y87~

weWw

Here the equivalence relations in (1.22,1.23) are defined similarly to the p-equivalence
relation on BP*. Since the energy-density is invariant under the gauge transforma-

tions, the gauge group of P 3% of class Wf)’f naturally acts on the set

(1.24) BY(P) := {(A,u) | (P, A,u) € BY}.

Assume that A > 1 —2/p. Then this action is free.3! Therefore, Xﬁ})‘ is naturally
a normed vector space, which can canonically be identified with 2?57’\, for any
representative w of W. Similarly, y{,’[f‘ is naturally a normed vector space, which
may be identified with i’jj’)‘, for any representative w of W.

Consider the operator

(1.25) DA - xRN — YA
0,1
(1.26) 'De";\[w; Q, 1;] = (VAU + Lua) - %J(vvJ)(dAu)LO
daa + wo dp(u)v
Here the brackets [ -] denote equivalence classes. Formally, this is the vertical

differential of a section of a Banach space bundle over a Banach manifold, whose
zeros are the gauge equivalence classes of vortices. (For explanations see the next
subsection.) Recall that c¢{'(M,w) € HS (M, Z) denotes the equivariant first Chern
class of (M,w). The second main result of this memoir is the following.

4. THEOREM (Fredholm property). Let p > 2, A € R, and W € BY (defined as
in (1.17)). Assume that dim M > 2dim G. Then the following statements hold.
(i) If A > 1 — 2/p then the normed vector spaces X% and Y7 (defined as in
(1.22,1.23)) are complete.
(i) If 1 —2/p < A < 2 — 2/p then the operator D{j{/)‘ (defined as in (1.25,1.26)) is
well-defined and Fredholm of real index

(1.27) indDi = dim M — 2dim G + 2(c§ (M, w), [W]),
where [W] denotes the equivariant homology class of W (see Section 3.1).

The contraction appearing in formula (1.27) can be interpreted as a certain
Maslov index. (See Proposition 62 in Section 3.1.) The condition 1 —2/p < A <
2 — 2/p in part (ii) of this result captures the geometry of finite energy vortices
over C. (See Remark 9 below.) The condition A < 2 — 2/p is also needed for the
map D{j{/’\ to have the right Fredholm index. (See Remark 10.) The definition of
the space X{f’{f‘ naturally parallels the definition of BY. (See Remark 11.) Note that
some naive choices for the domain and target of the operator D%,’{,)‘ do not work.
(See Remark 12.)

30i.e., the group of transformations on P
31gee Lemma 121 in Appendix A.7.
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The proof of Theorem 4 is based on a Fredholm result for the augmented vertical
differential and the existence of a bounded right inverse for L. (See Theorems 63
and 64 in Section 3.2.1.) The proof of Theorem 63 has two main ingredients.
The first one is the existence of a suitable complex trivialization of the bundle
Al(gp) ® TM*™. For R large, z € C\ Bg and p € 7~ 1(2) C P such a trivialization
respects the splitting

: C 1 : C
(1.28) TupyM = (1mLu(p)) @©imL, ),

where LS : g ® C — T, M denotes the complexified infinitesimal action, for x €
M. The second ingredient are two propositions stating that the standard Cauchy-
Riemann operator J; and a related matrix differential operator are Fredholm maps
between suitable weighted Sobolev spaces. These results are based on the analysis
of weighted Sobolev spaces carried out by R. B. Lockhart and R. C. McOwen
[Lol, Lo2, Lo3, LM1, LM2, McO1, McO2, McO3]. A crucial analytical
ingredient is a Hardy-type inequality (Proposition 91 in Appendix A.4).

Motivation, a formal setting. To put the Fredholm result into context, let
(X,7) be a connected smooth Riemann surface, equipped with a compatible area
form wy,. Recall the definitions (1.7,1.10) of B, B. Consider the subclass B* C B of
triples (P, A, ) for which there exists a point p € P, such that the action of G at
the point u(p) € M is free. We define

B* :=B"/~,
where ~ is defined as before the definition (1.10). Formally, B* may be viewed
as an infinite dimensional manifold, since for every smooth G-bundle P over X,

the natural action of the gauge group Gp = C& (P, G) on the “infinite dimensional
manifold”

(1.29) By = {(A,u)| (P, A,u) € B*}

is free. Furthermore, the set of vortex classes may be viewed as the zero set of
a section of a vector bundle £ over B*, with infinite dimensional fiber, as follows.

Consider the “vector bundle” £ = Es over g*, whose fiber over a point w =
(P, A,u) € B* is given by
(1.30) Euw =T (AYY (T M) @ A%(gp)) .»2

The bundle £ := &, over B* is now defined to be the quotient of tlle bundle £ — B*
under the natural equivalence relation lifting the relation ~ on B*. Finally,
S:B*—=¢&
is defined to be the section induced by
S:B =&, S(Au):=(05au), Fa+ (1o u)ws).

Heuristically, £ is an infinite dimensional vector bundle over B*, and S is a smooth
section of €. The zero set S71(0) C B* consists of all vortex classes over ¥. Assume
that W € S71(0). Then formally, there is a canonical map 7 : Tow,0€ — Ew, where
Ew C &€ denotes the fiber over W. We define the vertical differential of S at W to
be the map

(1.31) dVS(W)=TdS(W) : TwB* — Ew.

32Here I'(E) denotes the space of smooth sections of a vector bundle E — .
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Heuristically, if this map is Fredholm and surjective, for every W € S~1(0), then
the zero set S71(0) is a smooth submanifold of B*. The dimension of a connected
component of this submanifold equals the Fredholm index of d¥ S(W), where W is
any point in the connected component.

At a formal level, in the case ¥ = C, equipped with wy = wp, the vertical
differential (1.31) coincides with the operator D{,’{,’\, which was defined in (1.25,1.26)
and occurred in the Fredholm result, Theorem 4. To see this, let W € B*. We
interpret Ty B* as a quotient, as follows. Let P be a smooth G-bundle over ¥, and
(Au) € g}; Denoting w := (P, A, u), the infinitesimal action at the point (4, u),
corresponding to the action of Gp on g};, is given by

Lw : Lle(gP) = F(gp) - T(A,u)g}g =T (Al(gP) S TMU) ) ng = (7dA£a Lu§)7
where d4€ := d§ + [A, €]. Defining
(1.32) Xy :=T(awBp/imL,,

we may identify

(1.33) TwB* = Xy = ( 11 )?w> /~,

weW
where ~ denotes the natural lift of the equivalence relation on B*. Assume formally
that g}; and Lie(Gp) are equipped with a Gp-invariant Riemannian metric and a
Gp-invariant inner product, respectively. For (A,u) € 5}2 we denote by LY :
T(A’u)gfg — Lie(Gp) the adjoint map of L,,. Then by (1.32), we may identify

X, =ker LY, CT (A'(gp) ® TM").

Using this and (1.33,1.30), the vertical differential (1.31) at W € S~1(0) agrees
with the map

< 11 kerL;;> J~ = ( IT r > @m) EBAQ(GP))) /~
weWw weWw

given by (1.26), in the case ¥ = C and wy, = wy. Here on either side, ~ denotes a
natural lift of the equivalence relation on B*.

1.5. Remarks, related work, organization

Remarks.

5. REMARK (Vortices as triples). In some earlier work (e.g. [CGS] and [Zil]),
the G-bundle P was fixed and the vortex equations were seen as equations for a
pair (A, u) rather than a triple (P, A,u).>®> The motivation for making P part of
the data is twofold:

When formulating convergence for a sequence of vortex classes over C to a stable
map, one has to pull back the vortices by translations of C. (See Section 2.2.) If the
principal bundle is fixed and vortices are defined as pairs (A, u) solving (1.8,1.9),
then there is no natural such pullback. However, there is a natural pullback if the

3?’However, in [MT] I. Mundet i Riera and G. Tian took the viewpoint of the present memoir.
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bundle is made part of the data for a vortex.>* More generally, it is possible to
pull back vortex triples (P, A, u) by a Kahler transformation of a Riemann surface
equipped with a compatible area form.

Another motivation is the following: If the area form or the complex structure
on the surface ¥ vary, then in the limit we may obtain a surface ¥’ with singularities.
It does not make sense to consider P as a bundle over ¥’. One way of solving this
problem is by decomposing ¥’ into smooth surfaces, and constructing smooth G-
bundles over these surfaces. Hence the G-bundle should be viewed as a varying
object.

Once P is madgv part of the data, it is natural to consider equivalence classes of
triples (P, A,u) € M (as defined in (1.15)), rather than the triples themselves. One
reason is that all important quantities, like energy density and energy, are invariant
(or equivariant) under equivalence. Note also that the bubbling and Fredholm
results are more naturally stated for equivalence classes of vortices. Viewing the
equivalence classes as the fundamental objects also matches the physical viewpoint
that the “gauge field”, i.e., the connection A, is physically relevant only “up to
gauge”. O

6. REMARK. Let X be the plane C, equipped with the standard area form
wo, and consider the trivial G-bundle Py := C x G. Then the solutions (A4, u) of
the vortex equations (1.8,1.9) on Py bijectively correspond to solutions (®, ¥, f) €
Cc= ((C,g X g X M) of the equations

(1.34) Ouf + Ly® + J(f)(0ef + Ly¥) =0,
(1.35) AW — 9,8 + [, U] + u(f) = 0.

Here we denote by s and ¢ the standard coordinates in C = R2, and in the second
equation we identify the Lie algebra g with its dual via the inner product (-, ).
The correspondence maps such a triple (®, U, f) to (A,u), where A denotes the
connection on P defined by

Azg)(C g8) = (2(2)ds + U(2)dt)( + &, V(ET.C,E€g,2€C, g€,

and the map u : Py — M is given by u(z, g) := g~ f(2). The group C*°(C, Q) acts
on the set My of solutions of (1.34,1.35) by

h* (D, 0, f) = (h‘lash £ Ady, 1 ®, B 9,k + Ady, W, h—lf),

where we denote the adjoint representation of an element g € G by Ad, : g — g.
This group naturally corresponds to the gauge group C&F (P, G), and its action to
the action

g (A u) = (g_ldg —|—Adg71A,g_1 )

Since every G-bundle over C is trivializable, it follows that the quotient of Mvo
by the action of C°°(C,G) bijectively corresponds to the quotient M = M/ ~,
consisting of gauge equivalence classes of triples (P, A, u) of solutions of (1.8,1.9).
Hence the results of the present memoir can alternatively be formulated in terms
of solutions of the equations (1.34,1.35). However, the intrinsic approach using
equations (1.8,1.9) seems more natural. O

34Given a G-bundle P over C, we may of course choose a trivialization of P, and then define
a pull back for pairs (A, u), using the trivialization. However, this approach is unnatural, since it
depends on the choice of a trivialization.
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7. REMARK (Asphericity). Without the asphericity condition one needs to in-
clude holomorphic spheres in the fibers of the Borel construction in the definition
of a stable map. In this situation, to compactify the space of vortices over C with
an upper energy bound, one needs to combine the proof of Theorem 3 with the
analysis carried out by I. Mundet i Riera and G. Tian in [Mul, MT], or by A. Ott
in [Ott]. O

8. REMARK (Quotient spaces). The space X{f’{f‘ occurring in Theorem 4 is a
quotient of a disjoint union of normed vector spaces. It is canonically isomorphic
to the space /'?5“\7 for every representative w of W. Similar statements hold for
ygf. The description of the spaces X‘f’v"}‘ and yg;,* as such quotients may look
unconventional, however, it seems natural, since it does not involve any choice of a
representative of .

Alternatively, one could phrase the Fredholm result in terms of the spaces /E’;’/\
and )N)fjﬂ. However, in view of the last part of Remark 5, this seems less natural
than the present formulation. O

9. REMARK (Decay condition and vortices). The condition ||\/€y|pr < o0 in
the definition (1.16) of BY and the requirement 1 —2/p < A < 2 —2/p in Theorem
4(ii) capture the geometry of finite energy vortices over C, in the following sense.

Let w = (P,A,u) € BP . be a finite energy vortex such that u(P) has compact

loc
closure. (Here B _ is defined as at the beginning of Section 1.4.) Then for every
e > 0 there exists a constant C such that e, (z) < C|z|~1¢, for every z € C\ By.
This follows from Theorem 99 in Appendix A.5 and [Zi2, Corollary 1.4].

It follows that w € E’/{ if A\ < 2—2/p. This bound is sharp. To see this,
let A\ >2—2/pand M := 5% equipped with the standard symplectic form wg,
complex structure J := i, and the action of the trivial group G := {1}. Consider
the inclusion u : C x {1} 2 C — §? =2 CU{oo}. Since this map is holomorphic, the
triple (C x {1},0,u) is a finite energy vortex whose image has compact closure. It
does not lie in g§

On the other hand, every w € vi\ has finite energy whenever p > 2 and A >
1 —2/p.3% The latter condition is sharp. To see this, consider M := R? w :=
wo, G == {1}, J :=i. We choose a smooth map u : C x {1} 2 C — R?, such that

u(z) = (cos <\/M) ,sin (JlogW)) , VzeC\ Bs.

Then the triple (C x {1},0,u) lies in vi\ for every p > 2 and A < 1—2/p. However,
it has infinite energy.30

10. REMARK (Index). The condition A < 2 — 2/p in part (ii) of Theorem 4 is
needed for the map D%’,)‘ to have the right Fredholm index. Namely, let A > 1—2/p

35This follows from the estimates
A - -
IWealla < a6, 162, < oo

where ¢ := 2p/(p — 2). The first estimate is Holder’s inequality and the second one follows from
a calculation in radial coordinates.

361n the present setting, a simpler example of an infinite energy triple w = (P, A, u) satisfying
Vew € L’;\ for every p >2and A <1—2/p, is w := ((C x {1},0, u), where u(z) := <\/10g\z|,0>,
for every z € C\ B2. However, the closure of the image of such a map u is non-compact, since it
contains the set [1,00) x {0}. Therefore, w does not lie in BY for any p and .
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be such that A +2/p & Z, and W € BY. Then the proof of Theorem 4 shows that
Dﬁ’,}‘ is Fredholm with index equal to

(2 — k)(dim M — 2dim G) + 2(c{ (M, w), [W]),

where k is the largest integer less than A + 2/p. In particular, the index changes
when A passes the value 2 — 2/p.

Note also that the condition A > 1 — 2/p is needed, in order for the homology
class [WW] to be well-defined. (See Remark 55 in Section 3.1.) O

11. REMARK (Weighted Sobolev spaces and energy density). The definition of
the space X{/’V”\ naturally parallels the definition (1.17) of BY. Namely, by linearizing
with respect to A and u the terms dq4u, F4 and powu occurring in the energy density
ew, We obtain the terms VA¢, du(u)v and L,a. These expressions occur in ||| p
(defined as in (1.18)), except for the factor L, in L,a.3" The expression ||([|o is
needed in order to make || - || p,» non-degenerate. O

12. REMARK (Sobolev spaces and 0-th order terms). Consider the situation in
which the norm (1.18) is replaced by the usual W!P-norm, and the norm || - ||, x
(defining i{’;)‘) is replaced by the usual LP-norm. Then in general, the map defined
by (1.26) does not have closed image, and hence it is not Fredholm. Note also that
the 0-th order terms o +— (L,)%! and v +— wodp(u)v in (1.26) are not compact
(neither with respect to X{;{})‘ and ygf, nor with respect to the usual WP- and
LP-norms). The reason is that the embedding of W (C) (for p > 2) into the space
of bounded continuous functions on C is not compact. Because of these terms, the
map (1.26) is not well-defined between spaces that look like the standard weighted
Sobolev spaces in “logarithmic” coordinates T + iy (with ™% = 2 € C\ {0}).

This is in contrast with the situation in which X is the infinite cylinder R x S*,
equipped with the standard complex structure and area form. In that situation the
splitting (1.28) is unnecessary, and standard weighted Sobolev spaces in “logarith-
mic” coordinates can be used. In the relative setting, with the cylinder replaced by
the infinite strip R x [0, 1], this was worked out by U. Frauenfelder [Frl, Proposi-
tion 4.7]. The proof of the Fredholm result then relies on results [RoSa, Sa] by
J. Robbin and D. A. Salamon.*80

Related work.

Quantum Kirwan maps. The history of Conjectures 1 and 2 is as follows. As-
sume that (H) holds, (M, w) is aspherical, (M, w, p) is convex at co and monotone,
and H (M) is generated by classes of degrees less than 2N, where N is the min-
imal equivariant Chern number (defined as in (1.3)). In this case R. Gaio and
D. A. Salamon [GS] proved that there exists a ring homomorphism from HE (M)
to the quantum cohomology of (M,w) that agrees with the Kirwan map on classes
of degrees less than 2N, see [GS, Corollary A’]. The idea of the proof of this result
is to fix an area form wg»> on S? and to relate symplectic vortices for the area form
Cwg2 with pseudo-holomorphic spheres in M, for sufficiently large C > 0. The
authors noticed that in general, this correspondence does not work, since in the
limit C' — o0, vortices over C may bubble off. Accordingly, the calculation of the
quantum cohomology of monotone toric manifolds in [CS], which is based on [GS],

37Tt follows from hypothesis (H) and Lemma 84 in Appendix A.3 that this factor is irrelevant.
381n that setting, the index of the operator equals a certain spectral flow.
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does not extend to the situation of a general toric manifold. This follows from
examples by H. Spielberg [Sp1, Sp2].

Based on these observations, Salamon suggested to construct a ring homomor-
phism from H,(M) to the quantum cohomology of (M,w), by counting symplectic
vortices over the plane C, provided that (M,w) is aspherical and (M,w, ) is con-
vex at co. This homomorphism should intertwine the symplectic vortex invariants
and the Gromov-Witten invariants of (M,w). This gave rise to the Ph.D.-thesis
[Zi1], which served as a basis for the present memoir. There it is observed that in
the definition of convergence for vortices over C to a stable map, only translations
should be allowed as reparametrizations used to obtain a vortex component in the
limit.?® C. Woodward realized that with this restriction, vortices over C without
marked points may appear in the bubbling argument used in the proof of the ring
homomorphism property of the quantum Kirwan map. (This may happen even in
the transverse case.) As a solution, he suggested to interpret the quantum Kirwan
map as a morphism of cohomological field theories. (See [NWZ] and Conjecture 2
above.) On the other hand, under the semipositivity introduced above, the vortices
without marked points can be excluded in the transverse case. This gave rise to
Conjecture 1.

In his recent article [Wo] C. Woodward developed these ideas in an algebraic
geometric setting. He defined a quantum Kirwan map in the case of a smooth
projective variety with an action of a complex reductive group. (See [Wo, Theorem
1.3].) Theorem 3 of the present memoir is used in the proof of that result to show
properness of the Deligne-Mumford stack of stable scaled gauged maps in (M, w)
of genus 0. (See [Wo, Theorem 5.25].)

In [GW1] E. Gonzalez and C. Woodward used Woodward’s definition to cal-
culate the quantum cohomology of a compact toric orbifold with projective coarse
moduli space. Furthermore, in [GW2] they used it to formulate a quantum version
of Kalkman’s wall-crossing formula.

Bubbling and Fredholm results for vortices. Assume that ¥ is closed, (H) holds,
and M is symplectically aspherical and equivariantly convex at oo. In this case,
in [CGMS, Theorem 3.4], K. Cieliebak et al. proved compactness of the space of
vortex classes with energy bounded above by a fixed constant. In the case in which
M and ¥ are closed, in [Mul, Theorem 4.4.2] I. Mundet i Riera compactified the
space of bounded energy vortex classes with fixed complex structure on . Assum-
ing also that G := S, this was extended by I. Mundet i Riera and G. Tian in [MT,
Theorem 1.4] to the situation of varying complex structure. That work is based on
a version of Gromov-compactness for continuous almost complex structures, proved
by S. Ivashkovich and V. Shevchishin in [IS].

In [Ott, Theorem 1.8] A. Ott compactified the space of bounded energy vortex
classes in a different way, for a general Lie group and closed M and X, the last
with fixed complex structure. He used the approach to Gromov-compactness by
D. McDuff and D. A. Salamon in [MS2]. In the case in which ¥ is an infinite strip,
equipped with the standard area form and complex structure, the compactification
was carried out in a relative setting by U. Frauenfelder in [Frl, Theorem 4.12].
(See also [Fr2].)

395 explained in Remark 22 in Section 2.2, the reason for this is that the evaluation of a
vortex class at a point in C is not invariant under rotations.
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In [GS] R. Gaio and D. A. Salamon investigated the vortex equations with
area form Cws; in the limit C' — oco. Here X is a closed surface equipped with a
fixed area form wy. They proved that three types of objects may bubble off: a
holomorphic sphere in M, a vortex over C, and a holomorphic sphere in M. (See
the proof of [GS, Theorem A].)

For a closed Riemann surface ¥, in [CGMS] K. Cieliebak et al. proved that
the augmented vertical differential of the vortex equations is Fredholm.

Other related work. In [VW] S. Venugopalan and C. Woodward establish a
Hitchin-Kobayashi correspondence for symplectic vortices over the plane C.

Organization of this memoir. This memoir is organized as follows. Chap-
ter 2 contains the bubbling analysis for vortices over the plane C. In Section 2.1
we define the notion of a stable map consisting of vortex classes over C, pseudo-
holomorphic spheres in M, and marked points. In Section 2.2 we formulate conver-
gence of a sequence of vortex classes over C to such a stable map. Stable maps and
convergence are explicitly described in the Ginzburg-Landau setting in Section 2.3.
Section 2.4 covers an additional topic, which will be relevant in a future definition of
the quantum Kirwan map. The main result of Section 2.5 is that given a sequence
of rescaled vortices with uniformly bounded energies, there exists a subsequence
that converges up to gauge, modulo bubbling at finitely many points. Section 2.6
contains a result that tells how to find the next bubble in the bubbling tree, at a
bubbling point of a given sequence of rescaled vortices. Based on these results, the
bubbling result, Theorem 3, is proven in Section 2.7. Section 2.8 contains the proof
of the result characterizing convergence in the Ginzburg-Landau setting.

Chapter 3 contains the Fredholm theory for vortices over the plane C. In
Section 3.1 the equivariant homology class of an equivalence class of triples (P, A, u)
is defined, and the contraction appearing in formula (1.27) is interpreted as a certain
Maslov index. Section 3.2 contains the proof of the Fredholm result, Theorem 4.

In the appendix we recollect some auxiliary results, which are used in the proofs
of the main results.
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CHAPTER 2

Bubbling for vortices over the plane

In this chapter, stable maps consisting of vortex classes over the plane C, holo-
morphic spheres in the symplectic quotient, and marked points, are defined, and
the first main result of this memoir, Theorem 3, is proven. This result states that
given a sequence of vortex classes over C, with uniformly bounded energies, and
sequences of marked points, there exists a subsequence that converges to some sta-
ble map. We also describe stable maps and convergence in the simplest interesting
example, the Ginzburg-Landau setting.

2.1. Stable maps

Let M,w,G,g,(:,-)q, 1, J be as in Chapter 1. Our standing hypothesis (H)
implies that the symplectic quotient

(7 = u(0)/G, )

is well-defined and closed. The structure J induces an w-compatible almost complex
structure on M as follows. For every z € M we denote by L, : g — T, M the
infinitesimal action at x. We define the horizontal distribution H C T(u~1(0)) by

H, :=kerdu(z) NimLE, V€ u'(0).
Here | denotes the orthogonal complement with respect to the metric w(-,J-) on

M. We denote by m : p1(0) — M := ;~1(0)/G the canonical projection. We
define J to be the unique isomorphism of TM such that

(2.1) Jdn =drJ on H.!

We identify C U {oo} with S2. The (Connectedness) condition in the definition
of a stable map below will involve the evaluation of a vortex class at the point
oo € S2. In order to make sense of this, we need the following. We denote by Gz
the orbit of a point # € M. Let P be a smooth (principal) G-bundle over C ? and
u € CF (P, M) a map. We denote by M/G the orbit space of the action of G on
M, and define

u:C— M/G, u(z):= Gu(p),
where p € P is an arbitrary point in the fiber over z. For W € BB we define
(22) Uy = u,

where w = (P, A, u) is any representative of W. This is well-defined, i.e., does not
depend on the choice of w. Recall the definition (1.15) of M, and that by the image

1Such a J exists and is unique, since the map dr is an isomorphism from H to TM, and J
preserves H.
2Such a bundle is trivializable, but we do not fix a trivialization here.

17
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of a class W € M we mean the set of orbits of u(P), where (P, A,u) is any vortex
representing . We define the set

(2.3) Moo :={W € M |image(W) compact, E(W) < co}.

13. PROPOSITION (Continuity at oo). If W € M, then the map aw : C —
M/G extends continuously to a map f : S? — M/G, such that f(oc) € M =
nH0)/G.

PROOF OF PROPOSITION 13. This follows from the estimate (2.62) with R =
oo in Proposition 45 (Section 2.6 below).? O

14. DEFINITION. We define the evaluation map & to be the map from the
disjoint union of CY(S?, M/G) x S? and M_., x {oc} to M/G, given as follows.
For (@, z) € C°(S?, M/G) x S% we define
(2.4) ev,(u) :=ev(u,z) = u(z).

Furthermore, for W € M, we define
(2.5) oo (W) 1= f(00),
where f is as in Proposition 13.

By a tree relation on a set T we mean a symmetric, anti-reflexive relation on
T, such that each two points in T are connected by a unique simple path of edges.
A central definition of this memoir is the following.

15. DEFINITION (Stable map). For every k € No = NU {0} a (genus 0) stable
map consisting of vortex classes over C and pseudo-holomorphic spheres in M, with
k + 1 marked points, is a tuple

(2.6) (W,z):= (T07T1,Too,E7 (Wa)aer, (Ua)acT. > (2a8)aEs: (Oéi,Zi)z':o,...,k),

where T; is a finite set for ¢ = 0,1,00, E is a tree relation on T := Ty [[ 71 [ [ Too,
Wy € Moo (for a € T), @y : S*> — M = u~%(0)/G is a J-holomorphic map (for
a € Tw), zap € 5% is a point for each edge aEB3, a; € T is a vertex, and z; € S? is
a point, for i = 0,..., k, such that the following conditions hold.

(i) (Combinatorics)
e We have ag € T7 U T.

e For every a € T there exist an integer k € N and vertices 31,...,0, € T
such that
61 = Q, ﬂk‘ = o,
and for every i = 1,...,k — 1 we have

(2.7)  BiEBiy1, Bi€Ty= Pit1 €ToUT, [iecTiUTw = fit1 € Teo.

(ii) (Special points)
e If ag € T} then zy = .
o If o € Th and 8 € Ty are such that aE( then z,3 = c0.
e Fix o € T. Then the points z,g with § € T such that aE§ and the
points z; with ¢ = 0,..., k such that «; = «, are all distinct.

3Alternatively7 it is a consequence of [GS, Proposition 11.1].
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FIGURE 1. Stable map consisting of vortex classes over C and
pseudo-holomorphic spheres in M.

(iii) (Connectedness) Let o, f € T1 UTw be such that aE5. Then
ﬁzaﬁ (Wa) = WZﬁa (Wﬁ)

Here v is defined as in (2.4) and (2.5) and we set W, := @, if o € T
(iv) (Stability) Let a € T.
o If o« € Th and E(W,) = 0 then the set

(2.8) {BeT|abB}U{ic{0,...,k}|a; =a}

contains at least two points.
o If either o € T, and E(4s) = 0, or o € Ty, then the set (2.8) consists of
at least three points.

This definition is modeled on the notion of a genus 0 pseudo-holomorphic stable
map, as introduced by Kontsevich in [Ko].* Roughly speaking, a stable map in the
sense of Definition 15 can be thought of as a collection of vortex classes over C,
pseudo-holomorphic spheres in the symplectic quotient M, “ghost spheres of type
0” corresponding to the vertices of Ty, and marked and nodal points. A vortex class
may be connected to a sphere in M at the nodal point co, and to “ghost spheres of
type 0” at points in C. Furthermore, spheres of the same type may be connected
at nodal points. The “ghost spheres of type 0” should be thought of as constant

4Tor an exhaustive exposition of those stable maps see the book by D. McDuff and D. A. Sala-
mon [MS2].
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spheres in the Borel construction (M x EG)/G. They are needed for the bubbling
result (Theorem 3) to capture colliding marked points in C.?

Figure 1 shows an example of a stable map. Here the “teardrops” correspond to
vortex classes over C, the solid and dashed spheres to pseudo-holomorphic spheres
in M, and the dotted spheres to “ghost spheres of type 0”. The solid objects have
positive energy, and the dashed and dotted spheres are “ghosts”, i.e., their energy
vanishes. Each “teardrop” is connected to a sphere (in M) via a nodal point at its
vertex, which corresponds to the point co € CU {o0}.

To explain the stability condition (iv), we fix @ € T. We define the set of nodal
points on « to be

(2.9) Zo ={2a8|B €T, aEB} C 5,
the set of marked points on « to be
{zi’ai =aq,i€ {0,...,k}},

and the set Y, of special points on « to be the union of these two sets. The stable
map of Figure 1 carries ten marked points, which are drawn as dots. The stability
condition says the following. Assume that o € T is a “ghost component”, i.e.,
a € Ty or W, carries zero energy (in the case o € T3 UT,). Then the following
holds: If o« € Ty then it carries at least one special point in C.° Furthermore, if
a € Ty UT, then « carries at least three special points.

This condition ensures that the action of a natural reparametrization group on
the set of simple stable maps of a given type is free.” In a future definition of the
quantum Kirwan map this will be needed in order to show that the evaluation map
on the set of non-trivial vortex classes (with marked points) is a pseudo-cycle.

REMARKS. Condition (i) implies that if T} is empty then so is Tp, and hence a
stable map in the sense of Definition 15 is a genus 0 stable map of J-holomorphic
spheres in M.

If ap € Ty then T} = {ap} and T, = (. This follows from the second part of
condition (i) for o € T, using the last condition in (2.7). Hence in this case a
stable map consists of a single vortex class and special points.

If ag € T, then the sets T, and T7 UT,, are subtrees of T', and every element
of T} is adjacent to a unique vertex in T, and to no vertex in 7). In particular,
each element of T7 is a leaf of the tree T} U T,. These statements follow from
condition (i) and the fact that 7' does not contain any simple cycle.

The vertices in T are not adjacent to those in T,,. Furthermore, for each
connected component of T there exists a unique vertex in 7T; that is adjacent to
some element of the connected component. These assertions follow from condition
(i) and the fact that T does not contain any simple cycle. O

16. REMARK. If 1 <i < k is such that «; € T} then z; # oco. This follows from
condition (ii) and the fact that either ag € Ty or every vertex in Tj is adjacent to
some vertex in T,,. O

5As explained in [Zi1, Zi4] vortex classes over C evaluate to points in (M X EG)/G at points
in C. Therefore, identifying each “ghost sphere of type 0” with a point in (M x EG)/G, it makes
sense to ask that the sphere is connected to a vortex class over C at a given nodal point.

61t then also carries a special point at co.

"See Proposition 31 in Section 2.4 below.
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FIGURE 2. This is the stable map described in Example 18 with
¢ :=4 and a constant sphere wg.

17. REMARK. Without the asphericity assumption, a stable map should also
include holomorphic maps from the sphere S2 to the fibers of the Borel construction
(M xEG)/G. These occur if in a sequence of vortices over C energy is concentrated
around some point in C. The necessary analysis was worked out by I. Mundet i
Riera and G. Tian in [Mul, MT], and by A. Ott in [Ott]. O

ExXAMPLE. The simplest example of a stable map consists of the tree with one
vertex T'=T; = {ap}, a vortex class W € M., the marked point zp := 0o and a
finite number of distinct points z; € C, i =1,...,k, where k > 1 if E(W) =0. O

18. EXaAMPLE. We set k := 0, choose an integer ¢ € Ny, and define
To:=0, Ti:={1,....0}, Tw:={0}, E:={(0,1),...,(0,0),(1,0),...,(¢0)},

Q) 2:0, Zi0 I:OO,VZ.:].,...,K
Let 29,20; € S?, i = 1,...,¢ be distinct points, @y a J-holomorphic sphere, and
W, € Moo be a vortex class, for i = 1,...,¢. Assume that E(W;) > 0 for every i,
and if £ < 1 then g is nonconstant. Then the tuple

.....

is a stable map. (See Figure 2.) O

2.2. Convergence to a stable map

Let k£ > 0, for v € N let W, € M be a vortex class and 27,...,z; € C be
points, and let

(W.2) i= (To, T, Too, By (WaJaet (ia)acTc (2a8)ass (0 5)iz,.. k)

be a stable map. In order to define convergence of (Wl,,zg = 00,2{,.. ,zZ) to
(W, z), we need the following notations. For a J-holomorphic map f : S? — M we
denote its energy by

E(f)=| fw
SZ
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Let « € T:=To[[T1 [T and i = 0,...,k. We define 2,,; € S? as follows. If
o = «; then we set

(2.10) Zayi = %

Otherwise we define z, ; to be the first special point encountered on a path of edges
from «a to «;. To explain this, we denote by 3 € T, the unique vertex such that

the chain of vertices of T' running from « to «; is given by (o, 3,..., ;). (8 = a;
is also allowed.) We define
(2.11) Zai = Zag-

Let ¥ be a compact connected smooth surface with non-empty boundary. Recall
the definition (1.10) of the set By of equivalence classes of triples (P, A,u). We
define the C°°-topology 7s; on this set as follows: We fix a (smooth) G-bundle P
over %, and denote by Gp its gauge group. Since by hypothesis, G is connected,
every G-bundle over ¥ is trivializable. It follows that the map

(2.12) (A(P) x C¥(P,M))/Gp > Gp(A,u) — [P, A u] € By
is a bijection.®

19. DEFINITION. We define 7x; to be the pushforward of the quotient topology
of the C'*°-topology on A(P) x C& (P, M) under the map (2.12).

Let ¥ be a smooth surface, W = [P, A,u] € By, and Q@ C ¥ an open subset
with compact closure and smooth boundary. We define the restriction Wlg to be
the equivalence class of the pullback of (P, A, u) under the inclusion map Q — .

For W = [P, A,u] € By, and ¢ a translation on C, we define the pullback of W
by ¢ to be

(2.13) ¢ [P, A u] := [¢* P, & (A, u))],
where ® : p* P — P is defined by ®(z,p) := p.° We define

Note that p~=1(0) € M* by our standing hypothesis (H).

20. DEFINITION (Convergence). The sequence (W, 2§ := 00, 27, ..., z}) is said
to converge to (W, z), as v — oo, iff the limit F := lim,_,o, E(W,) exists,

(2.15) E=> EW.)+ Y E(ta),

acT, a€To

and there exist Mobius transformations % : S? — S2, for a € T, v € N, such that
the following conditions hold.

(i) o If & €Ty then ¢¥ is a translation on C.
o For every a € Ty we have ¢%(24,0) = 00, where 2, is defined as in
(2.10), (2.11).
o Let o € T and 9, be a Mobius transformation such that 14 (00) = 2q0.
Then the derivatives (% o1, ) (2) converge to oo, for every z € C.

8Recall here that A(P) denotes the affine space of smooth connection one-forms on P. We
use the simplified notation [P, A, u] for the equivalence class [(P, A, u)].

9Recall here that a point in the pullback bundle ¢* P has the form (z,p), where z € C and p
lies in the fiber of P over ¢(z) € C.
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(ii) If o, 8 € T are such that aE3 then (%)~} 0@} — zag, uniformly on compact
subsets of 5%\ {zga}.
(iii) e Let @ € Ty and Q C R? be an open connected subset with compact
closure and smooth boundary. Then the restriction (¢%)*W, |q converges
to Walg, with respect to the topology 7 (as in Definition 19).
e Fix a € Tw. Let Q be a compact subset of S?\ (Z, U {24.0}). For v
large enough, we have

uw, o o (Q) € M*/G,
and uyy, o %, converges to i, in C! on Q. (Here Z, and @y, are defined
as in (2.9,2.2).)
(iv) We have (@%,) "' (2¥) — z; for every i = 1,... k.

?

The meaning of this definition is illustrated by Figure 3. It is based on the
notion of convergence of a sequence of pseudo-holomorphic spheres to a genus 0
pseudo-holomorphic stable map.'® An example in which it can be understood more
explicitly, is discussed in the next section.

REMARK. The condition in the first part of (iii), that (¢%)*W,|g — Walg
with respect to 7q, is equivalent to the requirement that there exist representatives
wy, of (p%)*W,|g (for v € N) and w of W,|qg such that w, converges to w in the
C*-topology, for every k € N. This follows from a straight-forward argument, using
Lemma 120 (Appendix A.7). O

REMARK. The last part of condition (i) and the second part of condition (iii)
capture the idea of catching a pseudo-holomorphic sphere in M by “zooming out”:
Fix a € Ty, and consider the case z,0 = oo. Then there exist A, € C\ {0}
and z% € C such that ¢ (z) = Az + 2%. Tt follows from a direct calculation that
(p%)*W, is a vortex class with respect to the area form ws = |\ |?wg, where wy
denotes the standard area form on C. The last part of condition (i) means that
Al — o0, for v — oo. Hence in the limit ¥ — oo we obtain the equations

Oya(u) =0, pou=0.

These correspond to the J-Cauchy-Riemann equations for a map from C to M. (See
Proposition 116 in Appendix A.7.) The second part of (iii) imposes that in fact the
sequence of rescaled vortex classes converges (in a suitable sense) to a J-holomorpic
sphere and that this sphere equals .

It is unclear whether the bubbling result, Theorem 3, remains true if we replace
the C-convergence in this part of condition (iii) by C*°-convergence. (Compare to
Remark 39 in Section 2.5.) O

REMARK. The “energy-conservation” condition (2.15) has the important con-
sequence that the stable map (W, z) represents the same equivariant homology

class as the vortex class W, for v large enough. (See [Zil, Proposition 5.4] and
[Zi4].) O

21. REMARK. The purpose of the additional marked point («ayg, o) is to be able
to formulate the second part of condition (iii). For a € T and v € N the map
G, o % is only defined on the subset (¢%)~!(C) C S2. Since by condition (i) we

10For that notion see for example [MS2)].
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FicUre 3. Convergence of a sequence of vortex classes over C to
a stable map.
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have ¥ (zq,0) = 00, the composition aw, o ¢4 : Q — M/G is well-defined for each
compact subset Q C 5%\ (Z, U {24,0}). Hence the second part of condition (iii)
makes sense.

As another motivation, note that the bubbling result, Theorem 3, is in general
wrong, if we do not introduce the additional marked points z§ := oo and (ay, 20).
See Example 28 in Section 2.3 below. O

22. REMARK. One conceptual difficulty in defining the notion of convergence
is the following. Consider the group Isom™ (X) of orientation preserving isometries
of ¥ (with respect to the metric ws(-,j-))."* This group acts on By, (defined as in
(1.10)), as in (2.13). The set M of finite energy vortex classes is invariant under
this action.

Hence naively, in the definition of convergence, for a € 71 one would allow ¢?
to be an orientation preserving isometry of C, rather than just a translation. The
problem is that with this modification, there is no evaluation map on the set of
stable maps, that is continuous with respect to convergence. Such a map is needed
for the definition of the quantum Kirwan map.

Note here that we cannot define evaluation of a vortex class W at some point
z € 3 by choosing a representative (P, A,u) of W and evaluating u at some point
in the fiber over z, thus obtaining a point in M, since this point depends on the
choices. Instead, W evaluates at z to a point in the Borel construction for the
action of G on M.'2

Another reason for allowing only translations as reparametrizations (for a € T1)
is that the action of Isom™ (X) on the set of vortex classes with positive energy is
not always free. (See Example 34 in Section 2.4 below.) This means that the action
of the reparametrization group on the set of simple stable maps is not always free,
if we allow reparametrizations in Isom™ (X). (Compare to Section 2.4.) O

2.3. An example: the Ginzburg-Landau setting

Recall the definition (2.3) of the set M. of finite energy vortex classes over
the plane ¥ = C, whose image has compact closure. In this section we describe this
set, stable maps, and convergence of a sequence of vortex classes to a stable map,
in the simplest interesting example: Let (M,w,J,G) = (R? wp,i,S'). We equip
g = Lie(S') = iR with the standard inner product, and consider the action of
S1 C C on R? = C by multiplication of complex numbers. We define a momentum
map p : C — g for this action by

u(z) = 21~ [2P?)

In this setting, the energy functional (1.12) was introduced by V. L. Ginzburg
and L. D. Landau [GL], in order to model superconductivity. Following the book
[JT] by A. Jaffe and C. Taubes, the set M can be described as follows. Let
w := (P,A,u) € Bc (defined as in (1.7)) and recall the definition (1.11) of the
energy density e,,. We denote by

mm:é%

HThis coincides with the group of diffeomorphisms of ¥ that preserve the pair (ws, j).
128ee [Zi1, Proposition 6.1] and [Zi4].
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the energy of w. In the present situation the condition on the image in the definition
of M is superfluous. This means that if w solves the vortex equations (1.8,1.9)
and has finite energy, then the closure of the image of u is compact. To see this, we
fix such a solution. If the energy of w vanishes, then pou = 0, therefore the image
of u equals S = p71(0) € M = C and is thus compact. Hence the statement is a
consequence of the following result.

23. PROPOSITION. If the energy of w is positive (and finite) then the image of
u is contained in the open unit ball B; C C.

PROOF OF PROPOSITION 23. An elementary calculation shows that (A, u) solves
the Euler-Lagrange equations corresponding to the energy functional E : Be —
[0,00]. Therefore, it follows from [JT, Chap. III, Theorem 8.1] that |u(p)| < 1 for

O

every p € P. This proves Proposition 23.

In fact, under the hypothesis of this result the image of u equals By, see Corol-
lary 25 below. (However, this fact will not be used.) Consider W € M.,. We
define the local degree map

(2.16) degy, : C — Ny

as follows. We choose a representative (P, A,u) of W. Since E(W) < oo, it follows
from [JT, Chapter III, Theorem 2.2] that for every smooth section o : C — P, the
map u oo : C — C has only finitely many zeros. Let z € C. We define

uoo 1

. 1
o] .SE(Z)—>S>,

where ¢ : C — P is any smooth section and € > 0 is so small that the closed ball
B.(z) intersects (u o o)~1(0) only in the point z. Here S!(z) C R? denotes the
circle of radius €, centered at z. This definition does not depend on the choice of o
nor . We now define the map (2.16) by

(2.17) degy, (2) := deg, (2).

By an elementary argument the right hand side is independent of the choice of the
representative (P, A,u) of W, and hence degyy,(z) is well-defined. Furthermore, it
follows from [JT, Theorem 2.2] that degy, takes on nonnegative values. We define
the (total) degree of W to be

(2.18) deg(W) := > degyy (2).

zeC

deg,(z) := deg (

(Only finitely many terms in this sum are non-zero, hence the sum makes sense.)
This number is proportional to the energy of W:

24. PROPOSITION. We have
(2.19) E(W) = mdeg(W).

PROOF OF PROPOSITION 24. We choose a representative w := (P, A, u) of W
and a smooth section ¢ : C — P as in Proposition 70 in Appendix A.1. We denote
v:=wuoo:C — C. Let R > 0 be so large that v(z) # 0 if |z2| > R. We denote
by r the radial coordinate in M = C and by ~ the standard angular one-form on
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R2\ {0}.!* The one-form « := %7 is a primitive of wy, and therefore, by Stokes’
theorem,

(2.20) / v*woz/ v¥a.
Br S

1
R

By elementary arguments, we have
vy = 27 deg (511% Sz v(z) € Sl> =27 Z deg, (z) = 2w deg(W).

/s [v(2)] 2€Br

(Here in the last equality we used the assumption that v(z) # 0 if |2] > R.) It
follows that

1
R

(2.21) 7 deg(W) min |v(z)]* < / v*a < mdeg(W) max [v(z)[%
z€Sh E z€Sh

On the other hand, using the estimates E(w) < oo and |pou| < \/€,, Lemma 72 in

Appendix A.1 implies that [ o v(Rz)| = (1 — [v(Rz2)|?) converges to 0, uniformly

in z € S, as R — oo. Combining this with (2.21,2.20,A.1), equality (2.19) follows.

This proves Proposition 24. (I

This result has the following consequence.

25. COROLLARY. Let w := (P, A,u) be a smooth vortex over C with positive
and finite energy. Then the image of u contains the open unit ball B; C C.

PROOF OF COROLLARY 25. Consider the set
X = {Ju(p)| | p € P}.

This set is connected, and hence an interval. Since F(w) < oo, for every r < 1
there exists a point p € P such that |u(p)| > r. On the other hand, positivity of
the energy and Proposition 24 imply that u vanishes somewhere. It follows that X
contains the interval [0,1). Since the image of u is invariant under the S!-action,
it follows that it contains the ball B;. This proves Corollary 25. (]

Proposition 23 and Corollary 25 imply that the image of u equals B, for
every smooth vortex over C with positive and finite energy. Fix now d € Ny. We
denote by Sym?(C) the d-fold symmetric product. By definition this is the quotient
topological space for the action of the symmetric group Sy on C?¢ given by

g - (Zl, .. .7Zd) = (20—1(1)7. .. ,Zo-—l(d)).

—d
We identify Sym?(C) with the set Sym (C) of all maps m : C — Ny such that
m(z) # 0 for only finitely many points z € C, and

(2.22) > mlz) =d,
z€eC

by assigning to z := [z1,...,24] € Sym?(C) the multiplicity map m, : C — N,
given by
ma(z) = #{i € {1,...,d} |z = z}.

We can now characterize vortex classes with energy drn as follows.

1?’By our convention this form integrates to 2w over any circle centered at the origin.
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26. PROPOSITION. The map

—d
(223) My:={W e M|E(W)=dr}>W s degy € Sym (C) = Sym*(C)
is a bijection.

PROOF OF PROPOSITION 26. This follows from [JT, Chap. III, Theorem 1.1].
([l

As a consequence of Proposition 26, we obtain a classification of stable maps
in the sense of Definition 15 in the present setting: Here the symplectic quotient
M = ;~1(0)/S' consists of a single point, the orbit S* C M = C. Hence every
holomorphic sphere in M is constant. Stable maps are thus classified in terms of
their combinatorial structure (Ty, T1, T, E), the location of the special points, and
for each o € T1, a point in some symmetric product of C.

Convergence to a stable map is explicitly described by the following result.
Here we will use the inclusion

(2.24) ta : Tocgr<q Sym” (C) — Sym®($?),
ta([z1, -y zar]) = [217...,zd/,oo,...7oo],

where we identify S? = C U {co}. We drop the constant maps to the symplectic
quotient from the notation for a stable map, since no information gets lost.

27. PROPOSITION (Convergence in the Ginzburg-Landau setting). Let k € Ny,
for v € N let W, € M. be a vortex class and 27, ..., 2] € C be points, and let

(W,z) := (To, T, T, E, (Wa)aer s (208)aEs, (i, Zi)i:o,...,k)

be a stable map. Then the following conditions are equivalent.

(i) The sequence (W,,, 2l = 00,2Y, ..., zZ) converges to (W, z).
(ii) For large enough v we have
(2.25) deg(W,) = > deg(Wa) =: d.
acT,

Furthermore, there exist M&bius transformations % : S? — S2% for a € T
and v € N such that conditions (i,ii,iv) of Definition 20 are satisfied, and for
every o € Ty the point in the symmetric product degy, opy € Symd((C) -
Sym?(S?) converges to ta(degy, ) € Sym?(5?), as v — oco.

The proof of Proposition 27 is based on Proposition 37 (Compactness modulo
bubbling and gauge) in Section 2.5 below, and will be given in Section 2.8.

28. EXAMPLE. Let k£ := 0, and for v € N let W" € My be the unique vortex
satisfying

degy (-2 —i) =1, degyy. (3 + 4i) = 2, degyy. (ve™) = 4.
Let W1 € M3 be the unique vortex satisfying
degy, (=2 —1) =1, degyy, (3 +4i) = 2,
and Wy € My be the unique vortex satisfying
degyy, (0) = 4.
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Then (WV, 25 = ) converges to the stable map consisting of the sets Ty := 0,
T, := {1,2}, T := {0}, the tree relation E := {(1,0),(0,1),(2,0),(0,2)}, the
vortices Wy and W, the unique constant .J-holomorphic sphere g in M, the nodal
points 21 ¢ := 220 1= 00, 291 := 1, 292 := 2 € §? =2 CU{c0}, and the marked point
(a, 20) := (0,00) € T x S?. This follows from Proposition 27.

It follows from this example that in general, the additional marked points
2§ = oo are needed in the bubbling result, Theorem 3. Without these points, no
subsequence of W, as above converges to a stable map.'* This follows from an
elementary argument. O

2.4. The action of the reparametrization group

This section covers an additional topic, which will not be used in this memoir,
but will be relevant in a future definition of the quantum Kirwan map. Namely, we
introduce a natural group of reparametrizations and show that this group acts freely
on the set of simple stable maps consisting of vortex classes over C and pseudo-
holomorphic spheres in the symplectic quotient. The relevance of this result is the
following. For the definition of the quantum Kirwan map it will be necessary to
show that a certain natural evaluation map on the set of vortex classes over C (see
[Zil1, Proposition 6.1] and [Zi4]) is a pseudo-cycle. This will rely on the fact that
its omega limit set has codimension at least two. In order to show this, one needs
to cut down the dimension of each “boundary stratum” by dividing by the action of
the reparametrization group. Heuristically, the freeness of the action of this group
implies that the quotient is a smooth manifold, hence providing a meaning to this
procedure.

We fix finite sets Ty, 711, T and a tree relation E on the disjoint union T :=
TolITi [ Too- We define the reparametrization group Gr as follows. We define
Awt(T) = Aut(TO,Tl,TOO,E) to be the subgroup of all automorphisms f of the
tree (T, E), satisfying f(T;) = T;, for ¢ = 0,1,00. We denote by PSL(2,C) the
group of Mobius transformations and by 7¢ the group of translations of the plane

C. We define
L ,T(C, ifae T,
Auta = { PSL(2,C), ifa€ThUTa.

We denote by Auty the set of collections (¢ )aer, such that ¢, € Aut,, for every
a € T. The group Aut(T) acts on Auty by
[ (Pa)aeT = (‘Pf*l(a))aET-
29. DEFINITION. We define Gt := G, 1, ,1..,E to be the semi-direct product
of Aut(T) and Auty induced by this action.
The group PSL(2,C) acts on the set of J-holomorphic maps S? — M by

o' fi=foe.
Furthermore, the group 7¢ acts on the set M as in (2.13). By the combinatorial
type of a stable map (W,z) as in (2.6) we mean the tuple (To,Tl,TOQ,E). We
denote by
M(T) = M(TQ, Tl, Too, E)

MEor this statement to make sense, here we adjust the notion of “stable map” by discarding
the marked point (ao, 20).
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the set of all stable maps of (combinatorial) type T. Gr acts on M(T) as follows.
For every (f,(¢a)) € Gr and (W,z) € M(T) we define

W,; = @;(Q)Wf(a), Va € T, ’l_l/a = U O Pf(a)s Va € Ty,

205 = Priey Zr @) VaE,
o = flag), z:= @E?(zaé), Vi=0,...,k.
(Here we set W, := @, if @ € Ty. Furthermore, for ¢ € T¢ we set p(00) := 00.)
30. DEFINITION. We define

(fv (cpa))*(W, Z) = (TOa ThTooa Ea (Wé)aeTlﬂ (a/a)OLETooa (Z/aﬂ)aEﬁa (OLQ, Z;)ii07-~»,k> .

This defines an action of Gy on M(T). Let now (M, J) be an almost complex
manifold. Recall that a J-holomorphic map u : S — M is called multiply covered
iff there exists a holomorphic map ¢ : S? — 52 of degree at least two, and a
J-holomorphic map v : §2 — M, such that u = voy. Otherwise, u is called simple.

We call a stable map (W, z) simple iff the following conditions hold: For every
a € T the J-holomorphic map i, is constant or simple. Furthermore, if o, 3 € T}
are such that a # 8 and E(W,) # 0, and ¢ € T¢, then o*W, # Ws. Moreover, if
«, 8 € Ty are such that a # [ and 4, is nonconstant, and if ¢ € PSL(2,C), then
Uq © ¢ 7# ug. We denote by

MH(T) == M*(Ty, Ty, T, E) € M(T)

the subset of all simple stable maps. The action of Gy on M(T) leaves M*(T)
invariant.

31. ProOPOSITION. The action of Gy on M*(T) is free.
The proof of this result uses the following lemma.
32. LEMMA. The action of 7¢ on M., is free.

PrOOF OF LEMMA 32. Assume that W is a smooth vortex class over C and
v € Cis a vector, such that defining ¢ : C — C by (2) := z+wv, we have o*W = W.
Then ew (z + nv) = ew (z) for every z € C and n € Z. It follows that E(W) = oo,
ew =0, or v =0. Lemma 32 follows from this. (I

PROOF OF PROPOSITION 31. This follows from an elementary argument, us-
ing the stability condition (iv), Lemma 32, and the fact that every simple holomor-
phic sphere is somewhere injective (see [MS2, Proposition 2.5.1]). O

33. REMARK. The action of 7¢ on M., extends to an action of the group
Isom™ (C) of orientation preserving isometries of C. Hence one may be tempted to
adjust the definition of the reparametrization group Gr and its action on M*(T)
accordingly. However, for the purpose of defining the quantum Kirwan map, this is
not possible. The reason is that in general there is no continuous evaluation map
on M., that is invariant under the action of Isom™(C). By definition such an
evaluation map ev assigns a point in the Borel construction (M xEG)/G to each pair
(W, z), where W is a vortex class and z € C, in such a way that woev(W, 2) € aw (2).
Here tywy is defined as in (2.2) and 7 : (M x EG)/G — M/G denotes the canonical
projection. Hence when studying the vortex equations over C we need to restrict
our attention to a subgroup of the group of global symmetries of the equations.
This is a crucial difference between vortices and pseudo-holomorphic curves.
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Note also that the action of Isom™(C) on the set of vortex classes of positive
energy is not always free, as the next example shows. O

34. ExaMPLE. Consider the action of G := S* C C on M := C by multipli-
cation. Let d € Ny be an integer. By Proposition 26 there exists a unique finite
energy vortex class W over C such that

d, lf z = 07
degy (2) = { 0, otherwise.

For every rotation R € SO(2) we have
degp.yy = R degy, = degyy,

where SO(2) acts in a natural way on Sym?(C). Thus the action of Isom™(C) on
the set of vortex classes of positive energy is not free. O

2.5. Compactness modulo bubbling and gauge for rescaled vortices

In this section we formulate and prove a crucial ingredient (Proposition 37) of
the proof of Theorem 3, which states the following. Consider a sequence of rescaled
vortices over C with image in a fixed compact subset of M and uniformly bounded
energies. We assume that (M,w) is aspherical. Then there exists a subsequence
that away from finitely many bubbling points and up to regauging, converges to
a rescaled vortex over C. If the rescalings converge to oo, then the limit object
corresponds to a J-holomorphic sphere in M.

The proof of this result is based on compactness for rescaled vortices over the
punctured plane with uniformly bounded energy densities (Proposition 38 below).
It also uses the fact that at each bubbling point at least the energy En, > 0 is
lost, which is the minimal energy of a vortex over C or pseudo-holomorphic sphere
in M. This is the content of Proposition 40 below, which is proved by a hard
rescaling argument, using Proposition 38 and Hofer’s lemma. Another ingredient
of the proof of Proposition 37 is Lemma 42 below, which says that the energy
densities of a convergent sequence of rescaled vortices converge to the density of
the limit.

In order to explain the main result of this section, let M,w,G, g, (-,-)g, 1, J,
¥, j, and wy, be as in Chapter 1. We fix a triple w = (P, A,u) € Bs, (defined as in
(1.7)). Recall the definition (1.11) of the energy density e“>J = ¢,,.

35. REMARK. This density has the following transformation property: Let ¥’
be another surface, and ¢ : ¥’ — ¥ a smooth immersion. Consider the pullback

prw = (<p*P, d*A,uo <I>)7

where the bundle isomorphism ® : ¢*P — P is defined by ®(z,p) := p. A straight-
forward calculation shows that

(226) ew*(wzyj) — eﬁzﬁj o .

@*w
Note also that w is a vortex with respect to (ws, j) if and only if p*w is a vortex
with respect to ¢*(ws,j). O

36. REMARK. If w is a vortex (with respect to (wx, 7)) then

(2.27) e“=d = |0y qul® + o ul?,
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where 07 4u denotes the complex linear part of dqu = du + L, A, viewed as a
one-form on ¥ with values in the complex vector bundle (v*TM)/G — X.'5 This
follows from the vortex equations (1.8,1.9). O

Let R € [0,00] and w € By. Consider first the case 0 < R < co. Then we
define the R-energy density of w to be

(2.28) e R“'e{f“w.
This means that
1
(2.29) eff = 5 (Idaul2, + R2Fa, + R¥uoul?),
where the subscript “ws,” means that the norms are taken with respect to the metric
WE('7 .7)
If R =0 or co then we define
1
el .= §|dAu|f)E.

We define the R-energy of w on a measurable subset X C X to be

(2.30) Ef(w, X) ::/ eRus €10,00].
X
REMARK. Consider the case (%, j) = C, equipped with the standard area form
wp. Assume that 0 < R < oo, and consider the map ¢ : C — C defined by
©(z) := Rz. Then equality (2.26) implies that

R

— 2w0i
€y = R7€" 0 .

Hence in the present setting the R-energy transforms via
ER(@*w,go_l(X)) =FEw,X) := El(w,X).D
The (symplectic) R-vortex equations are the equations (1.8,1.9) with wy re-
placed by R2wsy,, i.e., the equations
(2.31) d5.a(u) =0,
(2.32) Fa+ R%(pou)ws = 0.
In the case R = oo we interpret the equation (2.32) as
pnou=0.
We call a solution (4, u) € Wg of equations (2.31,2.32) an R-vortex over X.

REMARKS. Consider the case (%, j) = C, equipped with wp, and let 0 < R < oo.
We define the map ¢ : C — C by ¢(z) := Rz. Then w € Bc is a vortex if and only
if p*w is an R-vortex.

The rescaled energy density has the following important property. Let R, €
(0,00) be a sequence that converges to some Ry € [0,00], and for v € Ny let
w, = (P,, A,,u,) be an R,-vortex. If on compact sets 4, converges to Ay in C°
and u, converges to uy in C! then

R RO
ewz — €y

in C° on compact sets. (See Lemma 42 below.) In the proof of Theorem 3, this will
be used in order to show that locally on C no energy is lost in the limit ¥ — co. O

15The complex structure on this bundle is induced by J.
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We define the minimal energy Eni, as follows. Recall from (1.15) that MV de-
notes the class consisting of smooth vortices, and that the energy of a J-holomorphic
map f: 5% — M is given by E(f) = [g, f*@. We define'®

(2.33) Ey :=inf ({E(P, A, u) | (P, A,u) € M : u(P) compact } N (0, 00)),
Es :=inf ({E(f) | f € C™(5*,M): 9;5(f) =0} N(0,00)),
(2.34) Emin := min{E1, Fs. }.

Assume that M is equivariantly convex at co. Then Corollary 74 in Appendix A.1
implies that F; > 0. Furthermore, our standing assumption (H) implies that M is
closed. It follows that Es > 0.7 Hence the number E,,, is positive.

REMARK. The infima (2.33) and (2.34) are attained, and hence the name “min-
imal energy” for E,, is justified. (This fact is not used anywhere in this memoir.)
That (2.34) is attained follows from the fact that for every C € R there exist
only finitely many homotopy classes B € mo(M) with (@], B) < C that can be
represented by a .J-holomorphic map S? — M.'® That (2.33) is attained follows
from the fact that for every C' € R there exist only finitely many homology classes
B € H§(M,Z) with ([w — p], B) < C that can be represented by a finite energy
vortex whose image has compact closure. This is a consequence of Theorem 3 and
[Zi1, Proposition 5.4] (Conservation of equivariant homology class). O

The results of this and the next section are formulated for connections and maps
of Sobolev regularity. This is a natural setup for the relevant analysis. Furthermore,
we restrict our attention to the trivial bundle ¥ x G.1?

We fix p > 2 2 and naturally identify the affine space of connections on 3 x G
of local Sobolev class VVl})Cp with the space of one-forms on ¥ with values in g, of
class VVI})Z) Furthermore, we identify the space of G-equivariant maps from ¥ x G
to M of class W,'F with W.2P(S, M). Finally, we identify the gauge group®! on

loc loc

% x G of class WP with WP (2, G). We denote

loc c
Wy == QL(E, g) x C°(Z, M),
WP .= {one-form on ¥ with values in g, of class Wli’f} x W,hP(32, M).
The gauge group WP (2, G) acts on WP by

g (A u) = (AdgflA + g_ldg,g_lu),

where Adgy, : g — g denotes the adjoint action of an element go € G. For r > 0 we
denote by B, C C the open ball of radius r, around 0.

37. PrROPOSITION (Compactness modulo bubbling and gauge). Assume that
(M,w) is aspherical. Let R, € (0,00) be a sequence that converges to some Ry €
(0,00], 7, € (0,00) a sequence that converges to oo, and for every v € N let

wy, = (Ay,uy) € Wgru be an R,-vortex (with respect to (wg,7)). Assume that there

16Here we use the convention that inf ) = oco.

17See e.g. [MS2, Proposition 4.1.4].

18This is a corollary to Gromov compactness, see e.g. [MS2, Corollary 5.3.2].

19Gince every smooth bundle over C is trivializable, this suffices for the proof of the main
result.

20Recall that throughout this memoir, p < co, unless otherwise stated.

21i.e., the group of gauge transformations
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exists a compact subset K C M such that w,(B,,) C K, for every v. Suppose also
that
sup Ef (w,, B,,) < oc.
14

Then there exist a finite subset Z C C, an Rg-vortex wg := (Ap, ug) € VNVC\Z, and,

passing to some subsequence, gauge transformations g, € VVif(C\ Z,@q), such that
the following conditions hold.
(i) If Ry < oo then Z = ) and the sequence g}:(A,,u,) converges to wy in C™
on every compact subset of C.
(ii) If Ry = oo then on every compact subset of C\ Z, the sequence g} A, converges
to Ag in C°, and the sequence g, 'u, converges to ugy in C!.
(iii) Fix a point z € Z and a number ¢y > 0 so small that B, (2) N Z = {z}. Then
for every 0 < € < g¢ the limit
E.(¢) := lim E®(w,, B.(2))
V—00
exists and
Ez (5) 2 Emin .
Furthermore, the function (0,&0) 3 € — E,(¢) € [Emin, 00) is continuous.

REMARK. Convergence in conditions (i,ii) should be understood as convergence
of the subsequence labelled by those indices v for which B, contains the given
compact set. O

This proposition will be proved on page 42. The strategy of the proof is the
following. Assume that the energy densities eff,; are uniformly bounded on every
compact subset of C. Then the statement of Proposition 37 with Z = ) follows
from an argument involving Uhlenbeck compactness, an estimate for dy, elliptic
bootstrapping (for statement (i)), and a patching argument.

If the densities are not uniformly bounded then we rescale the maps w, by
zooming in near a bubbling point zp in a “hard way”, to obtain a positive energy
Rp-vortex in the limit, with Ry € {0,1,00}. If Ry < 0o then Ry = 0, and we obtain
a J-holomorphic sphere in M. This contradicts symplectic asphericity, and thus
this case is impossible. N B

If Ry = oo then either Ry = 1 or Ry = oo, and hence either a vortex over C
or a pseudo-holomorphic sphere in M bubbles off. Therefore, at least the energy
Emin is lost at zg. Our assumption that the energies of w, are uniformly bounded
implies that there can only be finitely many bubbling points. On the complement
of these points a subsequence of w, converges modulo gauge.

The bubbling part of this argument is captured by Proposition 40 below,
whereas the convergence part is the content of the following result.

38. PROPOSITION (Compactness with bounded energy densities). Let Z C C be
a finite subset, R, > 0 be a sequence of numbers that converges to some Ry € [0, 00],
2 CQy C ... CC\ Z open subsets such that | J,Q, = C\ Z, and for v € N let
w, = (u,, 4,) € Wgy be an R,-vortex. Assume that there exists a compact subset
K C M such that for v large enough

(2.35) u, () C K.
Suppose also that for every compact subset Q C C\ Z, we have
(2.36) sup { |lef || < (o) lveN: QCQ,} < oo
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Then there exists an Rg-vortex wg := (Ag,up) € VNVC\Z, and passing to some

subsequence, there exist gauge transformations g, € VViCp (C\ Z,G), such that the
following conditions are satisfied.

(i) If Ry < oo then giw, converges to wp in C* on every compact subset of
C\Z.

(ii) If Ry = oo then on every compact subset of C\ Z, g} A, converges to Ap in
C°, and g, 'u, converges to ug in C.

The proof of this result is an adaption of the argument of Step 5 in the proof
of Theorem A in the paper by R. Gaio and D. A. Salamon [GS]. The proof of
statement (i) is based on a compactness result for the case of a compact surface ¥
(possibly with boundary). (See Theorem 78 in Appendix A.1. That result follows
from an argument by K. Cieliebak et al. in [CGMS].) The proof also involves a
patching argument for gauge transformations, which are defined on an exhausting
sequence of subsets of C\ Z.

To prove statement (ii), we will show that curvatures of the connections A, are
uniformly bounded in WP, This uses the second rescaled vortex equations and
a uniform upper bound on g o u, (Lemma 75 in Appendix A.1), due to R. Gaio
and D. A. Salamon. The statement then follows from Uhlenbeck compactness with
compact base, compactness for 9, and a patching argument.

PROOF OF PROPOSITION 38. We may assume w.l.o.g. that there exists a G-
invariant compact subset K C M satisfying (2.35). (To see this, we choose a
compact subset K satisfying this condition and consider the set GK.) We choose
1o € N so big that the balls Bl/io(z), z € Z, are disjoint and contained in B;,. For
every i € Ny we define

X":=Biy, \ [ JB1 (z) CC.

Fio -
z€Z

We prove statement (i). Assume that Ry < oo. Using the hypotheses
(2.35,2.36), it follows from Theorem 78 in Appendix A.1 (with ¥ := X?) that
there exist an infinite subset I' C N and gauge transformations g} € W2?(X1!, G)
(v € I'), such that X! C Q, and

wy, = (4, 14,) = (g,)" (w, | X"

is smooth, for every v € I'', and the sequence (w}), <1 converges to some Ry-vortex
w! € Wx1, in C* on X1,
Iterating this argument, for every i > 2 there exist an infinite subset I? C I~}
and gauge transformations g%, € W2P(X* G) (v € I'), such that X* C Q, and
wy, = (A}, up,) = (g,)" (wy | X7)

v

is smooth, for every v € I, and the sequence (w?), i converges to some Rg-vortex
L= le, in C*® on X°.

Let i € N. For every v € I' we define h!, := (g5t X?%)~1gi. We have
(hi)*(ALHL|X?) = A!. Furthermore, the sequences (A5M),crit1 and (AY),crit
are bounded in W*? on X', for every k € N. Hence it follows from Lemma 114
(Appendix A.7) that the sequence (hi),ci+1 is bounded in W*P on X?, for every
k € N. Hence, using Morrey’s embedding theorem and the Arzela-Ascoli theorem,
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it has a subsequence that converges to some gauge transformation h* € C*° (X% G),
in C> on X°. Note that

(2.37) (RH)* (w X = w'.
We choose a map p* : X*T1 — X% such that p* = id on X*~'. We define?? k! := hl,
and recursively,
(2.38) K =h'(k"top™t) e C®(X,G), Vi>2.
Using (2.37) and the fact p'~! = id on X*~2, we have, for every i > 2,
(K w™t = (k1o pi~y*wf = (K1) w!, on X2
It follows that there exists a unique w € WC\Z that restricts to (k**1)*w®*? on

X% for every i € N. Let i € N. We choose v; € I'T! such that v; > i and a map
70 :C\ Z — X' that is the identity on X*~1. We define

gi = (g,T'k") o' € C™(C\ Z,G).
The sequence gfw,, converges to w, in C*° on every compact subset of C\ Z. (Here
we use the C*°-convergence on X° of (w!),cr: to w® and the facts X; C Xp C - --
and (J;cny Xi = C\ Z.) Statement (i) follows.
We prove statement (ii). Assume that Ry = oo.

1. CLAIM. For every compact subset Q C C\ Z we have
(2.39) sup {||Fa, ey [¥ EN: Q €} < <.

PRrROOF OF CLAIM 1. Let  C C be an open subset containing () such that Q
is compact and contained in C\ Z. Hypothesis (2.36) implies that

(2.40) sup [|da, uy || oo @) < 0.

It follows from our standing hypothesis (H) that there exists 6 > 0 such that G
acts freely on

K :={z e M||ux)| <d}.

Since p is proper the set K is compact. Recall that L, : g — T, M denotes the
infinitesimal action at x. It follows that

¢l
(2.41) sup{LTf| xeK,O#ng}<oo.

Using the second R, -vortex equation, we have

R,
Wy

R,

Hence by hypothesis (2.36) and the assumption R, — oo, we have ||powu, | =) <
J, for v large enough. Using (2.40,2.41), Lemma 75 in Appendix A.l implies that

lwouy| <

sup B2 0y | () < 00
v

Estimate (2.39) follows from this and the second R,-vortex equation. This proves
Claim 1. O

22This patching construction follows the lines of the proofs of [Frl, Theorems 3.6 and A.3].
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Using Claim 1, Theorem 112 (Uhlenbeck compactness) in Appendix A.7 implies
that there exist an infinite subset I' C N and, for each v € I', a gauge transforma-
tion gl € W2P(X! @), such that X! C €, and the sequence A := (gL)*(A4,|X?!)
converges to some W1 P-connection A' over X!, weakly in W'? on X'. By Morrey’s
embedding theorem and the Arzeld-Ascoli theorem, shrinking I', we may assume
that AL converges (strongly) in C° on X1.

Iterating this argument, for every i > 2 there exist an infinite subset I* C I*~!
and gauge transformations g, € W?P(X! G), for v € I‘, such that X* C Q,,
for every v € I, and the sequence A°, := (g%)*(A,|X?) converges to some WP-
connection A® over X*, weakly in WP and in CY on X*.

Let i € N. For v € I' we define h!, := (¢5"!|X*)"'g’. An argument as in
the proof of statement (i), using Lemma 114 (Appendix A.7), implies that the
sequence (h'),cr: has a subsequence that converges to some gauge transformation
ht € W2P(X' @), weakly in W2P on X*.

Repeating the construction in the proof of statement (i) and using the weak
W1P- and strong C%-convergence of A on X*, we obtain an index v; > i+ 1 and a
gauge transformation g; € W2P(C\ Z,G), for every i € N, such that v; € I'*! and
gi A, converges to some W'P-connection A over C\ Z, weakly in W and in C°
on every compact subset of C\ Z. Passing to the subsequence (v;);, we may assume
w.l.o.g. that A, converges to A, weakly in WP and in C° on every compact subset
of C\ Z.

2. CLAIM. The hypotheses of Proposition 113 (Appendix A.7) with k = 1 are
satisfied.

PROOF OF CLAIM 2. Let Q C C\ Z be an open subset with compact closure,
and v € N be such that Q C ,,. Since the sequence (A,) converges to A, weakly
in WHP(Q), we have

(2.42) S;lp | Au lwp () < oo.

v-2ro
Condition (A.56) is satisfied by assumption (2.35). We check condition (A.57):
We denote by [ the area of © and choose a constant C' > 0 such that L, < C|¢],
for every z € K and £ € g. For v > vy, we have

lduvllLe) < lda,ullze@) + [ Lu, AvllLr (@)
(2.43) < Q7 (da, uwl e @) + Cll AL Lr()-

Here the second inequality uses the hypothesis (2.35). Combining this with (2.36)
and (2.42), condition (A.57) follows.

Condition (A.58) follows from the first vortex equation, (2.42), (A.57), and
hypothesis (2.35). This proves Claim 2. O

By Claim 2, we may apply Proposition 113, to conclude that, passing to some
subsequence, u, converges to some map u € W2P(C \ Z), weakly in W?2? and in
C' on every compact subset of C\ Z. The pair w := (A,u) solves the first vortex
equation. Furthermore, multiplying the second R,-vortex equation with R, 2, it
follows that p ow = 0. This means that w is an co-vortex.

3. CLAIM. There exists a gauge transformation g € W2P(C \ Z,G) such that
g*(A, u) is smooth.
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ProoF OF CLAIM 3. Since C \ Z continuously deformation retracts onto a
wedge of circles, and G is connected, there exists a continuous lift v : C\Z — p~1(0)
of Gu. By Proposition 116 in Appendix A.7 the map Gu : C\ Z — M is J-
holomorphic. Hence it is smooth. It follows that we may approximate v by some
smooth lift v of Gu. We define g : C\ Z — G to be the unique solution of
g(2)v = u(z), for every z € C\ Z. Since the infinitesimal action at every z € u=1(0)
is injective, the equation 9 4+ (g~ u) = 0 and smoothness of v = g~'u imply that
g* A is smooth. This proves Claim 3. g

We choose ¢ as in Claim 3. Regauging A, by g, statement (ii) follows. This
completes the proof of Proposition 38. (]

REMARK. One can try to circumvent the patching argument for the gauge
transformations in this proof by choosing an extension g?, of g, to C\ Z, and defining
g, := gv. However, the sequence (g,) does not have the required properties, since
giw, does not necessarily converge on compact subsets of C\ Z. The reason is that
for j > i the transformation g/ does not need to restrict to g%, on Xt. O

39. REMARK. It is not clear if in the case Ry = oo the g,’s can be chosen in
such a way that g*w, converges in C* on every compact subset of C\ Z. To prove
this, one approach is to fix an open subset of C with smooth boundary and compact
closure, which is contained in C\ Z. We can now try mimic the proof of [CGMS,
Theorem 3.2]. In Step 3 of that proof the first and second vortex equations (and
relative Coulomb gauge) are used iteratively in an alternating way. This iteration
fails in our setting, because of the factor R2 in the second vortex equations, which
converges to co by assumption. O

The second ingredient of the proof of Proposition 37 says that if the energy
densities of a sequence of rescaled vortices are not uniformly bounded on some
compact subset @, then at least the energy E,i, is lost in the limit, at some point
in Q. Here E,;, is defined as in (2.34).

40. PROPOSITION (Quantization of energy loss). Assume that (M, w) is aspher-
ical. Let £2 C C be an open subset, 0 < R, < oo a sequence such that inf, R, > 0,
and w, € VN\Jg an R,-vortex, for v € N. Assume that there exists a compact subset
K C M such that u,(2) C K for every v and that sup, E® (w,) < co. Then the
following conditions hold.

(i) For every compact subset Q C §2 we have

sup R;2||eff:: llcoq) < oo.
17

(i) If there exists a compact subset Q C € such that sup,, ||ef[|co(g) = oo then
there exists zg € @ with the following property. For every € > 0 so small that
B:(2z0) C Q we have

(2.44) lim sup B (wy, Be(20)) 2 Emin -
V—00
The proof of Proposition 40 is built on a bubbling argument as in Step 5 in the
proof of [GS, Theorem A]. The idea is that under the assumption of (ii) we may
construct either a J-holomorphic sphere in M or a vortex over C, by rescaling the
sequence w, in a “hard way”. This means that after rescaling the energy densities
are bounded. We need the following two lemmata.
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41. LEMMA (Hofer). Let (X, d) be a metric space, f : X — [0,00) a continuous
function, z € X, and § > 0. Assume that the closed ball Bas(z) is complete. Then
there exists £ € X and a number 0 < ¢ < § such that

d(x, &) < 26, gu(lz)f <2f(6),  ef(§) = df(x).

PROOF. See [MS2, Lemma 4.6.4]. O

The next lemma ensures that for a suitably convergent sequence of rescaled
vortices in the limit v — 0o no energy gets lost on any compact set. Apart from
Proposition 40, it will also be used in the proofs of Propositions 37 and 44, and
Theorem 3.

42. LEMMA (Convergence of energy densities). Let (2, ws, j) be a surface with-
out boundary, equipped with an area form and a compatible complex structure,
R, € [0,00), v € N, a sequence of numbers that converges to some Ry € [0, o0},
and for v € Ny let w, := (A,,u,) € VNVS be an R,-vortex. Assume that on every
compact subset of ¥, A, converges to Ag in C% and u,, converges to ug in C*'. Then
we have

(2.45) elv et

Wy wo

in C° on every compact subset of X.

PrROOF OF LEMMA 42. In the case Ry < oo the statement of the lemma is a
consequence of equality (2.29) and the second rescaled vortex equation (2.32).

Consider the case Ry = co. It follows from our standing hypothesis (H) that
there exists a constant & > 0 such that G acts freely on

K= {z e M||u(z)] < o}

Properness of p implies that K is compact.

Let @ C X be a compact subset. The convergence of u,, and the fact powug =0
imply that for v large enough, we have u,(Q) C K. Furthermore, our hypotheses
about the convergence of A, and w, imply that sup, ||da,u,|co() < co. Finally,
since K is compact and G acts freely on it, we have

¢l
sup{ng| xeK,O#ng}<oo.

Therefore, we may apply Lemma 75 (Appendix A.1), to conclude that

22
supR, " |pou,| < oco.
Q

Since p > 2, R, — o0, and eg;, = %|cl,40u0|27 the convergence (2.45) follows. This
completes the proof of Lemma 42. O

In the proof of Proposition 40 we will also use the following.

43. REMARK. Let (4,u) € V~V€ be an co-vortex, i.e., a solution of the equations
0ja(u) = 0 and powu = 0. Then by Proposition 116 (Appendix A.7) the map
Gu:C — M = = 1(0)/G is J-holomorphic, and E>(A,u) = E(u). If this energy
is finite, then by removal of singularities the map % extends to a J-holomorphic
map @ : S? — M.?3 Tt follows that E°°(w) > Epn, provided that E*(w) > 0. O

23Gee e.g. [MS2, Theorem 4.1.2].
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PROOF OF PROPOSITION 40. We write (A,,u,) := w,. Consider the function
foi=1da,uy| + Rylprouy| : @ — R,

CLAIM. Suppose that the hypotheses of Proposition 40 are satisfied and that
there exists a sequence z, € Q that converges to some zg € ), such that f,(z,) —
0o. Then there exists a number

R,
2.46 0 < rg < limsup < o0
( ) 0 v—00 fV(ZV) ( )
and an rg-vortex wg € VV/C, such that
(2.47) 0 < E™(wo) < limsup B (w,, B.(20)),

V—00

for every € > 0 so small that B.(z) C Q.

PROOF OF THE CLAIM. Comnstruction of rg: We define §, := f,,(zl,)_%. For
v large enough we have Bas, (2,) C Q. We pass to some subsequence such that this
holds for every v. By Lemma 41, applied with (f,z,0) := (f, zu,9,), there exist
¢, € Bas, (20) and €, < §,,, such that

(248) |Cy - ZV| < 261/7

(2.49) sup fu < 2£,(G),
Be, (Cv)

(2.50) e fo(C) > fulz)t.

Since by assumption f,(z,) — oo, it follows from (2.48) that the sequence (,
converges to zg. We define

Cy = f]/(gy)7 ﬁl/ = {CV(Z - Cu) ’ z e Q}?
(pu:ﬁug’Qa e ::Cglg+<”7
Wy = ppwy, = (9 Ay, w0 @), EV = C;lRV'

Note that w, is an ﬁl,—vortex. Passing to some subsequence we may assume that
R, converges to some rg € [0,00]. Since ¢, < ¢, = f,,(z,,)_%, it follows from (2.50)
that f,(z,) < fu((). Tt follows that the second inequality in (2.46) holds for
the original sequence.

Construction of wy: We choose a sequence 2; C Q, C ... C C of open sets
such that J,Q, = C and Q, C (~2,,, for every v € N. We check the conditions of
Proposition 38 with these sets, Z := (), and R, w, replaced by ﬁw w,: Condition
(2.35) is satisfied by hypothesis.

We check condition (2.36): A direct calculation involving (2.49) shows that

(2.51) ldz G|+ Rylpot,| =c; ' fyop, <2, on B, (0).

It follows from (2.50) and the fact f,(z,) — oo, that €,¢, — co. Combining this
with (2.51), condition (2.36) follows, for every compact subset @ C C.

Therefore, applying Proposition 38, there exists an ro-vortex wg = (Ao, ug) €
VNVC and, passing to some subsequence, there exist gauge transformations g, €
W?2P(C,G), with the following properties. For every compact subset Q C C, g* A4,
converges to Ag in C° on Q, and g '@, converges to ug in C* on Q.

We prove the first inequality in (2.47): By Lemma 42 we have
(2.52) o — g oo

Wy 9o wy wo?
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in C°(Q) for every compact subset @ C C. Since

B 1
e (0) = e 26 () =

wy

it follows that ej? (0) > 1/2. This implies that E™ (wg) > 0. This proves the first
inequality in (2.47).

We prove the second inequality in (2.47): Let ¢ > 0 be so small that
B-(2) € Q, and § > 0. It follows from (2.52) that E"(wg) < sup, E®(w,).
By hypothesis this supremum is finite. Therefore, there exists R > 0 such that
E™(wy,C\ Br) < 4. Since

B (w,, B 15(C))) = E™ (@, Br),
the convergence (2.52) implies that
(2.53) lim E™ (wy, B,-15(¢,)) = E™(wo, Br) > E™ (wg) — 6.

On the other hand, since ¢, — 0o and (,, — zg, for v large enough the ball BcglR(Cy)
is contained in B.(zp). Combining this with (2.53), we obtain
lim sup E® (w,,, B-(20)) > E™ (wg) — 6.
Since this holds for every ¢ > 0, the second inequality in (2.47) (for the original
sequence) follows.
It remains to prove the first inequality in (2.46), i.e., that ro > 0. Assume
by contradiction that ro = 0. For a map u € C*°(C, M) we denote by

E(u) := %/C\duP

its (Dirichlet-)energy.?* By the second R-vortex equation with R := 0 we have
F4, = 0. Therefore, by Proposition 115 (Appendix A.7) there exists h € C*°(C, Q)
such that h*Ag = 0. By the first vortex equation the map u} := h™tug : C — M is
J-holomorphic. Let € > 0 be such that B.(z9) C Q. Using the second inequality in
(2.47), we have
E(uf) = E°(wo) < limsup E™ (w,, B (20)).

Combining this with the hypothesis sup, Ef (w,,Q) < oo, it follows that the
energy E(ug) is finite. Hence by removal of singularities?®, ug, extends to a smooth
J-holomorphic map v : S — M. By the first inequality in (2.47) we have

/ v*w = E(v) = E°(wg) > 0.
SQ

This contradicts asphericity of (M,w). Hence rg must be positive. This concludes
the proof of the claim. O

Statement (i) of Proposition 40 follows from the claim, considering a sequence
z, € Q, such that f,(2,) = ||fu|lco(q), and using (2.46).

We prove statement (ii). Assume that there exists a compact subset @ C 2
such that sup,, |[efl*||co(g) = 00. Let z, € Q be such that f,(z,) — co. We choose
a pair (rg,wp) as in the claim. Using the first inequality in (2.47) and Remark 43

24Here the norm is taken with respect to the metric w(-,J-) on M.
25see e.g. [MS2, Theorem 4.1.2]
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(in the case 19 = 00), we have E™(wg) > Epin. Combining this with the second
inequality in (2.47), inequality (2.44) follows. This proves (ii) and concludes the
proof of Proposition 40. O

We are now ready to prove Proposition 37 (p. 33).
PROOF OF PROPOSITION 37. We abbreviate e, := eﬁ;.

CrLAM. For every ¢ € Ny there exists a finite subset Z, C C such that the
following holds. If Ry < oo then we have Z, = (). Furthermore, if |Z,| < ¢ then we
have

(2.54) sup {[levllev(@) | Q € By } < oo,

for every compact subset @ C C\ Z;. Moreover, for every zg € Z; and every € > 0
the inequality (2.44) holds.

PROOF OF THE CLAIM. For ¢ = 0 the assertion holds with Zy, := (. We fix
¢ > 1 and assume by induction that there exists a finite subset Z,_; C C such that
the assertion with ¢ replaced by £ — 1 holds. If (2.54) is satisfied for every compact
subset @ C C\ Zy_1, then the statement for ¢ holds with Z, := Z,_;.

Assume that there exists a compact subset @ C C\ Z,_1, such that (2.54) does
not hold. It follows from the induction hypothesis that

(2.55) Zg_a| > - 1.

By statement (ii) of Proposition 40 there exists a point zg € @ such that inequality
(2.44) holds, for every € > 0. We set Z; := Zy_1 U {20}.

It follows from the fact that (2.54) does not hold and statement (i) of Proposi-
tion 40 that Ry = lim, . R, = co. Furthermore, since zg € Q@ C C\ Z,_1, (2.55)
implies that |Z,| > ¢. It follows that the statement of the claim for ¢ is satisfied.
By induction, the claim follows. ]

We fix an integer
sup, B (w,, B,.)
Emin

and a finite subset Z := Z, C C that satisfies the conditions of the claim. It follows
from the inequality (2.44) that ¢ > |Z|. Hence by the statement of the claim, the
hypothesis (2.36) of Proposition 38 is satisfied with , := B, \ Z. Applying that
result and passing to some subsequence, there exist an Ry-vortex wgy € Wc\ 7z and
gauge transformations g, € W2?(C \ Z, @), such that the statements (i,ii) of

loc
Proposition 37 are satisfied. (Here we use that Z = 0 if Ry < 00.)
We prove statement (iii). Passing to some “diagonal” subsequence, the limit
lim, o B (wy, B1;(2)) exists, for every i € N and z € Z. Let now z € Z and

e > 0. We choose i € N bigger than ¢~!. For 0 < r < R we denote
A(z,7, R) := Br(2) \ B,(2).

>

By Lemma 42 the limit
lim B (w,,A(z,1/i,€))

vV—00

exists and equals B0 (wg, A(z,1/i,€)). It follows that the limit
E.(¢) := lim E™(w,, B.(2))
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exists. Inequality (2.44) implies that E,(¢) > Eupi,. Since E®0(wg, A(z,1/i,¢€))
depends continuously on e, the same holds for E,(¢). This proves statement (iii)
and completes the proof of Proposition 37. O

REMARK. In the above proof the set of bubbling points Z is constructed by
“terminating induction”. Intuitively, this is induction over the number of bubbling
points. The “auxiliary index” ¢ in the claim is needed to make this idea precise.
Inequality (2.44) ensures that the “induction stops”. O

2.6. Soft rescaling

The following proposition will be used inductively in the proof of Theorem 3 to
find the next bubble in the bubbling tree, at a bubbling point of a given sequence of
rescaled vortex classes. It is an adaption of [MS2, Proposition 4.7.1.] to vortices.

44. PROPOSITION (Soft rescaling). Assume that (M, w) is aspherical. Let r > 0,
20€C, R, >0 be a sequence that converges to oo, p > 2, and for every v € N let
w, = (A,,u,) € WII; (20) be an R,-vortex, such that the following conditions are
satisfied.

(a) There exists a compact subset K C M such that u,(B,(z)) C K for every v.
(b) For every 0 < € < r the limit
(2.56) E(e) := lim E®™ (w,, B.(20))

exists and Eni, < E(e) < oo. Furthermore, the function
(2.57) (0,r] 2e— E(e) €eR

is continuous.

Then there exist Ry € {1, 00}, a finite subset Z C C, an Ry-vortex wp := (Ap, ug) €

WC\ 7z, and, passing to some subsequence, there exist sequences ¢, > 0, z, € C,
and g, € W2P(C\ Z, @), such that, defining

loc
0 :C—C, ¢,(2):=¢,24 2,
the following conditions hold.
(i) If Ry = 1 then Z = @ and E(wo) > 0. If Ry = oo and E*(wp) = 0 then
|Z] > 2.
(i) The sequence z, converges to zg. Furthermore, if Rp = 1 then ¢, = R;! for
every v, and if Ry = oo then ¢, converges to 0 and ¢, R, converges to oc.
(iii) If Ry = 1 then the sequence g} pw, converges to wp in C* on every compact
subset of C\ Z. Furthermore, if Ry = oo then on every compact subset of C\ Z,
the sequence grp* A, converges to Ag in C°, and the sequence g, ! (u, o ¢,)
converges to ug in C*.
(iv) Fix z € Z and a number €9 > 0 such that B,(z) N Z = {z}. Then for every
0 < € < g the limit

E.(¢) := lim E= (gp:jw,,,Ba(z))
V—00
exists and Epyn < E.(¢) < oco. Furthermore, the function (0,g9) 3 & —

E.(¢) € R is continuous.
(v) We have

(2.58) lim limsup E% (wy, Br-1(20) \ Bre, (2,)) = 0.

R—oo yo
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Roughly speaking, this result states that given a sequence of “zoomed out”
vortices for which a positive amount of energy is concentrated around some point
zo, after “zooming back in”, some subsequence converges either to a vortex over C
or a holomorphic sphere in the symplectic quotient, up to bubbling at finitely many
points. Furthermore, no energy is lost in the limit between the original sequence
and the “zoomed in” subsequence.

To explain this, note that condition (b) in the hypothesis implies that given an
arbitrarily small ball around the point zg, the energy of the vortex w, on the ball
is bounded below by a positive constant arbitrarily close to Ei,, provided that v
is large enough. This means that in the limit v — oo, a positive amount of energy
bubbles off around the point zy. It follows that there exists a sequence of points
z, € C converging to zy, such that the energy density of w, at z, converges to co.

In the conclusion of the proposition, condition (ii) says that we are “zooming
in” around zg, and it specifies how fast we do so. Condition (iii) states that the
“zoomed in” subsequence converges to either a vortex over C or a holomorphic
sphere in M, depending on how fast we “zoom back in”. Condition (i) implies that
the limit object is nontrivial or there are at least two new bubbling points. (The
latter can only happen if the limit is a holomorphic sphere in M.) In the proof of
Theorem 3, this will guarantee that the new bubble is stable.

Analogously to condition (b), condition (iv) implies that at each point in Z in
the limit v — oo, at least the energy E,i, bubbles off in the sequence of rescaled
vortices ¢}w,. In the proof of Theorem 3, this will be used to prove that the induc-
tive construction of the bubble tree terminates after finitely many steps. Finally,
condition (v) will ensure that at each step no energy is lost between the old and
new bubble.

REMARK. In condition (iii) the pullback ¢Zw, is defined over the set o, 1 (B, (20)).
This set contains any given compact subset @ C C\ Z, provided that v is large
enough (depending on Q). Hence condition (iii) makes sense. O

The proof of Proposition 44 is given on page 48. It is based on the following
result, which states that the energy of a vortex over an annulus is concentrated
near the ends, provided that it is small enough. For 0 < r; R < oo we denote the
open annulus around 0 with radii r, R by

A(r,R) := Br \ B,.
Note that A(r,0) = C\ B,, and A(r, R) = () in the case r > R. We define
d: M x M — [0,00]
to be the distance function induced by the Riemannian metric w(-, J-).26 We define

(2.59) d: M/G x M/G — [0,0], d(z,g) = Erpinefd(yc,y).
rer,ycy

By Lemma 118 in Appendix A.7 this is a distance function on M /G which induces
the quotient topology.

45. PROPOSITION (Energy concentration near ends). There exists a constant
ro > 0 such that for every compact subset K C M and every € > 0 there exists a

261f D[ is disconnected then d attains the value co.
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constant Ey, such ft\l/lat the following holds. Assume that r > rg, R < oo, p > 2,
and w = (A4,u) € Wf‘(r Ry is a vortex (with respect to (wo,)), such that
u(A(r, R)) € K,
(2.60) E(w) = E(w, A(r,R)) < Ey.
Then we have?”
(2.61) E(w,A(ar,a™'R)) < 4a7*E(w), Va > 2,
(2.62)  SUD, .rcA(ara-1R) d(Gu(z), Gu(2')) < 100a=*2\/E(w), Ya > 4.
(Here Gz € M /G denotes the orbit of a point x € M.)

The proof of this result is modeled on the proof of [Zi2, Theorem 1.3], which in
turn is based on the proof of [GS, Proposition 11.1]. It is based on an isoperimetric
inequality for the invariant symplectic action functional (Theorem 82 in Appendix
A.2). Tt also relies on an identity relating the energy of a vortex over a compact

cylinder with the actions of its end-loops (Proposition 83 in Appendix A.2). The
proof of (2.62) also uses the following remark.

46. REMARK. Let (M, (-,-)ar) be a Riemannian manifold, G a compact Lie
group that acts on M by isometries, P a G-bundle over [0,1] 2 | A € A(P) a
connection, and v € CF (P, M) a map. We define

1
(A, u) :z/ |dauldt,
0

where dau = du + L, A, and the norm is taken with respect to the standard metric
on [0,1] and (-,-)ps. Furthermore, we define

w:[0,1] - M/G, a(t) = Gu(p),
where p € P is any point over ¢. We denote by d the distance function induced by
(-, Y, and define d as in (2.59). Then for every pair of points Zg,Z; € M/G, we
have B
d(Zo,Z1) < inf {K(A,u) | (P, A,u) as above: u(i) =Z;,1 =0, 1}.
This follows from a straight-forward argument. O
PRrROOF OF PROPOSITION 45. For every subset X C M we define

mx = inf {|L.¢| |z € X, E€g: ¢ =1},

where the norms are with respect to w(-,J-) and (-,-)g. We set
-

(2.63) o =M )

Let K C M be a compact subset and € > 0. Replacing K by GK, we may
assume w.l.o.g. that K is G-invariant. An elementary argument using our standing
hypothesis (H) shows that there exists a number dp > 0 such that G acts freely on
K’ :=pu=1(Bs,), and

/ 9
(264) mg Z 1-— imufl(o).

27Note that for a > \/R/r we have A(ar,a™'R) = §), hence (2.61,2.62) are non-trivial only

for a < \/R/r.

283uch a bundle is trivializable, but we do not fix a trivialization here.
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We choose a constant 0 as in Theorem 82 in Appendix A.2 (Isoperimetric inequal-
ity), corresponding to

1
2—¢’
Shrinking § we may assume that it satisfies the condition of Proposition 83 in
Appendix A.2 (Energy action identity) for K’. We choose a constant Eo >0 as in
Lemma 72 in Appendix A.1 (called Ey there), corresponding to K. We define

<'7'>M =w(-,J), K, c¢:=

=T oo 67
(265) EO = min EO, 3727"060, % .

Assume that r, R, p, w are as in the hypothesis. Without loss of generality, we may
assume that r < R.

Consider first the case R < oo, and assume that w extends to a smooth vortex
over the compact annulus of radii » and R. We show that inequality (2.61) holds.
We define the function
(2.66) E:[0,00) — [0,00), E(s):=E(w,A(re’, Re”*)).

CLAIM. For every s € [log2,log(R/r)/2) we have

d
(2.67) £E(s) < —(2—¢)E(s).

PROOF OF THE CLAIM. Using the fact r > ro and (2.60,2.65), it follows from
Lemma 72 in Appendix A.1 (with r replaced by |z|/2) that

52

)2
(2.68) ew(z) < min {(50, yrTpEs

} . Vze A(2r, R/2).

We define
Y= (s +logr, —s +1ogR) x 81, Vs € R,
©:3— C, p(z) :=e*, W:=(A0):=¢"w.

(Here we identify ¥g = C/ ~, where z ~ z + 2min, for every n € Z.) Let sg €
[log(2r),log(R/2)]. Combining (2.68) with the fact [uou| < \/e, and Remark 46,
it follows that

(2.69) u(so,t) € K' = u=*(Bs,), ¥t € S*,  0(Giu(so,-)) < 6.

Hence the hypotheses of Theorem 82 (Appendix A.2) are satisfied with K replaced
by K’ and ¢ := 1/(2 — €). By the statement of that result the loop u(sq,-) is
admissible, and defining

Ly 1 ST — Do, s (1) := (50, 1),
we have

1
(2.70) |A ()| < EHL* d7ul3 +

s0

sl o, ;.

2mi,,

Here A denotes the invariant symplectic action, as defined in Appendix A.2. Fur-
thermore, the L2-norms are with respect to the standard metric on S* = R/(27Z),
the metric w(-, J-) on M, and the operator norm | - |op : g* — R, induced by (-, ).

By (2.63,2.64) and the fact 2r < €%, we have

1 - 1 - 1 .
(271) E“:Qd;{u%(t) + W’u ouo LSO‘Q(t) S 27766230€w(680+n), vVt € Sl.
K/
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Here the norm | - | is with respect to the standard metric on S! = R/(27Z), and
we used the fact that for every ¢ € g*,
[Plop < o] := /(&)
where £ € g is determined by (£,-)g = ¢. We fix s € [log2,log(R/r)/2). Recalling
(2.66), we have
E(s) :/ e*0e,, (e dt dsg.
ES

Combining this with (2.70,2.71), it follows that

* ~ X ~ 1 d
(2.72) —A( s 10g RD) + AU 410g 1 W) < —5————E(s).

2—¢eds

Using (2.69), the hypotheses of Proposition 83 are satisfied with K replaced by K.
Applying that result, we have

E(S) = _A(Lierlog Rﬂ;) + A(L:Jrlog r@) .
Combining this with (2.72), inequality (2.67) follows. This proves the claim. d

By the claim the derivative of the function
log (£
|}0g 2, gQ(T)) 5 5 E(s)e?79)s

is non-positive, and hence this function is non-increasing. Inequality (2.61) follows.
We prove (2.62). Let z € A(4r,v/rR). Using (2.60) and the fact Ey < Ej, it
follows from Lemma 72 (with r replaced by |z|/2) that

(2.73) ew(z) < %E (w,BM (z)) .

We define a := |z|/(2r). Then a > 2 and Bj,|/2(2) is contained in A(ar,a™'R).
Therefore, by (2.61) we have

E(w, B (2)) < 16r°~¢|z| > B(w).

Combining this with (2.73) and the fact |dau|(z) < y/2e,(%2), it follows that

(2.74) |dau(z)v] < Cr'=2 2|72 2 \/E(w)|v|, Vze€ A(4r,VrR),v e C.
where C :=32/y/7. A similar argument shows that
(2.75) |dau(z)v] < CR™'2|2|72\/E(w)|v|, Vze€ A(VrR,R/4).

Let now a > 4 and z,2' € A(ar,a'R). Assume that ¢ < 1. (This is no real
restriction.) We define v : [0,1] — C to be the radial path of constant speed,
such that v(0) = z and |y(1)] = |2/|. Furthermore, we choose an angular path
7' :[0,1] — C of constant speed, such that v/(0) = (1), /(1) = 2/, and 4 has
minimal length among such paths. (See Figure 4.)

Consider the “twisted length” of v*(A4,u), given by

/ |dau(t)]dt.
0

It follows from (2.74,2.75) and the fact ¢ < 1, that this length is bounded above
by 4C+/E(w)a~'*5/2. Similarly, it follows that the “twisted length” of 7" (A, u)
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FIGURE 4. The paths v and 4’ described in the proof of inequality
(2.62) (Proposition 45).

is bounded above by Cw\/E(w)a’He/z. Therefore, using Remark 46, inequality
(2.62) with e replaced by &/2 follows.

Assume now that w is not smooth. By Theorem 76 in Appendix A.l the
restriction of w to any compact cylinder contained in A(r, R) is gauge equivalent
to a smooth vortex. Hence the inequalities (2.61,2.62) follow from what we just
proved, using the G-invariance of K.

In the case R = oo the inequalities (2.61,2.62) follow from what we just proved,
by considering an arbitrarily large radius R < oo. This completes the proof of
Proposition 45. U

We are now ready for the proof of Proposition 44 (p. 43).

PROOF OF PROPOSITION 44. The function F as in (2.57) is increasing and, by
hypothesis (b), bounded below by E,;,,. Hence the limit

(2.76) mo = lin’(l) E(e)

exists and is bounded below by E.,. We fix a compact subset K C M as in
hypothesis (a). We choose a constant Ey > 0 as in Lemma 72 in Appendix A.1
(Bound on energy density), depending on K. Considering the pullback of w, by
the translation by zg, we may assume w.l.o.g. that zg = 0.

1. CrAM. We may assume w.l.o.g. that

(2.77) lesiz llcos,) = e (0).

PRrROOF OF CLAIM 1. Suppose that we have already proved the proposition
under this additional assumption, and let r, zyp = 0, R,,, w, be as in the hypotheses
of the proposition. We choose 0 < 77 < r/4 so small that
(2.78) E(47) = lim Ef(w,, Bs) < mo + Ey.

V—00
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For v € N we choose Z, € Bos such that

(2.79) el (z,) = ||eBr

Wy Wy

CO(Bar)-
2. CLAIM. The sequence z, converges to 0.

PRrROOF OF CLAIM 2. Recall that A(r, R) denotes the open annulus of radii r
and R. Let 0 < & < 27. Inequality (2.78) implies that there exists v(e) € N such
that

Ef (w,, A(e/2,47)) < Ey,

for every v > v(e). Hence by Lemma 72 with r = ¢/2 we have

32E P
(2.80) efv(2) < 7r520’ Yv > v(e), Vz € A(e, 21).
We define
R ~ mo
do .—mm{Qr,s GAE }

Increasing v(¢), we may assume that E% (w,,, Bs,) > mq/2 for every v > v(¢), and
therefore

32F

R, _ 0

||€wu|\00(350) > PR

Combining this with (2.79,2.80) and the fact §y < 27, it follows that z, € Be, for
every v > v(e). This proves Claim 2. O

By Claim 2 we may pass to some subsequence such that |Z,| < 7 for every v.
We define

Yy B = C, ,(2) =242, W, :=(A7):=w,.

Then (2.77) with w,,r replaced by w,,7 is satisfied. By elementary arguments
the hypotheses of Proposition 44 are satisfied with (w,,, 29) replaced by (w,,T,0).
Assuming that we have already proved the statement of the proposition for w,,
a straight-forward argument using Claim 2 shows that it also holds for w,. This
proves Claim 1. O

So we assume w.l.o.g. that (2.77) holds.

Construction of Ry, Z, and wy: Recall the definition (2.76) of mg, and that
we have chosen Fy > 0 as in Lemma 72. We choose constants rg and F; as in
Proposition 45, the latter (called Ey there) corresponding to the compact set K
and ¢ := 1. We fix a constant

Ey E

(2.81) 0 <8 <min<mg, —, =%,
272

We pass to some subsequence such that

(2.82) E® (w,, B.(0)) >mog—4§, YveN.

For every v € N, there exists 0 < &, < r, such that
(2.83) E® (w,,Bz) =mg — 0.
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It follows from the definition of mgq that

(2.84) &, — 0.2
3. CLAIM. We have

(2.85) irl}f g R, > 0.

PRrOOF OF CrAIM 3. Equality (2.77) implies that
(2.86) Ef(w,,Bs,) < neoell (0).

The hypotheses R, — oo, (a), and (b) imply that the hypotheses of Proposition 40
(Quantization of energy loss) are satisfied with  := B,.. Thus by assertion (i) of
that proposition with @ := {0}, we have

2

v ewy(0)
Combining this with (2.86,2.83) and the fact § < my, inequality (2.85) follows. This
proves Claim 3. O

Passing to some subsequence, we may assume that the limit

(2.87) Ry := lim &,R, € [0, 0]
exists. By Claim 3 we have }A%O > 0. We define

9. — (00,8,), if Ry = oo,
(2:88) (o, ) { (1,R;'), otherwise,

R, = evRy, @u:B_-1, — By, ou(2) =gz, w, = (Zy,ﬂl,) = W,

By Proposition 37 with R,, w, replaced by ]?Zl,, w, and r, := r/e, there exist a
finite subset Z C C and an Ry-vortex wg = (Ag, ug) € W(C\Z, and passing to some
subsequence, there exist gauge transformations g, € Wif (C\ Z,@G), such that the
conclusions of that proposition hold.

We check the conditions of Proposition 44 with z, := zp := 0: Condi-
tion 44(ii) holds by (2.84,2.87,2.88). Condition 44(iii) follows from 37(i,ii), and
condition 44(iv) follows from 37(iii).

We prove condition 44(v): We define

T;Z)u : Bler - Bra 7/JV(Z) = R;lza wly = w;wy~30

‘We choose 0 < € < r so small that

V—00

E
lim E® (w,, B.) < mg + 71

Furthermore, we choose an integer v so large that for v > v, we have B (w,, B.) <
mo + E1/2. We fix v > 1vy. Using (2.83,2.81), it follows that

E(w},A(E,Ry.€R,)) < Ex.

2gOtherwise, there exists a constant € > 0, such that passing to some subsequence, we have
€, > €. Combining this with (2.83) and considering the limit ¥ — oo, we obtain a contradiction
to (2.76).

30In the case Ry =1 we have 1, = ¢, and hence w), = w,.
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It follows that the requirements of Proposition 45 are satisfied with r, R, w,, replaced
by max{rg,&,R,}, eR,, w),. Therefore, we may apply that result (with “c” equal
to 1), obtaining

ERv (wy,A(amaX{Rglro,é\y}, a*15)> <4a"'Ey, VYa>2.

Using (2.87,2.88) and the fact 2z, = zg = 0, the equality (2.58) follows. This proves
44(v).

To see that condition 44(i) holds, assume first that Rg = 1. Then Z = ) by
statement (i) of Proposition 37. The same statement and Lemma 42 imply that

E(wo, BQIE\IO) = uh~>nolo E({Eua BQ§O>'

It follows from the convergence &,R, — Ry > 0 and (2.83,2.81) that this limit is
positive. This proves condition 44(i) in the case Ry = 1.

Assume now that Ry = co and E*(wp) = 0. Then condition 44(i) is a
consequence of the following two claims.

4. CLAIM. The set Z is not contained in the open ball B;.

PrROOF OF CLAIM 4. By 44(v) (which we proved above) there exists R > 0 so
that
(2.89) limsup E™ (w,, A(Re,, R™1)) < 6.
(Here we used that zp = z, = 0.) Since Ry = oo, we have &, = ¢,,. Hence it follows
from (2.83) and (2.56) that
(2.90) lim B (w,,A(e,,R7)) = E(R™') —mg + 6.

V—00

By the definition (2.76) of my, the right hand side is bounded below by . Therefore,
combining (2.90) with (2.89), it follows that
(2.91) liminf B (w,, A(e,,e,R)) > 0.

Suppose by contradiction that Z C Bj. Then by 37(ii), the connection g;A,
converges to Ag in C° on A(1, R) := B\ By, and the map g, '@, converges to ug
in C! on A(1, R). Hence Lemma 42 implies that

E>(wo, A(1, R)) = lim E™ (@, A(1,R)).

Combining this with (2.91), we arrive at a contradiction to our assumption E*(wg) =
0. This proves Claim 4. O

5. CLAIM. The set Z contains 0.

Proof of Claim 5. By Claim 4 the set Z \ By is nonempty. We choose a point
z € Z\ By and a number gy > 0 so small that B.,(2)NZ = {z}. We fix 0 < & < &.
Since £, — 0 (as v — o), (2.77) implies that

e (0) = lle2 |l go (5. (2

for v large enough. Combining this with condition 44(iv) (which we proved above),
it follows that

& En
lim inf e (0) > =212
v—00 w"( ) ~ qe?
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Since € € (0,¢&¢) is arbitrary, it follows that

(2.92) egl‘: (0) - 00, asv— 0.

If 0 did not belong to Z, then by 37(ii) and Lemma 42 the energy density eg: (0)
would converge to egy (0), a contradiction to (2.92). This proves Claim 5, and
completes the proof of 44(i) and therefore of Proposition 44. O

47. REMARK. Assume that Ry, Z, wo are constructed as in the proof of condi-
tion (i) of Proposition 44, and that Ry = co and E*(wg) = 0. Then Z C By (and
hence Z N St # () by Claim 4). This follows from the inequalities

lim E®(@,, A(1,R)) <0 < By, VR> 1.

V—00

Here the first inequality is a consequence of condition (2.83). O

2.7. Proof of the bubbling result

Based on the results of the previous sections, we are now ready to prove the
first main result of this memoir, Theorem 3. The proof is an adaption of the proof
of [MS2, Theorem 5.3.1] to the present setting. The strategy is the following:
Consider first the case k = 0, i.e., the only marked point is z§ = co. We rescale the
sequence W, so rapidly that all the energy is concentrated around the origin in C.
Then we “zoom back in” in a soft way, to capture the bubbles (spheres in M and
vortices over C) in an inductive way. (See Claim 1 below.)

Next we show that at each stage of this construction, the total energy of the
components of the tree plus the energy loss at the unresolved bubbling points equals
the limit of the energies E(W"). Here we call a bubbling point “unresolved” if we
have not yet constructed any sphere or vortex which is attached to this point.
(See Claim 2.) Furthermore, we prove that the number of vertices of the tree is
uniformly bounded above. (See inequality (2.102).) This implies that the inductive
construction terminates at some point.

We also show that the vortices over C and the bubbles in M have the required
properties and that the data fits together to a stable map, which is the limit of a
subsequence of W”. (See Claims 4 and 5.)

For k > 1 we then prove the statement of the theorem inductively, using the
statement for £k = 0. At each induction step we need to handle one additional
marked point in the sequence of vortex classes and marked points. In the limit
there are three possibilities for the location of this point:

(I) It does not coincide with any special point.
(IT) It coincides with the marked point z; (lying on the vertex o), for some 4.
(III) Tt lies between two already constructed bubbles.

In case (I) we just include the new marked point into the bubble tree. In case
(IT), we introduce either

e a “ghost bubble”, which carries the two marked points and is connected
to oy, or

e a “ghost vortex”, which is connected to «;, and a “ghost bubble of type
0”, which is connected to the “ghost vortex” and carries the two marked
points.
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@

)
(39)

9

FIGURE 5. This is a “partial stable map” as in Claim 1. It is a
possible step in the construction of the stable map of Figure 1.
The cross denotes a bubbling point that has not yet been resolved.
When adding marked points, a “ghost sphere” in M will be intro-
duced between the components 1 and 4.

The second option will only occur if a; € T,. Which of the two options we choose
depends on the speed at which the two marked points come together. In case (III)
we introduce a “ghost bubble” between the two bubbles, which carries the new
marked point.

PROOF OF THEOREM 3 (P. 7). We consider first the case k = 0. Let W,
be a sequence of vortex classes as in the hypothesis. For each v € N we choose
a representative w, := (P,,A,,u,) of W,, such that P, = C x G. Passing to
some subsequence we may assume that E(w,) converges to some constant E. The
hypothesis E(W,) > 0 (for every v) implies that E > E.,;,. We choose a sequence
R, > 1 such that

(2.93) E(W,,Bg,) — E.
We define
Ry :=vR,, ¢,:C—C, ¢, (z):=R{z, wf:=@iw,,
j1:=0, z:=0, Zy:={0}, =z§:=0.
The next claim provides an inductive construction of the bubble tree. (Some ex-

planations are given below. See also Figure 5.)

1. CLAIM. For every integer ¢ € N, passing to some subsequence, there exist
an integer N := N(¢) € N and tuples

(Ri, Ziswi)ieqr,...Nys (is zi)ieqe,.. vy (B2 )ie(1,...N}, veN,

where R; € {1,000}, Z; C C is a finite subset, w; = (A;,u;) € VNVC\Zi is an R;-vortex,
ji€{l,...,i—1}, z, € C, RY >0, and z¥ € C, such that the following conditions
hold.
(i) For every ¢ = 2,...,N we have z; € Z;,. Moreover, if 4,7/ € {2,...,N} are
such that ¢ # ¢ and j; = j then z; # zy.
(ii) Let ¢ = 1,...,N. If R; = 1 then Z; = 0 and E(w;) > 0. If R; = co and
E>~(w;) =0 then |Z;] > 2.
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(iii) Fix i = 1,...,N. If R, = 1 then RY = 1 for every v, and if R; = oo then
RY? — oo. Furthermore,
Ry Zi Ji
(2.94) R — 0, T}’I — zj.
In the following we set ¢¥(z) := RYz+ 2/, for i=0,...,N and v € N.
(iv) Forevery i = 1,..., N there exist gauge transformations g¥ € W.P(C\ Z;, G)
such that the following holds. If R; = 1 then (g¥)*(¢¥)*w, converges to w;
in C'*° on every compact subset of C. Furthermore, if R; = co then on every
compact subset of C\ Z; the sequence (g¥)*(¢¥)*A, converges to A; in C°,
and the sequence (g¥)*(¢?)*u, converges to u; in C*.
(v) Leti=1,...,N, z € Z; and €9 > 0 be such that B, (z)NZ; = {z}. Then for
every 0 < € < g¢ the limit

B(e) = Jim B ((60)w,, Bo(2)

exists, and Ep,in < E,(€) < 0o. Furthermore, the function
(0,e0) 2 e +— E,(g) € [Emin, )
is continuous.
(vi) For every i =1,..., N, we have
im limsup E(w,, BRIin/R(Z;i + R} z) \ Brrr () = 0.

1

R—oo y—oo
(vii) If £ > N then for every j =1,..., N we have
(2.95) Zj={zlj<i<N,j=j}.

To understand this claim, note that the collection (j;);e{2,... n1 describes a tree
with vertices the numbers 1,..., N and unordered edges {(i,ji), (Ji, z)} Attached
to the vertices of this tree are vortex classes and oo-vortex classes. (The latter will
give rise to holomorphic spheres in M.) Each pair (RY,z?) defines a rescaling ¢,
which is used to obtain the i-th limit vortex or co-vortex. (See condition (iv).)

The point z; is the nodal point on the j;-th vertex, at which the i-th vertex
is attached. The corresponding nodal point on the i-th vertex is co. The set Z;
consists of the nodal points except oo (if ¢ > 2) on the i-th vertex together with
the bubbling points that have not yet been resolved.

Condition (i) implies that the nodal points at a given vertex are distinct. Con-
dition (ii) guarantees that once all bubbling points have been resolved, the i-th
component will be stable.?!

Condition (iii) implies that the rescalings ¢} “zoom out” less than the rescalings
¢%.. A consequence of condition (v) is that at every nodal or unresolved bubbling
point at least the energy E.,, concentrates in the limit. Condition (vi) means
that no energy is lost in the limit between each pair of adjacent bubbles. Finally,
condition (vii) means that in the case £ > N all bubbling points have been resolved.

Proor or CLAIM 1. We show that the statement holds for £ := 1. We check
the conditions of Proposition 44 (Soft rescaling) with zg := 0, r := 1 and R,, w,
replaced by R, w§. Condition 44(a) follows from Proposition 79 in Appendix A.1,

31Note that in the case i > 2 there is another nodal point at oo, and for ¢ = 1 there will be
a marked point at co, which is the limit of the sequence zg.
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using the hypothesis that M is equivariantly convex at co. Condition 44(b) follows
from the facts

lim Ef0(wy B.)=FE,V¥e >0, E>BEuppn.
V—00
The first condition is a consequence of the facts R§ = vR,,, E(w,) — E, and (2.93).
Thus by Proposition 44, there exist Ry € {1,00}, a finite subset Z C C, and
an Ryp-vortex wy € Wé\ X and passing to some subsequence, there exist sequences
€, >0, 2z, and g, such that the conclusions of Proposition 44 with R, ,w, replaced

by Rj,wg hold. We define
N:=N(1):=1, Ry:=Ro, Z1:=2Z, wi:=wy, R]{:=e,Ry, 2| :=R{z.

We check conditions (i)-(vii) of Claim 1 with ¢ = 1: Conditions (i,vii) are
void. Furthermore, conditions (ii)-(vi) follow from 44(i)-(v). This proves the state-
ment of the Claim for ¢ = 1.

Let ¢ € N and assume, by induction, that we have already proved the statement
of Claim 1 for /. We show that it holds for £ + 1. By assumption there exists a
number N := N(¢) and there exist collections

(Ri, Ziswi)ieq1,..,N}s  (Jis 2zi)icqe,...Nys (BY 20 )ieq1,.. N}, veN,
such that conditions (i)-(vii) hold. If
Zi={z%|j<i<N,ji=j}, VYji=1,...,N

then conditions (i)-(vii) hold with N(¢ + 1) := N, and we are done. Hence assume
that there exists a jo € {1,..., N} such that

(2.96) Zjy # {ziljo <i <N, ji =jo}.
We set N(£+ 1) := N + 1 and choose an element
(297) ZN+1€ZJO\{ZZ|]<ZSN7 ]12]0}

We fix a number r > 0 so small that B,(zn4+1) N Zj, = {zn4+1}. We apply Propo-
sition 44 with 2o := zy41 and R,, w, replaced by R} , (<p}’0)*wl,. Condition 44(a)
holds by hypothesis. Furthermore, by condition (v) for £, condition 44(b) is satis-
fied. Hence passing to some subsequence, there exist Ry € {1,000}, a finite subset
Z C C, an Rg-vortex wq € 17\75\ 4> and sequences €, > 0, z,, such that the conclu-
sion of Proposition 44 holds. We define

Ryy1:=Ro, Zny1:=2, wny1:=wo, JNt1:=Jo,
174 o— 174 14 «-— 174 14
Ry =eRY, 2Ry =Rz + 27 .

We check conditions (i)-(vii) of Claim 1 with ¢ replaced by ¢+ 1, i.e., N
replaced by N 4 1. Condition (i) follows from the induction hypothesis and (2.97).
Conditions (ii)-(vi) follow from 44(i)-(v).

We show that (vii) holds with N replaced by N+1: By the induction hypothesis,
it holds for N. Hence (2.96) implies that N + 1 > ¢+ 1. So there is nothing to
check. This completes the induction and the proof of Claim 1. (|

Let ¢ € N be an integer and N := N({), (R;, Zi,w;), (Ji,2i), (RY,zY) be as
in Claim 1. Recall that Zy = {0} and z§ := 0. We fix i = 0,...,N. We define
Y (z) := RYz + 27, for every measurable subset X C C we denote

Ei(X) := E®(w;, X), E;:=FE;i(C\ %), EY(X):=E%Y((¢")w,,X).
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Furthermore, for z € Z; we define
(2.98) m;(z) == lir% lim EY(B:(z)).
e—=UV—00
For i = 0 it follows from (2.93) and Rf = vR, that the limit m(0) exists and

equals E. For i =1,..., N it follows from condition (v) that the limit (2.98) exists
and that m;(z) > Epin. For j,k=0,..., N we define

Zjy = Zj\{z|j <i<k, ji =j}

(This is the set of points on the j-th sphere that have not been resolved after the
construction of the k-th bubble.) We define the function

(2.99) fi{l,. . N} = [0,00), f(i):=Ei+ > mi2).
z2€EZ; N
2. CLAIM.
N
Zf(z‘) =E

ProOF oF CrAIM 2. We show by induction that

k
(2.100) > <E¢+ > mi(z)> = E,

i=1 2E€Zi 1

for every k =1,..., N. Claim 2 is a consequence of this with £k = V. For the proof
of equality (2.100) we need the following.

3. CrAM. For every i =1,..., N we have
(2.101) mg, (Zl) =F;,+ Z ml(z)
z€Z;
Proor oF CLAM 3. Let ¢ = 1,...,N. We choose a number € > 0 so small
that

BE(Zl) N Zji = {Zz}; Zi - Bs—l_s,
and if z # 2/ are points in Z; then |z — 2’| > 2¢. By condition (v) of Claim 1, for
each z € Z; the limit lim,_,o, EY (B:(z)) exists. Lemma 42 implies that

7

lim EY(B.-1) = E; (le\ U Bg(z)> + > lim EY(B.(2)).
ree 2€Z; z2€Z; e

Combining this with condition (vi) of Claim 1, equality (2.101) follows from a
straight-forward argument. This proves Claim 3. ]

Since Z11 = Z1, equality (2.100) for k£ = 1 follows from Claim 3 and the fact
mo(0) = E. Let now k =1,..., N — 1 and assume that we have proved (2.100) for
k. An elementary argument using Claim 3 with ¢ := k + 1 shows (2.100) with &
replaced by k + 1. By induction, Claim 2 follows. O

Consider the tree relation F on T := {1,..., N} defined by iFi iff i = j or
i’ = j;. Lemma 117 in Appendix A.7 with f asin (2.99), k:=1,a;:=1€ T, and
FEy := Enin, implies that

(2.102) N <
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(Hypothesis (A.61) follows from conditions (ii,v) of Claim 1.) Assume now that
we have chosen ¢ > 2E/Ey, +1. By (2.102) we have £ > N, and therefore by
condition (vii) of Claim 1, equality (2.95) holds, for every j =1,..., N. We define

TZ:{L...,N}, T02:®7 T1:{Z€T‘RZ:1}, TOCZ:T\Tl,
and the tree relation F on T by
iBi <= i=jyori =j,.

Furthermore, for 4,4’ € T such that i¢Fi’ we define the nodal points

oo, ifi =j;,
Ziil i — oy s .
zir, ifi=gy.

Moreover, we define the marked point
(ap, 20) = (1,00) € T x 52,

4. CLAaM. Let i € T. If i € Ty then E(w;) < oo and u;(C x G) has compact
closure. Furthermore, if ¢ € Ty, then the map

Gu;:C\ Z; — M = u~*(0)/G
extends to a smooth J-holomorphic map
;0 8?2 CU {0} — M.
PROOF OF CLAIM 4. We choose gauge transformations g € W2P(C\ Z;, G)

loc
as in condition (iv) of Claim 1, and define w} := (¢¥)* (¢¥)*w,.
Assume that i € T;. It follows from Fatou’s lemma that

E(w;) <liminf E(w}) = E < .
V—00
Furthermore, since by hypothesis M is equivariantly convex at oo, by Proposition

79 in Appendix A.1 there exists a G-invariant compact subset Kqg C M such that

u?(C) C Ky, for every v € N. Since u} converges to u; pointwise, it follows that

u;(C) C Ky. Hence w; has the required properties.
Assume now that ¢ € T,,. By Proposition 116 in Appendix A.7 the map

Gu; :C\ Z; = M =~ (0)/G
is J-holomorphic, and eg,, = €.+ It follows from Fatou’s lemma that
E>(w;,C\ Z;) <liminf B (w!) = F < co.

Therefore, by removal of singularities, it follows that Gu; extends to a smooth
J-holomorphic map ; : S — M.3? This proves Claim 4. (]

5. CLAIM. The tuple
(W7 Z) = (To, Tl, Too; .E7 ([wi])ieTl, (ﬂi)iETm> (Zii’)iEi’7 (040 = 17 20 1= OO))

is a stable map in the sense of Definition 15, and the sequence ([w,], z§ = o0)
converges to (W,z) in the sense of Definition 20. (Here [w;] denotes the gauge
equivalence class of w;.)

32Gce e.g. [MS2, Theorem 4.1.2].



58 2. BUBBLING FOR VORTICES OVER THE PLANE

Proor oF CLAIM 5. We check the conditions of Definition 15. Condition
(i) is a consequence of the definitions of Ty, T and Ts,. Condition (ii) follows
from condition (i) of Claim 1 and the fact Z; = (), for + € Ty. (This follows from
condition (ii) of Claim 1.)

Condition (iii) follows from an elementary argument using Claim 1(iii,iv,vi)
and Proposition 45. Condition (iv) follows from Claim 1(ii). Hence all conditions
of Definition 15 are satisfied.

We check the conditions of Definition 20. Condition (2.15) follows from
Claim 2, using condition (vii) of Claim 1. Condition 20(i) follows from a straight-
forward argument, using Claim 1(iii).

Condition 20(ii) follows from Claim 1(iii) by an elementary argument. Con-
dition 20(iii) follows from Claim 1(iv). Finally, condition 20(iv) is void, since
k = 0. This proves Claim 5. O

Thus we have proved Theorem 3 in the case k = 0.

‘We prove that the theorem holds for every k& > 1: We prove by induction
that for every k € Ny and every tuple (Wl,,zl” . 722) as in the hypotheses of
Theorem 3, there exists a stable map (W,z) as in (2.6) and a collection (¢%) of
Mobius transformations, such that the conditions of Definition 20 hold,

(2.103) Va € Too, Q C C\ Z, compact: lim E(W,,¢%(Q)) = E(ta, Q),

(2.104) @ (00) = o0,
(2.105) limp—.oc limsup,,_, ., E(W,,C\ % (Br)) =0,

and for every edge a3 such that o € T3 U T and [ lies in the chain of vertices
from « to ag, we have

(2.106) lim limsup E(W,., %4(Br-1(254)) \ ¢4(Br)) = 0.

R—oo oo

For k = 0 we proved this above. In that construction condition (2.103) follows from
statement (iii) of Proposition 44. Furthermore, condition (2.105) is a consequence of
condition (vi) of Claim 1 with ¢ = 1, and the facts E(W,,, Br,) — E and R§ = vR,,.
Finally, condition (2.106) follows from Claim 1(vi).

Let now k£ € N and assume that we have proved the statement for k—1. Passing

to some subsequence, we may assume that for every ¢ = 1,...,k — 1, the limit
(2.107) zgi i= lim (27 — z) € CU {0}
V—00

exists. We set
ZEo -— OQ.
Passing to a further subsequence, we may assume that the limit
Zak i= lim (%) 7H(2Y) € S?
V—00
exists, for every a € T := Ty [[ 11 || Teo- There are three cases.

Case (I) There exists a vertex o € T', such that z, is not a special point of (W, z)
at a.

Case (II) There exists an index ¢ € {0,...,k — 1} such that zq,x = 2.
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Case (III) There exists an edge aE/3 such that zqr = 243 and zg, = 2ga.

These three cases exclude each other. For the combination of the cases (II)
and (I1T) this follows from the last part of condition (ii) (distinctness of the special
points) in Definition 15.

6. CLAIM. One of the three cases always applies.

PRrROOF OF CLAIM 6. This follows from an elementary argument, using that T
is finite and does not contain cycles. O

Assume that Case (I) holds. We fix a vertex o € T such that z, is not a
special point.?® We define oy := o and introduce a new marked point

ZE — Zozk.k

on the ag-sphere. Then (W, z) augmented by (ay, z;) is again a stable map and
the sequence (W, 2§, ..., 2y) converges to this new stable map via (¢%)qer. The
induction step in Case (I) follows.

Assume that Case (ITI) holds. We fix an index 0 < ¢ < k — 1 such that
Zask = 2. (It is unique.)

Consider first Case (Ila): i # 0 and the condition z; # 0 or a; € To UT}

holds. In this case we extend the tree T as follows. We define

0, if zx; =0,

ji=9q 1, if zp; # 0,00,

0o, if zp; = oo,
and introduce an additional vertex ~, which has type j and carries the new marked
point. This vertex is adjacent to «; in the new tree. We move the ¢-th marked
point from the vertex a; to the vertex v and introduce an additional marked point
on . More precisely, we define

T =TI}, T =Ty '€ 0,1 och\ (),
T =TI}, B = BI1{(0:7), (r,00)},

new
iy

phew . 0’ Z]Iglew = { Zkiy lf] = 17

new .__ new .__ new .__
V= otV i=y, 25 =00, 2

= Zg,
1, ifj=0,00.

Ifj=1,ie., eI, then we introduce the following “ghost vortex”: We choose
a point zg in the orbit i, (2;) C p~1(0), and define A, := 0 € Q!(C,g) and
Uy : C — M to be the map which is constantly equal to xo. We identify A, with a
connection on C x G and u, with a G-equivariant map C x G — M, and set

(2.108) W, = [Cx G, Ay, u,].
If j = oo, ie., v € T2V, then we define i, : S*> — M to be the constant map
Uy = U, (23).
We denote by (W?eW z"¢V) the tuple obtained from (W,z) by making the

changes described above. By elementary arguments this is again a stable map.

33This vertex is unique, but we will not use this.
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We define the sequence of Mobius transformations % : S? — S? by

viN . 2tz ifj=1,
(2.109) #(2) = { (s — )z + 2%, if j =0, 0.
7. CLAIM. There exists a subsequence of (Wu,zé’, .. ,ZZ) that converges to

(Wrew z2eW) yia the Mébius transformations (¢%)aernew, pen.

PrROOF OF CLAIM 7. Condition (2.15) (energy conservation) holds for every
subsequence, since the new component ~ carries no energy. Conditions (i,ii)
of Definition 20 hold (for the new collection of Md&bius transformations), by
elementary arguments.

We check condition 20(iii) up to some subsequence. For every a € TPV U
T2V we write

(2.110) Wy = (po)*"W,, ug:=uwr:C— M/G,

where ty . is defined as in (2.2). In the case j = 0 condition 20(iii) does not
contain any new requirement.

Assume that j = 1. It follows from Proposition 37 (Compactness modulo
bubbling and gauge) with R, := 1, r, := v and W, replaced by WY, that there

exists a vortex class W, over C such that passing to some subsequence, the sequence

v

W, converges to Ww with respect to 7¢ (as in Definition 19), and the sequence uy

converges to BWW, uniformly on every compact subset of C.
8. CLAIM. We have Wv = W, (defined as in (2.108)).

ProOOF OF CLAIM 8. A straight-forward argument implies that o; € T2V,
Therefore, condition 20(iii) for the sequence (Wl,,zg, .. .,z,‘c’il) implies that the
sequence @/, converges to iq,, in C' on some neighborhood of z;. (Here we used
that ¢ # 0.)

Since ¢y, = (gogi)*l o % converges to zq,4 = 2;, uniformly on every compact

subset of $%\ {22V} = C, it follows that

Uy, = TUg, © P — To = Ua, (2i),
uniformly on every compact subset of C. It follows that Uy, = To. We choose
representatives

(A,,T,) € O (C,G) x C=(C,G)
of ,VIV/W and x9 € pu~1(0) of Zp. By hypothesis (H) the action of G on p=1(0) is
free. Hence, after regauging, we may assume that u, = x¢. (Here we use Lemma
114 (Appendix A.7), which ensures that the gauge transformation is smooth.) It

follows from the first vortex equation that Avfy = 0. This shows that /V[v/y =W, and
hence proves Claim 8. (]

This proves condition 20(iii) in the case j = 1.

Assume now that j = co. We have again o; € T5°V. Hence condition 20(iii)
for the sequence (Wl,, b7 S ZZ—1) implies that the sequence g, converges to g,
in C' on some neighborhood of z;. (Here we used that i # 0.) Let @ C C = S?\ Z,
be a compact subset. Since ¢y, . converges to z;, in € on Q, it follows that
ul =y, o py.., converges to U, = Uq,(2;) in C! on Q, as required. This proves
condition 20(iii) in all cases.
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Condition 20(iv) is a consequence of the definition (2.109) of ~. This proves
Claim 7. O

To see that condition (2.103) holds, observe that we need to prove this only
in the case j = oo and then only for o = 7. In this case it follows from the same
condition for & = a; and 20(ii) with @ = «; and 8 = . (Here we used that z; # oo
and it does not coincide with any nodal point at «;.) The same conditions also
imply (2.106) for « := ~ and 3 := «a;. (For the other pairs of adjacent vertices
(2.106) follows from the induction hypothesis.)

The induction step in Case (IIa) follows.

Consider the Case (IIb): i = 0. We define
T(l)rloew =T H{,y}’ T;leW = Tja ] =0,1, Enew .— EH{(O(&’Y)?(’%O‘O)}’

new .__ new .__ new .__ new .__ J— new .__ new .__
ag™ =g =1y, Z5) =0, oY i=z0 =00, 27V =00, =1,

ﬂ,y = ﬂao (Zo)
The tuple (W"V, z"WV) obtained from (W, z) by making these changes, is again a
stable map. It follows from our assumption (2.104) that there exist A, € C\ {0}
and z, € C, such that ¢y (2) = A,z + 2,. We define the sequence of Mdobius
transformations @7 by
@ (2) = (2, — 20)2 + 20

We show that some subsequence of (W,,z§,...,2}) converges to (W™, z"°W)
via the Mo&bius transformations (¢ )aernew,ven: Condition (2.15) holds with T'
replaced by T™°V, since the map @, is constant. Conditions 20(3,ii,iv) follow from
straight-forward arguments.

We show that condition 20(iii) holds. Recall the definition (2.110) of @%. An
elementary argument using condition 20(iii) with « := ag, our assumption (2.105),
and Proposition 45, shows that for every £ > 0 there exist numbers R > ry and
vy € N such that

d(6V =00 (Way ), Ui, (2)) <&, Vv >wg, z € C\ Bg,

where W, 1= @, if ap € Too, and €V is defined as in (2.4,2.5). The sequence ¢,
converges to 25 = zp = oo, uniformly on every compact subset of 52\ {225% = 0}.
It follows that uY converges to the constant map i, = &Veo(Wa,), uniformly on
every compact subset of C\ {0} = §%\ {229, z5°V}. Condition 20(iii) with v =
is a consequence of the following.

9. CLAIM. Passing to some subsequence the convergence is in C' on every
compact subset of C\ {0}.

PrOOF OF CLAIM 9. We denote R, := |z} — z,|, and choose a representative
wy of WJ. This is an R,-vortex. Our assumption z,,x = 2o = oo implies that
R, — Ry := oo. Hence by Proposition 37 there exists a finite subset Z C C and
an oo-vortex w, = (A,y,uy), and passing to some subsequence, there exist gauge
transformations g € W2P(C \ Z,G), such that the assertions 37(ii,iii) hold with

wy := wy. It follows that uZ converges in C! on every compact subset of C\ Z.
Furthermore, it follows from (2.105) and 37(iii) that Z C {0}. Claim 9 follows. O

Conditions (2.103,2.105) (for o™ = «) and (2.106) (for o := ap and § :=7)
follow from condition (2.105) for «y, which holds by the induction hypothesis. This



62 2. BUBBLING FOR VORTICES OVER THE PLANE
proves the induction step in Case (IIb).

Consider now Case (IIc): zx; = 0 and «; € Tw. Then we introduce a vertex
~v € T7 adjacent to «; and a vertex § € Ty adjacent to 7y, such that § carries the
two new marked points. More precisely, we define

Toew .= T [[{6}, TP =Ty [[{v}, TV := Tk,
T :=T1[{y,6}, E"Y:=E[[{(a,7),(v.q:),(7.6),(67)},

new new .__
gt QY *

new .__ new .__ new .__ new .__
oV =V =0, 2V i=0, V=1

=00, % 2iy 2y =0, 25y 1= 00,

?

and W, as in case (ITa) with j = 1. We thus obtain a new stable map. The proof
of convergence to this stable map and of conditions (2.103) (for ) and (2.106) (for
a =+v and 8 = «;) is now analogous to the proof in Case (IIa). This proves the
induction step in Case (Ilc).

The Cases (IIa,b,c) cover all instances of Case (II), hence we have proved the
induction step in Case (II).

Assume now that Case (III) holds. In this case we introduce a new vertex
~v between a and (3. Hence a and (8 are no longer adjacent, but are separated by
7. We define j := 0 if o or 3 lies in Ty, and j := oo, otherwise.>* We may assume
w.l.o.g. that 3 lies in the chain of vertices from « to ay. We define

T;]ew =T; H{’Y}’ T;ew =Ty, j' € {0’ L, OO} \ {.7}’

new new

new .__ new .__ new .__ Py—
= ZaBs Zpy = ZBas Zya = 0, ZyG = 00, oy

new .__
ne =1

Z, = ’7a Zk-

In the case j = oo we define @, : S? — M to be the constant map equal to ug(2g4)-
Again, we obtain a new stable map. By condition (2.104) there exist A € C\ {0}
and 2z € C, such that ¢%(z) = A,z + 2. We define
@5 (2) == (2 — 20)2 + 24

The proof of convergence proceeds now analogously to the proof in Case (IIb),
using (2.106) for the proof of condition 20(iii) rather than (2.105). Furthermore,
conditions (2.103) with o = v and (2.106) with («, 3) replaced by (a, ) and (v, )
follow from condition (2.106) for (c, ), which holds by the induction hypothesis.

This proves the induction step in Case (III), and hence terminates the proof of
Theorem 3 in the case k > 1. O

REMARK. In the above proof for k = 0 the stable map (W, z) is constructed by
“terminating induction”. Intuitively, this is induction over the integer N occurring
in Claim 1. The “auxiliary index” ¢ in Claim 1 is needed to make this idea precise.
Condition (vii) and the inequality (2.102) ensure that the “induction stops”. O

2.8. Proof of the result in Section 2.3 characterizing convergence

Using Compactness modulo bubbling and gauge for (rescaled) vortices, which
was established in Section 2.5 (Proposition 37), in this section we prove Proposition
27. The proof is based on the following result. Let G := S' C C act on M := C by

341n that case a or B3 lies in Teo.
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multiplication, with momentum map p : C — iR given by p(z2) := (1 — |2[?), and
let d € Ny. Recall the definition (2.24) of the map
t: [] Sym™(C) — Sym(s?),
d'<d

the definitions (2.23,2.17) of the set My of finite energy vortex classes of degree d
and of the local degree map degy, : C — Ny, and the Definition 19 of the “C°°-
topology 7s on By”.

48. PROPOSITION. Let 0 < d' < d, W € Mg and W, € My, for v € N. Then
the following conditions are equivalent.

(i) For every open subset @ C C with compact closure and smooth boundary
the restriction W, |g converges to Wg to €2, as v — oo, with respect to the
topology 7.

(ii) The point in the symmetric product

degyy, € Sym?(C) € Sym?(5?)
converges to tq(degyy) € Sym?(S2).
In the proof of this result we will use the following. Let X be a topological
space and d € Ny. We denote by Sym?(X) := X9/, the d-fold symmetric product

—d
of X, and canonically identify it with the set Sym (X) of all maps m : X — Ny
such that Y- m(z) = d.* We endow Sym?(X) with the quotient topology. For
every subset Y C X and dy € Ny, we define

—d
(2.111) VYd0 = {m € Sym (X) ‘ Z m(z) = do, m(z) =0, Vx € 6Y} )
z€Y

where JY C X denotes the boundary of Y.

49. LEMMA. Let U be a basis for the topology of X. If X is Hausdorff then the

—d

sets Vg”, U €U, dy € Ny, form a subbasis for the topology of Sym (X) Symd(X).

PROOF OF LEMMA 49. We denote by 7 : X% — Sym?(X) the canonical pro-
jection. For every U € U and dy € Ny, we have

T VP = Sq- (UP x (X \ D)%) € X9,
where - denotes the action of Sy on X 9. Since |S4| < oo, this set is open, i.e., V{}O
—d

is open. Now let V' C Sym (X) be an open set, and m € V. It suffices to show that
there exists a finite set S C U XNy, such that the intersection ﬂ(U’ do)es V(‘Ji0 contains
m and is contained in V. To see this, we denote by z1,...,z;r € X the distinct
points at which m does not vanish, and abbreviate d; := m(z;). Fori = 1,...k

we choose a neighborhood U; € U of z;, such that the sets Uy, ..., U are disjoint,
and

(2112) UlX"'XUlX"'XU}cX"'Xng’]r_l(V)_

Here the factor U; occurs d; times. (The sets exist by Hausdorflness of X, openness
of 7=(V), the definition of the product topology on X%, and the fact

(T4, @1y Ty Tg) € 7 (m) C 7 Y(V))

35Implicitly7 here we require m(z) to vanish, except for finitely many points z € X.
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We define S := {(U;,d;) |i=1,...,k}. We have

k
ﬂng:W(Ul><--~><U1><~-~><U;€><---><Uk).

i=1
Combining this with (2.112), it follows that ﬂle Vg C V. On the other hand,

since x; € U;, we have m € ﬂle V{}ll Hence the set S has the required properties.
This proves Lemma 49. (]

We will also use the following.

50. LEMMA. Let € C(S',C\ {0}) be a loop. Then there exists a C°-
neighborhood ¢« C C(S*,C\ {0}) of =, such that every ' € U is homotopic to
x.

PROOF OF LEMMA 50. We define I to be the open C-ball around x, with
radius min,cg1 |2(2)|. Let 2’ € Y. We define

h:[0,1] x S* = C, h(t,z):=ta'(2) + (1 —t)z(2).

This map does not vanish anywhere, and therefore is a homotopy between = and
2’ inside C \ {0}. This proves Lemma 50. O

PRrROOF OF PROPOSITION 48. We canonically identify the set B = B¢ of gauge
equivalence classes of smooth triples (P, A, u) (as defined in (1.10)) with the set of
gauge equivalence classes of smooth pairs

(A,u) € W := QY(C, g) x C™(C, M).

We show that (i) implies (ii). Assume that (i) holds. We denote by m : S? =
CU{oo} — Ny the map given by degy, on C, and m(oo) := d — deg(W). We define

U:={B,(2)|2€C,r >0} U{(C\B,)U{oo}|re[l,00)}.
This is a basis for the topology of S2.

CLAIM. Let U C U be such that degy, vanishes on OU. Then there exists
vp € N such that for every v > 1y we have degy, € Vgo, where

dp := Z m(z).

zeU

PROOF OF THE CLAIM. Let U be as in the hypothesis of the claim. Consider
first the case U = B,.(z), for some z € C, r > 0. We choose a (smooth) represen-

tative w = (A,u) € Wﬁr(z) of Wlg, (). Since by assumption, degy, vanishes on
OU = S}(z), u is nonzero on S}(z).

The C*°-topology on the set of smooth connections on B, (z) is second-countable.
Furthermore, the action of the gauge group on this space is continuous. Therefore,
by assumption (i) and Lemma 120 in Appendix A.7, for each v € N, there exists a
representative w, = (A,,u,) € Wﬁr(z) of W,,, such that w, converges to w in C'*°,
as v — o0o. Hence, using Lemma 50, there exists 1y € N such that for v > vy the
restriction of u, to S}!(z) does not vanish anywhere, and is homotopic to u| S1(2)s
as a map with target C\ {0}. It follows that

deg (u,, 1 SHz) — Sl> = deg <u 1 SHz) — S’l> )

|y | |ul
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for v > vy. By elementary arguments, the left hand side of this equality agrees
with - cp () deg,, ('), and the right hand side equals }__, 5 (,) deg, (z’). Since
by deﬁnltlon degu" (2') = degy, (z’) and deg, (') = degW(z’)7 it follows that

Z degyy, (2 Z degw = do,
z'€B,(z) z'€B,.(

and therefore, degy, € Vgo. This proves the claim in the case U = B, (z) C C.

Consider now the case U = (C\ B,.) U {00}, for some r > 1. By what we just
proved, there exists an index v, such that for every v > vy

Z degy, (2 Z degyy (2

z'€B, z'€B,
It follows that
> degy, (2) = > m(2') = do,
2'€C\B, 2'€(C\B,)U{oo}

and therefore, degy, € V{}O, for every v > vy. This proves the claim in the case
U= (C\B,)U {0} O

The claim implies that if dg € N and U € U/ are such that m € V(‘Ji“ then there
exists 19 € N such that for every v > vy we have degy, € V[‘Ji". Combining this with
Lemma 49 (with X := S?), condition (ii) follows. This proves that (i) implies
(ii).

We show the opposite implication: Assume that (ii) is satisfied. We prove
that given an open subset {2 C C with compact closure and smooth boundary, the
class W, |q converges to Wlg, as v — oo, with respect to the topology 7. By
Lemma 119 (Appendix A.7) it suffices to show that for every such Q and every
subsequence (v;);en there exists a further subsequence (i;);en such that Wl,ij a

converges to Wlg, as j — oo. Let (v;) be a subsequence. Let ¢ € N. We choose a
representative (A;,u;) € W@ of W,,,. It follows from Proposition 23 that the image
of u; is contained in the closed ball B; C C.36 Furthermore, by Proposition 24,
we have E(w;) = dmr. Therefore, Proposition 37 (Compactness modulo bubbling
and gauge) implies that there exist a smooth vortex wg := (Ao, up) over C, a
subsequence (i, )geN’ and gauge transformations g; € I/Vlo’f((c G) (for j € N), such
that the pair w = g; 7(Ai;, ui;) is smooth and converges to wg, as j — oo, in O™
on every compact subset of C. We denote by Wy the equivalence class of wy. It
follows from Lemma 114 (Appendix A.7) that g; is smooth, and hence w; represents
Wi = Wl,ij7 for every j. It follows that W|g converges to Wo|g with respect to
Tqg, @s j — oo, for every open subset 2 C C with compact closure and smooth
boundary.

It remains to show that Wy = W. The energy densities ey ; converge to ew,
in C'° on compact subsets of C. Therefore, we have

E(W,) < liminf E(WY) = dn.
Jj—o0

By Proposition 24 we have E(Wy) = 7deg(Wy), and therefore, dy := deg(Wp) <
d. Hence t4(degy,) € Sym?(S?) is well-defined. It follows from the implication

36This is also true if E(W,,) = 0, since then the image of u; equals S?.
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(i)==(ii) (which we proved above), that the point
degy,; € Sym?(C) C Sym?(5?)

converges to tq(degyy, ), as j — oo. By our assumption (ii), degy,, also converges
to tg(degy,). It follows that tq(degy, ) = ta(degy,), hence degy, = degy,, and
therefore, Wy = W. (Here in the last step we used that the map (2.23) is injective.)
This proves that (ii) implies (i) and concludes the proof of Proposition 48. [

For the proof of Proposition 27 we also need the following lemma.

51. LEMMA. Let k be a positive integer, ¢, ..., ¢} be sequences of Mobius
transformations, and let
2050y Rk—1,W1,y...,WE € SQ
be points. Assume that z; # wy,...,2xk_1 7# wk_1, and that

(¥y) 1o Piy1 — Zis
uniformly on compact subsets of S?\ {w; 1}, fori =0,...,k—1. Let Q C S?\ {20},
Q' C 5%\ {wy} be compact subsets. Then for v large enough we have

(2.113) ¢6(Q) Nk (Q) = 0.
PrROOF OF LEMMA 51. This follows from an elementary argument. ([

PROOF OF PROPOSITION 27. Assume that (i) holds. Then Proposition 24
and (2.15) imply that equality (2.25) holds for v large enough, as claimed. The
second part of condition (ii) follows from Proposition 48.

Suppose now on the contrary that condition (ii) holds. Then Proposition
24 and equality (2.25) imply (2.15). Let ¥ (for a € T') be as in condition (ii).
We show 20(iii): The first part of this condition (concerning o € Ty) follows from
Proposition 48. We prove the second part of the condition: Let o € Ty, and
Q C 5%\ (Zo U{za,0}) be a compact subset. We denote by Zy the orbit S* C C.

1. Cramm. For every subsequence (v;);en there exists a further subsequence
1;)ieN, such that
jli€e

i 0pa? (Q) € M*=C\{0}, VjeN,
Gu"i o cpzij — Zoin C' on Q, as j — oo0.

PROOF OF CLAIM 1. We fix a subsequence (v;);cn. We choose a Mobius trans-
formation v such that ¢(c0) = z4,0. By condition 20(i) we have

P60 ¥Y(00) = g (za,0) = 00,
and hence ¢! o 1) restricts to an automorphism of C. We define
Wi = (g o) Wy, Ry = ok o9p(1) — @i 0 9(0)] € (0,00).

Then WY is an R} -vortex class over C. We choose a representative wy, of W2. We
check the hypotheses of Proposition 37 with the sequences R; := RY, w; = wl,
and Ry := oco. By condition 20(i), R% converges to oo, as ¢ — oo. Furthermore,
by Proposition 23 the image of %’ is contained in the compact set K := By C C.
Finally, Proposition 24 implies that the energies of the vortices w% (i € N) are
uniformly bounded. Hence the hypotheses of Proposition 37 are satisfied. Applying
this result, there exist a finite subset Z C C, an oo-vortex wq := (Ao, u0) € We\ z,
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a subsequence (i;), and gauge transformations g; € Wf)’f ((C \ Z751), such that
assertions of the proposition hold, with the sequence (w,) replaced by (wa?). By
condition 37(ii) the map gj_1 (ij o <pgf'j ) converges to ug o 9! in C' on every
compact subset of ¥ (C\ Z) = S? \1/)(Z U {oo}) Therefore, using the equality
P(00) = 24,0, the statement of Claim 1 is a consequence of the following:

2. CLAIM. The set 1(Z) is contained in Z,.

Proof of Claim 2. We choose a number R > 0 so large that

™

(2.114) > E(Ws,C\ Bg) < T
BeT

Let 3 € T1 be a vertex. We denote Wj := (¢3)*W,. By what we have already

proved, the restriction Wy |§R converges to W[3|§R, as v — 00, with respect to the
topology 75, . Therefore, using Lemmas 120 (Appendix A.7) and 42, it follows that
E(Wua SDZB(BR)) = E(W[l-}lv BR) - E(Wﬁa BR)»

as v — 0o. We choose an index jp so large that for j > jy and every 8 € 11 we
have

Vi ™
(2115) E(ija@ﬁ](BR)) > E(WﬂaBR) - m
Let 8 # v € T be vertices. We denote by (5, By ,ﬂk_l,fy) the chain of vertices
connecting [ with ~, and write By := 3, Br := . By conditions 15(ii) and 20(ii)
the hypothesis of Lemma 51 with
SDZV = ‘p[l;ﬂ R = 2BiBiy1y Wi = 238

are satisfied. It follows that for every compact subset Q C S?\ Zg and Q' C S?\ Z,,
for v large enough, we have

(2.116) P5(Q) NP (Q") = 0.

Applying this several times with 3,y € T1 and Q := Q" := Bp, it follows that for
v large enough the sets ¢} (BRr), B € Ty, are disjoint. Increasing jo we may assume
w.l.o.g. that this holds for v > v;, . Therefore, for j > jo, we have

B, U ien) = X e, w0

BET: BET,
™
> ( > E(Wﬁ,BR)> -3
peT
™
(2.117) > > E(Ws,C) - 5
BETL

Here in the second line we used (2.115) and in the third line we used (2.114). Our
assumption (2.25) and Proposition 24 imply that

> E(W;3,C) = E(W,,C),
BeT
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for v large enough. Hence (2.117) implies that

V. T
2.11 E . (B —
(2.118) (Wul,.,C\ﬁgl% ( m) <7

for j large enough.
Let now z € 5%\ (Zo U {za,0}). We show that z does not belong to 9(Z).
We choose a number € > 0 so small that B.(¢~1(z)) € C\ ¢ ~1(Z,). We define

Q = ¢ (B:(v"1(2))). By (2.116), we have
©o(Q) Ni(Br) =0,
for v large enough. Therefore, by (2.118) implies that

Vi ™
E(qu‘,j ’ QOO&J (Q)) < 57
for j large enough. On the other hand, if z belonged to ¥(Z), then by condition
37(iii) we would have

lim E(W,, ,¢a’(Q)) = lim BE(Wa", Bo(¢""(2))) > Eyin = .

j—oo j—oo
This contradiction proves that z & ¢(Z). It follows that ¥(Z) C ZyU{za,0}. Since
1(00) = 24,0, Claim 2 follows. This concludes the proof of Claim 1. O

Claim 1 and an elementary argument imply that wu, o ¢%(Q) C M* for v large
enough. Furthermore, it follows from the same claim and Lemma 119 in Appendix
A.7 that Gu, o %, — %y in C! on Q, as v — oco. This proves the second part of
20(iii). Hence all conditions of Definition 20 are satisfied, and therefore, condition
27(i) holds. This concludes the proof of Proposition 27. O



CHAPTER 3

Fredholm theory for vortices over the plane

In this chapter the equivariant homology class [W] of an equivalence class W of
triples (P, A, u) is defined, and the equivariant Chern number of [W] is interpreted
as a certain Maslov index. This number entered the index formula (1.27). Fur-
thermore, the second main result of this memoir, Theorem 4, is proven. It states
the Fredholm property for the vertical differential of the vortex equations over the
plane C, viewed as equations for equivalence classes W of triples (P, A,u). Let
M,w,G,g,(-, )4, and J be as in Chapter 1 !, and (¥, j) := C, equipped with the
standard area form w¢ = wg.

3.1. Equivariant homology, the Chern number, and the Maslov index

We fix numbers
p>2, A>1-— 2
p
Then every equivalence class W € BY of triples (P, A, u) € BY (defined as in (1.16))
carries an equivariant homology class [W] € HS (M, Z), whose definition is based
on the following lemma. Let P be a topological (principal) G-bundle over C 2,
and v : P — M a continuous equivariant map. By an extension of the pair
(P,u) to S? we mean a triple (ﬁ, t, ), where Pisa topological G-bundle over S2,
L:P > Pa morphism of topological G-bundles which descends to the inclusion
C — CU{oc} =52 and @ : P — M a continuous G-equivariant map satisfying
UO L =U.
52. LEMMA. The following statements hold.

(i) For every triple (P, A,u) € gf\ there exists an extension (ﬁ, t,u) of the pair
(P, u), such that G acts freely on @i(Ps) C M, where Ps, denotes the fiber of
P over co.

(ii) Let P be a topological G-bundle over C, v : P — M a continuous G-
equivariant map, and (ﬁ, t, ) an extension of (P,u), such that G acts freely
on ﬂ(]soo). Furthermore, let (P’,u',?’,//,ﬂ’) be another such tuple, and
® : P’ — P an isomorphism of topological G-bundles, such that v’ = u o ®.
Then there exists a unique isomorphism of topological G-bundles d:P — ]3,
satisfying

(3.1) do/ =100, W =1od.

The proof of this lemma is postponed to the appendix (page 99). For the
definition of [W] we also need the following.

Ias always, we assume that hypothesis (H) (see Chapter 1) is satisfied.
23uch a bundle is trivializable, but we do not fix a trivialization here.

69



70 3. FREDHOLM THEORY FOR VORTICES OVER THE PLANE

53. REMARK. Let G be a topological group, X a closed® oriented topologi-
cal (Hausdorff) manifold of dimension k, P — X a topological G-bundle, Y a
topological space, equipped with a continuous action of G, and v : P — Y a G-
equivariant map. Then wu carries an equivariant homology class [u]g € H, E (Y,7),
defined as follows. We choose a universal G-bundle EG — BG and a continuous
G-equivariant map 6 : P — EG.* The map (u,6) : P — Y x EG descends to a map
ug : X — (Y x EG)/G. We define

e € HY (Y,Z) = H,((Y x EG)/G,Z)

to be the push-forward of the fundamental class of X, under the map ug. This
class does not depend on the choice of #, nor on EG in the following sense. If
EG’ — BG’ is another universal G-bundle, then the corresponding class [u],; €

H,((Y x EG")/G,Z) is mapped to [u]¢ under the canonical isomorphism®
Hy((Y x BG))/G,Z) — Hy((Y x EG)/G,Z).0

54. DEFINITION (Equivariant homology class). We define the equivariant ho-
mology class [W] € HS (M,Z) of an element

W6< U 5&’)/~p

p>2,)\>1—%

to be the equivariant homology class of u : P—M , where (ﬁ, L, ) is an extension
as in Lemma 52, corresponding to any representative (P, A,u) of W. Here the
equivalence relation ~,, is defined as in Section 1.4.

It follows from Lemma 52 that this class does not depend on the choices of
(P,t,u) and w.

55. REMARK. The condition A > 1 — 2/p is needed for [W] to be well-defined,
for every W € BY. Consider for example the case M := R* w := wg,J := i and
G = {1}. Let p > 2. We choose a smooth map u : C x {1} =2 C — R? such that

u(z) = (sin (M) ,O) , VzeC\Bj.

Then the equivalence class W of (P :=Cx{1},0, u) lies in BY, for every A < 1-2/p.
However, there is no extension of (P,u) as in Lemma 52, since u(z) diverges, as
|z| = oco. Therefore, [W] is not well-defined. O

56. REMARK. Let p > 2 and W € B} = gﬁm/ ~, be a gauge equivalence
class of triples (P, A,u) of Sobolev class.® Assume that every representative of W
satisfies the vortex equations (1.8,1.9), the energy of W is finite, and the closure of
its image compact. As explained in Remark 9 in Section 1.5, we have W € BY, for
every A < 2 — 2/p. Therefore, the equivariant homology class of W is well-defined.

d

3i.e., compact and without boundary

4Such a map descends to a classifying map X — BG.
5This isomorphism is induced by an arbitrary continuous equivariant map from EG’ to EG.
6Recall from Section 1.4 that each such triple consists of a G-bundle of class Wli’cp, and a

. N 1
connection A and a G-equivariant map u : P — M of class Wlo’cp'
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The contraction appearing in formula (1.27) has a concrete geometric meaning,.
It can be interpreted as the Maslov index of a certain loop of linear symplectic
transformations, as follows. Let (M, w) be a symplectic manifold and G a connected
compact Lie group, acting on M in a Hamiltonian way, with momentum map pu.
Assume that G acts freely on u=1(0). Let ¥ be a compact, connected, oriented
topological surface” with non-empty boundary. We associate to this data a map
M w,u, called “Maslov index”, as follows. The domain of this map consists of the
weak (w, p)-homotopy classes of (w, u)-admissible maps from ¥ — M, and it takes
values in the even integers.

Here we call a continuous map v : ¥ — M (w,pu)-admissible, iff for every
connected component X of the boundary 93 there exists a G-orbit which is con-
tained in 1~ *(0), and contains the set u(X). We denote by C(2, M;w, p) the set
of such maps. We call two maps wug,u; € C(EL M;w,u) weakly (w, u)-homotopic,
iff they are homotopic through such maps.® This defines an equivalence relation on
C (E, M;w, u). We call the corresponding equivalence classes weak (w, p)-homotopy
classes.

57. ExaMPLE. Consider R?" = C", equipped with the standard symplectic
form w := wp, and the action of S C C given by

2 (21,0, 2n) i= (zzh...,zzn),

with momentum map
(32)  p:C" — (LieSY)* 2 LieS' =iR, pu(z1,...,2,) := % (1 — Z |zj|2>.
j=1

We have p~1(0) = §2"~1 C C", and the S'-orbits contained in the unit sphere are
the fibers of the Hopf fibration S2"~! — CP"~!. Consider the case in which ¥ is
the unit disk D C C. Then for each integer d € Z and each vector v € S?"~! the
map

(3.3) Ugw : D — C",  ug,(2) :=z%

is (wo, pt)-admissible. Furthermore, uq, and ug . are weakly (wq, #)-homotopic
if and only if d = d’. To see this, note that if d = d’ then a homotopy between
the two maps is given by [0,1] x D 3 (¢,2) — z%(t), where v € C([0,1], 5*"7!)
is any path joining v and v’. Conversely, assume that ug, and ug . are weakly
(wo, p)-homotopic. Then by an elementary argument, there exists a smooth weak
(wo, p)-homotopy h : [0,1] x D — C™ between these maps. It follows that

d’ﬂ':\/u;, U,woz/uszO+/ h*wO:dW+0,
D D [0,1] x OD

where in the last equality we used the fact that for every v € TOD, dh(t,-)v is
tangent to the characteristic distribution on $?*~1 9, and therefore wy (~7 dh(t, )v)
vanishes on vectors tangent to S2"~!. Therefore, we have d = d’. This proves the
claimed equivalence. O

7i.e.7 real two-dimensional topological manifold

8This means that there exists a continuous map u : [0,1] X ¥ — M, such that u(z,) = u;,
for i = 0,1, and for every t € [0,1] we have u(t,) € C(Z, M;w, ).

9This follows from the fact that by assumption, h(t,0D) is contained in a Hopf circle, for
every t € [0, 1].
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The definition of the map msy ., is based on the following Maslov index of a
regular symplectic transport over a curve. Let X be an oriented, connected, closed
topological curve'®, and (V,w) a symplectic vector space. We denote by Autw the
group of linear symplectic automorphisms of V. We define a regular symplectic
transport over X to be a continuous map ® : X x X — Autw satisfying

D(z,2) =1, D(2",2)=9(",2)0(,2), 2,7,2"€X.
We define the Maslov index of such a map to be
(3.4) mx (@) == 2deg (X 3z p, o ®(z,29) € S').

Here 2o € X is an arbitrary point, p,, : Aut(w) — S! denotes the Salamon-Zehnder
map (see [SZ, Theorem 3.1.]), and deg the degree of a map from X to S'. This
definition does not depend on the choice of zp, by some homotopy argument.

Let now M,w,G, u, X be as before, and a a weak (w, u)-homotopy class. To
define my, ,(a), we choose a representative u : ¥ — M of a, a symplectic vector
space (V,Q) of dimension dim M and a symplectic trivialization ¥ : ¥ x V —
uw*TM."' Let X be a connected component of 9%. We define the map

Oy : X x X — AutQ, Ox(2,2):= \I/z_/lgzl,z -,

Here g/, € G denotes the unique element satisfying u(z') = g,/ ,u(z), g .- denotes
the induced action of g,», on TM, and ¥, := U(z,-). The map ®x is a regular
symplectic transport.

58. DEFINITION (Maslov index). We define
(3.5) ms o (@) == ZmX,Q((I)X)v

where the sum runs over all connected components X of 9.

This definition does not depend on the choices of the symplectic vector space
(V,Q) and the trivialization ¥. This follows from the fact that (3.5) agrees with
the Maslov index associated with a and the coisotropic submanifold p=1(0) C M,
as defined in [Zi3]. See [Zi3, Lemma 45].

REMARK. This Maslov index is based on a definition by D. A. Salamon and
R. Gaio (for ¥ =D), see [GS]. O

59. EXAMPLE. Consider the situation of Example 57, with uq, defined as in
(3.3). This map carries the Maslov index

MD,wo,u([Ua,0]) = 2dn,

where [- - - | denotes the (wy, 1)-homotopy class. This follows from a straight-forward
calculation. O

We now return to the setting of the beginning of this section. We define ¥ to
be the compact oriented topological surface obtained from C by “gluing a circle
at 0o” to it.'? The class W carries a weak (w, it)-homotopy class, whose definition
relies on the following lemma.

10i.e., a real one-dimensional topological manifold

H1guch a trivialization exists, since the group Aut{2 is connected, and the surface ¥ defor-
mation retracts onto a wedge of circles. Here we use that ¥ is connected and has non-empty
boundary.

12This surface is homeomorphic to the closed disk D C C.
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60. LEMMA. Let p>2, A >1—2/p, and (P, A,u) € g]i There exists a section
o :C — P of class Wﬁj’f, such that the map uoo : C — M continuously extends to
Y. Furthermore, for every such section o the corresponding extension u : ¥ — M
is (w, p)-admissible.

The proof of this lemma is postponed to the appendix (page 99). Let

WE< U g§>/~p.

p>2,)\>1—%

61. DEFINITION. We define the (w, u)-homotopy class of W to be the weak
(w, pw)-homotopy class of the continuous extension u : ¥ — M of the map uoo :
C — M. Here (P, A,u) is a representative of W, and o a section of P as in the
previous lemma.

By Lemma 85 in Appendix A.3 this homotopy class is independent of the choice
of the section 0. Furthermore, it follows from a straight-forward argument that it is
independent of the choice of the representative (P, A, u). The contraction appearing
in formula (1.27) can now be expressed as follows.

62. PROPOSITION (Chern number and Maslov index). We have
2<C?(M, w), [W]) = ms o . ((w, p)-homotopy class of W).
The proof of this result is postponed to the appendix (page 102).

ExAMPLE (Maslov index of a vortex). Let (M,w,J,G) = (R? wy,4,S%), (,")g
be the standard inner product on g := Lie(S') = iR, the action of S* C C on
R? = C be given by multiplication, with momentum map as in (3.2) with n = 1,
3 := C, equipped with the area form wg, and W a gauge equivalence class of smooth
finite energy vortices. By Proposition 23 and Remark 56 the equivariant homology
class [W] is well-defined. Furthermore, we have

<C?(M7w)7 [W]> = deg(W),

where the degree deg(W) is defined as in (2.18). This follows from Proposition 62
and a straight-forward calculation of the Maslov index of the (w, u)-homotopy class
of W. O

3.2. Proof of the Fredholm result

In this section Theorem 4 is proved, based on a Fredholm theorem for the
augmented vertical differential and the existence of a bounded right inverse for L}
the formal adjoint of the infinitesimal action of the gauge group on pairs (4, w). In
the present section we always assume that

7= (dimM)/2 —dim G > 0.
3.2.1. Reformulation of the Fredholm theorem. In this subsection we

state the two results mentioned above and deduce Theorem 4 from them. To
formulate the first result, let p > 2, A € R, B} be defined as in (1.16), and w :=

(P, A,u) € BY. We denote
imL := {(z, L&) |z € M, £ € g},
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and by Pr : TM — TM the orthogonal projection onto imL. Pr induces an
orthogonal projection
Pr*:TM" := (u'TM)/G — TM"
onto (u*imL)/G. Recall that A'(gp) denotes the bundle of one-forms on R? with
values in gp. We write
Pr'¢ := (a, Pr'*v), V(¢ = (a,v) € A'(gp) ® TM".
Note that imL is in general not a subbundle of T'M, since the dimension of imL,

may vary with x € M. Recall that Fl’p(E) denotes the space of W-P_sections of a

loc loc

vector bundle E. For ¢ € I[P (A'(gp) ® TM™) we define

loc

1€lwpox = 1€, pox 4 [FPECllp, A

where [|¢[lwp.x is defined as in (1.18). Recall the definition (1.21) of Y2*. We
denote by I’} (gp) the space of LX-sections of gp. We define

(3.6) Xy = XpA = {C e TP (A (gp) @ TM™) | |[Cllwpr < 00},
(37) j)\w = 5}5;7)\ = yg;)\ @ FZ;\(gP),

Recall the definition (1.19) of the formal adjoint map for the infinitesimal action of
the gauge group on pairs (4, u). Restricting the domain and target, this becomes
the operator

L XPN T2 (gp), L (o,0) i= —dia+ L.

It follows from the fact L¥ = L Pr, (for every x € M) and compactness of u(P)
that this operator is well-defined and bounded. We define the augmented vertical
differential of the vortex equations over C at w to be the map

(3.8) Dy := DA XPA — YpA,
R (VA + Lya) ™! = LJ(V,J)(dau)'0
(3.9) Dy = daa + wo dp(u)v
L7¢

63. THEOREM (Fredholm property for the augmented vertical differential). Let
p > 2and A > —2/p+ 1 be real numbers, and w := (P, A,u) € BY. Then the
following statements hold.
(i) The normed spaces (/'E{j’k, I -ﬂw,p,,\),yﬁ’ﬂ and I'} (gp) are complete.
(i) Assume that —2/p+1 < A < —2/p+2. Then the operator D, (as in (3.8,3.9))
is Fredholm of real index
indD,, = 27 + 2(c§ (M, w), [[w]])

where [w] denotes the equivalence class of w, and [[w]] denotes the equivariant
homology class of [w].

This theorem will be proved in Section 3.2.2, based on the existence of a suitable
trivialization of A'(gp) @ TM* in which the operator D,, becomes standard up to
a compact perturbation.

The second ingredient of the proof of Theorem 4 is the following.

64. THEOREM. Let p > 2, A > 1—2/p, and w := (P, A,u) € gf{ Then the map
Li : Xp* — T'} (gp) admits a bounded (linear) right inverse.
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The proof of Theorem 64 is postponed to Section 3.2.4 (page 86). It is based on
the existence of a bounded right inverse for the operator d* over a compact subset
of R™ diffeomorphic to B; (Proposition 69) and the existence of a neighborhood
U C M of u=1(0), such that

inf {|L¢||z €U, Eeg: (=1} > 0.

Recall the definition (2.14) of the subset M* of M. Theorem 4 can be reduced to
Theorems 63 and 64, as follows:

PROOF OF THEOREM 4 (P. 9). Let p > 2, A >1—2/p, and W € BY.
‘We prove statement (i).

CrLaiM. We have
Xy = X0 = K = ker (L%, : X2 — TR (gp)),

and the restriction of the norm || -ﬂw,p)\ to X, is equivalent to || - [|u.p.x.

PROOF OF THE CLAIM. It suffices to prove that /’ifvw C K and this inclusion is
bounded. Hypothesis (H) implies that there exists § > 0 such that u=1(Bs) C M*.
We have

c:=min {|L¢| |z € p~(Bs), E€g: €] =1} > 0.
It follows from Lemma 84 in Appendix A.3 that there exists R > 0 such that
u(Ple\pr) € = H(Bs). Let ¢ = (a,v) € Xy. Then Lv = d* «, and thus, using the
last assertion of Remark 125 in Appendix A.7,

[Privflpx < e MILivllpa < e HIVAalpn < K wpa < oo
Hence )?w C K, and this inclusion is bounded. This proves the claim. O

Statement (i) follows from Theorem 63(i) and the claim.
Statement (ii) follows from Theorem 63(ii), Theorem 64 and Lemma 122
(Appendix A.7) with

X=X, Y=V, Z:=T%gp), T:=L D :Xy— Du,

where D’( is defined to be the vector consisting of the first and second rows of ﬁwC
(as in (3.9)). This proves Theorem 4. O

3.2.2. Proof of Theorem 63 (augmented vertical differential). This
subsection contains the core of the proof of Theorem 63. Here we introduce the
notion of a good complex trivialization, and state an existence result for such a
trivialization (Proposition 66). Furthermore, we formulate a result saying that
every good trivialization transforms D,, into a compact perturbation of the direct
sum of copies of 9; and a certain matrix operator (Proposition 67). The results of
this subsection will be proved in Subsection 3.2.3.

We denote by s and ¢ the standard coordinates in R? = C. For v € R™ and

d € 7Z we denote
(v) == 14+ v|%, pa:C—C, py(z):= 2%,

We equip the bundle A!(gp) with the (fiberwise) complex structure Jp defined by
Jpa := —ai. Furthermore, we denote

g =gerC, Vi=C"ogtag"
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and for a € C we use the notation
a-@id: V-V, (v'.. . v"apB) e (' 0?. . 0" a, ).
For z € M we write
LS g - T, M
for the complex linear extension of L,. We define

H, = kerdu(z) N (imL,)*, Vo € M.

Note that in general, the union H of all the H,’s is not a smooth subbundle of
T M, since the dimension of H, may depend on x. However, there exists an open
neighborhood U C M of p=1(0) such that H|y is a subbundle of TM|y. Let p > 2,
A>—2/p+1and w:= (P, A,u) € BY. We denote

(3.10) d == ([ (M,w), [W]).
For z € C we define
HY! :={G-(p,v) |P en l(z)CPve Hyp) }-

Consider a complex trivialization (i.e, a bundle isomorphism descending to the
identity on the base C)

U:CxV — Al(gp) @ TM™.
65. DEFINITION. We call ¥ good, if the following properties are satisfied.
(i) (Splitting) For every z € C we have
(3.11) U, (C" & ¢ @ {0}) ={0} & TMY,
(3.12) . ({0} & {0} & ¢%) = A'(gp) @ {0}

Furthermore, there exists a number R > 0, a section o of P — C\ By, of

class VVlif , and a point xo, € p~1(0), such that the following conditions are

satisfied. For every z € C\ Br we have
(3.13) . (C" @ {0} @ {0}) = HY,

uoo(re’¥) — 1o, uniformly in ¢ € R, as r — oo,
o*A e L(C\ By,9),

and for every z € C\ By and (oz,ﬁ =p+ i¢) € g® @ g%, we have
(3.14) U.(0,a,8) = (G (0(2), pds +1pdt), G - (w0 0(2), LG,y (a))).
(ii) There exists a number C' > 0 such that for every (z,{) e Cx V
(3.15) CHl < WL ((2)? - @id)¢] < O[]
(iii) We have |V4(¥(pq - ®id))| € LE(C\ By).
The first ingredient of the proof of Theorem 63 is the following result.

66. PROPOSITION. If p > 2, A > —2/p+ 1, and w := (P, A,u) € BY, then there
exists a good complex trivialization of A'(gp) & TM".



3.2. PROOF OF THE FREDHOLM RESULT 77

The proof of this proposition is postponed to subsection 3.2.3 (page 78). The
next result shows that a good trivialization transforms D,, into a compact pertur-
bation of some standard operator. We denote Ny := NU {0} and

n
|| ::Zai, 0% =00 - 0nr, Ya=(oq,...,ap) €NJ.
i=1
Let 1 <p<oo,nmneN keNy AeR, QCR"” be an open subset, W a real or

complex vector space, and u : 2 — W a k-times weakly differentiable map. We
define

R A|a| qa
||u||L’;'1’(Q,W) = Z [[(:)Helg U’HLP(Q,W) € [0,00],
la|<k
lellyeromw) = D 10Ul € [0,00],
la| <k
(3.16) LYP(Q, W) = {ueWlif(Q,W)\HuHLr;,p(Qw) < oo}
(3.17) WIP(Q, W) = {ueWllf)f(Q,W)\HuHWf,p(Q’W) < o0}

If (Xi |- |ls), ¢ =1,...,k, are normed vector spaces then we endow X1 @ --- & X
with the norm ||(z1,...,2%)|| == >, |@illi- Let d € Z. If d < 0 then we choose
po € C=(C,[0,1]) such that py(z) = 0 for |z| < 1/2 and po(z) = 1 for |z| > 1.
In the case d > 0 we set py := 1. The isomorphism of Lemma 89 (Appendix A.4)
induces norms on the vector spaces
(3.18) X!, 4:=Cpopa+Ly* _4(C,C), X/, :=C"'+ L\ (C,C").
We define
X=X =X, o X, @ WP (C,o¢ @),

Vo= =18 ,(C,C)@ X (C,C" '@ g° @ g").

For a complex vector space W we denote by 0¥ (9¥) the operator 1(8s + id;)

(5(0s —i0y)) acting on functions from C to W. We denote by (-,-) the hermitian

inner product on g (complex anti-linear in its first argument) extending (-, Vg-
Furthermore, we denote by A%!(T'M*) the bundle of complex anti-linear one-forms
on C with values in TM*, and define the isomorphisms

Fy:TMY — A%Y(TM"Y), Fi(v):= (ds— Jdt)v,
Fy: Al(gp) — A2(gp) Dgp, FQ(deS + ¢dt) = (wds N dt7(p),
F:Al(gp) @ TMY* — AYY(TM"Y) @ A%(gp) @ gp, F(a,v) := (Fiv, Fra).

We are now ready to formulate the second ingredient of the proof of Theorem 63:

67. PROPOSITION (Operator in good trivialization). Let p > 2, A > —2/p+ 1,
w:= (P, A,u) € BY, and

U:CxV — Al(gp) @ TM"
be a good trivialization. We define d as in (3.10). The following statements hold.

(i) The following maps are well-defined isomorphisms of normed spaces:

(3.19) Xy3C—UCeX,, Yid(r— FU(cD,
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(i) There exists a positive!3 C-linear map Ss, : g© — g* such that the following
operator is compact:

(o}
-13 n 07 id/2 5 o
The proof of Proposition 67 is postponed to subsection 3.2.3 (page 81). It is
based on some inequalities and compactness properties for weighted Sobolev spaces
and a Hardy-type inequality (Propositions 90 and 91 in Appendix A.4).

PROOF OF THEOREM 63 (P. 74). We fix p > 2, A > —2/p + 1, and a triple
w:= (P,Au) € g§ We prove part (i). The space (3.16) is complete, see [Lol].
The same holds for the space (3.17) by Proposition 90(ii) (Appendix A.4). Com-
bining this with Propositions 66 and 67(i), part (i) follows.

Part (ii) follows from Propositions 66 and 67(ii), Corollary 96 and Proposition
97 (Appendix A.4). This proves Theorem 63. |

68. REMARK. An alternative approach to prove Theorem 63 is to switch to
“logarithmic” coordinates T + i¢ (defined by e™ ™% = s +it € C\ {0}). In these
coordinates and a suitable trivialization the operator D, is of the form 8, + A(r).
Hence one can try to apply the results of [RoSa]. However, this is not possible,
since A(7) contains the operator v — e?"du(u)v dr Ady, which diverges for 7 — oo.
|

3.2.3. Proofs of the results of subsection 3.2.2.

PROOF OF PROPOSITION 66 (P. 76). Let p, A and w be as in the hypothesis.
We choose a section o of Plc\p, and a point 2o, € p~'(0) as in Lemma 84 in
Appendix A.3.

1. CrLAamM. There exists an open G-invariant neighborhood U C M of z., such
that H|y is a smooth subbundle of TM with the following property. There exists
a smooth complex trivialization WV : U x C"* — H|y satisfying

\I/gUmvo = gUY0 == gUY(2,v9), VgE€G, z€U, vygecC".

PrOOF OF CLAIM 1. By hypothesis (H) we have o, € M* (where M* is de-
fined as in (2.14)). We choose a G-invariant neighborhood Uy C M* of 2, so small
that ker du(z) and (imL, )" intersect transversely, for every z € Uy. Then H |y, is
a smooth subbundle of TM|y,. Furthermore, by the local slice theorem there exists
a pair (U, N), where U C U is a G-invariant neighborhood of o, and N C U is a
submanifold of dimension dim M —dim G that intersects Gz transversely in exactly
one point, for every x € U. We choose a complex trivialization of H|y and extend
it in a G-equivariant way, thus obtaining a trivialization WY of H|y. This proves
Claim 1. O

We choose U and ¥V as in Claim 1. It follows from Lemma 84 that there exists
R > 1 such that u(p) € U, for p € 771(2) C P, if z € C\ Bg. We define

U : (C\ Bg) x (C" & g€) - TM* = (u*TM)/G,
U (vg,a) = G - (u oo(z), ¥V )(zfd - ®id)vg + Lcog(z)a) .

’ Tuoo(z u

13This means that (Soov,v>‘gc > 0 for every 0 # v € gC.
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This is a complex trivialization of TM"|c\ g,, (of class Wlf)’f).

2. CLAIM. \T/°°|C\BR+1 extends to a complex trivialization of T M™.

We define f: C\ {0} — S! by f(z) := z/|z].

ProOOF OF CLAIM 2. We choose a complex trivialization

9% : B x (C" @ ¢%) —» TM"|3,
of class WLP.1* We define
(3.21) ®: SL:={z€C||z] = R} — Aut(C" & ¢°),
D (v, @) := (¥~ (G' (uoa(2), \I"Ll{oo'(z)vo + Lgoa(z)a)) :

For a continuous map z : S — S we denote by deg(z) its degree.

3. CraM. We have
(3.22) (cf (M, w), [[w]]) = deg(f o det o®).

PROOF OF CLAIM 3. We define P to be the quotient of P[] ((S*\ {0}) x G)

under the equivalence relation generated by p ~ (z,g), where g € G is determined
by o(z)g = p, for p € 771(2) C P, z € C\ {0}. Furthermore, we define

-5 =y . ouD), for p € P,

w:P— M, u(lp]) = { u([oo,g]) =9 128, forged.

The statement of Lemma 84 implies that this map is continuous and extends u. The
fiberwise pullback form u*w on P descends to a symplectic form w on the vector
bundle TM* = (w*TM)/G — S?. Similarly, the structure J induces an complex

structure J on TM™. The structures @ and J are compatible, and therefore, we
have

e (TM™,®) = ¢ (TM", J).
Using Lemma 86 in Appendix A.3, it follows that
(3.23) (e (M,w), [[w]) = (e (TMT, ]), [5%).
We define the local complex trivialization
U2 (8% \ Br) x (C* @ ¢%) — TM",
G- ([uoo(z),9Y  vo+LE (Z)a)7 if z € C\ Bg,

uoo(z) uoo

Ve vo, ) = { G- ([00,1], %Y v+ LE ), if z = c0.
Recalling the definition (3.21), we have
P, = (¥H)~1w>, vze Sk
Therefore, ® is the transition map between ¥° and ¥*°. It follows that
(e (TM™,7)[S?]) = deg(f o det o®).
Combining this with (3.23), equality (3.22) follows. This proves Claim 3. O

1475 see that such a trivialization exists, we first choose a continuous trivialization U0 of the
bundle. An argument using local trivializations of class Wli;cp’ shows that we may regularize W0,

so that it becomes of class Wﬁ)’f .
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We denote d := (c{'(M,w), [[w]]). By Claim 3 and Lemma 123 in Appendix
A.7 the maps ® and
Sk 3z (24 @id) € Aut(C" @ ¢%)
are homotopic. Hence there exists a continuous map
h:Bg\ By — Aut(C" @ g©),
such that h, := h(z) = (2% - @id), if z € S}, and h, = ®(2), if 2 € Sk. We define

B ) B U, for z € C\ Bg,
U:Cx (C"ag%) —TM", W,:={ Uoh, (2=¢.¢id), for z € Br\ By,
vY, for z € B;.

Regularizing U on the ball B R+1, We obtain the required extension of \I'°°|C\ Brits
of class VVlif . This proves Claim 2. O

We define the trivialization
(3.24) T : (C\Br)xg® — A'(gple\ss), T (p+it) i= G- (o(2), pds+vdt).

4. CLAIM. U™ |c\ By, €xtends to a complex trivialization of the bundle A'(gp)
over C.

PROOF OF CLAIM 4. We denote by Ad and Ad® the adjoint representations
of G on g and g® respectively. We have

det(Ady) = det(Ady) € R, Vg€ G.
We choose a continuous section & of the restriction P|g,. We define g : Sp —
G to be the unique map such that o(z) = o(2)g(z), for every z € S}. Since
fo det(AdS) = +1, we have

deg (S}% Sz fo det(AdS(z))> =0.
Hence Lemma 123 (Appendix A.7) implies that there exists a continuous map
® : Bg — Aut(g®) satisfying @, := ®(z) = Adg(z), for every z € Sk. We define
T : Cx g% — Al(gp) to be the trivialization that equals ¥ on C\ Bg, and satisfies

U.a:=G-(5,¢ds +¢'dt),

where ¢ +iv)' := ®,a, for every z € Bg, a € g©. Regularizing T on the ball Bpri1,

we obtain an extension of \f/°°|¢;\ B Of class Wli’f . This proves Claim 4. (|

We choose extensions ¥ and ¥ of ¥ and U™ as in Claims 2 and 4, and we
define

U:CxV — Al(gp) @ TM", V(z;00,0,3) := (@zﬁ, \iz(vo,a)).
5. CLAIM. The map ¥ is a good complex trivialization.

Proof of Claim 5. Condition (i) of Definition 65 follows from the construction of
. (The condition 0*A € LX(C\ By, g) follows from the statement of Lemma 84.)
To prove (ii), note that for z € C\ Br+1 and (vg,a, 3) € V, we have

. 2 2 2
(3.25) . (= @id) (vo, @, B)]” = 181° + [9Y, 0y 0] + | LEonisya]

uoo(z)
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Here we used the fact H, = (imLS)*, for every x € M. By our choice of U,
H|y € TM|y is a smooth subbundle of rank dim M — 2dim G. Tt follows that
imL®|y = H'|y is a smooth subbundle of TM |y of rank 2dim G. Hence LS :
¢ — T,M is injective, for every x € U. Since by assumption u(P) C M is
compact, the same holds for the set u(P|c\py,,) € u(P). It follows that there
exists a constant C' > 0 such that

Oil‘v0| < |lpgoa(z)’00| < C|’Uo‘, Cil|a‘ < ’Lgoo(z)a| = C|a|v

for every z € C\ Bry1, vo € C?, and a € g€. Combining this with equality (3.25),
condition (ii) follows.
We check condition (iii). Let

¢:= (vo,a,ﬁzgo—i—iw) €V, ze€C\Bgry1, veT.C.
We choose a point p € 771(z) C P and a vector v € T, P such that 7,0 = v. Then
v (\fl(pd - @id)(vo, @) = G - (u(p), VA (WY + La)),

where %5‘4 is defined as in (A.62). Furthermore, for every smooth vector field X on
U we have

%?X = (U*V)g_p(Ag)X = vdAu-5X~
We define

)

C :=max |V, (V0" + LEa)

where the maximum is taken over all v' € T, M, x € u(Plc\pg,,) and (v",a) €
C™ @ g€ such that [v/| < 1, |(v",a)| < 1. Furthermore, we define

C" = ||daull e (©\Bryy)-
It follows that

(3.26) IVA((pg - ®id)(vo, @) < CC'|ol|(vo, @)

||LI;\((C\BR+1)

We now define @, {j; : P — g to be the unique equivariant maps such that poo =,
Yoo =1. We have dapo.v = [(6*A)v, ], and similarly for . Since

V2 (pds + dt) = (dago.v)ds + (datho.v)dt,
using (3.24), it follows that
(VA (U (pds +pdt))| = |G - (0(2), V2 (@ds + pdt)) | = |[(o* A)v, 5]

Using the fact |[0*Al|,» < oo and inequality (3.26), condition (iii) follows. This
proves Claim 5 and concludes the proof of Proposition 66. (]

PROOF OF PROPOSITION 67 (P. 77). Let p,\,w = (P, A,u) and ¥ be as in
the hypothesis. We choose py € C*°(C, [0, 1]) such that po(z) = 0 for z € By, and
po(z) =1for z€ C\ By. We fix R> 1, 0 and x4 as in Definition 65(i).

We prove statement (i). For every ¢ € I/Vli)c1 (C,V) Leibnitz’ rule implies
that

(3:27) VA(WC) = (VA(¥(pa - @id))) (p-a - ®id)¢ + ¥(pg - ®1d) D ((p—q - @id)().
1. CLAIM. The first map in (3.19) is well-defined and bounded.



82 3. FREDHOLM THEORY FOR VORTICES OVER THE PLANE

Proor oF CLAIM 1. Proposition 90(i) in Appendix A.4 and the fact A >
—2/p+ 1 imply that there exists a constant Cy such that

(3.28) ()= @id)| < CillClg, V¢ € X

We choose a constant Cy := C as in part (ii) of Definition 65. Then by (3.15) and
(3.28), we have

(3.29) 19¢lw < C1CollCll5, ¥ € Xy

It follows from (3.13) and (3.14), the definition H, := kerdu(z) NimL; and the
compactness of u(P) that there exists C5 € R such that, for every ¢ € Xy,

(3.30) [dp()v'| + [Prv'| +]a/[ ||, < CsllCll g,

PA —

where (v',a’) := ¥¢. For r > 0 we denote

BY :=C\B,, |-

poxr = | [z (Be)-
We define
Cy:= maX{HVA (‘I’(Pd : @id)) ”p,)\;l’ 02}'

By condition (iii) of Definition 65 we have C4 < oo. Let ¢ € X,. Then by (3.27)
we have

(3:31)  IVAEO Iyt < Call(p-a Bl L~ (sg) + | D((-a - B, 5, )-
Defining
Cs:= max{ — 2= +3)/2 2},
we have, by Proposition 90(iv),
1P((p-a - @id)) ||, 11 = Csli€ll g,
Combining this with (3.31) and (3.28), we get
ld|

(3.32) V4@ lpxa < Ca(27% C1+ C5)lIC g,
By a direct calculation there exists a constant Cg such that

IVAWQ) o8y < Colllg,, V¢ € Xa.
Claim 1 follows from this and (3.29,3.30,3.32). O

2. CLAIM. The map X, 3 ¢’ — U~1¢’ € X, is well-defined and bounded.

PROOF OF CLAIM 2. We choose a neighborhood U C M of ~1(0) as in Lemma
126 (Appendix A.7), and define ¢ as in (A.67), and C; := max{c~!,1}. Since
u o o(re'¥) converges to T, uniformly in ¢ € R, as 7 — oo, there exists R’ > R
such that u(p) € U, for every p € 7= %(B%,) C P. Then (3.13,3.14) and (A.67)
imply that

(333) H(O[, ﬂ)Hp,A;R’ S Ol ||\II(O7 «, ﬂ)Hp,A;R’ S Cl||</||w)
where (vg, a, 3) := U1’ for every (' € X.
3. CLAIM. There exists a constant Cy such that for every ¢’ € fu,, we have

(3.34) ID((pop—a - &I)TTI) || o ey < CollC -
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Proor oF CrAM 3. It follows from equality (3.27) and conditions (ii) and
(iil) of Definition 65 that there exist constants C and C’ such that

(335) [D((p-a - &id)T~1() ||p,,\;1
< C(IVAClpa + V4 (¥ (@a - @), I o) < CNC s ¥C' € B
On the other hand, Leibnitz’ rule implies that
DU = v H(VAC — (VAR W),

Hence by a short calculation, using Leibnitz’ rule again, it follows that there exists
a constant C”' such that

||D((p0p,d ’ @id)qjilgl)HLp(Bl) < CN”C/”wv CI € )?w'

Combining this with (3.35), Claim 3 follows. O

Let ¢’ € X,,. We denote
¢ = (U0, @, B) := (pop—q - id) T,

By inequality (3.34) the hypotheses of Proposition 91 in Appendix A.4 with n := 2
and A replaced by A — 1 are satisfied. It follows that there exists

(oo 1= (Uooaaooaﬁoo) ev=cCr @gC @gcv

such that ((re'¥) — (., uniformly in ¢ € R, as 7 — oo, and

(3836)  1I(C— Coo)l - | ey < (dim M + 2dimG))\_]19+12)||DZ PMlpoey -

| o=

C
R/

Since A > —2/p + 1, we have

Hence the convergence (&) — (Qso; ) and the estimate (3.33) imply that
(Coo, Boo) = (0,0). We choose a constant C' > 0 as in part (ii) of Definition 65. The
convergence Uy — Voo and the first inequality in (3.15) imply that
~ 1d]
(3.37) [voo| < [[T0llee <272 C[I¢" oo -
We define
(vl, R a,ﬂ) =U1 - (popdvéo, Ugo, e ,v?o,0,0).
Proposition 90(iv) in Appendix A.4 and inequalities (3.36) and (3.34) imply that
there exists a constant Cg (depending on p, A, d and ¥, but not on ¢’) such that
1 2 Z

(338) ||U ||L;,flid(Bf7) + H (U PICRY 7Un7 a7 6) HLi’fl(Blc) S CGHCIH'LU :
Finally, by a straight-forward argument, there exists a constant C7 (independent
of ¢’) such that

1= lwrr (B < C7lI¢ -
Combining this with (3.33,3.37,3.38), Claim 2 follows. O
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Claims 1 and 2 imply that the first map in (3.19) is an isomorphism (of normed
vector spaces). It follows from condition (ii) of Definition 65 that the second map
in (3.19) is an isomorphism. This completes the proof of (i).

We prove statement (ii). Recall that we have chosen R > 0,0 and z., as
in Definition 65(i). We define Su, : g© — g° to be the complex linear extension of
L; L., :g— g. By our hypothesis (H) the Lie group G acts freely on p=1(0). Tt
follows that L,_ is injective. Therefore Sy, is positive with respect to (-, ->§. By
(3.11) and (3.12) there exist complex trivializations

U, :Cx (C"@g®) - TM", Uy:Cxg®— Al(gp),

such that W (vo, o, 8) = ((¥2).0, (V1) (vo, @)). We denote by
L g = C" @ gC, pr:C*@gC — gf
the canonical inclusion and projection. We define
X} = L%, _,(C,C)® L",(C,C" ) @ WP (C,g%), X7 :=W,"(C,g"),
/"V\é = /?dl & /'/V\dQ, .;Y\do := Cpopa ® C" & {(0,0)} C Xy,
Vi =I5 4(C,C)& I§(C,C" @ ¢), V3:=IL§(C,g%).

Note t}iat /'?d = /’?C? + /"Y\é and ji\d = 375 @ 373 We define S : /'?d — )A}d as in (3.20).
Since XY is finite dimensional, S| 29 is compact. Hence it suffices to prove that S| 2
is compact. To see this, we denote

() r ()

and we define S : X3 = Yi (fori,j =1,2) and S', : X} — Y by
Shv = (FyU) L (VA )0)0t, §Lp = —(F1¥) "N (I (Vo) (dau)0/2),
Sha = (F1V) (L)t — /2, S%v = ((Fo¥2) 'Q¥y — Seopr)v,
52206 = (nglg)il(T\Ifg)Oé.

Here (T'Uy)a := T(¥sa), for a € g© (viewed as a constant section of Cxg®). (Recall
also that S, : g€ — gC is the complex linear extension of Ly Ly, :9—9) A
direct calculation shows that

S(v,a) = (Stv+ SLv+ Sha, S% v+ S5%a).
For a subset X C C we denote by xx : C — {0,1} its characteristic function. Tt
follows that xp,S| 5, is of 0-th order. Since it vanishes outside Bg, it follows that
d
this map is compact.

4. CLAIM. The operators XBgSij, 1,7 =1,2, and nggll are compact.
Proof of Claim 4. To see that x BS S1, is compact, note that Leibnitz’ rule and
holomorphicity of pg imply that
. 0,1 .
(VAU = (VA(U1(pa - @id))) " (p-a - ®id), on C\ {0}.

For a normed vector space V' we denote by C,(C, V') the space of bounded contin-
uous maps from C to V. Since A > 1 — 2/p, assertions (iv) and (i) of Proposition
90 imply that the map

(pop—a - &id) : Xj — Cy(C,C" & ¢ )
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is well-defined and compact. By Definition 65(iii), the map
. 1y 0.1 .
xXpg (VA(U1(pa- ©id))) " : Gp(C,C" @ g%) — TR (A®Y(TM™))
is bounded. Condition (ii) of Definition 65 implies boundedness of the map
(Fy0y) 7L TR (A% (T M) — V)

Compactness of xpcS 1, follows.

By the definition of g§7 we have |dau| € LY(C). This together with Proposi-
tion 90(iv) and (i) and Definition 65(ii) implies that the map x pc S, is compact.
Furthermore, it follows from Definition 65(i) that x BES L =o0.

To see that XBCS is compact, we define f : B — End(g®) by setting f(z) :
g€ — g€ to be the complex linear extension of the map

Luoa’(z)LUOU(Z) — oncLzoo g—9.

Since u o o(re'¥) converges to .., uniformly in ¢, as 7 — oo, the map f(re'¥)
converges to 0, uniformly in ¢, as r — oo. Hence by Proposition 90(iii), the map

WiP(C,e%) 3 a xpo fa € I5(C,¢)

is compact. Definition 65(i) implies that XB¢ S2 = XB¢ fpr. Tt follows that this
operator is compact.

Finally, Proposition 90(i) and parts (iii) and (ii) of Definition 65 imply that the
map X p¢ S?, is compact. Claim 4 follows. It follows that the operator S : Q?d — JAJd
(as in (3.20)) is compact. This completes the proof of statement (ii) and hence of
Proposition 67. O

3.2.4. Proof of Theorem 64 (Right inverse for L¥). For the proof of
this result we need the following. Let n € N, £ € No, p > n/({ + 1), G be a
compact Lie group, (-, )4 an invariant inner product on g := Lie(G), X a manifold
(possibly with boundary), and P — X a G-bundle of class W“l’p . We denote
by gp := (P x g)/G — X the adjoint bundle, and by AIOC( ) the affine space

of connections on P of class Wlo’f , i.e., of class WP on every compact subset of

X. If X is compact then we abbrev1ate ALP(P) := AYP(P). Let (-,-)x be a

loc
Riemannian metric on X and A € Afc’)’;(P). The connection A induces a connection
d on the adjoint bundle gp = (P x g)/G. For every i € N this connection and
the Levi-Civita connection of (-,-)x induce a connection Vé yx On the bundle

(T*X)® ® gp. We abbreviate these connections by VA. Let k € {0,...,¢+ 1}.
For a vector bundle E over X we denote by lOC( ) the space of I/Vllf)’cp—sections of
E. For a € Flo’f((T*X)@l ® gp) we define

o o Ayj
(3:39)  llallepa = llallepx,oxa = Z k Y el o lorex, g o
3=0,..,
where | - | (-)x,(), denotes the pointwise norm induced by (-,-)x and (:,-)q, and
|- lp(x,(,-yx) denotes the LP-norm of a function on X, induced by (-,-)x. We
denote by Ai (gp) the bundle of i-forms on X with values in gp, and
(3.40) O alep) = {a e TEP(AYap)) | lollkp.a < 0o},

(3.41) TP (gp) == ), alep), TP(ap) :=T%"(gp).
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We denote by
(3.42) dhy = —wdax:Qf, 4(ap) — IP(ap)

the formal adjoint of d4, with respect to the L?-metrics induced by (-,-)x and
(-,-)g- Here * denotes the Hodge star operator.

69. ProPOSITION (Right inverse for d%). Let n,G and (-,-)g be as above,
p >n, and (X, (-,)x) a Riemannian manifold. Assume that X is diffeomorphic to
B; C R™. Then the following statements hold.

(i) For every G-bundle P — X of class W?P and every connection one-form A
on P of class WP there exists a bounded right inverse of the operator (3.42).

(ii) There exist constants € > 0 and C > 0 such that for every G-bundle P — X
of class WP and every AV € A(P) satisfying ||Fall, < e, there exists a
right inverse R of the operator d* (as in (3.42)), satisfying

IR]| == sup {|| RE||1p,a | € € TP(gp) = |lE]l, <1} < C

We postpone the proof of Proposition 69 to the appendix (page 118).

PROOF OF THEOREM 64 (P. 74). Let p, A and w = (P, A, u) be as in the hy-
pothesis. We construct a map

(3.43) R:IP (gp) — TP

loc

(A(gp) © TM")

such that L} R is well-defined and equals id, and we show that R restricts to a
bounded map from I'} (gp) to XP*. (See Claim 1 below.) It follows from hypothesis
(H) that there exists § > 0 such that u=!'(Bs) C M* (defined as in (2.14)). It
follows from Lemma 84 in Appendix 3.1 that there exists a number a > 0 such
that u(p) € p=(Bs), for every p € 771 (C\ (—a,a)?) C P. We choose constants 1
and C; as in the second assertion of Proposition 69 (corresponding to £ and C, for
n = 2). Furthermore, we choose constants Co and ¢ as in Lemma 107 in Appendix
A.6 (corresponding to C' and ¢). We define £ := min{e1,e2}. By assumption we
have |F4| € LY (C). Hence there exists an integer N > a such that

(3.44) ) <e.

We choose a smooth function p : [-1,1] — [0,1] such that p = 0 on [-1,—3/4] U
[3/4,1], p = 1 on [—1/4,1/4], and p(—t) = p(t) and p(t) + p(t — 1) = 1, for all
t € [0,1]. We choose a bijection

(‘Pﬂb) Z\{O} HZQ\{fNaaN}Q
We define p: R — [0, 1] by

1, if [t| < N,
1) =14 pltl = N), #N<|f<N+1,
0, if [t > N +1,

and po : C — [0,1] by po(s,t) := p(s)p(t). Furthermore, for i € Z \ {0} we define
pi: C—=01],  pi(s,t) == pls — (i) p(t — (i)
We choose a compact subset Ko C [N — 1, N + 1]2 diffeomorphic to By, such that
[N —3/4, N + 3/4)% C int K,
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and we denote g := intKo. Furthermore, we choose a compact subset K C [—1,1]2
diffeomorphic to By, such that [—3/4,3/4]*> C intK. For i € Z \ {0} we define

Q; = int K + (p(), (7).
For ¢ € Z we define
T; = dy - Dy a(grles) — TP (grle))-
By the first assertion of Proposition 69 there exists a bounded right inverse Ry of
Tp. We fix i € Z\ {0}. Since A >1—2/p >0, we have |[Fa|[rr(q,) < [[Fallzz o

and by inequality (3.44), the right hand side is bounded by . Hence it follows from
the statement of Proposition 69 that there exists a right inverse R; of T}, satisfying

(3.45) IR ll1p.0:.4 < CulléllLrcn, V€ € T4 (grla,)-
We define
R:Lf,(or) = Tyl (A'(gr)). RE=) pi-R
€L
Each section § : C — gp induces a section L,§ : C — TM". For every p €
7 1(C\ (-=N,N)?) C P we have u(p) € p~'(Bs) € M*, and therefore the map
Ly Lu(p) 1 8 — g is invertible. We define R LY (gp) — I, (TM") by

~ 0, for 2 € (=N, N)?,
4 =
(3.46)  (BO)() { Lu(LiLu) " (€ — d3RE) (2), for 2 € C\ (—N, N2,
Furthermore, we define the map (3.43) by
R := (~ R, Re).
The operator L; R is well-defined and equals id. The statement of Theorem 64 is

now a consequence of the following. We denote by T’ (gp) the space of L% -sections
of ap.

1. CLAIM. The map R restricts to a bounded operator from I'{ (gp) to XpA
(defined as in (3.6)).
Proof of Claim 1. We choose a constant C3 so big that

(3.47) sup (2)P* < Cy inf (2)P, Vi€ Z.
2€Q; 2€Q;

For a weakly differentiable section £ : C — gp we denote

€124 = lI€llp.x + [dagllp.a-
2. CLAIM. There exists a constant Cy such that
1€ = d2 Rellipn,a < Calléllpr, V€ € TX(gp)-
PROOF OF CLAIM 2. Let & € T} (gp). We denote o := R¢ and a; == R;(¢

Since ) .., pi = 1, a straight-forward calculation shows that

(3.48) dho =& =Y «((dpi) Awas)
1E€EZL
Fix z € C. Then Hz € Z|pi(z) # 0}} < 4. Hence equality (3 48) implies that
(€ - daa) ) < #7112 S la(2)

€7
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Combining this with (3.45,3.47), we obtain

€ — el y < 470 [[5 max {CT, || Ro[I”}Cs Y l€l[75 -
i€Z

By (3.48), we have
|da (¢ = daa)(2)|” <8 max {[|p" (1%, 1915} Y (Jeal” + [VAail?) ().
i€Z
Using again (3.45), Claim 2 follows. O
We choose C} as in Claim 2. The following will be used in the proofs of Claims

3 and 4 below. Let £ € I'{(gp). We abbreviate § =¢ - dAR§ By the fact

£ | ~n,N)2 = 0, Lemma 107 in Appendix A.6 (Twisted Morrey’s inequality, using
(3 44)) the fact A > 1—2/p > 0 and Claim 2, we have

(3.49) [€llse < Calléllpaa < CoCall€llpr-
Recall that we have chosen § > 0 such that u~!(Bs) C M*. We define

(3.50) c:= 1nf{|lig|£| xeu_l(B[;),O#geg}.

Recall that Pr* : TM™ — TM™ denotes the orthogonal projection onto (v*imL)/G.
Claim 1 is now a consequence of the following three claims.
3. CLAIM. We have
sup {||Re]| . + [llduu)Re] + [PrRe| + Belll, | € € Th(gp) : llEllpa <1} < oo
PrROOF OF CLAIM 3. Let £ € I'{(gp) be such that

H§||p,x <1
We denote E =& — dZﬁf. Inequality (3.49), Remark 125, and the assumption
€]l < 1 imply that
(3.51) IRl < ¢ M€l pow o\ (- a2y < €202,

where ¢ is defined as in (3.50). We fix i € Z and denote «; := R;(&|q,). Fori #0
Lemma 107 in Appendix A.6, (3.45), the fact A > 1 —2/p > 0, and the assumption
[I€]lp.x < 1 imply that

|tilloo < Collvill1,p,0:,a < CoCrllé]lLr(q,) < CoCh.

Furthermore, we have

levolloo < Csl[Roll I€]es |y < Csl[Roll,
where
Cs i=sup {lall | @ € T4 (4 (@pl0n) ¢ llaflipa < 1}

An argument involving a finite cover of {2y by small enough balls and Lemma 107,
implies that C5 < oo. It follows that

(3.52) IRE]|oo < sup flov]loe < max {CaCy, Cs|| R} < oo
3

We define
C —max{|du ||x6u(P)}
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The definition (3.46), the second inequality in (A.66) (Remark 125 in Appendix
A7), the statement of Claim 2, and the assumption ||€]|, » < 1 imply that

(3.53) Hdﬂ(u)éfnp,,\ < Ce Mgl e\ (- w2y < Ce'Ca.
By the last equality in (A.66), we have
PrUR¢ = Ly (LjLy) '€,

Hence using again the second inequality in (A.66) and the statement of Claim 2,
we obtain

(3.54) [PrRel| < 'Cu.

For every z € C there are at most four indices ¢ € Z for which p;(z) # 0. Therefore,
we have

IRE) < 4PZ||%||
Using (3.45,3.47) and the assumption ||§||p’>\ < 1, it follows that
IREIIE \ < 47 max{CY, || Ro[["}Cs.
Combining this with (3.51,3.52,3.53,3.54), Claim 3 follows. O
4. CLAIM. We have
sup {[[VA(ROllpr [ € € T (9p) « [Igllpa < 1} < oo
PROOF OF CLAIM 4. Let & € I'{(gp). We define
E=¢—dyRe, = (LiLu) 'S,

and p € Q%(M,g) as in (A.65) in Appendix A.7. By Lemma 124 in the same
appendix, we have

(3.55) VA(Lun) = Lydan + Va,u Xy,

where X¢, denotes the vector field on M generated by an element & € g. Using
the second part of Lemma 124 (with v := L,n), it follows that

(3.56) L Ludan = da€ — p(dau, Lun) — LV 4,0 X
We choose a constant C' so big that
p(v,0)] < Clollv'|,  [VoXe| < Clull&ol, Vo€ n™'(Bs), v,0" € ToM, & € g.

We define Cy := max {¢™*,3Cc™2}. Since R¢ = Lyn, equalities (3.55,3.56) and
Remark 125 imply that

VAR pr < Col[[datll, , + lldaullp|IE]|L.)-
Since ||[daul|p < 0o, Claim 2 and (3.49) now imply Claim 4. O
5. CLAIM. We have
sup {[[VA(RE)px [ € € TR (gp) © [€llpn < 1} < oc.
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Proof of Claim 5. Let £ € T'Y (gp) be such that [|€||,.n < 1. We write a; := R;(§
Then we have

Qi)'

VA(RE) = Z (piVA; +dp; ® o).

Setting
C =8¢/ |5, Cs max{CY, [| Ro|"},
it follows that

IVAROIG , <877 (IIVA%HZ,A + IIp’Ilﬁollaillﬁ,A) <C.

Here in the second inequality we used the fact ||p/||oo > 1, and (3.45). This proves
Claim 5, and completes the proof of Claim 1 and hence of Theorem 64. ([



APPENDIX A

Auxiliary results about vortices, weighted spaces,
and other topics

In the appendix some additional results are recollected, which were used in the
proofs of the main theorems of this memoir. As always, we denote Ny := N U {0},
by B, C C the open ball of radius 7, by S} C C the circle of radius r, centered
at 0, and by A(P) the affine space of smooth connection one-forms on a smooth
principal bundle P. Let M,w,G,g,(:,-)q, 1, J be as in Chapter 1, and (%,j) a
Riemann surface, equipped with a compatible area form wy. For £ € g and x € M
we denote by L,¢ € T, M the (infinitesimal) action of £ at z. Let p > 2, P be a
(principal) G-bundle over ¥ of class leo’cp , A a connection one-form on P of class
WP andu: P — M a G-equivariant map of class W,L”. We denote w := (P, A, u),
define the energy density e,, as in (1.11), and denote by

E(w) 5=/E€wwz

the energy of w.

A.1. Auxiliary results about vortices

Let M,w,G,g,(:,)q, 1, J be as in Chapter 1.} The following result was used in
the proof of Proposition 24 in Section 2.3.

70. PROPOSITION. Let w := (P, A,u) be a smooth vortex over C with finite
energy, such that the closure of the image u(P) C M is compact. Then there exists
a smooth section ¢ : C — P, such that

(A1) /B (uoo)'w— E(w), as R — oo.

This result is a consequence of [GS, Proposition 11.1]. For the convenience of
the reader we include a proof here.? We need the following. We denote by ~ the
standard angular one-form on R?\ {0}.2

71. LEMMA. Let P be a smooth G-bundle over R? and A € A(P). Then there
exists a smooth section ¢ : R? — P, such that

(A.2) [oarys [ pades [ jotap,
sL Br\B: 51

Ias always, we assume that hypothesis (H) is satisfied.

2This proof is similar to the one of [GS, Proposition 11.1], however, it relies on the isoperi-
metric inequality for the invariant symplectic action functional proved in [Zi2] (Theorem 1.2)
rather than the earlier inequality [GS, Lemma 11.3].

3By our convention this form integrates to 27 over any circle centered at the origin.

91
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where the norms are with respect to the standard metric on R2.
ProOOF oF LEMMA 71. We choose ¢ such that
(A.3) (0*A)yz =0, VacR?\Bj.

(This means that o* A is in radial gauge on R?\ By. Such a section exists, since (A.3)
corresponds to a family of ordinary differential equations, one for each direction
x € S1.) We identify R/(27Z) with S! and define

0:%:=[0,00) x S* - C=R?, (s,t) := e, U= ((cop)*A4),: ¥ —g,

where the subscript “t” refers to the ¢-component of the one-form (o o p)*A. It
follows from (A.3) that the s-component of this form vanishes, and therefore,

(cop) " A=Wdt, (co¢@)"Fa=0,¥dsdt.

Using the estimate
(s, < [ 0.0 )l + [9(0,1),
0
it follows that

/ |(Uog0)*A|Edt:/ |(JO¢)*FA|Eds/dt+/ |(Jo<p)*A’Zdt,
{s}xS! [0,5]x 51 {0} x 51

for every s > 0, where the subscript “X” indicates that the norms are taken with
respect to the standard metric on X. Inequality (A.2) follows from this by a straight-
forward calculation. This proves Lemma 71. O

PROOF OF PROPOSITION 70. Let w := (P, A,u) be as in the hypothesis and
R > 0. We choose a section ¢ : C — P as in Lemma 71. Denoting by E(w, Br)
the energy of w over Bg, we have, by [CGS, Proposition 3.1],

E(w,Br) = /B ((uoa)*w—d<uouoa,a*A>g)

(A.4) = / (uoa)*wf/ <,uouoa,0*A>g.
Bn SL
Let € > 0. By [Zi2, Corollary 1.4] there exists a constant C such that
(A.5) Vew(z) < Cilz| 7%, VzeC\ B.
Combining this with the estimate |F4| < \/€,, and using (A.2), it follows that
/51 (0" A[Ry < CoR® + (5, where Cy i 7L ¢y /S 0% Al

R
Combining this with the inequality |p o u| < /e, and (A.5), it follows that

</L ocuoao, U*A>g S ClcQR_2+2E + Clch_2+E.

Sk

By choosing ¢ € (0,1) and using (A.4), the convergence (A.1) follows. This proves
Proposition 70. O

The next result was used in the proofs of Propositions 44 and 45 (Section 2.6).
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72. LEMMA (Bound on energy density). Let K C M be a compact subset.
Then there exists a constant Fy > 0 such that the following holds. Let » > 0, P be

a smooth G-bundle over B,, p > 2, and (A, u) a vortex on P of class le’cp, such
that

u(P) C K,
E(w, B,) < Eo.

(where E(w, B,) denotes the energy of w over the ball B,.). Then we have

8
ew(0) < @E(Uh B,).

For the proof of Lemma 72 we need the following lemma.

73. LEMMA (Heinz). Let » > 0 and ¢ > 0. Then for every function f €
C?(B,,R) satisfying the inequalities

F20, Af>—cf, /Bf<§

we have
8
0) < — .
015 [ 1
PrOOF OF LEMMA 73. This is [MS2, Lemma 4.3.2]. O

PrOOF OF LEMMA 72. Since G is compact, we may assume w.l.o.g. that K
is G-invariant. The result then follows from Theorem 76 below, the calculation in
Step 1 of the proof of [GS, Proposition 11.1.], and Lemma 73. O

Lemma 72 has the following consequence.

74. COROLLARY (Quantization of energy). If M is equivariantly convex at oco
4 then we have

inf E(w) > 0,
w

where w = (P, A, u) ranges over all vortices over C with P smooth and (A, u) of
class W,-? for some p > 2, such that E(w) > 0 and a(P) is compact.

PROOF OF COROLLARY 74. This is an immediate consequence of Proposition
79 below and Lemma 72. O

This corollary implies that the minimal energy E; of a vortex over C (defined
as in (2.33)) is positive, and therefore Epi, > 0 (defined as in (2.34)).

The next lemma was used in the proofs of Proposition 38 and Lemma 42 (Sec-
tion 2.5). It is a consequence of [GS, Lemma 9.1]. Let (3, wy, j) be a surface with
an area form and a compatible complex structure.

75. LEMMA (Bounds on the momentum map component). Let ¢ > 0, Q C 3\0X
and K C M be compact subsets, and p > 2. Then there exist positive constants

4as defined in Chapter 1 on p. 6
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Ry and C), such that the following holds. Let R > Ry, P be a smooth G-bundle

over ¥, and (A, u) an R-vortex on P of class VVﬁ)’f, such that

u(P) C K,
[daullpe(s) < ¢
€] < c|Lypél, Vpe PVE€g.
Then
/Q,uou|pwg < C,R™?, sgp|uou| < CpR%_Q7

where we view |u o u| as a function from ¥ to R.

Proor oF LEMMA 75. This follows from the proof of [GS, Lemma 9.1], using
Theorem 76 below. (]

The next result was also used in the proofs of Proposition 45 (Section 2.6) and
Lemma 72, and will be used in the proof of Proposition 77.

76. THEOREM (Regularity modulo gauge over a compact surface). Assume that
¥ is compact. Let P be a smooth G-bundle over ¥, p > 2, and (4, u) a vortex on
P of class W1P. Then there exists a gauge transformation g € W2P(X, G) such
that g*w is smooth over ¥\ 93.

PROOF OF THEOREM 76. This follows from the proof of [CGMS, Theorem
3.1], using a version of the local slice theorem allowing for boundary (see [We,
Theorem 8.1]). O

The next result will be used in the proof of Proposition 79 below.

77. PROPOSITION (Regularity modulo gauge over C). Let R > 0 be a number,
P a smooth G-bundle over C, p > 2, and w := (A, u) an R-vortex on P of class
Wé’cp. Then there exists a gauge transformation g on P of class I/Vf)f such that
g*w is smooth.

PROOF OF PROPOSITION 77. °

CrAmM. There exists a collection (g;)jen, where g; is a gauge transformation
over Bji1 of class W2P, such that for every j € N, we have
(A.6) gjw is smooth over Bj,

(A?) gj+1 = g over Bj.

PROOF OF THE CLAIM. By Theorem 76 there exists a gauge transformation
g1 € W2P(By, Q) such that giw is smooth. Let £ € N be an integer and assume
by induction that there exist gauge transformations g; € W??(Bj;1,G), for j =
1,...,¢, such that (A.6) holds for j =1,...,¢, and (A.7) holds for j =1,...,¢—1.
We show that there exists a gauge transformation gy 1 € W2P(By 2, G) such that
(A.8) 9741w smooth over By,

(A.9) ge+1 = ge over By.

5This proof follows the lines of the proofs of [Frl, Theorems 3.6 and A.3].
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We choose a smooth function p : Be+2 — Byy1 such that p(z) = z for z € By. By
Theorem 76 there exists a gauge transformation h € W2P(Byy2,G) such that h*w
is smooth over Byyo. We define

ges1 :=h((h " ge) 0 p).

Then ge41 is of class W2 over Byio, and (A.9) is satisfied. Furthermore, gjw =
(h~tge)*h*w is smooth over By ;. Therefore, using smoothness of h*w over By o,
Lemma 114(ii) below implies that h~!g, is smooth over By ;. It follows that

giaw = ((h"ge) o p) B w

is smooth over Byys. This proves (A.8), terminates the induction, and concludes
the proof of the claim. (Il

We choose a collection (g;) as in the claim, and define g to be the unique
gauge transformation on P that restricts to g; over B;. This makes sense by (A.7).
Furthermore, (A.6) implies that g*w is smooth. This proves Proposition 77. [l

The next result was used in the proof of Proposition 38 (Section 2.5).

78. THEOREM (Compactness for vortex classes over compact surface). Let X
be a compact surface (possibly with boundary), ws, an area form, j a compatible
complex structure on X, P a G-bundle over ¥, K C M a compact subset, R, €
[0,00), p > 2, and (A4,,u,) an R,-vortex on P of class WP, for every v € N.
Assume that R, converges to some Ry € [0,00), and

u,(P) C K, sup|lda,u,| Lo < oc.

Then there exist a smooth Rg-vortex (Ao, up) on P|(X\ %) and gauge transfor-
mations g, on P of class W??, such that g%(A,,u,) converges to (Ag,up), in C*
on every compact subset of X\ 0.

Proor orF THEOREM 78. This follows from a modified version of the proof of
[CGMS, Theorem 3.2]: We use a version of Uhlenbeck compactness for a compact
base with boundary, see Theorem 112 below, and a version of the local slice theorem
allowing for boundary, see [We, Theorem 8.1]. Note that the proof carries over to
the case in which R, = 0 for some v € N, or Ry = 0. O

The following result was used in the proofs of Theorem 3 (Section 2.7) and
Corollary 74.

79. PROPOSITION (Boundedness of image). Assume that M is equivariantly
convex at co. Then there exists a G-invariant compact subset Ky C M such that
the following holds. Let p > 2, P a G-bundle over C, and (A, u) a vortex on P of

class W', such that E(w) < oo and u(P) is compact. Then we have u(P) C Ko.

loc

PROOF OF PROPOSITION 79. Let P be a G-bundle over C. By an elementary
argument every smooth vortex on P is smoothly gauge equivalent to a smooth
vortex that is in radial gauge outside B;. Using Proposition 77, it follows that
every vortex on P of class Wli)’cp is gauge equivalent to a smooth vortex that is in
radial gauge outside B;. Hence the statement of Proposition 79 follows from [GS,

Proposition 11.1]. |
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A.2. The invariant symplectic action

The proof of Proposition 45 (Energy concentration near ends) in Section 2.6
was based on an isoperimetric inequality and an energy action identity for the
invariant action functional (Theorem 82 and Proposition 83 below). Building on
work by D. A. Salamon and R. Gaio [GS], we define this functional as follows.®
We first review the usual symplectic action functional: Let (M, w) be a symplectic
manifold without boundary. We fix a Riemannian metric (-, -)3; on M, and denote
by d, exp, |v],t; > 0, and tx := inf,ecx ¢t > 0 the distance function, the exponential
map, the norm of a vector v € T M, and the injectivity radii of a point x € M and a
subset X C M, respectively. We define the symplectic action of a loop z : S* — M

of length £(x) < 2u4(g1) to be
A(z) = —/u*w.
D

Here D C C denotes the (closed) unit disk, and v : D — M is any smooth map
such that

u(e") = x(t), vt e R/(2nZ) = S*,  d(u(z),u()) < ty(s1y, V2,2 € D.
80. LEMMA. The action A(z) is well-defined, i.e., a map u as above exists, and
A(z) does not depend on the choice of u.

PROOF. The lemma follows from an elementary argument, using the exponen-
tial map exp (047 : Tuo+zyM — M. O

Let now G be a compact connected Lie group with Lie algebra g. Suppose that
G acts on M in a Hamiltonian way, with (equivariant) momentum map p : M — g*,
and that (-,-)ps is G-invariant. We denote by (-,-) : g* x g — R the natural
contraction. Let P be a smooth G-bundle over S' and z € CZ (P, M). We call
(P,z) admissible iff there exists a section s : S* — P such that £(z 0 s) < 2t,(p),
and

Alg- (o)~ Awos) = [ (powos.gdg).
Sl
for every g € C°(S1, G) satisfying £(g - (z 0 5)) < {(x 0 s).
81. DEFINITION. Let (P,z) be an admissible pair, and A be a connection on
P. We define the invariant symplectic action of (P, A, x) to be
A(P,A,x) := A(z 0 5) —|—/ (poxos,Ads),
S1

where s : St — P is a section as above.

To formulate the isoperimetric inequality, we need the following. If X is a
manifold, P a G-bundle over X and u € C& (P, M), then we define @ : X — M
by @(y) := Gu(p), where p € P is any point in the fiber over y. We define M*
as in (2.14). For a loop z : S' — M*/G we denote by £(Z) its length w.r.t. the
Riemannian metric on M*/G induced by (-,-)ps. Furthermore, for each subset
X C M we define

mx = inf {|L.¢||z € X, E€g: ¢ =1}.

The first ingredient of the proof of Proposition 45 is the following.

6This is the definition from [Zi2], written in a more intrinsic way.
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82. THEOREM (Isoperimetric inequality). Assume that there exists a G-invariant
w-compatible almost complex structure J such that (-, )y = w(-, J-). Then for ev-
ery compact subset K C M* and every constant ¢ > % there exists a constant 6 > 0
with the following property. Let P be a G-bundle over S! and z € C (P, M), such
that 2(P) C K and #(Z) < 6. Then (P,z) is admissible, and for every connection
A on P we have

1
AP, A, 2)| < clldazl3 + 5[l o @f3.
2m3,

Here we view dax as a one-form on S! with values in the bundle (z*TM)/G —
S1, and pox as a section of the co-adjoint bundle (P x g*)/G — S!. Furthermore,
S is identified with R/(27Z), and the norms are taken with respect to the standard
metric on R/(27Z), the metric (-,-)ps on M, and the operator norm on g* induced
by <'7 '>9'7

PROOF OF THEOREM 82. This is [Zi2, Theorem 1.2]. O

The second ingredient of the proof of Proposition 45 is the following. For
s € R we denote by ts : S — R x S! the map given by 1s(t) := (s,t). Let X, X’
be manifolds, f € C*°(X’, X), P a G-bundle over X, A a connection on P, and
u € CZ (P, M). Then the pullback triple f*(P, A, u) consists of a G-bundle P’ over
X', a connection on P’, and an equivariant map from P’ to M.

83. PROPOSITION (Energy action identity). For every compact subset K C M*
there exists a constant 6 > 0 with the following property. Let s_ < s; be numbers,
Y= [s_,s;] x S, wy an area form on ¥, j a compatible complex structure, and
w := (A,u) a smooth vortex over ¥, such that u(P) C K and £(@ o s) < &, for
every s € [s_,s;]. Then the pairs ¢}, (P, u) are admissible, and

E(w) = —A(e}, (P, A, u) + A(e; (P, A, u)).

PrROOF OF PROPOSITION 83. This follows from [Zi2, Proposition 3.1]. O

A.3. Proofs of the results of Section 3.1

This section contains the proofs of Lemmas 52,60 and Proposition 62, which
were stated in Section 3.1. We also state and prove Lemma 85, which was used
in Definition 61 in that section. Let M,w,G,,g,(-,-)q, ¢t and J be as in Chapter
1, ¥ := C, wy the standard area form wg, p > 2, and A > 1 — 2/p. Assume that
hypothesis (H) holds.

Lemma 52 was used in the definition of the equivariant homology class of an
equivalence class of triples (P, A,u) (Definition 54). Its proof is based on the fol-
lowing result, which was also used in the proofs of Theorem 4 (Section 3.2.1), 64
(Section 3.2.4) and Proposition 66 (Section 3.2.2).

84. LEMMA. For every (P, A,u) € gf there exists a section o of the restriction
of the bundle P to BE := C\ By, of class W,-?, and a point 2, € u~*(0), such that
u o o(re’?) converges to Zo, uniformly in ¢ € R, as 7 — oo, and 0* A € LY(BY).

PRrROOF OF LEMMA 84.

"Note that in [Zi2, Theorem 1.2] S was identified with R/Z instead. Note also that hypoth-
esis (H) is not needed for Theorem 82.
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1. CLAM. The expression |u o u|(re??) converges to 0, uniformly in ¢ € R, as
7 — 00.

PROOF OF CLAIM 1. We define the function f := |powu|? : M — R. It follows
from the ad-invariance of (-,-)g that

(A.10) df = 2<dA(uou),uou>g = 2<d,u(u)d,4u,,uou>g.

Since u(P) € M is compact, we have supc |[du(u)| < oo and supg |p o u| < oo.
Furthermore, |dau| < /e, € LY. Combining this with (A.10), it follows that df €
LY. Therefore, by Proposition 91 in the next section (Hardy-type inequality, applied
with u replaced by f and \ replaced by A — 1) the expression f(re’#) converges to
some number Yo, € R, as r — oo, uniformly in ¢ € R. Since [pou| < /e, € LX, it
follows that yo, = 0. This proves Claim 1. ]

It follows from hypothesis (H) that there exists a § > 0 such that u=1(Bs) C M*
(defined as in (2.14)). We choose R > 0 so big that |[uou|(z) <4 if z € BS_ | =
C\ Bg-1. Since G is compact, the action of it on M is proper. Hence the local
slice theorem implies that M*/G carries a unique manifold structure such that
the canonical projection 7™" : M* — M* /G is a submersion. Consider the map
w: BY_ | — M*/G defined by @(z) := Gu(p), where p € 7=1(z) C P is arbitrary.

2. CLAIM. The point u(re!?) converges to some point o, € p~1(0)/G, uni-
formly in ¢ € R, as r — oo.

PRrROOF OF CLAIM 2. We choose n € N and an embedding ¢ : M*/G — R™.
Furthermore, we choose a smooth function p : C — R that vanishes on Br_; and

equals 1 on Bg. We define f : C — R™ to be the map given by p-to@ on Bg_l
and by 0 on Bg_1. It follows that

(A.11) ldfll e gy < ||db(ﬂ)dﬂHL§(Bg) + |leoudpl|Lr (Bp\Br_,)-
A short calculation shows that |da| < |dau|, and therefore,
(A.12) HdL(ﬂ)duHLg(Bg) < l|du(@)|| L~ (pg) ldaull Lz (5g)-

Our assumption w = (P, A, u) € Z;§ implies that [|daul/zr pey < oo. Furthermore,
 is proper by the hypothesis (H), hence the set p~'(Bs) is compact. Thus the
same holds for the set 7" (4~ (Bjs)). This set contains the image of @. It follows
that ||de(@)]| gy < co. Combining this with (A.11,A.12), we obtain the estimate

ldf ||z ) < NdfllLz gy + ldf [l Lz (Bg) < oo

Hence the hypotheses of Proposition 91 (with A replaced by A — 1) are satisfied.
It follows that the point f(re'?) converges to some point y,, € R™, uniformly in
v € R, as r — oo. Claim 2 follows. O

Let Zo be as in Claim 2. We choose a local slice around Z, i.e., a pair (U,0),
where U C M*/G is an open neighborhood of o, and o : U — M* is a smooth
map satisfying 7 o0& = idg. Then there exists a unique section o’ of P|Bg, of

class I/Vli)cp , such that & o 4 = u o ¢’. By the continuous homotopy lifting property

of P we may extend this to a continuous section " of P|gc. Regularizing ¢” on

Bpry1\ B, we obtain a section o of P|pc, of class Wli’cp.s We define 2o := 0(To)-

8For this we regularize o’/ suitably in local trivializations.
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It follows from Claim 2 that uoo(re’¥) converges to 2, uniformly in ¢, for r — oo.
Furthermore,

lo*LuAllpr ey < llo*dullr (pe

ft1) e ) Tllovdaullpz g, ),
o*du = dudo = do du, on BG |, |du| < |daul.
Since
inf {|Lu(p)¢||p € Plog €€ g 6l =1} >0, ldaulpn < oo,
it follows that o*A € L% (BY'). This proves Lemma 84. O

PROOF OF LEMMA 52. We prove statement (i): We denote by 7 : P — C
the bundle projection, and identify S? = C U {cc}. We choose o and ., as in
Lemma 84, and we define P to be the quotient of P]]((S%\ {0}) x G) under
the equivalence relation generated by p ~ (7(p), g), where g € G is determined by

(com(p))g = p, for p € P. We define ¢ to be the canonical map from P to 15, and
u: P — M to be the unique map satisfying

uoL=u, a([(ooag)}) =g

The statement of Lemma 84 implies that this map is continuous. This proves (1)
We prove statement (ii). Uniqueness of ® follows from the condition ® o/

to® and continuity of d. We prove existence: We define the map ¢ : P’ — P as
follows. The map u descends to a continuous map f : 82 — M/G. Recall that M*
denotes the set of points in M where G acts freely. We denote U := f‘l(M */G).
Since M* is open, the set U is, as well. Since G is compact, the canonical map
M* — M*/G defines a smooth G-bundle. We denote by 7 : P — 5?2 the projection
map. We define

(A.13) U:x N U) = fIEM*, U(p) = (7). u(p)).

Furthermore, we define f’, U, 7,0 in an analogous way, using P’ and @. Since ®
descends to the identity on C, and v’ = u o ®, the maps v and v’ descend to the
same map C — M/G Since wot = u, u ot =/, and @ and @ are continuous,
it follows that f = f’ We claim that there ex1sts a unique map d: P - P
satisfying

(A.14) d=U"'oWon (7)1 (U), o/ =10®on P

2, Vg € G.

To see unlqueness of this map, note that the hypothesis u (P’ ) C M* implies
that P/, C (#)~1(U). Hence conditions (A. 14) determine ® on the whole of P’.
Existence of this map follows from the equality Uo) = Woro® on /" (Uﬂ(C) c P,
which follows from the assumptions o' ot/ = v/, wot = u, and uo ® = v’. The map
® has the required properties. This proves (ii) and completes the proof of Lemma
52. O

We now prove Lemma 60 (p. 73), which was used in Section 3.1, in order to
define the (w, u)-homotopy class of an equivalence class W of triples (P, A, u). (See
Definition 61.)

ProOF oF LEMMA 60. To prove the first statement, we choose a section o
of the restriction of P to the disk D, of class Wif . By Lemma 84 there exists a
section & of the restriction of the bundle P to BE := C\ By, of class W,-?, and a

loc >’
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point xo, € p~1(0), such that u o 5(re’?) converges to T, uniformly in ¢ € R, as

r — 00. We define goo : S — G to be the unique map satisfying & = 0¢goso, on S,

and o to be the continuous section of P that agrees with oy on By, and satisfies
(2) = 5(2)goc(2/12)) ", V2 € BY.

By regularizing o, we may assume that it is of class V[/lif . This section satisfies the
requirements of the first part of the lemma.

To prove the second statement, let o be a section of P of class VVl(l)f , such that
the map uwoo : C — M continuously extends to a map u : X — M. It follows from
Claim 2 in the proof of Lemma 84 that there exists a point Z., € M = pu~1(0)/G,
such that Gu(z) = T, for every z € 93. The second statement follows from this.
This proves Lemma 60. (|

The next lemma was used in Definition 61.

85. LEMMA. Let p > 2, A > 1 —2/p, (P, Au) € Eﬁ be a triple, and o,0’
sections of P as in Lemma 60. Then the continuous extensions u,u’ : 3 — M of
uoo,uoc’ are weakly (w,u)-homotopic.

PROOF OF LEMMA 85. Let R € (0,00). We denote by Br and Bpr the open
and closed balls in C, of radius R, centered around 0.

CrAmM. There exists a continuous map h : [0,1] x ¥ — M such that
(A.15) _
h(0,-) =u, h(l,2)=4u/(2),Vz € Br, h(t,z)="h(0,z2),Vze€dx,tel01].
PROOF OF THE CLAIM. We define
g0:C— G, go(2)d'(z) :=0(2).
There exists a continuous map g : [0,1] x C — G such that
(A.16)  ¢(0,)) =go, g(1,2)=1,Vz€ Br, g(t,2)=go(2), Vz € C\ Bry1.

To see this, observe that we may assume without loss of generality that go(0) = 1.
(Here we use the assumption that G is connected.) We choose a continuous map
f:]0,1] x C — C such that

f(0,-)=id, f(1,2)=0,Vz € Bgr, f(t,2)=2,Vz€C\ Bry1.
We define g := gg o f. This map satisfies (A.16). We now define

| u(gt,2)o(z2)), ifz€eC,
Wit 2) = { (z), it 2 € O
This map satisfies the conditions (A.15). This proves the claim. O

It follows from hypothesis (H) that there exists a number R > 0 such that
u(X\ Br) € M*. By the claim, we may assume without loss of generality that
% = v on Bp. Since G is compact, the canonical projection m : M* — M*/G
naturally defines a smooth G-bundle. It follows that the map

[0,1] x (X\ Bgr) 3 (t,2) — mou(z) € M*/G

has a continuous lift h : [0,1] x (X \ Bgr) — M* that agrees with the map (0, z) —
u(z) on {0} x (X \ Bg), with the map (1,2) — «/(z) on {1} x (X \ Bg), and with
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the map (,z) — u(z) on [0,1] x Sk, where S C C denotes the circle of radius R,
around 0. The map

u(z), if z € Bg,
[0,1] x X3 (t,2) — { h(t,z), otherwise,

is a weak (w, pt)-homotopy from u to u’. This proves Lemma 85. O

We now prove Proposition 62. We need the following. Let w be a representative
of W. Let (P,1,%) be an extension as in Lemma 52 (p. 69). Then w induces a
fiberwise symplectic form @ on the topological vector bundle TM™ = (w*TM)/G
over S2. We denote by ¢; (T M%) its first Chern class.

86. LEMMA (Chern number). We have
(A17) (e (M, w), [W]) = (2 (TM", 5),[5%]).
For the proof of this lemma we need the following remark.

87. REMARK. Let G be a topological group, X and X’ topological spaces, P —
X and P’ — X' topological G-bundles, M a topological G-space, E a G-equivariant
symplectic vector bundle over M, and u : P — M, 6§ : P — P’ continuous G-
equivariant maps. We define f : X — (M x P’')/G to be the map induced by u and
6. Then the symplectic vector bundles

(A.18) (W E)/G, [ ((ExP)/G)

are isomorphic. Here we denote by (u*E)/G the symplectic vector bundle over X
obtained from the pullback bundle ©*E — P as the quotient by the G-action, by
E x P’ the natural symplectic vector bundle over M x P’ and by (E x P’)/G the
induced symplectic vector bundle over (M x P’')/G. An isomorphism between the
bundles in (A.18) is given by the map

G(p,v) = (n(p), G(v,0(p))).0
PrOOF OoF LEMMA 86. We choose a continuous G-equivariant map 6 : P —
EG. We denote by
f:82 = C[[{oc} = (M x EG)/G

the map induced by (@,6) : P — M x EG. By definition, ¢f(M,w) is the first
Chern class of the vector bundle

(TM x EG)/G — (M x EG)/G,

equipped with the fiberwise symplectic form induced by w. Furthermore, we have
(W] = f.[S?]. Therefore, equality (A.17) follows from naturality of the first Chern
class under pullback by the map f, and Remark 87, with X := S2, (P, u) replaced
by (P,), and (E, P') := (TM,EG). This proves Lemma 86. O

For the proof of Proposition 62 we also need the following.

88. REMARK. Let X be an oriented topological surface homeomorphic to the
closed disk. We denote by ¥/ the surface obtained from ¥ by collapsing its boundary
to a point’, and by f : ¥ — ¥’ the canonical “collapsing” map. Let (F,w) be a

9The surface ¥’ is homeomorphic to S2.
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symplectic vector bundle over ¥’ (V) a symplectic vector space of dimension the
rank of £, and ¥ : ¥ x V — f*FE a symplectic trivialization. Then we have

(A.19) (c1(B,w),[Y]) = moxq (82 x 0¥ 3 (2,2) — U0, € Ath).

Here [¥'] denotes the fundamental class of ¥/ and Aut{) the group of linear sym-
plectic automorphisms of V', and mgs o is defined as in (3.4). Furthermore, we
denote by m : ¥ — X’ the canonical map, and we use the canonical identification
(f*E). = Er(.), for z € 0¥. Equality (A.19) follows from an elementary argument
(e.g. an argument as in the proof of [MS1, Theorem 2.69].) O

PROOF OF PROPOSITION 62 (P. 73). We choose an extension (P,t,7) as in

Lemma 52(i), such that @(Ps) C p=1(0). (It follows from the proof of Lemma
52(i) that @ may be chosen to satisfy this condition.) By Lemma 86, equality (A.17)
holds. We denote by 7 : P — 52 the canonical projection, by ¥ the compact surface
obtained from C by “gluing a circle at oo”, and by

f:% = CJJ{oc} = s

the map that is the identity on the interior C = intX, and maps the boundary
0% = S to co. We choose a continuous map & : ¥ — P, such that 7o = f. We
define v :=uoo : ¥ — M. This map continuously extends the map u o o, where
o := 0|c. Hence, by definition, the (w, u)-homotopy class of W equals the (w, p)-
homotopy class of v. We choose a symplectic trivialization ¥ : ¥ x V — v*TM.
For z,2' € 0% we define g,/ , € G to be the unique element satisfying

(A.20) F()ger = = 5(2).
It follows that v(z’) = g/ .v(2), and hence, using the definition of the Maslov index,
mwﬁu((w, 1)-homotopy class of W)
(A.21) = msx,0 (82 x 0¥ 3 (2/,2) — \Ilz_,lng7z -0, € Ath).
The statement of Proposition 62 is now a consequence of the following claim.
CLAIM. The number (A.21) agrees with (c; (TM¥,©), [S?]).
Proof of the claim. We define the map
U:SxV — fSTMY Ww:=U(z,w) = (2,G(c(2), ¥.w)).

This is a continuous symplectic trivialization. We denote by ¥’ the surface obtained
from ¥ by collapsing its boundary 0% to a point. There is a canonical homeomor-
phism CJ[{oc} — ¥/, and the composition of f with this map agrees with the
collapsing map. Therefore, applying Remark 88 with F := TM™ and w, ¥ replaced
by @, \T/, we have

(A.22) <c1 (TMH,Z)), [52]> = mas.0 (82 x 0¥ 3 (2,2) — \le_,l\flz € Ath).
Equality (A.20) implies that
\I’z_/l‘iz = \I/z_’lgz/,z U, Vz,2 € 0%

Combining this with (A.22), the claim follows. This proves Proposition 62. O
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A.4. Weighted Sobolev spaces and a Hardy-type inequality

Let d € Z. The following lemma was used in Section 3.2.2 in order to define
norms on the vector spaces f;y)\’d and /’?;Q/,A defined in (3.18). If d < 0 then let
po € C=(C,[0,1]) be such that pg(z) = 0 for |z| < 1/2 and po(z) = 1 for |z| > 1.
In the case d > 0 we set pg := 1. Recall the definitions

pa:C—C, pa(z) :=2% (x):=+/1+|v]2, Vv e R".
89. LEMMA. For every 1 < p < oo and A > —2/p the map
C® L,",(C,C) — C- popa+ L7 4(C,C),  (voo,v) = Voopopa + v
is an isomorphism of vector spaces.
ProOOF OF LEMMA 89. This follows from a straight-forward argument. O

The following proposition was used in the proofs of Theorem 63 (Section 3.2.2)
and Proposition 67 (Section 3.2.3). For every normed vector space V we denote
by Cp(R"™, V') the space of bounded continuous maps from R™ to V. We denote by
B, the ball of radius r in R”, and by X the complement of a subset X C R™.
Recall the definitions (3.16,3.17) of the weighted Sobolev spaces Li’p(QW) and
WEP(Q,W).

90. PROPOSITION (Weighted Sobolev spaces). Let n € N. Then the following
statements hold.

(i) Let n < p < 0o. Then for every A € R there exists C' > 0 such that

(A.23) ()5 oo ny < Cllull 1o gny,  Vu € whl(R™).

loc

If A > —n/p then Ly (R™) is compactly contained in C,(R™).
(ii) For every k € Ny, 1 < p < oo and XA € R the map
WYP(R™) 3w () u € WHP(R™)
is a well-defined isomorphism (of normed spaces).
(iii) Let p > 1, A € R, and f € L*(R") be such that [|f||z~®n\5,) — 0, for
1 — 00. Then the operator
WLP(R™) 5 u— fu e LY(R™)
is compact.
(iv) Forevery 1 < p < oo, A € R, d € Z, and u € Ly?(BF) the following inequality
holds:

||pd“||L§'fd(Blc) < max { — d2=4+3/2, Q}HUHL;»P(BF)'

PROOF OF PROPOSITION 90. Proof of statement (i): Inequality (A.23) fol-
lows from inequality (1.11) in Theorem 1.2 in the paper [Ba] by R. Bartnik. Assume
now that A > —n/p. Then it follows from Morrey’s embedding theorem that there
exists a canonical bounded inclusion L}\’p (R™) — Cp(R™). In order to show that
this inclusion is compact, let u, € Li’p (R™) be a sequence such that

(A.24) C := sup ||u,,||L§,p(Rn) < o0.

By Morrey’s embedding theorem and the Arzela-Ascoli theorem on B; (for j € N)
and a diagonal subsequence argument, there exists a subsequence u,, of u, that



104 A. AUXILIARY RESULTS

converges to some map u € Wlf)’cp (R™), weakly in W1P(B;), and strongly in C(B;),
for every j € N.

CramM. We have u € Cp(R™) and w,, converges to u in Cj(R™).

Proof of the claim. We choose a constant C’ as in the first part of (i). For every
R > 0 we have

||U||Lf\vP(BR) < hijUP [[w, ”Li’p(BR) <C.

Hence u € Ly (R™). Since A > —n/p, by inequality (A.23), this implies u € C,(R™).
To see the second statement, we choose a smooth function p : R" — [0, 1] such that
p(x) =0 for v € By, p(z) = 1for x € B, and |[Dp| < 1. Let R > 1 and j € N. We
define pr := p(-/R) : R* — [0, 1]. Abbreviating v; := u,, — u, we have

(A.25) [vjlloe < [Jo;(1 = pr)|| + [[virrl -
Inequality (A.23) and the fact pr = 0 on Bg imply that
(A.26) |viprl,, < C'R™ "% llvjprllpa-

Furthermore, using (A.24), we have

lviprll1pa < 2[vjllipa < 4C.

Combining this with (A.25) and (A.26), and the fact lim; .o [|v; 1o (By5) = 0, it
follows that
limsup [|v;]|ee < 4CC'R™> 5.
J]—00

Since A > —n/p and R > 1 is arbitrary, it follows that u,, converges to u in Cj(R™).
This proves the claim and completes the proof of statement (i).

Statement (ii) follows from a straight-forward calculation.

Proof of statement (iii): Let f € L*°(R™) be as in the hypothesis. Let
u, € WyP(R") be a sequence such that

C := sup \|uy||W;,p(Rn) < 0.
v

By the Rellich-Kondrashov compactness theorem on Bj (for j € N) and a diagonal
subsequence argument there exists a subsequence (v;) and a map v € Li, (R"),
such that fu,, converges to v, strongly in LP(K), as j — oo, for every compact
subset K C R". Elementary arguments show that v € L% (R™) and fu,,; converges
to v in LY (R™). (For the latter we use the hypothesis that || f||pe®n\5,) — 0, as
i — 00.) This proves (iii).

Statement (iv) follows from a straight-forward calculation. This completes
the proof of Proposition 90. (|

The next result was used in the proofs of Proposition 67 (Section 3.2.3) and
Lemma 84 (Appendix A.3).

91. PrRoPOSITION (Hardy-type inequality). Let n € N, p > n, A > —n/p and
u € Wb (R* R) be such that ||Dul - A | Loy < 00. Then u(rz) converges to
some Yoo € R, uniformly in 2 € S"~!, as r — oo, and

)\ p
(A.27) 1w = yoo) |- M 1o gy < A+ B

1Dul - | o gy -
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For the proof of this proposition we need the following. We denote by B, the
ball of radius r in R™, and by X the complement of a subset X C R™.

92. LEMMA (Hardy’s inequality). Let n € N, 1 < p < o0, A > —n/p and
u € Wlicl (R™,R). If there exists R > 0 such that u|Bg = 0 then

A p
ul - p(Rn™ <

1Dl - ] e (€ [0.00).

)

ProOOF OF LEMMA 92. If u is smooth then the stated inequality follows from
[Kav, Chapter 6, Exercise 21]. The general case can be reduced to this case by
mollifying the function u. This proves the lemma. (]

PROOF OF PROPOSITION 91. Let n,p, A be as in the hypothesis. We define
— n
e =M+ i
CLAIM. There exists a constant C; such that for every weakly differentiable
function v : R™ — R and z,y € R" satisfying 0 < |z| < |y|, we have
- A
[u(w) = u(p)] < Cala =Dl 4|, e
PROOF OF THE CLAIM. By Morrey’s theorem there is a constant C' such that
[u(0) = u(@)| < Cr' ™% || Dul| o (5,

for every r > 0, weakly differentiable function v : B, — R, and = € B,.. Let u,x
and y be as in the hypothesis of the claim. Let N € N be such that 2V ~1|z| <
ly| < 2N|z|. For i =0,..., N we define z; := 2'z € R". Furthermore, we set

IN47 = 2N‘x|§T7 IN48 ‘= Y,

and we choose points
931‘65;1;&‘ = {yER"’|y|:2N|x|}, i=N+1,...,N+6,
such that
le; — 2| <2N7Ya|, Vi=N+1,...,N+T.

Fori=0,...,N—1 we have z; € Bzi‘w‘(xi+1). Hence it follows from the statement
of Morrey’s theorem that

[u(isn) = u(es)] < CEal) 7| Dul- P 1 e

Moreover, fori = N, ..., N+7 we have z;41 € ng_lm (z;), and hence analogously,
[u(@ir1) — u(zi)| < CE@YHa) T Dul - Mo se, -
Using the inequality
lu(y) — u(z)] < Z [u(@iv1) — u(@i)|,
i=0,...,N+7

the claim follows. O

Let u € WL (R",R) be such that ||Du| - M| pp@n) < 0o. It follows from

loc
the claim that there exists yo, € R such that u(rx) converges to Yoo, as r — 00,

uniformly in z € S"~!. To prove inequality (A.27), we choose a smooth map
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: o, ) [0, 1] such that p(t) = 1 for 0 < t < 1, p(t) = 0 for t > 2 and
\ ( )| < e fix a number R > 0 and define
pr:R— (0,1, pr(@) = pllal/R).
We abbreviate v := u — yoo. Using Lemma 92 with u replaced by prv, we have

ol - Plzeqza < llorol - M o, < A+nHD PO - | o -

Combining this with a calculation using Leibnitz’ rule, it follows that

4
(A28) HU| ' |>\||L1’(BR) < A+ 2 (4HU| ' |AHLP(B2R\BR) + HDU| : |>\+1HLP(R"«)) .
p

The above claim implies that
[o()| < Cilz|~%||Dul - | Lopg), Vo € B

/ |z|""dx = log 2|S™ !
B2r\Br

and € = A+ n/p, it follows that

Using the equalities

1ol - o (Ba sy < CF 108 2S™ [ Dul - Y[, ey
Inequality (A.27) follows by inserting this into the right hand side of (A.28) and
sending R to co. This proves Proposition 91. O

The next result will be used to prove Corollary 96 below, which was used in
the proof of Theorem 63 (Section 3.2.2). For every d € Z we define P; and Py to
be the spaces of polynomials in z € C and Z of degree less than d.'° We abbreviate

L\P = Ly*(C,C), L§:=LR(C,C), 0;:=0%, 0,:=0ar.

Let X be a normed vector space and Y C X a closed subspace. We denote by X*
the dual space of X and equip X/Y with the quotient norm.
93. PROPOSITION (Fredholm property for ;). For every d € Z, 1 < p < o©
and —2/p+1 < X < —2/p + 2 the following conditions hold.
(i) The operator T := 95 : L}\’flﬂi — LY, is Fredholm.
(ii) We have ker T = P.
(iii) The map

(A.29) P_g— (I5_,/imT)", uws (v +imT — / uv ds dt)
C

is well-defined and a C-linear isomorphism.

The proof of this proposition is based on the following result, which is due to
R. B. Lockhart.
94. THEOREM. Let n,k,m € Ny be such that n > 2, k> m, A € R, and
k, n k—m n
T:Ly"(R",C) — L)\+mp(R ,C)

a constant coefficient homogeneous elliptic linear operator of order m on R™. If
A+n/p & Z then T is Fredholm.

10Hence if d < 0 we have Py = {0}.
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PrOOF OF THEOREM 94. This is an immediate consequence of R. B. Lock-
hart’s result [Lo2, Theorem 4.3], using that a bounded linear operator between
Banach spaces is Fredholm if its adjoint operator is Fredholm. (Il

95. REMARK. Let X be a normed vector space and Y C X a closed subspace.
We equip X/Y with the quotient norm. The map

yL.— {QQGX*|QP($) =0, VxEY} - (X/Y)", ¢ (x+Y|—><p(x))7

is well-defined and an isometric isomorphism. This follows from a straight-forward
argument. O

We denote by S the space of Schwartz functions on C and by &’ the space of
temperate distributions. By 7: &’ — &’ we denote the Fourier transform, and by
V8" — &' the inverse transform.

PROOF OF PROPOSITION 93. Let d,p, A\, and T be as in the hypothesis.
Statement (i) follows from Theorem 94, observing that 0; is elliptic, i.e., its
principal symbol
or :R2=C - C, ch(o:%
does not vanish on R? \ {0}.
We prove statement (ii). A calculation in polar coordinates shows that for
every polynomial v in z we have
2
(A.30) ue P, ;= degu<d—A+1-=.
b

Hence our assumption A < —2/p+ 2 implies that ker T' O P,. Therefore, statement
(ii) is a consequence of the following claim.

1. CLAiM. We have kerT' C P,.

Proor oF CLAIM 1. Let v € kerT. Then 0 = @(C) = 1(U (as temperate

distributions). It follows that the support of u is either empty or consists of the
point 0 € C. Hence the Paley-Wiener theorem implies that « is real analytic
in the variables s and ¢, where z = s + it, and there exists N € N such that
sup,cc |[u(2)|(2)N < 0o.'! Therefore, by Liouville’s Theorem u is a polynomial in
the variable z. Since by our assumption A > —2/p 4 1, it follows from (A.30) that
u € Py. This proves Claim 1. g

To prove statement (iii), we define p’ := p/(p — 1). Consider the isometric
isomorphism

P : L’j)\+d — (L8 _ )", @(u):= (v — / uv) .
C
Denoting by T™ the adjoint operator of T', we have
’ 1,
T"® =0, : L’i/\_i_d — (L)%
where the derivatives are taken in the sense of distributions.

2. CLAIM. We have ker(T*®) = P_,.

Hgee e.g. [ReSi, Theorem IX.12].
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ProOF OF CLAIM 2. For every polynomial u in Z we have
/ 2 2
(A.31) uEL]i/\er<:>degu<—d+/\—p:—d+)\—2—|—;3.

Our assumption A > —2/p + 1 and (A.31) imply that ker 7% 2 P_4. Furthermore,
the inclusion ker T* C P_j is proved analogously to the inclusion ker T' C Py, using
A< —2/p+ 2 and (A.31). This proves Claim 2. O

It follows from Claim 2 that the map & restricts to a C-linear isomorphism
between P_; and ker T* = (imT')*. The composition of this map with the canonical
isomorphism (im7)+ — (L’A)_ d/imT)* described in Remark 95, equals the map
(A.29). Statement (iii) follows. This completes the proof of Proposition 93. O

Letd €Z,1 <p<oo,—2/p+1 <X < —=2/p+2,and py : C — [0, 1] be a smooth
function that vanishes on B/, and equals 1 on BY. We equip Cpopg + Li’_pl_d
with the norm induced by the isomorphism of Lemma 89. This norm is complete.
(See e.g. [Lol].)

96. COROLLARY. The map 9: : Cpopg + L;Lppd — Li,d is Fredholm, with
real index 2 + 2d.

PrOOF OF COROLLARY 96. The composition of the isomorphism of Lemma
89 with the above map is given by

T+S:Co Li’fl_d — Ly 4 T(2eo,u) :=05u, S(Too,u) = Too(dzp0)pa-

The map T is the composition of the canonical projection pr : (CEBL}\;” g — L}\’f 1d
with the operator 05 : L}\’_pl_d — LY . Using Proposition 93, it follows that T
is Fredholm of real index 2 + 2d. Furthermore, S is compact, since it equals the
composition of the canonical projection C & Li’f 1_q — C (which is compact) with

a bounded operator. Corollary 96 follows. O

The next result was used in the proof of Theorem 63 (Fredholm property for
the augmented vertical differential) in Section 3.2.2. Let (V,(-,-)) be a finite di-
mensional hermitian vector space, A, B : V' — V positive linear maps, A € R and
1 < p < oco. We define

0; A
Ty := < B . ) WyP(C, Ve V) = LA(C,VaV).
97. PROPOSITION. The operator T} is Fredholm of index 0.

For the proof of Proposition 97 we need the following result.

98. PROPOSITION. Let (V,(:,)),p and A be as above, and n € N. Then the
map
~A+A:WPR™ V) — LP(R™, V)
is an isomorphism (of Banach spaces).

PROOF OF PROPOSITION 98. Consider first the case dim¢V =1 and A = 1.
We define
G:=(2mz(()"H)Ves.
The map § 5 u — Gx*xu € S is well-defined. By Calderén’s Theorem this map
extends uniquely to an isomorphism

(A.32) LP(R",C) > u— G*u € W?P(R",C).
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(See [Ad, Theorem 1.2.3.].) Note that
(—A+1)(G*u) = ((VG*u))Y =u,
for every u € S. It follows that the inverse of (A.32) is given by
~A+1:W*P(R",C) — LP(R™,C).

Hence this is an isomorphism.
The general case can be reduced to the above case by diagonalizing the map
A. This proves Proposition 98. (I

PROOF OF PROPOSITION 97. We abbreviate LP := LP(C,V & V), etc.
Assume first that A\ = 0. We denote by A2, BY/2 : V — V the unique
positive linear maps satisfying (A42)2 = A, (B2)? = B. We define

L= ( ¥ Aéaf% ) W L
A short calculation shows that
(A.33) Ty = (A* ® B*)L(A"* @ B™%).
CLAIM. The operator L is an isomorphism.

PROOF OF THE CLAIM. We define

151
L= ( B_lifl A2§2 ) C WP WP,
2 A3 —03

By a short calculation we have
A A
L= (-7 +AZBAZ) @ (- T + BEAB?) : WP — [P,
Since the linear maps
AZBA%, BiAB::V -V

are positive, Proposition 98 implies that LL’ is an isomorphism. We denote by
(LL)~1: LP — W?? its inverse and define

R:=L'(LL)™': P - WP,

Then R is bounded and LR = idy».
By a short calculation, we have LL'(u,v) = L' L(u,v), for every Schwartz func-
tion (u,v) € S. This implies that

(LLY 'L|s = L(LL)Y|s,

and therefore RL|s = ids. Since RL : W1? — WP is continuous and S C WhP
is dense, it follows that RL = idy1.». The claim follows. (I

The maps
A2 @ B2 [P - IP, A 2@ B 2 Wi  Whe
are automorphisms. Therefore, (A.33) and the claim imply that T is an isomor-

phism.
Consider now the general case A\ € R. The map

L? 5 (u,v) — (-)_)‘(u,v) e L%
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is an isometric isomorphism. Furthermore, by Proposition 90(ii) the map
WP 3 (u,0) — () (u,v) € WHP
is well-defined and an isomorphism. We define
Si= (P00 @ (WNO() ) WP — LP.
Direct calculations show that
o= ()M Do+ SO 18007 < M2, 18007 < ) A2,

Therefore, Proposition 90(iii) implies that the operator S is compact. Since we
proved that Ty is an isomorphism, it follows that T is a Fredholm map of index 0.
This proves Proposition 97 in the general case. [

A.5. Smoothening a principal bundle

The main result of this section states that a principal bundle of Sobolev class
Wi’f is Sobolev isomorphic to a smooth bundle, if p is large enough. This will be
used in the proofs of Propositions 69, 103, and 106 in the next section. Let n € N be
an integer, p > n/2 a real number, X a smooth manifold (possibly with boundary)
of dimension n, G a compact Lie group, and P a G-bundle over X of class Wi’f.m

99. THEOREM (Smoothening a principal bundle). If p > % and P is as above

then there exists an isomorphism of principal G-bundles of class I/Vlif , from P to
a smooth bundle over X.

The proof of this result relies on the facts that there exists a smooth G-bundle
that is “C%-close” to P, and that if two “Sobolev bundles” are “C°-close” then they
are “Sobolev-isomorphic”. In order to explain this, let & be an open cover of X.
We call a collection of functions

qu'.u Uunv’ — G (U,U/ EU)
compatible iff it satisfies
(A.34) guu =1, guruvguu=guruvonlUnN unu’, voU,U"el.

REMARK. The second condition means that the collection (gp+7) is a Cech
1-cocycle. O

Recall that a cover U of X is called locally finite iff every point x € X possesses
a neighborhood which intersects only finitely many sets in U. By a refinement of
the cover U we mean a cover V of X, together with a map V 5V — Uy € U, such
that V' C Uy, for every V € V. The first ingredient of the proof of Theorem 99 is
the following.

100. PROPOSITION (Smoothening a compatible collection of maps). Let

guu EWSP(UNU',G) (UU €U)

C

12By definition, this means the following. Let U,U’ C X be open subsets, and ® : U x G — P
and ®' : U’ x G — P local trivializations. Then the corresponding transition function gy ¢ :
UNU’ — G is bounded in W?2P on every compact subset X C U NU’. Note here that K may
intersect the boundary 9X.
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be a compatible collection, and W a neighborhood of the diagonal in G x G. Then
there exists a locally finite refinement V 5 V' +— Uy € U consisting of open precom-
pact sets, and a compatible collection of smooth maps

hV7V/:VﬂV/—>G (V,V/GV),
such that
(A35) (hv,vl (l‘),gUV’UV/ (31‘)) eW, VV, V' e V,zeVn %48

REMARK. This result says that there exists a smooth Cech 1-cocycle, which
is arbitrarily close in the uniform sense to a given Cech 1-cocycle of Sobolev class.
Condition (A.35) may look unconventional, but it is a natural way of stating the
closeness condition. An alternative would be to introduce a Riemannian metric on
G and formulate the condition in terms of the induced distance function on G. O

PROOF OF PROPOSITION 100. We may assume w.l.o.g. that X = (), by con-
sidering the double X#X. If X is compact then the statement follows from [Is,
Theorem 2.1], using the fact that W?2P-maps are continuous, since p > n/2. In the
general case, it follows from an adaption of that proof: We first choose a locally finite
refinement V 3 V — Uy € U by precompact sets, and define 9</,v' = guv Uy lvav:.

Then we follow the argument of the proof of [Is, Theorem 2.1], for the cover V.'3
This proves Proposition 100. (I

The next lemma will also be used in the proof of Theorem 99.

101. LEMMA. There exists a neighborhood A of the diagonal G x G with the
following property. Let n € N be an integer, p > 4 a real number, X a smooth
manifold of dimension n, and U a locally finite cover of X by precompact sets.
Then there exists a refinement V 5 V +— Uy € U such that the following holds. Let

guu EWPP(UNU',G), hyy e WP(UNU',G) (UU €lU)
be compatible collections of maps satisfying
(guu (@), hup (x) €N, YeeUNU', UU €U.
Then there exists a collection of maps kv € W2P(V,G) (V € V), such that
(A.36) ky!hv vky =gy on VNV,
PrOOF OF LEMMA 101. This is a direct consequence of [We, Lemma 7.2]. O
For the proof of Theorem 99, we also need the following.

102. REMARK. Let U be an open cover of X, and gy v (U,U" € U) be a
compatible collection of maps. We define the set

Py v) = {(U,z,9) | UceU,zeU geG}/~,
where the equivalence relation ~ is defined by
(U,z,9) ~ (U 2", ¢")if e =2" €e UNU’ and ¢’ = ggu' v(x).
If the maps gy u are smooth, then this set naturally is a smooth G-bundle, and if

the maps gy, are of Sobolev class WEP with kp > n = dim X, then it naturally

loc

13Note that we can choose the sets in the refinement of V as in that proof to be precompact,
since the sets in V are precompact.



112 A. AUXILIARY RESULTS

is a G-bundle of class V[/l];f In either case, a system of local trivializations is given
by
(A.37) Oy :UxG— P, (Py).(g) :=y(z,9):=[U,z,qg],
where [U,z,g] denotes the equivalence class of (U,z,g). The map gy y is the
transition map from @y to ®y.. This means that

(@v);  (Pv)al9) = ggurv(2), VeeUNU', geq.
Let kp > n, and (gu,v) and (hyry) be compatible collections of maps of class
Wllf)’cp. Then the bundles P, , ) and P, ) are Wflif—isomorphic, if there exists

a collection of maps ky € Wllz’cp

(A.38) k() hy v(2)ku(2) = gup(z), Yo e UNU'VU,U' €U.
Defining @y as in (A.37) and Uy similarly, with gy ¢ replaced by hys y, an iso-
morphism Pyr v) = Plhy, ) 1s given by

[U,z,9] = (Yu)e (kv (2)(®0); ' (9))-
(It follows from the compatibility condition (A.34) and (A.38) that this map is

well-defined, i.e., the right hand side above does not depend on the choice of the
representative (U, z,g).) O

(U, @), satisfying the equation

PrOOF OF THEOREM 99 (P. 110). We choose a cover U of X, and a system
of local trivializations &y : U x G — P of class I/Vlif (U el). For U,U" € U we

denote by gy : UNU’' — G the corresponding transition map, defined by

gurv (@) = (), (Pv)a,
where for ¢ € G, -g : G — G denotes right multiplication. We choose a neigh-
borhood N of the diagonal in G x G as in Lemma 101, and a refinement V and a
collection of smooth maps hy v (V,V’' € V) as in Proposition 100. Using (A.35),
we may apply Lemma 101 with U, gur v, hy v replaced by V,gu,,., vy, hv, v, to
conclude that there exists a refinement W 5 W +— Vi € V, and a collection of
maps ky € WP(W,G) (W € W), such that
ki i v kw = guy U, o0 WO W VIV, W € W,

Therefore, the statement of Theorem 99 follows from Remark 102. O

A.6. Proof of the existence of a right inverse for d7

In this section we prove Proposition 69 (Section 3.2.4). We need the follow-
ing results. Let n € N, G be a compact Lie group with Lie algebra g, (-,-)q
an invariant inner product on g, and (X, (-,-)x) a Riemannian manifold (pos-
sibly with boundary) of dimension n. Recall the definitions (3.39,3.40,3.41) of
|l |k7p7A,9271)7[4(9]3),ri’p(gp),rp(gp). If X is compact, p > n/2, and P is a G-
bundle over X of Sobolev class W?2?, then we denote by AYP(P) the affine space
of connection one-forms on P of class WP,

103. PROPOSITION (Uhlenbeck gauge). Let n/2 < p < co. Assume that X is
compact and diffeomorphic to the closed ball B; C R™. Then there exist constants
€ > 0 and C with the following property. Let Py and P be G-bundles over X of
class W2P_ and Ag, A € ALP(P) connections, such that Ag is flat and

[Fall, <e.
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Then there exists an isomorphism of G-bundles ® : Py — P, of class W?2?, such
that

(A.39) 1A — Ao

1,p,40 < C”FA”P’
The proof of this result is based on the following.

104. LEMMA (Uhlenbeck gauge with trivial connection). Let n/2 < p < oo.
Assume that X = B; C R", equipped with the standard metric (-,-)o. We denote
by Py the trivial G-bundle X x G, and by Ag the trivial connection on this bundle.
Then there exist constants ¢ > 0 and C > 0, such that for every connection
A € AVP(Py), satisfying ||Fal|, < €, there exists a gauge transformation g on Py of
class W?2P_ such that

”g*A - AO”l,p,Ao,(w')o < CHFAHZ)
PROOF OF LEMMA 104. This follows e.g. from [We, Theorem 6.3]. O

In the proof of Proposition 103 we also use the following.

105. REMARK. Let

n
EGN(N p€<M7oo>a

and (-, )’y be a Riemannian metric on X. Assume that X is compact. Then there
exists a constant C' > 0 such that

C M allkpiyxa < lallkpir.a < Cledlkp, . x.a,

for every G-bundle P over X, of class W*T1P connection A € A%P(P), integer k €
{0,...,£+ 1}, and every differential form o on X with values in gp, of class WP,
(Here the degree of « is arbitrary.) This follows from an elementary argument,
using induction over k. O

PROOF OF PROPOSITION 103. Consider first the case X = B, together with
the standard metric. We choose constants ¢, C' as in Lemma 104. Let Py, P, Ag, A
be as in the hypothesis. We show that the required isomorphism & exists. It follows
from Theorem 99 that we may assume without loss of generality that Py and P
are smooth. Since X is smoothly retractible to a point, Py and P are smoothly
isomorphic to the trivial bundle over X. Hence we may assume without loss of
generality that they are the trivial bundle. Since Ay is flat, it follows from Lemma
104 that Ag is W2P-gauge equivalent to the trivial connection on X x G. Therefore,
the statement of Proposition 103 is a consequence of Lemma 104.

The situation in which (-,-)x is a general metric, can be reduced to the above
case, using Remark 105. This proves Proposition 103. (Il

The proof of Proposition 69 is based on the following. Recall from (3.42) that

W=—xdax: O, A(gp) — IP(gp)

denotes the formal adjoint of the operator dys. If (X,| - ||x) and (Y, ]| - |ly) are
normed vector spaces and 7' : X — Y a bounded linear map then we denote by

||} = sup {[| T}y |v € X : [Jafx <1}

the operator norm of T
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106. PROPOSITION. Let p > n. Assume that X is diffeomorphic to B; C R™,
and (X, (-,-)x) can be embedded (as a Riemannian manifold) into R™, together
with the standard metric. Then there exist constants ¢ > 0 and C' > 0, such
that for every G-bundle P — X of class W?P, and every connection A € ALP(P)
satisfying || Fa|l, < €, there exists a right inverse R of the operator
(A.40) dida :T%"(gp) — T7(gp),
with operator norm ||R|| bounded above by C.

For the proof of this result, we need the following three lemmas.

107. LEMMALTWiSted Morrey’s inequality). Let p > n. Assume that X is
diffeomorphic to B;. Then there exist constants C' and € > 0 such that for every
G-bundle P — X of class W%?, and A € A"P(P), the following holds. If ||[Fal|, < e

then
(A.41) lalloe < Cllallipa, VaeQi, a(ap), i€ {0,...,n}.

Proor oF LEMMA 107. We denote by Ag the trivial connection on the trivial
bundle Py := X x G.

CLAIM. There exists a constant C; > 0 such that the inequality (A.41) holds
with C' = Cy and A = Ajp.

PROOF OF THE CLAIM. This follows from Morrey’s theorem, using the hypoth-
esis p > n. O

We choose constants € > 0 and Cy := C as in Proposition 103. Let P be a
G-bundle over X, of class W?P, and A € AVP(P), such that ||F4|, < e. By the
statement of Proposition 103, there exists an isomorphism ® : Py — P of class
W?2P_ such that

(A.42) [97A = Aoll1p,40 < Col[Fallp-
Let i € {0,...,n} and o € Qf , ,(gp). We set
A =0*A, o =0%a, C5:= max{|[§7n]| ’f,n €g: ¢ <1, In < 1},
where the norm | - | is with respect to (-,-)g. A direct calculation shows that
(vAo _ VA’)O/ — [(A/ _ AO) ® O[l],

where [-] : gp ® gp — gp denotes the map induced by the Lie bracket on g. Using
the above claim, it follows that

(A43) lafleo =llo/llec < Cillo"l1p.a0 < Cr(ll[l1p.a7 + C5[IA" = Aollcle[,)-

The above claim, inequality (A.42), and the assumption ||[Fall, < ¢ imply the
estimate ||A" — Agllee < C1C2e. Combining this with (A.43), the statement of
Lemma 107 follows. (Il

108. LEMMA. Let p > n and € > 0. Assume that X is diffeomorphic to B;.
Then there exists a constant § > 0 with the following property. Let P — X be a
G-bundle of class W2P Ay, A € AYP(P), and € € Fi’f(gp), such that Ag is flat

(A.44) |A— Ay

ILP,AO <.
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Then the following inequalities hold:

(A.45) | (dsyda — ZOdAO)EHP <ell€ll1,p, 405
(A.46) [€ll2.p,4 < (1 +&)[€]12,p,40-
Proor or LEMMA 108. We have
(A.47) dyda — d3y da,
= (da — day)*(da —da,) + &y (da — da,) + (da — da,)*da,,
(A.48) da —da, = [(A —Ag) A ]

It follows that there exists a constant C' > 0 such that
[(diada — diy dag )l
< (114~ Aol liéll + 744 — A)]|, I€lle + 14— Aolloclldactl, ),

for every G-bundle P — X of class W2P Ay, A € AYP(P), and ¢ € I‘i’f(gp).l"‘
Using Lemma 107 and flatness of Ag, it follows that there exists a constant § > 0
such that inequality (A.45) holds for every P, Ay, A, & as in the hypothesis.
Inequality (A.46) follows from an analogous argument, involving formulas for
VAVA — vAvAo and VA — VAo similar to (A.47,A.48). This proves Lemma
108. O

109. LEMMA. Let X and Y be Banach spaces, and Tp,S : X — Y and Ry :
Y — X bounded linear maps, such that
1
IS < o7
2||Rol|
Then there exists a right inverse R of Ty + S, satisfying || R|| < 2||Rol.

ToRo = id,

The proof of this lemma will use the following remark.

110. REMARK. Let X be a Banach space, and T : X — X a linear map
satisfying ||T|| < 1. Then id 4+ T is invertible, and
e ="t
LT
This follows from a standard argument, using the Neumann series ZnENg (=1)~1™.
O

|(id+T)

Proor oF LEMMA 109. By hypothesis, we have
1
ISRoll < IS 1Roll < 5.
Hence using Remark 110, it follows that the map
R:=Ry(id+ SRy) ™' :Y - X
is well-defined and has the desired properties. This proves Lemma 109. (]

PROOF OF PROPOSITION 106 (p. 114).

MThe constant C depends on the Lie bracket on g and the metric on X, but not on the
bundle P.
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1. CLAIM. Let 1 < p < co. There exists a constant C' > 0 such that for every
G-bundle P — X of class WP and every flat connection A on P of class WP,
there exists a right inverse R of the operator (A.40), satisfying ||R|| < C.

PrOOF OF CLAIM 1. By Theorem 99 we may assume without loss of generality
that P is smooth. We choose a smooth flat connection Ay on P. By Proposition
103 there exists an automorphism ® of P, of class W??, such that inequality (A.39)
holds. Since A is flat, it follows that ®*A = Ay, and thus ®*A is smooth. Hence
we may assume w.l.o.g. that A is smooth.

For an open subset U C R™ we denote by C§°(U) the compactly supported
smooth real valued functions on U. We define the operator T : C§°(By) — C*(By)
as follows. We denote by ® : R™\ {0} — R the fundamental solution for the Laplace
equation. It is given by

= log ||, if n=2
o(z) = /2 2" ifn#£2
2(2—n)m2 ’ ’

where I' denotes the gamma function. (See e.g. [Ev], p. 22.) Let f € C§°(B).
We define f : R™ — R to be the extension of f by 0 outside B;. We denote by
convolution in R™ and define

Tf:= (D f)lp,.

Note that @ is locally integrable, hence the convolution is well-defined. Further-
more, T'f is smooth, and AT f = f.15

2. CLAIM. There exists a constant C such that
T fllw2r sy < Cllfllzesy, Y € Ce7(Br).

PrOOF OF CLAIM 2. Young’s inequality states that
1T fllzes) < [ ®@lpr o) I fllr(my), V€ C°(Ba).

Furthermore, the Calderén-Zygmund inequality states that there exists a constant
C such that for every f € C§°(R™) we have || D?(®xf)|, < C||f|l,-'® The statement
of Claim 2 follows from this. O

We fix a constant C' as in Claim 2. By this claim the map T uniquely extends
to a bounded linear map

T:LP(By) — W*P(By).

Since ATf = f, for every f € C§°(By), a density argument shows that AT f = f,
for every f € W2P(By), i.e., T is a right inverse for A : W2P(B;) — LP(By).

Let now G be a compact Lie group, (-,-)g an invariant inner product on g =
LieG, and (X, (-,")x) a Riemannian manifold as in the hypothesis of Proposition
106. Without loss of generality we may assume that X is a submanifold (with
boundary) of R™, and that (-,-)x is the standard metric. Let 7 : P — X be a
G-bundle, and A € A(P) be a flat connection. We fix a point pg € P, and denote
by o : X — P the A-horizontal section through pg. This is the unique smooth

15The first assertion follows from differentiation under the integral, and for the second see
e.g. [Ev, Chap. 2, Theorem 1].
16This follows e.g. [MS2, Theorem B.2.7], using (8;®) * f = 8;(® * f).
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section of P satisfying Ado = 0 and ¢(0) =
flat, and X is diffeomorphic to B;.) For k >

\Ijk : Wk’p(Blvg) - F]Xp(gp)7 \I/k‘g =G- (07 g)

po. (Such a section exists, since A is
0 we define the map

This is an isometric isomorphism. We define R := —W,;TW¥ L Tt follows that
[R]| < IellITlIes | = 7] < C.
A straight-forward calculation shows that
dydaVy = Uod*d = —UoA : W*P(By,g) — I (gp).
It follows that R is a right inverse for d%d4. This proves Claim 1. (]
We choose constants C; := C' as in Claim 1, § as in Lemma 108, corresponding

to e = min {1/(2C1),1}, (e1,C2) := (&, C) as in Proposition 103, and (g2, C3) :=
(e,C) as in Lemma 107. We define

1)
€= min{@,el,sz}.

Let P — X be a G-bundle of class W?P, and A € A"P(P), such that |[Fall, < e.
The statement of Proposition 106 is a consequence of the following claim.

3. CLAIM. There exists a right inverse R of d*da, satisfying || R|| < 4C;.

Proof of Claim 3. We choose a flat connection ZO on P of class W'P.'7 Since
|Fallp < € < €1, by the statement of Proposition 103 with Py = P there exists an
automorphism ® of P of class WP, such that

(A.49) 19*A = Aol , 7, < Call Fallp-

We define Aq := <I>*Z0. By the statement of Claim 1 there exists a right inverse Ry
of the operator

di,da, 1 T5P(ap) — TP (gp),

satisfying ||Ro|la, < C1, where || - ||4, denotes the operator-norm.'® The assump-
tion ||Fall, < e < 6/Cy and (A.49) imply that the condition (A.44) is satisfied.
Therefore, by (A.45) with “€”=1/(2C), we have
* * 1
diyda — dyday| ) <

| <30,
Therefore, applying Lemma 109, there exists a right inverse R of the operator
diyda T (ap) — IP(gp),

satisfying ||R||4a, < 2C;. Combining this with inequality (A.46) (with “c”= 1),
it follows that ||R|la < 4C;. This proves Claim 3 and completes the proof of
Proposition 106. (I

In the proof of Proposition 69 we will also use the following lemma.

1714 follows from an argument involving Theorem 99 that such a connection exists.
18Here we use the subscript “Ap” to indicate that the definition of this norm involves the
connection Ag.
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111. LEMMA. Let n € N, p € [1,00], and f € LP(BY). Then the function

x1
B{’BxH/ f(t7x2,...,acn)dt
0
lies in LP.

Proor OoF LEMMA 111. Consider first the case p = 1 and n = 1, and let
f € L*((0,1)). Defining x(¢,z) := 1 if t < z, and 0, otherwise, Fubini’s theorem
implies that
1 T 1
/ / |f()| dt dax = / x(t, z)|f(t)| dt dx = / (1 —=¢8)|f(t)]dt < 0.
o Jo [0,1]x[0,1] 0
The statement of the lemma in the case p =1 and n = 1 follows. For p =1 and a

general n the proof is similar.
For a general exponent p, Holder’s inequality implies that

x1 p 1
/ [t o, ... xy)dt] < |x1|p_1/ |f(t,w2,...,mn)|pdt.
0 0

Hence in general, the statement of the lemma follows from what we have already
proved, by considering the function |f|?. O

We are now ready to prove that d* admits a right inverse:

PROOF OF PROPOSITION 69 (P. 86). We prove statement (i).
Let n,G, (-, -)g, 0. X, (-,-) x, P, A be as in the hypothesis. We show that the operator
d*% admits a bounded right inverse. By Theorem 99 we may assume w.l.o.g. that P
is smooth. Since by assumption, X is diffeomorphic to By, we may assume without
loss of generality that X = B;. The Hodge *-operator induces an isomorphism
between Qi,p,A,(ﬁx(gP) and QZ,;,Z'A,Q,A)X(QP)' Using the equality d% = — x dx, it
follows that the operator

dy Q%,p,A,(-,-);g(gP) - Pf.,.>x(9P)
admits a bounded right inverse, if and only if the operator
da = QY L (8P) = Q5,0 (8P)

does so. Since X = B is compact, using Remark 105, it follows that the condition
that d% admits a bounded right inverse, is independent of the metric (-,-)x. Hence
we may assume without loss of generality that (-,-)x is the standard metric on
By CR".

1. CLAIM. There exists a bounded linear map
(A.50) T:T5"(gp) — i ,.a(ep),
such that dT = id.

PRrROOF OF CLAIM 1. We define 2 C R x P to be the subset consisting of all
(t,p) such that

(A.51) R R A
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where z := 7(p) € Bi. Furthermore, we denote by ¥ : 2 — P the A-parallel
transport in xj-direction. Let (t9,po) € Q. We denote zg := w(pg) € B1. Then
U(to,po) = p(to), where

p: {t € R|(t, zo) satisfies (4.51)} — P
is the unique path satisfying
(A.52) prop(t) =zg+ (¢,0,...0), Ap=0, p(0)=po.*

Let £ € TYP(gp). We define €: P — g by the condition [ ,g(p)] = £ om(p), for
p € P, and

0
(A.53) n:P—g, p):= §oU(t,p)dt € g,
.
where (z1,...,2,) := 7(p). Furthermore, we define the section n : By — gp by the
condition o 7(p) = [p, 7(p)], for every p € P, and
T¢ == —ndat.

This defines the operator (A.50). Claim 1 is a consequence of the following.

2. CLAIM. The section 7 lies in T'yP(gp) and satisfies
(A.54) d (ndzt) = —¢€.

Proof of Claim 2. The section is of class L°°, since £ is of this class, by Morrey’s
embedding theorem. We denote by eq,...,e, the standard basis of R". We show
that

(A55) dAn el = f.
Let z € R". We fix a point pg in the fiber of P over (0,z3,...,z,), and define

the path p(t) := U(t + x1,po). Using the equality U(s,p(t)) = ¥(s +t + x1,po), it
follows from (A.53) that

0 . I1+t~
770 p(t) :/ §O\P(S+t+x1,po)d5:/ o U(s,pg)ds.
0

—x1—1

It follows that

daip(0)p(0) = Z| (1)) = E(p(0).

and therefore, dan(x)e; = £(x). This proves (A.55). It follows that dane; is of
class WP,

Let now ¢ € {2,...,n}. We show that |dane;| € LP(B}). We fix € R" and
choose a smooth path ¢ +— p(t), such that = o p(t) = = + te;. Using (A.53) with
p = p(t) and differentiating under the integral, we obtain

0

L)) = [ dag(ws.p000) 5

—T1

(s, p(t))ds.?°
t=0

11 some smooth trivialization of the bundle P the conditions (A.52) correspond to the
ordinary differential equation § = —g¢& with initial condition g(0) = 1, for a path ¢ — g(t) € G.
Here £(t) corresponds to the first component of A at p(t). This equation is of the form g(t) =
f(t,g(t)), where f is continuous in ¢ and Lipschitz continuous in g. (Here we use that A is of class
WLP with p > 2.) Therefore, by the Picard-Lindeldf theorem, there exists a unique solution of
the initial value problem, and thus of (A.52).

20fere we used that the lower limit of the integral expressing 7 o p(t) is —z1, for every t.
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Since m,p(0) = e; and o U(s,p(t)) = = + se; + te;, it follows that
0

|dan(z)e;| < / }dAf(x + sel)ei|ds.

o
By Lemma 111 with f := |da€e;|, using the assumption £ € F}L{p(gp), it follows
that |[dane;| € LP(B}). Therefore, 7 lies in 7 , 4(gp). To prove equality (A.54),
observe that
d*(ndat) = — % dA(ndsc2 A... /\dx”) = — % (fdazl A... /\dm") =-£,
where in the second step we used (A.55). This proves Claim 2 and hence Claim 1.
O

We choose a map T as in Claim 1, and a flat connection 4y € A(P). By
Proposition 106 there exists a bounded right inverse Ry of

d,dag T30 (ap) — TP (gp).
Statement (i) is now a consequence of the following.
3. CLAIM. The operator
R:=dsRy+T(id — dydaRo) : LP(gp) — Q1 , a(ap)
is well-defined and bounded, and d*% R = id.

PROOF OF CLAIM 3. A short calculation shows that S := dda — d}y da, is
of first or zeroth order. Hence it is bounded as a map from I‘i’p(gp) to T'%”(gp).
Furthermore, the equality

id — d%daRy = —SRy

holds on smooth sections of gp. This implies that R is well-defined and bounded.
A short calculation shows that d% R = id. This proves Claim 3, and completes the
proof of (i). O

To prove statement (ii), we choose constants ¢ and C' as in Proposition 106.
Let P — X be a G-bundle of class WP, and A € AVP(P), such that ||[Fal, < e.
By the statement of Proposition 106, there exists a right inverse R of the operator
d5da : T%P(gp) — TP(gp), satisfying |R|| < C. The operator d4R is a right
inverse for d¥, satisfying ||daR| < ||dall |R|| < C. Here in the last inequality we
used the fact ||d4|| < 1, where

da:T57(gp) — Qi alep)-
This proves (ii), and completes the proof of Proposition 69. (I
A.7. Further auxiliary results

The next two results were used in the proofs of Proposition 38 (Section 2.5)
and Theorem 78 (Appendix A.1).

112. THEOREM (Uhlenbeck compactness). Let n € N, G be a compact Lie
group, X a compact smooth Riemannian n-manifold (possibly with boundary), P
a smooth G-bundle over X, p > n/2 a number, and A, a sequence of connections
on P of class WP, Assume that

sup || Fa, || z»(x) < oo.
veN
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Then passing to some subsequence there exist gauge transformations g, of class
W?2P_ such that g% A, converges weakly in WP,

PROOF OF THEOREM 112. This is [We, Theorem A]. See also [Uh, Theorem
1.5]. O

113. PRoPOSITION (Compactness for ;). Let M be a manifold without bound-
ary, k € N, p > 2 numbers, J an almost complex structure on M of class C¥,
Q1 C Q9 C ... C C open subsets, and u, : 2, — M a sequence of functions of
class WP, Assume that 9u,, is of class WIIZ’CP, for every v, and that for every open
subset Q C |, ©, with compact closure the following holds. If vy € N is so large
that Q C Q,, then

(A.56) JK C M compact: u,(Q) C K, Vv >,
(A.57) SUDP, >, ||du1/HLP(Q) < 00,
(A.58) SUp, >, 105U [[w.rq) < 00.

Then there exists a subsequence of u,, that converges weakly in W*+1P and in C*
on every compact subset of (J, Q..

PROOF OF PROPOSITION 113. The proof goes along the lines of the proof of
[MS2, Proposition B.4.2]. O

The next lemma was used in the proofs of Propositions 38 (Section 2.5) and 77
(Appendix A.1), and of Theorem 3.

114. LEMMA (Regularity of the gauge transformation). Let X be a smooth
manifold, G a compact Lie group, P a G-bundle over X, k € Ng, and p > dim X.
Then the following assertions hold.

(i) Let g be a gauge transformation of class VVI}Jf and A a connection on P of
class C*, such that g* A is of class C*. Then g is of class C**1.

(ii) Assume that X is compact (possibly with boundary). Let U be a subset of
the space of W¥*P-connections on P that is bounded in W*P. Then there
exists a W*T1P-bounded subset V of the set of W*+1:P_gauge transformations
on P, such that the following holds. Let A € U and g be a W!P-gauge
transformation, such that g*A € . Then g € V.

PROOF OF LEMMA 114. This follows by induction over k, using the equality
dg = g(g9*A) — Ag and Morrey’s inequality (for (ii)). (For details see [We, Lemma
A.8].) O

The next proposition was used in the proof of Proposition 40 (Quantization of
energy loss) in Section 2.5.

115. PROPOSITION. Let n € N, G be a compact Lie group, P a G-bundle over
R™, and A, A’ smooth flat connections on P. Then there exists a smooth gauge
transformation g such that A’ = g*A.

PROOF OF PROPOSITION 115. 2! In the case n = 1 such a ¢ exists, since then
the condition A" = g*A can be viewed as an ordinary differential equation for g.
Let n € N and assume by induction that we have already proved the statement for
n. Let P be a G-bundle over R"*! and A, A’ smooth flat connections on P. We

211 the case n = 2, see also [Fr1, Corollary 3.7].
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define ¢ : R® — R"*! by (z) := (x,0). By the induction hypothesis there exists a
smooth gauge transformation gy on t*P — R"™, such that
(A.59) gort A=A
Since P is trivializable, there exists a smooth gauge transformation g on P such
that t*gg = go.

Let z € R". We define ¢, : R — R"*! by 1, (¢) := (z,t). There exists a unique
smooth gauge transformation h, on ¢i P — R, such that
(A.60) RicigsA= 1A' hy(p) =1,Vpe€ fiber of tiP over 0 € R.

To see this, note that these conditions can be viewed as an ordinary differential
equation for h, with prescribed initial value. Since this solution depends smoothly
on z, there exists a unique smooth gauge transformation h on P such that ¢3h = hy,
for every x € R™. The gauge transformation g := goh on P satisfies the equation
A’ = g*A. This follows from (A.59,A.60) and flatness of A and A’. This proves
Proposition 115. d

The next result was used in the proofs of Proposition 38, Remark 43 (Section
2.5), and Theorem 3. Let M,w,G,g, (-, )g, 4, J, X,ws,j be as in Chapter 1. We
define the almost complex structure J on M as in (2.1). The energy density of a
map f € WHP(X, M) is given by

1
erlz) i= Sl P,

where the norm is with respect to the metrics wx(-,j-) on ¥ and @(-,J-) on M.
Let P be a smooth G-bundle over ¥, A a connection on P, and v : P — M an
equivariant map. We define
1
e?‘ﬁu = ildAqu

where the norm is taken with respect to the metrics wx(+,j-) on ¥ and w(-, J-) on
M. Furthermore, we define

w:% — M, u(z):= Gu(p),
where p € P is an arbitrary point in the fiber over z.
116. PrROPOSITION (Pseudo-holomorphic curves in the symplectic quotient).

Let P be a smooth G-bundle over ¥, p > 2, A a Wli’f -connection on P, and

u: P — M a G-equivariant map of class VVlif , such that g ow = 0. Then we have

eq = eiﬁu.
If (A, u) also solves the equation d4(u) = 0 then
d5t = 0.
PrROOF OF PROPOSITION 116. This follows from an elementary argument. For
the second part see also [Ga, Section 1.5]. O

In the proof of Theorem 3 we used the following lemma.

117. LEMMA (Bound for tree). Let k € Ny be a number, (T, E) a finite tree,
a1,...,ax € T vertices, f: T — [0,00) a function, and Ey > 0 a number. Assume
that for every vertex a € T" we have

(A.61) fla)>Ey or #{BeT|abBB}+#{ic{l,....k}|o;=a}>3.
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Then 5
< 2 acr f0)
Eo
PROOF OF LEMMA 117. This follows from an elementary argument.?? O

The next result was used in the proof of Proposition 44 (Section 2.6). Let
(X, d) be a metric space®, G a topological group, and p : G x X — X a continuous
action by isometries. By 7 : X — X/G we denote the canonical projection. The
topology on X, determined by d, induces a topology on the quotient X/G.

118. LEMMA (Induced metric on the quotient). Assume that G is compact.
Then the map d: X/G x X/G — [0, 00] defined by

d(z,7) = min_d(z,y)

TET, YEyY

is a metric on X/G that induces the quotient topology on X/G.
Proor oF LEMMA 118. This follows from an elementary argument. O

The following two lemmas were used in the proof of Proposition 48 (Section
2.8).

119. LEMMA. Let X be a topological space, x € X, and x,, € X be a sequence.
Then z, converges to x, as v — oo, if and only if for every subsequence (v;);en
there exists a further subsequence (i;);en, such that Zy,, converges to z, as j — oo.

PrROOF OF LEMMA 119. This follows from an elementary argument. U
Let X be a topological space and G a group. We fix an action of G on X.

120. LEMMA (Convergence in the quotient). Assume that X is first-countable
and that the action of every g € G is a continuous self-map of X. Let y, € X/G,
v € N, be a sequence that converges to a point y € X/G, and = be a representative
of y. Then there exists a representative z, of y,, for each v € N, such that z,
converges to .

PrOOF OF LEMMA 120. This follows from an elementary argument. [

The connection V4. Next we explain the twisted connection V4, which ap-
peared in the definition of the space Xﬁf‘, occurring in Theorem 4. Let £ — M
be a real (smooth) vector bundle. We denote by C(E) the affine space of (smooth
linear) connections on E. Let VF € C(FE). Let N be a smooth manifold, and
u: N — M be a smooth map. We denote by u*E — N the pullback bundle. The
pullback connection u*V¥ € C(u*E) is uniquely determined by the equality

(W' VE),(sou) =VE s, YveTN,sel(E).
Let G be a Lie group, 7 : P — X a (right-)G-bundle, and E — P a G-equivariant
vector bundle. Then the quotient E/G has a natural structure of a vector bundle
over X. Assume that G acts on a manifold M, and let £ — M be a G-equivariant

vector bundle. We denote by C%(E) the space of G-invariant connections on E.
We fix A € A(P), VF € CY(E), and u € CZF (P, M). We define

(A.62) VA€ COW E), V25:= (u'VE)s_pans

v

22Gce e.g. [MS2, Exercise 5.1.2.].
234 is allowed to attain the value co.
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for s € T'(w*E), p € P, and v € T,P. We denote by E" the quotient bundle
(u*E)/G — X. We define the connection V4 € C(E") by

(A.63) Vi's =G (po, V43),

for s € I'(E*) and v € TX, where (pg,v) € TP is an arbitrary vector such that
7m0 = v, and § € I'(u*E) is the G-invariant section defined by som(p) = G-(p, s(p)),
for every p € P. This definition is independent of the choice of (pg,?), since the
connection V4 is basic (i.e., G-invariant and horizontal).

The following lemma was mentioned in Chapter 1. Let M,w, G, g, (-,)g, i, J
be as in that Chapter. Let p > 2, A € R, and P — C be a G-bundle of class Wli’cp.

Recall the definition (1.24) of gi(P) We denote by GF(P) the group of gauge

. 2
transformations on P of class I/Vlo’f .

121. LEMMA. If A > 1 — 2/p then the group gfo’f(P) acts freely on the set
BY(P).

PRrROOF OF LEMMA 121. Assume that A > 1 —2/p. Let w:= (A,u) € gf\(P)
and g € gﬁ;f(P) be such that g.w = w. Let p; € P. We show that g(p;) = 1.
It follows from hypothesis (H) that there exists 6 > 0 such that p=1(Bs) € M*
(defined as in (2.14)). Furthermore, Lemma 84 (Appendix A.3) implies that u(pg) €
u~t(Bs), for every py € P, for which |7(pg)| is large enough. We fix such a point
po. Our hypothesis p > 2 implies that P is a C'-bundle. Hence we may choose
a path p € C1([0,1], P) such that p(i) = p;, for i = 0,1. Consider the map
h:=gop:[0,1] — G. By assumption, we have g,u = gou = u. Since u(pg) € M*,
it follows that h(0) = 1. Furthermore, the assumption g.A = A implies that h
solves the ordinary differential equation

(A.64) h = hAp — (Ap)h.

The hypothesis p > 2 implies that the map Ap : [0,1] — g is continuous. Hence
the equation (A.64) is of the form h(t) = f(t,h(t)), where f is continuous in ¢
and Lipschitz continuous in h. Therefore, by the Picard-Lindel6f theorem, we have
h = 1. In particular, we have g(p;) = h(1) = 1. It follows that g = 1. This proves
Lemma 121. U

The next lemma was used in the proof of Theorem 4 (Section 3.2.1). Here for
a linear map D : X — Y we denote coker D := Y/imD.

122. LEMMA. Let X,Y,Z be vector spaces and D' : X - Y and T : X — Z
be linear maps. We define D := D’|er 7. Then the following holds.
(i) ker D = ker(D',T).
(ii) The map @ : coker D — coker(D',T), ®(y + imD) := (y,0) + im(D’,T), is
well-defined and injective. If T : X — Z is surjective then ® is also surjective.

(iii) Let || - ||y, || - ||z be norms on Y and Z and assume that im(D’,T) is closed
inY @& Z. Then imD is closed in Y.

The proof of Lemma 122 is straight-forward and left to the reader.

The following result was used in the proof of Proposition 66 in Section 3.2.3.
We define the map f : C\ {0} — S* by f(z) := z/|z|. For two topological spaces
X and Y we denote by C(X,Y) the set of all continuous maps from X to Y,
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and by [X,Y] the set of all (free) homotopy classes of such maps. Let V be a
finite dimensional complex vector space. We denote by End(V) the space of its
(complex) endomorphisms of V', by det : End(V) — C the determinant map, and
by Aut(V) C End(V) the group of automorphisms of V.

123. LEMMA. The map C(S', Aut(V)) — Z given by ® — deg (f o det o(I>)
descends to a bijection [S, Aut(V)] — Z.

ProOOF OF LEMMA 123. We choose a hermitian inner product V and denote
by U(V) the corresponding group of unitary automorphisms of V. The map
det : U(V) — S! induces an isomorphism of fundamental groups, see e.g. [MS1,
Proposition 2.23]. Furthermore, the space Aut(V) strongly deformation retracts
onto U(V').2* Let ®y € Aut(V). It follows that the map

{@eC(S", Aut(V))|®(1) =Po} — Z, @ > deg(f odetod)
descends to an isomorphism between the fundamental group m;(Aut(V), ®¢) and
Z. Since this group is abelian, the map
T (Aut(V), @) — [S', Aut(V)]

that forgets the base point @, is a bijection. The statement of Lemma 123 follows
from this. O

The next lemma was used in the proof of Theorem 64 (Section 3.2.4). Let X
and M be manifolds, G' a Lie group with Lie algebra g, (-,-)q an invariant inner
product on g, (-, -)as a G-invariant Riemannian metric on M, and V its Levi-Civita
connection. For £ € g we denote by X, the vector field on M generated by . We
define the tensor p: TM @& TM — g by

(A.65) <§,p(v,v’)>g = <va§7'U/>M'
A short calculation shows that p is skew-symmetric. This two-form was introduced
in [Ga, p. 181]. The next lemma corresponds to [Ga, Proposition 7.1.3(a,b)]. Let
P — X be a G-bundle, A € A(P), u € C*(X,(P x M)/G), v € T(TM"), and
¢ € T(gp). We define the connection V4 on TM* — X as on page 123.
124. LEMMA. VAL — L,daé = Va,uXe, daLliv— LiVA = p(dau,v).
PrOOF OF LEMMA 124. This follows from short calculations. ]
Let M,w,G,g,(-,-)g,p and J be as in Chapter 1, and (-,-)ar := w(-,J-). The
following remark was used in the proofs of Theorems 4 (Section 3.2.1) and 64

(Section 3.2.4). Recall the definition (2.14) of M* C M, and that Pr: TM — TM
denotes the orthogonal projection onto imL.

125. REMARK. Let K C M™* be compact. We define

c::inf{'Lgfl xEK,O#ﬁeg}.

Then ¢ > 0. Let € K. Then L} L, is invertible, and
(A.66) I(LiLy) ' <e™?, |Ly(LiLy) ‘| <c™', Lo(LiL,) 'Li = Pr,,

where the |- |'s denote operator norms. Furthermore, | Pr, v| < ¢7!|L%v|, for every
v € T, M. These assertions follow from short calculations. O

24This follows from the Gram-Schmidt orthonormalization procedure.
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Assume that hypothesis (H) holds. The following lemma was used in the proof
of Proposition 67 in Section 3.2.3. For x € M we denote by LS : g — T, M the
complex linear extension of the infinitesimal action.

126. LEMMA. There exists a neighborhood U C M of p~1(0), such that
(A.67) c:= inf{|d,u(x)L£a‘ + | PrLEa| ‘m celU acgt: |a= 1} >o0.

Proor or LEMMA 126. It follows from hypothesis (H) that there exists 6o > 0
such that p=1(Bs,) € M*. We define

Ci=sup{|[&.n]||&neg: € <1, nl <1},

co = inf{|L§|£ r€pu ' (Bs,), 04 €€ 9}-

Since the action of G on M* is free, it follows that L, : g — T, M is injective, for
x € M*. Furthermore, by hypothesis (H) the set u=!(Bs,) is compact. It follows
that cg > 0. We choose a positive number § < min{dy, co/C, c3/C}, and we define
U :=pu~'(Bs).

CLAIM. Inequality (A.67) holds.

Proof of the claim. Let x € U and a = ¢ + in € g©. Then

(A.68) dp(w) Lo = [p(x), €] + L Ly,
Using the last assertion in (A.66), we have
(A.69) PrpLia = L& — Lo(LiLe) ' [u(x),n).

By the first assertion in (A.66), we have |L%L,n| > cZ|n|. Combining this with
(A.68,A.69) and the second assertion in (A.66), we obtain

|du(z) Ll + | PrLgal > —C3l¢| + cjlnl + colé| — c5 ' Cdln).

Inequality (A.67) follows now from our choice of §. This proves the claim and
completes the proof of Lemma 126. (|
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