SYMPLECTIC VORTICES WITH FIXED HOLONOMY AT INFINITY

E. GONZALEZ, A. OTT, C. WOODWARD, AND F. ZILTENER

ABSTRACT. Let 3 be a Riemann surface with cylindrical ends, G a compact, connected
Lie group and let X denote a compact symplectic manifold with a Hamiltonian G-action.
Given a conjugacy class associated to each end, we define a moduli space of symplectic
vortices which generalizes the moduli spaces of parabolic bundles introduced by Mehta
and Seshadri. Using the moduli spaces we construct gauged Gromov-Witten invariants

for convex target.
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In this paper we study moduli spaces of symplectic vortices on surfaces with cylindrical
ends with fixed holonomies around the punctures. These moduli spaces have the same
relation to the moduli spaces of symplectic vortices constructed by Mundet [17] and
Cieliebak, Gaio, and Salamon [5] as the moduli spaces of bundles with fixed holonomy
introduced by Mehta-Seshadri [14] have to the moduli spaces of flat bundles studied by
Narasimhan Seshadri [18]. These moduli spaces are expected to play a role in various
factorization theorems, in particular, the generalization of orbifold quantum cohomology
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to continuous Lie groups. In the case of the circle group, part of this project is carried
out by Mundet-Tian [11].

We now describe the results more precisely. Let G' be a compact group, X a com-
pact, connected Hamiltonian G-manifold with moment map ® : X — g* equipped
with a compatible, G-invariant almost complex structure, 3 a compact complex surface
equipped with an area form wy, and P — X a principal G-bundle. The space A(P, X)
of pairs (A, u) consisting of a connection A on P and a pseudoholomorphic section u
of the associated bundle with fiber X has a natural action of the group G(P) of gauge
transformations. The formal symplectic quotient

M(P,X) = A(P,X)//G(P)
is the moduli space of solutions to the symplectic vortex equations
(1) Oau=0, Fy+wsu*P(®)=0.

A solution is called a symplectic vortex. These are natural equivariant versions of pseu-
doholomorphic maps, which arise naturally in a number of settings. On the other hand,
these moduli spaces can be viewed as generalizations of moduli spaces of flat connections.
Symplectic vortices on a closed curve were introduced by Mundet [17] and Cieliebak,
Gaio, and Salamon [5], see also Cieliebak, Gaio, Mundet, and Salamon [8], [4].

We first construct a compactification M (P, X, u1) of polystable vortices with fized holonomies
by allowing sphere bubbles in the fibers of P, and twisted holomorphic cylinders along
the cylindrical ends, where p are the holonomy parameters around the punctures. We
then construct evaluation maps at infinity for each cylindrical end. Becaue the energy
of the section must be finite, the limit of each section is forced to lie in the fixed point
set for the limiting holonomy of the connection. The resulting evaluation map (ignoring
problems with finite covers that we explain later) maps

ev: M(P,X,p) — H(X“i)G#i
i=1

where X* is the fixed point set of the element exp(y;), G,,, is the centralizer of exp(u;)
and (X*)g, is the classifying space for the action of G, on X*i. In certain fortuitous
cases, namely X aspherical or convex and every underlying connection irreducible, we
show how to achieve transversality and define gauged Gromov-Witten invariants

I1#e, (x*.Q —Q

i=1
by pairing with the pseudocycle defined by the evaluation map above.

One would like to use the invariants to construct a “gauged version” of small equivari-
ant quantum cohomology, which should be a deformation of the non-abelian equivariant
cohomology of orbit-type strata of X in the sense of [1]. Roughly speaking, equivariant
quantum cohomology of X should count pseudoholomorphic curves in X = X xq EG.
Givental has introduced an analog of equivariant quantum cohomology, which is a module
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over H(BG), and counts curves in X. Thus, in Givental’s version, only the X-direction
is quantized. Since H(BG) is free, it does not admit any interesting deformation, so in
some sense Hg(X) cannot be quantized further. But this is taking quantization too lit-
erally: a curve in BG is a G-bundle, and thus one expects the ring structure on Q Hg(pt)
to count bundles. There are a number of theories which do this, topological Yang-Mills
in two dimension being the simplest, and various version of twisted K-theory being the
most sophisticated to date. For the former, the corresponding Frobenius algebra is the
convolution algebra of invariant distributions on G (which contains the center of the
universal enveloping algebra, and hence H(BG), as a sub-algebra.) One might hope
to construct a similar theory for more general target whose Frobenius algebra is some
version of equivariant cohomology of the inertia space of X using the gauged Gromov-
Witten invariants we describe above. It is not yet clear to us whether one should expect
this product to be strictly associative.

We thank Constantin Teleman for encouragement.

2. VORTICES WITH FIXED HOLONOMY

2.1. Bundles with fixed holonomy. We briefly review the Mehta-Seshadri theory of
parabolic bundles [14]. Let G be a compact, 1-connected Lie group. We denote by T a
maximal torus and W the Weyl group. Let t be the Lie algebra of T" and t, a choice of

positive chamber, so that oy € t* is the highest root. The Weyl alcove 2 is the subset
of t; defined by

A={ety, () <1}

The sequence of maps 2l — T — G given by exponential and inclusion respectively
induce isomorphisms of quotient spaces

A=T/W =G/ AAG).
For any p € 2 we denote by C, the corresponding conjugacy class.

Let ¥ be a compact, oriented surface with n > 0 boundary components, P — > be a
principal G-bundle. The space A(P) of connections on P is an affine space modelled on
QL(3, P(g)) the space of one-forms with values in the adjoint bundle P(g). The choice
of an invariant inner product (-,-)4 on g induces a map

91(27 P(g))2 - 92(2)7 (&17 a2) = <a1 N &2>9

by combining the wedge product and metric. This induces on A(P) the structure of an
infinite-dimensional symplectic manifold with symplectic form given by

(2) (al, ag) — /(&1 A a2>g.
)
The group of gauge transformations

G(P)={a: P — P,a(pg) = a(p)g¥g € G}
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acts on A(P) via pull-back. The infinitesimal action is given by
(3, P(g) — Q'(3,P(g), &~ —dat.

The action preserves the symplectic form (13) and has moment map given by the cur-
vature

A(ZaG) —>QQ(279)7 AHFA

In the case that > has boundary, the gauge group fits into an exact sequence
1 — Gy(P)— G(P) — G(OP) — 1

where Gy(X) is the group of gauge transformations that equal to the identity on the
boundary. The symplectic quotient

M(P,0P) = A,(P)/Ga(P)

may be identified with the moduli space of flat connections with framing on the boundary.
The residual group G(OP) acts on M(P,dP) by changing the framing on the boundary,
with moment map given by restriction to the boundary

o M(P,0P) — A(OP).
The G(OP)-orbits on A(OP) are parametrized by conjugacy classes, via the map given
by measuring the holonomy around each boundary component. For any p € 20", where

n is the number of boundary components, we denote by O, C A(OP) the orbit labelled
by p € A". The symplectic quotient

M(P,p) = ©71(0,)/G(0P),
is the moduli space of flat connections with fized holonomies exp(u) around the boundary.
Let
M2, p) = |JM(P,p)
P

denote the union over topological types of bundles P — 3, the moduli space of flat
bundles with fixed holonomies.

Lemma 2.1.1. There exists a homeomorphism
M(E, ) — {¢ € Hom(m(X),G), ¢(v) €Cpuri=1,...,n}/G.
For generic u, the space M (X, ) is a compact orbifold.

Proof. Any flat bundle is determined by its holonomies up to conjugacy; conversely, it
is straightforward to construct from a representation a bundle with that holonomy. For
the second claim, see [15]. O

The moduli space M (3, ) came to play a fundamental role in the theory of moduli
of flat bundles through various factorization theorems introduced by physicists. In the
first of these, Witten showed how by cutting a surface along a circle one obtains the
Migdal formula for the symplectic volumes of the moduli spaces M (3, i) [22]. Another
example is the Verlinde formula (see e.g. [2]) which expresses the dimension of the space
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of non-abelian theta functions on the closed surface as a sum over theta functions for
the cut surface, after a sum over markings p satisfying a certain integrality condition.

The moduli spaces M(%, 1) have a holomorphic description due to Mehta-Seshadri
[14], see also [3], [20], as follows. Let Pc — ¥ be a holomorphic principal G¢-bundle.

Definition 2.1.2. A quasiparabolic structure at a point z € ¥ is a reduction of structure
group of E, to a parabolic subgroup P C G, that is, a point in the quotient o, € E,/P.
A parabolic structure is a quasiparabolic structure o, € E,/P together with conjugacy
class C C G of the type specified by the parabolic subgroup. That is, the Levi subgroup
L of the parabolic P is isomorphic to the centralizer Z, of any point g in the conjugacy
class C. A parabolic bundle is semistable if a certain inequality is satisfied for each
reduction of E to a maximal parabolic subgroup (at least, if none of the markings p; are
contained in the opposite wall of the Weyl alcove, see [20]).

On the set of semistable parabolic bundles one defines a grade equivalence relation,
which equates parabolic bundles if their associated graded bundles are isomorphic. Let
Mc(%, 1) denote the moduli space of grade-equivalence classes of semistable parabolic
bundles. Narasimhan-Mehta-Seshadri [14] and extensions [7], [3], [20] show that

Theorem 2.1.3. Mc(X, i) is a normal projective variety homeomorphic to M (%, p1).

In the case that each conjugacy class p; has finite order, one can describe Mc (%, p)

in terms of equivariant bundles for a finite group action. Let ¥ — X be a totally
ramified Zy-covering, such that the order of each p; divides N. Suppose we are given a
Zy-equivariant holomorphic principal Ge-bundle £ — 3, with the following property:
consider a local trivialization near s; in which the generator of Zy acts by g;, and suppose
that exp(p;) = gj. At each puncture glue in the trivial bundle D x G¢ over the disk via
the transition map

(3) (z,9) — (2, exp(N In(z)p;/27i)g).

The group Zy acts freely on the resulting completed bundle and the quotient is a holo-
morphic principal Ge-bundle E over ¥.. The bundle E has a parabolic reduction at the
fiber s;, given as the image of (0, P;) in the local trivialization, where P; is the parabolic
corresponding to &;; this is independent of the local trivializations used above. Map-

ping E to E defines a correspondence between equivariant bundles on 3 and parabolic
bundles on X, see [14], [20].

2.2. Gauged holomorphic maps. Let X be a Riemann surface with n cylindrical ends.
Let P — X be a principal G-bundle.

Definition 2.2.1. A framing on the i-th end of P is a principal G-bundle P, — S!
and an isomorphism of P with 7*P; along the i-th end, where 7 : S* x R — S! is the
projection.
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Suppose that P is equipped with a framing on each end. We denote by A(P) the space
of smooth connections on P with asymptotic limits at infinity along each end, that is,
there exists a connection lim;(A) on P; such that

(4) liZm(A)(Hi) = lim A(r;,0;), i=1,...,n.

r;—00

Let X be a compact, connected Hamiltonian G-manifold with moment map ® : X — g*.
Consider the associated bundle

7:P(X)=(PxX)/G—X.

Let T'(X, P(X)) denote the space of asymptotically constant sections of P(X), that is,
sections u with a constant limit

7 7;—00

along each end. I we denote by z; the point at infinity in each cylindrical end, then let
u be the extension of u so that u(z;) = lim;(u). Let

A(P) x J(X)¢ = J(P(X)), (A J)— Ju

denote the map which assigns to any connection and invariant almost complex structure
on X the almost complex structure on P(X) determined by the splitting induced by
A. Later on we will need an explicit formula for this map and an extensions of this
constructions to certain Sobolev completions. We will discuss this in Section 3.

2.3. Energy and equivariant symplectic area. We define a suitable notion of energy
of a pair (A, u) as follows.

Equip ¥ with the metric with cylindrical form on the ends. We wish to consider
vortices for area forms with suitable exponential decay on the cylindrical ends.

Definition 2.3.1. An area form wy, € Q?(X) is admissible if and only if on each cylin-
drical end, with coordinates s, t, there exists constants ¢, C' > 0 such that the following
estimates hold: if ws = A*(s,t)ds A dt then

A(s, )] < Cem, 9[dA]* = A(N?) < ¢
check ....

In particular, the form e~“ds A dt is admissible for ¢ > 0.

Let X,w,G, (-, )q ® be as above, ¥ be a real surface (not necessarily orientable), P
a principal G-bundle over 3, (-,-)x and (-, )y, be Riemannian metrics on X and >, and
(A,u) € A(P) x I'(P(X)). We define the energy density of (A,u) to be the function

el 1 .
et = ey = 5 (Idaul + [FaP + [ P@)P) : £ - R,
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where the norms are w.r.t. the metrics (-,-)x and (-, )x. Furthermore, we define the
energy of (A, u) to be the integral

E(A,u) ::/6(A7u)d,u<.,.>2,
%
where g1y

s 1s the measure on ¥ induced by (-,-)s. As in the case of ordinary pseudo-
holomorphic maps, there is a relation of the energy to a suitable notion of equivariant
symplectic area. Recall that the Cartan construction gives rise to a map

A(P) x Qa(X) — Q(P(X))

given by
(A, B) = Moasic((p33) A (p1A))

where py, po are the projections of P x X on the factors and 7. is projection on the
subspace of basic forms. Applying this to the equivariant symplectic form wg € Q% (X),
for each A we obtain a closed two-form

wpx)a € (B, P(X)), 7 wpx)a = powa + d(pi A, ps®).
Definition 2.3.2. The equivariant symplectic area of (A,u) € A(P) x T'(P(X)) is

D(A,u) I:/Eu*(WP(X),A)

if finite.

Definition 2.3.3. Given Jx € J(X)Y, for each section u € Q°(3; P(X)) define the
operator

0a(u) = %(du + Ja(u) oduoj) € QM (T w* TV P(X)).

Lemma 2.3.4. The enerqy and equivariant symplectic area of a pair (A,u) are related

by
= 1
(5) E(A,u) = D(A,u) +/ (|aAu|2 +5lEa+ u*P(CD)wg\Q) ws.
b
Proof. As in [4, Proposition 3.1]. O

Definition 2.3.5. A gauged holomorphic map is a pair (4,u) € A(P) x I'(P(X)) with
Jau = 0. Let A(P, X) denote the space of gauged holomorphic maps of finite energy.

Later it will be useful to consider u : 3 — P(X) as a pseudoholomorphic map to
P(X). The latter can be given a symplectic form as follows. Let wy, € Q*(X) be an area
form on ¥. For any ¢ > 0 let

(6) wAvczwA—}-C?T*wg GQQ(P(X))

Lemma 2.3.6. Let 3, X be compact. For any ¢; > 0, there exists a co > 0 such that if
sup |Ale, < ¢ and ¢ > ¢y then wa . € Q*(P(X)) is symplectic.
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Proof. It suffices to add on a sufficiently large multiple of m*ws, so that wy . is positive
on the horizontal subspace. Since the norm of w4 on the horizontal subspace depends
linearly on the C'-norm of the connection and the moment map, the claim follows. [

The almost complex structure J4 determined by J € J(X) and the connection is
automatically compatible with wy .. We denote by g4 . the metric determined by J4,wa .
on P(X), and | - |4, the corresponding norm. For sections u of P(X) define

Eac(u) :/gA,C(du,du), Dy (u) :/u*wA,C
5 5

denote the corresponding energy and equivariant symplectic area, so that the energy-
action relation for pseudoholomorphic u holds

EA7C(U) == DA7C(U) .

2.4. Vortices with fixed holonomy. Let p € 2",

Definition 2.4.1. A gauged holomorphic map with fived holonomies p is a pair (A, u) €
A(P, X) with lim; A = p;df; for each cylindrical end ¢ = 1,...,n as in (4). Denote by
A(P, X, ) the space of gauged holomorphic maps with fixed holonomies .

One can define a formal (possibly degenerate) closed two-form on A(P, X, i) as follows.
Let ws, € Q%(2) be the metric with exponential decay constants Cf, ks as above, so that
on the ends we have

(7) ws(ri, 0;) = Cie”""dr;do;
for some k; > 0 and locally constant function C}, possibly zero. The formula
(8) (&1,62) = / uwp(x) (&1, §2)ws

b

defines a formal two-form on A(P, X).

Let G(P) denote the group of gauge transformations of P with limits at infinity, that
is, there exists a gauge transformation lim; g € G(P;) with

limg(6;) = lim g(6;,7;).

G(P) naturally acts on A(P, X) preserving the two-form (17). It has generating vector
fields given by

Eres,px)) (s) = (£(s)) x (u(s)).
Let OP denote the bundle at infinity

oP = O P;.
i=1

The action of G(P) on A(P, X) is formally Hamiltonian with moment map given by
'A(P> X) - QQ(Za P(g)) + A(ap)> (A> u) = (FA + WEU*P(CD)> A‘BP)‘
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These formal considerations motivate the following definition. Let u € 21" be a n-tuple of
elements of the Weyl alcove, parametrizing a gauge orbit in A(9P). Let G(P, 1) denote
the subgroup of G(P) fixing the connections y;d6f; at infinity.

Definition 2.4.2. A vortez with fized holonomy is a pair (A,u) € A(P, X, pn) with
Fa+wsu*P(®) = 0. An isomorphism of vortices (A;, u;),j = 0,1 is a gauge transforma-
tion g € G(P, ) with g(Ag, u1) = (A1, u1). Denote by Ag(P, X, 1) the set of symplectic
vortices with fixed holonomies y. A vortex is stable if it has finite automorphism group.
Let M(P, X, ) denote the moduli space of isomorphism classes vortices with fixed ho-
lonomy;,

9) M(P, X, p) :== Ao(P, X, 1) ]G (P, ).

2.5. Framed vortices and evaluation maps.

Definition 2.5.1. A framing of P at infinity at the i-th end is a trivialization ¢; : P; —
G. A framed vorter is a vortex (A, u) with holonomies at infinite p = (u1,..., 1) is a
vortex (A, u) equipped with framings at infinity for each cylindrical end such that

Gi ??OIi(A) — Gy,

An isomorphism of framed vortices is an isomorphism of vortices intertwining the fram-

ings.

Let AX(P, X, u) resp. M P X, ) denote the space of framed vortices with fixed
holonomy at infinity resp. moduli space of isomorphism classes of framed vortices with
fixed holonomy. The evaluation maps at infinity

AS(P. X, p) — X", [A ] = (a(2))
are gauge-invariant and descend to maps
ev' : MM(P, X, 1) — X"

We will see in Theorem 7?7, that the finite energy condition forces the evaluation map ev
to take values in the fixed point set of the limit of the connection. That is, if lim; A =
,LLZdQZ then

evi'(Au) € XM, i=1,...,n
We have a canonical map
T M"(P, X, p) — M(P, X, )
given by forgetting the framings. Suppose that every vortex is stable with trivial stabi-

lizer, and suppose that there exists a classifying map

v M®(P, X, p) — EG, HEGMX EG,,
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for the bundle 7. Combining the classifying map with the evaluation maps above gives
a map

n
ev: M(P,X,p) — Xg = [[ X" xq,, EG,,.
- i=1
Later we explain how to construct, in good cases, a classifying map up to problems with
finite covers.

2.6. Correspondence with parabolic vortices. In this section we describe the holo-
morphic objects corresponding to vortices. Suppose that X is a Gc-variety, and ¥ is a
compact Riemann surface.

Definition 2.6.1. A holomorphic gauged map from 3 to X is a pair (Pg,u) consisting
of a holomorphic principal Ge-bundle Pz — X together with a holomorphic section
u: X — Ee(X).

In the language of stacks, this is a holomorphic map from > to the quotient stack
X/Gc. The correspondence between connections on a given principal G-bundle F — %
and holomorphic structures on its complexification extends to a correspondence between
vortices and holomorphic gauged maps with underlying bundle F.

Suppose now that ¥ has cylindrical ends. Let 3 denote the associated closed surface,
obtained by adding points at infinity z1,..., z,.

Definition 2.6.2. A parabolic holomorphic map from ¥ to X consists of a parabolic bun-
dle P¢ — X (see_ Section 2.1) with markings at z1, ..., zy together with a holomorphic
section u : ¥ — P¢(X).

Theorem 2.6.3. There exists a one-to-one correspondence between pseudoholomorphic
gauged maps (E, A,u) with holonomies ji; and limits along the j-th cylindrical end in
X, and parabolic holomorphic maps (Ec,uw) with u(z;) in Py, X," .

Proof. Given a connection on a principal G-bundle £ — % with fixed holonomies
W1, ..., b, around the ends, one obtains a parabolic G¢ bundle F¢ — X by assign-
ing to each fiber (E¢),, at infinity the parabolic reduction determined by u;, see e.g.
[20], by gluing in trivial bundles using the twistings (3). By removal of singularities, a
holomorphic section u : ¥ — E¢(X) of finite energy extends automatically to a section
U: % — Ec(X). The value of U at the points z,...,z, is described as follows. Let
B C G¢ denote the Borel subgroup whose Lie algebra contains the positive root spaces.
Let B, be the parabolic determined by u;,

Py; = {g € Gel lim Ad(exp(ip;))g € B}

whose Lie algebra is that of B plus the sum of negative root spaces vanishing on ;.
The map = — exp(tpu;)z restricts on each P, -orbit on X to a retraction of P, z to
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P,,;x (0 X*; in particular, each P, orbit contains an element of X*/. We write X*/ in
terms of components.

xm=Jxp, x=Jp, X}
k k

where X ,’;j are the connected components of X#i. In the trivializations at the punctures,
the section w is given by

exp(N In(z)p;/2mi)u(z), z # 0.
Thus w(0) lies in X" if and only if u(0) takes values in P, X,”, that is, the limit of @(0)
under the flow defined by p; is u(0). This shows O

Recall that S-equivalence is the equivalence relation defined by orbit-closure.

Definition 2.6.4. A parabolic holomorphic map is polystable if it is complex gauge
equivalent to vortex, stable if it is complex gauge equivalent to a stable vortex, and
semistable if it is S-equivalent to a stable vortex.

The definition of semistability depends on the choice of volume form wy. In particular,
if we choose wy, identically zero, then the stable parabolic holomorphic maps are those
whose underlying parabolic bundles are parabolic semistable, by the Mehta-Seshadri
theorem [14]. It would be interesting to investigate the Hilbert-Mumford criterion for
stability more generally in this context. Mundet [16] has described the answer in the
case without markings.

3. FREDHOLM THEORY

To show that the moduli spaces above are finite dimensional, we introduce appopriate
Sobolev completions. Using the implicit function theorem we show that the moduli space
of regular solutions of a given Sobolev class is a smooth finite dimensional manifold, with
tangent space the kernel of the Fredholm linearized operator. Elliptic regularity then
implies that any solution of a given Sobolev class is gauge equivalent to a smooth solution.

3.1. Weighted Sobolev spaces. Let 3 be a compact, connected surface, and 21, ..., 2, €
Y. distinct points. Let 3 denote the punctured surface ¥\{z,..., z,}.
Definition 3.1.1. A cylindrical end at z; is a holomorphic, proper embedding p; :
(0,00) x S* — ¥ such that lim, .., p;(r,0) = z; uniformly in § € S*.

We will denote the coordinates on the i-th end by (r;,6;).

Let E be a FEuclidean rank r vector bundle over ., equipped with a trivialization on
the cylindrical ends. Weighted Sobolev spaces of sections of E are defined as follows.

Definition 3.1.2. A connection
D : QO(Z, E)— Ql(Z,E), D(fo)=dfo+ fD(o)
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on E is asymptotically trivial if it is equal to the connection on the ¢-th cylindrical end
r; > R; given by the trivialization on the i-th end.

Let s € C*°(X) be a function equal to r; and supported on each cylindrical end.
Let m > 0, and let § be a real number, and Q°(3, E) the space of compactly-supported
sections.

Definition 3.1.3. For an asymptotically trivial connection D on F, the d-weighted
(m, p)-Sobolev norm on Q2(3; F) with respect to D is

61— [ (3 per)

|e|<m

Let W 5(3, E) be the completion of Q(X; E) with respect to the weighted Sobolev
norm || - ||mp.s-

These spaces satisfy the following multiplication and embedding theorems, see e.g.
[12, Lemma 7.2], [6, Proposition 3.23].

Proposition 3.1.4.  (a) Ifm—2/p>m/—2/q and &’ < 6 then the identity on smooth
sections induces a compact embedding W), s(E) — W[, 5 (E).
(b) If E, E' are vector bundles over ¥ then tensor product on smooth sections induces
an embedding
(10) Wh s(B) x WP, o (E') — WP, s (E® E')
ford" > 640" and m+m' >m” +2/p.
(¢) The identity induces a compact embedding WP (E) — C°(E) if 2/p < m and
0> 0.
(d) A metric on E and integration over ¥ induces a perfect pairing

WP s(E) x Wl _s(E) — R

m,—d

where 1/p+1/q=1.

Applying these constructions to the vector bundle A¥T*Y ® E we define the weighted
Sobolev space

(2, E)ps = Winps (N T*S @ E)
of k-forms with values in E. If F': QMY E),0s5 — QF(S, E)pas is a differentiable
operator, the formal weighted adjoint in the space W, 25 is
(11) F* = ¢ s frefrs

where F™* is the usual adjoint. This follows from the identity

/ eér; <F¢, ¢> _ / 657’; <¢7 6_6TEF*66TE¢>.
b b))

A similar analysis gives weighted adjoints for p > 2. In this paper we will always
use formal weighted adjoints whenever we are using differential operators on weighted
Sobolev spaces.
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3.2. Connections. Let P be a G-principal bundle over ¥, equipped with a trivialization
over the cylindrical ends. Let A be a connection on P. Denote by p; A the restriction of
A at the k-th cylindrical end.

Definition 3.2.1. A connection A is asymptotically constant if pjA = &,d0 for some
& € Map((0,00) x S, g) with & is constant on (R,00) x S for some R > 0. The
asymptotic holonomy Holy(A) € G of an asymptotically constant connection A is

Holx(A) = lim exp(&k(r, 0)).

A gauge transformation g € G(P) is asymptotically constant if for each k, there exists
an ro such that p;g(r,0) is constant for r > ry. We say that the limit lim, ., prg(r,0) is
the asymptotic value of g.

Given a collection p € 2" let Ag be an asymptotically constant connection with
asymptotic holonomies p. Consider the space of connections

A()mps = Ao + 91(27 P(9))mp.s-

Using Sobolev multiplication (10), for 6 > 0 the curvature defines a smooth map

F: A(M)m,p,é - 92(27 P(Q))m,p,éa A Fy.

Let G(P, 1) denote the subgroup of G(P) consisting of asymptotically constant gauge
transformations whose asymptotic value on the k-th end centralizes exp(ju).

Definition 3.2.2. Let G(P, jt)m+1p0 denote the set of products of the form gexp(¢)

with g € G(P,p) and & € Q%X P(g))m+1,ps- Let Go(P)ms1ps denote the subgroup of
maps with asymptotic limit the identity at infinity.

Lemma 3.2.3. G(P, ft)m+1,5 is a Banach Lie group.

Proof. One can construct the metric for G(P, ft)11p,5 using a representation embedding
G — V to a linear metric space and the induced norm on Q°(X, P(End(V))mi1,p.s-
Charts near the identity are defined using the exponential map

(12) QO(Za P(g))erl,p,cS D gn - g(ﬁ)erl,p,&a (67 w> = gexp(f + Z kawk)
k

And extedned to the whole group by left multiplication. Compatibility of charts follows
from the Sobolev multiplication theorems. 0

We denote by G, the product of centralizers

Proposition 3.2.4. The map G(P, t)mi1ps — G, defined by asymptotic value g —
lim; g is a smooth homomorphism of Lie groups with kernel Go(P)m+1,p.5-
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Proof. In the charts (12), the asymptotic value is simply the map (g,§) — exp(§).
Go(P)m+1,p,s is the kernel is immediate from the definition.

Lemma 3.2.5. There is an exact sequence
1 = Go(P)mi1ps = G(P, mi1ps — Gy

Proof. One only has to show that the last map is surjective. Given an element g € G,
choose £ so that g = exp(§) (which exists since G is connected and compact) and
extend £ to an infinitesimal gauge transformation on X using a cutoff function. Then
the exponential of ¢ is the required gauge transformation. 0

The formula
(13) (a1, a3) /(a1 A as)g
b

defines a two-form on the Banach manifold A(p)y,,s. This form is weakly non-degenerate
in the sense that it defines an injection of the tangent bundle into the cotangent bun-
dle. The group G(it)m+1,ps acts smoothly on A(u).m, s, with moment map given by the
curvature. Define B
M(P, H)m,p,d = A, (H)m,pﬁ/g(ﬂ)mﬂ,pﬁ‘
Standard gauge-theoretic slice arguments show that the inclusion of smooth connections
induces a homeomorphism
M(P, 1) — M(P, f1)mp,s-

That is, the moduli space is independent of the choice of Sobolev norm.

3.3. Gauged sections. Let X be a compact, connected Hamiltonian G-manifold with
moment map ® : X — g*. For each principal G-bundle P on ¥ consider its associated
bundle
m:P(X)=(PxX)/G—X.
Each connection A on P determines a symplectic connection on TP(X) :
TP(X)=TP(X)"™ @ TP(X)" = r*TY @ TP(X)"™.
The moment map ¢ : X — g* induces a map
P(®): P(X)— P(g").

Let T'(X, P(X))s denote the space of asymptotically constant sections of P(X), that is,
sections independent of both coordinates r, 6 for r sufficiently large on each cylindrical
end. The tangent space to I'(X, P(X))s at u is the space Q°(X,u*T""P (X)) of
asymptotically constant sections of the vertical tangent bundle Q°(3; u*TV"* P(X)).

Definition 3.3.1. Let I'(X, P(X)) .5 denote the space of sections of P(X) of the form
exp,, (&) where u € T'(3, P(X)) is asymptotically constant and & € Q°(X, w* TV P(X)) . p.s-

Proposition 3.3.2. For m > 2/p the space I'(X, P(X))mps has the structure of a
Banach manifold. The action of the Banach Lie group G,11,5(P) given by u— g-u is
smooth.
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Proof. A metric on I'(2, P(X))mps is induced from a metric on X. Define

(14) TI(S, P(X))mps = QS0 T P(X)) s ® P U(z) TV P(X),

i=1

where z; € ¥ is the point at infinity on the i-th cylindrical end. Define a map
(15) LIS P(X))mps = TS P(X)), (0,61, &) = S+ Y @i
i=1

where ¢; is function equal to 1 in a neighborhood of infinity on the i-th cylindrical end,
with support on the cylindrical end. Charts are defined by

pu s TuL(5, P(X))mps — T(X, P(X)), & exp,(u(E))-

It follows immediately from the definitions that ¢, is a homeomorphism onto an open
neighborhood of u. Compatibility of charts follows from Sobolev mutliplication again.
The claim on the action of the gauge group is left to the reader. 0

By definition, any section u in the space I'(3, P(X)),, s has a limit at infinity on the
cylindrical ends and thus extends to a continuous section ¥ — P(X). That is, we have
a map

ev: (3, P(X))mps — X"

given by the asymptotic values at infinity.

Definition 3.3.3. A two-form wy, € Q?(X) has ezponential decay on the cylindrical ends
if it is given by an expression of the form

(16) wx(r,0) = Cxe™""drdf
on the cylindrical ends, for some k > 0 and locally constant function Ct;, possibly zero.

For the most part, we assume that Cy; is identically equal to 1, to simplify the notation.
The formula

(17) (60,60) /E W wpie (€ E2)ws

defines a symplectic form on I'(3, P(X))s. This form extends naturally to the comple-
tion I'(X, P(X))mps for m,0 > 0, by Sobolev multiplication. The action of G, 1+1,5(P)
on I'(X, P(X))mps preserves the two-form (17). It has generating vector fields given by

res,px)) () = (€(5))x(u(s)).

Definition 3.3.4. A gauged pseudoholomorphic map of Sobolev class m,p,d is a pair
(A, u) € A(P)m,p,(g X F(P(X))m@g.

Definition 3.3.5. The energy of (A, u) is

1
E(A,u) = 5/2 (Cge”z]dAu]Q + CRe* = |Fu|* + ]u*P(Q))\Z) wy:.
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Remark 3.3.6. On the cylindrical ends, the energy is given by the integral of the energy
density function

1
(18) X(r,60) = S (|daul” + C5e™ | Fal* + Cre ™ [u” P(D) )

with respect to the standard metric on the cylindrical ends. Note in particular that for
finite energy, the term u* P(®) is not required to go to zero at infinity.

Finally we define the equivariant symplectic area of a gauged pseudoholomorphic map.
The basic 2-form on the product P x X given by pijwx +d(piA, p;®) descends to a closed
2-form on P(X) denoted wp(x),A or just by wp(x) assuming that the dependency on the
connection is understood.

Definition 3.3.7. The equivariant symplectic area of (A, u) is

D)= [ 0 (wrina)

Lemma 3.3.8. The equivariant symplectic area of a pair (A, u) is a topological invariant
in the following sense: If u; is a smooth family of maps then D(A,w;) is constant in t.

Proof. Let X; = ut Since the maps u; have exponential decay, so does X;, and

1
/ﬂ “#W%X Q/)d“ﬁW%X»NAQV)Z()
0

by Stokes theorem. 0

3.4. Almost complex structures. We now introduce a suitable class of almost com-
plex structures on P(X). Let j denote the complex structure on X.

Definition 3.4.1. An almost complex structure I on P(X) is wp(x), j-compatible if

(a) the projection 7 : P(X) — X is (I, j)-holomorphic,
(b) I|z-1(2) is wp(x)|r-1(z)-compatible on each fibre 77(z),
(c) I is asymptotically constant on each cylindrical end.

Let J (P (X))o be the space of wp(xy, j-compatible almost complex structures. Define

(19) A(P,p) x T(X)* = T (P(X)), (A, Jx)— Ja

given by defining J4 on the horizontal space by j and on the vertical space by Jx, using
the induced splitting by A.

The map (19) extends to suitable Sobolev completions as follows. Let J(P(X))m.p.ioc
denote the space of wp(x),j-compatible almost complex structures locally of Sobolev
class 1, p, and asymptotically constant in a neighborhood of infinity:.
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Lemma 3.4.2. Given Jy € J(P(X))s, the space of compatible almost complex struc-
tures near Jy is a smooth manifold with tangent space Tj,J(P(X)) the set of Y €
End(TX) such that

YJh+ oY =0, moY =0, w(Y- Jy)=—w(Jo, (AJ)).
Proof. [13, p. 47]. O

To define a suitable Banach space of almost complex structures, we choose a local
diffeomorphism

exp,  Be(0, T, T (P(X))) = J(P(X)).

Definition 3.4.3. Let J(P(X), Jo)mpos be the subspace of J(P(X))mpioc such that
J = exp,,(Y) for some section Y of Sobolev class (m, p, §) near infinity.

Lemma 3.4.4. The map (A+ a,J) — Jar, of (19) extends naturally to a map
A(Wmps x T(X)" = T(P(X), Ja)mps-

Proof. Consider the splitting induced by a connection A € A(P)

T PX) = TS @ TLX, [, 0] (Dr(w — A(w)), Aw)x(x) + v).
The complex structure J, is given by
(20) Ja[w,v] = [Dr~ i (Dr)w — A(Dr ' j(Dm)w), J(A(w) x(x) + v)].

The connection enters as a multiplication operator, and the claimed regularity follows
from the Sobolev multiplication theorem. Given a base connection Ay with limiting
holonomy p, and an element A € A(u)mps sufficiently close to Ay, we have Jy €
T (P(X), Jay)mps, again using the formula (20). O

Given J € J(X)Y, for each section u € Q°(3; P(X))nps define the Cauchy-Riemann
operator

Definition 3.4.5.
= 1
Oa(u) = §(du + Ja(u) oduoj) € QU (S u* TV P(X))m_1.5-

Lemma 3.4.6. The enerqy and equivariant symplectic area of a pair (A,u) are related

by
— 1
(21) E(Au) = D(A,u) +/ 107, ul? + 3 / |Fa + u* P(®)ws|?.
2
Proof. As in [4, Proposition 3.1]. O

Corollary 3.4.7. If (A, u) is a symplectic vortex, then E(A,u) < E(A',u') for any pair
(A’,u") homotopic to (A, u).

Proof. By the symplectic vortex equations (1) and the energy-action relation (21). [
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3.5. Moduli space of vortices. The moduli space of (finite energy) symplectic vortices
can be defined by a symplectic quotient construction as follows. Define

AP, X, mps = {(A,u) € A(Wmps X D(P(X))mps, Oa(u) =0}.

The group of gauge transformations G(ft)m+1,6 acts on A(P, X, ft)mps. The action is
formally Hamiltonian with moment map given by the sum of the curvature and pull-back
of moment map. These formal considerations motivate the following definition.

Definition 3.5.1. A vortex with fized holonomy of Sobolev class m, p, J is a pair (A, u) €
A(P, X, 1) ps with Fy +wsu*P(®) = 0 and E(A,u) < co. An isomorphism of vortices
(Aj,uj),j=0,11s a gauge transformation g € G(P, (t)m.ps With g(Ag, u1) = (A1, u1). A
vortex is stable if it has finite automorphism group.

The moduli space of symplectic vortices with fixed holonomy is therefore the symplec-
tic quotient

(22) M(P, X7 H)m,pﬁ = A(P7 X: H)m,p,é//g(Pa H)m—f—l,p,é'

3.6. Slices for the gauge group action. The construction of slices for the gauge
action is given by Gaio-Salamon [8], in the case without cylindrical ends. For simplicity
consider p = 2, the general case follows similarly. We first show that the action of G(P, i)
on the space A()mps X I'(X, P(X))mps admits slices. Recall that the generating vector

fields for the gauge group action on A(f)mps X I'(E, P(X))m,ps are given by

napx. = (—da(n), (nx)(u)) for n € Q°(Z, P(@))mi1.p.0-
A pair (a,zi) is orthogonal to the generating vector fields if

(—dan. a) + (nx(u), &) = 0, for all n € Q°(Z, P(g))m+1,p4-
Equivalently, using the formal weighted adjoints as in (11) we have

(n, —d}a) + Z(§)) = 0
where d% is the weighted adjoint of d4 and
Z QS T X ) mps — Q(Z, P(8)mps

is the one corresponding to n — 1y (u).

Definition 3.6.1. Let S4, denote the kernel of the operator (a,&) — —dja + Z(§).

Theorem 3.6.2. The susbset A+ a,exp,(§) for (a,&) € Sa is a slice for the action of
Q(P, H)m—i—l,p,é on A(P, X, H)m%g.

Proof. Using the definition of the moment map and the compatibility condition of the
metric

(& mx(u) = w(JE nx () = d(u®n, JE)
so that the formal adjoint of n — nx(u) is the Lie derivative Lj¢(u*®) which in turn

gives the weighted adjoint
Z(&) = e L jpore (u®).
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We have a splitting of the tangent space

Tiauy AP, X, ()mps = Tiaw) (G mi1ps - (A1) © Sau
We claim that there exists a neighborhood U of the origin in

(23) QN P(g))mps X Q2,0 T PX) s
and a map G : U — Q°(3, P(g))m+1,6 X K, such that
(24) (a,8) = (dha + Z(§), G(a, §))

is a diffeomorphism onto a neighborhood of the origin. Consider the map
I+ Q%S P(9)mi1p5 X (3, P(8))mps X Q5w T P(X))mps — D, P(8))mr1ps
(25) I(n, (a,€)) = di(e" - (A+a) — A) + Z(log, (" - exp, §)).
We claim that [ is smooth with and its partial derivative respect the first term is

DI :np— dydan + Z(nx(u)).

Indeed, the derivative of I can be computed by expanding each term in Equation (25)
to obtain

I(n,(a,§)) =dydan+ dha+ Z(§) + Z(nx(u)) + quadratic terms.
Its partial derivative respect to n at (a,&) = (0,0) is dydan + Z(nx(u)). Moreover,
D1l == djydan + Z(nx (u))

is invertible. Indeed, the second term Z(nx(u)) has order zero and the operator dyd 4 is
elliptic, and DI has trivial kernel, since

(n, didan + Z(nx (w)) = |danll® + [[nx (u)|*.

The Theorem now follows from the implicit function theorem applied to the map (25).
[

3.7. Hamiltonian perturbations. We introduce Hamiltonian perturbations of the

vortex equations as follows. We remark that though this section we fix an almost complex
structure J € J(X)C.

Let Map (P, C*°(X)) denote vector bundle whose fiber at z € ¥ is the space of G-
equivariant maps Mapq(P,, C*(X)).

Definition 3.7.1. An admissible Hamiltonian perturbation is a G(P, j1)-equivariant map
H : A(P, ) — OM(S, Mapg (P, C=(X))

that is, a 1-form with compact support on ¥ with values in Map (P, C* (X)), depending
equivariantly on a connection A € A(P, 1). Let H(P, X') denote the space of admissible
Hamiltonian perturbations.

Mapping each Hamiltonian function to its Hamitonian vector field induces a map
H(Pv X) - Mapg(P,E) (A(P7 H)? Qi(zu Tvert(P(X>)))7 H — XH
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Definition 3.7.2. An H-vortex is a solution to the perturbed vortex equations
(26) Fq+ wgu*P(q)) =0, EJ(A)U — XH(A)(U)O’l =0.
An H-vortex (A,u) is stable if it has finite automorphism group.

Lemma 3.7.3. The gauge group G(P, i) acts on space of H-vortices.

Proof. Suppose that (A, u) is an H-vortex and g € G(P, ). We have
FgA + wg(gu)*P(CI)) = Ad(g)(FA + wgu*P(Cb)) =0

and

)0,1 )0,1

9059 gu — Xger(a) (gu
= g0ymu— 9Xmyg (gu)”!
90 a0t — g X pr(ay(u)™'

0.

gy gu — Xuga(gu

O

Definition 3.7.4. An isomorphism of H-vortices (A;,u;),j = 0,1 is a gauge transfor-
mation g € G(P,p) with g(Ag,ug) = (A, u1). Let M(P, X, u, H) denote the coarse
moduli space of isomorphism classes of H-vortices.

For any pair (A, u) of a connection and a section of the bundle P(X) we consider the
non-linear map

Fiawm : Q(Z, P(@))mps X QL (S, 0" TV P(X))ps —
QY@ Q* (%, P(g)) @ QYN (S, w* TV P(X)) 1.5
E— (Fy+wsu P(P), —da + ws Lyjeu"P(P), ‘Iju(g)_lgj’H(A) (exp,(€))).

Here W, and exp, are the parallel transport and exponential map, both along vertical
geodesics on fibres using the adapted vertical connection

1
Vy =V, - §JH(A)(V11JH(A))7

obtained from the vertical Levi-Civita connection V. In this way V does preserves J(4)
as well as the metric.

Definition 3.7.5. The linearized operator for an H-perturbed vortex (A, u) is the com-
bination

(27) Dau: Q' (E, P(8))mps © (8, u T P(X) )y s —
(Q° @ V) (2, P(9))m-1p5 © QN (E, 0" T (P(X)))mp.5:
(&, f) — (*dAa + Lgu*(CI)), — j{a + LJ&(U*Q)), Du,J(A),H(A)g + Lg’l(a)),

where Dy, y(a),m(4) is the standard linearization of the perturbed Cauchy-Riemann oper-
ator. We say that (A, u) is regular if D4, is surjective.
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Lemma 3.7.6. The operator DA,U 18 equal to the linearization DA,u = df(A,%H)(O), and
1s Fredholm.

Proof. The first claim is left to the reader. To show Dy, is Fredholm, note that the
terms involving the Lie derivatives are of lower order, and thus they can be ignored. We
can assume that D, jca) ma) is the operator associated to the base connection Ag since
the difference Dy, ;4 m(a) = Du,1(A0),H(A) 1S & compact operator. Also, Lg’l(a) is compact
thus DUJA’HAijLg’l(a) is a lower order perturbation of the operator D, j(a,),m(4,)- Thus,
it is enough to show that the map

(a,§) = (da @ dya, Dy ya0),m(40)())

is Fredholm. To see this, take the weight g smaller than any element in the spectrum
of the limiting operators. If § < oy then da, ® d, and D, j(a),H(4,) are both Fredholm,

since the second factor in (14) is finite dimensional. Thus D4 . is Fredholm. O

Definition 3.7.7. Let M*®(P, X, H, jt),, s denote the locus of regular, stable vortices
of Sobolev class (m, p, d).

Theorem 3.7.8. M™#(P, X, H, 1)y s has the structure of a smooth, finite dimensional
manifold, with tangent space given by the kernel of f)A,u.

Proof. This is an application of the implicit function theorem for Banach spaces and will
be omitted. 0

Definition 3.7.9. Let M™ (P, X, (1), .5 denote the subset of M(P, X, 1), .5 consisting
of vortices (A, u) such that A is irreducible, that is, A has automorphism Aut(A) = Z.

Theorem 3.7.10. Suppose that Z acts trivially on X. Then there exists a subset
H™8(P, X) C 'H(P, X) of Baire second category such that every element of M™ (P, X, ) p.s
18 reqular.

Proof. To apply the implicit function theorem, we need to construct a Banach space of
Hamiltonian perturbations, for that we follow Floer []. Let ¢ : 3 — R be a positive
function approaching infinite on each cylindrical end, and let Cf; be the subspace of

f € CF such that the norm

loc
k
IAIZ. =D sup l6(s)(D;f)(s)]*
=0 IS

is finite. Let H(P, X) denote the space of G(u)-equivariant maps from A(P, u) to
Q'(%, Home(P, C*(X))) that are class C. Given an element A € A(P, ft)m p.s, let Sa be
a slice for the action of G(ft)m41,p6 at A. Local charts for H(P, X); are given by maps
Sx — (3, Mapg (P, C*(X))) of class CJ.
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Consider the universal moduli space
A(PX ) ={(A,u, J, H)|05, yu =0, Fa+wsu*P(®)=0, #Aut(A)<oo}
C AP, t)mps X T3, P(X))mps X T (P, X)mps X H(P, X ).

Since the perturbations H vanish at infinity on the cylindrical ends, zero is not contained
in the spectrum of the limiting operators on the cylindrical ends and so for sufficiently
small Sobolev weights on the cylindrical ends the universal linearized operator

D™ = DY s QS w T P(X) s X QS P(8))mps X TaH(P, X )py —
Q% (S, ' TV P(X) ) mps
(&7 67 h) — D(A,u) (&7 f) + AHl)(h)

Here we denote by h +— Ay D(h) the partial operator at H in the direction of h, and
note that it is (7, J)-anti-linear.

We claim that D"V is onto. Suppose otherwise, so that some 7 is orthogonal to the
image of D"V, Denote by (D"")* the dual operator defined by integration and inner
product

[0 mos = [ 6.0y s,

2
By integration by parts we get (D™V)*n = 0 and also

(n,Y oD™Voj)=0, forallY e TyH(P, X).

Suppose that there is a point z € ¥ where 7, # 0. Let z = u(z) and take a (j, J)-anti-
linear map Z : T.% — TY*P(X), such that (n,, Z o j) # 0. Since A(P, p) is reducible-
free, there exists an infinitesimal Hamiltonian perturbation Y such that (n,, (YoDoj),) #
0. Indeed, choose Y for A, extend it to a slice for the gauge group action, and then to
the flow-out by equivariance. Since by assumption Z acts trivially on X, Z acts trivially
on the slice and the flow-out is well-defined. After multiplying Y by a bump function
supported near z = u(z), we may assume that Y lies in the space T;J(J), and that
(n,(Y - Du - j)) # 0 which is a contradiction. Therefore n = 0 and D" is onto. By
applying the implicit function theorem to the map I we obtain a slice, that is the desired
neighborhood U and map G similar to those of (23),(24). A similar construction shows
that the universal space A" (P, X 1) is Banach and admits slices for the G action.
The quotient B

]\4univ,irr(‘P7 )(7 H) — Auniv,irr(P7 )(7 H)/Q(Py H)
is a smooth Banach manifold. The Sard-Smale theorem applied to the projection
proj : M"™™ () — H(P, X ).
shows that the space H(P, X ), is of second category in H(P, X ). O

In Section we generalize the discussion to non-constant almost complex structures,
depending on the connection.
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3.8. Framed vortices and evaluation maps. Let M ¢(P, X, I)mps denote the
moduli space of framed vortices whose underlying vortex is regular and stable.

Theorem 3.8.1. MT*e(P X, W)m.p,s has the structure of a smooth principal G™ orbifold
bundle over M™8(P, X, (t)mps. Moreover, the framed evaluation maps

err : ]wfr,reg(P7 X7 H)m,p,é — XH
are smooth.
Proof. The first part is similar to Theorem 3.7.8, and will be omitted. Smoothness is a
consequence of the description of charts (15). O

Lemma 3.8.2. If G" acts freely on M™8(P, X, Wmps then there exists a classifying
map for the principal bundle

T MR (P X, )i s — MS(P, X, () ps-
More generally, if G™ acts locally freely, ™ has the structure of a smooth principal orbifold
bundle, and the classifing map exists after passing to the classifying space for the orbifold.

Proof. Immediate from the existence of slices in Theorem 3.6.2. U

In the case that G™ acts only locally freely, the lemma gives a well defined map
¥ BM™ (P, X, ) ps — EG™.
Together with the framed evaluation maps, this gives a map
ev : BMreg(p’ X, H)m,p,& - HXlGL!;
i=1

and a pull-back map in rational cohomology

ev’ : HHG%(XW’Q) — H(Mreg(R X’H)m%&@)'

3.9. Regularity.

Proposition 3.9.1. Let 6y be the constant of Theorem 77, and consider m > 1 and
p>2and 0 < 6 < 0. Then any symplectic vortexr (A,u) of class m,p,d is gauge
equivalent to a smooth vortex (A’,u').

Proof. The case of closed curves is Proposition [4, Theorem 3.1]; the proof for the case
of cylindrical ends is similar. 0

The converse of this statement, that any smooth vortex is of class m, p, ¢ for sufficiently
small § depending on y, will be proved in the following section.
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4. EXPONENTIAL DECAY

In this section we prove various versions of exponential decay used for compactness
in the next section. We prove the results for unperturbed symplectic vortices only; the

perturbed case can be reduced to this case by the graph construction in [8, Appendix
Al.

4.1. Invariant symplectic action. Let (X, w) be a symplectic manifold, G be a com-
pact connected Lie group acting on X in a Hamiltonian way, with equivariant moment
map ® : X — g% (-,-)x be a G-invariant Riemannian metric on X, and 7 : Q —
S'~R/Z be a (necessarily trivial) principal G-bundle. Consider a pair (z,ag), where
r:S' - Q(X) = (Q x X)/G is a smooth section and ay € A(Q) is a connection
one-form. We denote by

0z, ag) ::/ |doy| dt
S1

its (twisted) length w.r.t.the metric (-, ) x.

Definition 4.1.1. An ag-compatible extension of x is a smooth section w : [0,1] x ST —
0,1] x Q(X) such that

(28) u(l,)) =@, day(u(0,-)) = 0.

We denote by Ext,,(x) the set of such extensions and call (x,ap) admissible iff there
exists u € Ext,, () such that the following holds. If 4 € Ext,, () is another extension
satisfying

29 (s, - < l .

( ) %%?f} (u(sv )7a0) = %%?ﬁ (u(sv )7a0)

then

(30) / w (051, dgy ((s,-)) - ) Nds = / w(Osu, dgy(u(s, ")) - ) Ads.
[0,1]x ST [0,1]x St

Definition 4.1.2. The invariant symplectic action is the map
A {(z,a,a) | (z,a0) admissible, a € A(Q)} — R
defined by
(31) A(x,a,a9) := / w(Osu, dgo(u(s,)) - ) Ads+ [ {Q(®) oz, a— ag),
[0,1]x ST Sl
where v is as in the definition of admissibility, and we view a — ay as a one-form on S!
with values in the adjoint bundle Q(g).

Remark 4.1.3. Sections z : St — Q(X) and u : [0,1] x ST — Q(X) of the bundles are
in natural bijection with equivariant maps ) — X and [0, 1] x @ — X respectively. We
will sometimes use this identification.
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Remark 4.1.4. The following gives a more intrinsic but less explicit definition of the
action. Let A € A([0,1] x Q) be a connection one-form on the bundle [0, 1] x Q. The
form

wa =myw + d(mi®, 5 A) € Q*([0,1] X Q x X))
where 7, T3 are the projections on @, X, descends to a form wa € Q*([0, 1] x Q(X)).

Now let A € A([0,1] x @) be a connection one-form with A|,_g = ag and A|s—; = a,
and let Ay denote the pull-back of ag to [0, 1] x @ under projection on the second factor.
Let (x,a9) be an admissible pair and u € Ext,,(x) be an extension as in the definition
of admissibility. We have

Az, a,a9) = / u* (wa, +d{([0,1] x Q)(®), A — Ay))
[0,1]x St

= / u wy
[0,1]x ST

The following lemma proves in particular that the invariant symplectic action is invari-
ant under gauge transformation. We prove a stronger statement which includes bundle
morphisms not necessarily covering the identity. We view such a morphism as a section
ST —QQ) = (Q xQ)/G. Tf z: ST — Q(X) is a section we define the pull-back
section ¢*z : St — Q(X) by ¢*x(t) :== [¢, T o &(q)}, for every t € S!, where ¢ € Q is
an arbitrary point over ¢. Here 7 : Q — X and ¢ : Q — Q are the equivariant maps
corresponding to x and .

Lemma 4.1.5. Let X,w,G,Q and (-,-)x be as above and ¥ : [0,1] x Q@ — Q a
smooth equivariant map such that for every s € [0,1] the following holds. The map
fs + S'=R/Z — S' defined by the equation fsom = mo U(s,-) satisfies & f,(t) > 0,
for every t € S, or %fs(t) < 0, for every t € S'. Then for every smooth section
z:SY — Q(X) and every ay € A(Q), the pair (x o U(1,-),W(0, -)*ao) is admissible if
and only if (z,a) is, and

A(\I/(l, ), (0, ) ag, U(1, ~)*a) = deg(fo)A(z,a, agp).

Proof of Lemma 4.1.5. We denote d := deg(f).

It suffices to construct maps
Exteo, () — Ext(¢"(z,a0)), Ext(¢*(z,a0)) — Ext(x,ap)

preserving the quantities in (30), (29). We choose smooth functions v,y : [0, 1] — [0, 1]
satisfying

(32) P(0)=0,9(s) =1,Vs € [1/2,1], x(s)=0,Vse[0,1/2], x(1) = 1.
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Given an extension u' of ¢*x we define

_{ G if0<s<y,
(33) u(s, t) := { ((;i(i *u)(s,t) if £ <s <1

That is, on the first region v is equal to the section given by pull-back of x by the
map (s,q) — Cy(s)(q) and on the second region u is the pull-back of ' by the map
(s,q) — (x(s),q). The section u is smooth since v'(0,-) = ¢*z = (fz. If A" is an
extension of @’ = ¢*a with limit aq as in Remark 4.1.4, define p(s, q) = (y(s)(q) and

Fag)(t fo<s< %,
(34) A(s, t) = { E,(OX x)(l))*A')(S,t) if% <s<1.
We have
(35) mgxﬂ(u(s, ), ap) < msaxﬁ(u'(s, ), a0)

since 27(¢(s,t)) > 0. On the other hand,

dt
/u*wA :/ (p*x) wyr 4 +/ (x X 1)*war.
> [0,1/2] xS [1/2,1]x 51

To see that the first integral vanishes, note that (p*z)wy«4 = (*x*w,, where ((s,t) =
7(p(s, 7 1(t))) is the map covered by p. Since wy, is degree two, *w,, = 0. To see that
the second integral vanishes, consider the map n(A, s,t) = ((1—X)s+x(s),t). By Stokes’

theorem
0 = / (n*u')*dwy
[0,1]x3X

/ (U*U/)*WU*A
({0,1}x2)U([0,1] xO%)

(36) = / () wu / W

where to obtain the third equality we have used that n(]0,1] x 0¥X) C 9% and so the
pull-back of (p*u/)w,«4 to [0,1] x 9% vanishes. Hence

/u*wA:/ (u' ) war.
by [0,1]x St

Conversely, given an extension u € Ext(x, ag) define

) ] (Cago)(t) if0<s<i,
o V0= L) )0 s]

and with p(s, ¢) = (ya-5(q)

, | (prao)(t if 0
(38) Alst) "{ <€xx1>)*A><s,t> if 4

Similar arguments to those before show that the maximal length of ' and the integral
of (u')*wys are the same as those for A, u. This proves Lemma 4.1.5. O
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Proposition 4.1.6 (Equivariant isoperimetric inequality). Let X, w, G, (-, )q and ®, (-, ) x
be as above, and let C C G be a conjugacy class. Assume that X is closed. Then there ex-
ist constants 5, C' > 0 such that for every principal G-bundle Q over S, every connection
ag € A(Q) with holonomy in C and every section x : S — (Q x X)/G satisfying

(39) lx,a0) <6

the following holds. The pair (x,aqy) is admissible and for every connection a € A(Q)
and every € > 0 and 1 < p < oo the following inequality holds:

1 x
W) A o) < Ol + (4 +C) o= alf + el Q@)
Proposition 4.1.7 (Energy action identity). Let X,w, G, (-, )4 and ® be as above, J be a
G-invariant w-compatible almost complex structure, and let C C G be a conjugacy class.
Assume that X is closed. Then there exists a constant 6 > 0 such that the following
holds. Let s_ < s, be numbers, Q be a principal G-bundle over S*, ag be a connection

on Q, ws, be an area form on ¥ := [s_,s,] x S, and (u, A) be a solution of the vortex
equations (1) on [s_,sy] x Q. Assume that
(41) O(u(s,-), a0) <8, Vs € [s_,sq].

Then the pairs (u(si, ), ao) are admissible and

(42) E(u, A) = —A((u, A)(s4, "), a0) + A((u, A)(s_, ), ao).

To prove Propositions 4.1.6 and 4.1.7, we use the symplectic action for paths with
Lagrangian boundary conditions. More precisely, let (X,w) be a symplectic manifold,
Lo, L1 € X be Lagrangian submanifolds and let (-,-)x be a Riemannian metric on X.
Let z : [0,1] — X be a smooth path such that z(i) € L;, for i = 0,1. We denote by

l(zx) = fol || dt its length w.r.t.(-, ) x.

Definition 4.1.8. An (Lo, Ly)-compatible extension of x is a smooth map u : 3 :=
[0,1] x [0,1] — X such that

(43) u(0,t) = u(0,0), Vt, w(l,) ==z, wu(s,i)e L;,Vse[0,1],7i=0,1.

We denote by Exty, 1, (z) the set of all such extensions, and we call the path x admissible
iff there exists u € Extr, 1, (z) such that the following holds. If & € Extr, 1, (z) is another
extension satisfying

(44) m;axf(a(s, ) < mftxf(u(s, ), Vs e[0,1],

then

(45) /Z W = /Z W,

We define the relative action to be the map
Arony ¢ {x e C>(]0,1], X) }x admissible} — R,
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Aoy () = — / ',
b

where u : ¥ — X is a smooth map with the above properties. Admissibility and the
relative symplectic action are invariant under changes of coordinates. This is the content
of the following.

Lemma 4.1.9. Let X,w, Lo, Ly and {-,-)x be as above, z : [0,1] — X a path, and
¢ :[0,1] — [0,1] be a smooth map fizing 0 and 1 such that ¢'(t) > 0, for every t € [0, 1].
Then x o ¢ is admissible if and only if x is, and

'ALO,Ll (.I © ¢) = AL07L1 ([L’)

Proof of Lemma 4.1.9. The proof is similar to that of Lemma 4.1.5. It suffices to con-
struct maps

EXthLl (.T) - EXtLO,Ll (1‘ © QS)? EXtLo,L1 (.T © ¢) - EXtLo,L1 (1‘)

preserving the symplectic area and maximal length in (45), (44). Let ¢, x be as in (32).
Given an extension v’ € Extr, r,(x o ¢), define u € Exty, 1, (x) by

_ (=)t +d(s)p(t) 0 <s< g,

u(s,t) == o1 20
u(x(s),t) if 5 <s<1

One sees easily that u has the same area and maximal length as u’, The reverse con-
struction is similar.

O

Remark 4.1.10. Their are alternative ways of defining admissibility and the relative
symplectic action, for example, one could define it as follows. If x,y € X are points, we
denote their distance by d(z,y), if x : [0,1] — X is a path, we denote its length by ¢(x),
and if S C X is a subset, we denote its diameter by
diam(S) := sup d(zx,y).
z,yeS

(All these quantities are with respect to (-,-)x.) We denote by ¥ := [0, 1] x [0, 1] the
unit square. We call a path x € W*°([0, 1], X) admissible iff x(i) € L;, for i = 0,1, and
there exists a map u € W*°(%, X) such that

(46) u(0,t) = u(0,0), Vt, w(l,:)==x, wu(s,i)€ L;,Vse[0,1],i=0,1

and the following holds. If & € Wh*°(X, X) is another map satisfying (46) and the
condition diam(a (X)) < diam(u(X)) then

/&*w:/u*w.
b b

Proposition 4.1.11 (Relative isoperimetric inequality). Let X,w, Lo, L1 and (-,-)x be
as above. Assume that Ly and Ly are closed. Then there exists constants 6,C' > 0 such
that the following holds. If x : [0,1] — X is a path satisfying x(i) € L;, fori = 0,1 and
l(x) < 6 then x is admissible and

(47) (Ao, ()] < Clll3-
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Proof of Proposition 4.1.11. This follows from [19, Lemma 3.4.5] ............ O

Lemma 4.1.12. Let X be a manifold and ¢ : X — X be a diffeomorphism such that X
admits a ¢-invariant metric. Let Y := {(a:, ) ’x € X} C X? denote the diagonal and
7 = {(x, o(x)) }x € X} C X? the graph of ¢. Then the intersection Y N Z is clean.

Proof. The tangent spaces to Y, Z are
TY ={((z,v), (z,v)), =€ X,veTl,X}
17z = {((:E,v),(qﬁ(a:),quS(v))), T €X>U eTxX}

Hence
YNZ={(v,2) € X?, ¢(x) =2z}
TY NTZ = {((x,v), (z,v)) € TX?, (¢(x), Dpd(v)) = (z,v)}.
Projection onto the first factor gives identifications

YNZ— X% TYNTZ— (TX)?

where X? resp. (TX)? denotes the fixed point set of the action of ¢ on X resp. TX.
Thus the intersection is clean if and only if X is a submanifold and

(48) T(X?) = (TX)P?.

Let x € Y N Z. Let g be a ¢-invariant metric on X and denote by exp, : T, X — X the
exponential map. It follows from the uniqueness of geodesics with given initial conditions
that

(49) exp, oD, = ¢ oexp, .

We choose a number r > 0 such that exp, : B, — X is a diffeomorphism onto its image,
where B, C T,X denotes the ball of radius r around 0 w.r.t. the metric on 7, X. By
equation (49) the fixed point set B, NT, XP=? is mapped bijectively onto the fixed point
set exp(B,) N X?. Because T, X"+¢ is a subspace, X? is a manifold near z. Taking
tangent spaces we obtain

T.(X?) = Dexp, (0)To(ToX) "= = (T, X)"=*.
Hence (48) which proves the Lemma. O

We now relate the invariant and relative symplectic actions. Let C be as in Proposition
4.1.6. We choose a representative g € C. Consider the manifold X := X x X with the
symplectic structure @ := (—w) @w and the Riemannian metric (-, -) ¢ induced by (-, ) x,
and the Lagrangian submanifolds

Lo:={(z,2)|z e X}, Li:={(z,9g7'2)|zeX, gecCG}.
Let ap € A(Q) be a connection with holonomy in C and x : S — Q(X) be a section

satisfying £(z,ap) < §. We define p : [0,1] — S'~R/Z by p(t) := t + Z. Since ag has
holonomy conjugate to g, there exists a map f : [0, 1] — @ satisfying the conditions

(50) mof=p, a(df)=0, [f(1)=[(0)g.
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We define
(51) 00,1 =X, #@):=(zof(1-1)/2),z0 f((L+1)/2)).
Then, denoting by (&) the length of & w.r.t.(-,-) ¢, we have

i(i) € L, fori=0,1, (%) = l(z,a0).

Furthermore, by Lemma 4.1.12 with ¢(z) := gz, the Lagrangians Ly and L; intersect
cleanly.

Lemma 4.1.13. Let Ly, L1,x,Z,a9 be above. The path I is admissible if and only if
(x,a9) is, and

.A(l’, a, CLO) = ALOJA (l’) + /S1 <x*Q(CI))7 a — a0>.

Proof. Let ¢ : [0,1] — [0, 1] be a smooth map with
(52) Col) 0¥ e1), o) =0.1<1/4 of)=1t>3/4

By Lemma 4.1.9, x is admissible if and only if x o ¢ is, and the two paths have the
same action. Similarly, let ¢ : S' — S* denote the corresponding smooth map, obtained
from the identification S = [0,1]/(0 ~ 1). Let p: @ — Q be a lift of ¢ preserving ao;
given a single value p(0), the remaining values p(t) are defined by parallel transport of
p(0) = p(1(0)) along a path from 0 to ¢ (¢). By Lemma 4.1.5, p*x is admissible if and
only if z is, and A(p*z, a, ag) = Az, a, ag).

This reduces to the case that Z is constant on [0,1/4] U [3/4,1], and x is covariant
constant on [—1/4,1/4] € S*. We claim that 7 is admissible if and only if = is. To prove
this, it suffices to define maps

Exty, (x) — Extr, ,(Z), Extr,r,(Z) — Exte, ()

preserving the maximal length and integrals in the definitions of admissibility, where
Ext,, (z) resp. Extr, r,(Z) is the set of extensio of x resp. Z, compatible with ay and
(Lo, L1) respectively. Given any extension u € Ext, (z) define u € Extr, r,(Z) by
pullback under f, with the same maximal length and integral. Conversely, given any
extension 4 € Extr, 1, (%) define an extension @, of & by pull-back under the map 1 x ¢,
where ¢ is the map of (52). Since @, is constant near 0, 1, it descends to a smooth map

up 2 [0,1] x ST — Q, wi(l,:) =z, Llui(s,-),a0) = L(a(s,")).

One sees easily that u; has the same maximal length and

Az, a, ag) :/ ujwa, :/ Ww.
[0,1]x S [0,1]x[0,1]

Hence x is admissible if and only if z is and

Az, a,a9) = Az, a,ap) + /51 (" Q(®),a — ag) = Ay, (T) + /51 (z*Q(®),a — ao)

which proves Lemma 4.1.13. 0
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Proof of Proposition 4.1.6. Let X,&, Lo, L1, (-,-) ¢ and { be as above. We choose con-
stants 0 > 0 and C} := C as in Lemma ??, with X, w, (-, -) x and £ replaced by X, @, (-, ) ¢
and . We define

Cy:=max {|¢x(z)| |z € X, Eeg: (=1}, C:=max{2C,,2C3}.

Let z,a,ay be as in the Proposition, f : [0,1] — @ be a map satisfying (50) and
Z :]0,1] — X be the path defined by (51). By the statement of Lemma ?? the path &
is admissible. Hence by Lemma 4.1.13 the pair (z,a) is admissible. Furthermore, for
every € > 0,

IN

‘A(x7ava0)‘ ‘ALO,Ll(j)‘ + /Sl ‘<Q(CI)) °r,a — CL0>‘

< Cil(E) 4 |Q(P) o z||a]la — ao|2
1
(53) < Cl\’daoxf\ngG\!Q(@)OxﬂngEHa—%\’g-

Here in the first inequality we used Lemma 4.1.13, in the second inequality we used 77?7
and Holder’s estimate, and in the last inequality we used that ((Z) = ||dg,x||1 < ||day]|2-
Furthermore,

(54) |dag|? = |dat + (@ — ag)x (2)|” < 2ldaz|? + 2|(a — ao) x ()|
Since |(a — ap)x(x)| < Csla — ap|, combining (53) with (54) implies

1
A, a.00)] < gl + (€4 1) o= aolf + el Q@) ol
This proves Proposition ?77. O

Proof of Proposition 4.1.7. ...
This proves Proposition 4.1.7. 0

The proof depends on the a priori estimate for symplectic vortices proved by Gaio-
Salamon:

Theorem 4.1.14 (Mean Value Inequality for Vortices). There exists a constant ¢; de-
pending only on the supremum of wsr, 1) such that if (A,u) is a vortex on (11, T5)
with EA,U(B%(T, 0)) < ¢y then

32
GA’U ~ 7EA’U(B% (’I“, ‘9))

Proof. The energy density satisfies Aey, > —Cei,u for some constant C' depending on
an upper bound for the norm of ws(r, 1), see [23, Lemma 11], which in turn uses results
of Gaio-Salamon [8]. Note that the case needed here is substantially easier than that of
23], which considers the case of unbounded area form. O
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Proof of Proposition ??7. Let e, denote the energy density of A,u and EA,U(B% (r,0))

the energy on a ball of radius % around r,6. By Proposition 4.1.14, d,u satisfies the

2
pointwise estimate
(55) [dau(r,0)]| < eau(r,O)]| < Eau(By(r,0)).

Integrating gives the first condition in the definition of admissibility. By assumption, A
is C%-close to ag. Hence (Ag,ur) is admissible. By (55), the diameter of the image of u
is bounded by the total energy. It follows that the image of u is contained in P(B, (z)),
if ¢, is sufficiently small. This proves Theorem ?77. U

4.2. Decay on cylinders. I'M WORKING ON THIS SUBSECTION (Fabian).

Let (X,w) be a symplectic manifold, G be a compact connected Lie group acting on
X in a Hamiltonian way, with moment map ® : X — g*, (-,-)4 be an invariant inner
product on g, and J be a w-compatible G-invariant almost complex structure on X. We
denote by (“ the injectivity radius of G and by d“ the distance function on G, both
w.r.t. the metric on G induced by (-, -),. Furthermore, if C,C" C G are conjugacy classes
then we define

d“(C,C') == min {d(g, ¢ lgecC. g eC'}

Then d is a distance function that induces the quotient topology on the set of conjugacy
classes, see for example Lemma A.10 in [?].

Theorem 4.2.1. Assume that X is closed. Then for every conjugacy class C C G there
exists a constant €g > 0 such that for every constant 0 < ¢ < €y and every constant
K € R there exists a constant C' with the following property. Let sg,s1 € R be such that
s1 > so+2, P — X = [s0, 5] xSt be a principal G-bundle, \ € COO([SO, s xSt (0, oo)),
p > 2 and (u, A) be a W'P-solution of the vortex equations on P with area form wys :=
A2ds A dt. Assume that

(56) A < Keemintosnars),
9|dA|?

(57) K? > maxpex |p(x)|? (SUp[so,sﬂxSI AO2) 1) ;

(58) E(u> A) < €o,

(59) d%(C,C,) < Kem2emintsmsom=s}h s €[5, 51],

where C; C G denotes the conjugacy class of the holonomy of A around the circle {s}x S*.
Then

(60) |dqu(s, t)] < Ceemin{s=sosi=s}
for every (s, t) € [so + 1,5 — 1] x St

Let X,w,G, (-, ) ® and J be as above, X be a real surface equipped with two Rie-
mannian metrics (-,-)s and (-,-)% and a pair (u, A) € T(P(X)) x A(P) we define the
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energy density of (u, A) w.r.t. ((-,-)s, (-,-)%) to be
Y53,y )0 1
el = S (Idaulf + A2 o uf? + 32 Fal).

where A : ¥ — (0, 00) is the function defined by the equation (-, )s, = A\?(-,-)%, and the

point-wise norms | - | and | - | are taken w.r.t. (-,-)% and (-, -}y respectively. In the case
YCCor X CRx S and (-, )% = ds? + dt?, we abbreviate
A _ J)mds®4dt?

€(u,4) *= €(u,4)

Lemma 4.2.2 (Point-wise bound on energy density). Let X,w,G, (-, )4 ® and J be as
above. Assume that X s closed. Then there exists a constant € > 0 with the following
property. Let K € R, r > 0, A € C% (BT, (0,00)), P — B, be a principal G-bundle,
p > 2 and (u, A) be a WhP-solution the vortex equations on P with area form \*ds A dt.
Assume that the inequalities (57) and

(61) BMA,u) + K / Ndsdt < Ke
are satisfied. Then
8
(62) (efaw) + K7X%)(0) < —3 (EA(A, u) + K* / Mds dt) .

For the proof of Lemma 4.2.2 we need the following.

Lemma 4.2.3 (Mean value inequality).

Proof of Lemma 4.2.2. Let X,w, G, (-,-)q, ® and J be as above, and assume that X is
compact. By the calculation in the proof of the pointwise bound on the energy density [?,
Lemma 7| there exists a constant Cy > 0 such that for every r > 0, A € C*° (Br, (0, oo)),
every principal G-bundle P over B, and every A-vortex (A,u) on P we have

2
(63) Aelnu 2 ( = 9[dA[* + A(N?) — Co)\4) o ul® = Colefan)

Let now K € R. We choose constants C' € Rand E > 0 as in Lemma 4.2.3, corresponding
to n = 2 and with K replaced by

K/ = maX{K—l— C()KQ,C(]}.

Let » > 0, A € COO(BT, (0, oo)), P — B, be a principal G-bundle, p > 2 and (u, A)
be a WlP-solution the vortex equations on P with area form A\2ds A dt. Assume that
the conditions (??7,77,61) are satisfied. By elliptic regularity and invariance of energy
density under gauge transformation 7?7 the density ef‘Am is smooth. Furthermore, the
first inequality in (?7?) holds by the definition of ef\A,uV and the second inequality with K
replaced by K’ follows from (63,77,77) and the fact \?|pou|* < eE\A’u). Finally, the third
inequality from (61). Therefore, inequality (62) follows from the statement of 4.2.3. This
proves Lemma 4.2.2. O
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Lemma 4.2.4. Let G be a compact Lie group and (-,-)q be an invariant inner product
on g := Lie(G), Q be a principal G-bundle over S'~R/Z, X be a manifold (possibly with
boundary), ag € A(Q) and a be a smooth section of the real vector bundle

{(x,q, o) } (x,q9) € X xQ, ¢ : T,Q — g equivariant, ¢p(¢§) =&, V€ € g} — X x Q.

Denoting by C and C, the conjugacy classes of the holonomy of ag and a(x,-) around S*,
we assume that

d(C,c,) < ..

Then there exists an equivariant diffeomorphism g : X x () — @ that induces the canon-
ical projection X x St — S and satisfies

(64) ‘ (a(a:, E )d(g(l’, )) - aO) (Q)‘ = JG(Ca Ca:)a
for everyx € X, q € Q.

Remark 4.2.5. Philosophically, in this lemma a is a family of connections on () and g
is a family of gauge transformations on (), both depending smoothly on = € X. In the
case in which X is a point the lemma says that given two connections on Q — S we
may gauge transform one of them in such a way that it lies at distance from the other
connection given by the distance of the conjugacy classes. For a general manifold X, the
lemma can be seen as a parametrized version of this.

Proof of Lemma 4.2.4.
Claim 4.2.6. There exists smooth map g : X x [0,1] — G such that
(65)

Proof of Claim 4.2.6. ...
This proves Claim 4.2.6. O

This proves Lemma 4.2.4. 0

Proof of Theorem 4.2.1. For £ € g and € X we denote by {x(z) € T,X the infinitesi-
mal action of £ at x, and we define

C1 := max {[¢x ()] ‘x €X,¢eg: ¢ =1}

Let C C G be a conjugacy class. We fix constants 6 > 0 and Cy := C as in Propo-
sition 4.1.6. Shrinking ¢ if necessary, we may assume that it satisfies the condition of
Proposition 4.1.7. We define

Co = 02, € = 1in 2,201 .
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Let K > 0. We choose constants (3 := C' and E := E > 0 as in Lemma 4.2.2, with K
replaced by K := min{K, /e}. We define

E &
E=mnlZ 21
(67) min { 1 160, }

Let 0 < ¢ < ¢, S0,51 € R be such that s; > sy +2, P — ¥ := [s,51] x S! be a
principal G-bundle, A € C*([so, s1] x S*,(0,00)), p > 2 and (u, A) be a W'-solution
of the vortex equations on P with area form wy, := A\%ds A dt. Assume that conditions
(?7,58,77) are satisfied. Let (s,t) € [so+ 1,51 — 1] x S'. Consider the map ¢ : By —
[s0, 51] x S given by ¢(s,t') := (s + ', t +t'). We define A := Ao : Byjy — R. By the
assumptions (?7?) the conditions (??) and (??) hold with r := 1/2 and A, K replaced by
A, K. Moreover, by (58) and (67) the condition (61) is satisfied with E, P, A, u replaced
by E and (P, A, @) = ¢*(P,A,u). It follows that the inequality (62) holds with C
replaced by C'3, and hence

|daul(s,t)* < ey (s,1)

A
e(A,ﬂ) (O, 0)

< AC3EMNA, @)
(68) < 4C3EMA,u).
We define
Cy =
and the function f : [30, (so + 31)/2] by
(69) f(s) = E(u, A, [s,s1+s9—s] x S') +C4 (6_26(5_50) + 6_26(5_51)).

Claim 4.2.7. We have f'(s) < —2cf(s), for every s € [1,(s1 — s0)/2 — 1].

Proof of Claim 4.2.7. We may assume without loss of generality that there exists a prin-
cipal G-bundle @ over S' such that P = [sg, 51| x Q. We fix a connection ag on @) whose
holonomy lies in C.

Claim 4.2.8. There exists a gauge transformation g : P — P such that
(70) g(.gu(sv ')7 CLO) < 57

for every s € [sg, s1).

Proof of Claim 4.2.8. Denoting by C, the conjugacy class of the holonomy of Al(sx0
inequalities (??) and (66) imply that d“(C,C,) < 1% /2, for every s € [sq, s1]. Hence by
Lemma 4.2.4 with X := [sg, s1] and the section a defined by av := A(0, v) for v € T,Q) and
q € Q, there exists an equivariant diffeomorphism ¢ : [sg, $1] X Q — @ such that condition
(64) is satisfied. We define the gauge transformation g : P — P by g(s,q) := g(s), for
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every s € [sg, s1] and ¢ € @, and we define (A, v') := §*(A,u). We fix s € [so+ 1,5 —1].
We have

(7)) L(((s, ) a0) < é((A',u')(s,.))+/

Sl

(A'(s,) — ag)  (u/(s,-)) ‘(t)dt
(72) < L((Au)(s,-) + Cy . |A'(s,-) — aoldt.
By inequality (65) we may estimate
(((Au)(s,) < ]dAu\(s t)dt
< /Sl «/ s t

(73) < 2V O3ENA u) <

Here in the third step we used (68). On the other hand, by (
(66) we have

l\DIsz

=}

4), assumption (?7) and

) .
(74) ‘A/‘{SXQ} . ao‘(t) < dG(C,Cs) < fefkmm{sfso,&fs}’
1

for every ¢t € S'. Substituting this into (72) and combining with (73), we get

(((u'(s, ), a0) < 0.
This proves Claim 4.2.8. O

We choose a gauge transformation g : P — P as in Claim 4.2.8 and define (A’ v') :=
g(A,u). Then by (70) the condition (41) of Proposition 4.1.7 is satisfied with (A, u) re-
placed by (A’,u'). Tt follows that the pairs (u’(so, ), ao) and (u’(sl, ), ao) are admissible,
and equality (42) holds with (A, u) replaced by (A’,u’). We fix now s € [1, (s1—s0)/2—1].
Using again (70) the condition (39) of Proposition 4.1.6 is satisfied with x := (s, -) and
a := A'l{gxq- So applying this proposition with p := 2 and € replaced by e —2¢5we have

|A((A" W) (s, ), a0

IN

Gl s D3+ (S + ) Ilerna - al;

+6_2’33Hu'*P(CI>)(s, )H2

—~
N
Ot

~
A

02 }dA/(u'(s,-))}th—i-
g1
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We have

d 1 —4ZKS8
R (T Rea—"
ds [so+s,51—5] 0 ’

1
= —/ (ef;j)s(sl, t) + ef;j:)s (0, t))dt — 2035(6_2“(8“3) + 6_2"(31_5))
0

= —lldatlisyxrsills — e [ P(@)(s1, )13
—lldatlisoyxrs: [z — 7w P(@)(s0, ) I2

—2031'{ (6—2n(so+s) + 6—2&(31 —s))

> — lldaulsyxrsill3 = ldaul sy rst |l +
----------- [ALsoxq = aoll + [[Alsix@ — aoll3
Foreeeeeenne, u(sy, ) Q(®)||3 + ||u(s1, ) Q(®)||3
> A((u,A)(sl, ~),a0) — A((u,A)(so, ~),a0)
< f(s)
This proves Claim 4.2.7. 0

Claim 4.2.7 implies that on [0, (s1 — $0)/2],

d
£<f€268) — f/62cs +f2062cs S 0’

and hence
(76) f(s) < f(0)e 2 < E(u, A)e .
Combining this with (??) and (69), we get, for every § € [so+1, (so+s1)/2] and { € S,

- 32 32e° .
dau(3,8)]> < —f(5—s0—1/2) < c E(u, A)e 260,
@ T

Similarly, we get for every § € [(so + s1)/2,s1 — 1] and te st

A 32 32¢° .
dau(3,8)]> < —f(s1 —8—1/2) < c E(u, A)e2¢s179),
n s

Inequality (60) follows from this and (??). This proves Theorem 4.2.1. O

Corollary 4.2.9 (Decay for vortices on semi-infinite cylinders).

Proof of Corollary 4.2.9. ...
This proves Corollary 4.2.9. O
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We show that for any vortex (A4, u) on a finite cylinder
Y= E(To,Tl) = [T(]aTl] X Sl

with sufficiently small vortex energy, the energy of u considered as a pseudoholomorphic
map to P(X) satisfies a convexity estimate. This is used in the compactness Theorem
5.2.6 to show bubbles connect. We remark that we do not know how to prove directly
that the vortex energy density on small cylinders has exponential decay; rather, we
show that the energy density of u, considered as a J4-holomorphic map to P(X), has
exponential decay. In some sense, this is more natural we already know that A has
exponential decay, after gauge transform, because the second vortex equation implies
exponential decay of the curvature.

To prove that u satisfies an exponential decay estimate, let
ws € D(T), wy = e "dtdd.
Recall that if A is a sufficiently small connection then the form
wa + Tws € Q*(P(X))
is symplectic. Let
I lla = (wa+7ws)(:, J+)

denote the norm for the corresponding metric on P(X). We denote by

ea(u) = |duly,  Ea(u) = / (1)

the resulting energy density and total energy. If A;, u; denotes the restriction of (A, u)
to {t} x S! we denote by

DAt(Ut) = D(At,Ut)+/ G_er'l“de

Stx[t,00)
= D(Ay,u) +e " /k.
In the case that aq is trivial, this is the usual action of u; considered as a loop in in

the extension of P(X) over the one-point compactification. We denote by E(u;T') the
energy on the sub-cylinder [Ty + 7,7y — T] x St

Theorem 4.2.10. For any k > 0 and gy € G, there exist constants k1, cg, €1, Ca, C3, C4, C5 >
0 such that for all Ty > 0, all vortices (A,u) on X(—=To,Ty), the following holds: If

Kt

sup || Al xst — aol| < cse”

Ty > Co, T, >co+ 1, EA(U) < C2
then
Ea(w;T) < cqe” ™ E4(u;0).
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Furthermore, the distance between u(z) and u(z') for z, 2" € S(=Ty+T,Ty—T) measured
using the metric ga . satisfies the exponential decay estimate

sup dist (u(2), u(2')) < ese”™ T Ey(u; 0)1/?

Proof. After gauge transformation, we may assume that we are in the setting of Corollary
??. Let Ay, us denote the pull-back of (A, u) to {t} x S, and A, the pull-back of ag to
P. By Proposition 7?7 we have that for any 7" > 0,

Ex(u;T) = Dag(ur) — Da_r(u—r).
By the isoperimetric inequality Proposition 77

DAT(UT) = D(AT,UT)—FG_KT/H
< C/ Idagurl® + | Ar — A |[[|@]] + 7 /5
g1

IN

C/ ||dATuTH2 +(1+cy)e ™ /k
Sl

¢ [ url

where C" = max(1 + ¢3,C'). Hence
Ea(w;T) = Dap(ur) — Da_,(u_r)

<ol
SIx{T,—T}

, d ,

IN

Thus
d
@EA(UQT) < —Ea(u;T)/C"
which implies
Exe(u; T) < Cexp(—k1T)Ea(u;0)

for some constant C' and x; = 1/C” which proves the third claim. Applying the a priori
estimate in Theorem 4.1.14 completes the proof of the second claim. 0

4.3. Removal of singularities. We use the exponential decay results of the previous
sections to prove a removal of singularities theorem for vortices (A, u) on the punctured
disk. The result is not a full removal of singularities theorem: we assume that the con-
nection has a C° extension. If we knew that the connection had a smooth extension,
then removal of singularities would be a straightforward consequence of removal of sin-
gularities for pseudoholomorphic maps, viewing u as a pseudoholomorphic map to P(X).
However, Uhlenbeck compactness only provides a C? limit to the connection, so we have
no control over the higher derivatives.
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Proposition 4.3.1. Suppose that (A, u) is a smooth finite energy vortex on the punctured
disk B — {0}, and that A admits a C° extension over B. Then u admits a C° extension
over B, and the pair (A,u) is gauge equivalent to a smooth vortex on B.

Sketch of proof. Removal of singularities for pseudoholomorphic maps is [13, Lemma
4.5.1]. The proof for vortices is similar: one first shows that u admits a WP extension
for p > 2 with 2— p sufficiently small. Elliptic regularity then implies that the pair (A, u)
is gauge equivalent to a smooth vortex.

Suppose that the mean value inequality of Proposition 4.1.14 holds for all balls of
energy at most C'. Choose 1y so that E(A, u; By,,) < C. For 0 <r <rg let

e(r) = E(A,u; B,)

denote the energy of the restriction of (A,u) to B,. Then e extends to a continuous
function on [0, 7] with €(0) = 0. By the mean value inequality 4.1.14

]VAu(Tew)]Q < Ce(2r).
This implies that the length of 7,(0) = u(re®) satisfies

() < /Ce(2r)

which goes to zero as r — 0. From the isoperimetric inequality (??) (for trivial twisting
go = 1) we obtain

E(A,u; B,) < cl(v,)>.
Hence
cl(v,)?

mer? [ |V au(re®))?
S1

e(r)

IN

IN

= 2mer—e(r).

dr

Integrating from r to ry gives for p = 1/2mc
e(r) < et

So
|du(pe®)[> < Cp~2e(2p) < Cp*2.
Hence for p with 2 < p < 2/(1 — )

/ |V qul? < C’/ PP dp < oo,
. 0

It follows as in [13] that u lies in WP(B,). Now elliptic regularity Proposition 3.9.1
implies that (A, u) is gauge equivalent to a smooth solution. O
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5. COMPACTNESS

5.1. Vortices with bounded first derivative. The following extends compactness for
bounded first derivative in Cieliebak-Gaio-Mundet-Salamon [4] to the case with cylin-
drical ends:

Theorem 5.1.1. Let (Ay, uq) be a sequence of vortices with bounded energy E(Aq, tq).
If du, is bounded in C° on compact sets, then there exists a smooth vorter (Ao, Uso)
such that after gauge transformation and passing to a subsequence (Ay,uy) converges to
(Aso, Uso) uniformly in all derivatives on compact sets.

Proof. Let (Ag,uq) be a sequence as above. The vortex equation and bound on & give
a pointwise bound on the curvature,

| Fal| < Ce™"=.

This implies an L? bound for the curvature, see Proposition 4.2.10. Uhlenbeck com-
pactness implies that there is a subsequence (still denoted) A, and a sequence of gauge
transformations ¢, € G(P) such that g, - A, converges weakly to a connection A, in
the local Sobolev topology W, ,10c and strongly in the C%-topology (see Wehrheim [21,
Theorem A’]). By hypothesis the sequence g, - u, is bounded in W,, ;o the theorems
Alaoglu and Rellich, after passing to a subsequence, g, - u, converges weakly in W, , 0¢
and strongly in C? to a section us,. Since F4, converges to F4_ and 0y 4, Ua, CONVETZES
to EJAOQ Us both weakly in W, s, the pair (A, us) is a weak solution to the vortex
equations in W, 0. By Proposition 7?7, after gauge transformations, we can assume
that (Aa, ua) converges to (As, Uoo) in Wiy, ,4, and by Proposition 3.9.1 we may gauge
transform so that (A, us) is actually smooth.

To show convergence in all derivatives on compact sets, we use the bootstrapping
method of the proof of 3.9.1, as follows. By Coulomb gauge, there is a sequence of gauge
transformations g, € Gimy1pioc Such that d (gaAs — As) = 0. The sequence g, A, has
also L2-bounded curvature and thus a subsequence, still denoted by g, A,, converges to
As weakly in W, 1, and strongly in C°. g, is uniformly bounded in Wint1,pioc and
converges to an element g € Gy,11,p10c Strongly in Wi, ;1o and weakly in W, 11 p10c. By
Proposition 7?7 a subsequence ¢, - Uy converges to ¢ - s, strongly in C° and weakly in
Winps, and g- A = As. Using equation (20), one sees that the convergence of A, gives
the convergence of almost complex structures J, in W, ;... In particular, for every
small open set U of compact support, this sequence is bounded uniformly, that is there
is a constant ¢y such that, ||J4, || < co, for all a. Now, by [4, Lemma 3.3] we have a
constant ¢, depending on ¢y and U so that, the sequence u,, of J4_ -holomorphic sections
is also bounded in W41 p10c, and by Proposition 7?7 we can assume it is also bounded
in Wy,41,5. The sequences a, := Ay — Ao, uq are bounded in W, , 5, and they satisfy

dy _(aq) =0, Fa, +da, as + [aq, o] + ws(us) P(®) = 0.

Therefore, da(aq) is bounded in Wy, , 5 as well as d% _(aq), elliptic regularity shows that
a, is bounded in W, 41, 5. By passing to a subsequence if necessary, we can now assume



42 E. GONZALEZ, A. OTT, C. WOODWARD, AND F. ZILTENER

that (Aa, u,) converges in W, 11,4 Continuing this process we get the convergence on
compact sets in all derivatives up to gauge transformation. 0

The case when the sequence du,, is not bounded on compact sets in the C° norm yields
the existence of bubbles. More formally, we introduce the space of stable vortices which
will be the proper compactification for the moduli space of vortices.

5.2. Nodal Vortices. Let X be a connected, oriented surface with n cylindrical ends.

Definition 5.2.1. A combinatorial type consists of a rooted tree I' together with a

(a) partition of the vertices Vert(I') = {0} U Vert(I')c U Vert(I'); where vertex 0 is the
root vertex. The vertices Vert(I')¢ resp Vert(I')s are cylindrical resp. spherical,

(b) a labelling of the cylindrical vertices by {1,...,n};

(c) a bijection from the set of semiinfinite edges of I" to {1,...,n};

satisfying the condition that for each i € {1,...,n}, the vertices labelled ¢ should form
a linear string connected adjacent to the root vertex to the edge for the i-th marking.

In Figure 1, the root resp. cylindrical resp. spherical vertices are black resp. grey
resp. white. The three seminfinite edges are labeled 1,2,3 and the single cylindrical
vertex connects the root vertex with the third semininfinite edge.

F1GURE 1. Example of combinatorial type

The set of spherical vertices Vert(I'); admits a partition
Vert(I")s = Vert(I')s,o U Vert(I')s «

depending on whether they are connected to the root vertex by a path of spherical
vertices or not. We call the second set the spherical vertices at infinity.

Definition 5.2.2. Let I' be a combinatorial type. A marked nodal curve with cylindrical
ends of combinatorial type I' with principal component 3 is a nodal curve ¥ consisting of
components Y, ..., Y and nodes {{w;,w{},...,{w,,, w}}} such that graph obtained
by replacing components with vertices and nodes/markings with edges is the graph
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underlying I'. A component is a cylindrical resp. spherical if the corresponding vertex is
cylindrical resp. spherical.

Each cylindrical component 3; has two distinguished special points, given by the
connecting points in the chain of cylinders connecting the root vertex with the marking,
and hence a distinguished isomorphism ¥; — P! mapping the two special points to 0, co.

F1GURE 2. Example of a nodal curve with cylindrical ends

Definition 5.2.3. Let I' be a combinatorial type, P — X a principal G-bundle, J €
J (P, X) and H(P, X) compatible almost complex structures and Hamiltonian perturba-
tions respectively. A nodal (J, H)-vortex of combinatorial type I' is a datum (X, A, u, 2)
consisting of

(a) a nodal curve ¥ of combinatorial type I’;

(b) a (J, H)-perturbed vortex on the principal component ¥ = ¥.

(c) For each i € Vert(I')¢, a flat J-holomorphic vortex (A;, u;) on the cylinder ¥; —
{0,000} = S xR with holonomy given by the limiting holonomy of Ay on the [-th
end, where [ is the label of 7.

(d) For each j € Vert(I'), a J; -holomorphic sphere v;;3; — P(X);, in some fiber of
P(X);

satisfing matching conditions u(w;) = g(w;-r) at the nodes wji,j =1,...,m. We call the
pair (X;,v;) a spherical bubble and the triple (X;, A;,u;) a cylinder bubble. A bubble is
trivial if the map is covariant constant on the bubble. A nodal vortex is polystable if each
trivial bubble has at least three special points; that is, each cylinder bubble on which u
is trivial is attached to at least one sphere bubble, and each sphere bubble has at least
three special points. A nodal vortex is stable if it has finite automorphism group.

Definition 5.2.4. An isomorphism of polystable vortices (A,,u,),« = 0,1 consists of

(a) a gauge transformation over the principal component
(b) automorphisms of the domains of the bubbles preserving the special points
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such that the action of the gauge transformation on the principal component and on the
bundles over the fibers by evaluation at the special points, together with the automor-
phisms of domains, transforms (A, uy) to (A, u,).

Let Mr(P, X, 1) denote the moduli space of isomorphism classes of polystable vortices
of combinatorial type T', and M (P, X, ) the moduli space of isomorphism classes of

framed polystable vortices. As in the case with smooth domain, M (P, X, ) admits an
evaluation map

evl : MY (P, X, p) — X" = HX’“.
i=1
If ME(P,X, p) — Mrp(P, X, ) is a principal G, bundle with a classifying map then
combining this with the evaluation map defines

ev: Mp(P, X, p) — XZMH
Let M(P, X, ) denote the union over combinatorial types

M(P, X, p) = Mr(P, X, p).

For any nodal curve X, be denote by Z; C ¥; the set of nodal points in »;, that is,
points at which other components of X are attached.

Definition 5.2.5. Suppose that (A, u,) is a sequence of vortices on ¥ and (A, u) is
a polystable vortex. We say that (A, u,) Gromov converges to (A, u) if there exist a
sequence ¢, of gauge transformations such that

(a) gaAa converges uniformly to A on compact subsets of Yo;

(b) g converges to us uniformly on compact subsets of the complement of Z; C X
of u;

(c) for every bubble component 3; of ¥, there exists a sequence ¢; , — 0o and maps
Gior + i — Be; ., (w;) — 2 such that u,0¢; o converges uniformly on compact subsets
of the complement of Z; C ¥; to u; .

(d) for any w; € Zj, the energy lost

m(w;) = lim im E(uq 0 ¢;.0; Be(zj))
e—0 a—o0

is equal to the sum of the energies on the components of u attached to w;.

(e) for any w; € Z;, ;é 0 ¢o,; converges to w; uniformly on compact sets in a
neighborhood of w;.

() if z; is contained in X;, then 2 = limg .o ¢ o(Zia)-

A sequence (A,,u,) of polystable vortices Gromov-converges to a polystable vortex
(A, u) if there exists a sequence of contractions on the trees I'y, — I', and properties
similar to those above. The definition is similar to that in [13, Section 5.5] and omitted.
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A subset C' of M(P, X, i) is Gromov closed if any Gromov convergent sequence in
C has limit point in C, and Gromov open if its complement is closed. This induces a
topology in M (P, X, ).

Theorem 5.2.6. M(P, X, w) is compact and Hausdorff. Furthermore, any convergent
sequence 1s Gromov convergent.

The proof takes up the rest of the section.

5.3. Energy quantization. The following is an energy quantization result for bubbles
in the fibers of P(X):

Lemma 5.3.1. There exists a constant h > 0 such that any non-constant holomorphic
map u : P — P(X) having values in the fiber P(X) has energy at least h.

Proof. By the standard result [13], since each fiber is equivariantly isomorphic (non-
canonically) to X. O

Next we prove energy quantization of cylindrical bubbles with flat connections.

Proposition 5.3.2. For any conjugacy class C C G, there is a constant € = €(3,C)
such that any zero-area vortexr (A,u) on the cylinder with holonomy in C and energy
E(A,u) < €(X,C) is trivial in the sense that u is covariant constant.

We reduce this to energy quantization for holomorphic strips with Lagrangian bound-
ary conditions.

Proposition 5.3.3. Let (X,w) be a compact symplectic manifold and Ly, L C X
compact Lagrangian submanifolds intersecting cleanly and J € J(X) a tame almost
complex structure. There exists a constant € = €(Ly, L_,J) such that ifu : Rx[—-1,1] —
X is a J-holomorphic map satisfying the boundary conditions uw(R x {+1}) C Ly and
the energy estimate E(u) < €. then u is trivial.

For the proof of Proposition 5.3.3 we need the following result. If X is a manifold and
Y C X is a submanifold, we denote by NxY the normal bundle of Y in X.

Lemma 5.3.4. Let X be a manifold, i+ : Yy — X submanifolds intersecting cleanly,
and w € Q(X) a closed differential form with i'.w = 0. Then there exists a neighborhood
UofY.NY_ and a form o € Q(U) such that da = w|y and iLa = 0.

Proof. By the local model theorem for clean intersections [10, Proposition C.3.1], there
exists a neighborhood U of Y, NY_ in X and a diffeomorphism ¢ of U to a neighborhood
©(U) of the zero section in N, (Y} NY_) such that

e(UNYy) = U) NNy, (Y. NY).
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In particular, (U NYL) is a sub-bundle of Nx (Y, NY_). Scalar multiplication on the
fibers of Nx (Y, NY_) defines a strong deformation retraction to Y, NY_,

V[0, xU =T, (Aa) e (Ap()).
Let V; € Vect(U) be the time-dependent vector field generating v,

d
The Poincaré formula )
a= / Yiu(Vy)wdt
0

produces the required primitive since

1
da = /zﬁLVtwdt
0
1

d
= —pjwdt
; dtwtw
= Yiw — Yow
= w.

The restriction of a to Yy is
1
ha = / Wit o (Vi)wdt
0

1

= /M‘L(Vt)blwdt
0

=0

since V; is tangent to Y.. The Lemma follows. O

Proof of Proposition 5.3.3. We set Y, := L. and denote by i1 : Yy — X the inclusions.
Since L. is Lagrangian the hypotheses of Lemma 5.3.4 are satisfied. So let U and « be
as in the conclusion of that lemma. Since X, L, L_ are compact, there exists a constant
0 > 0 such that if x € X then

(77) max(dist(x, Ly),dist(z, L)) <0 = z € U.

By the apriori lemma for holomorphic maps with Lagrangian boundary conditions [13,
Lemma 4.3.1] there exists a constant ¢, > 0 such that if v : R x [-1,1] — X is a
holomorphic map satisfying u(R x {£1}) C Ly and E(u) < ¢ then

8
(78) du(z)P <2 / dul?,
T J By (s,2£1)NRx[—1,1]

for every s € R and z € By(s,£1) NR x [—1,1]. Let u be such a map. It follows that

8
(79) 10pu(s, )| (1)) < 2\/;E(u, [s —2,s+2] x [-1,1]),
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for every s € R. We define
_ T
(80) € := min {60, —52}.

Assume that E(u) < e. Fix (s,t) € R x [—1,1]. Then
d(u(s, —1),u(s,t)) < / |Oyu(s, )| dt’

(81) < —E( ) < 0.

Here in the second inequality we used (79) and in the last inequality we used (80). It
follows that dist(u(s,t),L_) < ¢. Similarly, we have dist(u(s,t), Ly) < §. By (77) we
have

(82) u(s,t) € U.

Hence, denoting E(s) := E(u, ((—o00, —s) U (s,00)) x [—1, 1]), we have for every s > 2

E(u) = / ww+ E(s)
[—s,s]x[-1,1]

= / u*a—/ uwa+0+ E(s)
{sx[-1.1] {=six[-1.1]
< (I9us, Musgoam + 10(=s, )l r ) ol + E(s).

Here in the second step we used the fact da = w|y, Stokes’ theorem and the fact iLa = 0.
By (79) the last expression tends to 0, as s — oo. It follows that E(u) = 0. This proves
Proposition 5.3.3. 0

Proof of Proposition 5.3.2. We choose a representative g € C and define X := X x X
with the symplectic form © := —w @ w and the Lagrangian submanifolds

_={(z,2) |z € X}, Ly:={(z,g7'2)|zeX}.

Let (A,u) be a zero-area vortex on P; we view u as an equivariant map from P to
X and A as a g-valued one-form on P. The pair (A, u) defines a J-holomorphic strip
@ with boundary in Ly as follows. Let 7 : P — R x S! denote the projection and
p: Rx[-1,1] — R x S the be map p(s,t) := (s,e™). Since A is flat and the
conjugacy class of the holonomy around the circle {0} x S* equals C, there exists a map
f:R x [~1,1] — P solving the equations

A(asf) =0, A(atf) =0, f(571) :f(87_1)gv mof=p

for every s € R. Let~)~( = X X X denote the Cartesian product equipped with the almost
complex structure J = —J x J. Let 4 : R x [-1,1] — X x X denote the J-holomorphic
map

u(s,t) = ((uo f)(s/2,=(t +1)/2), (uo f)(s/2, (t + 1)/2)).
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Then @ satisfies the boundary conditions u(s, +£1) € Ly and its energy is E(u) = E(u, A).
Since G is compact, X admits a G-invariant metric. Therefore, the hypothesis of Lemma
4.1.12 are satisfied and hence the intersection L_ N L, is clean. Therefore it follows by

Proposition 5.3.3 that if E(a) has energy less than ¢(L_, L,,J) then @ is trivial, and
hence u is covariant constant. This proves Proposition 5.3.2. 0

5.4. Proof of compactness. Suppose that (A,,u,) is a sequence of vortices.

Definition 5.4.1. z € ¥ is a bubble point for the sequence (A,,u,) if there exists a
convergent sequence z, — z such that da_ua(z,) — oc.

Proposition 5.4.2. If (A, u.) is a sequence of vortices whose energy is bounded by C,
then there is a finite set of bubbling points Z € X3, and a vortex (Ao, Uso) 0n 3 such that
a subsequence still denoted (An,uy), converges after gauge transformations to (As, Uso)
on compact sets of Y\Z in all derivatives.

Proof. To show this, for a bubbling point s, lim,_ . |da, ua(za)| = co. Let € > 0 small
enough so that a neighborhood of s is consider as an open set in C. By Hofer’s lemma
[13, 4.6.4] to the function z — |d4, u(z)| for |z — s| < ¢, the points z, and the constants

Sa 1= |da, ua(24)| /2, there exist sequences (, € %, €, > 0 such that
(o — S; sup  |da ua| < 2¢h; €0 — 0;  €4Cq — 00,
|Z*Ca‘<€o¢
where ¢, := |da,ua(Cs)|. Let ¥, be the sequence defined on the ball B, (0) given by
Va(2) := ((o + 2/co). This sequence converges to s uniformly in compact sets. The

rescaled sequence
Va(2) = ua(Va(2))

has uniformly bounded first derivative on compact sets, on arbitrarily large domains,
since the sequence €,c, — 0o. The maps v, are pseudoholomorphic with respect to the
almost complex structure determined by the re-scaled connections ¢, 'A,, which have
uniformly bounded curvature. Using Theorem 5.1.1 we get, after gauge transformations,
that the sequence (c;'A,,v,) converges uniformly to a pair (Ag,v) on compact sets, in
all derivatives. Note that the limit Ay is necessarily the trivial connection, since ¢, — 00,
and that the map v necessarily lies on the fibre s,

v:C— P(X)s

since standard removal of singularities for finite energy maps implies that v extends to
a smooth J-holomorphic map v : P! — P(X),, where J is the given almost complex
structure on X, and v is non constant.

By energy quantization, sphere bubbles can develop at most at finitely many points Z.
On the complement ¥ — Z, d,u, is uniformly bounded in compact sets and (A,, u,) has
bounded energy, then by Theorem 5.1.1 A, converges to a connection A,, on compact
subsets of ¥ and wu, converges to a section u. on compact subsets of ¥ — Z in all
derivatives, so that (A, us) is a solution to the vortex equations on ¥ — Z. Since
Uy 1s a finite energy pseudoholomorphic map from 3 to P(X), removal of singularities
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implies that it extends to all of ¥. (Au, uso) is the principal component of the limiting
sequence. 0

Let s € X be a bubbling point, and v, the sequence obtained by re-scaling as in the
proof of Proposition 5.4.2. Fix a trivialization of P in a neighborhood of s. Let

m(s) = lir% lim(ug; Be($))

be the energy of the sequence being captured at s. By choosing a subsequence, this
limit exists since the energy is uniformly bounded. Since bubbling occurs near s, we
can restrict the sequence u, to the ball Bg(s) for R > 0. Moreover, let (!, € Bgr(s)
be the point where the function ds_ u, attains its supremum on Bg(s). The section
Uo = Uq(z + ) is such that attain its sup at z = 0 and thus the sequence u, has a
bubbling point at z = 0, since the sequence (!, — s.

Definition 5.4.3. The sequence obtained by soft rescaling is the sequence v,(z) =
Uq(€42) where the rescaling constants €, are defined so that

(83) E(iq; Be, (O)) = m(s) —h/2,

where h < min{h/2,cy/2} where h is the energy quantization constant and ¢y is the
constant guaranteeing exponential decay in Theorem 4.2.10.

For any € > ¢, the energy of 1, on the annulus B.(0)\ B, (0) is at the most §/2 and then
there is not enough energy to form another bubble in this annulus. Let ¢, (2) := {/,+€,2
and let (AL(2),v4(2)) = (Aa(a), ua(1s)) denote the rescaled sequence defined on the
ball By, (0).

Proposition 5.4.4 (Bubbles connect). Consider the sequence v, constructed by soft
rescaling above.

(a) There is a finite energy pseudoholomorphic map v : C — P(X)s and a finite set
of points Z, C C so that the sequence v, converges uniformly in all derivatives
on C\Z, to v. By removal of singularities v extends to P'.

(b) Let m; := lim._olim, E(v,; B(s;)) is the energy being captured by the bubbling
point s; € Z1, then

mo = E(v) + Z m;.
SjGZl

Therefore, there is no other possible bubbles forming at s, only at the points s; €
Z.

(c) We have u(z) = v(c0) in P(X),.

Proof. This sequence by construction has uniformly bounded energy. By the previous
discussion, there exists a finite set Z; C C, and a vortex (A, v) such that a subsequence
still denoted (AL, v,) converges uniformly on compact sets in all derivatives to (Ajf,v).
Since €, — 0, A is necessarily the trivial connection. Also note that the function |dv(2)|
has its maximum at 0, thus 0 € Z;. v has finite energy, and since d, — 0, it is defined
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on arbitrarily big subsets of C. Removal of singularities shows that it extends to a J-
holomorphic map v : P! — P(X),, with J exactly the almost complex structure on X,
since the connection A’ is trivial. Now, recall that by Step 1, a subsequence of (A, us)
converges in all derivatives on compact sets of ¥\ Z to the principal component vortex
(Ao, Uso). The pair (Ag,v) is the first bubble that appears attached to the principal
component.

The rest of the proposition is as in the proof of [13, 4.7.1], using that the exponential
decay for the energy on annuli near s for the sequence u, of J4_ -holomorphic curves
proved in Proposition 4.2.10.

Let m(s) be the energy lost at the point s. Note that we do not need to distinguish the
Yang-Mills-Higgs energy with the twisted energy Ea, (uq; Be(s)) here, since the energy
of the connection on B.(s) approaches zero. That is, we also have

m(s) = lir% lim Ey_ (uq; Be(s)).

Note that limg .o lim E4,_ (us; Bre,) = m(s), since otherwise it would exist a subse-
quence still denoted by u, and a constant p > 0 such that for R > 1,

lim Fy_ (uq; Bre,) < m(s) — p.

Thus for R > 1, the energy in the annuli satisfies lim, Ea, (ta; A(€q, Ren)) < c2/2 — p,
which is a contradiction.

To finish the proof, note that F4, (ua; Be,($)) = Ea,(va; B1(s)) = mo — h/2 > mg —
h/2, and both sequences u,, v, capture energy m(s) at s. This shows that Z; C Bi(s),
that is all bubbling points of v, are in the unit ball of s. Then, for all balls B.(s) C Bi(s)
we have

m(s) = 1%1_{20 li;nEAa Va; Br(S))

(
= }%1_{1;0 li;n E 4, (va; Br(s)\Bc(s)) + lién E 4, (va; Be(9))
= }%1_{1;0 E(v; Br(s)\Be(s)) + lién E 4, (va; Be(s))

B(v; C\B.(s)) + lim lim By, (va; B.(s)\ Uyez Byls;)) + 3 m(s,)

p—0
SjEZl

= E(v) + Z m(s;).

SjEZl

By definition, there exists a sequence x, — 0 such that

lim Ea_(ua; By, (s)) — m(s).

a—00

[

log(da),10g(ka)] X S'. By the uniform mean value inequality (4.1.14), on the subset
[log(d

(0) + 1,log(kq) — 1] x S* the twisted derivatives d,u, are uniformly bounded. The
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exponential decay lemma 4.2.10 shows exponential decay of the energy on this region.
Recall from [13, p. 103] that since there is not enough energy for bubbling, the energy
on the outer region of the annulus must approach zero. Hence the energy density on the
annulus is controlled by the energy on the inner region.

Since the connections A, are already in Coulomb gauge with respect to the trivial
connection, exponential decay of the distance. We have

Uso(2) = lim (U (Ka)), Voo(00) = lim (uq(da))
since there is not enough energy on the annulus A(d,, k) for further bubbling.

Hence
dist (Ve (00), 100 (0)) < lim dist(ug(Ka ), Ua(da)) =0

a—00

by exponential decay. 0

We can now inductively construct the spherical components of a stable holomorphic
section on the fibre P(X), by applying the previous step to all points s; € Z;. All
bubble maps are holomorphic with respect to the trivial connection, and thus one can
just think of lines in X. This process stops since the energy my is finite. The case when
Z has more than one element is left to the reader.

It remains to construct the bubble trees attached to the cylindrical ends. If sup,, |da, (ta(2a))]
is unbounded for some sequence z, — z; going to infinity on the i-th cylindrical end,
there are two possibilities that can happen. First, on the cylindrical ends there is also
translational symmetry, which means that other vortices can form at infinity on the
cylindrical ends. Second, spherical bubbles on these cylindrical bubbles can also form.
For any time s > 0, let 7, : S* x (0,00) — S! x (0, 00) denote translation by s.

Suppose that there is a sequence of points z, on the cylindrical end such that the r-
coordinate of z, goes to infinity and da u(z,) is bounded from above and below. Thus,
there must be a sequence of numbers r,,a vortex (B, v) on the trivial bundle over the
cylinder S x R, satisfying the flat limit of the vortex equations

(84) Fg=0, 0j,0=0,

and a finite set Z so that 7, (A, us) converges on compact sets on the complement ¥\ Z
to (B,v) in all derivatives. Note that after gauge transformation any connection on the
cylinder is in temporal gauge, if flat it is then of the form A = d + ad#, for a constant
element a € g, and d the trivial connection. Then, the holonomy at infinity of the limit
vortex agrees with the holonomy at infinity of the sequence. By energy quantization
for g-twisted pseudoholomorphic cylinders Theorem 77, only finitely many cylindrical
bubbles can occur.

To capture the first bubble, let mg := limg lim,( Ay, o (T;00) x S') be the energy
of the sequence that dissipates at infinity. Let h be a constant smaller than min{#, k},
where k is the constant in Theorem 4.2.10. Choose 7, so that the energy E(uq; (74, 00) X
SY) = mg — h/2, by gauge transforming the pairs (A,,u,) if necessary and choosing a
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subsequence, we can assume that r, is bigger than the constant rg of Theorem 4.2.10, so
that the covariant derivative V qu and the energy F(u) have exponential decay on the
cylindrical end. Let (Ba, vs) := 7y, (Aa, ta) be the rescaled sequence. This sequence has
bounded energy vortices. By using Step 1, there is a finite set Z C S x R and a flat
vortex (B, v) on the cylinder such that (B,,v,) converges in R x S'\ Z in compact sets
with all derivatives. Moreover, the choice of rescaling ensures that no further bubbling
for the original sequence can happen at infinity in the i-th cylindrical end. Exponential
decay of u at infinity, as well as exponential decay for flat vortices as stated in Proposition
?? ensures the existence of limits which by construction connect: u(o0) = v(—00).

We now apply this process inductively, after capturing the first bubble, the limiting
sequence is as follows. For j = 1,..., M there are sequences {r?} of positive numbers
such that 7/ — oo as o — oo, flat vortices (A;,v;) on the cylinder R x S and finite
sets of points Z; C R x S! so that 7., (Aa, us) converges to (Bj,v;) on R x S'\Z; on
compact sets and there is spherical fibre bubbling occurring on points s € Z;. Now
apply the arguments used in Case 1 to build the bubble tree on the fibres P(X)s,s €
Zj. The cylindrical bubbles also have limits at infinity, since the exponential decay for
finite energy flat vortices Proposition ?? and by construction they connect: v;(c0) =
vj4+1(—00). This finishes the proof of the Theorem 5.2.6.

5.5. Local distance functions. To show that the topology is Hausdorff we need to
describe Gromov convergence of stable vortices in terms of an auxiliary function called
the distance function. Our function is the same as in [13, p. 134] with an added term
including the connection.

Definition 5.5.1. The local distance function p. for e > 0 is
pe((AaQ)>(A/>u_/)) = inf inf lnfpe((AaQ)mg(Aai)vf? ¢)a

JT=T"geg(P) ¢ -
where

pe((A,u), (AL ); f, 0) i=[| A" — Al| 2
+ sup |E(A, u; Be(w;)) — E(A", u'; (Be(wy)))]
J
+sup sup  d(up b, ui)
1€l 2¢ Be(w;)

+ sup sup d(qb;lo)d)lf(])’ wj)
i#5,f(1))=£(j) 2¢ Be(w;)

+ sup  d(o; (zrayp(7)) wi)
FOALG)

+  sup  d(¢; (Zyin;), wi
ieT,1§%gn (¢ (f()]) )

depends on the contraction f : I' — I such that map the nodes i — 7' and

¢=(d1,.--,Pn), ¢i:%i— B(Z;) — E/f(i)
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is holomorphic isomorphism of ¥; — B.(Z;) onto its image. We set p. = oo if there are
no contractions f.

Lemma 5.5.2. For e sufficiently small, (A,,u,) Gromov converges to A, u, if and only
if pe((Aysuy,), (A u)) converges to zero.

Proof. This is the vortex version of [13, Lemma 5.5.8]. The forward direction is immedi-
ate from the definition of Gromov convergence. The reverse implication holds for any e
sufficiently small so that the energy of (A, u) on B, is less than //2 where £ is the energy
quantization constant of the previous section. Since p. — 0, (A,,u,) converges to (A, u)

uniformly on compact subsets of the complements of the balls B.(w,). Since there is no
additional bubbling, (A,,u,) converges to some limit (A, u.,) with the same combi-

) = =007 =00
natorial type as (A4,u) and (A, u.) = (A, u) on the complement of the balls B, (w;).
By unique continuation for pseudoholomorphic maps, u,, = u everywhere on X, which
completes the proof. O

Proposition 5.5.3. The Gromov open sets form a topology for which any convergent
sequence is Gromouv convergent. Furthermore, any convergent sequence has a unique
limat.

Proof. By [13, Lemma 5.6.5] it suffices to show that for all (A, u) there is an ¢y > 0 such
that for all 0 < € < ¢, the function p. satisfies the following:

(a) pe((A,u), (A" u)) = 0 if and only if (4, u) = (A", ).
(b) (A,,u,) converges to (A,u) if and only if p.((A,,u,), (4,u)) converges to 0.

2oy Za 2oy Za

(¢) Suppose that (A,,u,) converges to (A, u). Then limsup, p.((Aa,u,), (A" u')) <

Loy Yo

pe((4, ), (A, ')

(a) Suppose pc((A,u), (A, u')) = 0. Then after gauge transformation and reparametriza-
tion A=A’ and u = «/. (b) and (c¢) follow from Lemma 5.5.2. O

6. TRANSVERSALITY

6.1. Fredholm theory for nodal vortices. The tangent space to Mp(P, X, i) is for-
mally the kernel of a linearized operator defined as follows. For each w € Vert,(T") we
denote by T¥"*P(X) the corresponding linearized fiber of P, and for each w € Vert.(T')
we denote by T,, X* the corresponding tangent fiber of X*.

Definition 6.1.1. The linearized operator associated to a nodal vortex A, u is the oper-
ator D4, from

N, P(g) @ (2, ug T P(X))®
P (s xR, g) & Q°(S* x R,u; X)) & P Q° (P, 03T X)
B

(%
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to
(Q° @ Q°)(2, P(g)) © Q™ (2, ugT™" P(X))@®
P° @ ) (S' xR, g) & Q*(S" x R, uz X)) & @ Q¥ (P! v5TX)
B

a

o P nx'e P TPX)
weVert(I') weVert, (T')
obtained by combining the various linearized operators on the principal component and
bubbles, and taking the difference of the infinitesimal sections at the nodes. We say that
(I') is regular if D4, is surjective.

6.2. Transversality for fixed type. We now prove transversality for the moduli space
of vortices of a fixed combinatorial type.

Definition 6.2.1. A connection dependent almost complex structure is a map
J: A(Puﬂ) - MapG(P7k7(X))

equivariant with respect to the action of G(P, i), equal to a constant almost complex
structure J; in a neighborhood of infinity on the i-th end, fori = 1,...,n. A perturbation
datum consists of a connection-dependent almost complex structure J and an admissible
Hamiltonian perturbation H € H(P, X) from Section 3.7.

Let J(P,X) denote the space of connection-dependent almost complex structures,
and JH(P, X) = J(P, X) x H(P, X) the space of perturbation data. JH(P, X) admits
a Sobolev completion by almost complex structures and perturbations of class 1, p, d, as
in Theorem ?77.

Definition 6.2.2. Given (J,H) € JH(P, X), a stable J, H-vortex is a nodal vortex
(A, u) such that

(a) The principal component (A, ug) is a (J(A), H(A))-vortex;
(b) Each cylindrical and spherical bubble w; is J; -holomorphic, where z; € ¥ is the
attaching point onto the principal component.

Let Mr(P, X, J, H, ) or Mp(P, X, ) for short resp. ME(P, X, ) denote the moduli
space of J, H-vortices with fixed holonomies p, of combinatorial type I' resp. vortices
framed at infinity.

Definition 6.2.3. The linearized operator D4, associated to a (.J, H)-holomorphic vor-
tex A, u is the operator is defined as in (6.1.1), by adding the perturbation terms on the
principal component in Section 3.7. The vortex is reqular of the linearized operator is
surjective.

In particular, regularity implies that the difference of evaluation maps from the sum of
kernels of linearized operators on the components to the fiber at the node is surjective.
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Let M (P, X, p, J, H) denote the locus of regular, stable vortices, and M™8(P, X, u, J, H)
its inverse image in M%(P, X, w,J, H).

Theorem 6.2.4. M{*(P, X, p, J, H) resp. lef’reg(P, X, p, J,H) resp. has the structure
of a smooth orbifold with tangent space at A,u isomorphic to the quotient of the kernel
of the operator D, by aut(A,u). Moreover, the evaluation map

evi . Mlﬁr’reg(P, X,p, J,H) — X*

18 smooth.

The proof is similar to the one of Theorem 3.7.8 and will be omitted.

Definition 6.2.5. We say that a pair (J, H) € JH is regular if every simple pair (A, u)
is regular.

Theorem 6.2.6. Suppose that for every vortexr (A, w), the underlying connection A has
Aut(A) = Z. Then the space TH™(u,T') of reqular perturbations is of second category
m JH.

Proof. The proof is an application of Sard-Smale again. Consider the universal moduli
space

M"™™ (P, X, p) ={(A,u, J, H),[A u] € M(P, X, J, H*™"}.
It is straightforward to check that the universal moduli space is smooth, as in Theorem
3.7.10. By Sard-Smale, the set of regular values of the projection

]\4univ(f)7 X7 H> — jH

is Baire second-category. Any such regular value is regular in the sense of Definition
6.2.5. 0

7. INVARIANTS

In this section we construct invariants associated to compact Hamiltonian GG-manifolds
equipped with convex invariant almost complex structure J € J(X)¢.

7.1. Classifying maps. For later use we wish to note the following construction of the
classifying map, which does not use smoothness of A/*®. Unfortunately, the construc-
tion is very restrictive. Recall that the center Z C G embeds in G(P)" as constant
loops.

Definition 7.1.1. Let M (P, X, J4) TESP. M;’fr(P, X, p) denote the subset of M (P, X, 1)
resp. Mfr(P, X, p) of pairs [A, u] such that Aut(A) = Z.

Let G™/Z denote the quotient of G™ by the diagonal action of Z. Note that G"/Z has
a natural group structure.
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By the genus of a surface with cylindrical ends 3 we mean the genus of the closed
surface X = ¥ U {zy,..., z,}. The following is well-known:

Lemma 7.1.2. Let G = SU(r). There ezists a dense, open subset A" C A" such
that for every p € A*®9", every element of M(P, ) has Aut(A) = Z.

Proof. Existence of a one-parameter family of stabilizers implies that A admits a reduc-
tion to S(U(j) x U(n — j)) for some j. But this implies an affine linear relation on
holonomies, see [14] O

Proposition 7.1.3. Let G = SU(r). Let 3 be a surface of genus g with n cylindrical
ends. For every p € A9 of the previous lemma, there erists an ey > 0 such that if
€ > € then every e-vortex (A, u) with fized holonomies p has Aut(A) = Z.

Proof. Any sequence A, of connections with vanishing curvature F4, — 0 converges (by
Uhlenbeck compactness) to a flat connection A,, weakly in WP, We may assume that
A, is in Coulomb gauge with respect to A, that is, dy (As — Ax) = 0. Let &, be an
infinitesimal gauge transformation fixing A,

dAaga =0

with W™+LP norm equal to 1. Now [A,, &) has bounded W3=?/m+Lrnorm by Sobolev
multiplication, so by elliptic regularity &, has bounded W*~2/7? norm. Hence we may
assume, after passing to a subsequence, that &, converges in WP to some non-zero
¢oo- Then

dAoogoo - ahirolo dAaga =0

implies that A, is reducible. This contradicts Lemma 7.1.2. U

For any C' > 0 let M(%, X, 1, C') denote the subset of energy bounded by C.

Proposition 7.1.4. Let G = SU(r) and p € 2A*®9" as in Lemma 7.1.2. Suppose that
€0 is sufficiently large so that every e vertex (A, u) with fived holonomies p and € > €
has Aut(A) = Z, as in the previous lemma. For any C' > 0 there exists a classifying
map
b MY, X, p, C) — B(G"/Z)

taking values in a finite-dimensional approximation to E(G"/Z), such that the restriction
of ¢ to the reqular locus of any stratum M,ﬁf;eg(Z,X, u, C) is smooth, and equal to the
pull-back of the map Mif;eg(Z,X, w, C) — MIrs(S, X, pu, C) given by forgetting the
bubbles.

Proof. Let A™(P, 1) s denote the moduli space of framed connections on P, that is,
connections together with framings at infinity of Sobolev class 1, p, § as described above.
The locus A*"(P, (1) ps of connections A with Aut(A) = Z has a free action of the
group G™/Z changing the framings. It follows that the map

TA - Afr(Pa E)m,p,&/g(Pa H)erl,p,d - A(P> H)m,p,&/g(Pa H)erl,p,d
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has the structure of a smooth principal G™/Z-bundle [9, Remark B.9]. Partitions of
unity exist for Banach manifolds modelled on separable Hilbert spaces; from this the
usual construction of classifying maps yields a map

Y ANP, ) /G(P, msrps — E(G"/Z).

Let K(C) be a compact set containing the image of MT(P, u,C). The classifying map
1) 4 may be constructed so that 14 takes values in a finite dimensional approximation on
K(C) and is smooth as a map of Banach manifolds on K(C') ( by covering K (C') with
finitely many open sets). Pulling back ¢4 to MZ(P, X, 1) completes the proof. O

7.2. Evaluation maps. Recall that Mfr(Z, X, ) denotes the moduli space of vortices
with framings at the points z = (21, ..., z,). Define the evaluation map

ev: M(S, P, X, ) — XF = XM x .. x Xt

by
eviT([A, u]) := lim u(p;(r,6))

r—00

and

ev([4,u]) = Hevf.r([A, ul).

Lemma 7.2.1. The evaluation map ev : M r(P, X, ) is smooth on the regular locus of
any stratum.

Proof. In the local charts (14), the evaluation map is given by
evi([Av u]) = eXpu(zz)(é'Z)

and is therefore smooth. O

Combining the evaluation map with the classifying map gives an evaluation map

Eve ! M(Pa X?H? O) - (XE)GE/Z-

7.3. Invariants.

Theorem 7.3.1. Suppose that ey, C' are as above, so that every vortex with € > ¢
and energy E(A,u) < C has automorphism group Aut(A) = Z. Let X be a compact
symplectic manifold such that Z C G acts trivially on X, and J € J(X)% is an invariant
convez almost complex structure. There exists a subset H™9(P, X, u, C') of Baire second
category in H(P, X, u) such that for any H € H"8(u, C'), then eve is a pseudo-cycle.

Proof. Let ‘H™®(u) be the intersection of the sets H*®(u,I") of Theorem 6.2.6, for all
combinatorial types and for all ' with Ny’ = p for some integer N > 0. For any
H € H™&(u), the vortices of every combinatorial type are regular. It follows from mono-

tonicity that the images of the multiply covered components are contained in smooth
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manifolds of codimension at least two lower than the expected dimension. Therefore eve
is a pseudocycle. 0

For an equivariant class a € Hg,;z(X%), Let Y denote a pseudocycle representing the
Poincaré dual (ay)Y € H(Xé/z). Define

(85) Z(a) = Clim eve Y,

the intersection number of pseudo-cycles in X¢,,z. The intersection number Z(«) is
independent of the choice of finite dimensional approximation to F(G,/Z), by a diagram
chase, see [8].

Consider the projection

i=1 i=1
The induced map on universal bundles

E(H Gﬂi) - E(H Gui/Z)

induces a map
7z (X8a, = (XB)6,/z
with fibers BZ. Since BZ has torsion cohomology, 77 induces an isomorphism

Tz Ha, (X5 Q) — Hg,/2(X%, Q)

in cohomology with rational coefficients.
Definition 7.3.2. Let X, ¢y be as above. For a € HGE(XH, Q), the vortez invariant
Z(a)=Z(nz(a)) = Clim (eve M(3, X, p, C).mz. ().
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