THE PERIODIC PLATEAU PROBLEM AND ITS APPLICATION
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ABSTRACT. Given a noncompact disconnected periodic curve I' of infinite length
with two components and no self-intersection in R3, it is proved that there ex-
ists a noncompact simply connected periodic minimal surface spanning I". As
an application, it is shown that for any tetrahedron T with dihedral angles
< 90°, there exist four embedded minimal annuli in 7', which are perpendicu-
lar to OT along their boundary. It is also proved that every Platonic solid of
R3 contains a free boundary embedded minimal surface of genus zero.
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1. INTRODUCTION

The famous problem of finding a surface of the least area spanning a given Jordan
curve called the Plateau problem, was settled by Douglas and Radé independently
in 1931. Since then, many questions have been raised about the Douglas-Radd
solution: the uniqueness, the embeddedness, the topology of the solution, and the
number of solutions.

In this paper, we are concerned with the Plateau problem for a noncompact
disconnected complete curve I' with two components in R?, which is periodic. I is
said to be periodic if I' has a fundamental piece 4 with two components such that
T" is the infinite union of the congruent copies of 4 obtained in a periodic way. In
particular, I' is helically periodic if it is the union of images of 4 under the cyclic
group (o) generated by a screw motion o. I is translationally periodic if it is
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invariant under the cyclic group (7) generated by a translation 7(see Figure 1). The
extensions by screw motions and translations are to be performed infinitely until T’
becomes complete.

We prove that for every complete noncompact disconnected periodic curve I" in
R3 there exists a noncompact simply connected minimal surface ¥ C R? spanning
I" such that ¥ inherits the periodicity of I' (Theorem 2.2). Furthermore, in case T’
consists of the zz-axis and a complete connected translationally periodic curve 7y,
winding around the z3-axis such that a fundamental piece of v; admits a one-to-one
orthogonal projection onto a convex closed curve in the xjxs-plane, we can show
that ¥ is unique and embedded (Theorem 3.1). These two theorems have an inter-
esting application. Smyth [8] showed that given a tetrahedron T, there exist three
embedded minimal disks in 7" which meet OT orthogonally along their boundary.
From T, Smyth considered a quadrilateral I' whose edges are perpendicular to the
faces of T'. I" bounds a unique minimal graph Y. He then showed that the conjugate
minimal surface of ¥ is the desired minimal surface in 7'

A

Figure 2. Solution of the periodic Plateau problem
and its conjugate surface

In this paper, we will first see that the tetrahedron T gives rise to a noncompact,
disconnected, translationally periodic, piecewise linear curve I' such that the edges
(=line segments) of a fundamental piece § of I' are perpendicular to the faces of T
In fact, 4 has two components 7, 71, where 7y has only one edge and 4; has 3 edges.
So one of the two components of I" is a straight line ¢. By Theorem 2.2 T" bounds a
noncompact simply connected translationally periodic minimal surface ¥. Let X*
be its conjugate minimal surface. In Theorem 5.1, we will prove that if ¢ is properly
chosen relative to 77, then 3* is a minimal annulus in 7" which is perpendicular to
OT (see Figure 2). One boundary component of X* is a convex closed curve lying
in one face of T' and the other component traces along the remaining three faces.
Since there are four lines perpendicular to a face of T' we conclude that there exist
four free boundary minimal annuli in 7" if the dihedral angles of T" are < 90°. If at
least one dihedral angle of T is > 90°, there exist four minimal annuli that are not
necessarily inside 7' but still perpendicular to the planes containing the faces of T'
along their boundary.

In general, one cannot generalize Theorem 5.1 to construct a free boundary
minimal annulus in a polyhedron other than a tetrahedron. However, in case P,
is a right pyramid with a regular polygonal base B and apex p (i.e., P, = pxB,
the cone), we can show the existence of a free boundary minimal annulus ¥* in
P,(Theorem 6.1). Consequently, it is proved that every Platonic solid Ps bounded
by regular n-gons contains a free boundary embedded minimal surface of genus 0.

2. PERIODIC PLATEAU PROBLEM

A Jordan curve is simple and closed. So, it has no self-intersection and is home-
omorphic to a circle. If a simple curve I' C R? is not closed but homeomorphic to
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R! and has infinite length, one cannot, in general, find a minimal surface spanning
I". However, if there exists a surface of finite area spanning I', one can easily show
the existence of a minimal surface spanning I'. The same is true if I" is the union of
simple open curves of infinite length bounding a surface of finite area. If I" cannot
bound a surface of finite area, one must impose extra conditions on I' to get a min-
imal surface spanning I'. This section shows that the periodicity of I' is a sufficient
condition for this purpose. Our proof for this periodic case follows the standard
proof for a Jordan curve I', modifying the arguments in each periodic situation.

Definition 2.1. a) Let I' C R3 be the union of two complete rectifiable curves
71,72 and let U be a convex polyhedral domain in R3. T is said to be periodic if T
is the infinite union of the congruent copies of ¥ := I'NU. 7 is called a fundamental
piece of T'.

b) T is said to be translationally periodic if it is the union of translated funda-
mental pieces 7" (%) for the cyclic group (7) generated by a parallel translation 7. T
is invariant under (7). Moreover, I" is said to be helically periodic if it is the union
of 0™ (%) for the cyclic group (o) generated by a screw motion o. Assume that the
screw motion o is the rotation about the x3-axis by angle 8 composed with the
translation by e, that is,

(2.1) o(rcos@,rsinf, x3) = (rcos(d + B),rsin(0 + 3), x3 + e).

Every translationally periodic ' can be helically periodic as well with respect to o
for 5 =0.

¢) Given a surface 3 spanning I', the periodicity of ¥ can be defined in the same
way as I'.

I" is complete because translations and screw motions are performed infinitely.
Theorem 2.2. Let I' C R® be the union of two complete curves 1,72, which is
helically periodic. Then there exists a simply connected helically periodic minimal
surface ¥ spanning I'. The fundamental region of ¥ has the least area among the
fundamental regions of all the simply connected helically periodic surfaces spanning
T'. The same conclusion holds for the translationally periodic T' as well.

Proof. Let’s first prove the theorem when I' is helically periodic. We assume that
T is invariant under the o defined by (2.1). We may further assume that o maps
the fundamental piece 7 of I to its adjoining piece, that is, 7 is connected to o (%)
through their common endpoints. I' uniquely determines the angle g > 0 of (2.1),
which we call the period of T. 3 is a fundamental region of ¥ if and only if
Y= U of (L) and No () =0.
keZ

Definition 2.3. To each complete helically periodic curve I' we associate the class
C.r of admissible maps ¢ from the infinite strip I, := [0,a] x R to R3 with the
following properties:

(1) ¢ is a piecewise C'! immersion in the interior of I, and is continuous in I,;

(2) o(x,y+kB) = ok (p(z,v)), (x,y) € I, k: integer, B : fixed > 0;

(3) go}ala is a monotone map onto T, i.e., the set o~ (p) is connected for each

pel.

To normalize C, r let’s assume that ¢(0,0) = p for a fixed point p of I'. ¢ is said to
be invariant under the screw motion o with period 8 if ¢ satisfies property (2).

Define the area functional A on C, 1 by

A = [ [ feanldzdy
[0,a]x[0,5]
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and the Dirichlet integral D(p) of ¢ € C, 1 by

D(y) = / / V[2de dy.
[0,a]x[0,5]

Since
1
[po Ayl < 5 (12l + oy [*)
we have
1
(2.2) Alp) = 5D(9), ¢ € Car

where equality holds if and only if ¢ is almost conformal. To obtain the equality
case, we must prove the existence of periodic isothermal coordinates invariant under
o on the surface ¢(1,).

Proposition 2.4. For any ¢ € Cor there exist b > 0 and a periodic homeomor-
phism H : I, — I := [0,b] x R such that H~' has period (3 and the reparametrized
map po H™' : Iy — ¢(1,) is a conformal map in Cy r.

Proof. Let N be the annulus obtained from [0, a] x [0, 8] by identifying the two line
segments [0, a] x {0, 8}. Let g be the metric on N which is pulled back by ¢ from
the metric of ¢(I,). ¢ is well-defined since ¢ is invariant under the screw motion
o determined by T'. Let’s consider the Dirichlet problem on (N, g) for a constant
b>0:

Au=0, u=0on {0} x [0,5], u="bon {a} x [0,0].

A unique solution u = h; exists for this problem. The harmonic function h; has
a conjugate harmonic function hj which is multi-valued on (N, g). But h} is well-
defined on its universal cover N = I,. Let 7(b) > 0 be the period of hi on N. 7(b)
is an increasing function which varies from 0 to oo as b does so. Hence there exists
b > 0 such that 7(b) = 8. Note that h; can also be lifted to h on I,. Then the
map H : I, — I defined by H(q) = (hz(q), hi(q)) is a periodic homeomorphism
and yields a conformal map @ o H~! : I; — ©(I,). Note that H~! has period j3
and po H~! is invariant under the screw motion o. This completes the proof of the
proposition. O

To prove the existence of an area-minimizing surface spanning I', let’s define

ar = inf  A(y) and dr = inf = D(yp).

@ECQYF,(L>O weca,r,a>0

Then by (2.2) and the existence of the isothermal coordinates, we have
1
ar = 5 dr.
Therefore

D(3) = dr for some ¢ € C,r <= A(%) = ar and ¢ is almost conformal.

Thus, to solve the periodic Plateau problem it suffices to find @ > 0 and a map
1 € Czr which minimizes the Dirichlet integral D(y) on [0,a] x [0, 5] among all
¢ in Cqr and all @ > 0. First we shall fix @ > 0 and apply the periodic Dirichlet
principle on C, 1 as follows.

Lemma 2.5. For each admissible map ¢ in C,r there exists a unique harmonic
admissible map ¥ € Cor with Vlar, = ¢lor,. Moreover, D(¢)) < D(yp).
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Proof. Let z,y be the Euclidean coordinates of R? and set ¢t = x + iy. Define
: iz + 1
1) = wit/a d _ 1z )
Fi0) = e and folz) = E5

Then z = f1(t) maps the infinite vertical strip I, one-to-one onto the upper half
plane {Im z > 0}\ {0} and w = f2(z) maps {Im z > 0}\ {0} one-to-one onto the unit
disk {|Jw| < 1}\{¢, —i}. Furthermore, we see that fa(f1(01,)) = {|w| = 1}\ {i, —i}.
Let’s consider the vector-valued Dirichlet problem for u = (u1,uz2,u3) in D := {w :
lw| < 1}:
(23) AUZOIHDv u:@ofl_lofé_l OnaDa ()0:(()017%023@3)'

Since ¢ satisfies p(x,y +kfB) = 0¥ (p(z, y)) for the screw motion o defined by (2.1),
we see that (1, po are bounded and

(2.4) e3(x,y + kB) = p3(z,y) + ke.

The Dirichlet problem (2.3) has a unique bounded solution for u;,us because
of the boundedness of 1, p2. Even though @3 is unbounded, by (2.4) ¢35 — Gy is
bounded and periodic in I,,. So, if the Dirichlet problem

(2.5) Av=01n I,, v:gog—%y on 01,

has a bounded solution, it must be unique and periodic with period . To find its
bounded solution, we convert it to a new Dirichlet problem on D:

(2.6) Aw=0in D, w= (p3— %y) ofi tofy ! ondD.

The boundedness of (p3 — %y) ofito f;l gives the existence of a unique bounded

solution w = hg to (2.6). As %y o ffl o f{l is harmonic in D, it is easy to see that

uz :=hs + Gy o frto fy ! is the third component of a desired solution to (2.3).
Pulling back (u1,us,us) by fa o f1 to I,, one can obtain a harmonic map 1 :

I, — R3 having the same boundary value as ¢ on 0I,. We now show that v is
invariant under the screw motion o, in other words,

Y,y + B) = o((z,y)).
Let hy, hs, hs : I, — R be the harmonic components of v, that is,
¢($a y) = (hl(xa y)7 h2(£7 y)a h3(.’1), y))
(One easily sees that hy = hso fao f1 + %y) Define

1/%4(95’ y) = ’(/}(*/L'7 Y+ B) and wB(‘T7 y) = O-(’(/}(‘T7 y))
Since hs o fo o fi is periodic with period 3, we have
h3($, Yy + B) = hg(ﬂj,y) +e.
So the third component of 4 (z,y) equals that of ¥g(z,y). On the other hand,

wB(xvy) = (COSBhl(.’IJ, y) —Sinﬁhg(x,y),sinﬁhl(m,y)—i-cosﬁhg(x, y)7 h3(aj?y) —|—€)
Hence 1 4,%p are harmonic maps. As hi,ho are bounded, so is ¢4 — 1. Since
o(T) =T, 1a — 9 vanishes on dI,. Then (Y4 —p)o fi ' o f; ' is a bounded
harmonic map vanishing on 9D and so ¥4 —¥pg = 0. Therefore 1 is invariant under
o. 1 is a unique admissible harmonic map in C, r having the same boundary values
as .

Set & = ¢ —1p. Then @ is also invariant under ¢ and hence

D(p) = D(®) + D(¢) + 2D(®, )
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0P o 83 %
//[Oa]xOB( 8$>+<3y’3y>>d$dy.

Green’s identity implies that

D(@,9) = / @, 2045 - / / (®, Ay dedy,
a([0.alx[0,8) OV [0,a] % [0,8]

where v is the outward unit normal to 9([0, a] x [0, ]). But

oY _ o
|[o,a]x{5} - _gl[o,a]x{o}

where

®=0on {0,a} x [0,5] and

B
because of the invariance of 1 under . Hence D(®,v) = 0. It then follows that
D(¥) < D(p),
which completes the proof of the lemma. O
Define

dar = inf,ec, - D(p).

We claim here that d, r goes to infinity as a — oo and as a — 0.

[t [ 5(5) o
> ﬁ/ ( ; 8g03 y> dfﬂ:B_/Oa(%(xaﬂ)—@B(vaO))de

7.

So limg—yo0 dg,r = 00. On the other hand,

D(p)

v

B ra ) B pa 3 O 2
> z = -
Dp) > //\m oty = [ 752 () ey
2 1 [P 3 )
> / ( x) dy:f/ (pila,y) — »i(0,y))"dy
0 a@Jo i3
2
> &7
a

where d is the distance between the two components 7, 71 of I' which are written
as v = ({0} x R), 71 = ¢({a} x R). Hence lim,_,0 d,r = 00 as well.
Therefore, we can conclude that there exists a positive constant @ such that

dI‘ = daJ‘.
To finish the proof of Theorem 2.2 we need the following.

Lemma 2.6. Let M be a constant > dp. Then, for any a > 0, the family of
functions

Fa=A¢lor, : ¢ € Car, D(p) < M}

is compact in the topology of uniform convergence.



THE PERIODIC PLATEAU PROBLEM AND ITS APPLICATION 7

Proof. For each z € 0I, and each r > 0, define C,. to be the intersection of I, with
the circle of radius r centered at z, and denote by s the arc length parameter of C...
Choose any ¢ € Cor with D(p) < M. For 0 < § < min(1,a?), consider the integral

N
K := / / ls|2dsdr < D(p) < M.
5 C,

One can see that

Vo
K= [ fo)diogn). f):=r [ lofas

s

By the mean value theorem there exists p with § < p < v/8 such that

\/g
K= f(o) [ diogr) = 5 f(p)lox(5).

oM
putas < 2
/c ’ plog(5)

P

Denote the length of the curve ¢(C,) by L(¢(C;)). Then L(p(C,)) = fcp lps|ds
and from the Cauchy-Schwarz inequality it follows that

2n M
(2.7) L(p(C,))* < -
77T log(3)
Given a number ¢ > 0, by the compactness of I'/(c) we see that there exists
d > 0 such that for any p,p’ in T’ with 0 < |pp/| < d, the diameter of the bounded

component of I'\ {p, p'} is smaller than . Choose § < min(1,a?) such that lgg(ﬂf) <
s

d?. Then for any z € 9I,, there exists a number p with § < p < /8 such that
by (2.7), L(¢(C,)) < d. Let E. be the interval in 01, between z; and z,, the two
endpoints of C,. Then |¢(21)p(22)| < d and hence the diameter of p(E.) is smaller
than e. Therefore for any z, 2" € 01, with |z — 2’| < § and z being the center of C,,
we have ¢(z), ¢(z') € p(E,) and thus

lo(2) = ()] <e.

Since § was chosen independently of z, 2’ and ¢, we obtain the equicontinuity of F,.

In Douglas’s solution for the existence of a conformal harmonic map ¢ : D — R"
spanning a Jordan curve I'; it was essential to prescribe ¢(z;) = p; for arbitrarily
chosen points z1, 22, z3 € 0D and p1, p2,p3 € I'. This was to derive the equicontinu-
ity in a minimizing sequence. Fortunately, we do not need this prescription for our
compact set I'/{c) as ¢(I,)/{o) is not a disk. Yet we need to avoid an unwanted
situation resulting from the disconnectedness of I': we have to show that p({a} xR)
does not drift away from ¢({0} x R) (recall that ¢(0,0) is fixed). This can be done
by deriving a length bound from a bound on D(y) as above.

For each y € [0, 8] let ¢, denote the line segment [0, a] x {y}. Choose ¢ € Cor
and suppose D(¢) < M. Counsider the integral

Hence

B8
Ki= [ [ lesPdody < Do) < 1.
o Je,
Then 5
K- / Fw)dy, fy) = / (pal2de.
0 v

The mean value theorem implies that there exists 0< y < B such that
K =§f(y) <M.
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Hence

2
< aM

(2.8) L(‘P(éz?))Q = (/K ‘Pw|d$> <af(y) < 7

We say that ¢({a} x R) drifts away from ({0} x R) if lim,_,, |@s3(x,y)| = oo for

some 0 < y < . Therefore (2.8) means that no drift occurs under ¢ if D(y)

is bounded, as claimed. Thus, by Arzela’s theorem, the equicontinuity yields the

compactness of F,. This completes the proof of Lemma 2.6. O

Finally, let {¢,,} be a minimizing sequence in Cg r, that is, lim,,—, . D(¢,) = dp.
From Lemma 2.6 it follows that there exists a subsequence {¢y,, } such that {¢,,|sr. }
converges uniformly to @|gy, for some ¢ € Cz r. By Lemma 2.5 there exist harmonic
maps 1,1 € Ca,r such that

oIz D(%) SD(()OTL1>7 w|@fa :(ﬁ'aIa? w:}ig)lowl
Then, Harnack’s principle gives

D(+) < liminf D(¢;) < dr.

VYilor, = ¢n,

Consequently, D(¢) = dr and so v is almost conformal and harmonic. This com-
pletes the proof of Theorem 2.2 when I' is helically periodic and, therefore, when it
is also translationally periodic. Since 1/ is periodically area minimizing in R? it has
no interior branch point (see [3]). O

3. UNIQUENESS AND EMBEDDEDNESS

Under what condition can I guarantee the uniqueness and embeddedness of the
periodic Plateau solution 37 For the Douglas solution with Jordan curve I'; Nitsche
[4] and Ekholm-White-Wienholtz [2] proved the uniqueness and the embeddedness,
respectively, if the total curvature of I' < 4. But even before Douglas, Radé [6]
showed that the Dirichlet solution of the minimal surface equation for any continu-
ous boundary data over the boundary of a convex domain in R? exists as a graph,
which is unique and embedded. In the same spirit, we have a partial answer for our
periodic Plateau problem.

Theorem 3.1. Let vy be the x3-azis and v1 a complete connected curve winding
around 7g. Define T' = ~vg Uy and let T be a vertical translation by e. If T
is translationally periodic with respect to 7 and a fundamental piece of v, admits
a one-to-one orthogonal projection onto a convex closed curve in the xixs-plane,
then the translationally periodic minimal surface ¥ spanning I' has the following
properties:

(a) The Gaussian curvature of ¥ is negative at any point p € yo;

(b) X is embedded and its fundamental region (not including o) is a graph over

its projection onto the xixs-plane;
(¢) X is unique.

Proof. (a) 7o is parametrized by x3. At any point p(x3) of 79, X has a tangent
half plane Qp(z,)- In a neighborhood of p(z3), ¥ is divided by Q,(,), like a half
pie, into m(> 2) regions (see Figure 3). Define 6(z3) to be the angle between
Qp(x4) and the positive x;-axis. 6(x3) is a well-defined analytic function satisfying
O(xs +e) = 0(x3) + 27. It is known (to be proved shortly) that

(3.1) m=2atp(z3) & K(x3)<0 & 60'(v3)#0,

where K (x3) is the Gaussian curvature of ¥ at p(z3).
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We claim that m = 2 on 7. Suppose m > 3 at p(z3) so that Q,,) N\ 7o is
the union of at least two analytic curves C1, Cs, ..., Ck, emanating from p(x3). Since
Qp(xs) intersects v1, at least one of Cp, Cy, ..., Ck should reach v;. So we have two
possibilities: either (i) only one of them, say Cj, reaches ~;, or (ii) two of them,
say C,Cs, reach v, (see Figure 3). In the first case, since C is disjoint from ~;
L.7(C1)

~,
~m—
S,

a2

Cy

p(xs) Qp(z) N\ 0 p(xs) mn
(o]

Yo 7o
m=4 ) (if)

Figure 3. Intersection with the tangent half plane

and translationally periodic, it cannot be unbounded and should be in a fundamental
region of 3. Hence Cy comes back to 79. Cy and 7o should then bound a domain
D C ¥ with 0D C Qp,) as ¥ is simply connected. But this contradicts the
maximum principle because D has a point that attains the maximum distance from
Qp(zs)- In case of (ii), set C1 Ny = {q:1} and C2 Ny = {g2}. Denote by 7 the
projection onto the xjxp-plane. Due to the convexity of m(71), @p(a,) intersects
any fundamental piece of 47 only at one point. Therefore {g1,g2} should be the
boundary of a fundamental piece of v;. Hence 7(q1) = g2, interchanging ¢; and ¢
if necessary. So the two curves 7(C1) and Cy meet at go. Then 7(C7), Cy and o
bound a domain D C ¥. Again 9D is a subset of Q(,,), which contradicts the
maximum principle. Therefore m = 2 on 7, as claimed.

To give a proof of the equivalences (3.1), let’s view ¥ in a neighborhood of
D € Yo as a graph over ()p, the tangent half plane of ¥ at p. Introduce z,y,z as
the coordinates of R® such that z =0 on @Q,, * = 0 on v and p = (0,0,0). Then
Y is the graph of an analytic function z = f(x,y) and the lowest order term of its
Taylor series is fm(z,y) = ¢ Im(z + dy)™, m > 2, when m is an even integer and
fm(z,y) = ¢ Re(z + iy)™ when m is odd. It follows that ¥ is divided by @, into
m regions in a neighborhood of p and that K(p) = 0 if m > 3 and K(p) < 0 if
m = 2, which is the first equivalence in (3.1). Hence K < 0 on vy by the claim
above and this proves (a). The second equivalence follows from the expression for
the Gaussian curvature in terms of the Weierstrass data on ¥, a 1-form fdz and
the Gauss map g¢:

16]¢'|?
[fP(1+1g)*

(b) First we show that X \ vy has no vertical tangent plane. Suppose not; let ¢
be an interior point of ¥ at which the tangent plane P is vertical. Remember that
(1) is convex. Hence, P intersects 1 only at two points in its fundamental piece.
P NXislocally the union of at least four curves C1,...,Ck, k > 4, emanating from
q, and two of them should reach ~;. If we assume only four curves emanate from ¢
in PN X, two of them will reach 1, and then either the remaining two will reach
~0, or they will be connected to each other by the translation 7 as in Figure 4: (i)
C4, Cy will intersect v; and Cs, Cy will intersect 7p; (ii) Cq, Co will intersect ; and
Cs5, Cy will be disjoint from 7o U~ so that C4 will be connected to 7(C3).

(3.2) K=
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Yo
() (i)

Figure 4. Intersection of ¥ with its tangent plane

In case of (i), C5 U Cy U~p will bound a domain D C ¥. But this contradicts the
maximum principle since D C P. In case of (ii), 7o is disjoint from P. Then 7y and
PNX bound an infinite strip S C ¥ lying on one side of P. Since S/(7) is compact,
there exists a point pg € S which has the maximum distance from P among all
points of S. 7p is a constant distance away from P and the inward unit conormals
to o on ¥ wind around it once in its fundamental piece. So there is a point in vy at
which the inward unit conormal to vy points away from P. Then, in that direction,
the distance from P increases. Hence, pg is not a point of 7y but an interior point
of S. However, this contradicts the maximum principle. Consequently, no tangent
plane to X can be vertical at any point of ¥y. Even if P NX consists of six curves
or more, the same argument works.

We now show that the interior of ¥ does not intersect vo. Let ¢ : [0,a] x R — R3
be the periodically area minimizing conformal harmonic map such that ([0, a] x
R) = %, ¥({0} x R) = 1 and 9({a} x R) = ~;. Suppose there exists an interior
point p € (0,a) x R such that ¥ intersects o at ¥(p). Define f(q) = x1(q)? +x2(q)?
for ¢ € ¥. Let F be the family of all arcs on ¥ connecting o to ¢(p). Find a saddle
point in ¥ for the function f. Define

A =minger manEaf(Q)-

Clearly there exists a saddle point ¢o in ¥ such that f(gg) = A. Suppose A = 0.
Then there is an arc @ C [0, @] X R connecting {0} x R to p such that f = 0 on (&).
Since ¥ periodically minimizes area, it has no interior branch point. Neither does
have a boundary branch point on . Hence 4 is an immersion on [0,a) x R. But ¢
maps ({0} x R)U& onto 7y if f = 0 on ¢(&). This is not possible for the immersion
1. Hence, A cannot be equal to 0. Since Vf = 0 at qg, the tangent plane to X at
qo is parallel to 7g, so it must be vertical. This is a contradiction. Therefore, the
interior of 3 does not intersect p.

Henceforth we show that 3 \ 70 is a graph over the zjxs-plane, where Sis a
fundamental region of ¥. By (a), we know that m = 2 on 7y. Hence, given a
vertical half plane () emanating from 7y and a suitably chosen fundamental region

Sof¥, QN \ Yo is a single smooth curve joining vy to ;. Since the interior of ¥
does not intersect g, the projection map 7T|Qm53\,m is one-to-one near vg. As 7(y1)

is convex and 7|, is one-to-one, m(X) lies inside m(71) and 7|y, is one-to-one near
1. Suppose the curve @ N by \ 70 contains a point p at which its tangent line is
vertical. Then, the tangent plane to ¥ at p is also vertical, which is a contradiction.
Hence QNS \ 70 admits a one-to-one projection into 7(Q) for all Q. It follows that
3\ 70 is a 2-dimensional graph over (3 \ 7o). Hence, X is embedded.

(c) Suppose there exist two periodic Plateau solutions X1, X9 spanning I'. Assume

that their fundamental regions f)l, 3, are the graphs of analytic functions f1, fo :
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D C zyze-plane — R, D := 7(21 \ v) = 7(Z2 \ 70). Assume also that f; > fo.
If there exists an interior point p € D such that (fi — f2)(p) = maxeep(fi —
f2)(q), we have a contradiction to the maximum principle. Hence, f; — f2 has no
interior maximum in D. Since f; — fo = 0 on 7(71), it can have a maximum only
at 7(y0) = (0,0). However, the maximum is attained anglewise as follows. Let
M = sup,ep(fi — f2)(q). Given a half plane @ emanating from 7o, let Mg =
sup,eonp(fi — f2)(q). Then M = maxgMg. Hence there exists a half-plane
emanating from =y such that

M= lim (fi— f2)(q), where £=Q1ND.
qel, g—(0,0)

Then the parallel translate of Y5 by M, denoted as Yo + M, still contains g as
31 does, lies on one side of 3; (above X;) and is tangent to X; at 3 = ¢ :=
limgep, g—(0,0) f1(q). Hence, by the boundary maximum principle(boundary point
lemma), fo + M = f1, that is, ¥ + M = ¥;. Since 39 + M spans I' + M and ¥,
does I'; M must equal 0 and thus follows the uniqueness of 3. (Il

4. SMYTH’S THEOREM

It was H.A. Schwarz [7] who first constructed a triply periodic minimal surface
in R3. He started from a regular tetrahedron, four edges forming a Jordan curve,
generating a unique minimal disk. Schwarz found this surface using specific Weier-
strass data. By applying his reflection principle, he was able to extend the minimal
disk across its linear boundary to obtain the D-surface. Then Schwarz introduced
its conjugate surface, which he called the P-surface. This surface is embedded and
triply periodic, just like the D-surface. Moreover, part of it is a free boundary
minimal surface in a cube.

It is interesting to notice that both D-surface and P-surface have fundamental
regions which are free boundary minimal disks in two specific tetrahedra, respec-
tively. However, this is not an accident; B. Smyth [8] showed surprisingly that
any tetrahedron contains as many as three free boundary minimal disks. In the
remainder of the paper, we want to apply Smyth’s method to the periodic Plateau
solutions. To do so, we shall first review Smyth’s theorem in this section.

Given a tetrahedron T in R3, let Fy, Fy, F3, Fy be its faces and vy, vo, 3, v4 the
outward unit normals to the faces, respectively. Then, any three of vy, vs,v3,v4
are linearly independent, but all four are not. Hence there should exist positive
numbers c1, ¢cg, 3, ¢4 such that

(4.1) c1V1 + cavs + c3vs + cqvy = 0.

We may assume

ci = Area(F;), i =1,2,3,4.
This is due to the divergence theorem applied on the domain 7" to the gradients of
the harmonic functions z1, 22, z3, the Euclidean coordinates of R3.

By (4.1) we see that there exists an oriented skew quadrilateral I' whose edges
(as vectors) are ¢1v4, cala, c3V3, cav4. The Jordan curve I' bounds a unique minimal
disk X, which is the image X (D) of a conformal harmonic map X := (x1,z2,x3).
It is well known that x1,zs,x3 are also harmonic on Y. Hence, there exist their
conjugate harmonic functions =7, x5, 2% on 3. Then X* := (z}, 25, 2%) defines a
conformal harmonic map from D onto ¥* in R3. X*o X! : ¥ — ¥* is a local
isometry because of the Cauchy-Riemann equations. Therefore, ¥* is a minimal
surface locally isometric to 3.

Let y; = biz1 + b?z2 + b}z3 be a linear function in R? such that Vy; = vy, i =
1,2,3,4. Then y; is constant(= d;) on the face F;. Suppose u,v are isothermal
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coordinates on X such that v is constant along the edge c;v;. Then dX (8%) is
Oyi

perpendicular to the vector c;v; on the edge c;v;. Hence 3t = 0, and by Cauchy-
Riemann 88‘%' = 0 on ¢;v; as well, where y} := bla} + bz} + bPz}. Therefore y}

is constant along the edge ¢;v;, meaning that the image X*(¢;v;) lies on the plane
{yf = df} for some constant d;.

dX (%) is parallel to Vy; along the edge c;v;. By Cauchy-Riemann, there exists
a number ¢(p) at p € ¢;v; such that

(42) D)D) = AX () = dX* (1)

Hence dX*(%) is parallel to (b}, b7,b3). Therefore ¥* is perpendicular to the plane
{yf = df} along X*(c;v;). In conclusion, ¥* is locally isometric to ¥ and is a free
boundary minimal surface in a tetrahedron 7" similar to 7. Thus T contains a free
boundary minimal surface which is a homothetic expansion of 3*.

The skew quadrilateral I" depends on the order of ¢iv1, cava, c3vs, cavy. Any edge
of the four can be chosen to be the first in a quadrilateral. Hence, there are 6 = 3!
orderings of the four edges. But they can be paired off into three quadrilaterals
with two opposite orientations. To be precise, for example, if the quadrilateral T'y
determined by four ordered vectors (u,v,w,x) is reversely traversed, we get the
quadrilateral —T'; for the ordering (—u, —x, —w,—v). Define an orthogonal map
£(p) = —p, p € R3, then £(—T) is the quadrilateral determined by (u,z,w,v).
&(—T'1) cannot be obtained from I'; by a Euclidean motion. Even so, the two mini-
mal disks spanning I'; and £(—T'1) are intrinsically isometric. Moreover, their conju-
gate surfaces are extrinsically isometric, i.e., they are identical modulo a Euclidean
motion. Therefore, the six orderings of the four edges yield three geometrically dis-
tinct conjugate minimal disks, which, if properly expanded, will be free boundary
minimal surfaces in T'.

5. FREE BOUNDARY MINIMAL ANNULUS

By generalizing Smyth’s method to a translationally periodic solution of the
periodic Plateau problem, we will construct four free boundary minimal annuli in
a tetrahedron.

Theorem 5.1. Let T be a tetrahedron with faces Fi, Fa, F3, Fy in R? and let m; be
the orthogonal projection onto the plane P; containing F;,i =1,2,3,4.

(a) If every dihedral angle of T is < 90°, there exist four free boundary minimal
annult Ay, As, Az, Ay inT.

(b) If at least one dihedral angle of T is > 90°, there exist four minimal annuli
Ay, A, Az, Ay which are perpendicular to U‘;:le along 0A;. Part of A;
may lie outside T if a dihedral angle is nearer to 180°. (See Figure 5, right.)
Near 0A;, however, A; lies in the same side of P; as T does. Moreover,
0A; equals T} UT?, where T'} is a closed convex curve in P; and T'? is a
closed, piecewise planar curve in P; U Py U P, with {i,j,k,1} = {1,2,3,4}.

(c) If the three dihedral angles along OF; are < 90°, then A; lies inside T. T'}
is a closed convex curve in F; and T'? is a closed, piecewise planar curve in
OT \ F;. (See Figure 5, left.)

(d) Each planar curve in T? is convex and is perpendicular to the lines contain-
ing the edges of T at its endpoints.

(e) A; is an embedded graph over m;(A;).
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Ay CT Ay notfullyinside T
Dihedral angles along 9F; < 90° Adihedral angle > 90°

Figure 5.

Proof. Asin the preceding section, v; denotes the outward unit normal to F;. Again,
there are positive constants ¢; = Area(F;) such that c1v1 + cove + c3vg + cqvy = 0.
Assume that vy is parallel to the x3-axis so that Fy is contained in the z;zs-plane.
Denote the z1x2-plane by P, and recall that 7w, denotes the orthogonal projection
onto Py. Since
ma(civr) + ma(cava) + ma(esvs) = 0,

ma(c1v1), ma(cava), ma(csvs) determine the boundary of a triangle Ay C Py, that is,
ma(civ;) is the ith oriented edge of Ay, i = 1,2,3. m4(c;v;) is perpendicular to the
boundary edge F; N Fy of Fy. Also m4(c;v;) is perpendicular to the corresponding
edge of J(Ay), where J denotes the counterclockwise 90° rotation on Py. Therefore
Ay is similar to Fy.

Choose a point ¢ from the interior Ay of Ay and let 7q be the vertical line
segment starting from ¢ and corresponding to (i.e., having the same length and
direction as) —c4vy. Let 41 be a connected piecewise linear open curve starting from
a vertex of Ay that is the starting point of the oriented edge m4(c111) such that 7, is
the union of the three oriented line segments corresponding to the ordered vectors
c1v1, Cava, csv3. Then ma(71) = 0A4. Also the endpoints of 41 and 7, are in Ay
and in its parallel translate. One can extend 7, U#; into a complete translationally
periodic curve I'y := v, U~y such that 4, U#1, 74,71 become fundamental pieces of
Iy, vg, 711, respectively. By Theorem 2.2 and Theorem 3.1, there uniquely exists a
simply connected minimal surface ¥, spanning I';. ¥, has the same translational
periodicity as I'; does. (See Figure 6.)

Figure 6. Construction procedure

Let X7 be the conjugate minimal surface of ¥; and denote by Y = X o Xq_1
the local isometry from X, to ¥7. By Smyth’s arguments in the preceding section,
we see that the image Y;]*(ciui) of the edge c;v; is in a plane parallel to the face Fj.
More precisely, Y/ (civ;) lies in the plane {y} = df}, where Vy; = ¢;v;. However,
Y, (%) is not closed in general because Y," may have nonzero period along 7,. But
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note that by Cauchy-Riemann the period of Y* along Y,*(7,) equals the flux of ¥,
along 7,. Therefore, to make X7 a well-defined compact minimal annulus, we need
to find a suitable point ¢ in A4 for which the flux of ¥, along 7, becomes the zero
vector. Note here that the flux of ¥, along 7, vanishes if and only if the flux of ¥,
along 7, does.

Let n(p) be the inward unit conormal to ¥, on ¥, at p € 4, and define

flag) = /p@q n(p).

Then f(q) is the flux of ¥, along ¥, and f is a map from the interior A4 to the
set N of vectors parallel to the plane Py;. f is a smooth map and can be extended
continuously to the closed triangle A4. Let Ay X R be the vertical prism over Ay.
Obviously X, lies inside Ay x R. Since 47 winds around ¥, once, so does n(p) as p
moves along 7,. But as g approaches a point § € 0A4, I'; converges to a complete
translationally periodic curve I'y := 3 U~y; of which /53 U#,; is a fundamental piece.
Let 7 be the translation defined by 7(p) = p — cava, p € R3. Since 75 intersects 71,
I'; is a periodic union of Jordan curves, or more precisely, I'y = U,,7"(714), where
14 is a Jordan curve which is a subset of (35U %1) U 7T(7; U ¥1). 714 consists of
five (or four if 74 passes through a vertex of 1) line segments. It is known that
the total curvature of ;5 equals the length of its tangent indicatrix T15. 714 is
comprised of (i) a geodesic triangle and a geodesic with multiplicity 2 in case y14
consists of five line segments or (ii) four geodesics connecting the four points in S?
that correspond to v1, 1o, v3, 4. Since the length of a geodesic triangle is less than
2m and the length of a geodesic is less than m, the total length of T35 is smaller
than 47 in either case. Thus by [4] there exists a unique minimal disk spanning 14
. We can easily extend the proof of Theorem 3.1 (¢) to the limiting case where
intersects 49. So we can see that 14 bounds a unique minimal surface f]q C Ay xR
regardless of its topology. As ¢ — ¢ € 0A4, a fundamental region of ¥, converges
to iq. Hence, by continuity of the extended map f : Ay — N, f(q) converges to
f(@) = fpe% n(p) which is the flux of 3; along 5; C dA4 x R. Therefore, as n(p)

points into the interior of A4 at any p € 75, f(¢) is a nonzero horizontal vector
pointing toward the interior of Ay. }
Now, we are ready to show a point ¢ in the interior A4 at which the flux f(q)
vanishes. Suppose f(g) # 0 for all ¢ € A, and define a map f : Ay — S! by
; fla)

f(fJ):m-

Then f is continuous and f ‘ oA, has winding number 1 because the nonzero hor-

izontal vector f(§) points toward the interior Ay at any § € dA,. But this is a
contradiction since the induced homomorphism f, : 71 (A4) — 71 (S') must then be
surjective. Therefore there should exist ¢; € Ay, and a minimal surface Y, which
has zero flux f(q4) = 0 along 7,,. Thus the conjugate surface X7 is a well-defined
minimal annulus. (See Figure 6.)

It remains to show that a homothetic expansion of X7 is in 7" and perpendicular
to 0T along its boundary. According to the arguments of Smyth’s theorem, there
exist constants dj, d3, d3, dj such that the curve Y (¢;v;) is in the plane {y; = d; }
and X7 is perpendicular to that plane along Y" (¢;v;). Moreover, the outward unit
conormal to Y,! (¢;v;) on ¥y is v; and hence near Y, (c;v;), X7, lies in the same side
of the plane {y; = d}} as 7" does. Remember that the four planes U} {y; = d;}

enclose the tetrahedron 7' and U} ;{y; = d}} enclose the tetrahedron 7. Since
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yi = blxy + bixe + bixs and yf = blat + b2ajy + bias, T’ is similar to T. As vy is
assumed to be parallel to the x3 axis, y; = bjz3.

Obviously a homothetic expansion of 3.7 will give a minimal annulus A4 which is
perpendicular to U}, {y; = d;} along 9A,. Working with a new plane P; containing
F;,5 =1,2,3, instead of F; and using the triangles A; C P;, obtained from the
relation for the projection 7; into P;:

4
(Z W(CiVi)> —mi(cjv;) =0, j=1,20r 3,
i=1
one can similarly find minimal annuli Ay, A3, A3 which are homothetic expansions
of EZ;- for some ¢; € A, j =1,2,3. This proves (b) except for the convexity of the
closed curve.

Let’s denote by F the face of 7", similar to the face Fj of T, j = 1,2,3,4. Is
it true that 9X7 C 9T'?7 Here we have to be careful because Y (7,,) and Y (1)
are disconnected. (Notice that 9X* is connected in Smyth’s case.) Consequently,
for j =4, Y/ (71) is not necessarily a subset of 97"\ {y} = dj} and it may intersect
the plane {y; = d}}(= {«§ = 0}) as in Figure 5, right. To get some information
about the location of 9% , let’s first assume that (d) and (e) are true. Since near
Y (civi),i=1,2,3, X7 lies in the same side of the plane {y; = d;} as T" does and
since Y,! (¢;v;) are convex and are perpendicular on their endpoints to the three lines
containing the edges Fy N F}, F} N F4, F; N FY, respectively, one can conclude that
(i) Y, (91) lies in the tangent cone T'Cy, (OT") of 91" at pj, the vertex of T” opposite
Fy. As ¥ is a graph over m4(X7,), (ii) Y, (Yq,) is surrounded by my (Y, (51)) in
the plane {y} = d}}.

Now let’s prove a lemma, which is more general than (c). If the dihedral angles
along OF, are < 90°, the unit normals v, 15, 3 are pointing upward and 7; goes
upward. So one can consider the following generalization.

Lemma 5.2. Let ' = ygU~y; be a translationally periodic curve and o the x3-axis.
Assume that Xr is a translationally periodic Plateau solution spanning I'. If x3 is
a nondecreasing function on 1, then the boundary component of ¥}, corresponding
to yo is in the xix5-plane and X1 is on and above the xjx5-plane.

Proof. ¥r has no horizontal tangent plane T, Xr at any interior point p € ¥r. This
can be verified as follows. Every horizontal plane {x3 = h} intersects I either at two
points only or at infinitely many points (the second case occurs when {z3 = h} Ny
is a curve of positive length). If T,Xr = {z3 = h}, then {3 = h} N Xr is the set
of at least four curves emanating from p. But then three of them intersect -1, and
hence there exists a domain D C X with 0D C {x3 = h}, which contradicts the
maximum principle. Hence {x5 = h} is transversal to Xr for every h and therefore
x% is an increasing function on every horizontal section {z5 = h}NXr. Since 25 =0
on vp, £3 must be nonnegative on Xf. O

If the dihedral angles along 0Fy are < 90°, then by the above lemma Y* (1) C
OT' \ Fj. By (e), which will be proved independently, Y, (7,,) is surrounded by
74(Y,: (1)) and hence Y,! (7,,) lies inside F. This proves (c) (except for convexity)
and (a) as well.

We now derive the convexity of 0¥ as follows. Henceforth, our proof will
be independent of (a), (b), and (c). It should be mentioned that ¥} has been
constructed independently of (d) and (e). Let @ be a vertical half plane emanating
from #,,, that is, 0Q D 74,. Then N4, is a single point unless ¢ contains the two
boundary points of 4;. Let ¢ be a point of ,, which is the end point of QN(3g, \ 4, )-
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Here we claim that in a neighborhood U of ¢, C :=UNQ N (X, \ 7,4, ) is a single
curve emanating from ¢. If not, UNQN(X,, \ 74,) is the union of at least two curves
C1,Cy, ... emanating from g. These curves can be extended up to ¥4, U%1. In case
QNoy, =0, QN4 is a single point, then only one of Cy, Cs, .. ., say Cy, can reach
the point QN7¥; and Cy can only reach 7,,. Since 34, is simply connected, Cs and 7,
bound a domain D C ¥,, with 0D C (. This contradicts the maximum principle.
In case @ intersects 74; at its boundary points pi, ps, there exist two curves, say
C1,Cy C @ N X, emanating from ¢, such that p; € C; and p» € Co. Remember
that ¥4, U1 is a fundamental piece of Iy, which is translationally periodic under
the vertical translation 7 by —c4v4. Hence 7(p1) = p2 and therefore the two distinct
curves 7(C1),Cy C Q NXE,, emanate from pp. But this is not possible since in a
neighborhood of p2, Q N3, is a single curve emanating from p,. Hence, the claim
follows.

Note that logg = iargg on the straight line ~,, containing 7,, because |g| =1
there. If (d/dxs)argg = 0 at a point ¢ € v, (z3: the parameter of vy, ), then for
the vertical half plane Q) tangent to X, at ¢, QN (X4, \ ¥g,) Will be the union of at
least two curves emanating from ¢, contradicting the claim. Hence g’ # 0 on ~,,.
Therefore g" # 0 on 37 N {y; = di} = Y/ (74,) as well and so X7 N {y; = dj}
is convex. Similarly, let @; be a half plane emanating from the line segment L
in 41 corresponding to c¢;v;, j = 1,2,3. Being nonvertical, (); intersects ,, only
at one point. Hence Q; N (Xq, \ L) is a single curve joining a point p € L to
Qj Ng, and p is a tangent point of @); and X,,. If we rotate Xy, in such a way
that |g| = 1 on L, we can conclude ¢’(p) # 0 in the same way as above, as long
as p is an interior point of L. On the other hand, ¢’ = 0 at the boundary of L
because the interior angle at the boundary of L is < w. Note that any interior
point of L can be a tangent point of @; and X,, for some (); emanating from L
and that (), intersects v, at one point only. Therefore ¢’ # 0 in the interior of
L C %, and hence g’ # 0 in the interior of ¥} N {y; = dj} = Y*(L). Thus
35, N{y; = d;} is convex, j = 1,2,3. Since X7 is perpendicular to {y; = d;} and
to {yf =di}at p=%; N{yf =di}n{y; =d;},1 <i#j <3, s0is IX;, to the
edge {y; = d;} N{y; = d}} at p. This proves (d).

Remark that @M%, being a single point is the key to the convexity of X7 N{y; =
d}}. Therefore, one can easily prove the following generalization, which is dual to
Lemma 5.2.

Lemma 5.3. Let ' = yg U~y be a translationally periodic curve and o the x3-azis.
Assume that X is a translationally periodic Plateau solution spanning I' and that
its conjugate surface X} is a well-defined minimal annulus. If a fundamental piece
71 of v1 has a one-to-one projection into the x1x2-plane {xs = 0}, then the closed
curve XF N {zh = 0} is convex.

Finally, let’s prove (e). Theorem 3.1 (b) implies that 3, \ 7,, is a graph over
T4(Xq, \Vq.). The two boundary curves 8flq4 \ (7, Um) are the parallel translates of
one another. Therefore ¥, is embedded. Now, we are going to use Krust’s argument
(see Section 3.3 of [1]) to prove that X7 is also a graph. Let X = (z1,z2,73)
be the immersion of [0,a] x [0, 8] into ¥,, and X* = (z7, x5, 23) the immersion:
[0,a] x [0, 8] — ¥} . We can write the orthogonal projections of X and X* into the
horizontal plane as, respectively

w(z) :=x1(2) +ixa(2), w*(2) = 2](2) +ix3(2), z=2x + 1y, (x,y) € [0,a] x [0, 5].

Then w is a map from [0, a] x [0, 8] onto the triangle A4. Given two distinct points
21,22 € (0,a] x (0, 8], we have w(z1) # w(z2) because X ((0,a] x (0,4]) is a graph
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over Ay \ {qs}. Let £:]0,1] — A4 be the line segment connecting p; := w(z1) to
P2 := w(z) with constant speed, that is, £(0) = py, £(1) = py and |£(t)| = |p2 — p1|
for all t € [0,1].

(1) Choosing a fundamental region i?q4 of ¥, suitably, we may suppose ¢ is
disjoint from 7(9%,,). Then there is a smooth curve ¢ : [0,1] — (0, a] x (0, 28] such
that £(t) = w(c(t)). Clearly |¢(¢)] > 0 for all 0 < ¢ < 1. Let g : [0,a] x R = C be
the Gauss map of ¥,,. Krust showed that the inner product W of the two vectors
p2 — p1 and i(w*(z2) — w*(21)) of R? is written as

W= = proiCu (o) () = [ 4160 (latet)P - s ) .

Since X4, \ g, is a multi-graph, we have |g| > 1 on (0,a] x R. Hence W > 0 and
therefore w*(z1) # w*(z2).

(2) Suppose ¢ intersects 7(9%,,) at the point gs. Then ¢ is piecewise smooth
and there exist 0 < dy < d2 < 1 such that ¢4 ¢ w(c([0,d1))) U w(c((dz, 1])),
w(c([d1,dz])) = {qa}, and |¢(¢)| > 0 for ¢ € [0,d1) U (da, 1]. Clearly

lg(c(¥))] =1 for t € [d1,da], |g(c(t))| > 1 fort e [0,d1)U (de,1].

W= (/ +/> 160 (late)? = i ) e 0
2

and so w*(z1) # w*(22).

Thus we can conclude that X*((0,a] x (0,53)) is a graph over the xjz5-plane.
Since X*([0,a] x {0}) coincides with X*([0,a] x {8}), X*((0,a] x [0, 8]) = 5}, \ 74
is also a graph over its projection into the zjz3-plane. This proves (e). (Il

Hence

6. PYRAMID

It has been possible to construct free boundary minimal annuli in a tetrahedron
T because T is the simplest polyhedron in R3. Generally, one cannot find a free
boundary minimal annulus in a polyhedron like a quadrilateral pyramid. However,
if P, is a regular or a rhombic pyramid, we can show that P, has a free boundary
minimal annulus. As a result, we can also show that there exists a genus zero free
boundary minimal surfaces in every Platonic solid.

Theorem 6.1. Let Py be a right pyramid whose base B is a reqular n-gon. Then,
there exists a free boundary minimal annulus A in Py, which is a graph over B. A is
invariant under the rotation by 27 /n about the line through the apex and the center
of B. One component of A is convex and closed in B, and the other is convex in
each remaining face of P,.

Proof. Let F1,..., F, bethe faces of P, other than the base B. Denote by vy, 1, ..., v,
the outward unit normals to B, F1, ..., F},, respectively. Then, there exists a unique
positive constant ¢ such that

cvg+vy+ -+, =0.

Assume that B lies in the x1x9-plane with center at the origin. Let 7y be a vertical
line segment of length ¢ on the x3-axis and let 41 be a connected piecewise linear
curve determined by vy, ..., v, (ie., v; is the i-th oriented line segment of ;) such
that the projection 7(71) of 4, onto the xjxzo-plane is a regular n-gon centered at
the origin. Moreover, let’s assume that the two endpoints of 4y and #4; have the
same x3-coordinates: 0 and c. 4U%; determines a complete helically periodic curve
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T" of which 4y U%; is a fundamental piece. T is translationally periodic as well. Then
Theorem 2.2 guarantees a translationally periodic minimal surface ¥ spanning I.
Define the screw motion o by

2 2
o(rcosf,rsinf, xs) = (rcos(@ + %),rsin(& + %),I?, + rcz) .

Obviously X is invariant under ¢”. The point is that ¥ is invariant under o as well.
This is because by Theorem 3.1 the periodic Plateau solution spanning I' uniquely
exists and o(3) also spans I'. So evenly divide 7 into n line segments ¢, ..., 74
such that

1 k
Yo ={p€o: c<ay(p) < ~c}, k=1....n.

Similarly, set

sh={pex:

k
c<uas(p)<—c}, k=1,...,n.
n

It is clear that
oc(3E) =6, o(ZF) =2 k=1,...,n—1, and o(X") = o"(X}).
Denote by f,(X) the flux of ¥ along v C 0%, that is,

() = / )

where n(p) is the inward unit conormal to v on ¥ at p € . Clearly
n
fon(@(2) = o(f,(2)) and f5,(£) =Y fx(5F).
k=1

Hence

M=

o(f5(2) = o(f5(EF) = Y fosy(@(=5))
k=1

3 >
|l
_

= 3 L ) o (0™ (21)

~
Il
—

I
NE

fﬁ(’f (Ek) = f’?o (E)

>
Il
—

But o(f5,(X)) = f5,(X) holds only when f5,(X) = 0. In this case f5,(X) also
vanishes. Therefore ¥* is a well-defined minimal annulus.

We now show that ¥* is in P, with free boundary. Choose a point p € X* with
coordinates

X(p) = (:Cl(p)a :CQ(p)? $3(p))
Denote by X*(p) the point of ¥¥* corresponding to p € X,

X*(p) = (#1(p), x5(p), x3(p))-
The coordinates of o(p) are

X(o0) = (@) ( G e ) w4 ), a2

—sina  cosa

Then
X)) = (@ehase): (50 e ) g o)

—sina  cos«
= oo(X"(p)),
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where og is the rotation in R? defined by
2 2
oo(rcosf,rsinf, x3) = <r cos(f + —W), rsin(f + I), o:3> .
n n

Hence
(6.1) (B = 6o (2F), k=1,...,n
and so
00(8*) = oo(ZU-- U™ = U US™ U oo (B™)
Y*U---UT™UoR(E) = BN

Therefore £* is invariant under the rotation og. We know that the curve X*(v;)
is in the plane {y; = dj} orthogonal to Vyi = 11 and ¥* is perpendicular to that
plane along X*(v1). Therefore (6.1) implies that ¥* is a free boundary minimal
surface in the pyramid P, bounded by a plane perpendicular to v,,+1 and by the
n planes U, (09)*({y} = d}}). P, is similar to P, and a homothetic expansion A
of ¥* is a free boundary minimal annulus in P,. By the same argument as in the
proof of Theorem 5.1 we see that A is a graph over B and JA is convex on each

face of P,. O

Corollary 6.2. Every Platonic solid with regular n-gon faces contains an embedded,
genus zero, free boundary minimal surface.

Proof. Given a Platonic solid Ps, let p be its center and F one of its faces. Then
the cone from p over F' is a right pyramid with a regular n-gon base, and hence P;
is tessellated into congruent pyramids. Each pyramid contains an embedded free
boundary minimal annulus by Theorem 6.1. The union of all those minimal annuli
in the congruent pyramids of the tessellation is the analytic continuation of each
minimal annulus into an embedded, genus zero, free boundary minimal surface 3
in Ps. |

Figure 7. Five types of free boundary minimal surfaces in every Platonic solid

Remark 6.3. a) There are four more types of embedded, genus zero, free bound-
ary minimal surfaces o, Y3, ¥4, Y5 in every Platonic solid. This fact results from
various ways of tessellating its face into triangles. (See Figure 7.)
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b) If P. is a right pyramid with rhombic base B, there exists a free boundary
minimal annulus A in P, which is a graph over B.

We would like to conclude our paper by proposing the following interesting prob-

lems.

Problems.

(1)

(2)

(1]
2]
(3]
(4]
(5]
[6]
[7]

(8]

Let I' be a Jordan curve in R® bounding a minimal disk . If the total
curvature of I' is < 47, we know that ¥ is unique [4]. Show that ¥* is the
unique minimal disk spanning 93*.

Assume that I' € R® is a Jordan curve with total curvature < 4m. It is
proved that any minimal surface ¥ spanning I' is embedded [2]. If ¥ is
simply connected, show that ¥* is also embedded.

Let T" be a complete translationally (or helically) periodic curve with a
fundamental piece 5. Assume that a translationally(or helically) periodic
minimal surface X spans I'. What is the maximum total curvature of %
that guarantees the uniqueness of X7 What about the embeddedness of
Sr?
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