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Abstract

We show that given an (n — 1)-dimensional submanifold T" of R™ the total absolute
curvature of I" equals the average over all n-planes R™ C R™ of the total Gauss-Kronecker
curvature of the orthogonal projection of I' onto the R™. As a consequence, we prove that
given two n-planes Ry, Ry in R™ and two compact convex hypersurfaces I'; of R},7 =1, 2,
a nonflat minimal submanifold spanned by I" := Iy UT'y is embedded.

1 Introduction

Fenchel [F1] showed that the total curvature of a closed space curve v C R™ is at least
27, and it equals 27 if and only if v is a plane convex curve. Fary [Fa] and Milnor [M]
independently proved that a simple knotted regular curve has total curvature larger than 4.
These two results indicate that a Jordan curve which is curved at most double the minimum is
isotopically simple. But in fact minimal surfaces spanning such Jordan curves must be simple
as well. Indeed, Nitsche [N] showed that an analytic Jordan curve in R?® with total curvature
at most 47 bounds exactly one minimal disk. Moreover, Ekholm, White and Wienholtz
[EWW] proved that a minimal surface spanning such a Jordan curve in R is embedded.

Given an n-dimensional submanifold M of R™, there are two well-studied ways of defining
the total curvature of M: the higher-dimensional Gauss-Bonnet integral | ar §2 as defined in
[AW] and [C1]; and the total absolute curvature of M, [, K*dVj; as defined by Chern and
Lashof in [CL] (see section 2 below). Chern and Lashof proved that [,, K*dVy > 2, with
equality if and only if M is a convex hypersurface in an (n + 1)-dimensional plane. It is
known that if [, K*dVy; < 3 then M is homeomorphic to S and that if [, K*dVy < 4
then M is homeomorphic to S*, RP", CP™?, HP™* or to CayP? (for n = 16). [EK].

In the light of Ekholm-White-Wienholtz’s theorem, it is quite natural to conjecture that
an n-dimensional minimal submanifold > C R™ spanning a compact connected submanifold
'™~ with total absolute curvature < 4 is embedded. In this paper we prove a theorem in
the spirit of this conjecture: given two n-planes RT, Ry in R and two compact convex
hypersurfaces F?_l of R!,i = 1,2, a nonflat minimal submanifold spanned by I' :=T'{ UT'y
is embedded.

*The first-named author was supported in part by KRF-2007-313-C00057.




In [Fa] Fary showed that the total curvature of a space curve v in R™ is equal to the
average over all 2-planes B2 C R™ of the total curvature of the orthogonal projection of v
onto the R%. In this paper we also extend Fary’s theorem to show that given an (n — 1)-
dimensional submanifold I' of R™ the total absolute curvature of I' equals the average over

all n-planes R™ C R™ of the total absolute curvature of the projection of I' onto the R".

2 Total absolute curvature

Consider a submanifold M™ of Euclidean space R™. As discussed above, in high dimension
and codimension there are two types of total curvature: one intrinsic (Allendorfer-Weil-
Chern-Gauss-Bonnet), and one extrinsic (Chern-Lashof). In this section we shall review
Chern-Lashof’s total absolute curvature. This total curvature may be understood in terms
of Gauss-Kronecker curvature of hypersurfaces.

Let M™ be an oriented hypersurface immersed in R”*!. A unit normal vector v to M
at p € M defines the Gauss map G : M — S™. The determinant of the differential G, is
called the Gauss-Kronecker curvature of M, which we shall denote GK ;. It follows that for
M compact,

/ GKy dVy = ¢n deg(G1), ¢y := Vol(S").
M

Furthermore, if n is even, H. Hopf [H] showed

[ GERaVis = 5 ea (), (1)
M

Now let M be an n-dimensional submanifold of R™. The volume form of the unit normal
bundle N1 M of M is dVy; A doy,—n—1 where the restriction of do,,_,_1 to a fiber of N1 M at
p is the volume form of the sphere of unit normal vectors at p € M. Define the Gauss map
Gy : NiM — S™ ! by Gi(p,v) = v and let do,,_1 be the volume form of S™~!. Then the
Lipschitz-Killing curvature G(p,v) of M at (p,v) is defined to be the scalar G(p, v) such that

Gi(dom-1) = G(p,v) dVy AN dopm—n—1.

Then G(p,v) is exactly the volume expansion ratio of Gy, that is,

. Vol(Gy(D))
G =1 —_—
(pv) = lim =Dy
where Vol(G1(D)) denotes the signed volume of G1(D). In fact, G(p,v) has the following
geometric interpretation [CL]: G(p,v) is equal to the Gauss-Kronecker curvature at p of the
orthogonal projection of M onto the (n+ 1)-dimensional plane L(v) spanned by T,M and v.
Let m be the canonical projection of NyM into M. The integrals

1 . 1
K(p) :== / y )G(p, v)dom—n—1 and K*(p):= p—
m—1(p m—

Cm—1

JENCTY
7 1(p)

are called the total curvature and the total absolute curvature of M at p, respectively. The

values

T(M) = /MKdVM, and T°(M):= /MK*dVM
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are called the total curvature and the total absolute curvature of M, respectively. Lipschitz
and Killing have shown that K (p) is an intrinsic quantity of M at p for n even (see [SS]
for a more general result). However, K(p) = 0 for n odd. Both 7(M) and 7*(M) remain
unchanged even if the ambient space R™ is embedded into R*, k > m.

For M™ C R™, Fenchel [F2] generalized Hopf’s theorem (1):

[ K v =xa). @
M
However, Chern and Lashof [CL] proved that
/ K*dVy > 2, (3)
M

with equality if and only if M is a convex hypersurface in an (n + 1)-dimensional plane, and
that if [ A K*dVy < 3 then M is homeomorphic to S™. Moreover, Morse theory tells us that

*d 79
/MK VMZXZ:B

where (3; is the i-th Betti number of M.

3 Vision angle versus average density

A minimal submanifold X" in R™ has the remarkable property that the density of ¥ at p €
is bounded above by that of the cone C' = px 09X at its vertex p. (We assume that ¥ with
its boundary is compact.) Recall that the density of 3 is defined as

Vol (2 nB™ (p))

Ox(p) := lim
=0 Yol (B;} (p))

Further, the density of C' has the interesting property that it equals the average of the densi-
ties of the orthogonal projections of C' onto n-planes in R™. These properties will be verified

in this section.

In what follows, we shall write V for the Euclidean connection on R™, and V = V,, for

the induced connection on a submanifold M.

Lemma 1. Let X be an n-dimensional minimal submanifold of R™, p a point of R™, and C
an n-dimensional piecewise smooth cone with vertex p. Define the Euclidean distance function

r(x) = dist(p,z),x € R™. Let Y1 = rVr and Yo = r'="Vr, and define divyY; = trgVY; =
Zjﬁejm,ep, {e1,...,en} being an orthonormal frame of ¥.. Then
(a) On X, divyY; = n and divyYs > 0;

(b) On C, diveY: = n and diveYe = 0.

Proof. Given an n-dimensional submanifold M C R™, it is well known that

AMZ‘:: (AM:):l,...,AMxm):ﬁ,



where H is the mean curvature vector of M, the trace of its second fundamental form. Hence
the rectangular coordinate functions 1, ..., x, are harmonic on a minimal submanifold »™

of R™. If we take p as the origin, then since H=0on PN

divg(Y7) = divg(rVr) = ng r* + (rVr, H Z Ax :U = Z T; Ny x; + Z ]sz|2

On the cone C| since H is perpendicular to rVr = x € C, we have
dive(Yy) = dive(rVr) = *AcT + (rVr, H) ZAgw (z, H) + Z Va|* =

On the other hand, for M = ¥ or C,
divy Yy = divy (r "Y)) = —nr "NV Y]) + r divy (V1) = m“_”( —|Vr?+ 1).
Note that |[Vr| <1on M =¥ and |Vr| =1 on M = C. This completes the proof. O

Theorem 1. Let 3 be a stationary n-rectifiable set with boundary I' in R™, an open dense

subset of X being a smooth minimal submanifold. Let C' be the cone pxI', p € R™. Then
©x(p) < Oc(p),

with equality if and only if X = C and C' is star-shaped with respect to p.

Proof. Compute the first variation of volume with respect to the (Lipschitz continuous)
variation vector field
Y :=r1""Vr for r>e¢

and
Y = "Vr for r<e.

Then the first variation of ¥ with respect to the flow with velocity field Y [Si, p. 80] is

/ divyY dVy,
>

which must equal
/ (Y,vs) dVp,
r

where vy, is the outward unit normal vector to I' tangent to X.

Computing the divergence on smooth subsets of the stationary set X, we find by Lemma

1 (a)
divyY >0 for r>¢, (4)

with equality at points where Vr lies in the tangent space, and

divsY =ne™ for r <e.
It follows that for each small ¢,
Vol(XN B.(p)) / 1-
- < — "(Vr,vs)dVr, |BY| = Vol(B}(0)). (5)
| By |e" nlB |
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Now apply Stokes’ theorem to the integral of diveY on C':

[ dvey dve= [ (voe) = [ oo,
C ocC Iy

where v¢ is the outward unit cornomal to I' on C, and we used the fact that Y L vo on
OC \ T'. Therefore by Lemma 1 (b)

Vol(CNB.(p) 1 /1_
n =—— [ v "(Vrue)dVr. (6)
‘B1 |e™ n’B1 | Jr
Note here that
0 < {(Vr,ve)
and
(Vr,vs) < (Vr,ve). (7)

Thus, letting ¢ — 0 in (5) and (6), we get the desired density estimate. If equality holds,
then we must have equalities in (4) and (7), which implies ¥ = C' and 9r/dv > 0. O

Definition. Let 7, be the radial projection of R™\ {p} onto dB;(p), the unit sphere centered
at p € R™. Define the vision angle at p of an (n — 1)-rectifiable set I' C R™ by

I, (I") = Vol(m, (")),
and the vision angle of I' by
I(T") = sup pepmILH(T)).
Here the volume Vol(7,(I")) counts multiplicity.
Clearly we have for any p € R™ and C := pxTI’

cn-10c(p) = TL,(T™ 1) < T(T), cpoq := Vol(S" 1),

and hence we get the following corollaries to Theorem 1.

Corollary 1. IfI' C R™ is an (n — 1)-dimensional compact manifold, then any stationary

rectifiable set 3 spanning I' satisfies

¢n-105(p) < T(T).

for all p € X.

Corollary 2. IfI' C R™ is an (n — 1)-dimensional compact manifold with TI(T") < 2¢p—1,

then any immersed minimal submanifold X spanning I' is embedded.

Proof. An immersed submanifold > with Oy < 2 everywhere has no self-intersection. O



Remark. It may appear inappropriate to view II(I") as a total curvature. But it has its own
merit, as the following example demonstrates. Define an immersed closed C! curve v C R?

(the unit square plus four small loops at the corners) by
y=0(-L,1) U{(z,y) : 2| > 1, |yl > 1, (2] = 1)* + (jy| = D*** = e(|| = )(ly| - 1)}

and define a Jordan curve I' C R” to be an embedded C? curve C'-close to . Then for small
&,
/ |k|ds > 6w, however, II(T) = 3.
r

Hence by Corollary 2 any immersed minimal surface 3 spanning I' is embedded since 2¢; = 4,
although the Ekholm-White-Wienholtz theorem [EWW] cannot give the same conclusion.

Let Gy, (R™) denote the Grassmann manifold of n-planes through the origin in R™,
equipped with the unique O(m)-invariant probability measure, and let Avepcg, rm) be
the average over all P € G,(R™). Denote by ¥p the orthogonal projection of R™ onto
P e G,(R™).

Lemma 2. Let S*! be the unit sphere in R™ C R™ centered at the origin O of R™ and let

D be a domain in S*"1. Then

Avepea, ®m){Opp 0% 0)(0)} = Oox p(O).

Proof. Assume that a(D) > 0 is a positive real number such that

Avepea, &) {Oyp0xp)(0)} = a(D) - Opx p(0). (8)

Letting D shrink to a point z € S"~!, one can define a function a : S®~! — R given by

A m @ O
o(z) = Tim Vepea, (R ){ wp(oggp)( )}

Then one can easily see that

_ Jpa(z)dVgn
=Ny

Note here that Q(n) is transitive on S”~! and that the elements of Q(n) preserve the volume

form dVgn—1 on S*~!. Therefore one concludes that for all z € S*~ 1,
a(x) = c¢ for a positive constant ¢
and hence for any domain D C S* 1,
a(D) = c.
Therefore it follows from (8) that
Avepea, ®@m){Opp0x D) (0)} = ¢ Opx p(O) (9)
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for any domain D C S"~!. However, for almost all P € G, (R™),

Oyp(0xsn-1)(0) = Opxsn-1(0) = 1.

Thus ¢ =1 in (9), which completes the proof. O

Theorem 2. Let I'"~! € R™ be a compact submanifold. Then

I (I'" 1) = Avepeg, @m) {yp(q)(Wp (D))}

Proof. The cone ¢xI' can be thought of as a union of infinitesimal cones ¢xAI'; and then

one can apply Lemma 2 to each ¢xAI';. Hence

I,(T) = cn109,%r(q)
= ¢n—1 Avepeg, () {Oypgxr) (¥r(9)}
= AVePeGn(Rm) {pr(q)("‘pP(F))}- U

4 Gauss-Kronecker versus total absolute curvature

In this section we generalize Fary’s theorem to any dimension n and to any codimension m—mn.

Theorem 3 Let I~ ! be a smooth submanifold of R™, m > n. Then

Cn

2_1 /K*dVF = Avepe(;"(Rm)/ |GK¢p(F)|dV¢P(F)
r Yp(T)

To prove Theorem 3 we first need to recall Chern-Lashof’s theorem [CL]:

Theorem CL. Let L(n) be the linear space of dimension n spanned by the tangent space T,I'
to T"~1 C R™ at q and the normal vector n(q). Then the Lipschitz-Killing curvature G(q,n)
of I at q is equal to the Gauss-Kronecker curvature at q of the orthogonal projection of T
into L(n).

Recall that the total absolute curvature of I' at ¢ is defined to be

. 1
K*(q) = / G (g, m)|dom— (10)
neN1I(q)

Cm—1

where doy,—n|n,1r(g) is the volume form of the sphere of unit normals at g € T".
We also need a special case of Jacobi’s theorem [Sh]:

Theorem J. Let M be an n x n orthogonal matrixz partitioned into submatrices M =
[A B

c D ], where A and D are square matrices. Then | det A| = |det D]|.



Proof of Theorem J. First suppose that n = 2k is even, and that A and D have size kxk. Write

MM? =TI in terms of the matrices A, B,C,D to get ACT = —BD”, hence (—1)]“((115;?) =

3225; and then M"M = I to get ATB = —C" D, hence (—1)kg§§g = g«ig’ its own reciprocal.

Thus we have a proof in case the square submatrices A and D have the same size.

In general, suppose A has size k x k and D has size (n—k) x (n—k) with 2k > n. Let V be
the span of the first £ columns of M and W the span of the remaining n — k& columns. Then
A arises from the projection of V onto R¥ € R™ and D arises from the projection of W onto
R™~* c R™. Consider U := VNR¥. Then dim U = 2k —n and the orthogonal projection of V'
onto R¥ leaves U fixed. Let X be the orthogonal complement of U in V with dim X = n —k.
Then we have the space X & W of dimension 2(n — k). On X & W the orthogonal matrix
arising from the bases of X and W satisfies the equal determinant property as proved in the
first step. Hence the orthogonal matrix arising from the bases of V' and W has the same

property because U is fixed under the orthogonal projection of V onto R¥. U

Proof of Theorem 3. The key ingredient of Theorem 3 is to transform the integral over
G, (R™) into that over the (m — n)-sphere N1I'(¢q). Therefore the starting point of its proof
is to evenly divide the volume form du]" of G, (R™) by the volume form do,,—, of N1I'(q)
at each point ¢ € I'. To do so, we need to evenly partition G, (R™) into infinitesimal subsets
with representatives from N1I'(q).

For integers 1 < ¢ < k, let uf be the O(k)-invariant measure on G¢(R¥) such that duf is
the volume form of G(R¥). Note that

Ck—1Ck—2 """ Ck—f
g9 = / dpy =2 =9k s, (11)
G (RF)

Cr—1C¢—2 - C1Co

[S]. It is easy to see that for p;’-almost any P € G, (R™) there exists a unique n € N1I'(q)
up to sign such that n € P. In fact, this is true for all P which meet T;I" transversally. Such
n-planes P form a dense open set U of full measure in the Grassmann manifold [T].

Let n be the hyperplane in R™ that is perpendicular to . Then P, := P N7t is an
(n — 1)-plane in n*. Hence every P € U uniquely determines (up to sign) a pair (n(P), P) €
NiT'(q) x Gp_1(R™71). For n € N1I'(g), define G,, = {P € G,,(R™) : P > n}. Then we see
that Gy, is Gp—1(nt) = G—1(R™71), and U is foliated by G, n € N1I'(q).

Using the one-to-two correspondence P <> (n(P), Pi), let’s define two immersions ¢ :
NiT(q) = GR(R™) and @3 : Gp1(R™ 1) — GL(R™) by ¢1(n) = (n, P1), for fixed Py C nt,
P, € Gp—1(R™), and p2(P1) = (n, P1) for fixed n € N1T" with n L P;. Then 9 is an isometry
whereas (7 deforms the volume form do,, . Also, let ¢ : NiI'(q) x Gp,_1(R™™ 1) — G,,(R™)
be the immersion defined by ¢(n(P), P;) = P. Here we need to see how ¢ deforms N1I'(q)
in relation to G,,—1(R™71). Let ¢, denote the differential of ¢ and ¢* its dual.

(i) Now what is the relationship between du;' and dam_nduzl:ll? We claim the following;:
" (duy (P)) = f(P) domn(n(P)) dpiy ' (P1), (12)

where f(P) is the determinant of the orthogonal projection onto P from the n-plane

Q := L(n) spanned by n = n(P) and T,I'. Suppose that v1, ..., vm—n and w1, ..., Wen_1)(m-n)



are orthonormal bases of the tangent spaces of N1I'(¢) and G,,_1(R™™!), respectively.

Since o is an isometry,
Px(W1 A e AW 1) (m—n)) = WL A e AWpn_1)(m—n)-
Moreover . (v1 A ... A Vym—p) is orthogonal to @.(wi A ... AW _1)(m-n)). Hence
|0 (vi)| = [projpruvil,
where projp. denotes the orthogonal projection onto Pt, and
|ox(V1 A oo Aup—n)| = |projpr(vi A oo Avp—p )| = | det 9],
1 being the orthogonal projection of Q-+ onto P+. Therefore
[Px (VI A woe AV AW A oo AW 1)(m—n))| = | det 1],
and thus the claim follows from Theorem J.

(i) We claim that under the map v¥p, GK changes by the factor of 1/f(P)%. This is
because first, one can easily find orthonormal vectors vi,...,v,—1 on T3I' such that
Yp(v1),...,bp(vp—1) are orthogonal on P; second, introduce rectangular coordinates
X1, ..., &, on L(n) whose coordinate axes are parallel to vy, ..., v,—1,n; third, if S C L(n)

is the graph of z,, = h(x1,x9, ..., xn—1) and S, the graph of x,, = h(ayx1, agwe, ..., an_1Tn—1),
then

GKs(0,...,0) = det (Hess h)(0, ...,0)
and
GKg,(0,...,0) = (a1ag - - - an_1)*GK5(0, ..., 0);

fourth, S, can be thought of as the hypersurface ¢p(S) in P with det(vp|rn)) =

1/arag -+ ap—_1.

With (i) and (ii) we are now ready to complete the proof.

1 m
AVGPeG (RM)/ |GK¢P |dV¢P(F) / |GK¢P(F)|dV¢P(F)diun
Yp(l) 9n' JpeG,®m) Jyp @)
= // P)|GK )l dpy'dVi
PeGn(Rm
- 5/ FUPYICK g0y i do Ve
9n neN1I'(q) J/ Pan

1
(by (12) with factor of 5 due to the 1 : 2 correspondence)

m—1
= In1 // GK do,, . dVe (b (i
= S m—n y (1
s nw(q\ oy @l o Ve (by (i)

_ o1 // )| dopm_ndVr  (by (11) and Theorem CL)
neN1T(q

2Cm 1

_ 6"21/K*de. (by (10)) O
T



5 Embeddedness of minimal submanifolds

In Theorem 2 we have seen that the cone angle of a compact set is equal to the average
(in the Grassmannian) of the cone angle of its projection. In Theorem 3 we have proved
that the total absolute curvature of a compact set equals the average of the total absolute
Gauss-Kronecker curvature of its projection. As a comparison between these theorems it is

tempting to propose the following:

Conjecture. For any minimal submanifold X" C R™ spanning I'"~!, any point ¢ € ¥ and
P e G,(R™),

My () < [

¥p(

n |Gy (r)|[dVipp (1)

If this conjecture is true, one could combine Theorems 1, 2 and 3 to prove a higher-

dimensional extension of Ekholm-White-Wienholtz’s theorem as follows:

If ¥ is a minimal submanifold spanning an (n—1)-dimensional compact manifold T, then
1 *
Oy < = / K*dVr.
2 Jr

Consequently one could prove the following as well:

If an (n — 1)-dimensional compact connected manifold T satisfies fr K*dVr < 4 then any

immersed minimal submanifold ¥ spanning I' is embedded.

The conjecture seems to be hard to prove as yet. But if we let I'; be a compact convex
hypersurface of an n-plane R} C R™, i = 1,2, and define I' = I'y UT'y then the conjecture
holds for this I' because

Iy () (p(T3)) < epor = /

vp(Ty

) |GE 0| dVip () (13)
where equality holds if and only if ¢ is in R}* and inside I';. Thus we have the following:

Theorem 4. Given two n-planes R}, R in R™, let I'; be a compact convex hypersurface
mn R

Toi=1,2. IfI' =11 Ul then any n-dimensional minimal submanifold spanning I" is

either a union of two flat domains of R or is nonflat and has no self intersection.

Proof of Theorem 4. Obviously fF K*dVr = 4. Thus by Theorems 1, 2, 3 we have Oy < 2.
If Oy = 2, (13) implies ¥ is flat. If Oy < 2, ¥ is nonflat and has no self intersection. In the

latter case % is either smooth or has isolated singularities.

Remark. It should be mentioned that R. Schoen [Sc] proved a theorem which is a special

case of Theorem 4:
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IfT' =T UT'y where 'y, Ty are (m—2)-spheres in parallel (m—1)-planes with the line ¢ joining
their centers being orthogonal to these hyperplanes, then any immersed minimal submanifold
> spanning I' is a hypersurface of revolution with axis £. In particular, X is a catenoid or a

pair of plane disks.
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