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NON-EMBEDDINGS

FABIAN ZILTENER (UNIVERSITY OF TORONTO)

Let (M, w) be a symplectic manifold, N C M a coisotropic
submanifold, and ¥ a compact oriented (real) surface. I define
a natural Maslov index for each continuous map v : ¥ — M
that sends every connected component of X to some isotropic
leaf of N. This index is real valued and generalizes the usual
Lagrangian Maslov index. The idea is to use the linear holo-
nomy of the isotropic foliation of N to compensate for the loss
of boundary data in the case codim N < dim M /2. The defi-
nition is based on the Salamon-Zehnder (mean) Maslov index
of a path of linear symplectic automorphisms. I prove a lower
bound on the number of leafwise fixed points of a Hamilton-
ian diffeomorphism, if (M,w) is geometrically bounded and
N is closed, regular (i.e. ”fibering”), and monotone. As an
application, we obtain a presymplectic non-embedding result.
I also prove a coisotropic version of the Audin conjecture.
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1. Motivation and main results

This article is concerned with the following two problems. Let (M,w) be a
symplectic manifold and N C M a coisotropic submanifold. A leafwise fixed
point of a map ¢ : M — M is by definition a point € N such that ¢(z)
lies in the isotropic leaf through x. We denote by Fix(¢, N) := Fix(¢, N, w)
the set of such points.

Problem A: Find conditions on (M,w, N, ) under which Fix(p, N) is
non-empty and give a lower bound on |Fix(cp, N )‘

Note that in the case N = M the set Fix(¢, N) equals the set Fix(y) of
usual fixed points. In the other extreme case, in which N is Lagrangian, we
have Fix(o, N) = NN Y(N).

To formulate the second problem, let V' be a real vector space and w
a skew-symmetric form on V. We denote corankw := dim ker (V S v
w(v, ) € V*). A presymplectic form on a manifold M is a closed two-form w
of constant corank. We say that a presymplectic manifold (M’,w’) embeds
into another presymplectic manifold (M,w) iff there exists an embedding
v : M’ — M such that ¥*w = w’. The next problem generalizes the
symplectic and Lagrangian non-embedding problems:

Problem B: Find conditions on (M, w) and (M’,w") under which (M’, ")
does not embed into (M,w).

In [Zi], T gave some solution to problem A, imposing the conditions that
N is regular and the Hofer distance of ¢ and the identity is small enough.
In the present article, the second condition is replaced by the assumption
that N is monotone. The paper [Zi] also contains some solution to problem
B, assuming that w is non-degenerate and aspherical. In the present article
the latter condition is replaced by monotonicity of w.

To define monotonicity for a coisotropic submanifold N, I introduce a
natural Maslov map for N, which equals the usual Maslov index in the case
dim N = dim M /2, and twice the first Chern class of (M,w) in the case
N =M.

1.1. Definition of the Maslov map. Let (M, w) be a symplectic manifold
(without boundary), N C M a coisotropic submanifold, and X a topological
manifold. We denote by C(X) the set of connected components of X and
by N, the set of isotropic leaves of N. We define

C(X,M;N,w) :={ue C(X,M)|VY € C(0X)IF € N,,: u(Y) C F}.

Let w € C([0,1] x X, M). We call u an (N,w)-admissible homotopy iff for
every Y € C(0X) there exists F' € N, such that u(t,x) € F, for every
t € [0,1], x € Y. We denote by [X,M;N, w] the corresponding set of all
(N, w)-admissible homotopy classes of maps from X to M.

We denote by S the class of all compact oriented (real) topological surfaces
(possibly with boundary and disconnected). Let ¥ € §. The Maslov map
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introduced in this article is a map
(1) My, N =My N : [E,M;N, w] — R.

Its definition involves the following four steps. A more direct, but less nat-
ural definition is given on page 5.

The Salamon-Zehnder Maslov index. Let (V,w) be a symplectic vector
space. We denote by Autw the group of linear symplectic automorphisms of
V. We define the Salamon-Zehnder Maslov index

(2) my : C([0,1], Autw) — R

as follows. We define the winding map a : C([0,1],R/Z) — R by a(z) :=
Z(1) — z(0), where z € C(]0,1],R) is any path such that z(¢t) + Z = z(t),
for every t € R. We denote by p, : Aut(w) — R/Z = S! the Salamon-
Zehnder map (see Proposition 42 below). Let ® € C([0,1], Autw). We
define my,(®) := 2a(py, o D).

The Maslov map for pairs of flat transports. Let X be a topological
manifold. We denote by IIX the fundamental groupoid of X. This is a
topological groupoid. Its set of objects is X and its set of morphisms consists
of all homotopy classes (with fixed end-points) of continuous paths in X.

For two vector spaces V and V' we denote by Iso(V,V’) the set of all
isomorphisms from V to V’'. Let E — X be a vector bundle. We denote by
GL(E) the general linear groupoid of E. This is a topological groupoid. Its
set of objects is X and its set of morphisms consists of all triples (z,y, ®),
where z,y € X and ® € Iso(E,, ).

By a flat (linear) transport we mean a (continuous) representation ® of
IIX on E, i.e. a morphism of topological groupoids from IIX to GL(FE)
that covers the identity on X. Such a ® associates to every homotopy class
of paths x € C([0,1],X) an isomorphism ®([z]) € Iso(z(0),z(1)). It is
equivariant with respect to concatenation of paths. We denote by 7 (E) the
set of all flat transports on £.

We call @ € T(E) regular iff ®([z]) = id, for every z € C([0,1],X)
satisfying x(0) = x(1). Note that if X is a smooth manifold and F is a
smooth vector bundle then the parallel transport of a smooth flat connection
on F is a flat transport.

For symplectic vector spaces (V,w) and (V',w’) we denote by Iso(w,w’)
the set of linear isomorphisms ® : V' — V' such that ®*w’ = w. Let X be a
topological manifold and (F,w) be a symplectic vector bundle over X. We
define GL(E,w) to be the subgroupoid of GL(E) consisting of all (x,y, ®)
such that ® € Iso(ws,wy). We call a transport ® € 7(FE) symplectic iff
®(I1X) C GL(E,w), and denote by 7 (E,w) the set of all such ®’s.

Let X be an oriented closed curve (i.e. topological real one-manifold),
(E,w) a symplectic vector bundle over X, and ®,®' € 7(E,w) be such
that ® or @ is regular. We define the number m,,(®,®’) € R as follows.
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Namely, we choose a path z € C(]0,1],X) such that z(0) = z(1) and the
map S* = [0,1]/{0,1} > [t] = 2(t) € X has degree one. We define ¥ €
C([0,1), Aut(w,())) by T(t) := '([2ljo,9)) ' ®([2l0,4]), and

(3) My, (@, ') :=my,_, (V).

By Lemma 7 below this number is well-defined.

The coisotropic Maslov map for bundles. Let (V,w) be a symplectic
vector space and W C V be a subspace. We denote by W% := {v €
V|w(v,w) = 0,Vw € W} its symplectic complement. Assume that W
is coisotropic. We denote by (W, := W/W¥ wy) its linear symplectic
quotient, and for ® € Aut(w) we define

Dy - Wy, — (BW),, Py (v+ W) = du+ (W),

Let E be a vector bundle over X, W C E a subbundle and ® € 7(FE). We
say that @ leaves W invariant iff ®([z])W, ) = W), for every [z] € T1X.
Let (E,w) be a symplectic vector bundle over X. We define Ci*(E, w) to be
the set of all pairs (W, ®), where W C F is an w-coisotropic subbundle, and
® € T(W,,ww). Let W C E be a coisotropic subbundle, and ® € 7 (F,w)
be a transport that leaves W invariant. We define @y € T (W, ww) by

Dy ([2]) = ([z])w. -

Theorem 1. (Coisotropic Maslov map for bundles) Let ¥ € S be connected
and such that 0% # 0, and let (E,w) be a symplectic vector bundle over Y.
Then there exists a unique map my, g, Clat (B, w) — R with the following
properties.

(i) (Boundary) For every regular transport ®y € T(E,w) and every ® €
T((E,w)lox) we have ms, g o, (Elos, ®) = Mas |5 (P, Po)-

(ii) (Invariant subbundle) Let W C El|gy be an w-coisotropic subbundle,
and VU € T((E,w)|as). If ¥ leaves W invariant then my. g o(E|ox, ¥) =
my go(W, Uw).

For the proof of this theorem, the idea is to define
ms g w(W, ®) = mas o5, (¥, o),

where ¥ € 7 ((E,w)|sx) is a lift of (W, ®), and &y € 7(F,w) is a regular
transport. In order to show that this does not depend on the choice of ¥, the
following result is crucial. Namely, let (V,w) be a symplectic vector space,
W C V a coisotropic subspace, and ¥ € Aut(w) be such that YW = W.
Then p,(V) = £puy, (¥w). (See Proposition 28 below.) The proof of this
identity is based on the existence of a path U € C([0,1], Aut(w)), such
that U1 = ¥, U0 leaves three fixed subspaces of V invariant, and the map
[0,1] 3 t — p,(T!) € R is constant.
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Let ¥ € S be a connected surface satisfying 9% # (. We define s, to be
the class of all quadruples (E ,w, W, <I>), where (F,w) is a symplectic vector
bundle over ¥ and (W, ®) € Cat((E,w)|sx). We define

my : & — R, my(E,w,W,®) :=mx g (W, ),
where my, g, is the unique map satisfying the conditions of Theorem 1.

Definition of my , ny. We now define the map (1) as follows. Assume first
that X is connected. If 9% = () then we define my , n(a) := 2(c;(M,w), a).
Assume now that 9% # §. We denote by hol™¥* the linear holonomy of
the isotropic foliation of N (see (38) below). We define the map my; , v :
C(X,M;N,w) — R by

(4) ﬁlz,w,N(u) =my (u* (TM, w), U‘Bx (TN, holN,W)) .

It follows from Theorem 24(iii) below that this map is invariant under
(N,w)-admissible homotopies. For a general ¥ € S we define my , v by

mywN(u) = szec@) sy o, N (uls).

Definition 2. Let (M,w) be a symplectic manifold, N C M a coisotropic
submanifold, and ¥ € S. We define the Maslov map my, n : [E, M; N, w] —
R to be the map induced by msx o, N-

As an example, let ¥ := D C R? be the unit disk, M := R?", w the
standard structure wg, N := $?"~! and u : D — R?" the inclusion u(z) :=
(2,0,...,0). Thenmp,, g2n-1(u) = 2. For more examples see the subsection
on page 9 about the Gaio-Salamon Maslov index.

The map my v may be viewed as a mean Maslov index. Analogously
to the definition of the Conley-Zehnder index there should also be a natural
integer valued map with the same domain.

The regular case. Let X be a compact topological manifold. We call a
map u € C([0,1] x X, M) a weakly (N,w)-admissible homotopy iff for every
Y € C(0X) and t € [0,1] there exists F' € N,, such that u(t,z) € F, for
every x € Y. We denote by <X ,M; N, w> the corresponding set of homotopy
classes. We call N regular iff its isotropic leaf relation is a closed subset and
a submanifold of N x N. Assume now that IV is regular. Then it follows
from Theorem 19(iv,vi) below that the Maslov map my y takes on integer
values and is invariant under weak homotopies. If NV is also orientable then
by Theorem 19(vi) my, n takes on even values.

1.2. More elementary description. In more elementary, but less natural
terms, the map my,, y is given as follows. Let (V,w) be a symplectic vector
space, and Wy C V a coisotropic subspace. We define the framed coisotropic
Grassmannian G(w, W) to be the manifold consisting of all pairs (W, ®),
where W C V is a coisotropic subspace and ® € ISO((WO)W, Wy} Ww,wW).
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Let (W, ®) € C([0,1], G(w,Wy)) be a path such that W (0) = W (1). We
choose a path ¥ € C(]0, 1], Autw) satisfying W (¢)Wy = W (t) and ¥ (t)w, =
(). (It follows from Lemma 11 below that such a path exists.) We define
My, (W, @) := my, (V). (It follows from Theorem 9(ii) below that this number
does not depend on the choice of U.)

Let now M,w,N,Y and u be as above. For simplicity, assume that
> = D. We denote 2n := dim M. We choose a symplectic trivializa-
tion U : D x R?™ — «*TM, and define Wy := \I/;(ll)Tu(l)N C R?™. We
define the path (W,®) : [0,1] — G(Wy,wy) as follows. Let s € [0,1].
We set W (s) := ‘I’;(lezms)Tu(ezms)N C R?". Furthermore, we define Fj :
(TuyN)w — (Tye2risyIN)w to be the linear holonomy of the isotropic fo-
liation of N along the path [0,1] > t — u(e?™!) € F. We set ®(s) :=
(\I/u(EQWis))‘;/tFS(\I/u(l))WO. The Maslov index of u is now given by

777,]]])7“)7]\[(?1) = mwO(W, (I))

1.3. Leaf-wise fixed points, presymplectic embeddings and mini-
mal Maslov numbers.

Leaf-wise fixed points. Assume that N is regular. We define the minimal
Maslov number

m(N) :=m(N,w) := inf ({mpn(a) |a € (X,M;N,w)} NN) € NU {o0}.

We call N monotone iff there exists a constant ¢ > 0 such that for every
u € C(D,M; N,w) we have mp , N r(u) = ch u*w.

We denote by Ham(M,w) the group of Hamiltonian diffeomorphisms on
M. For every ¢ € Ham(M,w) the pair (N, ) is called non-degenerate iff
the following holds. For z9 € N we denote by pr, : T; N — (T3 N), =
TouoN/ (T, N)“ the canonical projection. Let F' C N be an isotropic leaf,
and x € C*([0,1], F) a path. Assume that ¢(x(0)) = z(1), and let v €
TroyN N Tx(o)go_l(N) be a vector. Then v # 0 implies that

(5) hol N pr, )0 # pry ) dip(2(0))v.
In the case N = M this condition means that for every zp € Fix(y), 1 is
not an eigenvalue of dp(zg). Furthermore, in the case that N is Lagrangian
the condition means that for every connected component N’ C N we have
N' tho(N'), i.e. N and ¢(N') intersect transversely.

For a topological space X and i € NU{0} we denote by b;(X, Z3) the i-th
Zo-Betti number of X.

Theorem 3. Let (M,w) be a (geometrically) bounded symplectic mani-
fold, N C M a closed monotone reqular coisotropic submanifold and ¢ €
Ham(M,w). If (N, ) is non-degenerate then

(6) |[Fix(p, N)| = > bi(N, Zs).
i=dim N—m(N)+2,...,m(N)—2
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This theorem generalizes a result for the case dim N = dim M /2, which
is due to P. Albers [Al].

Examples. A big class of examples is given as follows. Let (X,o) and
(X’,0’) be closed symplectic manifolds and L C X a closed Lagrangian
submanifold. We define (M,w, N) := (X' x X,0' @0, X’ x L). Then N is a
closed regular coisotropic submanifold of M.

Let ¥ € §. We define ¥ to be the closed surface obtained from %
by collapsing each boundary circle to a point. By straight-forward argu-
ments the map @ : [/, X'] x (X, X;L,0) — (2, M;N,w), ®([v], [u]) :=
[(v',u)], is well-defined and a bijection. Furthermore, msy ., y o ®([u], [u]) =
2(c1(TX',0"), [W']) + ms o r([u]). This follows from Theorem 19(ii,viii) be-
low. It follows that m(NN,w) is the greatest common divisor of twice the
minimal Chern number of (T'X’,¢’) and m(L, o).

Assume that there exists ¢ > 0 such that 2(ci(TX’,0"), [u]) = ¢ [g u*0’
for every u € C*°(S?%, X"), and mp, 1 »([u]) = ¢ [ u*o, for every u € C*(D, X)
satisfying u(S') € L. Then N is monotone, and hence (M,w, N) satisfies
the conditions of Theorem 3.

As a concrete example, let n € N, k € {1,...,2n}, X' :== CP", ¢/ be the
Fubini-Studi form wgg, X the torus T?* with the standard form ¢ := wy,
and L = T* C T?* the standard Lagrangian subtorus. Let ¢ € Ham(M,w)
be such that (V, ) is non-degenerate. Then applying Theorem 3 we obtain
[Fix(o, N)[ > >,k on j—o0..2n k choose i —2j7.

Idea of proof of Theorem 3. The idea is to find a Lagrangian embedding
of N into a suitable symplectic manifold, and then apply the Main Theorem
in [Al]. Since N is regular, the set of isotropic leaves N,, carries canonical
smooth and symplectic structures Ay, and wy. We define

(7) M := M x Ny, @w:=w® (—wn),
(8) v N — M, iv (@) = (x,N,), N :=un(N).

Then ¢y is an embedding of IV into M that is Lagrangian with respect to
the symplectic form @ on M. In order for the hypotheses of Albers’ result
to be satisfied, the inequality m(N,&) > m(N,w) is crucial. It follows from
Theorem 19(x) and Propositions 61 below.

Application: presymplectic non-embeddings. Let (M,w) be a sym-
plectic manifold. We denote by ciw’w : [S2?, M] — R the contraction with the
first Chern class of (M, w), and by ¢;(M,w) := inf (ciw’w([Sz, M])NN) € Z
the (spherical) minimal Chern number. Let (M’ ') be a regular presym-
plectic manifold. This means that the isotropic leaf relation of w’ is a closed
subset and a submanifold of M’ x M'. For z,y € NU {oo} we denote by
ged(z,y) € NU{oo} the greatest common divisor of z and y. (Our conven-
tion is that ged(z, 00) = ged(oo,z) = x, for x € N, and ged (oo, 00) = 0.)



8 FABIAN ZILTENER (UNIVERSITY OF TORONTO)

We define p1 := 2ged (¢1(M,w), 1 (M!,,w),)). The proof of the following
result is based on Theorem 3.

Theorem 4. Assume that (M,w) is connected and bounded, every compact
subset of M is Hamiltonianly displaceable, M’ is connected and closed, there
exists an inder i € {dim M’ — p+2,..., 1 — 2} such that b;(M',Zs) # 0,
for some fiber F C M’ every loop u € C(S*,F) is contractible in M’,
dim M’ + corankw’ = dim M, and the following condition is satisfied.

(i) There exists a constant ¢ > 0 such that ci\/l’w = clw] on [S?, M] and

Ml , /
e gLl clwh] on [S?, M.

Then (M',w") does not embed into (M,w).

Note that the condition dim M’ + corankw’ = dim M is critical in the
sense that in the case dim M’ + corankw’ > dim M there is no presymplectic
embedding of any open non-empty subset of M’ into M, whereas in the case
dim M’ + corankw’ < dim M for every point 2’ € M’ there exists an open
neighbourhood that embeds presymplectically into M.

The next result gives a criterion under which condition (i) in Theorem 4
holds and g becomes simpler.

Proposition 5. Let (M,w) be a connected symplectic manifold and (M',w")
a reqular presymplectic manifold, such that some isotropic fiber I C M’ is
simply-connected, dim M’ + corankw’ = dim M, and (M',w") embeds into
(M,w). Then p = 2¢1(M,w). Furthermore, if (M,w) is spherically mono-
tone then condition (i) of Theorem 4 holds.

It follows from Theorem 4 and Proposition 5 that (M’,w") does not embed
into (M, w), provided that dim M’ + corankw’ = dim M and some conditions
on (M,w) and some conditions on (M’ w') are satisfied. (The point here is
that there are no further assumptions involving both (M,w) and (M’,w').)

As an example, let m and n be positive integers, (X,o) a closed sym-
plectic manifold and 7 : M’ — X a closed smooth fiber bundle with sim-
ply connected fibers, such that dim X/2 + &k = m + n and there exists
i€ {2n—k,...,2m} such that b;(M’,Zy) # 0, where k denotes the dimen-
sion of the fibers. We define w’ := 7*0 and denote by wpg the Fubini-Studi
form on CP™ and by wq the standard symplectic form on R?”. It follows
from Theorem 4 that (M’,w’) does not embed into (CP™ x R?™, wpg @ wp).

More concretely, let m be a positive integer and k € {2,...,2m}. Then

CP™ x Sk wpg ® O) does not embed into ((CPm x R%* wpg & w(}.
oisotropic Audin conjecture. Recall that a topological space X is called

aspherical iff m(X) = 0, for every k > 2. Furthermore, a manifold is called
spin iff it is orientable and its second Stiefel-Whitney number vanishes.

Theorem 6. Let (M,w) be a symplectic manifold that is convex at infinity,
and N C M a coisotropic submanifold that is closed, regular, aspherical,
spin, and displaceable. Then m(N,w) = 2.
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In the Lagrangian case this result is due to K. Fukaya [Fu]. It generalizes
a conjecture by Audin about the minimal Maslov number of a Lagrangian
submanifold of R?" diffeomorphic to the torus T". The idea of proof of
Theorem 6 is to reduce to the Lagrangian case using the construction (7,8),
and then to apply Fukaya’s result.

1.4. Related work.

Oh’s Maslov index. Let J be an w-compatible almost complex structure,
assume that N is gradable and equipped with a grading [A] in the sense of
[Oh], and that ¥ = D. In this situation, Y.-G. Oh defined a Maslov index
pna) - {u € C®(D,M)|u(S') € N} — Z, see Definition 3.3. in [Oh]. If
u € C(D, M; N,w) is a smooth map then py a)(u) = mp e n(u). Note that
p(n,a) is defined on a larger set of maps than mp, n (after restriction to
C>(D, M)), but requires [A] as an additional datum. Observe also that the
definition of my ., y does not involve the choice of any w-compatible almost
complex structure on M.

The Gaio-Salamon Maslov index. Let (M,w,G,w) be a Hamiltonian
G-manifold. This means that (M,w) is a symplectic manifold, and G is a
connected Lie group acting on M in a Hamiltonian way, with moment map
p. Assume that G acts freely on N := p~1(0). Let ¥ € S. We define
the map myx ., , : [E, M;N,w] — Z as follows. Let a € [3, M;N,w]. We
choose a representative u of a, a symplectic vector space (V, Q) of dimension
dim M, a trivialization ¥ € Iso(E X V,Q;u*(TM,w)), and points zx € X,
for every X € C(0X). We define g : 0¥ — G by defining g(z) to be the
unique solution of u(z) = g(z)u(zx), for every z € X and X € C(9%).

We define my,, u(a) := mo(S' 2 2z — ¥ lg(2) - ¥;), where for every
go € G we denote by go- : TM — TM the differential of the action of gq.
By a standard homotopy argument, this number does not depend on the
choices of u, ¥ and zx. By Lemma 45 below the maps my,, and my o N
agree.

For ¥ = D the map mp,,, was introduced by R. Gaio and D. A. Sala-
mon in [GS]. (More precisely, their definition relies on a choice of an w-
compatible almost complex structure J on M and a unitary trivialization of
u*TM.)

Work by M. Entov and L. Polterovich and by V. L. Ginzburg. Let
now (M,w) be a closed (spherically) monotone symplectic manifold and G
a torus acting on M in a Hamiltonian way, with moment map p. Then by
Theorem 1.7 in the article [EP] by M. Entov and L. Polterovich the pre-
image N of the special element of g* under y is strongly (i.e. symplectically)
non-displaceable.

Assume that the action of G on N is free. Then by Lemma 46 below
N C M is a closed, monotone regular coisotropic submanifold. Hence if
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bi(N,Zs2) is non-zero for some i € {dim N — m(N,w) + 2,...,m(N,w) — 2}
then it follows from Theorem 3 that N is not leafwise displaceable (and
hence not displaceable). Thus in this case we obtain a stronger statement
than in Theorem 1.7 in [EP], provided that also H'(M,R) = 0.

In his recent paper [Gi] (Theorem 1.5) V. L. Ginzburg proved an up-
per bound on the minimal Maslov number of a closed, stable, displaceable
coisotropic submanifold.

1.5. Organization and Acknowledgments.

Organization of the article. In Section 2 it is shown that the Maslov
map for pairs of flat transports is well-defined, and Theorem 1 is proved.
Section 3 contains the proofs of the other results of Section 1. They are
based on Theorem 19, which summarizes the main properties of the Maslov
map. Section 4 is devoted to the proof of this theorem, using a similar result
for the coisotropic Maslov index for bundles (Theorem 24). The appendix
contains some results about the Salamon-Zehnder map, the Gaio-Salamon
Maslov index, the relation with the mixed action-Maslov index, the linear
holonomy of a foliation, and some topological results.

Acknowledgments. I would like to thank Yael Karshon for her continuous
support and enlightening discussions, Masrour Zoghi and Dietmar Salamon
for useful comments, Shengda Hu for making me aware of Lemma 11, and
Viktor L. Ginzburg for his interest in my work.

2. Proof of Theorem 1 (Coisotropic Maslov map for bundles)

The following lemma was used in Section 1.

Lemma 7. The number m,(®,®") in (3) is well-defined, i.e. it does not
depend on the choice of z. Furthermore, if ® and ® are regular then
m,(®,d') € 27Z.

The next Remark is used in the proof of Lemma 7.

Remark 8. Let X be a topological space and (E,w) a symplectic vector
bundle over X. Then the map Aut(E,w) > (z,®) — p,, (®) € St is
continuous. To see this, we choose a symplectic vector space (V,Q) of di-
mension rankE. Let (U, ®) be a pair, where U C X is an open subset
and ® € Iso(U x V,Q; (E,w)|v). By Proposition 42(1) we have p,,(¥) =
pQ(q);I\I/(ﬁx), for every x € U and ® € Aut(E,,wx). Since the map
pa : Aut(Q) — St is continuous, the statement follows.

Proof of Lemma 7. To prove the first assertion, let 2y and z; be two choices
of a path z as above. We choose a map z € C’([O, 1] x [0, 1],0) such that
2(s,0) = z(s, 1), for every s € [0, 1], and z(i,-) = z;. We denote z; := z(s, ),
and we define Wy(t) := ®'([z]10.49]) @ ([2s][0,4]), for s,t € [0,1]. We also
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define f : [0,1] x [0,1] — S by f(s,t) := Pu,, o) (¥s(t)). It follows that
U,(0) = idp,_,, and hence f(s,0) = 1, for every s € [0,1]. By Remark 8
the map f is continuous.

Claim 1. The map [0,1] > s+ f(s,1) € St is constant.

Proof of Claim 1. Consider the case in which & is regular. We choose a
path z € C([0, 1], C) such that z(i) = 2;(0), for i = 0,1. We fix s € [0, 1].
By assumption we have @([Z#ZS#Z]) = idEZ0 " Furthermore, the paths z

and Z#2z,#2z are homotopic with fixed end-points. It follows that ®'([z]) =
O ([2]) 10’ ([25)) @ ([2]) = @'([2]) "' W4(1)®'([Z]). Hence by Proposition 42(i)
we have f(s,0) = f(s,1). The case in which ®’ is regular, is treated similarly.
This proves Claim 1. O

Claim 1, the fact ¥,(0) = idg,_,, (for every s € [0,1]) and continuity of f
imply that me, (Vo) = mu, , (V1). Hence my,(®,®’) is well-defined.
The second assertion of the lemma follows directly from the definition of
the Maslov index of a path of automorphisms of a symplectic vector space.
This proves Lemma 7. 0

For the proof of Theorem 1 we need the following. Let X be a topological
manifold and X C C([0,1], X). We define the equivalence relation ~x on
X by xg ~x z7 iff there exists z € C([0, 1] x [0,1], X) such that z(s,-) € X,
x(s,i) = z(0,i) and x(i,-) = z;, for every s € [0,1] and ¢« = 0,1. We
equip X with the compact open topology and X/ ~y with the quotient
topology. Then X /~y is a topological groupoid. We call X admissible iff
it contains the constant paths, and the following conditions hold. If x € X
and f € C([0,1],]0,1]) then x o f € X. Furthermore, if z,2’ € X are such
that (1) = 2/(0) then the concatenation x#z’ lies in X'. Assume that X is
admissible, and let £ — X be a topological vector bundle. A flat transport
on E along X a morphism of topological groupoids ® : X/~xy— GL(E)
that descends to the identity on X x X. We denote by 7 (X, E) the set of
such ®’s. Let X’ be another topological manifold and f € C(X’, X). Then
the pullback f*X := (fo)~1(X) C C([0,1], X’) is again admissible. For ® €
T (X, E) we define the pullback f*® € T(f*(X,E)) by (f*®)y := ®popr.

Let X be a topological manifold, (F,w) a symplectic vector bundle over
X, (W,®) € C"™(E,w) and ¥ € T(E,w). We call ¥ a lift of (W, ®) iff for
every z € C([0,1], C) we have U([z])W ) = W.q1) and Y([z])w,, = @([z]).
Let X be a closed curve. We denote by 7 : [0,1] x X — X the canonical
projection, and for s € [0, 1], we define ¢5 : X — [0,1] x X by t5(2) := (s, 2).
Furthermore, we define X := {t — (s,2(¢))|s € [0,1], z € C([0,1], X)}.
Let (E,w) be a symplectic vector bundle over X.

Theorem 9. The following statements hold.
(i) For every (W, ®) € C1Y(E,w) there exists a lift U € T(E,w) of (W, ®).
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(ii) Let (W, ®) € Cla(E, w), Uy and Uy be lifts of (W, ®), and ¥ € T (E,w)
a reqular transport. Then mx ,(Vo, ¥) = mx (V1, ¥).
(iti) Let W C m*E be an m*w-coisotropic subbundle and ® € T (I1([0, 1], X ), Wy, ww ).
Then there exists W € T (E,w) such that .V is a lift of L1, for every
s €10,1].
(iv) Let W C 7*E be an m*w-coisotropic subbundle and ® € T (X, W,,, ww ).
Then there exists ¥ € T(X,E,w) such that iV is a lift of Li®, for
every s € [0,1].

For the proof of Theorem 9 we need the following. Let f be a homeo-
morphism between two topological manifolds X and X', and 7 : £ — X
and 7' : B/ — X’ vector bundles. Assume that there exists ¥ € Iso(F’, E)
that descends to f. We define U* : GL(E) — GL(E') by ¥*(xg,z1,®P) :=
(f_l(x()),f_l(fl'l)7\I/;,ll(xl)q)\:[/f—l(wo)). For ® € T(E) we define ¥*® :
IIX" — GL(E') by (I*®)(a') := U*(P f.a').

Lemma 10. We have ¥*® € T(E').

Proof of Lemma 10. Tt follows from the definitions that ¥*® descends to
the identity on X’. Furthermore, the map fy : [IX' — IIX is a morphism
of topological groupoids. Since ® € 7(FE), the same holds for ®. Finally,
it follows from the definitions that U* : GL(E) — GL(E’) is a morphism of
groupoids. It follows from Lemma 63(iii) that it is continuous. It follows
that the map IIX' > ¢’ — U*(®f.a’) € GL(E’) is a flat transport. This
proves Lemma 10. O

Let (V,w) be a symplectic vector space and ¢ € {dimV/2,...,dimV}. We
denote by G(w, ¢) the set of w-coisotropic subspaces of V' of dimension ¢, and
equip it with the natural smooth structure. Let Wy C W be a coisotropic
subspace of dimension £. We define the framed coisotropic Grassmannian
G(w, Wy) to be the set of all pairs (W, ®), where W C V is an coisotropic
subspace and ® € Iso(ww,,ww). This set is naturally equipped with a
smooth structure.

Lemma 11. The maps Aut(w) — G(w,?), ¥ — YW, and Aut(w) —
G(w, W), ¥ — (W, Yyy,), are smooth (locally trivial) fiber bundles.

For the proof of Lemma 11 we need the following. The group Iso(w) acts
naturally on G(w,?), and it acts on G(w, Wp) by U(W,®) := (VW, Uy ®).
These actions are smooth.

Lemma 12. They are transitive.

Proof of Lemma 12. Transitivity of the first action follows by an elementary
argument. Let (W, ®) € G(w, Wy). Assume first that W = W,. We choose
a maximal symplectic subspace Vy C W, and define f : Vi — W, fuy :=
vo + W¥. Then f € Iso(w|y,,ww), and hence we may define ¥ : V =
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Vo ® VY — V by ¥(vg + v1) := f1®fvy + v1. This map has the required
properties.

For a general W we choose ¥’ € Iso(w) such that W'W, = W. By what
we just proved there exists ¥" € Iso(w) such that W"Wy = Wy and ¥y, =

g ;V{)CI). The map ¥ := ¥'U” has the required properties. This proves
Lemma 12. O

Proof of Lemma 11. If a Lie group G acts smoothly on a manifold X and
x € X, then the stabilizer H of x is a closed subgroup, and hence the map
G — G/H, g — gH, is a smooth fiber bundle. If the action is transitive
then the map G/H — X, gH +— gz, is a diffeomorphism. Lemma 11 follows
from this and Lemma 12. O

Let f be a homeomorphism between two topological manifolds X and X',
and (7, F,w) and (7/, E',w’) be symplectic vector bundles over X and X’

respectively. Assume that there exists F' € Iso(E',w'; E,w).

Lemma 13. The following statements hold.

(i) The map F* : C124 (B, w) — C1Y(E' ') defined by F*(W,®) := (F~'W, F*®),
s a bijection.

(ii)) Let W C E be an w-coisotropic subbundle and ¥ € T(E,w) be a
transport that leaves W invariant. Then the transport ®' := F*W¥ €
T(E',w') leaves the w'-coisotropic subbundle W' := F71W C E' in-
variant and W, = F*(Uy).

Proof of Lemma 13. The statements follow from straight-forward arguments.
O

Remark 14 (Naturality for one-dimensional Maslov map). Let X and X'
be closed oriented curves, (E,w) and (E',w") symplectic vectors bundle over
X and X', respectively, ®,®¢ € T(E,w), and ¥ € Iso(E',w'; E,w). Assume
that ®q is reqular. Then mxs o (¥*®, U Do) = mx (P, Py). This follows
from Proposition 42(1).

Proof of Theorem 9. Without loss of generality, we may assume that X is
connected.

To prove statement (i), assume first that X = R/Z and there exists a
symplectic vector space (V,Q) such that E = R/Z x V and w is constantly
equal to Q. Let (W,®) € C™(R/Z x V,w). It follows from Lemma 11
that there exists a path U € C([0,1], AutQ) such that ¥U(0) = idy and
\TJ(S)WOJFZ = Wsyz and {IVJ(S)W(HZ = <I>([[0, 1] 2t +— st+ Z]), for every
s € [0,1]. By an elementary argument there exists a unique transport ¥ €
T (E,w) satisfying U ([[0,1] 5 ¢t — st +Z]) = U(s), for every s € [0,1]. This
is a lift of (W, ®), as required.

In the general situation, we choose a homeomorphism f : R/Z — X and a
symplectic vector space (V, Q) of dimension rankF. Since Aut(2 is connected,
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there exists F' € ISO(R/Z X V,Q;E,w) that descends to f. Statement (i)
follows now from what we already proved and Lemma 13.

To prove statement (ii), we choose a symplectic vector space (V)
of dimension rankF. Without loss of generality, we may assume that £ =
X XV, wis constantly equal to 2, and ¥ = id. (To see this, we choose zg € X
and we define F' € Iso(X x V,Q; E,w) by F,, := ¥([z]), for z; € X, where
z € C([0,1], X) is a path such that z(i) = z;, for i« = 0,1. By regularity of
U the map F' is well-defined. The claimed equality is a consequence of the
equality my ,(F*W,id) = mx o, (F*¥q,id), the fact F*¥ = id, and Remark
14.)

Let Wy, ¥y € T(X x V,w) be lifts of (W, ®). We choose a path z €
C([0,1], X) such that z(0) = z(1) and the map S' = [0,1]/{0,1} > [t] —
z(t) € X has degree one. We define 7 : Autw — G(w, W) by 7(F) :=
(FW.(0), FWZ(O))v and W, : [0,1] — Autw by U;(t) := W;([2]j0,4]), for i =0, 1.
Then 70 Wo(t) = (W), ®([2lj0.9]) = 70 Wi(t), for every ¢ € [0,1], and
Uo(0) = idy = Uy(0). Therefore, Lemma 11 implies that there exists
Ve C([0,1] x [0, 1], Autw) such that U(i,) = Wy, fori = 0,1, ¥(s,0) = idy,
and 7o W(s,t) = (Wz(t) ®([2]po, t}])) for every s,t € [0,1]. Therefore,
the hypotheses of Proposition 27 are satisfied with z(s,t) := z(t) and
U := U. By the assertion of that proposition, we have mg, (Vo) = me,(¥1).
Since mx ,(¥;,id) = mQ(\I/ ), for i = 0,1, it follows that mx ., (¥,id) =
mx . (¥1,id). This proves statement (ii).

Statements (iii,iv) are proved similarly to statement (i).

This completes the proof of Theorem 9. O

Lemma 15. Let X be a compact connected oriented surface with non-empty
boundary, (E,w) a symplectic vector bundle over X, ®,® € T(E,w) reqular
transports, and W € T ((E,w)|gx). Then MBS 0o (U, @|px) = maawbz(\ll, ' |ox).

For the proof of Lemma 15 we need the following.

Lemma 16. Let (V,w) be a symplectic vector space, and ®, ¥ € C([0, 1], Autw)
be such that ®(0) = ®(1) = id and ¥(0) = id. Then my,(PV) = m,(P) +
my, (V).

Proof of Lemma 16. By an elementary argument, the map ®W¥ is homotopic
with fixed end-points to the concatenation of ® with W. The statement
follows from this. U

Lemma 17. Let X be compact connected oriented surface with non-empty
boundary, (E,w) a symplectic vector bundle over ¥, and ®,V € T(E,w) be
regular transports. Then mos .|, (®los, ¥]os) = 0.

Proof of Lemma 17. For zy € ¥ we define f,, : ¥ — S! by f.,(z1) :=
Py (U([z]) 7t @([2])), for 21 € X, where z € C([0,1],%) is a path such that
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z(i) = z;, for i = 0,1. By regularity of ® and ¥ this map is well-defined.
Let X be a connected component of 9¥. Then for every zg € X we have
deg(fz|x) = mx |y (P|x, ¥]x). Furthermore, for zg,z; € ¥ the maps f,
and f,; are homotopic and hence deg(f.,|x) = deg(f.|x). Let z € X. It
follows that mgs |, (Plox, ¥]os) = deg(f:lox) = 0. This proves Lemma
17. ([

Proof of Lemma 15. Let X be a connected component of 9%.. We choose a
path z € C([0,1], X) such that z(0) = z(1) and the map S* = [0,1]/{0,1} >
[t] — z(t) € X has degree one. For s € [0,1] we define z5 € C([0,1],X) by
zs(t) = 2(st). Furthermore, we define I € C([0, 1], Aut(w.(p))) by F(s) :=
@' ([25]) 7' ®([2,]). By definition, we have my | (®|x, ®'|x) = my_ (F).
Therefore, using Lemma 16, we obtain mx | (¥, ®'|x) = mx o (¥, [x)+
mx |y (®x, ®'|x). The claimed equality follows now from Lemma 17. This
proves Lemma 15. O

Remark 18. Let X be a compact connected oriented surface with non-empty
boundary, and (E,w) a symplectic vector bundle over . Then there exists
a regular transport ® € T (E,w). To see this, we choose a symplectic vector
space (V,Q) of dimension rankE. Since Aut(w) is connected and 0% # 0,
there exists U € Iso(X x V,Q; E,w). We define ® € T(E,w) by ®([z]) =

—1
‘PZ(l)‘I’z(O)'

Proof of Theorem 1. We show existence of the map my g . Let (W, ®) €
Cl%(E w). By Remark 18 we may choose a regular transport ¥g € T(E,w).
By Theorem 9(i) we may choose a lift ¥ € T((E,w)|gx) of (W,®). We
define my, g (W, ®) := mpy, |5, (¥, Yo). By Theorem 9(ii) and Lemma 15
this number does not depend on the choices of ¥ and ¥(. Furthermore, the
conditions (i,ii) follow from the definition of my.

To show uniqueness of the map mx g, let ms g : Cﬂat(E,w) — R
be a map satisfying (i,ii). Let (W,®) € C*(E,w). By Theorem 9(i) and
Remark 18 we may choose a lift ¥ € 7 ((E,w)|sxn) of (W, ®) and a reg-
ular transport ¥y € 7(E,w). By condition (ii) we have my g (W, ®) =
ms,Ew(Eloz, ¥) = Mas 4|, (Y, Po). Uniqueness follows.

This proves Theorem 1. O

3. Proofs of Theorems 3, 4, 6, and Proposition 5

For the proof of these results, we need the following theorem, which summa-
rizes some properties of the Maslov map. If ¥ € S, (M,w) and (M’,w') are
symplectic manifolds, and N C M and N’ C M’ are coisotropic subman-
ifolds, then there is a canonical bijection ® s ar o NN7 - [Z,M i N, w] X
[, M';N",w'] — [E,M x M";N x N',w®«']. If X and X' are sets and
f:X —-Rand f: X’ — R are maps then we define f& f': X x X' - R
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by f & f'(z,2") == f(x) + f'(«'). Let X be a manifold and Y C X \ 90X is
a submanifold of codimension one. We define Xy to be the manifold with
boundary obtained from X by cutting along Y. (Note that if X is orientable
then 0Xy = OX[[Y J[Y.) There is a canonical map fxy : Xy — X. If
¥ €S, (M,w) is a symplectic manifold and L C M is a Lagrangian submani-
fold then we denote by méw the Lagrangian Maslov map (see the appendix,
(32). For a manifold X we denote by ~x the equivalence relation on X
given by z ~x 2/ iff x = 2/ or z and 2’ lie in the same connected component
of 0X, and we denote by mx : X — X/~x the canonical projection. Let
now X, ¥ € S, f : ¥ — ¥ be an embedding (restricting an embedding
of 9%/ into 9%), M and M’ manifolds of the same dimension, w a sym-
plectic form on M, N C M a coisotropic submanifold and ¢ : M’ — M
an embedding. We denote ¢*N := ¢ !(N). The map ¢ induces a map
@i [X, M5 0*(N,w)] — [E,M;N,w]. Recall the definition (7,8). We de-
fine the map ¢ : <]D), M; N,w) — [D,SI;M, ]\7] by p(a) := [u,u(z0)], where
w is an arbitrary representative of a and zyp € S! is any point. This map is
well-defined.

Theorem 19 (Properties of the Maslov map). The following assertions
hold.

(i) (Naturality) Let X,%, f, M, M', N and ¢ be as above. If f is surjective
and orientation preserving then My ,x(u, N) = ML w N © Px-

(it) (Product) If ¥ € S, (M,w) and (M’ ") are symplectic manifolds, and
N C M and N' C M’ are coisotropic submanifolds, then msy ., N ®
My W N’ = M3 waw NxN' © Pu M’ ww NN

(i11) If u € C([0,1] x X, M) is an admissible homotopy then the map [0,1] 3
t — my y(u(t,-)) € R is constant.

(i) If u € C([0,1] x 3, M) is a weakly (N,w)-admissible homotopy then
the map [0,1] > t — my n(u(t,-)) € R is continuous.

(v) (Splitting) Let ¥ € S, C C X\ 9% a closed curve (possibly discon-
nected), (M,w) a symplectic manifold, N C M a coisotropic subman-
ifold, and u € C (3, M) be such that for every C' € C(0X U C) there
exists F € N,, such that uw(C") C F. Then my n(u) = my n(uo f.o).

(vi) (Regular case) If N is reqular then im(my, ny) C Z. If N is also ori-
entable then im(my, n) C 27Z.

(vii) (Lagrangian case) Let ¥ € S, (M,w) be a symplectic manifold and
L C M a Lagrangian submanifold. Then my . 1 = méw.

(viii) (Removal of point) Let ¥ € S be such that 0¥ # 0, C € C(X), (M,w)
be a symplectic manifold, N C M a coisotropic submanifold, and u €
C(X,M;N,w). Assume that u maps C to a point in N. We define
u:X/~o— M by a([z]) :=u(z). Then mpso N(u) = marew n(W).
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(iz) (Chern class of quotient) Let M,w and N be as above, with N regular.
Let u € C(D, M; N,w) be such that u(D) C N. We define v’ : D/~p=
S2 — N, by u/([2]) == 7n o u(z). Then maye n(u) = 2¢“N ().

(x) Let (M,w) be a symplectic manifold and N C M a regular coisotropic

submanifold. Then mp rrw N = My o8 C P

The proof of Theorem 19 is given on page 22. The proof of Theorem 3 is
based on the following result, which is due to P. Albers.

Theorem 20 ([Al], Corollary 2.3). Let (M,w) be a bounded symplectic
manifold, L C M a closed monotone Lagrangian submanifold of minimal
Maslov number m(L), and ¢ € Ham(M,w) be such that L th o(L). Then

m(L)
LOe(L)] = S a2 bilL Za).

Note that in [Al], Corollary 2.3, it is assumed that M is closed. However,
the proof of the result carries over to the case in which (M, w) is bounded.

Proof of Theorem 3. Without loss of generality we may assume that N is
connected. Since N is regular, there exists a unique smooth structure Ay,
on the set of isotropic leaves N, such that the canonical projection Ty :
N — N, is a submersion. (See [Zi], Lemma 15.) We define M,©, .y and
N as in (7, 8), and ¢ := ¢ X idy,, : M — M. Then M is closed, the map
in : N — M is an embedding, and its image N is a closed Lagrangian
submanifold, see [Zi], Lemma 8. By the same lemma, G(N) m N. We
denote by RN “ the isotropic leaf relation on N. By Ehresmann’s fibration
theorem the map 7y is a smooth (locally trivial) fiber bundle. (See [Eh],
the proposition on p. 31.) Hence the hypotheses of Proposition 61 with
(X,Y,~, 1,7, k) == (M,N,RN* 1y,7n,2) are satisfied. Therefore, by the
statement of this result and by Theorem 19(x) the Lagrangian N is monotone
and m(N,&) = m(N,w). Therefore, the hypotheses of Theorem 20 are
satisfied with M, w replaced by M w, and L := = N. Inequality ( ) follows
from the statement of this theorem and the fact |Fix(¢, N)| = [N N @(N)|,
see [Zi], Lemma 8. This proves Theorem 3. O

For the proof of Theorem 4 we need the following. Let (M, w) and (M’ ")
be presymplectic manifolds such that dim M +corankw = dim M’+corankw’.
Assume that there exists a presymplectic embedding ¢ of (M’ ,w’') into
(M,w). Then N := ¢(M') C M is a coisotropic submanifold (see [Zi]).
Furthermore, (M’,w’) is regular if and only if N is regular.

Proposition 21. Assume that corankw = 0, (M’,w') is regular and for
every isotropic leaf F C M' every loop u € C(S',F) is contractible in
M. If there exists a constant ¢ € R such that 2cMw = c[w] on [S?, M]

and 20 e = clw'] on [S?, M, then mp nu(u) = ¢ [pu*w, for every
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u € C®(D, M; N,w). Furthermore, if M is connected then
(9) m(N,w) = 2ged (e1(M,w), e (M, whp)).

w
Proof of Proposition 21. To prove the first statement, assume that there

M’ /&) ! !
exists a constant ¢ € R such that 20?4’“) = c[w] on [S%, M] and 2¢; ¢ M=
c[w'] on [S?, M']. Let a € [D, M; N,w]. We choose a smooth representative

1 1w’

u € a. Then ¢~ ou|g1 is a continuous loop in M “lou(1) and hence by

©
assumption it is contractible in M’. Hence there exists v € C'(D, M’) such

that v|g1 = ¢! owu|g1. Smoothing the map ¢ o v out, we obtain a map
w € C®(D, N) such that w|g1 = u|g1. We denote by D the disk with the
reversed orientation and by u#w : D#D — M the connected sum of u and
w. We have

muwn(a) = m(u(TM,w), ul (TN, hol™))
= 2" ((u#w)* (TM,w) — m(w*(TM,w), w|} (TN, holV))

The first statement follows from this.
To prove the second statement, assume that M is connected. We claim
that

(10)  m([D,M; N, w]) = 267 (82, M]) + 26y (182, M,]).

In order to show that the inclusion “C” in (10) holds, let a € []D), M; N, w].
We choose a representative u € C(D, M; N,w) of a. By assumption the
map 7T1(N;j(1)) — 71(F) vanishes. Hence there exists u € C(D, N) such

that u|g1 = u|g1. We denote by D the disk with the opposite orientation,
and define v to be the connected sum u#u : D#D = S? — M. It follows
from Theorem 19(v) that mas, n(a) = 20?4’“)(1)) — mprw,N(w). We define
v D/~p 82 — N, by v/([2]) := mn o u(z). By Theorem 19(ix) we have
masw N (@) = 2¢; Y (v'). The inclusion “C” in (10) follows.

To prove the inclusion “D”, observe that ¢!*([$2, M]) = ¢}"*([D/~p
,M]) and ¢ <M ([S2, M) = ¢ "M ([D/~p, M), since D/~ is home-
omorphic to S?. Let a € [D/~p, M]. Since by assumption M is connected,
there exists a representative u € C(D/~p, M) of a such that u([1]) € N. It

follows from Theorem 19(viii) that mas . n(u o mp) = 2ciw’w(u). It follows

that 2¢;"*([S%, M]) C mase v ([D, M; N, w]).

Let now o' € [D/~p, M,]. We choose a representative v’ € C(D/~p, M!,)
of a’. We claim that there exists a map v : D — M’ such that my; ov = /.
To see this, we define b’ : [0,1] x S* — M’ by h/(r,2) := u/(rz), and we
choose xg € ' (u/(0)) € N. By the homotopy lifting property there exists
amap h:[0,1] x St — M’ such that mp;oh = b/ and h(0, 2) = xq, for every
z € S, We define v : D — M’ by v(0) := zg and v(z) := h(|z|,2/|z|), for
every z # 0. This map has the required properties. This proves the claim.
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We define ¢’ : M/, — N, to be the unique map satisfying 7y o ¢ =
¢'ompp. Then ¢’ € Iso(w),,wn). Theorem 19(ix) implies that m ., (ov) =
2¢; N (¢’ o). Furthermore, by Theorem 19(i) we have civ“”wN (¢ o) =

M//7 ! ! ! !

¢ “M(4/). Tt follows that 26;\4 “([S%, M) € magwn ([P, M; N,w]). The

inclusion “2” in (10) follows. This proves (10). Since M is connected, we
M’/7 ! U

have ¢;7*([S2, M]) = ¢1(M,w)Z and ¢, * “m ([S%, M) = er(M!,,w);))Z

(with the convention coZ = {0}). Combining this with (10), the second

statement follows.
This completes the proof of Proposition 21. O

Proof of Theorem 4. Let (M,w) be a connected symplectic manifold and
(M’ w") a regular connected presymplectic manifold. We define

pi=2ged (Cl(M7w)7 Cl(MU:/,WM/))~

Assume that dim M’ + corankw’ = dim M and there exists an embedding
¢ of (M',0') into (M,w). It follows that N := ¢(M’) C M is a regular
coisotropic submanifold (see [Zi]). Furthermore, if there exists a constant
¢ € R such that 2¢/"% = ¢[w] on [$2, M] and 2611‘/[“’“le = c[w'] on [S%, M!]
then Proposition 21 implies that the coisotropic submanifold N := ¢o(M') C
M is monotone and m(N,w) = u. Hence the statement of Theorem 4 follows
from Theorem 3. (]

For the proof of Proposition 5, we need the following remarks.

Remark 22. Let (M,w) be a connected symplectic manifold. Then civ‘[’w([52,
aa(M,w)Z, if 1(M,w) < oo, and ciw’w([Sz,M]) = {0}, otherwise. To see
this, we choose a point xg € M. Then the composition of the forgetful map
ma(M, o) — [S?, M] with the map ciV[’w : [S2, M] — Z is a group homomor-
phism. The statement follows from this.

Proof of Proposition 5. Let M,w, M’,w’ and F be as in the hypothesis. Us-
ing Remark 22, the statement of Proposition 5 is a consequence of the fol-
lowing.

Claim 1. For every a' € [S?,M!,] there exists a € [S?, M) such that
M:}le ’ M,
M a)) = (a).

Proof of Claim 1: We choose an isotropic leaf F' C M’ and an orientation
preserving homeomorphism f : D/ ~p— S2. Since F is simply-connected, it
follows from the long exact homotopy sequence for the fibration 7y : M’ —
M/, that there exists v’ € C(S?, M) such that [y o u/] = a’. We define
a := [pou']. To see that a has the required properties, we denote by mp : D —
D/ ~p the canonical projection. Then ([w],a) = (['], [v']) = (W) ],a"). We
define u := pou' o f omp. Since N C M is a coisotropic submanifold, it

(Wil ') = ([w],a) and ¢

M)
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follows from Theorem 19(viii,i) that mase n(u) = maren(pou o f) =
marw N(pou') = 2ci\/[’w(a). On the other hand, by Theorem 19(ix) we have
marwn(u) = 2civ“”wN(7TN opou of). We denote by mpy : M — M/,
the canonical projection. The map M/, > mpp(2') — wy o p(a’) € N, is a
well-defined (w);,, wn)-isomorphism. Therefore, Theorem 19(i) implies that

Ml/7 ! ! M//7 ! !
c1 nyopou of)=c¢ ¥ M (g o)) = ey M (a/). Tt follows that

Ml/? ! ! . .

ciw’w(a) = i (a’). This proves Claim 1 and completes the proof of
Proposition 5. O

waN(

The proof of Theorem 6 is based on the following result, which is due to K.
Fukaya.

Theorem 23 ([Fu|, Theorem 12.2.). Let (M,w) be a symplectic manifold
and L C M a Lagrangian submanifold. Assume that (M,w) is convez at
infinity and L is closed, relatively spin, aspherical and displaceable in a
Hamiltonian way. Then there ezists a € D, S*; M, L] such that mp, 1(a) =
2.

Proof of Theorem 6. Since N is regular and orientable, by Theorem 19(vi)
we have im(mp, n) C 2Z. Hence the statement follows from Theorem 23
applied with M, w replaced by M,w and L := N (as in (7,8)), Propositions
61 and Theorem 19(x). O

4. Proof of Theorem 19 (Properties of the Maslov map)

The proof of Theorem 19 is based on the following. Let X be a topolog-
ical manifold. We define 59( C Ex to be the subclass of all quadruples
(E,w, W, ®) such that W = E|gx and for every z € C([0,1],0X) satisfying
z(0) = (1) we have ®([z]) = id. Furthermore, we define ££ C Ex to be the
subclass of all quadruples (E,w, W, ®) such that W C E|sx, is Lagrangian.

Let X be a topological manifold and Y C X \ 0X a hypersurface (i.e.
a (real) codimension one submanifold) without boundary. Assume that Y
is closed as a subset. Then cutting X along Y we obtain a manifold with
boundary Xy. We denote by pr?f : Xy — X the natural map, and define
YX = (prf)7}(Y) € Xy. (Note that if YV is co-orientable in X then
YX consists of two copies of Y.) As an example, let Y be a topological
manifold. We define X := R x Y. Then Xy = ((—00,0] x Y)[]([0,00) x Y)
and Y = ({0} x Y) [[({0} x V). We define m& : €& — Z as in (32) in the
appendix.

Let X be topological manifold, Y C X a closed subset, £ — X a real
vector bundle and ® : Y xY — GL(F) a morphism of topological groupoids
whose composition with the canonical projection GL(E) — X x X is the
identity. We denote by X/Y the topological space obtained by collapsing
Y to a point. Furthermore, we define the equivalence relation ~3 on E
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by (z,v) ~g¢ (2/,0) iff (z,v) = (2/,v') or (z,2/ € Y and v/ = ®%'v). We
define 7¢ : E/ ~3— X/Y by me([x,v]) := [z]. Assume that there exists a
pair (U,r), where U C X is an open neighborhood of ¥ and r € C([0, 1] x
U,U) is a strong deformation retraction to Y. Then by Lemma 59 below
(Ep := E/ ~g,mp) is a vector bundle. Let k¥ € N and T : E®* — R be
a tensor, such that T(@glvl, e q)ilvk) =T(v1,...,v), for every z, 2’ € Y
and vy,...,v; € E;. We define T : E&?k — R by To([z,v1], ..., [z,v]) :=
T,(vi,...,v,). By Lemma 59 this is a tensor. Let now (E,w,W,®) € &y
and C C 0X be a connected component. Assume that W|c = E¢ and
®|c is regular. We define ¥ : €' x €' — GL(E) by Vil := &([z]) : B,y —
E., , where z € C([0,1],C) is any path such that z(i) = z for i = 0,1.
By regularity of ® this map is well-defined. We denote (E,w, W, ®)/C :=
(Bw,wy, Wlas\cs @\32\0) € &s/c. Assume that ¥ = [0, 1) x S1, there exists
a vector space V such that £ =X x V, and w is constant. For every point
29 € St define U, X<V — E' by \I"[t’z}v := [t, z, @7 v]. These maps induce
on FE’ the structure of a (trivial) vector bundle over ¥'. In the general case we
equip E’ with the vector bundle structure that restricts to the structure of £
on X\ 0¥ and is given as above on collar neighborhoods of the components
of the boundary. The form w induces a fiberwise symplectic form w’ on
E'. We denote by C12t(x, (E,w)lj0,1]xax) the set of all pairs (W, ®), where
W C F is an w-coisotropic subbundle, and ® € 7 (X, W,,, ww).

Let X be a topological manifold and X C C([0,1], X) be an admissible
subset. We call & € 7 (X, E) regular iff ®([x]) = id for every x € X satis-
fying x(0) = z(1). For a symplectic vector bundle (F,w) over an oriented
topological surface 3 we denote by ¢1(F,w) its first Chern number.

Theorem 24 (Properties of the coisotropic Maslov map for bundles). The
following statements hold.

(i) (Naturality) If ,%" € S, (E,w,W,®) € &, (E,W',W,¥) € &,
and U € Iso(w,w') is such that U5 (W, @) = (W, ®), then my (E,w, W, ®) =
myy (B, ', W', @").

(ii) (Direct sum) For every ¥ € S and (E,w,W,®), (E o'W, &) € &
we have

mye(E®FE ,wew' , WeW' oed') =ms(E,w,W,®) +ms (E', o', W, o).
(i7i) (Homotopy) Let ¥ € S, (E,w) be a symplectic vector bundle over
[0,1] x X, and (W, ®) € Cﬂat((E,w)ho,l]X@Z). Then the map [0,1] >

t = my((E,w)liyxs Wiy xos, @l xes)) is constant.

(iv) (Weak homotopy) Let ¥ € S, (E,w) be a symplectic vector bundle
over [0,1] x B, X = {t — (s,2(t))|s € [0,1], z € C([0,1],0%)},
and (W,®) € clat(x, (E,w)lp1xox). Then the map [0,1] > t

my (B, w)|gyxs, Wligxos: ®lugexos)) is continuous.
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(v) (Splitting) Let ¥ € S, C C £\ 9% be a closed curve, (E,w, W, ®) € &,
and (W', ®") € CU ((E,w)c). Then

(11) m(E,w,W,®) =m(prg (E,w,(W,®) [T(W',2)).

(vi) (Lagrangian case) If & € S and (E,w, W) € EL then mx(E,w, W,0) =
mE& (B, w, W).

(vii) (Full case) Let ¥ € S and (E,w,W,®) € Es. Assume that there
exists C € C(0X) such that W|c = El|c and ®|¢ is reqular. Then
m(E,w, W,®) = m((E,w, W,)/C).

(viii) (Quotient) Let (E,w) a symplectic vector bundle over D, W C E a
coisotropic subbundle, and ® € T ((Wy,,ww)|s1). Thenm(E,w, W|g1,®) =
m(Ww,wW,Ww|Sl,<I>).

(iz) (Regular case) Let ¥ € S and (E,w,W,®) € Es be such that ® is
reqular. Then my(E,w, W, ®) € Z. Furthermore, if W is orientable
then this integer is even.

(z) (Lagrangian embedding) Let (E,w,W,®) € &p and (V' ') a sym-
plectic vector space. Assume that there exists a surjective homomor-
phism U : W — ST x V' such that ¥*w' = w and the following holds.
Denoting by Wy : W, — S' x V' the map induced by ¥, we have
(Tw).®([2]) = (Yw).0), for every z € C([0,1],5"). Then the
following equality holds. We define E:=FE® (St x VNG =wo
(—w'), W = {(z,v,9.0) | (z,0) e W} C E. Then mp(E,w, W, ®) =
mp(E, &, W,0).

This result is proved in Section 4.1 (page 30). The trickiest part is the
proof of property (iii). It is based on the invariance under homotopy of
mosw Clat (9% x V,w) — R, where (V,w) is a symplectic vector space.
This follows from Proposition 27.

Proof of Theorem 19. Statements (i,ii,iii,iv,v,vii) follow from Theorem 24(i,ii,iii,iv,v,vi).
To prove statement (vi), assume that N is regular. Let u € C(3, M; N, w).

We choose a symplectic vector space (V,Q) of dimension dim M, and ¥ €

Iso(E x V,Q;u*(TM,w)). We define (W, ®) := ¥ o ul}(TN, hol™¥). Tt

follows from regularity of N that hol™“ is regular. (See [Zi], Lemma 15.)

Hence (vi) follows from Theorem 24(ix).
We prove assertion (viii). We define

(B, W) = u*(TM,w), (W' &) = ulgs\c * (T'N, holV) ] (C X Ty M, idTwoM)’
(E,©) =T (TM,w), (W, ®) =}, (TN, hol V).

We have my o N (4) = m(E, o, W, ®). Furthermore, since ul (TN, holV¥) =
(CxTxON, ideoN)’ it follows from the definitions that mps ., v (u) = m(E', o', W', ®').
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On the other hand, the map E 5 ([z],v) — [z,0] € E/®|¢ is an (W, w'/®'|c)-
isomorphism thz}xt is the identity outside the point C € ¥ := ¥/C, and
hence carries (W, @) to (W, ®')/C. Therefore, Theorem 24(i,vii) imply that
m(E,&,W,®) =m((E', o'\ W', &)/C) = m(E',',W &). It follows that
Mw N (W) = mare n(w). This proves (viii).
We prove assertion (ix). We have
marwn(w) = m(u*(TM,w),u]*sl(TN,holN’“))

= m(w (TN)wswrn), ulfs (TN ), hol¥) )

= m(u* (T(Nw), wN) 5 Sl X Tu(l)Nwa idTu(1)Nw)
(12) s (u" (T(N.), won)) = 2635 (ul).

Here in the second equality we used Theorem 24(viii), in the third equality
we used Theorem 24(i), and in the forth equality we used Theorem 24(vii).
Assertion (ix) follows from this.

We prove assertion (x). Let a € [D,S';M,N_,]. We choose a rep-
resentative v € C(D,M;N,w) of a. The claimed equality follows from
Theorem 24(x) with (E,w, W, ®) := u*(T'M,w, TN,hol’¥*) and (V',u') :=
(TNu(l)(Nw),(wN)Nu(l)), using the map ¥ : ul[5, TN — S' x V' given by
U(z,v) := (2, (TN )x0).

This proves assertion (x) and completes the proof of Theorem 19. O

For the proof of Theorem 24(ii) we need the following.

Remark 25. Let X be a compact oriented curve, (E,w) and (E',&") sym-
plectic vector bundles over X, ®,¥ € T(E,w) and ®',¥' € T(E', '), with ¥
and V' reqular. Then mx yau (POP, VOV') = mx (P, V)+mx (P, ).
This follows from Proposition 42 (ii).

For the proof of Theorem 24(iii,iv) we need the following. Let X be a
closed oriented curve. We denote by 7 : [0,1] x X — X the canonical
projection. For s € [0,1] we denote by t5 : {s} x X — [0,1] x X the
inclusion. We define X := {t — (s,2(t))|s € [0,1], z € C([0,1], X)}. Let
(E,w) be a symplectic vector bundle over X.

Lemma 26. Let W C @n*E be an m*w-coisotropic subbundle, and ®¢ €
T (m*(E,w)) a regular transport. The following assertions hold.

(i) Let ® € T(11([0,1] x X), Wy, ww). Assume that ¥ € T (II([0,1] x
X),E,w) is such that iV is a lift of ;i®, for every s € [0,1]. Then
the map [0,1] 3 s — mx (L:\I’, L§<I>0) € R is constant.

(ii) Let ® € T(X,W,,ww). Assume that ¥ € T(X,E,w) is such that
VU is a lift of P, for every s € [0,1]. Then the map [0,1] > s —
mx . (@\I/, thIDO) € R is continuous.
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For the proof of Lemma 26 we need the following.

Proposition 27. Let (V,w) be a symplectic vector space, X a topological
manifold, (W, ®) € Cl** (X xV,w), z € C([0,1]x[0,1], X) and ¥ € C([0, 1] x
[0,1], Aut(w)) be such that x(s,0) = x(s,1), V(s,t)Wy0) = Wy and
U (s, )W,(e0) = P[5, )l[0,g]); for s, € [0,1]. Then the map [0,1] 5> s —
my,(Y(s,-)) € R is constant.

For the proof of this result, we need the following.

Proposition 28. Let W C V be a coisotropic subspace and ¥ € Iso(w) be
such that YW = W. Then

(13) 0o (W) = £y (T1r).
Furthermore, if det(¥|y) > 0 then p,(V) = puy, (YW ).
For the proof of Proposition 28 we need the following.

Lemma 29. Let (V,w) be a symplectic vector space, W, W' C V' Lagrangian
subspaces and ¥ € Iso(w). Assume that W + W' =V, YW = W and
YW’ = W'. Then p,(¥) = +1. If also det(¥|w ) > 0 then p,(¥) = 1.

Let V and W be real vector spaces and ¥ € Hom(V,W). We denote by
UC: V€ — WC the complex linear extension. If V = W and this space has
dimension n then for every A € C we denote Ey := ker((A — ¥&)") C VC.
Let now (V,w) be a symplectic vector space, ¥ € Iso(w) and A € S\ {#1}.
We define

m4(w, P, \) := max { dimc W ‘ W C Eg complex subspace, Sw(7,v) > 0, Yv € W}

The following remarks are used in the proof of Lemma 29.

Remark 30. We have my(—w, U, \) = my(w, ¥, \). This follows, since

the map Eé, — E&‘,, v — U, 1s a real isomorphism.

Remark 31. If V' is another vector space and ® € Iso(V', V') then m (<I>*w, o~ 1UP, )\) =
m4(w, W, X). This follows from the fact (IDE(%,I\M) = E&‘,

We define w* to be the symplectic form on V* defined by w*(p, 1) :=
p(w), where w € V' is determined by w(w, ) = 1.

Remark 32. The map U~ := (U*)~1 is w*-symplectic, and the map wy
V — V* defined by wyv = w(v,-) satisfies wjy(w*, V") = (w, V).

Let now W be a finite dimensional vector space. We define the canonical
symplectic form w" on V := WaW* by w" ((v,¢), (v, ¢')) = ¢’ (v)—¢(v').
Furthermore, we denote by ¢V : W — W** the canonical isomorphism, and
define the map @y : V — V* by &y (v, 9) := (¢, Vo).



A MASLOV MAP FOR COISOTROPIC SUBMANIFOLDS 25

Remark 33. We have 5,0 = w"'. Furthermore, if ¥ € Aut(w") is
such that YW =W and YW* = W* then @I}}\I/_*CI)W = V. This follows
from the fact Uy~ = V| 7.

Remark 34. Let V' be a real vector space and ® € End(V') be such that
det® > 0. For A\ € C we denote by m(®,\) € NU {0} the algebraic mul-
tiplicity over C of X as an eigenvalue of ®. Then z)\e(_wo)m(@,)\) is
even.

Proof of Lemma 29. We define the map & : V = WNEBAI/T//’ — W ® W* by
®(w,w') = (w,—(w#w')|w). Then the tuple (V,W, W', &, W) := (We
W W, W* wW, &0d1) satisfies WH+W =V, 9W =W, W' = W’ and
det U|yy = det \T/]W Hence by (Naturality) for p, we may assume without
loss of generality that V =W @ W* W' = W* and w = w'.

Let A € St \ {#1}. Remarks 33 and 31 imply that m(w, ¥,\) =
my (W, ¥7* \). On the other hand, w"" = —(w")*, hence by Remarks
30, 31 and 32, we obtain m4 (W, T™* \) = m (WY, ¥, N) = my (w, T, N).
It follows that my(w,¥,\) = my(w, ¥, \), and therefore by Lemma 43
pw(qj) ==l

Assume now also that det(¥|y) > 0. We have V|- = V|7 and
det ¥|;;* = (det ¥|p)~' > 0. Hence by Remark 32,

Y. o m@N= > m@lw )+ Y m(Tlwe,A) € 4Z.
AE(—00,0) AE(—00,0) AE(—00,0)

It follows now from Remark 44 that p,, (V) = 1. This proves Lemma 29. O

Proof of Proposition 28. Assume first that there exists a coisotropic sub-
space W’ C V such that

(14) dim W' =dimW, W+W*“=V, W =W

We define U := W N W’'. Since YW = W, we have YW¥ = W%, and
since YW’ = W', we have YW'¥ = W'®. Furthermore, by an elementary
argument, we have

(15) U“ =W+ Ww"™.

It follows that WU* = U* and hence YU = U.

Claim 1. The map

(16) U—-W,=W/W*, v [v]
1s bijective.

Proof of Claim 1. By an elementary argument, we have

W AW = (W™ + W)* = {0}.
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Here in the second equality we used the facts W'““ = W’ and W*+W = V.
It follows that

(17) Unwe=w'nw< ={0}
Claim 2. We have
(18) U+WY=W.

Proof of Claim 2. By (17) and the facts U C W and W% C W, it suffices
to show that

(19) dim U + dim W* > dim W.
To see this inequality, observe that (15) implies
dimV —dimU = dimUY
< dim WY + dim W’
= dim WY +dimV — dim W',
Since by (14) we have dim W = dim W', inequality (19) follows. This proves
Claim 2. O

Claim 1 follows from (17) and Claim 2. O

Claim 1 implies that the map (16) is a linear symplectic isomorphism. It
follows that U and hence U“ are symplectic subspaces of V. Since they are
invariant under ¥, the (Product) property in Proposition 42 implies that

(20) Pw(¥) = Py (P0) pu) e (Ploe).
Furthermore, the (Naturality) property in Proposition 42 implies that
(21) Pulv (¥[U) = puy (Tw).

Since W* and W'® are complementary Lagrangian subspaces of U“ that
are invariant under W, it follows from Lemma 29 that p,, . (V|p«) = £1.
Combining this with (20) and (21), equality (13) follows.

Assume now that det Ul > 0. Since ¥|y = ¥|y ® Y|y and V|y €
Iso(w|r), it follows that det |y« > 0. Hence Lemma 29 implies that
Pulyw (¥]uw) = 1. Combining this with (20) and (21), we obtain p,(¥) = 1.

Consider now the general case, in which we do not assume that a subspace
W’ C V satisfying (14) exists. We choose a coisotropic subspace W/ C V
such that dim W’ = dim W and W + W'¥ =V, and denote Vy := W N W/,
Vi := W¥ and V5 := W'®. As in the proof of Claim (1) it follows that V is
the direct sum of the V;’s. We define P; : V' — Vj to be the linear projection
along the subspace @V}, and we denote V;; := P;W|y,, for 4,5 = 0,1,2.
We fix t € R and define, using the splitting V' = ©;—0 1,2V,

W 0 tWp2
(22) Pl = tUi9 Wqq t2\I’12 V-V
0 0 oo
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Claim 3. We have U! = U,

Proof of Claim 3. Since VW = W, we have ¥y = 0, and since YW¥ = W,
we have Wy = W9y = 0. Hence ¥ has the form (22) with ¢ = 1. This proves
Claim 3. O

Claim 4. The map V! is an w-symplectic.
Proof of Claim 4. Since ¥ is symplectic, we have for vg € Vy, we € Vo,
(23) 0= w(’UQ, wg) = w(\I’U(), \I’wg) = w(\I’OQU(), \Ifogwg) + w(\Ifl()U(), \1’2211)2).

Furthermore, for vo, wy € V5,
(24)
0 = w(va, w2) = w(Woava, Voows) + w (Y1202, Uoows) + w(Wazvz, Piows).

Hence, for every v =vg+ v1 + v, w=wg + w1 +we € V=Vy® Vi & Vs,
w(Wly, Tlw) = w(Woovo, Yoowo) + w (1101, Yagws) 4+ w(Wagvg, Urywy) +
t(w(\IIOOUO, Wpowsz) + w(Poava, Yoowo) +

w(P10v0, Yaows) + w(Paova, ‘Plowo)> +

+2 <\1’02U2, Voaws) + w(W1avs, Yaows) + w(Paovo, \1’12’11)2))
= w(Tlo, ¥lw) 4+ (t—1)(0—0) + (t* = 1)0
= w(v,w).

Here in the second equality we used equalities (23) and (24), and in the last
equality we used Claim 3 and the fact that W is symplectic. This proves
Claim 4. 0

Claim 5. We have
pu(U") = p (V).

Proof of Claim 5. We denote by o(®) the set of eigenvalues of an endomor-
phism & of any vector space. We define

S = { £ e woyns: A™ |my € {0,...,dim V}, for A € o(¥9)} C S

The block form (22) implies that det(Al — ¥') = det(A\1 — ¥%). Hence
o (V') = o(¥0). Therefore, by the formula (29) of Lemma 43 we have

F(t) = p() € 5.

By Proposition 42 the map p,, : Iso(w) — S! is continuous, so the same
holds for the map f : R — S. Since the set S is finite, it follows that f is
constant. This proves Claim 5. O
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Since W’ = Vi @ Vo and U leaves the subspaces Vj invariant, we have
UOW’ = W'. Therefore, by what we already proved, pw(\IIO) £y (T9).
Combining this with Claims 3 and 5 and the fact \IIO Uy, we get
Pw(¥) = £puy, (Uy). Similarly, if det ¥|y, > 0 then it follows that p,(¥) =
Pwyw (Uyr). This proves Proposition 28. (]

Proof of Proposition 27. Consider the map f : [0,1] x [0,1] — S' C C,

f(s,t) == ®([x(s,)]j0,q)- Let s € [0,1]. Proposition 28 implies that pw(\If( 0))
+£(s,0) = £1. Since U(s, )Wy (5,1 = W(s,1) and U(s, Dw, . = O ([z(s,)]),

Proposition 28 implies that p,(¥(s,1)) = £f(s,1). We define 7 : [0,1] — X
to be the concatenation of the paths [0,1] 3 ¢ — x(s(1 — ¢),0), z(0,-) and
[0,1] o t — x(st,0). Then z is homotopic with fixed endpoints to x(s, -), and
therefore ®([z(s,-)]) = ®([z]) = ®([«'])®([x(0,)])®([2'])~'. By naturality
of p, it follows that f(s,1) = f(0,1), and hence p,(¥(s,1)) = £f(0,1).
Combining this with the equality p,(¥(s,0)) = 1, it follows that the map
[0,1] 2 s — m(¥(s,-)) is constant. This proves Proposition 27. O

Proof of Lemma 26. Statement (i) follows from Proposition 27, and state-
ment (ii) follows from an elementary argument. This proves Lemma 26. O

For the proof of Theorem 24(v) we need the following remark. We denote
by wp the standard symplectic form on R?", and by Sp(2n) = Aut(wp) the
linear symplectic group. We identify S! = R/Z.

Remark 35. We define mg : C(S*,Sp(2n)) — Z by mo(V) := my, ([0,1] 2
t+— U(t+Z) € Sp(2n))/2 € Z. This map equals the usual Maslov index of
U, as defined for example axiomatically in the book [MS]. To see this, note
that on U(n) = Sp(2n) N O(2n), mq agrees with the map mq constructed in
the proof of Theorem 2.29 in that book. Furthermore, Sp(2n) deformation
retracts onto U(n) (see Proposition 2.22 in [MS]). Since mgy and mg are
invariant under homotopy, the statement follows.

Lemma 36. Let X be a topological space, Y C X, (E,w) a symplectic vector
bundle over X, ® : Y xY — GL(w) a morphism of topological groupoids
whose composition with the canonical projection GL(w) — X x X is the
identity, and (V,Q) a symplectic vector space of dimension rankE. If there
is a homeomorphism f : [0,1] X Y — X such that f(0,x) € Y, for every
x €Y, then there exists ¥ € Iso(X x V, E,w) such that q)ﬁllllm =0 for
every r,x' € Y.

Proof of Lemma 36. Assume without loss of generality that Y # (). We
choose a homeomorphism f : [0,1] x Y — X as above, a point g € Y, and
Ty € ISO(V, Q; (E,w)|x0). We denote by pr: [0,1] x Y — Y the canonical

projection. By Lemma 60 there exists T e Iso(pr*f*(E,w), f* (E,w)) such
that U{gy = id. We define W : X xV — E by 0@ 1= &/ @Rl @y, .
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V — E,, for z € X. This map has the required properties. This proves
Lemma 36. U

The next remark will be used in the proof of Theorem 24(v). Let X be
a closed oriented curve. We denote by X the curve X with the opposite
orientation.

Remark 37. Let (E,w) a symplectic vector bundle over X and ®,¥ €
T(E,w), with ® regular. Then m~ (V,®) = —mx (¥, ®). This follows
from directly from the definition.

For the proof of Theorem 24(viii) we need the following.

Lemma 38. Let X be a closed oriented curve, (E,w) a symplectic vector
bundle over X, W C E an w-coisotropic subbundle, and ®,V € T(FE,w).
Assume that ® and V leave W invariant, and that ® is reqular. Then
mX,w(\ij (I)) = MX wy (\1le q>W)

Proof of Lemma 38. Without loss of generality we may assume that X is
connected. We choose z € C([0, 1], X) such that z(0) = z(1) and the map
St = 10,1]/{0,1} > [t] = 2(t) € X has degree one. For s € [0,1] we define
zs € C([0,1], X) by 2s(t) := 2(st). We define F' : [0,1] — Autw,g) by
F(s) := ®([zs]) "W ([z,]). Since F(0) = id and F is continuous. It follows
that det F'(s) > 0, for every s € [0,1]. Hence Proposition 28 implies that
Pu(F(8)) = puy (F(s)w, ), for every s € [0,1]. The statement of Lemma
38 follows. O

For the proof of Theorem 24(ix) we need the following.

Lemma 39. Let X be a closed curve, (E,w) a vector bundle over X, and
OV € T(F,w), with ® reqular. Assume that there exists a coisotropic
subbundle W C E that is invariant under ¥, such that Uy is regular.
Then mx (¥, ®) € Z. Furthermore, if there is an orientable such W then
mx (U, ®) € 2Z.

Proof of Lemma 39. Let X, E,w,®, ¥ and W be as in the hypothesis. We
choose a path z € C([0,1], X) such that z(0) = z(1) and the map S! =
[0,1]/{0,1} > [t] — 2(t) € X has degree one. By our regularity assumptions,
we have ®([z]) = id and ¥y ([2]) = id. Hence by the first assertion of
Proposition 28, we have p, (®([z]) " ¥([z])) = Lpuy, (Tw([z]) = +£1 € S
It follows that mx (¥, ®) € Z.

To prove the second assertion, for s € [0,1] we define z, € C([0,1], X)
by zs(t) := z(st). We define S to be the set of all s € [0,1] such that
W([25]) maps the orientation of W) to the orientation of W,. This set
is non-empty, since 0 € S, open and closed. It follows that S = [0, 1], and
therefore det U([z]) > 0. Therefore, by the second assertion of Proposition
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28 we have p,,(8([2]) W ((])) = puy

z(0)
that mx (¥, ®) € 27Z.
This proves Lemma 39.

(U([Dw.) =1 € St. It follows

O

For the proof of Theorem 24(x) we need the following lemma. Let X be a
closed curve, (E,w) a symplectic vector bundle over X, (V/,w’) a symplectic
vector space, W C FE an w-coisotropic subbundle, &y € 7 (F,w) a regular
transport, and F : W — X x V' a surjective homomorphism such that
F*w' = w. We denote by Fy : W,, — E’ the map induced by F. We
define ® € T(Wi,,ww) by ([2]) := (Fw) 7} (Fw)=(0); E:=Ea&(S'x V),
= wd (—'), and W := {(z,v,Fv)|z € C,v € W}. Then W is an
&-Lagrangian subbundle of E. Furthermore, we define PheT(X x V', W)
to be the trivial transport ®f = id, and 50 = Py D P € T(E,&). Let
U € T(E,w) be a lift of (W, ®). We define ¥ := ¥ & &), € T(F,&). Then
U is a lift of (W,0).

Lemma 40. We have mX,@(\TJ, Bg) = mx w(V, ®o).
Proof of Lemma 40. This follows from a straight-forward argument. O

4.1. Proof of Theorem 24 (Properties of the coisotropic Maslov
map for bundles).

Proof of Theorem 24. Assertion (i) follows directly from the definitions
and assertion (ii) from Remark 25. Assertions (iii,iv) follow from Lemma
26 and Theorem 9(iii,iv).

To prove statement (v), let ¥, X, E,w, W, ®, W' and ® be as in the
hypothesis. Without loss of generality, we may assume that ¥ is connected
and X # (). We choose a symplectic vector space (V, Q) of dimension rankF.
Assume first that 9% # (). We choose ¥ € ISO(E X V,Q;E,w). We define

U= (pr}) ¥ € Iso(Xx x V,Q; (pry)* (B, w)).
Claim 1. We have sz7Q(\T/*pr§<*(W/, ') = 0.

Proof of Claim 1. Without loss of generality we may assume that X is con-
nected. We denote by X; and X» the two connected components of p1f§(_1 (X)
Yx. We denote by f : X; — X5 the unique map such that pr%z\xl =
pry o f. Furthermore, for i = 1,2 we define (W;, ®;) := \I/*pr)z(*(W’, )| x,.
Then f*(Wy, ®2) = (W7, ®;). Furthermore, the canonical orientation of X;
(induced by the orientation of ¥x) is opposite to the pullback under f of
the canonical orientation of X5. Therefore, Claim 1 follows from Remark 37
and statement (i). O

C
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Using Claim 1, it follows that
m((pry)* (B,w, (W, ®) [J(W', @)

= Mpnx 0 (‘T’*pg{* ((W= ) H(W/’ (I)/)))
= maz,o(V (W, ®)).

Since mq(¥*(W, ®)) = mx(E,w, W, ®), equality (11) follows.

Assume now that 0¥ = (). We choose a connected closed curve X’ C ¥\ X,
such that Xy is disconnected. We denote by X; and Xs the connected
components of Y xs, and by f: X1 — X5 the canonical map. We also choose
a trivialization ¥ € ISO(EX/ x R2™, wo; E,w). We define ¥ : X7 — Aut(wp)

by U(z) := \T/Z_I\T/f(z). Furthermore, we define mg as in Remark 35. As
explained in the proof of Theorem 2.69 in [MS], we have ¢ (F,w) = mo(V).
(That theorem is stated for smooth surfaces, however, the proof carries over
to topological surfaces.) We define ®” € T ((F,w)|x/) to be the unique
transport such that pry, ®”([z]) = \T!Z(l)\ffz_(lo), for z € C([0,1],X7). It
follows that

(25)

R | idges, for z € C([0,1], X1),
Pk 0D = { W o), o € O 1)

We choose z € C([0,1], X32) such that the map z(0) = z(1) and the map
S'>R/Z>t+ 7 z(t) € Xy is an orientation reversing homeomorphism
(with respect to the orientation on X5 induced by the orientation of ¥ x).
Equality (25) implies that m, .z, (\T/*pri,*tﬁ”\xl) =0 and

HX)w
M e (BP0 x) = —2mo((F o £ 0 2) M U( 7 (:(0)))
X/ ’
= —2mo((¥o f~ Loz) 1)

It follows that

(26) m(pr% (B,w, E|x,®")) = M 1 (x1) (U pry, ®") = 2mg (V).

On the other hand, using the canonical identifications (Xx/)x = Xx1x =
(Xx)x7, by what we already proved, we have

m(pri,*(E,w,E]X/,CI)”)) = m(priuX,*(E,w, (W', @) H(E]X/,@”)))
= m(pr} (B,w, W, @)).

Combining this with (26) and the fact mo(¥V) = c¢1(F,w), equality (11)

follows. This proves statement (v).

We prove (vi). For each natural number n we denote by wgy and Jy
the standard symplectic form and complex structure on R?”, and by R(n)
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the set of all totally real subspaces of R?", and for Wy € R(n) we define
owe : R(n) — S* by pw, (W) := det(¥)?/| det(¥)|?, where ¥ : C"* = R?" —
C™ is a complex linear map such that YWy = W. For a closed oriented
topological curve X and a map W € C(X, R(n)) we define m™*(W) :=
deg (0% > z — pw,(W(z)) € S'), where Wy € R(n) is arbitrary. Let
3. € S. We define 5%6‘*1 and mrzeal : 8%‘”1 — Z as in the paragraph before (32)
in the appendix. Let (E,w, W) € Eé . We denote 2n := rankE. We choose
U € Iso(SxR?", wy; E,w), and define W' : X — R(n) by W'(z) := W[4 W,
and view this also as a subbundle of 9% x R?". By [MS], the (Isomorphism)
condition in Theorem C.3.5. and the (Trivial bundle) property in Theorem
C.3.6., we have

mE(B,w, W) =mEN(E, U, Jo, W) = mx (S x R*", Jo, W) = m(W').

On the other hand, mx(E,w, W,0) = mx(XxR?™ wo, W’,0) = mas u, (W', 0).
Therefore, (vi) is a consequence of the following claim.

Claim 2. We have m(W') = mpx, o, (W', 0).

Proof of Claim 2. We fix a connected component X of 0. We choose a
path z € C([0,1], X) such that the map S* X R/Z >t +7Z +— 2(t) € X
has degree one. We denote by U(n) C C™*™ and O(n) C R™*™ the unitary
and orthogonal groups. Note that G(wp,n) is the Grassmannian of La-
grangian subspaces of R?". For every Wy € G(wp,n) the map U(n)/O(n) >
VO(n) — ¥Wy € G(wp,n) is a well-defined diffeomorphism. Since the
map U(n) — U(n)/O(n) is a smooth fiber bundle, setting Wy := WZ’(O),

it follows that there exists a path ¥ e C([0,1],U(n)) such that ¥(0) =
id and \I’(t)WZ’(O) = Wz’(t), for every t € [0,1]. By definition, we have

mas,w,(W',0) = m(¥) = 2a([0,1] 2 t — pwo(\fl(t))). Let ¢t € [0,1]. Since
WU(t) € U(n), by the Determinant property of p,, we have p,,(¥(t)))? =

det(¥(t))? = pW/(O)(WZ/(t)). Claim 2 follows. O

We prove (vii). Let ¥, E,w, W, ® and X be as in the hypothesis. Without
loss of generality we may assume that X is connected. Assume first also
that ¥ is homeomorphic to [0, 1] x X. We choose a symplectic vector space
(V, Q) of dimension rankE. Since ® is regular, we may apply Lemma 36 with
(X,Y) := (¥,X) and ® replaced by the map X x X > (z0,21) — @([2]),
where z € C(]0,1],X) is an arbitrary path satisfying z(i) = z;, for i =
0,1. It follows that there exists ¥ € Iso(E X V,Q;E,w) such that ¥*(1) =
®([2])T*O), for every z € C([0,1],X). We define ¥’ : /X x V — E/® by
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\IJ’MU = [z, ¥,v]. It follows that
m(E,w, W, ®) = mo(¥*(W,®))
= mqa (V" (W, ®)|os x)
= m((E,w,W,®)/X).

Here in the second step we used the fact that ¥*®|([z]) =id: V — V, for
every z € C([0,1],X). This proves the statement if ¥ is homeomorphic to
[0,1] x X.

In the general case we choose a curve X’ C X such that X y/ is the disjoint
union of two surfaces ¥ and 31, such that ¥; is homeomorphic to [0, 1] x X.
By statement (v) we have

m(E,w,W,®) = m((E,w, W, (IJ)@/)
(27) = m((B,w,W,®)%|s,) + m((B,w,W,®)%|s,).
By what we already proved, we have
(28) m((B,w,W,®)%|s,) = m((E,w, W, ®)* s, /X).

Using again statement (v), we have m((E,w, W, )%’ 530 ) +m((E,w, W, 3)®’ v, /X) =
m((E,w,W,®)/X). Combining this with (27,28), statement (vii) follows.

We prove assertion (viii). We choose a symplectic vector space (V, ) of
dimension rankF and a coisotropic subspace W° C V of dimension rankV .

Claim 3. There exists ¥ € ISO(]D) x V., Q; E,w) such that (D x W0) = W.

Proof of Claim 3. We choose an arbitrary U € Iso (]D xV,Q F, w) and define
W :=U-1W C DxV. We choose a map f; € Aut(Q2) such that fyW° = Wo.
It follows from Lemma 11 and the homotopy lifting property for smooth
fiber bundles that there exists f € C(D, Aut(€2)) such that f(z)W" = Ww.,
for every z € D. We define ¥ := v f. Claim 3 follows. O

We choose ¥ as in Claim 3. The assertion (viii) follows from Lemma 38
with w, W, ® replaced by Q, W% ¥*®. Assertion (ix) follows from Lemma
39.

We prove assertion (x). We choose a symplectic vector space (V,€)
of dimension rankF and f € Iso(]D) x V,Q, E,w). Then the hypotheses of
Lemma 40 are satisfied with X := S and w, W, ® replaced by €, e (W, @).

We denote W = {(z, fo, \I/fv) | (z,v) € W} By the conclusion of Lemma
40 we have mgi o (f[5 (W, ®)) = mslﬂ@w/(W,O). Combining this with
Lemma 17, it follows that m(E,w, W, ®) = mg ,(W,®) = msl,w@w/(W, 0).
This proves assertion (x) and completes the proof of Theorem 24. O
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Appendix A. Auxiliary results

The following result was used in Section 1.
Lemma 41. The winding map « : C([0,1],R/Z) — R is continuous.

Proof of Lemma 41. We denote by d the standard metric on R/Z. By
Lemma 63(iv) C([0,1],R/Z) is metrized by the metric d’ defined as in (50).
Let zp € C(]0,1],R/Z). We denote by 7w : R — R/Z the canonical projec-
tion. We choose a path zp € C([0,1],R) such that 7 o Zy = zp. We define
the map ¢ : B{%(zo) — C([0,1],R) by defining ¢(2)(t) to be the unique
point in (Zo(t) — 1/2,20(t) + 1/2) such that (¢ (2)(t)) = (). This map is
continuous. Furthermore, by Lemma 63(ii) the map C([0,1],R) — R given

by Z + z(1) — 2(0) is continuous. Since oy (z0) 18 the composition of ¢
1/2

with this map, it is continuous. It follows that « is continuous. This proves
Lemma 41. O

The next result was used in Section 1 for the definition of the map mc,, :
T(C XV, w) — R.

Proposition 42. [D. A. Salamon and E. Zehnder, Theorem 3.1. in [SZ]]
There is a unique collection of continuous mappings p,, : Iso(w) — S (one
for every symplectic vector space (V,w)) satisfying the following conditions:
(i) (Naturality:) If (V,w) and (V',w") are symplectic vector spaces, ® €
Iso(w,w’) and ¥ € Iso(w) then p,(PUP~L) = p, (V).
(ii) (Direct sum:) If (V,w) and (V',w') are symplectic vector spaces and
P € Iso(w) and @' € Iso(w') then pugw (P & D) = pu,(P)puw (D).
(11i) (Determinant:) If ® € Sp(2n) N O(2n) then p.,(P) = det(X + iY),
where X, Y € R™ " are such that

X -Y
oo (5 7).
(iv) (Normalization:) If ® € Iso(w) has no eigenvalue on the unit circle
then p,(®) = +1.

The maps p,, in the collection of this proposition are called Salamon-
Zehnder maps.

The next lemma was used in the proof of Proposition 28. We fix A € C
and denote

EY =ker ((Aid—w)™":VaC - vec).
(If X\ is an eigenvalue of ¥ then this is the generalized eigenspace of A,
otherwise it is {0}.) We fix A € S\ {1} and define We define
m4(w, ¥, \) := max { dimc W ‘ W C E}\I' complex subspace: iw(v,v) < 0,Y0 # v € W},

and we denote m_(¥) := %Z/\e(—oo,O) dimc EY .
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Lemma 43. The number m_(¥) is an integer, and

(29) pw(\Il) = (_1)m7(‘1/) H /\m+(w,\ll,)\)‘
AeST\{+1}
Proof of Lemma 43. This follows from the proof of Theorem 3.1. in [SZ].

O
Remark 44. By Remark 30 we have

(30) P—w(¥) = pu (V).
The following lemma was used in Section 1.

Lemma 45. Let (M,w,G, ) be a Hamiltonian G-manifold, and let 3 € S.
Assume that the action of G on N := u=1(0) is free. Then M 0wy = MW N -

Proof of Lemma 45. Let a € []D),M; N, w]. We choose a representative u €
C(D, M) of a, and define g € C(S',G) to be the unique map satisfying
uw(z) = g(2)u(1), for every z € S'. We choose a continuous symplectic
trivialization ¥ : D x R?® — u*T' M. We define z € C([0,1],S!) By z(t) :=
2™t and U : [0,1] — Sp(2n) by ¥(t) = \I'Z_é)g(z(t))\lfl. It follows that
mas(u) = m(¥). We define the coisotropic subbundle W C R2" by W, :=
\Ifz_lTu(z)N, and ¢ := \If|*slh01N"”. We have \I’Z(t)Wl = W.q), for every
t € [0,1]. Lemma 45 follows now from the following claim.

Claim 1. We have U(t)yy, = ®([2]j0,4]), for every t € [0,1].

Proof of Claim 1: We choose a smooth map f : TN, — N such that
f(0) = u(1) and prydf(0) = id. We define f : [0,1]xTN,, — N by f(t,v) :=
g(2(t))f (v). Tt follows that hol™* ([uoz|g4]) = prydf(t,)(0) = (9() )7,

f:)r every t € [0,1]. This implies that @([Z‘[Qﬂ]) = (\I/z_é))Tuoz(t)N(g(t)’)Tu(l) (Uy)w, =

U(t)yw,. This proves Claim 1. O

The following result was used in Section 1. Let (M,w) be a closed con-
nected symplectic manifold. Assume that there exists a € R such that [w] =
2ac1 (T M, w) on [S%, M], and that T* acts on M with moment map p. The
mixed action-Maslov index is a homomorphism I : 7;(Ham(M,w)) — R,
where homotopy is taken with respect to the C*°-topology on Ham(M,w).
It is defined as follows (see [EP]). Let A € m(Ham(M,w)). We choose a
representative ¢ € C*°(S!, Ham(M,w)) of A. By Floer-theory there exists
u € C*(D, M) such that ¢, o u(l) = u(z), for every z € S'. We define
m(u, ) € Z as follows. We choose a symplectic vector space (V) of di-
mension dim M, and a trivialization ¥ € Iso(]D X V,Q;u*(TM,w)). We
define m(u, ¢) :==m(S* 3 z — U dp.(u(1))¥; € Aut(Q)). By a standard
homotopy argument this number does not depend on the choices of V, )
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and ¥. We define I(A) := [ u*w — [ F o udfd — am(u, ¢), where § € S*
denotes the angular coordinate, and F' € C*°([0,1] x M,R) is the unique
map whose flow is ¢ and that satisfies [, F(t,-)w"" = 0, for every t € [0, 1].
This number does not depend on the choice of ¢ and u (see [EP]).

The exponential map exp : t — 7 induces an isomorphism Hom(71(7), R)
t*. The action of 7 on M induces a homomorphism Hom(m (Ham(M,w)),R) —
Hom(m(7),R). We define &pec € t* to be the image of —I under the com-
position of these two maps, and the special fiber N := ,u_l(fspec C M.

Lemma 46. If T acts freely on N then for every u € C*°(D, M; N,w) we
have [ u*w = amp no([u]).

~

Proof of Lemma 46. Let a € <]D),M; N,w>. We choose a representative u €
C(D, M) of a. We define g € C(S,G) by u(z) = g(2)u(1). Let £ €T C t.
By definition we have

(31) I((1:8)) = = A (W) + 5m(u, 9.

Furthermore, [o (1o u(e®*™), &)dt = (pou(1),&) = —I o pu([S' = R/Z >
t+ Z — exp(t€)]) = —I(p(ue), since u(l) € p ' (pspec). Combining this
with (31), we obtain [ u*w = amp ,([u]) = amp no([u]). Here in the last
step we used Lemma 45. This proves Lemma 46. O

In order to define the collection of maps mé occuring in Theorem 24, for

Y € S we define 5%6‘*1 to be the class of all triples (E, J, W), where (E, J) is a
complex vector bundle over ¥ and W C FE|gy, is a totally real subbundle. By
Theorem C.3.5. in the book [MS] by D. McDuff and D. A. Salamon there
exists a unique collection of maps mrzeal : 5%6‘11 — Z, where % € S, satisfying
suitable (Isomorphism), (Direct sum), (Composition) and (Normalization)
conditions. Let ¥ € §. We define the map mé : Eé — 7 as follows. Let
(B ,w,W) € EL. We choose a fiberwise complex structure J on E that is
w-compatible, and we define

(32) mE (B, w, W) = m5 (B, J, W)

This number is well-defined, i.e. it does not depend on the choice of J.

In the following we define the linear holonomy along a leaf in a foliation.
This was used in Section 1, in order to define the Maslov map. Let M be
a manifold and F a foliation on M, i.e. a maximal atlas of foliation charts.
We denote by TF C TM and NF := TM/TF the tangent and normal
bundles of F, by pr¥ : TM — NJF the canonical projection, by F, C M
the leaf through a point z € M, and by R” := {(m,y) eMxM ‘ Yy € fx}
the leaf relation. For x € M we write T, F := (T'F), and Ny F = (NF),.
Let F be a leaf of F, a < b, and = € C([a,b], F). The linear holonomy of F
along x is the linear map holx]: : Nya)F — Ny F, whose definition is based
on the following result.
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Proposition 47. Let M, F,F,a,b and x be as above, N a manifold, and
Yo € N. Then the following statements hold.

(i) For every linear map T : T,y N — Ty)M there exists a map u €
C([a,b] x N, M) such that

(33) u(:,y0) =,
(34) U(t,y) S fu(a,y)a vt € [CL, b]7 Yy € N,
(35) u(t,-) is differentiable at yo, YVt € |a, b],
(36) d(u(a,-))(yo) =T
(i1) Let u,u' € C([a,b] x N, M) be maps satisfying (33,34,35), such that
(37) pr”d(u(a,-))(yo) = pr”d(u(a, ) (yo)-

Then pr” d(u(b,-))(yo) = pr”d(«/(b,))(yo)-
For the proof of Proposition 47 we need the following lemmas.

Lemma 48. Let X be a connected topological space and R C X x X an
equivalence relation on X. Assume that every equivalence class is open.
Then R=X x X.

Proof of Lemma 48. This follows from an elementary argument. O

By a foliation chart we mean a pair (U, ¢), where U C M is an open subset
and ¢ : U — R™ is a smooth chart satisfying dp(z¢)TpF = {0} x R,
for every xp € U. We denote by pr; : R* = R"* x RF — R" % and
pry : R” — R¥ the canonical projections.

Lemma 49. Let F C M be a leaf of F and (U, ) a foliation chart. Then
the subset pry o (U N F) C R™* is at most countable.

Proof of Lemma 49. Let (M, F) be a foliated manifold. By definition, the
leaf topology on F' is the topology TFf generated by the sets =1 ({0} x R¥),
where (U, ) € F is such that ¢~1({0} x R¥) C F. It is second countable,
see for example Lemma 1.3. on p. 11 in the book [Mol]. It follows that
there exists a countable collection of surjective foliation charts ¢; : U; — R™
(i € N), such that (¢; ({0} x }Rk))ieN is a basis for 7. Let (U,¢) € F.
Then UNF € Tff , and therefore there exists a subset S C N such that
UNF =J;cq Ui For each i € S compatibility of ¢ and ¢; implies that @t
is constant on U;. It follows that ¢&(U N F) € R™* is at most countable.
The statement of Lemma 49 follows from this. (]

Lemma 50. Let M,F,F,a,b,N and yy be as above, and u € C([O, 1] x
[a,b] x N,F) be such that (35,37) hold and u(s,i,y0) = u(0,4,y0), for
every s € [0,1] and i = 0,1. If there exists a surjective foliation chart
(U,¢) such that u(s,t,yo) € U for every s € [0,1] and t € [a,b], then
pr}—d(u(O? b, ))(yO) = pr}—d(u(l, b, ))(yO)
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For the proof of Lemma 50 we need the following.

Lemma 51. Let M,F,a,b, N and yo be as above, (U, p) a foliation chart,
andu € C([a,b]xN,U) be such that (33,34,35) hold. Then pridpd(u(t,-))(yo) =
prydipd(ua, ))(yo), for every t € [a,B]

Proof of Lemma 51. We choose an open neighborhood V' C N of yg, such
that u([a,b] x V) C U and v/([a,b] x V) CU. Let y € V. Since u([a,b] x
{y}) = {Fu(ay } and pry opou(la,b] x {y}) € R"* is connected, it follows
from Lemma 49 that pr; o p o u(t,y) = pry o p o u(a,y), for every t € [a,b].
The statement of Lemma 51 follows from this. (]

Remark 52. Let (U, ) be a foliation chart and xo € U. Then there exists
a unique linear isomorphism W, : R"k — N, F = T, M/T,,F satisfy-
ing prx]:O = W, pride(zg). To see this, observe that the map pridp(zo) :
TpoM — R"F is surjective and has kernel Ty, F.

Proof of Lemma 50. For xg € U we define define ¥, as in Remark 52. It
follows from Lemma 51 that

pr”d(u(b, ) (yo) = Vg prided(u(a, ) (yo) = Carr) ¥ oy pr” d(ula, ) (o),

and pr’d(u/(b,-))(yo) = W) ¥ P d(u'(a,-))(yo). Using equality (37),
the conclusion of (ii) follows. This proves Lemma 50. O

We will use the following notations and conventions. Let a,b € R. If a <
b then we equip the interval [a,b] with the positive orientation. If a >
b then we define [a,b] := [b,a] and equip this interval with the negative
orientation. We call a the initial point and b the end-point of I. Let I
and I’ be closed oriented intervals. We define the equivalence relation ~
on I'J]I'" by t ~ ¢ iff t =t or ¢ is the end-point of I and t is the initial
point of I’. Furthermore, we define the connected sum I#I’ to be the
oriented topological one-manifold (IJ[I')/ ~. Let now X and Y be sets,
andu:IxY — X and v/ : I' x Y — X maps. We define the concatenation
u#u  (I#I)XY — X by u#d/([t],y) := u(t,y), if t € I, and u#d/([t],y) :=
u/(t,y), otherwise. If r > 0 and t € [a,b] then we denote B,.(t) := [t —r,t +
r] N [a,b].

Proof of Proposition 47. We prove statement (i). We define R to be the
set of all (t1,t2) € [a,b] x [a,b] such that for every linear map 7" : T, N —
Ty (4,)M there exists amap u € C’([tl, to] X N, M) such that u(-, yo) = |, 4],
u(t,y) € Fuq, ), for every t € [t1,t2] and y € N, u(t,-) is differentiable at
yo, for every t € [t1,t2], and d(u(t1,-))(yo) = T. This is a relation on [a, b].

Claim 1. The relation R is reflexiv and transitive.
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Proof of Claim 1. To prove reflexivity, let t1 € [a,b]. We show that (¢1,¢1) €
R. Let T : TyyN — T,(4,)M be a linear map. We choose local parametriza-
tions ¢ : R™ — N and ¢ : R™ — M such that ¢(0) = yg and ¥(0) = z(t1),
and a smooth function p : R” — R with compact support, such that p =1
in a neighborhood of 0. We define u : {t;} x N — M by u(ty,y) =
b(pow™ (y)d(0) "' Tdp(0)p~ (), if y € p(R™), and u(t1,y) := x(t1), oth-
erwise. This map satisfies the condition in the definition of R with to = ¢;.
This proves reflexivity. N

To prove transitivity, let ¢1,ta,t3 € [a,b] be such that (¢1,t2) € R and
(to,t3) € ﬁ, and T': TyyN — T,,)M be a linear map. We choose u as in
the definition of ﬁ, and v as in this definition, with t1,¢5 and T replaced
by ta,ts and d(u(t2,-))(yo). Then the map u#v satisfies the conditions in
the definition of ﬁ, with t1,t9 replaced by t1,t3. It follows that (t1,t3) € R.
This proves transitivity and completes the proof of Claim 1. O

Claim 2. For every t1 € [a,b] the set Sy, = {t2 € [a,b]| (t1,t2) € 15;} is
open.

Proof of Claim 2. Let ty € Si,. We choose a map u € C’([tl,t2] XN, M) as in

the definition of R and a pair (U, ¢), where U C M is an open neighborhood
of z(t2), and ¢ : U — R™ is a surjective foliation chart. We also choose
a number € > 0 so small that x(B.(t2)) C U. Let t3 € B.(t2). We define
v [to, t3] x N — M by v(t,y) := ¢ (pou(te,y) +pox(t)— pox(ts)). Since
x([ta, t3]) € F and pox([ta, t3]) € R" ¥ is connected, it follows from Lemma
49 that prjopox([ta, t3]) = pryopox(tz). Hence v(t,y) € Futyy) = Fu(tr,y)s
for every t € [ta,t3] and y € N. It follows that the concatenation u#v
satisfies the conditions in the definition of ﬁ, with t1,to replaced by to, t3.
Therefore, t3 € S,. This proves that Sy, is open. This proves Claim 2. [J

We define R := Eﬁ{(tl, ta) | (t2, 1) € E} By Claim 1 this is an equivalence
relation on [a,b]. Let ¢; € [a,b]. We define S := {t, € [a, D] ‘ (ta2,t1) € E}
Interchanging the roles of ¢; and to, Claim 2 implies that S* is open. The
R-equivalence class of t; equals S;, NS and hence is open. Therefore, by
Lemma 48 R = [a, b] X [a,b]. Statement (i) follows.

We prove assertion (ii). Let u and u’ be as in the hypothesis. We define
R to be the set of all pairs (t1,t2) € [a,b] x [a,b] such that

pr”d(u(ty,-))(yo) = pr”d(u'(t1,-))(yo) = pr’d(ultz, ) (yo) = pr’d(u'(t2. ) (o)-
This is a reflexive and transitive relation on [a, b].

Claim 3. For every ty € [a,b] the set Sy, = {t2 € [a,b]| (t1,t2) € E} is
open.
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Proof of Claim 3. We choose € > 0 so small that there exists a surjective
foliation chart (U, ) such that z(B.(t1)) € U. Let to € B.(t;). Lemma
50 with a,b,u replaced by t1,t2, ul, 4, implies that to € Si,. This proves
Claim 3. O

We define R := RN {(t1,t2) ‘ (ta,t1) € é} This is an equivalence relation
on [a,b]. Let t; € [a,b]. We define S := {ts € [a,b]] (t2,t1) € ﬁ}
Interchanging the roles of ¢; and t5, Claim 3 implies that S is open. Since
the R-equivalence class of t; equals Sy, N S, the hypotheses of Lemma 48
are satisfied. It follows that R = [a,b] X [a,b]. Assertion (ii) follows.

This completes the proof of Proposition 47. O

We define N := Ny, F and yo := 0, and we canonically identify Tj (Nx(a)}" ) =
Ny@F. We choose a linear map T': Ny)F — Tpq)M, such that pr/ T =
idn, 7, and a map u € C>([a,b] x Ny F, M) such that (33,34,35,36)
hold. We define

hol? := pr”d(u(b,))(0) : Ny(a)F(= To(Ny()F)) — Ny F-

It follows from Proposition 47 that this map is well-defined. Consider now
the set

X7 = {z e C((0,1), M) |3F : leaf of F: z([0,1]) C F}.
We define the map hol” : X% — GL(NF) by hol” () := hol’.

Remark 53. This map is a morphism of groupoids. To see this, observe
that if x : [a,b] — M is constant then hol? = idnN, 7. Furthermore, If
a <bandd <V are numbers, x € C([a,b],F) and 2’ € C([d,b'], M) are
such that x(b) = 2'(a’), then holmf#x, = holZ holZ . These assertions follow
immediately from the definition of the holonomy along a path.

Denoting by Z the map = together with the reversed orientation of [a, b],
it follows from Remark 53 that holZ = (holZ)~!.

Proposition 54. The map hol” is continuous with respect to the compact
open topology on X7 .

Remark 55. If zg € X7 is such that there exists a surjective foliation chart
(U, ) such that zo([a,b]) C U then hol” is continuous at xo. To see this,
we define W, as in Remark 52. Let x € X7 be such that z([a,b]) CU. It
follows from Lemma 51 that holx]: = \I/x(b)\I/;(la). This depends continuously
on x.

Proof of Proposition 54. Let z € X7. We define R to be the set of all pairs
(t1,t2) € [a,b] x [a, b] such that hol” is continuous at the restriction Ty 20) €
X7 . Tt follows from Remark 55 that R is a reflexive relation. Remark 53
implies that it is symmetric and transitive. Furthermore, Remarks 53 and
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55 imply that the R-equivalence classes are open. Therefore, by Lemma 48
we have R = [a,b] x [a,b]. It follows that hol” is continuous at z. This
proves Proposition 54. O

Proposition 56. If F is a leaf of F and u € C([0,1] x [a, b], F') is such that
u(s,i) = u(0,1), for every s € [0,1] and i = a,b, then hol’ur(o’,) = holff(h).

For the proof of Proposition 56 we need the following. Let s, ss,t1,t3 € R.
We define s, s, +, to be the concatenation of the paths [s1,s2] 3 s —
(s,t1) € R? [t1,ta] Dt — (s2,t) € R?, [s9,81] 2 s — (s,t3) € R? and
[ta,t1] Dt — (s1,t) € R2.

Remark 57. Let (U,¢) be a surjective foliation chart and u € C([s1, s2] X
[t1,t2] — U N F) Then hol?, = idNu(sl,tl)M' This follows from

UOT sy ,s9,t1,tp
Lemma 50 and the fact that xs, s, ¢, 1, is homotopic in [s1, s3] X [t1,t2] to a

constant path.

Let F be a leaf of F, a,b,c,d € R, s1 € [a,b], and u € C([a,b] X [c,d],F).
We define R;, to be the set of all pairs (t1,t2) € [c,d] X [¢,d] such that

there exists ¢ > 0 such that hOlfowswzytm = idNu(sl,tl)M7 for every so €

[s1 —€,51+¢] N[a,b]. It follows from Remark 53 that R, is an equivalence
relation on [e, d].

Lemma 58. We have R, = [c,d] X [c,d].

Proof of Lemma 58. By Lemma 48 it suffices to prove that for every t; €
[c,d] the R -equivalence class of t; is open. To see this, let to € [c,d]
be such that (t1,t2) € Rs,. We choose €1 := ¢ as in the definition of
Rs,, a surjective foliation chart (U, ¢) such that u(si,t2) € U, and €2 > 0
so small that u([sl — £9,81 + 52] X [tg — e9,t9 + 62]) C U. We define
€ = min{€1,€2}. Let so € [81 —&,8 + E] and t3 € [tz —&,t2 + 6]. It
follows that hol”. = idNu(sl,tl) m- Furthermore, by Remark 57

UOT sy ,59,t7 ,tg

f I
we have holuo%l’s%%t3 = 1dNu(S1
hol?, i

woa ay iy = 1N, (o, )M Therefore, (t1,t3) € Rs,. This proves Lemma
58. (]
Proof of Proposition 56. We define R := {(s1, s2) € [0,1]x[0,1] | hOquoxsl,sz,a,b =
id Nu(sp.0) M}. It follows from Remark 53 that this is an equivalence relation
on [0,1].

M- Using Remark 53, it follows that

Claim 1. For every s1 € [0, 1] the R-equivalence class of s1 is open.

Proof of Claim 1. Let so € [0,1] be such that (s1,s2) € R. Thus we have
hol?, = idn,(, oM. By Lemma 58 we have (a,b) € Rs,. Hence

UOT 5y ,s9,a,b

there exists € > 0 such that for s3 € [sy — &, 59 4 €] we have hol?, =

UOT 59 ,s3,a,b
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idNu(SQ,a)M- Let s3 € [sg — ¢g,89 + ¢]. Using Remark 53, it follows that
hol?. = idNu(sm)M, i.e. (s1,s3) € R. This proves Claim 1. O

UOTs,s3,a,b

Claim 1 and Lemma 48 imply that R = [0, 1] x [0, 1]. Using Remark 53, the
statement of Proposition 56 follows. O

It follows from Proposition 56 that the map hol” : X7 — GL(NF) descends
to a morphism of topological groupoids

(38) hol” : X7 /~ p7— GL(NF).

(We use the same notation for this map.) We call this map the linear
holonomy of F.

The following result was used in the proof of Theorem 19 in Section 4. Let
X be a topological manifold, Y C X, E — X a vector bundle, ¢ : Y XY —
GL(FE) a morphism of topological groupoids whose composition with the
canonical projection GL(F) — X x X is the identity, ¥ € Nand T : E¥¥ — R

be a (continuous) tensor. Assume that T(®% vy, ..., % vy) = T(vq,. .., vp),
for every x,2’ € Y and vy,...,v; € E,. We define ~¢, Fgp, e and Tg as in
Section 4.

Lemma 59. Assume that there exists a continuous injective map f : [0,1) X
Y — X such that f({0}xY) =Y. Then the pair (Ep,7s) is a vector bundle
and T is continuous.

The next result is used in the proof of Lemmas 59 and 36.

Lemma 60. Let X be a paracompact topological space and E — [0,1) x X
a vector bundle. We denote by pr: [0,1) x X — X the canonical projection.
Then there exists ¥ € Iso(pr*E, E) such that V() = idg,,,, for every
x € X. PFurthermore, if w is a fiberwise symplectic structure on E then
there exists W as above that preserves w.

Proof of Lemma 60. To prove the first assertion, note that there exists U e
Iso(pr*E, E), see for example [Hu], Part I Chap. 3, 4.4 Corollary (p. 28). We
define W) .= \T/(t’m)(\ff(o’x))_l. The second assertion follows from a version
of that corollary for symplectic vector bundles. This version is proved by the
argument in [Hu], by choosing the local trivializations to be symplectic. [

Proof of Lemma 59. To show that (E¢,7s) is a vector bundle, let zp € X.
Assume that © € Y. We denote by n the rank of F and choose a pair
(U, V), where U C X is an open neighborhood of zg and ¥ : U x R" — E
is a local trivialization. Then viewing U \ Y as a subset of X/Y the map
(U\Y)xR" — Eg, (z,v) — [z,v], is a local trivialization for Eg around
the point xy. Assume now that zog € Y. We denote n := rankFE and
U:=f(]0,1) xY) C X.
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Claim 1. There exists U € ISO(U x R™ E|U) such that U0 = 2 g(0.2)
forx, ' €Y.

Proof of Claim 1. We denote by pr : [0,1)xY — Y the canonical projection,
and choose f as in the hypothesis. We denote E' := f*E — [0,1)xY. By an

elementary argument there exists U e Iso(pr*E’, E') such that Vio,z) =1dp,
for every x € Y. We denote n := rankE and choose a point g € Y and Vg €

Iso(R", Ey,). We define ¥ : U x R" — E by U? := \I'ffl(x)fbggofil(w)\llo, for
x € U. This map has the required properties. This proves Claim 1. O

We choose a map ¥ as in Claim 1, and define ¥/ : U/Y x R" — Eg,
U'([z],v) := [z,v]. This is a local trivialization for F¢ around xy. Further-
more, the map U/Y x(R")*F — R, ([x],v1,...,0%) — Tq>(\I/’[x]vl, ey \I//[x}’uk) =
T, (V,v1,. ..,V 0k) is continuous. It follows that (Fg, 7g) is a vector bundle
and Tg is continuous. This proves Lemma 59. O

The following result was used in the proof of Theorem 3. Let X be a
topological space, ¥ C X a subset, and ~ an equivalence relation on Y.
We denote by ¢ : Y — X the inclusion and by 7 : Y — Y/~ the canonical
projection. We fix a positive integer k, and we denote by B*¥ C R and
Sk=1 C R* the closed unit ball and the unit sphere. We define the map

(39): {u € C(B*, X)|uis (S*!,Y/~)-compatible} — C(B*, X x Y/~ ),
(40) ¢(u) := (u, 7o u(20)),

where 2y € Sk_liis an arbitrary point and we view 7 o u(zp) as a con-
stant map from B¥ to Y/~. Note that (S*~', Y/ ~)-compatibility of u
implies that the right hand side of (40) does not depend on the choice of
zo. Furthermore, the map @(u) is (S*~!, {im(s, 7)})-compatible, and the
(Sk_l, {im(¢, ﬂ)})—compatible homotopy class of this map is invariant under
(Sk_l, Y'/~)-compatible homotopies. Hence ¢ descends to a map

(41) ¢: [B*, S L XY/~ ] — [BF SFL X x Y/~ {im (e, )},

defining p([u]) := [p(u)]. Recall that a Serre fibration is a continuous map
with the homotopy lifting property for all CW-complexes.

Proposition 61. Let X,Y,~, 1,7 and k be as above. Assume that the map
m:Y — Y/~ is a Serre fibration. Then the map ¢ above is a bijection.

Remark 62. Let m: X — X' be a Serre fibration, Y be a CW-complex, and
ug,u1,v : [0,1] X Y — X be continuous maps. Assume that

(42) v(i,") = ui(0,), i = 0,1,
and there exists a continuous map v’ : [0,1] x [0,1] x Y — X’ such that

(43) mou; =u'(i,-,),i=0,1, mowv=n1'(-0,").
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Then there exists a continuous map u : [0,1] x [0,1] x Y — X such that
mou=u" and

’LL(Z,,) = Uy, i :0717 U(',O, ) = 0.
This follows from the homotopy lifting property for ( ] x
the map u’o(pxidy) : [0,1]x[0,1]xY — X', where ¢ : [ ]><
[0, 1] is a homeomorphism that maps [0, 1] x {0} to {0,1} x 0,

Y) applied to
[0,1] — [0,1]x
1JU[o, 1] x {0}.

Proof of Proposition 61. Let XY, ~ 1, m and k be as in the hypothesis. We
define the map

P [Bk,Sk_l;X XY /~, {im(L,ﬂ')}] — [Bk,Sk_l;X, Y/N]
as follows. Namely, let a € [Bk,Sk_l;X xY/ N,{im(L,ﬂ)}]. We fix a
representative (u,v’) : B¥ — X x Y/~ of @.

Claim 1. There ezists a continuous map f : B¥ — X such that

(44) f(2) = u(22), if 2] <},
45)  f()e€Y. mof(z)=v/(2/lzl-2)2). ifh<ld <L

Proof of Claim 1. We define w’ : [0,1] x S¥71 — Y/~ by w'(r,2) := v'((1 —
r)z). By (%71 {im(:, m)})-compatibility of (u,v’) we have w'(0,2) = 7o
u(z), for every z € S¥~1. Therefore, by the homotopy lifting property of

there exists a continuous map w : [0,1] x S¥~1 — Y such that 7 o w = '
and w(0, 2) = u(z), for every z € S¥~1. We define

5 _ [ u2), el < 2
FiBF - X, f(2) = { w(2lz] - 1,2/]2]), if $< o<1

This proves Claim 1. U

Note that if f is as in Claim 1 then 7 o f(2) = ¢/(0), for z € S*~1, and
therefore the map f is (S*~!, Y/~)-compatible.

Claim 2. If (ug,v{) and (u1,v]) are two representatives of a and fo, fi1 :
Bf — X are continuous maps satisfying (44,45) with u,v', f replaced by
wi, v}, fi, for i = 0,1, then the maps fy and f1 are homotopic compatibly
with (S*=1,Y/~).

Proof of Claim 2. Let (u,v') : [0,1] x B¥ — X x Y/~ be continuous maps
such that

(46)  (u,0)(i,-) = (us,vf),  (u,0')({s} x $*71) Cim(s,m), Vs € [0, 1].
We define

t+1z),

(47) w; - [O, 1] X Sk_l — Y, wi(t, Z) = fz( 5




A MASLOV MAP FOR COISOTROPIC SUBMANIFOLDS 45

for i = 0,1, and v := ulj 17 gs—1. Then the conditions of Remark 62 with
Y := S*¥ 1 and X, X', u; replaced by Y, Y’ w; are satisfied. To see this, note
that (42) follows from (44). We define

(48) w' 1 0,1] x [0,1] x S*7L = Y/~ w/(s,t,-) = V' (s, (1 —t)2).
Then for every t € [0,1], z € S¥~1, we have

t—|2— 12)

= v((1—1)2)

= V' (i,(1—1t)z)

= w'(i,t, 2).

Here in the first step we used (44) with f,u replaced by f;,u; and z € Sf/_zl,
and in the second step we used (45) with f,v’ replaced by f;,v,. So the
second hypothesis of Remark 62 is also satisfied, with Y := S~ o/ := '
and X, X', u; replaced by Y, Y’ w;. It follows that there exists a continuous

map w: [0,1] x [0,1] x S¥~!1 — ¥V such that

Towi(t,z) = wo fi(

(49) mow=w', w(i,)=w;,i=01, w(-0,)=v= u][m]xskﬂ.
We define f : [0,1] x B¥ — X by
] (s, 22), if |z] < %,
(s,2) = { w(s,2|z| — 1,z/|z|), if% < |zl <1

By the third equality in (49) the map f is continuous. Furthermore, (44)
with f,u replaced by fi,u;, (47) and the second equality in (49) imply that
f(i,2) = fi(z), for i = 0,1 and every z € B*. Finally, let s € [0,1]. Then
by (48) and the first equality in (49) we have, 7 o f(s,z) = v/(s,0), for
z € S*1. Hence f(s,-) is (Sk_l,Y/N )-compatible, and therefore f is a
(Sk_l, Y/~ )—compatible homotopy from fy to fi. This proves Claim 2. [
We choose a map f : B¥ — X as in Claim 1 and define ¢(@) to be the

(S¥=1,Y/ ~)-compatible homotopy class of f. By Claim 2 this definition
does not depend on the choice of f.

Claim 3. The maps @ and ¢ are inverses of each other.
Proof of Claim 3: To see that ¢pop =id let a € [Bk,Sk_l;X, Y/~ ]
We choose a representative u of a, and define f : B¥ — X by

F(2) = { u(2z), if 2] < %,

u(z/|z]), otherwise.

Note that f is continuous and (Sk_l, Y/~ )—compatible. Note that (Sk_l, Y/~
)—compatible homotopy classes of u and f agree. The identity 1 o ¢ = id
follows now from the next claim.
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Claim 4. The (Sk_l,Y/N )—compatz’ble homotopy class of f equals Y op(a).

Proof of Claim 4. By definition ¢(a) = [u,m o u(zp)], where zp € S*~! is
an arbitrary point. Furthermore, equalities (44,45) are satisfied, with v’ :=
mou(zp). Hence f represents 1 o p(a). This proves Claim 4. O

To see that @ o =id let a € [B*, S*1 X x Y/~, {im(:,m)}]. We choose
a representative (u,v’) of @ and a continuous map f : B¥ — X such that
the conditions (44,45) hold. We fix zy € S¥~!. Then by definition the maps
(f, 7r0f(z0)) and po1)(a) are homotopic compatibly with (Sk_l, {im(c, 7r)})
The identity ¢ o ¢ = id follows now from the next claim.

Claim 5. The (S*~!, {im(, 7)}) -compatible homotopy class of (f,mo f(z0))
equals a.

Proof of Claim 5: We define the map h : [0,1] x B¥ — X x Y/~ by

h(s,z) := <f<(1 - ;)::),v/(sz)).
Then
h(07) = (f,?TOf(Z())), h(lv') = (u7vl)7
h(s,z) € im{, 7}, Vs € [0,1], z € S*71.
Here in the first equality we used (45), in the second equality we used (44),
and in the condition we used (45) again. Hence h is a (S*~!, {im(z,7)})-

compatible homotopy from ( f,mof (zo)) to (u,v"). This proves Claim 5 and
hence Claim 3, and concludes the proof of Proposition 61. O

Open compact topology. The following lemma was used in the proofs of
Lemmas 10, 41. For two topological spaces X and Y we equip the set of
continuous maps C(X,Y’) with the compact open topology.

Lemma 63. Let X,Y and Z be topological spaces. Then the following state-
ments hold.

(i) IfY is locally compact and Hausdorff then the composition map C(X,Y")x
C(Y,Z)>(f,9) —go feC(X,Z) is continuous.

(i) If X is locally compact and Hausdorff then the evaluation map C(X,Y")x
X > (f,z) — f(z) €Y is continuous.

(i5i) If X is Hausdorff and 'Y is locally compact and Hausdorff then the map
¢ C(X,C(Y,2)) — C(X x Y,2) defined by o(f)(w,y) = f(@)(y),
for (z,y) € X XY, is well-defined and a homeomorphism.

(iv) If X is compact Hausdorff and Y is metrized by a metric d, then
C(X,Y) is metrized by the metric d' defined by

(50) d(f.9) = sup {d(f (@), g(a)) | = € X}.

Proof of Lemma 63. These are standard results, see for example the book
[Hat]. O
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Lemma 64. For every symplectic vector space (V,w) the map my, : C([0,1], Autw) —
R is continuous with respect to the compact open topology.

Proof of Lemma 64. Since p,, is continuous, by Lemma 63(i) the map C([0, 1], Autw) >
® +— p,o® € C([0,1],5') is continuous. By Lemma 41 the winding map
a:C([0,1],S8') — R is continuous. Since the map m,, is the composition of
these two maps, the statement of Lemma 64 follows. O
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