vy
5 fds <y = (§p Kdo <8, Assume hvy has 3 eritical peints.= 3 fwe minima.

= {[Kde- 78 o'F hv,
Onlb two criti cal post = maximum at 48, minimum at «(.)

Planes perpendicular to Vo amd between 4(51) and (52 intersect C in
exactly fwo points, el

" Can connect these pairs by line seqments.
disk

5 Cis unknotted .

* Amj knot has a 1uaa\risecqht,

four times (Pannwl‘}‘i 1923) .
Project C ont» Po quac{rlsecan-t- > '(P i frds <_f teds
I’DJ
olfernating ( Denne | zoo4)

¥ Fary’s proof. g fds = Averade (tofal curvatures of projections of C on
all [ahes Jh IR3) 34? new Pmd{ of Fenchels +theorem
fe MS- L [ ltlprejcds de 7 4 &
Given a knotted curve C and jts ovfﬁ.ogonaf profection onto a plane Tl

theve exists a Pomt P €T such that any rouj e_mmnaﬁng from p infersefs

the }oko)ecfeo( curve jn at |east twe poinfs. b

: c :
¥ M{Snor's proch Glven a knot, for qnlj vec:for V' there exists a plane T

Perpewd{culak to v which intersects Cat Jeact 4 points.
S fds = 1. Ave’mﬁa(#(ch‘i‘lm’ Palh'}'s of hy(9) = (9, 1)?))

O, s
& Milnor aleo showed +hat +heve exists a plane
which intersects C in af least six poirs.

% The CW‘H'Dh formula,
Ce—> C2

Geg
obuE AR SO 4—2’ 5 B.
Bt measure = Area {p,: YeBY.
. Length(C)= 4. Area (B()) , a: constant,
C CHHL S B(C) =S with mulﬁplfcntj 2.
L2 =a 24w, A=+ Yoi ¥5 B3R 2ze vand

“P BCC) H(P) dv = 4 Length( C)  B(C): C 3 twe vy

o, Crefton -Formufa : "Sj_zﬂ o AR
n(p)=Y, 2k, C PLuE Thel 4%
b2 B2210% 7.5 ool

coww‘h‘ndj liT*.P“C"-[H :
l/ec. P> p2 2iue Soe
c 2le| = Bel measure: ?
Gek e agBS

What is a €

&
Py: YA 533

o 2.

&9

a S’l'i"afgh‘i‘ ling which infersects Yhe. knot

o rIU\fﬂJ

iz

&)
Another proof of Fary-Milnor Sup pose S&As < YTt
C: Fangent indicarrix of C. H{ npdde = Leng‘rk(f_) = { hds<yn
. fverage of n(p) <4 on §7 L BpeBt 5. nlp) €3,
9,9, 1z< anEé 3 TI;, i—,is < C s.t.their tangent vectors at C // the
plane wnfafn?nj ¥y, h(s)=<P,%(s)>, the height of %(s) relative +oThe
plane , has +hree critical points. » 3 Zjeu 3|4, vd23] 5

C Is net wnTamei In ét‘ng Djoen J’lemrs}okeke
S tds 2 on

Ahoﬂqer proo{: 2 Féhc{ﬂﬁ! :
L nlp) 72, Vpe S©
. el Saw{% n=o2 ¢
Jo/u
ERHBE’% S (%FI—‘?%Q’) fSoperl-maTl"l.c ProloJem
2x3E Seled 341_5 >k 2 Yhol2 Souuk e

The qreat circle is the anfg cune
[

C
sjmme-rmc @‘”

dual [oro!: em: %215k LlolZ g a'fﬂf—-'z_: 247 2 pp3k Ao He T
“TA L L "= R oA
*s-te,mﬂ.r (reea PR R G012k 2E2. 2y
2 Gho|

"Jc/ohve)c hul

s‘dmmefrfc
Pirichlet
Weletstrass © o2l 21i>[, 713F 2 Yoled o] Zakdts goojop
" Aho\)j‘ﬂc PFM"F Jl dxdy : @reen; tHheorem ‘(Pabw@atj

/_

S (2% (22 dt |

t:zxs,

A——fﬂf"%-~ iéa(t
A T e - e - £

T 1E %A-zrj”a[( )+(;r)+-’-tl;r]alt

= o (T (et 2m [T (G - 9] 4t 7o, why ?

'BF 26,
~5% M)a(xctu

l—ﬁfﬂh\ck(.wl*’"h”gff’ PommrE) I‘F Y(t) (s & Smooth 'FumC‘hOn with aﬂenaa{
s bnd [Futrar <o, hen §5(22V0¢ 2 [yt
with eﬂ“al'ﬂ if and 0“";( i Y= acost +bsint
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(%) £ (S:S: rededs )™ ( S: (™ s(nzsASAs)ég (24 L.)Z(%L)‘% AL LY

@
[2) _ & L n We
vF) f(6)= f‘z_l (G4 cos b by sin £6) ) ﬂ»v,:%ffh{(a)c.osm%(@,Lh:ﬁf{&)ﬂ"‘“&'{& Vume (Ue) > ([Volume(b()]n-k [Volum(Br)T{'—) @

Parseval < Sor £ 248 =7 Z (ag+b)). = (V™4 L_wnr".]"‘;)n 2 Vs nV o
7‘(6")“Z (~tae sinh6 T4 bpcosfet) | Bessel - T Z L (0 vbl) € f (f%"* W F( Volume (Ur) = VY 2 nwF , LHs=A,
L (-f)"{e-ga +496 2 “_2-—(&_—-0((1 byt ) 20

n=tooo f: acoc +bsin® I £ ammol/fs Iaroa'JC; ‘.ﬂ,o} i@’(}-"o}‘

BE Dotk % YoiZ 2%t 4
Area{ x<al = Arealx =y} hd
Lengthix=a, y2b}-da= Lengthix=y, y<2h-df; > ¢EGeik

¥ Knothe's ].aroo-ﬁ A2 —Lf r(e) e
2XA-= j'LJ‘ k(; ) SmGalsJ& = (%)

nTenge on CxCx[o,x]xLo,7]: | DWW : Jacobian matrix of Vs q,’ower ‘Manﬂular ("g_q;‘
5 [ {d g (X (risinga-r25n8))°d0,d0,ds, ds. = > (det DY )E= %2}‘_@ _2Xf+’a‘4’a L/ o
= 2V( g j j rtSin® 62 ds, 46,46, ds. 2_( j/( S Py Sin6 rySing,d6, 6, dsds, + . 2 £ dw Vip):= q’(f’)/l clz|elg > Vi vechr fell on DV LH)lPa)
= lf-ﬁgﬁg .{C Sin 3145|0‘9’zd_&- 2 (5 .,( Y| Sin b 6/9 ds >2__- 21t (L—-‘}-K'A>_ 2AY€G(_D> (_S\S\ WV SB)L\/ Yl) ”{ 2D 9 E_lgf IEBA:]._ Hi,!f-f
4rA= LT V) Sz ~ra5in8 =0 .. For Si=5.%°, 0.=% we have Wola Hotid [VIE (L L 2ag v L £VAL o 4mALL?
L] (0, 8,)= Vz(ﬂ,%);fngl S e circle with Ay eumeter V‘Z(O/%. ' ”_—“{:#

A .
¥ 2xHH SEBE4 - V=Velume (U) | A= Arealatt) U< R”, 0 ¥ Minimal Surfaces 25207

782 BT FF 5 Hlloiof 2 fAF 2k2 1.9 % ] K=0 : p/qhe , ey linder, cone
n'w, \/HA /4“ n = VU{JW(M5+ bﬂ”). 3471"/25/‘]3-' MCR3 H=0 : minimal svfr‘pace : |oca”j area minlmmﬂj h
S’i’emws §5mm€TH~2a"}‘{Dn calwlws o‘F variathons m-fmrf-p_ d;m@ﬂgona{ al,eru/q-f-”/e

Qi 30cth) ~T01)
3 Vﬂeume(u) jg =3) = Vefume (UL) | M2 minimal grapk In TR 2=F(x,Y) h-)o h
Am(m - {, [EEa + S (W & Aveat (graph (£)) =[5 [TFIeF dpdy , |v61% (%9*( |
Wﬁ% Area (2 U ) | “J variation 1 (X, %) fth(x Y) , h=0 on 2D, g
SR 2 ) Eed | f*bt,q)"// , A®)= Area (graph(§%)
Qo2k 2k% ’:f,f: ?g?_go).é 2trowd SUE Lol tia)l Lg oy .0 JLE ball o2t _5 \fhﬁ[v{+tvhl 0(.)(0{3
{ee

°[2L F21HZ0%0]| o, 10 - 2 95 o symm'f‘rlza‘hond uL - ball as (o0 A(Jc)i-t— *SS Ch, V§-> SSJ/W Axdy =o

| ! W@& Tfere

% Brunn — Minkowski {n.o,qvia’ H’ﬂ-‘ Aiué:l= {x+y: xeA yeBY , ABcR . % (ﬂxf%:lﬁ—"v—fx) i %)Tj (?P%Wﬂ’) :O, = <H--F5 Dfn 281 ~F13+ (H )-](5_‘1 =0
[VOW’“G(M’B)]# ? [W&MCA )]Jﬁ + L Voluma (B)]_h . the minimal surface equation 2 (1t )z
Br: ball of vadius v in R”  Ur=U+B, A’r [ ] :Q | smrh(ﬂ s a minimal surface & Ale)=o for all variations fixing its
=™ e A2k BE w%%. B=tAtr - " is critieal wrt area bouha(ary



IM #6) pour ¢
Po2l2 g, 12,13 14
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Theorem Tf £¢,Y) sotisfiec the minimal curface ecluq’)'foh in D and if Ft= F++th ((X(u, N>t v, Nud) + 2 ( h%Nu No> +h ey hy)
fis continuous on D, then  Area(groph()) < Area(graph(F)) For any GE= Gt th 200, N> + £ h™Now N>+ huh,)
fomction $4,Y) in D having the same values as F(x,4) on 2D, (Hu, Nu>=~€  CHuNo> = Hor Nu> = —F, (v, Ny>= =9

)

H=LEa=2fF +ae . Etat- (FO)*= Eg- F - 2th (Eg-2Ff+Ge)+R
b) Tnthe domain DXRER? consider the umit vector field V(xg2) EG-F* = (Eq-F*)(l~4thH)+R, R:tef2,3 ¢ardts

v = w( fa "'F"i ’) W= iz 'ch S v: umwt normad o 3raph(§0 o Al )= Area (XE) = ﬁ [etet _,U:‘t diged f‘g ([ u4thH +R miuc{v
v, 20 i (Vs t ('UQH = ws[(ﬁ"ﬁi ) fax +CiT‘Fq )f.ﬁ Z‘E‘x‘e,j-pw:-], { H{o)‘* wﬁs 2hHde i H" ‘VArecL H.‘ HN . R R/(EG-F*)
Cdivvz=0 i DxR | S:= graph(£), S=gmph(f) > S-S =24 v hH =¢hN, HA'S
4 open set in PXR. W % minimad surface, soap film, Plateaw , Douglas -Rads

0= 3805 divy daedgds = {{s_gtr, N> do, Wimnitnomal o £T=2 0k yiuwy, wve Tsothermal I L K> = Koo, Yo and (Ka oy =0, )
= 1 0 B, J’_P___«'_

Area(8)= SS(V NYdoe = jgu CU,N >de < SJE/U(@--— AVQQCS_) 7%

PQ.PDSHI-OV’ X (u,v): isothermal . Xuu +Myy = 2)*H ' Aa=<xfu,>§’a7 '-"/\X(\J)X\;}

p) SR LB, Hie = v j B> = LW B> 5 LRt S, Hi D=0
9/)“) }——ﬂ | %C*)% {Hoow, Xv? =< Xyv, Xu>= =< Y, Xv Y ' {Huut )ﬁuv) Xy ) =0
L Otkeq, \ S 3 W 7 Wow AN X(u,v): isothermal = H= '_%_:’__—)\%
4 i s 2AH=etr g = AN, Y FXw > My + Yw =2A%H.
* Pla’]'eo\u Fro(olem (1847)

Given a Jordan curve ' Tn IR” Lid o surface of [east area ¥ K(u,v) is minimal. €2 HszoO
among all surfaces with [ as boundary ¢

Pouglas, Rads ([931)
@ Tﬂe ng‘enbld

X 144, Euler showed that the vefation of catenary is a wninimal surface.

860 . Bonnef proveo( that the cafenod is the on[ﬂ minimal surface ot
s vevolution.

2=f(x) . retate avound the X-axis = (z4¢ = T

A’(o)*:—o) Yvariations of X & XY 2 oare harmonic on X.

¥ Dirichlet pmbjem c 7 $x,4)=9 en 2D

Find a minimal surface 2=4¢x,4) SO\‘f('Sﬁ_jfng the
boundary condition.

Rado (1929 : The Dirjchlet Pro(ofem s solvable for all ¥ € c?(@D) £ D

IS convex. (&?F ~G . MEE \('FZ—’jL. Hoy e £ 4 iy s T
D = ! \I 2_ya
‘ Bl (Fege £y
(P. 197~ 204, do Carmo) . _ Ik N b g —RF
X Par‘amej’l’ic. surfaces @ X (u,v) . X (u, v):)’((u.b)ﬁ-th(u,*@ﬂf{%@_ Euy = 'rfijz’ 3 s By = Ee % 7 2yy = 3
X6 = Zu +thNu+ thN,  XE= X, 4 thy, +thoN - -4

(Hzl)z PR B R ) Bim
LEE = B othe 28 %, Nuy +14E NNy + h2) 57 Bxx = 2y Exg + (11207) 2y,

“



, q D @

= ﬁ:j: IR AR S L I SRV LR AT SRS AE CR=ReSL (-9 de, 4=Re I3 EINd2 | 2 = RefFgdn
= s (F-y>) & {5~ ’-__r)“o A }’ialamﬂl’}?l’)fc_} 9: meromorphic We(erﬁm” reFreseng_;"::/a
(‘Pr" '5'2 D= S oflfli=0 o $$-fF =0 |
(_f;’c’_)’: $f 4" 5 v 3= eomst o f=comhx o) M=c, 92)=-e%, f=—¢e*  Cotenid
B i ¢ = pnkz  fo= “Acohz | Pi=|
F= swhn cannct be a solytion because £F"—F'°=). e RLSW% dz = cosv. cobu oty W Ref-iconhz dz = Re (=i andz)
SORUV) = Ceovhu cos v, coshusiav, u) : = Siwv. cohu 2___&!42:”
¥ heljcoid © x(uv) = (pnhu cosv  sinhusinv, v) x bz = covhucosv + Ammhusiny  aihz = ammhucesy icschusiny
Meusnier constructed in 177%  Cotalan showed [t isthe onf!j vuled
minimal surface in 1342 o) Helicoid : M=C, 9G)=—ie?, f=€72
L line in the helicoid S . C: rotation of R about L by 186° R, = coohZ, §,= -4 pinh2 | Py= i
= b is an Isometry . Let _lq(m be the mean Ourva‘l‘ura vector X =cosvpmhu, Y = Siny by, 2 = v
of S af ﬂaeﬁ Since £, is an isometry of R? F,Q(H(P)) s
also the mean c,qrvo\‘l‘ure vector f f(S) at Pp). But %) Ennepers surface : M=C  9(zd=2, f(zy=)
C(SY=5 and £,(p)=p. Hence H(PHDQ(HLPD and so H(p)=o. | x=Re L (1-20)dz = £ (u~—+uv2) 4=Rej4;;( ;+21)4E=%(,v+1§_u22&
Since ,Qaha, p are o\rloﬁ-mrﬂ H O on the )mzlfr,olci £=Re£ida = Ji(ui %
A
¥ R(u,v):minimal | u,v isothermal & X Y 2 harmonic =>comyloxan4|yﬁc %) Scherk’s surface P M={1zl<1}  9(D)=2, flz)= ;i‘f
F:coc analyric @)= fi(u, v it (uv) | 22 utiv Ku,v) = (-arg 225 : _arq2 ) [iz*‘l Yo B 2;‘?(
& %% (iif ) %="?ai: - Cauchy -Riemann equation
(2= ‘12[(( > ';‘% R CRESE %‘d A :_% , $a2)= %%"’; % ¥ J=T.N T ﬁ'e*’&ojraphfc. Projec-[—iph . N : Gauss mayp.
Lemma 4,V are isothermal if and only P+ P =0. | "’/X) Cos+a’s surface : M"@/L L+ Square (attice generated by [and <
In case U,V are isothermal , A(Uv) is minimal if and onlyif 9, %, ¢ = CA with punc-mres a‘i‘ 0, 2,4 . PE: Weierstrass ¥-Ffunction
are OornP(BK analytic . ’for L. Pay=t + .wze,__{o; ((E__w)z wa) =P, 5:-};%_‘)_
PE) R+ P+ P = Il 1l = 24 L, x> = E-G= 24F. | P/P= 4(P*-a®)P, a= P(E)=-PE), P(ILiy=0p.
Kuuwt ¥yy =0 , Kyv = vy & Cauchy Riemann eguations ﬁarﬁ)%}f’g.*‘ ¥ rf= xry*rat Affh) = hat +2¢40f vh>+fAh AV —?—lef-{-zdvrva
o 3ala1%, 1 BAR08) — 2 Djz4 " Ar = 2XAX +2Y Ay 2242 +2k3?<) @)% (23)5(%) 22)]= z{xu]+ %)
Toal 0= (UAR) (4= ) 4P+ F=f~ip, 3= = | = 42X only locally defined. But j{ Adudv g 3101%15 defined.

R0, Pes s g0, B=fy (TR A

<) SS A dudy = {f a2 dudv = (( 4do = 4 Area(s).



¥ Hoffman - Mecks wjecmre :
e: tlends). There (s no Oomlo,e'l‘e embedded minimal

g: genus,
surface of finite +otal curvature with 9J+2<e.
x S: (@ . @)0 (%, 2%, €P)  o<oc<E

((’_w)z(q),z-{'@z_z-i- ‘P;'):O, ﬂ'{c‘L‘P;.l aqre hofvlmorplll'c = wninimal Surface -
associate min, surf. )Kp(u,v)f-(R&Sem?. d2 R.&few?adz, Refe‘@?sc(z}
A Wjuﬂa‘i’e in. Surt,

E=G= A% = |@,[*+ l‘?z[z—\*[@a\a = \ewﬂla“'{3&9%(3"“(6;&[&(2

L All the associate curfaces are locally cometric minimal surfaces 1o 8.
Ko(u.v) - isometric deformation of € to ite conjugate

surface . Scherk's firet surface - 2nd Suﬂ‘

X0 Az
en) . Cotenoid » Helicoid .

7\4 u,v: ole.‘Finw( g =D S D]Verggnce -!-ﬂwrem -pr "('(D DF‘LC{M&!"L) _?
ArZ= div grd r* j‘_( Ar almah) S,glgmdr‘j'n‘> dL i unit normal
02D | outward . ‘"Sep 2N cl’( ?Tn-' nBkoked CLe (7o Tk YH1RE
X((u V): D=8, c“/tm-Fovma{ ma

an

T to%
N ot wm’r horgen £ S(( D) X preserves i

= Xl =bsl
) ’;fq i, 'aY‘ A S'ab Sx@b) S ds { this van;uibs
. ‘f‘AYea(S) SQ A}’Q'AMA\)'_‘SB 2r =7 ds.

a(a'nﬁ 2Dn 'ab tng .

s )'na(e{aenolen‘f‘ of (u,v)on D amd (u,v’) o 55
i

ard = Vv, N? "Agn ﬂkadienf n R> |orl =1, . Ne'f:x(s) 5
L 20 = cost, (}. amngle befween V¥ amd N. \%&;’4
P= distance ‘vam p. N outward wunit C/pnokma('t‘o’és ¥ T%[ES)

ﬂ\\'as

Y wunit normal 4o Tx(2S) Hhat is closest o T¥

. Ye span iy, Th(28)} $= amgle between Vand vr. P 25 59
¢se%%:w595ws4>~25 4

4 Areals) € o 25y s = ‘J'Are.a.(\o)}i(’bﬁ) ? cospds.
PX2 S : the cone fvom p over 9S ‘Le'éS 7] w Area(S) £ Area (PX28) Y.

Sc ar' ml-hl'hﬂu( 2 A , 7(2.} ce

/

 Partial results:

Ax(n) AN | (dxGde) = JS)O\X&(&QMQ

lmrmoma wrt jsoT‘/JermaJZ aoorohnq-]-e_guv

SIS Area($) < drea (pxas), b <"

This area comparison is obvious for area m'”'"”a'”ﬂ S.
ol 552 2on minimal surface ofl cAZHA1E Ale3ter

A

* Application

A‘(‘z—: L)—AZ

m!.nl.mal sur{ace : gmml(eea( plane 5
4pA <> should alse hold For minimal surfaces in R
and ”':“é—'-} 3 disk in R*,

() Yes, i§ 2 is simply connected. (Carleman ,
Gi) 2Z: connected (Reid, Heiung , 1959)
(i) 2= olau}:fﬂ connected C R (OSSErman‘Schif‘(Er, 1915 )
Civ) 2 ADMH% connected ¢ [R" ( Feinberq, 1971)

(v)#ps) =2, Z< R* ( Li~ Schoen -Yau, [983)
(i) ¥G)=2, ZTcR" (Choe, [990)

(viD) c R® ( Choe-

Con\ied’ure ;

1921

Schoen  20)5)

i Tr;}o]tj connected |

Area(5) & frea (PX23) gives an easy proof of (Da (il).
St area minimizing, #(?S)-‘arl,;fmhj D easy

!I/“

Theorem J ¢ R" Angle, (25) > Vpe2

A“ﬂle (22) := Leng-l’lﬂ ((PZK?Z) nS ) Lenﬂfh(\mo({a} prtyec‘['}on of

e or\SU\)
& GO

Aﬂgle ? 9
Angleq ()= Length(p(C) p\

* Mimmal surface 7o R" ? ?9
Altoy= = §§s2hHdo  w¥Cu,v)= X(u,vy + th(u )N (yv) ‘E?’
N(u,7): pot umique em Sc R". hN: variaticn vector -f{e(cl !
hH = ChN, o (Chuw + Xopw ) > Alo) = = §f ¢ 2 <hN % (Kuu +How) > do
!_'1,'-= ij\'a (Kuu +¥v2) | mean curvature vector
. X< R" is minimal T]C EEO.
& X, Xa, o, %Xn are harwmonic on X(DD. foxi,
(2= %%‘;—5 LY holomerphic on %D,

Choa

minimal

5 Hue e SR

> hormal 4o e

Euclidean
' Xn):\ﬁooro( inates of R"




