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ABSTRACT. We show that a minimal surface meeting a sphere at a 90° angle
can be reflected across the sphere. Using this reflection, we prove the uniqueness
that every embedded free boundary minimal annulus in a ball is necessarily the
critical catenoid.
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1. INTRODUCTION

In 1873, Schwarz [14] found a way to extend the domain of the definition of a
complex analytic function. It states that if an analytic function f(z) is defined in
the upper half-plane, extends to a continuous function on the real axis, and takes
on real values on the real axis, then one can extend it to an analytic function in the
whole plane by the formula

1) = 7G2).
What is remarkable in this extension is that the resulting function must also be
analytic along the real axis, even though one assumes no differentiability there.

The reflection principle can be used to reflect a harmonic function h(z,y) defined
in the upper half-plane, which continuously extends to the zero value on the z-axis.
The extension of h to the lower half-plane is based on the rule

h(x7 _y) - _h(xa y)

Schwarz’s reflection principle has a natural generalization for minimal surfaces as
well: If a minimal surface ¥ contains a line segment ¢ on its boundary, then ¥ can
be analytically extended across ¢ by rotating 3 about ¢ by 180°. Moreover, if ¥ is
perpendicular to a plane II along 0¥ NII, one can extend X across 0% NII by taking
its mirror image over II.

In [1] the author extended Schwarz’s reflection: If ¥ meets IT along 0¥ N1II at
a constant contact angle(# 90°), then ¥ has an analytic reflection ¥* across II, so
that X U X* is minimal.

In this paper we further generalize the reflection principle: The sphere can become
a mirror like the plane. To be precise, one can reflect a minimal surface across a
sphere if it is perpendicular to the sphere along its boundary.

This new reflection principle will be pivotal in studying free boundary minimal
surfaces in a ball. Nitsche proved that every free boundary minimal disk in a ball
must be a flat equatorial disk [11]. Nitsche’s result has led many mathematicians,
including Nitsche himself and Fraser-Li [4], to conceive the conjecture that every
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embedded free boundary minimal annulus in a ball should be the critical catenoid,
the part of the catenoid in a ball perpendicular to the boundary sphere. In this con-
jecture, the hypotheses of embeddedness and 90°-contact-angle are indispensable,
as Fernandez-Hauswirth-Mira have recently constructed immersed free boundary
minimal annuli and embedded minimal annuli with non-orthogonal contact angle in
a ball [3]. Recently, there have been partial answers to the conjecture: [6], [8], [10],
[15]. In this paper, we use the reflection principle to prove this conjecture in the
affirmative as follows.

Solve the Cauchy problem for the Laplacian to choose specific isothermal coor-
dinates. Use these coordinates to transform the Steklov condition into the Schwarz
condition and establish the reflection principle for the free boundary minimal sur-
faces in a ball. Reflect the free boundary minimal annulus ¥ across its two bound-
aries alternatingly and infinitely many times. Then, one can get a complete minimal
surface with two ends X. If ¥ is embedded, ¥ has a total curvature of —4m. There-
fore ¥ must be the catenoid, and ¥ the critical catenoid.

Acknowledgments. The author thanks Pablo Mira for helpful discussions on the
Cauchy problem.

2. CAUCHY PROBLEM

Given a minimal surface ¥ in R3, one can introduce isothermal coordinates z,y
to express the metric of ¥ as

ds* = F(z,y)*(dz® + dy?).

Let ¥ be the conformal harmonic map ¥ from D C R? onto ¥ that pushes forward
the Euclidean coordinates of R? to the isothermal coordinates =,y on ¥. Suppose X
is simply connected or doubly connected, i.e., annular. So let D = {(x,y) : 22 +y? <
1,0 <y} and 0 = {(z,0): =1 <z < 1}, or let D be an infinite strip R x (0, a) with
d := R x {0}, and ¥ a periodic map. This paper concerns the case where 3 has a
free boundary v C 9% in the unit sphere S2. One can choose ¥ so that v = ¥(§).
By Lewy’s regularity theorem [9], v is an analytic curve and F(x,0) is an analytic
positive function on ~.

To establish the reflection principle for ¥, we need specific isothermal coordinates
x,y, which satisfies F'(z,y) = 1 along the free boundary ~. To find such z,y, we
first need to solve the Cauchy problem for the Laplacian.

Cauchy problem. Given analytic functions g(z) and f(z) on the free
boundary v C 0¥ C S? of the minimal surface ¥ C R3, find a harmonic
function h(x,y) on ¥ satisfying

h
h=g¢g and a—:f along -,
ov

where v is the inward unit conormal to v on X.

It is only known that the Cauchy problem for the Laplacian in 3 is solvable in a
local neighborhood of v [5]. Moreover, it is ill-posed because even a slight variation
in the initial data along 7 can significantly change the solution function. Therefore
we solve the problem only for the simplest case:

g=0, and f=1 along ~

on ¥ in R3.
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Lemma 2.1. Let’s define ¥, x,y, F(z,y),¥,D, 6, v and v as above. Then there
exists a superharmonic function k on X satisfying the Cauchy conditions

ok

— =1 alo .

v ne

Proof. Let 1,2, 23 be the rectangular coordinates of R? such that (z1,z2,23) =

(0,0,0) at the center of the unit ball B. x,z2,x3 are harmonic on the minimal
surface X. Define

(2.1) k=0,

2 2 2 2
rT =] +x3;+23.

Then
3
Ar? = QZ(xiAxi + |Vzi)?)
i=1
= 4,
and
vr?
Alogr = div ( 5,2 >
2 2

= —ﬁ|VT|2 + )

> 0
Hence

k:=—logr
is a superharmonic function on ¥ satisfying the Cauchy conditions (2.1). O

Lemma 2.2. Under the same hypotheses as Lemma 2.1, there exists a harmonic
function h on X% satisfying the Cauchy conditions

h
(2.2) h =0, ?)y =1 along 7.
Proof. Consider the following PDE on 3,
2 9 2

Lemma 2.1 implies u = k is a solution of Lu = 0, and so the following are equivalent:
u is a solution of Lu = 0. <= w — k is harmonic.

Moreover, the boundary value problem for Lu = 0 has a unique solution u as the
sum of k£ and h, where h satisfies

Ah=01in ¥, h=u—k on 0X.

Let 1Y be the set of all solutions of (2.3) on ¥ which vanish along v and are
continuous on 9%. Define a subset H] of H? by

ng{uem:g:jgo along ~}.

H{ is nonempty because k — cy is in H{ if ¢ is a sufficiently big constant.

Now that we have an element u in HJ, we can slowly deform the values of u along
0% by increasing them on 0% \ v and fixing them on 7 at zero. In this way, we
can obtain a l-parameter family of boundary values b; along 9%, which determine
a 1-parameter family of solutions u; of L(u) = 0 in ¥ with u|sy = by. Here we are
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hoping that the values of duy/0v will increase, and fortunately, one of u; will satisfy
% = 0 along 7. Then k — u; will be the harmonic function satisfying (2.2).
Following this relatively intuitive idea, let us give a rigorous proof. Given u € ”Hg,
define
mo(u) = min {du/ov|,}
and
My = max {mo(u) : u € HJ}.
Obviously
mo(u) <0 for any u € HJ, and My <0.
We will show that My = 0 and that there exists u, € H] such that mg(uy) = 0.
Then k — u, will be the desired harmonic function on X satisfying the Cauchy
conditions (2.2).

First, let’s suppose ¥ is simply connected. Let C¥(7) be the set of all analytic
functions on the free boundary v and CY(9X \ 7) the set of all continuous functions
on 90X \ 7. Given a bounded continuous function e on 9% vanishing on =, let u,
be the unique solution of Lu = 0 on ¥ satisfying the Dirichlet condition wu.|sx = e.
Define the Dirichlet-to-Neumann map

N :C%02\ v) = C¥(y) by N(elos\y) = %’v

Then N is linear, and the boundary point lemma(Hopf lemma) tells us that A is
one-to-one and order-preserving, that is, if e;,ea € C%(9X \ ), e1 < e on 9% \ v
and e; < ez on a nonempty open subset of 93 \ 7, then A (eq) is strictly smaller
than N (e2) on 7.

Suppose My < 0, and let’s derive a contradiction. For any n > 0 there exists
Uy € ’Hg such that

0
Mo—ngﬂgO along .
ov

If M7 denotes the maximum of %L:(l‘, 0) for small n, then My < M; < 0. That is
because if My < Mo, then there exists a harmonic function h(z,y) = cy(c > 0) in
such that u, + h is in H"7 and satisfies

c A(uy + h) c c
< < — < _—.
Fw0) = or @OSMt oGy s Mot go

So there exist a sufficiently small 7 and some ¢ > 0 such that

Moy —n+

M0<M0—77+ M0<m0(u,7+l_1),

max{F(z,0)}’

and
c

min{ F'(z,0)}
which contradicts that My is the maximum among all mo(u), u € HJ. Therefore M
should be greater than M.

Define a smooth non-constant function f(x) on v by

and set b = % > 0. Then

My + <0, u,—+heH],

(2.4) Mo+b—Sp<

5"~ v (,0)+
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Let by = w Then f(x) — bpx can be extended to a continuous periodic
function with period 2 on the z-axis; so its Fourier series will be written as

a = .
flx) —boz = 50 + Z(an cos nmx + by, sinnwz).

n=1

Define

m
fm(z) = % + Z(an cosnmx + by, sinnwx).

n=1
Then {f,,(x)} converges absolutely to f(z), and for any € > 0 there exists k such
that

(2.5) |f(x) = box — fr(z)| <e.

Since fi(x) is a finite Fourier sum, its Taylor series at = a has an infinite radius
of convergence for any a:

(2.6)

e " (4) a
fr(z) = fk(a)Jrf,;(a)(a:—a)Jrfk;!)(m a)? +f 3( >(x—a)3+fk4!()(:n—a)4+... _

Now, we use the convergence of the Taylor series of fi(z) to find the desired
harmonic function. Remember that the term-by-term integration of (2.6) converges
absolutely. Hence the following series also converges for all —co < x < oo:

"(a 4 (4 (6)(, R,
fk(a)(l‘—a)—fk?)(!)($—a)3—|—f’€5!()(m—a)5_fk 7!( )(x—a)7+- _ .+(_1)k(f2kk+(1))!(x_a)2k+1+_ -

For each a we can define a function he(y) on the vertical line {(a,y) : —oo < y < oo}:

B () f(4)() s 1) f(%() 21

ha(y) = (b — T (—1)F ..
Therefore we have an entire function h(x,y) with two variables on R?:
(2.7)
(@) 5 B 5 R0) (@)
h — (b _Jk 3, Ik 5_Jk T (ke ) okl

Clearly, h(z,y) is well-defined in the entire plane and h(z,y) — bpzy is periodic in
x. Moreover, h(z,y) is harmonic because

(4) (6)
GO o S

2k-+2
kflg i )(x)kaJrl_i_'”
(2k +1)!

haw = f]/g/(x)y_

=~y
Thus the entire harmonic function h(z,y) satisfies the Cauchy conditions on X:

- Oh, o _Oh dy. o box+ fr(z)
h($,0) =0 and v (1‘70) - 8y (l’,O) 81/(3370) o F(CU,O)

Then by (2.5) we have

bo$+fk($)—5< f(z) <bofﬁ+fk;($)+€
F(x,0) F(x,0) F(x,0)
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and hence by (2.4) we get

3 € ou
Mo+b—Spo—= . 9u
0= T < o PO TFa o

Therefore if n and ¢ are sufficiently small, we have
b O(uy+h)

My < My + =
0< 0+2< ov

bor + fr(x) €
— L <My —-b+ ———.
< My + F(z,0)

b
(.%',0)<M1—§<0

Thus ;
up +h € HJ and MO+§ < mo(uy + h),

which contradicts the assumption that My is the maximum among {mg(u) : u €
H{}. Therefore My = 0.

Finally, it remains to show the existence of a function u, € HJ with mg(u,) = 0.
Let {un(z,y)} be a sequence of functions in HJ such that —2 < mg(u,) < 0. Define
a (piecewise) continuous function on 9%:

box, = limsup up|os,
n—oo
and let u,(z,y) be a unique function in ¥ with u,|sx = bpx. It may happen that
uy & HJ because bpy, can be infinite at some points of 9% \ ~y, but u, is finite in
¥\ 0¥ and a solution of Lu = 0. Since u,|y = uy|y and mgy(u,) — 0, we have
Ouy

u, =0 and 5 =0 along ~.

Therefore
Ok — uy)
ov
Setting h = k — u,, completes the proof when ¥ is simply connected.
The same proof works also for doubly connected 3. We do not need to subtract
box from f(z) because f(x) can be directly lifted to a continuous periodic function
on the z-axis. O

A(k—uy)=01in ¥ and k —u, =0, =1 along ~.

Remark 2.3. a) In the proof of Lemma 2.2, we also found an entire solution h(x,y)
to the Cauchy problem Ah(z,y) = 0, h(z,0) = 0, g—Z(m,O) = f(z) in R? by using
the Taylor series of f(z) in case its radius of convergence is infinite. But one can
also use the Fouruer series: If ay, b, are the Fourier coefficients of f(z) with period
2, then

oo
a 1
h(z,y) = ?Oy + nzl - sinh ny(ay, cos nwz + by, sinnrzx).

b) One can similarly find an entire harmonic solution h(z,y) to the Cauchy prob-
lem h(z,0) = g(z), g—};(:c,O) = 0 in R? in two ways, provided g(z) is an analytic
periodic function with period 2 that has a Taylor series with an infinite radius of
convergence. Given the Taylor series of g(x) centered at a,

g"(a) g"(a)

9@) = g(@) +g'(@@—a) + P -+ LB @ -0 + LB —a) 4
we extract

"(a @ (q 6)(q (2k)
g(a)_g2(! ) _a)2_|_g 4'( )(x—a)4 g 6‘( )(x_a)6++(_1)kg(2k§')($ a)2k+
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Then, define a function h,(y) on the vertical line {(a,y) : —co <y < oo} by

_ _ 9"(a) o 9(4) (a) 4 _ 9(6) (a) ¢ _ kg(Qk)(a) 2k
ha(y)_g(a) 921 Y + 4 Yy 6‘ Yy ++( 1) (2]{?)' + - P
and the solution is
1" (4) (6) (2k)

2 (2k)!

On the other hand, given aj and by for the Fourier coefficients of g(x), the entire
harmonic function h(z,y) can be also written as

o0
(2.8) h(z,y) = % + Z cosh ny(a, cosnrx + b, sinnnx).
n=1
Two special solutions to the Cauchy problems in R? can generate a general solu-
tion as follows.

Proposition 2.4. Let f(z),g(x) be analytic periodic functions whose Taylor series
have an infinite radius of convergence on the x-axis of R?. Then the solution h(z,y)
to the Cauchy problem in R?

Ah(z,y) =0, h(z,0) = g(z), g’;mm — f(2)

can be written as

) (2K) (o (2k) "
h(z,y) = ;::0 {(—1)k9(2k()! )y% + (—1)’“(‘};’%Jr(1))!y2k+1} .

Going back to 3, Lemma 2.2 gives us desired isothermal coordinates:

Lemma 2.5. Let 3 be a simply connected or doubly connected minimal surface with
free boundary v in a unit ball of R3. Then there exist isothermal coordinates X,Y
n X away from the punctures p1,...,pn, of X such that
ds* = F(X,Y)*(dX?+dY?) in X,
and
Y =0, F(X,0)=1 along 7.

Proof. From Lemma 2.2 we get a harmonic function A in > with
oh
(2.9) h =0, W 1 along 7.

Let h* be the harmonic function that is conjugate to h. Then {X,Y} := {h* h}
become isothermal coordinates on X such that Y = 0 along v. If we write the metric
of ¥ as

ds* = F(X,Y)*(dX? 4+ dY?),
then (2.9) implies

F(X,0) =1 along 7.

In the domain D (as in Lemma 2.2), the function Z = H(z) mapping z + iy to
X +4Y is holomorphic. z is called a branch point of H(z) if H'(z) = 0. Then
(H Y (Z) = 0o if H71(Z) is a branch point of H(z). Hence

0< F(X,Y) < .
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But X,Y can be called isothermal coordinates only if 0 < F(X,Y) < oo. So the
branch points of H(z) will be deleted from ¥ and called the punctures of X.

When ¥ is doubly connected, X is multi-valued in ¥ and periodic in D = R x
(0,a), and hence F(X,Y)?(dX? + dY?) is well defined in X. O

3. REFLECTION ACROSS A SPHERE

With the specific isothermal parameters, we can now introduce the reflection
principle for free boundary minimal surfaces in a ball.

Theorem 3.1. Let X be an tmmersed, simply connected or doubly connected min-
imal surface in the unit ball B C R3. In case ¥ is simply connected, assume that
v := 0¥ NIB is connected and immersed, and XU~ is C' such that ¥ is perpendic-
ular to OB along vy, that is, v is a free boundary of X2 in B. If X is doubly connected,
v is assumed to be one of the two boundary components of 2.

a) Then there exists a minimal surface 2% > 3 that is an analytic continuation
of ¥ across 7y such that ¥* := ¥.9°Ue \ ¥ s conformally equivalent to Y.

b) We call ¥* the spherical mirror image of ¥ across 0B.

c) X* may have ends and in this case ¥* is conformally equivalent to ¥ with
punctures.

d) Similarly, a minimal surface ¥ outside B with a free boundary in OB can be
reflected across 0B.

Proof. As in Section 2, there is a conformal map ¥ from a half unit disk D :=
{(z,y) : 2> + 3% < 1, 0 < y} onto the simply connected ¥, mapping §, the diameter
of D, onto . V¥ is harmonic as well since ¥ is minimal. Assume that Z = H(z)
is a holomorphic function on D that gives the isothermal parameters X,Y with
Z =X +14Y and z = x + iy such that

ds? = Fg(X,Y)?(dX? + dY?)

and
(3.1) Fp(X,Y)=1 on H(4) C{Y =0}.
Since 3 is perpendicular to 9B along v, we have
o1 Oy Oy
(3 ) (¢17¢27¢3) ( v ov’ v along 7,
where v is the outward unit conormal to 93 on X. From (3.1) we see that
v= 9y along ~.

(This is the reason why we first proved Lemma 2.5.) Introducing a reparametrization
= (¢17¢27¢3) = ‘IJOH_I : H(D) — E,

we see that

_ (0¢1 092 O3
(3-3) (¢1, P2, P3) = — <8Y’ AN along ~.
If H is not injective, the image H(D) of D under H overlaps itself and ¥ o H~! is
not well defined. In this case, one can introduce the multiplicity on H(D), and then
with multiplicity on H (D), one can make ¥ o H~! well-defined. In other words,

{X,Y} on ¥ are the pull-back under H of the {X,Y} coordinates of C. Since ¢;
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is harmonic in X and Y, we can find a holomorphic function ®;(Z) on H(D) with
Re®; = ¢;, 7 =1,2,3. Then

dp; - 0D
oy Mgz
Hence on the X-axis (3.3) implies,
0P
4 Im (i®; — =2 ) =0.
(3.4) m (z j 8Z> 0

Note that the left hand side Im(i®; — 0®;/07) is a harmonic function on H (D)
vanishing on 9(H (D)) C X-axis . So far, we have transformed the Steklov condition
(3.2) into the Schwarz condition (3.4). By the Schwarz reflection principle the
holomorphic function i®; — 0®;/0Z on H(D) has a holomorphic extension

Aj:=X\j+iX; over H(D)UH(S)UH(D)",

where A;, A7 are harmonic conjugates and H (D)* is the mirror image of H (D) across
the X-axis.

Does ®; also have a holomorphic extension over H(D) U H(6) U H(D)*? Yes,
it surely does! One can obtain the holomorphic extension of ®; by solving the
first-order linear differential equation

) 0d;
ZCDJ' — TZJ = Aj.
Clearly,
0 _iz —iZ
67(6 (I)]) = —€ Aj,
hence

¢, = —eiz/e_iZAde.

®, involves two arbitrary constants: one arising from A; and the other from the
integration of ¢ Aj. We choose the correct constants which give us Re @] H(D) = ¢j-

Therefore
®; = Re <—eiZ/6_iZAde>

is the desired harmonic extension of ¢; over H(D)U H(5) U H(D)*.
From the symmetry of the holomorphic function H, we know that H maps D U
dUD* onto H(D)U H(6) U H(D)*. Hence
Ul :=Re(®10H,®y0 H, &30 H)
is a harmonic map defined on D U § U D* and is an analytic continuation of the
original conformal harmonic map ¥ : D — 3. Composing with H gives an analytic

continuation in the original isothermal coordinates z, y.
Since ¥ = (1)1, 19,13) : D — X is conformal, we have

dp\? | (d2\? | (s
<d2> +<dz> +<dz> =0 in D.

As Ul = (U], ¥l Wl) is the harmonic extension of ¥ in D U U D*, we also have

vy + a¥y + a5 _ 0 in DUdUD*.
dz dz dz
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Hence W! is conformal as well. So W!(D U § U D*) is minimal. Define
ydowble — yH(DUFSUD*) and ©* = ¥H(D*).

Then * is the desired spherical mirror image of ¥ that is conformally equivalent
to 2.

Suppose now that 3 is a minimal annulus. There exists a periodic conformal
harmonic map ¥ of R x (0,a) onto ¥ for some a > 0. Then, as above, we can find
Ul R x (—a,a) — R3, an analytic continuation of ¥. Here, we must show that W1
is periodic in z. Consider the vector-valued harmonic function on R x (—a,a)

A(z,y) = Uz + 2m,y) — V'(z,y).
Then at (z,y) € R x (0,a) we have
Az,y) = U(z+2m,y)—¥(x,y) [because ¥ =T on R x (0,a)]

= 0 [because VU is periodic in x with period 27 on R x (0,a)].

Hence A =0 on R x (0,a) and since A is harmonic, A vanishes on R x (—a,a) as
well, meaning that ¥ is also periodic in z on R x (—a, a) with period 27.

Define $4uble .= WL(R x (—a,a)) and ¥* := W(R x (—a,0)). Then X* is the
desired spherical mirror image of 3, and clearly, ¥* is conformally equivalent to X,
possibly with punctures. Some punctures of >* will correspond to the ends because
the conformal factor F(X,Y’) can become infinite at those punctures.

Whether ¥ is inside B or outside B, ¥ can be reflected across 9B as long as its
free boundary ~ lies inside B. This is because (3.2) and (3.3) still hold (with the
opposite sign) whether ¥ C B or ¥ C B°. g

4. REPEATED REFLECTIONS

There is a substantial difference between the case where ¥ has only one free
boundary « and the case where 3 has two free boundary components 1 and ~». In
the first case, ¥ can be extended only once across -, but in the second case, it can
be extended infinitely many times, across y; and 7, alternatingly.

Let X be a minimal annulus with a free boundary v in a ball B C R? and assume
that v is a closed loop. There exists a periodic conformal harmonic map ¥ from
V := R x (0,a) onto ¥ such that ¥ has period 27 in x and maps the z-axis onto
. As in Theorem 3.1, U is extended by the Schwarz reflection principle to ¥! on
R x (—a, a) so that U1(R x (—a, a)) is the analytic continuation of ¥ containing the
spherical mirror image of ¥, ¥* = U}(R x (—a,0)). Let’s call U1(R x (—a,a)) the
double extension of ¥ = U(R x (0,a)) across 7 = ¥(R x {0}). Denote the double
extension of 3 across v by 7. One can say that « is conformally in the center of
7. Let’s call v the line of reflection. U!' may have punctures in R x (—a,a). In
that case, the set of punctures of ¥! will be denoted as P; and ¥ will be the image
UHR x (—a,a)\ Py).

Suppose X is a minimal annulus with two boundary components ; and ~s, free on
O0B. Suppose also that ¥ is a periodic conformal harmonic map from V := R x (0, a)
onto ¥ with period 27 and 7, = ¥(R x {0}). As above, ¥ defined on R x (0,a)
extends to U! on R x (—a,a) \ P by the reflection across 71, and ¥ has a double
extension 7 = U1(R x (—a,a) \ P1). The starting point of the infinite reflections
is that 1 is in the center of X7 whereas 2 is not. By alternating ~; and ~» as the
line of reflection, one can extend X infinitely many times.



REFLECTION OF FREE BOUNDARY MINIMAL SURFACES 11

Since 2 is a free boundary of 37, by Theorem 3.1 we can reflect 37 across
y2 = UHR x {a}) to get a periodic analytic continuation ¥? of ¥! defined on
R x (—a,3a). (¥? does not mean ¥ o ¥.) Then X772 := U2(R x (—a,3a)) is the
double extension of 7. More precisely, considering the set of punctures of U2
denoted P C R x (—a,3a), ¥ will be U2(R x (—a,3a) \ P2). This time 75 is
in the center of X772 whereas 7; is not. Note here that v; = ¥(R x {0}) is the
free boundary of the subset W2(R x (0,3a)) of ¥7172. So let’s apply Theorem 3.1
to U2(R x (0,3a)) to extend U2 to U3 periodically on the strip R x (—3a,3a) \ Ps.
Hence %7172 := U3(R x (—3a,3a) \ Ps) is the double extension of W2(R x (0,3a))
and is an analytic continuation of X772, Now < is not in the center of 7172 and
is the free boundary of the subset W3(R x (—3a,a), so again we apply Theorem
3.1 to get a periodic conformal harmonic map ¥* defined on R x (—3a, 5a) \ Ps.
31% = U4(R x (—3a,5a) \ Py) is an analytic continuation of 7172,

From here, let’s proceed by induction. Suppose there is a periodic conformal
harmonic map ¥2?*¥ defined on R x (—(2k — 1)a, (2k + 1)a) \ Py, with period 27
and extending the original ¥ on R x (0,a). Denote 7% := W2F(R x (—(2k —
1)a, (2k + 1)a) \ Pax). 1 is not in the center of £71% and is the free boundary of
U2k (R x (0, (2k+1)a)). So using Theorem 3.1 , we can reflect U?*(R x (0, (2k+1)a))
across 1 and extend W2¥ to U+ periodically on R x (—(2k+1)a, (2k+1)a)\ Pars1
with period 27. Then £ % = VLR x (—(2k + 1)a, (2k 4+ 1)a) \ Papy1) is an
analytic continuation of 7172 . Again reflect W2EHL(R x (—(2k + 1)a, a)) across its
free boundary 2 by Theorem 3.1 to get a periodic analytic continuation U2++2 of
U2+ 0 R x (—(2k + 1)a, (2k + 3)a) \ Pagso with period 27 and with S92 =
U2EH+2(R x (—(2k + 1)a, (2k + 3)a) \ Papra). Obviously £ % ¢ wn™'e™

Define a conformal harmonic map ¥" on the annulus {w € C : e~ D2 < || <
e(nfl)a} by

U (w) == U™ (ilogw).
Even though logw is many-valued, U"(w) is well-defined because U"(z + iy) is
periodic in x with period 27. Hence we have an increasing sequence of minimal
surfaces {&"} defined by

Eri= O (fw: et < u <), BB Sic S
It follows that
S = UMR x (—(n—1)a, (n — 1)a) \ P,) and X2F c £1% ¢ 5242,

So the limiting surface
Y= lim &
n—oo
exists and equals limy_, o S5 . Furthermore 3 is conformally equivalent to R?, S x
R, or S? with punctures. The corresponding conformal harmonic map should also
exist:
¥ := lim ¥".
n—oo

One can see that

=¥ (R ({oyuP)), P=J U e
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5. CRITICAL CATENOID

So far, the free boundary property has been the key to establishing the reflection
principle. Moreover, the complex function theory has been the primary tool in
constructing the minimal surface 5. Henceforth, we will show that 3 is the catenoid
if the original ¥ is embedded. Then ¥ will have to be the critical catenoid. From
here, differential geometry will be the primary tool.

In this section we will follow the arguments of [2] and use their notations. Let X
be a smooth surface (as a map) with isothermal coordinates u, v such that w = u+iv
is a complex coordinate on X. Denote the metric of X by ds? = A(u, v)(du®+ dv?).
Let 7 be a unit normal to X in R? and let £, M, A/ be the components of the second
fundamental form of X, H the mean curvature, and K the Gaussian curvature of
X. We have the following from the Lemma of Section 1.3 in [2].

Lemma 5.1. X satisfies

Xou = Q—XX —;\AX + L7
(5.1) X = %X QAX L Mit

Xy = —S—XX ;\AX +N7@

= £2+AN’ K= EN/;MQ
(5.2) [;(c N - z’/\/l} = A,
Define

Flw) = %(.c “N)—iM, a:i=Re[wif(w)], B:=Tm[uwf(w)].

(5.2) implies that f(w) is holomorphic if the surface X has constant mean curvature.
Let p,0 be the polar coordinates on R? such that w = u + iv = pe?. Then (5.1)
can be rewritten as

A 1Ap1 «
X,)=-—"LX,—--2°X — +AH |7
P2 p2Ap 0+<p2+ )n
1 1 Ag I AN\ 1 B
5.3 —Xpp=-—+X -+ L) =Xg— 57
(5:3) p T p2A p+<p+2A>p VR

1 1 A 1Ap1 e

SXpp=—(-+=L )X, +-=-Xg— | - —AH ) 7.

P2 <p+2A> ATV <p2 )n
Lemma 5.2. Let ¥ be an immersed minimal annulus in a unit ball B C R3 with
free boundary 0¥ C OB. If X is the analytic continuation of ¥ obtained after infinite

reflections as in the preceding section, then the Gaussian curvature K is nowhere
zero on X.
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Proof. (5.3) will give important information on the free boundary v; U7, of 3. Recall
that p =1 on v, and p = e® on ;. First, we know that
X, = VA X on Y1 U 2.

Next, we differentiate this equation with respect to 6:

(VA)g
VA
Now let’s apply Lemma 5.1 when X = ¥ and A = F2. Then w?f(w) = a +if is a
holomorphic function on ¥. Compare (5.4) with (5.3) to get

1 K,

—4+ =2 =F and =0 on 1 U".
p F

(5.4) X, = (VA)gX +VAXy = X, +VAXg on 41 U

Hence 8 = 0 on X. Remember that 3, being harmonic, extends to Y. Therefore

B =0on Y as well, and hence « is a constant ¢ on . ¢ is nonzero because otherwise
¥ would be flat. (See Theorem, p.343, [2].) By Lemma 5.1

LM P et L ezl
K= = = | ﬁ__’@‘ Fv
Therefore K < 0 everywhere on ¥ because 0 < |w| < oo on . O

A point of a minimal surface is called a flat point if the Gaussian curvature K
vanishes at that point. The flat points are isolated on a minimal surface. If a
minimal surface is in R?, then the flat point is a point at which the derivative of
the Gauss map vanishes. Hence Lemma 5.2 implies that the Gauss map is a local
diffeomorphism everywhere on 5. Let ¥ be the immersion from R2 \ ({0} UP)
onto 5 and G the Gauss map from ¥ to S2. Then G o U is a covering map from

R2\ ({0} UP) onto its image G o W(R2\ ({0}UP)) C S2. Go W is also a conformal
map(with the opposite orientation of S?).

Definition 5.3. Denote by n, s the north and south poles of S?, respectively. Let
75 be the stereographic projection from S?\ {n, s} onto R?\ {O}, mapping a neigh-
borhood of s to a neighborhood of O. Then G o U o, is a conformal covering map
from S\ ({n, s} Un;1(P)) into S2.

The free boundary 93 is the union of lines of curvatures 71, y2 on dB. Since K is
negative on 0%, the principal curvatures are nonzero along 9%. Hence both v and
v are locally strictly convex(in the opposite directions) on dB. Since G o o Ty iS
a conformal covering map from $2\ ({n,s} Uz, *(P)) into S2, G o ¥ o 7y extends
across the punctures {n, s} U, (P) to a holomorphic map from S? to S2.

Lemma 5.4. 3 is complete.

Proof. As K vanishes nowhere on 3, by Theorem 3.1.1 of [12], there exist global
isothermal coordinates x,y on Y whose coordinate curves are the lines of curvature.
Moreover, x is periodic on Y with period 27, and the two fundamental forms can
be expressed in terms of the principal curvature x > 0 as follows:

1
(5.5) I= E(d:ﬂ2 +dy?), II = (dz? —dy?).
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For 0 < a < 27 and any b, define £, := {(a,y) : b < y} and w(z) := e . w(lyy)
are the rays going off to oo for all a,b. We claim that the length L(\I/ ow(lyyp)) of
the curve ¥ o w(lq,p) On 3. is infinite for any w(ﬁa »). Suppose L(¥ o w(lc,q)) is finite
for some £, 4. Using (5.5), one can compute L(Vo w(le,q)):

L(W o w(l,

1
2) = /d Nt

This integral can be finite only if
(5.6) lim k(c,y) = oc.

Yy—00

When the Gauss map G maps S into S2, G expands the length of the curve \Ilow(ﬁc,d)
by the factor of x(c,y) at the point Wow(¢,,)). Hence one can compute the length
of GoWow(leq):

(Go‘l/ow ed)) / \/7 cydy—/ VE(e,y)dy.
k(c,y)

It follows from (5.6) that

(5.7) L(GoVo w(leq)) = 00.

But we show that this is a contradiction. Remember that being a conformal covering
map, GoWom,:S?\ ({n,s} Un;(P)) — S? extends to a holomorphic map from
S% to S%. Clearly 7.4 := 7, '(w({.q)) has finite length on S? and G o ¥ o 74(7,4) =
GoVow(l.4). Hence G oW ow(l.q), being the holomorphic image, should also

have finite length on S2, which contradicts (5.7). Therefore L(¥ o w(lyp)) = oo for
any £, as claimed. Similarly,

L(VU ow(l,,)) =oc for all £, :={(a,y):y <b},

where w(f, b) are the rays approaching O away from P.

Let p be a curve in R2\ ({O} UP) ending at a puncture 25 € P. The rectangular
coordinates T1,T2,T3 of R3 are harmonic on ¥ and their pull-backs under \Il T 0
U, 390 W, z3 0 U, are also harmonic in R \ {0} U 73) Suppose the length of p is
finite. Then in a neighborhood of 2, z1 o v , Lo O 7 , T3 O ¥ are bounded harmonic
functions with isolated smgularlty at z;. But this is a removable singularity for
these harmonic functions. Hence \I/(zo) is a regular point of 3 and so 24 cannot be
a puncture of ¥ in R2\ ({O} UP). Therefore p must have infinite length. Thus ¥
is complete. ]

Lemma 5.5. Suppose the free boundary minimal annulus 3 in a ball of R3 is em-
bedded. Then the complete minimal surface % that is obtained from ¥ by applying
the spherical reflection infinitely many times is the catenoid.

Proof. Our proof will use the embeddedness of ¥ to derive the convexity of 9%,
which will give the injectivity of the Gauss map on ¥ and then on X, which will
finally show [¢ K = —4n.

Recall that K < 0 on ¥ and so the Gauss map G : Y — S? is a local diffeomor-
phism. Being the free boundaries of X, 41 and 9 are lines of curvature, hence they
are locally strictly convex (in the opposite directions) on the boundary sphere. In
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fact, v1 and o are strictly convex because 3 is embedded. As the sum of the fluxes
of 71 and -2 vanish, one can find a great circle I'g that separates +; and 3. Now
we claim that G|,, and G|,, are both injective. Suppose there exist p1,p2 € 71 such
that G(p1) = G(p2). Let I'1 be the equator whose north pole is G(p1). Clearly T’y
is tangent to 1 at both p; and ps. But this contradicts the convexity of «;. Hence
G4, must be injective. Similarly, G|,, is also injective. Let’s now show that G(v;)
and G(v2) are disjoint. Suppose G(p1) = G(p2) for some p; € ~;. Then there is a
great circle I'; o which is tangent to ~; at p;, 7 = 1,2 such that v and 72 lie on the
same side of I'; 2 because they are convex curves. Then the total flux of ¥ along
0¥ has a nonzero projection in the north pole direction with I'; » as the equator,
which is a contradiction because the total flux should vanish. Therefore G(v;) and
G(72) are disjoint, and together they bound G(X). As G is a local diffeomorphism,
G must also be injective in the interior of 3. N N
_ Remember that we performed repeated reflections to obtain ¥ C Y?2c¥3c.--C
X C e, XM= 0" (R x (—(n—1)a, (n—1)a)\Py). So X is conformally equivalent
to S2\ ({n, s} Um;1(P)). Since the Gaussian curvature never vanishes on %, 3 is
foliated by the lines of curvature {7 : —0co < t < oo} so that 4! = v, 4% = 0.
Let D' C & (1.5 < t) be the domain between v* and 3~ that is, 9D! = 4 U~371,
Then {D'}; 5 is an increasing family of domains in f], that is, D! C D® if t < s.
Moreover,

lim D'=% and lim G(Y) = {q1, ¢},

t—o0 [t|—o00
where q1, g2 are two points in S? \ G(\I’(ﬁ)) Note that (i) as G is injective in X,
G(+?) winds once around gj, j = 1,2, respectively; (ii) the set of lines of curvature
{7' 1 —o0 < t < oo} foliates X; (iii) So G(4') should wind once around g¢o for ¢
near oo and around ¢; for ¢ near —oo. Since lim_, ., G = {q1,q2}, G must
be injective on ~ for ¢ near +co. On the other hand, if each domain G(D?) is
counted with multiplicity in S?, then {G(D?)} is an increasing family of domains in
S%\ {q1,q2}. Hence, if G is not injective on 42 for some a > 2 (or a < 1), neither
is G on 4’ for any b greater than a in case a > 2 (or smaller than a in case a < 1).
However, G is injective on v' U~+? and on +? for any |b| near oo. Therefore G must
be injective on any 7!, and so must be G on any D!. Thus G is injective on 3.

As ¥ is complete and G is a conformal map (against the negative orientation in
$?), G(2) should cover S? almost everywhere and should cover only once. More
precisely, G(X) = 2\ ({n, s} UG(¥(P))), where P is the set of punctures of ¥ in
R2\ {O}. Apply a well-known theorem of Osserman (Theorem 19, p.136 [7]) that if
s a complete minimal surface with the Euler characteristic y and with r ends in
R3, then

/iKg o (x — 7).

But the fact that G(X) covers S? once almost everywhere implies s K = —4n.

Hence x = 0 and r = 2. Therefore P is an empty set and ¥ is an annular surface.
It is here that we should remark that the catenoid is the only complete minimal
surface that has total curvature —4m and is conformal to S? with two punctures
(Corollary 22, p.140 [7]). It follows that X is the catenoid. O

Lemma 5.5 finally gives the following theorem.
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Theorem 5.6. Every embedded free boundary minimal annulus in a ball of R3 is
the critical catenoid.

Remark 5.7. Ferndndez-Hauswirth-Mira [3] have constructed infinitely many im-
mersed free boundary minimal annuli ¥ in a ball and they have shown that each
> has a complete analytic extension S which has infinitely many ends. By Lemma
5.2, the repeated reflections of their compact immersed minimal annulus ¥ will give
rise to exactly 3 and the Gaussian curvature vanishes nowhere in . Moreover, the
ends of ¥ will correspond to the punctures of U,
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