Clay Mathematics Proceedings

Contact surgery and Heegaard Floer theory

András I. Stipsicz

Contents

1. Contact 3–manifolds 2 2. Surgeries 7 3. 4–dimensional theory 13 4. Heegaard Floer theory 19 5. Contact invariants 23 6. Applications 27 References 35

The fundamental theorem of Giroux — relating contact structures and open book decompositions — provides a way to study contact structures on closed 3–manifolds from a topological point of view. Contact surgery diagrams allow us to use some form of Kirby calculus in the study of contact 3–manifolds, and Heegaard Floer theory — through the Ozsváth–Szabó knot invariant of the binding of a compatible open book decomposition — gives a very sensitive contact invariant, which seems to be crucial in attacking the classification problem of tight contact structures on certain types of closed 3–manifolds. In these notes we collected the basic ideas of contact surgery and computation of contact Ozsváth–Szabó invariants. We paid special attention to explicit computations, hoping to convince the reader that the usual Heegaard Floer package, together with some simple homotopy–theoretic arguments might be used to derive exciting new results in contact topology.

The lectures these notes are based on were delivered at the 2004 Clay Mathematics Institute Summer School on Floer Homology, Gauge

© 0000 (copyright holder) 1

theory and Low Dimensional Topology at the Alfréd Rényi Institute of Mathematics, Budapest. The author would like to thank Burak Ozbagci for his help in preparing the figures.

1. Contact 3–manifolds

General definitions. We start our discussion by recalling basic notions of contact topology — for a more complete treatment of the topics just mentioned here, see [7, 11].

Let Y be a given closed, oriented, smooth 3–manifold. A 1–form α is a (positive) contact form if α ∧ dα > 0 (with respect to the given orientation). A 2–plane field ξ is a positive, coorientable contact structure if there is a contact 1–form α ∈ Ω^1(Y ) such that ξ = ker α. By fixing α (up to multiplication by smooth functions f : Y → R^+) we also fix an orientation for the 2–plane field ξ: the basis {v_1, v_2} ⊂ ξ_p is positive if {v_1, v_2, n} with normal vector n satisfying α(n) > 0 provides an oriented basis for T_pY . In this case the contact structure is cooriented.

Let (X, ω) be a given compact, symplectic 4–manifold, that is, X is a smooth, compact, oriented 4–manifold with possibly non–empty boundary and ω is a closed 2–form with ω ∧ ω > 0 (with respect to the given orientation). The contact 3–manifold (Y, ξ) is compatible with (X, ω), or (X, ω) is a filling of (Y, ξ) if ∂X = Y as oriented manifolds and ω|_ξ ≠ 0. In this case (X, ω) is also called a weak symplectic filling of (Y, ξ).

A symplectic filling (X, ω) is a strong filling of (Y, ξ) if ω is exact near ∂X = Y and there is a 1-form α near ∂X with ω = dα, dα|_ξ ≠ 0 and ξ = {α|_Y = 0}. It can be shown that the existence of such α is equivalent to the existence of a vector field v defined near ∂X which is transverse to the boundary and is a symplectic dilation, that is, L_vω = ω. In particular, for a strong filling (X, ω) the symplectic structure on a collar of the boundary can be shown to have a model in a symplectic manifold (in the symplectization of (Y, ξ)) which depends only on the contact structure ξ; therefore strong fillings are suitable for performing symplectic surgeries. Notice that if ω is nonexact near ∂X then (X, ω) is not a strong filling. It turns out that this is the only obstruction, more precisely

Lemma 1.1 (Eliashberg [6], Ohta–Ono [24]). If (X, ω) is a weak filling of (Y, ξ) and ω is exact on a collar neighbourhood of ∂X then ω can be perturbed near ∂X to a symplectic form ω̃ such that (X, ω̃) is a strong filling of (Y, ξ).

Since on a rational homology 3–sphere any 2–form is exact, this implies

Corollary 1.2. Suppose that Y is a rational homology 3–sphere, i.e., b_1(Y ) = 0. If (X, ω) is a weak filling of (Y, ξ) for some contact structure ξ then ω can be perturbed to provide a strong filling (X, ω̃) of (Y, ξ).

The compact complex manifold (X, J) with complex structure J is a Stein filling of (Y, ξ) if ∂X = Y , ξ is given as the oriented 2–plane field of complex tangencies on Y and (X, J) is a Stein domain, that is, it admits a proper function φ: X → [0, ∞) with ∂X = φ^{−1}(a) for some regular value a ∈ R which is plurisubharmonic, i.e., the 2–form ω_φ = −d^Cdφ is a Kähler form with associated Kähler metric g_φ. It is not hard to see that a Stein filling is always a strong filling and a strong filling is automatically a weak filling. For more about fillings see [6].

Example 1.3. It is easy to see that the 1–form α = dz + xdy induces a contact structure on the 3–dimensional Euclidean space R^3. It turns out that this contact structure extends to the 3–sphere S^3. In addition, the resulting 2–plane field is isotopic to the 2–plane field of complex tangencies on S^3 when viewed as the boundary of the unit 4–ball in the complex vector space C^2. The above structures are the standard contact structures on R^3 and S^3, and we will denote them by ξ_{st}.

A knot K ⊂ (Y, ξ) is called Legendrian if it is tangent to ξ, i.e., if ξ is defined by the 1–form α then α(T K) = 0. Every knot can be smoothly isotoped to a Legendrian knot, in fact, for every knot there is a C^0–close Legendrian knot smoothly isotopic to it.

Legendrian knots in (R^3, ξ_{st}) (and so in (S^3, ξ_{st})) can be depicted by their front projections to the yz–plane, since according to the equation x = −^{dz}_{dy} the slope of the tangent of the front projection determines the x–coordinate. After possibly isotoping, every Legendrian knot admits a front projection with no triple points, transverse double points and (2, 3)-cusps instead of vertical tangencies. Conversely, any front projection having cusps instead of vertical tangencies and not admitting crossings with higher slope in front uniquely specifies a Legendrian knot. For this reason we will symbolize Legendrian knots in (R^3, ξ_{st}) (and so in (S^3, ξ_{st})) by their front projections.

Notice that if L ⊂ (Y, ξ) is Legendrian, it admits a canonical framing: consider the unit orthogonal of the tangent vector of L in ξ. (When choosing the particular orthogonal, we take the orientation of the 2–plane field into account.) The resulting framing is called the contact framing of the Legendrian knot L. If L is null-homologous in Y then it admits another framing, induced by pushing off L along its existing Seifert surface. This latter framing is called the Seifert framing. When measuring the contact framing with respect to this Seifert framing we get an integer invariant of the Legendrian knot L called the Thurston–Bennequin invariant tb(L). Notice that since the Seifert framing is well–defined and independent of the chosen Seifert surface, the Thurston–Bennequin invariant depends only on the Legendrian knot L. Since knots in R^3 and S^3 are all null–homologous, they all admit Thurston–Bennequin invariants. The computation of tb(L) from a front projection of L is an easy task: it is equal to

w(L) −^1_2 c(L),

where w(L) is the writhe of the projection, i.e. the signed number of the double points of the projection, and c(L) is the number of cusps in the projection. Since left and right cusps alternate among each other, it is easy to see that^1_2 c(L) = c_r(L) = c_l(L) where c_r(L) (and c_l(L)) stands for the right (resp. left) cusps of the projection.

Example 1.4. Figure 1 shows the front projection of a Legendrian knot smoothly isotopic to the right–handed trefoil. The writhe of this projection is 3, and has 4 cusps, hence the Thurston–Bennequin invariant of the Legendrian knot determined by the front projection is equal to 1.

PSfrag replacements

Figure 1. Front projection of a Legendrian trefoil knot

If L ⊂ (Y, ξ) is null-homologous then there is another numerical invariant we can associate to it: consider a Seifert surface Σ ⊂ (Y, ξ) and take the relative Euler class of ξ (as a 2–plane bundle) over Σ. For this to make sense we need to trivialize ξ over ∂Σ = L: choose the trivialization provided by the tangents of L together with their oriented normals in ξ. Note that in order to specify the tangents we need to fix an orientation on L. It is not hard to see that the resulting quantity, called the rotation number rot_Σ(L), will depend on the chosen Seifert surface and the orientation fixed on the knot. If L ⊂ R^3 or S^3, however, the vanishing of the second homology group implies that the rotation number is independent of the chosen Seifert surface. If L is in R^3 or in S^3, the rotation number can be computed for L given by a front projection by the formula

rot(L) =^1_2 (c_d(L) − c_u(L)),

where c_u(L) (resp. c_d(L)) denotes the number of up (resp. down) cusps of the projection.

Exercise 1.5. Compute the rotation number of the Legendrian trefoil given by Figure 1. Compute tb and rot for the knots given by Figures 4 and 6.

The crucial step for being able to do surgery in the contact category is to find canonical neighbourhoods. The following theorem provides such neighbourhoods for Legendrian curves. To state the theorem, consider the contact structure ζ_1 = ker(cos(2πϕ)dx − sin(2πϕ)dy) on S^1 × R^2. (Here ϕ is the coordinate in the S^1-direction, while (x, y) are Cartesian coordinates on R^2.)

Theorem 1.6 (Legendrian neighbourhood theorem). If K ⊂ (Y, ξ) is a Legendrian knot then there are neighbourhoods U_1 ⊂ Y of K and U_2 ⊂ S^1 × D^2 of S^1 × {0} such that (U_1, ξ|_{U1} ) and (U_2, ζ_1|_{U2} ) are contactomorphic via a contactomorphism mapping K to S^1 × {0}.

Overtwisted versus tight dichotomy.

Definition 1.7. A contact 3–manifold (Y, ξ) is overtwisted if there is an embedded 2–disk D ⊂ Y which is tangent to ξ along its boundary. Such a disk D is called and overtwisted disk. If (Y, ξ) contains no overtwisted disk, we say that it is tight.

Theorem 1.8 (Eliashberg–Gromov). If the contact 3–manifold (Y, ξ) is fillable then it is tight.

The above theorem is a major tool in proving tightness of contact structures. For a while, actually, it was unclear whether the reverse implication of the theorem is true or false, though it is now known to be false. As examples of this note show, there are many contact structures which are tight but not fillable. Regarding overtwisted contact structures we have Eliashberg’s classification:

Theorem 1.9 (Eliashberg, [4]). Two overtwisted contact structures on a closed 3–manifold Y are isotopic if and only if they are homotopic as oriented 2–plane fields. Moreover, for any oriented 2–plane field there is an overtwisted contact structure homotopic to it.

In short, the classification of overtwisted contact structures on a closed 3–manifold Y up to isotopy coincides with the classification of oriented 2–plane fields up to homotopy. This latter problem is homotopy–theoretic in nature: Fix a trivialization of T Y and associate to an oriented 2–plane field ξ its unit orthogonal, providing a map Y → S^2. In this way a trivialization of T Y provides a bijection between homotopy types of oriented 2–plane fields and the set of homotopy classes of continuous maps from Y to S^2, [Y, S^2]. According to the Pontrjagin–Thom construction [Y, S^2] can be identified with the framed cobordism classes of framed 1–manifolds in Y . The 1–manifold (through Poincaré duality) gives the spin^c structure induced by the oriented 2–plane field, while the framing gives an invariant in Z_d where d is the divisibility of the first Chern class of the 2–plane field. If d = 0, that is, the 2–plane field has torsion first Chern class, then this invariant (also called the 3–dimensional invariant d_3(ξ) of the 2–plane field ξ) is an element of an affine copy of Z. An absolute Q–lift of this invariant can be determined as follows: consider a compact almost–complex 4–manifold (X, J) such that ∂X = Y and the 2–plane field of complex tangencies along ∂X is homotopic (as an oriented 2–plane field) to ξ. A homotopy–theoretic argument shows that such (X, J) always exists. Then d_3(ξ) =^1_4 (c^2_1(X, J) − 3σ(X) − 2χ(X)).

Notice that since c_1(X, J)|_{∂X} = c_1(ξ) is a torsion class, the square c^2_1(X, J) is defined as a rational number rather than an integer. We will return to computations of 3–dimensional invariants in later sections. Tightness of a given contact structure turns out to be equivalent to a form of the adjunction inequality as given below.

Theorem 1.10 (Eliashberg). The inequality

tb_Σ(L) + |rot_Σ(L)| ≤ −χ(Σ)

is satisfied for any Legendrian knot L and surface Σ with ∂Σ = L in (Y, ξ) if and only if the contact 3-manifold (Y, ξ) is tight.

Example 1.11. According to a result of Bennequin, the contact structure ξ_{st} induced by α = dz + xdy on R^3 (and its extension to S^3, also denoted by ξ_{st}) is tight. On the other hand, the contact structure ξ_1 = ker α_1 for α_1 = cos rdz + r sin rdθ in coordinates (z, (r, θ)) on R^3 can be easily shown to be overtwisted.

Exercise 1.12. Find an overtwisted disk D ⊂ R^3 for the contact structure ξ_1 defined above.

The central problem of contact topology is to classify contact structures on 3–manifolds. Since overtwisted structures are classified by their homotopy type, the question reduces to understanding tight contact structures. Tight structures are much harder to find, and seem to carry important information about the geometry of the underlying 3–manifold, as is demonstrated by the successful application of contact topological arguments in the solution of several low–dimensional problems, see for example [17, 18], cf. also [30]. Great advances have been made in the recent past in classifying tight contact structures on some simple 3–manifolds, and this question is still in the focus of active research. In this note we would like to show an application of contact Ozsváth–Szabó invariants to solve the classification problem on certain classes of 3–manifolds.

2. Surgeries

Dehn surgeries. Suppose that K ⊂ Y is a given knot in the closed 3–manifold Y . The operation of deleting a tubular neighbourhood of K and then regluing the solid torus S^1 × D^2 is called surgery along the knot K. In order to specify the surgery uniquely, we have to determine the image of the simple closed curve {pt.} × ∂D^2; the rest of the gluing is unique. For that matter, we need to fix a simple closed curve in the 2–torus ∂(Y − νK) ∼= T^2. Since a simple closed curve in T^2 can be specified through its homology class, we only need to describe a homology class in H_1(∂(Y − ν(K)); Z) ∼= Z^2. Such a class can be represented by a pair (p, q) of relatively prime integers provided there is a basis fixed in H_1(∂(Y − ν(K)); Z). One basis element can be given by the boundary μ of a normal disk to K. By fixing an orientation on K, the orientation of Y equips this meridian μ with a canonical orientation. The other basis element, however, needs a choice. By fixing a framing of K, we get a longitude λ by pushing K off along the first basis vector of the framing. (Notice that longitudes and framings determine each other by this recipe.) Such a longitude can be chosen to be the second element of a basis in H_1(∂(Y − ν(K)); Z), hence the surgery can be described by the pair (p, q) satisfying that the simple closed curve {pt.} × ∂D^2 maps to a curve homologous to pμ + qλ. By reversing the orientation of K, both μ and λ switch sign, and therefore the ratio^p_q remains unchanged. Notice that the ratio^p_q can take its values in Q ∪ {∞}.

Example 2.1. The surgery diagram of Figure 2 provides a description of the small Seifert fibered 3–manifold M(r_1, r_2, r_3).

PSfrag replacements

Figure 2. Surgery diagram for the Seifert fibered 3– manifold M(r_1, r_2, r_3)

Exercise 2.2. Verify the slam-dunk operation, i.e., that the two surgeries given by Figure 3 give diffeomorphic 3-manifolds. We assume that n ∈ Z and r ∈ Q ∪ {∞}. (Hint: Perform surgery on K_2 first and isotop K_1 into the glued-up solid torus T . Since first we performed an integer surgery, K_1 will be isotopic to the core of T , hence when performing the second surgery we cut T out again and reglue it. Therefore it can be done by one surgery; the coefficient can be computed by first

Figure 3. The slam-dunk operation

assuming n = 0 and then adding n extra twists. For more details see [15, pp 163-164].)

Contact surgery. The above surgery scheme can be extended to the contact category as follows. Suppose that L ⊂ (Y, ξ) is a Legendrian knot in the given contact 3–manifold. Consider the contact framing on L and perform r–surgery with respect to this framing. The resulting 3–manifold is denoted by Y_r(L). According to the classification of tight contact structures on solid tori [16], the contact structure ξ admits an extension from Y − ν(L) to Y_r(L) as a tight structure on the new glued–up torus provided r ≠ 0. (The extension might not be tight on the whole closed 3–manifold Y_r(L) but it is required to be tight on the solid torus of the surgery.) Such a tight extension is not unique in general; the different extensions can be determined by the continued fraction coefficients of r. Nevertheless, the extension is unique if r ∈ Q is of the form^1_k for some integer k ∈ Z. In particular, according to the above, we have

Proposition 2.3. Let L = L^+ ∪ L^− ⊂ (S^3, ξ_{st}) be a given Legendrian link. The result of contact (+1)–surgery along components of L^+ and contact (−1)–surgery along components of L^− uniquely specifies a contact 3–manifold (Y_L, ξ_L).

Remark 2.4. The reason why this surgery construction works for contact 3–manifolds is that in the neighborhood of a Legendrian knot L the contact structure can be proved to be canonical, see Theorem 1.6.

In fact, the converse of this statement also holds, namely Theorem 2.5 (Ding–Geiges, [2]). For a given contact 3–manifold (Y, ξ) there exists a Legendrian link L = L^+ ∪ L^− ⊂ (S^3, ξ_{st}) such that (Y_L, ξ_L) = (Y, ξ).

Before turning to the proof of this theorem we recall a useful observation regarding contact surgeries.

Lemma 2.6 ([2]). Suppose that L ⊂ (Y, ξ) is Legendrian and L^′ is its Legendrian push–off. If (Y^′, ξ^′) is given by contact (+1)–surgery on L and contact (−1)–surgery on L^′ then Y^′ is diffeomorphic to Y and ξ^′ is isotopic to ξ.

Exercise 2.7. Verify that Y^′ is diffeomorphic to Y .

Proof of Theorem 2.5 (sketch). Perform contact (+1)–surgery on L ⊂ (Y, ξ) contained by a Darboux chart and isotopic to the Legendrian unknot with Thurston–Bennequin invariant being equal to −2; see Figure 4 for such a knot. It is not hard to see that the resulting contact structure ξ^′ is overtwisted, hence there is a Legendrian link in (Y, ξ^′) such that contact (+1)–surgery on it gives S^3 with some contact structure. Since contact (+1)–surgery can be inverted by contact (−1)–surgery, the above argument shows that a sequence of contact (−1)–surgeries on some contact S^3 results in (Y, ξ). In the next section we will give a surgery diagram for any contact structure on S^3. (The verification that the examples given in Section 2 comprise a complete list of contact structures on S^3 is postponed until Section 3.)

We close this section with a statement which will be used frequently, and a more detailed explanation of the phenomenon will be discussed in the next chapter.

Theorem 2.8 (Eliashberg, Gompf). If L = L^− then the contact 3–manifold (Y_L, ξ_L) is Stein fillable.

Examples.

Contact structures on S^3 and S^1 × S^2. By converting the contact surgery coefficients on the diagrams of Figures 4 and 5 to smooth surgery coefficients, it is quite easy to see that these diagrams rep-

Figure 4. Contact structure ξ_1 on S^3

resent contact structures ξ_1 and ξ_{−1} on the 3–sphere S^3. By taking connected sums (which means simply to draw the diagrams next to each other) of n copies of Figures 4 and 5 we get sequences ξ_n and ξ_{−n} of contact structures on S^3. We define ξ_0 as the connected sum of ξ_1 and ξ_{−1}. As will be shown later, all these structures are overtwisted, and not homotopic to each other. In addition, all homotopy types of 2–plane fields are realized by one of the ξ_k (k ∈ Z). Since the unique tight contact structure on S^3 can be given by the empty surgery diagram, we have the list of all contact structures on S^3 presented by surgery diagrams.

In a similar manner, we can draw diagrams providing overtwisted contact structures on S^1 × S^2. (For details see [3].) It is a little bit more involved to find a diagram for the unique tight contact structure on S^1 × S^2. A direct argument presented in [3] shows that contact (+1)–surgery on the Legendrian unknot shown by Figure 6 is tight. We will show tightness of this structure using contact Ozsváth–Szabó invariants.

In fact, using the above ideas now it is quite simple to find a diagram for all overtwisted contact structures on a 3–manifold Y given by a smooth rational surgery diagram. Details of this algorithm are given in [3].

Figure 5. Contact structure ξ_{−1} on S^3

Figure 6. The Legendrian unknot

Contact structures on small Seifert fibered 3–manifolds. It is much harder to find all the tight structures on a given 3–manifold. In general this question is still open, but for some families of 3–manifolds we have a classification of tight structures. Here we restrict our attention to some special cases.

Let L(p, q) denote the lens space we get by (−^p_q )–surgery along the unknot. It is not hard to see that this surgery is equivalent to a sequence of surgeries along a chain of unknots, all with integer surgery coefficients ≤ −2.

Exercise 2.9. Verify the above statement. (Hint: Apply the result of Exercise 2.2.)

Putting these unknots into Legendrian position and adding zig–zags to them we get surgery diagrams representing tight contact structures on L(p, q). We can arrange that all the contact surgery coefficients are (−1), and then by appealing to Theorems 2.8 and 1.8 we conclude that the resulting structures are tight (in fact, Stein fillable). Notice that we have a freedom when putting the zig–zags on the two sides of the unknots; different choices will result in contact structures with different homotopy types. According to [16], these diagrams represent all tight contact structures on L(p, q).

The above classification can be extended to a wider class of 3– manifolds of some small Seifert 3–manifolds. A Seifert fibered 3– manifold M is small if it fibers over S^2 with three singular fibers. Let M = M(r_1, r_2, r_3) as given in Example 2.1 and define e_0(M) as

e_0(M) = 3∑ i=1 [r_i].

It is not hard to see that e_0(M) is an invariant of the Seifert fibered 3–manifold. (Notice that there might be many choices for r_i to present M as M(r_1, r_2, r_3).) Also, if M has one or two singular fibers, then M is a lens space. For e_0(M) ≠ −1 it is fairly easy to give surgery diagrams for tight contact structures on M, see [12, 34] and Exercise 2.10. In fact, for e_0(M) ≠ −2, −1 these diagrams comprise a complete list of tight structures. In the case of e_0(M) = −2 there might be other structures for which we do not have the corresponding surgery diagram. If e_0(M) = −1, our understanding is less satisfactory. The difficulty lies in two facts: there are many small Seifert fibered spaces without any tight contact structures [10, 21], and even if there are tight structures, their tightness is more involved to prove since for many 3–manifolds the contact structures cannot be fillable [20]. We will return to these cases in Section 6.

Exercise 2.10. (a) Show that if e_0(M) ≥ 0 then there are r_1, r_2, r_3 ∈ Q such that M = M(r_1, r_2, r_3) and r_i > 0.

(b) Show that for any small Seifert fibered 3–manifold M with e_0(M) = e there are rational numbers r_1, r_2, r_3 with r_i ∈ (0, 1) ∩ Q such that M can be given by the surgery diagram of Figure 7.

(c) Verify that if e_0(M) ≤ −2 then M can be presented by a surgery diagram of unknots along a tree with all framings ≤ −2.

PSfrag replacements

Figure 7. Another diagram for the small Seifert fibered 3–manifold M

3. 4–dimensional theory

Handle attachments, Kirby calculus. It is not hard to see that if the surgery coefficient of a particular knot is an integer, then the corresponding surgery can be realized by a 4–dimensional 2–handle attachment. More precisely, consider the 3–manifold Y with a knot K ⊂ Y . Fix a longitude for K and perform integer surgery along K. (Notice that the fact that a surgery coefficient is an integer does not depend on the chosen longitude, although the actual value of the surgery coefficient does.) Alternatively, consider the 4–manifold Y ×[0, 1] and attach a 2–handle D^2×D^2 along ∂D^2 ×D^2 to Y ×{1} along K. Since ∂D^2×{0} will map to K, in order to fix the gluing map we only need to specify a framing of K in Y , which (as we already remarked) is equivalent to fixing a longitude of K. Since ∂(D^2 × D^2) = ∂D^2 × D^2 ∪ D^2 × ∂D^2, after this procedure the part ∂D^2 × D^2 with its image will disappear from the 3–manifold (and sinks into the 4–manifold) while D^2 × ∂D^2 appears on the new boundary. Therefore the handle attachment has the same effect as surgery along K; the surgery coefficient can be determined by the chosen framing, i.e. the chosen longitude. Therefore this alternative method works if and only if the surgery coefficient is an integer. The advantage we get is that we do not only have the surgered 3–manifold, but also a 4–dimensional cobordism between the original and the resulting 3–manifolds. As we will see, such a cobordism can be very conveniently used in many specific problems. Any rational surgery diagram can be easily converted into a surgery diagram (along a possibly different link) involving only integer coefficients using the slam–dunk operation as it is given in Exercise 2.2.

Suppose that the contact 3–manifold (Y, ξ) is given as (Y_L, ξ_L) for some Legendrian link L = L^+ ∪ L^− ⊂ (S^3, ξ_{st}). Since all the surgery coefficients in such diagrams are integers, we immediately see a 4– manifold X defined by the picture: the description of integer surgeries above provides a cobordism from S^3 to Y , which can be glued to the 4–disk D^4 to get the compact 4–manifold X with ∂X = Y .

First we would like to find some extra structure on X. The main theorem of the subject is the following result of Eliashberg:

Theorem 3.1 (Eliashberg, Gompf; [5]). Suppose that L = L^− in the above situation. Then the resulting 4–manifold X admits a Stein structure inducing ξ = ξ_L on Y = ∂X. Consequently a surgery diagram involving only contact (−1)–surgeries gives Stein fillable, hence tight contact structure.

The idea of the proof of Eliashberg’s theorem goes back to a result of Weinstein:

Theorem 3.2 (Weinstein, [33]). If (X, ω) is a weak symplectic filling of (Y, ξ) and L ⊂ (Y, ξ) is a Legendrian knot then for the handle attachment X^′ = X ∪ H inducing contact (−1)–surgery along L the symplectic structure ω extends to a symplectic structure ω^′ on X^′. Moreover, (X^′, ω^′) will be compatible with the resulting contact 3–manifold (Y^′, ξ^′).

Corollary 3.3. If (Y^′, ξ^′) is given by contact (−1)–surgery on (Y, ξ) and (Y, ξ) is fillable then so is (Y^′, ξ^′).

Remark 3.4. The original setup of Weinstein’s handle attachment picture involves a Liouville vector field near the boundary, which exists only for strong fillings. In attaching a handle, though, this vector field is used only near the knot along which the attachment is carried out. Since the obstruction to the existence of a Liouville vector field v is cohomological, such v always exists on a neighborhood of the given knot. Therefore the general gluing scheme works for weak fillings as well.

Homotopy theory for contact surgery diagrams. The question of determining the homotopy type of a contact structure given by contact surgery diagram was first addressed by Gompf in the case when L = L^− in [14, 15]. Below we sketch its extension to the general case.

First of all, note that since we use only 2–handles to build up the 4–manifold X, the result will be simply connected. Recall that spin^c structures on a simply connected 4–manifold X are in bijection with characteristic elements of H^2(X; Z). (See the appendix of this section for more about spin^c structures.) Therefore the spin^c structure t_ξ induced by the contact structure of the diagram can be specified by a characteristic cohomology class c ∈ H^2(X; Z) through its corresponding spin^c structure s which satisfies s|_{∂X} = t_ξ. (It is easy to see that if X is simply connected then all spin^c structures from ∂X extend to X.) The definition of c is quite simple: consider the basis α_{K1} , . . . , α_{Kn} of H_2(X; Z) induced by the 2–homologies corresponding to the surgery curves K_1, . . . , K_n. Then it can be shown that the class c which evaluates on α_{Ki} as rot(K_i) will satisfy the properties required above.

We sketch the proof (which relies on Gompf’s result mentioned above) when tb(K_i) ≠ 0. For more details see [3]. Consider L ⊂ (S^3, ξ_{st}) and let L^′ denote its Legendrian push–off. By doing contact (−1)–surgery along L we get a Stein 4–manifold X_L such that c_1(X_L) evaluates on the generator α_L of H_2(X_L; Z) as rot(L). After performing the handle attachment corresponding to contact (+1)–surgery on L^′ we get a 4–manifold X. The complex structure on X_L will extend (for simple homotopy reasons) to a complex structure J on X − {P }, and c = c_1(J) will further extend to an element c ∈ H^2(X; Z). We know that c evaluates on α_L as rot(L); suppose that ⟨c, α_L′ ⟩ = k. Let p denote the d_3–invariant of the 2–plane field of complex tangencies along S^3 = ∂ν{P } ⊂ X. Since (−1)–surgery on L and (+1)–surgery on L^′ gives (S^3, ξ_{st}) back, when computing the 3–dimensional invariant of (S^3, ξ_{st}) using X we get an equation involving k and p. By the same argument for n Legendrian push–offs of L and n Legendrian push–offs of L^′ this equation has the form

−^1_2 =^1_4 (n(k^2 − rot^2(L)) − n^2tb(L)(k − rot(L))^2) + n(p −^1_2 ) −^1_2 ,

implying that k =rot(L) once tb(L) is nonzero. The computation also shows that p =^1_2 , hence, provided c_1(ξ_L) is torsion, the 3–dimensional invariant d_3(ξ_L) can be computed as

d_3(ξ_L) =^1_4 (c^2 − 3σ(X) − 2χ(X)) + q,

where q denotes the number of components in L^+.

Example 3.5. Let ξ_k (k ∈ Z) denote the contact structure on S^3 defined in the previous chapter. Then, after a short calculation the above formula shows that d_3(ξ_k) = k −^1_2 , and hence these structures are all nonisotopic. If k ≠ 0 then (since S^3 admits a unique tight contact structure with 3–dimensional invariant equal to −^1_2 ) these are all overtwisted. For ξ_0 a direct argument provides overtwistedness. Similar computation applies to diagrams representing contact structures on S^1 × S^2.

It is easy to see that if ξ is an oriented 2–plane field on S^3 then its 3–dimensional invariant is of the form k −^1_2 . This follows from the fact that for any 4–manifold X with ∂X = S^3 and almost–complex structure J the expression

d_3 +^1_2 =^1_4 (c^2_1(X, J) − 3σ(X) − 2χ(X)) +^1_2 =

=^1_4 (c^2_1(X, J)−σ(X))−^{σ(X)+χ(X)}_2 +^1_2 =^1_4 (c^2_1(X, J)−σ(X))−^{2b+2 (X)−2b1 (X)}_2 is an integer. This is obvious since c_1(X, J) ∈ H^2(X; Z) is characteristic, hence c^2_1(X, J) ≡ σ(X) (mod 8).

In conclusion, by Eliashberg’s theorem we conclude that {ξ_k | k ∈ Z} together with the standard contact structure ξ_{st} (represented by the empty diagram) comprises a complete list of contact structures (up to isotopy) on the 3–sphere S^3. Notice that this observation concludes the proof of Theorem 2.5 from the previous chapter.

Embedding theorems. Let (X, ω) be a given symplectic filling of (Y, ξ). It turned out to be very useful to study embeddings of (X, ω) into closed 4–manifolds with some additional structures. In this section we will recall the basic results and some ramifications of this theory.

Theorem 3.6 (Lisca–Matić, [19]). If (X, ω) is a Stein filling of (Y, ξ) then there exists a closed minimal complex surface Z of general type such that X Kähler embeds into Z.

Remark 3.7. The fact that a Stein filling can be Kähler embedded into a Kähler manifold can be verified much more easily. The important point of Theorem 3.6 is that the target manifold can be chosen to be a minimal surface of general type. This property is very important in applications concerning Seiberg–Witten theory.

A nice proof (relying on the theory of Lefschetz fibrations) for the weaker statement of embedding (X, ω) into a minimal symplectic 4– manifold was found by Akbulut and Ozbagci [1]. A corollary of Theorem 3.6 can be used to distinguish tight contact structures:

Corollary 3.8. If J_1, J_2 are two Stein structures on a fixed 4– manifold X inducing contact structures ξ_1 and ξ_2 on Y = ∂X then c_1(J_1) ≠ c_1(J_2) implies that ξ_1 and ξ_2 are not isotopic.

Exercise 3.9. Using Corollary 3.8 find lower bounds on the number of tight contact structures on small Seifert fibered manifolds with e_0(M) ≠ −1. (Hint: See [12, 34].)

The above embedding theorem of Lisca and Matić was extended by Eliashberg [6] (see also Etnyre [8]) to weak fillings as follows:

Theorem 3.10. If (X, ω) is a weak symplectic filling of (Y, ξ) then it symplectically embeds into a closed symplectic 4–manifold U.

Proof. Consider L = L^+ ∪ L^− ⊂ (S^3, ξ_{st}) such that (Y_L, ξ_L) = (Y, ξ). Perform contact (−1)–surgeries along Legendrian push–offs of knots in L^+, getting a contact 3–manifold (Y_1, ξ_1) with a weak symplectic filling (X_1, ω_1). Notice that (X, ω) symplectically embeds into (X_1, ω_1). Now consider Legendrian trefoils with tb=1 for each surgery curve linking the particular curve once (and not linking the others) and perform contact (−1)–surgeries on them. The resulting contact 3– manifold (Y_2, ξ_2) has H_1(Y_2; Z) = 0 with a weak filling (X_2, ω_2) such that (X, ω) ⊂ (X_1, ω_1) ⊂ (X_2, ω_2). Since b_1(Y_2) = 0, the symplectic form ω_2 can be perturbed to a symplectic form ω̃_2 near ∂X_2 such that (X_2, ω̃_2) becomes a strong filling of (Y_2, ξ_2). Notice that (Y_2, ξ_2) is given by a sequence of contact (−1)–surgeries, therefore it is Stein fillable with Stein filling (W, J). Apply the embedding of Theorem 3.6 to W , providing a closed complex surface Z containing W . Since both W and X_2 are strong fillings of the same contact 3–manifold, we can perform surgery along Y_2, providing a closed symplectic 4–manifold U = (Z − W ) ∪ X_2, into which (X, ω) symplectically embeds.

This embedding theorem has far-reaching applications in low–dimensional topology: it served as the missing step in the proof of Property P given by Kronheimer and Mrowka [17], and completed a Heegaard Floer theoretic proof [30] of the lens space surgery theorem of Kronheimer, Mrowka, Ozsváth and Szabó [18]. See also [32].

Appendix: Spin^c structures on 3– and 4–manifolds.

Definition 3.11. A spin^c structure on an oriented 3–manifold Y is an equivalence class of nowhere zero vector fields, where v_1 and v_2 are equivalent if they are homotopic outside a ball B^3 ⊂ Y .

Alternatively, we can consider the same equivalence relation on oriented 2–plane fields in the tangent bundle T Y . Therfore a 2–plane field automatically induces a spin^c structure. Notice that for a spin^c structure t ∈ Spin^c(Y ) the class c_1(t) ∈ H^2(Y ; Z) is defined by taking a representative of t and considering it as a complex line bundle. It is easy to see that this definition is equivalent to the conventional definition of spin^c structures: An oriented 2–plane field reduces the structure group of T Y from SO(3) to U(1), which admits a canonical lift to U(2) = Spin^c(3). Conversely, a spin^c bundle P → Y , through the canonical representation of U(2) on C^2, provides a C^2– bundle W → Y (called the bundle of spinors), and a nowhere vanishing section ϕ ∈ Γ(W ) gives rise to a section of unit length of T Y . It is not hard to verify that H^2(Y ; Z) admits a free and transitive action

t → a^∗(t)

(t ∈ Spin^c(Y ), a ∈ H^2(Y ; Z)) on Spin^c(Y ), with the property c_1(a^∗(t)) = c_1(t) + 2a.

The action v → −v of multiplication by (−1) on vector fields induces an involution

J = J_Y : Spin^c(Y ) → Spin^c(Y ).

A straightforward argument shows that c_1(Jt) = −c_1(t). The fixed points of this action satisfy c_1(t) = 0, and since c_1(t) is the obstruction to reducing the structure group of the principal Spin^c(3) bundle to Spin(3) = SU(2), we have

Corollary 3.12. A spin^c structure t ∈ Spin^c(Y ) is a fixed point of the involution J if and only if t can be given by a spin structure.

In a similar fashion we proceed for 4–manifolds. For a fixed 4– manifold X (with possibly nonempty boundary ∂X) let J_1, J_2 be two almost–complex structures defined on X − {x_1, . . . , x_n} with ∂X ∩ {x_1, . . . , x_n} = ∅. The two structures J_1 and J_2 are said to be homologous if there is a 1–dimensional submanifold C (with possibly nonempty boundary) containing x_i (i = 1, . . . , n) such that J_1 is homotopic to J_2 on X − C.

Definition 3.13. An equivalence class of homologous almost–complex structures on X is called a spin^c structure on X.

The first Chern class c_1(s) of s ∈ Spin^c(X) is defined as the extension of c_1(X − {x_1, . . . , x_n}, J) through the points where J is undefined (for an almost–complex structure J representing s). Since J reduces the structure group SO(4) of T X to U(2) outside of a finite set, and U(2) admits a canonical lift to

Spin^c(4) = {(A, B) ∈ U(2) × U(2) | det A = det B},

we can easily see that our definition above is equivalent to the traditional definition of spin^c srtructures through lifting of cocycle structures of appropriate principal bundles. For one direction we also need that a spin^c structure uniquely extends through a point, and for the converse direction we need that a section ϕ ∈ Γ(W^+) of the positive spinor bundle provides an isomorphism of W^− and T X away from the zero set of ϕ. Since W^− is a complex 2–plane bundle, this construction provides the necessary almost–complex structure on T X. Notice that, in fact, an oriented 2–plane bundle on X − {x_1, . . . , x_n} already determines an almost–complex structure by defining J as rotation on the orthogonal plane. As in the 3–dimensional case, it is also quite easy to see that

H^2(X; Z) admits a free, transitive action on Spin^c(X). By considering the conjugate complex multiplication we get an involution

J = J_X : Spin^c(X) → Spin^c(X)

with the property that c_1(Js) = −c_1(s). As in the 3–dimensional case, the spin^c structure s is induced by a spin structure if and only if Js = s, equivalently if c_1(s) = 0.

If X is a manifold with boundary ∂X then the oriented 2–plane field of complex tangencies along the boundary ∂X provides a restriction map r : Spin^c(X) → Spin^c(∂X).

4. Heegaard Floer theory

In this chapter we outline the basics of Heegaard Floer theory; we restrict ourselves to a short introduction, highlighting the aspects crucial for contact topological considerations. For a more detailed treatment see [25, 26] and the contributions [31, 32] in this volume.

Ozsváth–Szabó homologies of 3–manifolds. Elementary Morse theory shows that a closed, oriented 3–manifold Y admits a Heegaard decomposition Y = U_1 ∪_{Σg} U_2 into two solid genus–g handlebodies U_1 and U_2, glued together along a surface Σ_g of genus g. A solid genus–g handlebody with boundary Σ_g can be specified by g disjoint, simple closed curves α_1, . . . , α_g ⊂ Σ_g which are linearly independent in homology: attaching handles along α_i (together with a 3–ball) we recover the given handlebody. Therefore Y can be described by

(Σ_g, {α_i}^g_{i=1}, {β_j}^g_{j=1}).

Consider the g^{th} symmetric power Sym^g(Σ_g) and the g–dimensional tori T_α = α_1 × . . . × α_g and T_β = β_1 × . . . × β_g in it. A symplectic structure on Σ_g gives rise to a symplectic structure on Sym^g(Σ_g); let J be a compatible almost-complex structure. Furthermore, fix a point z ∈ Σ_g distinct from all the α– and β–curves and consider the hypersurface V_z = {z} × Sym^{g−1}(Σ_g), which is disjoint from the tori T_α and T_β. For x, y ∈ T_α ∩ T_β let M_{x,y} denote the moduli space of holomorphic maps u: Δ^2 → Sym^g(Σ_g)−V_z from the unit disk Δ^2 ⊂ C with the properties that u(i) = x, u(−i) = y and the arc connecting i and −i on ∂Δ^2 is mapped into T_α (resp. into T_β) if the points on the arc have positive (resp. negative) real parts. The space M_{x,y} admits an R–action, let N_{x,y} denote the result of the factorization by this action.

Consider ^CF (Y ) = ⊕_{x∈Tα∩Tβ} Z_2⟨x⟩ and define the map ∂ : ^CF (Y ) → ^CF (Y ) by the matrix element ⟨∂x, y⟩ (for x, y ∈ T_α ∩ T_β) to be zero if dim N_{x,y} > 0 and

⟨∂x, y⟩ = #N_{x,y} (mod 2)

if dim N_{x,y} = 0.

Remark 4.1. For the sake of simplicity above we used Z_2–coefficients. The theory can be set up using Z–coefficients, in which case a coherent choice of orientations of the various moduli spaces must be made. Such a choice exists, but since we will use only mod 2 invariants, we do not deal with the details of this subtlety. We also note that when b_1(Y ) ≠ 0, not every Heegaard diagram gives rise to a well-defined theory, since for x, y ∈ T_α∩T_β there might be infinitely many homotopy types of disks connecting them, each possibly containing holomorphic representatives. By choosing admissible Heegaard diagrams, this case can be ruled out, and so for such decompositions the boundary operator ∂ is defined and satisfies ∂ ∘ ∂ = 0. For definition and details on admissibility see [25].

Standard theory of Floer homologies shows that ∂ ∘ ∂ = 0, hence (^CF (Y ), ∂) is a chain complex. We define ^HF (Y ) as the homology of this chain complex.

Theorem 4.2 (Ozsváth–Szabó, [25]). The Abelian group ^HF (Y ) is an invariant of the 3–manifold Y and is independent of the choices made throughout its definition.

It can be shown directly that by fixing the base point z, any intersection point x ∈ T_α ∩ T_β determines a spin^c structure t_x, and ∂x can have components only with the same induced spin^c structure. Consequently the chain complex (^CF (Y ), ∂) naturally splits as a direct sum ⊕_{t∈Spin}c_{(Y )}(^CF (Y, t), ∂), defining a splitting as

^HF (Y ) = ⊕_{t∈Spinc(Y )} ^HF (Y, t).

As above, it has been proved [25] that the group ^HF (Y, t) is an invariant of the spin^c 3–manifold (Y, t).

For x, y ∈ T_α ∩ T_β inducing the same spin^c structure t consider the formal dimension of the moduli space M_{x,y}, and take this number as the difference of the gradings of x and y, denoted by gr(x, y). Of course, this number might depend on the chosen component of the moduli space M_{x,y}, i.e., on the homotopy type of the disk connecting x and y. As application of the appropriate index theorem shows, gr(x, y) is well-defined only modulo d(t), where d(t) is the divisibility of the first Chern class c_1(t) ∈ H^2(Y ; Z) of the spin^c structure t. Consequently, if c_1(t) is a torsion element, the above procedure provides a relative Z– grading on ^CF (Y ), which descends to a relative Z–grading on ^HF (Y ). By fixing the convention that the group ^HF (S^3) = Z_2 is in degree 0, there is a lift of the above relative Z–grading to an absolute Q–grading (provided that c_1(t) is torsion).

Lemma 4.3. With the grading as given above, the Ozsváth–Szabó homology group ^HF (Y, t) with c_1(t) torsion splits as

^HF (Y, t) = ⊕_{d∈Q} ^HF_d(Y, t).

The degree d ∈ Q is determined mod 1 by the spin^c structure t. Moreover, ^HF_d(Y, t) is isomorphic to ^HF_d(Y, Jt) and to ^HF_{−d}(−Y, t).

Suppose now that W is an oriented cobordism between the 3– manifolds Y_1 and Y_2. It is easy to see that W can be given as a sequence of 1–, 2– and 3–handle attachments. Since 1– and 3–handles can be attached essentially uniquely, the maps on the Ozsváth–Szabó homologies induced by those cobordisms follow a straightforward convention. If W is given by 2–handle attachments only, then W can be described by a Heegaard triple

(Σ_g, {α_i}^g_{i=1}, {β_j}^g_{j=1}, {γ_k}^g_{k=1}),

and the map induced by such triple follows the same line of ideas as the definition of the homology groups, except now we count holomorphic triangles instead of holomorphic disks, see [26]. The case of general cobordism W now relies on the Morse theoretic argument of decomposing W into subcobordisms of the above types and composing the associated maps. In analogy with the definition of the 3–dimensional invariants, one can prove that the resulting map is independent of the choices involved; for more details see [26]. As in the 3–dimensional case, the maps split according to spin^c structures on the cobordisms. In the following F_W denotes the sum of the induced maps for all spin^c structures.

In addition, a spin^c cobordism (W, s) from (Y_1, t_1) to (Y_2, t_2), with t_1, t_2 torsion spin^c structures shifts the absolute Q–grading by the rational number_1 4 (c^2_1(s) − 3σ(W ) − 2χ(W )).

Basic properties. The most fundamental properties of these homology groups can be summarized as follows.

Theorem 4.4 (Adjunction inequality for homologies, [26]). Suppose that Σ ⊂ Y is a closed oriented surface in a closed, oriented

3–manifold Y and t ∈ Spin^c(Y ) is a given spin^c structure. The nontriviality of the Ozsváth–Szabó homology group ^HF (Y, t) implies that either Σ = S^2 and ⟨c_1(t), [Σ]⟩ = 0, or g(Σ) > 0 and

|⟨c_1(t), [Σ]⟩| ≤ 2g(Σ) − 2.

Theorem 4.5 (Adjunction inequality for maps, [26]). If W is a 4-dimensional cobordism and Σ ⊂ W is a closed oriented surface with positive genus in it then for s ∈ Spin^c(W ) the fact that F_W ≠ 0 implies that |⟨c_1(s), [Σ]⟩| + [Σ]^2 ≤ 2g(Σ) − 2. In particular, if W contains a surface Σ with [Σ]^2 > 2g(Σ) − 2 ≥ 0 then F_{W,s} = 0 for all spin^c structures s ∈ Spin^c(W ).

Finally, suppose that a 3–manifold Y and a knot K ⊂ Y are given. Perform integer surgery along K, resulting in a 3–manifold Y_K and a cobordism X_1 from Y to Y_K . Consider a normal circle N to K and attach a 2–handle to Y_K along N with framing (−1). The resulting 3–manifold will be denoted by Y^′, while the cobordism is X_2. Repeat this last step, i.e., attach a 2–handle to Y^′ along a normal circle U of N with framing (−1). It is not hard to see that the resulting 3–manifold is diffeomorphic to Y ; denote the last cobordism by X_3. The diagram below describes the situation.

Y YK

Y^′

X_1

X_2

X_3

This geometric situation induces a triangle on Ozsváth–Szabó homologies as depicted below.

^HF (Y ) ^HF (Y_K )

^HF (Y ′)

F_{X1}

F_{X2}

F_{X3}

The central result for computing Ozsváth–Szabó homologies is the following

Theorem 4.6 (Surgery exact triangle, [26]). The triangle defined above for Ozsváth–Szabó homologies is exact.

For an elegant proof of the exactness of the surgery triangle see [32] in this volume.

5. Contact invariants

The most spectacular success of Ozsváth–Szabó homologies stems from its applications to knot theory and to contact topology. In the following we will discuss the definition and basic properties of the contact invariant defined in [28]. Applications will be given in the next chapter.

Open book decompositions and Giroux’s theorem. The definition of the contact invariant c(Y, ξ) ∈ ^HF (−Y, t_ξ) rests on a seminal result of Giroux, providing a close connection between open book decompositions and contact structures on a given 3–manifold Y . Here we restrict ourselves to an outline of this beautiful theory; for a more complete treatment the reader is advised to turn to [9] in this volume.

Suppose that L ⊂ Y is a fibered link in Y , that is, the complement Y − L fibers as f : Y − L → S^1 over the circle S^1, and the fibers of f provide Seifert surfaces for L. In this case the pair (L, f) is an open book decomposition of Y . The fibers of f are the pages, while L is the binding of the open book decomposition. The monodromy of the fibration f : Y − L → S^1 is called the monodromy of the open book decomposition (L, f). A contact structure ξ on Y is said to be compatible with an open book decomposition (L, f) on Y if L is transverse with respect to ξ and there is a contact 1–form α defining ξ such that the 2–form dα is a volume form on each page. In addition, we assume that the orientation of the binding as a transverse knot coincides with its orientation as the boundary of a page.

According to a classical theorem of Thurston and Winkelnkemper, for any open book decomposition there exists a contact structure compatible with it: by slightly perturbing the tangents of the pages and extending this plane field through the binding we get the desired contact structure. Giroux proved that the converse of this statement is also true, namely for any contact structure there is an open book decomposition compatible with it. The existence of this open book can, in fact, be deduced from a surgery diagram representing the given contact structure. In addition, a simple argument shows that if two contact structures are compatible with the same open book decomposition then they are isotopic. The converse of this correspondence is more subtle and requires a definition.

Definition 5.1. Suppose that an open book decomposition is given on Y with page F and monodromy φ. Let F^′ denote the surface we get by adding a 1–handle to F . The open book decomposition with page F^′ and monodromy φ ∘ t_a is called a positive stabilization of (F, φ) if t_a is a right-handed Dehn twist along the simple closed curve a ⊂ F^′ intersecting the cocore of the new 1–handle in a unique point.

With this definition in place, we can formulate the central result clarifying the relation between open book decompositions and compatible contact structures.

Theorem 5.2 (Giroux, [13]). (a) For a given open book decomposition of Y there is a compatible contact structure ξ on Y . Contact structures compatible with a fixed open book decomposition are isotopic. (b) For a contact structure ξ on Y there is a compatible open book decomposition of Y . Two open book decompositions compatible with a fixed contact structure admit a common positive stabilization.

Contact Ozsváth–Szabó invariants. The above result of Giroux shows that any invariant of the open book decomposition which is invariant under positive stabilization is a contact invariant. For simplicity let us assume that the binding of the given open book decomposition is connected. (This can always be achieved by sufficiently many positive stabilizations.) Perform 0–surgery along the binding, resulting in a fibered 3–manifold Y_B . The definition of the contact Ozsváth–Szabó invariant relies on the following lemma.

Lemma 5.3. Suppose that Y is a closed 3–manifold which fibers over S^1. If t_{can} denotes the spin^c structure given by the tangents of the fibers of Y → S^1, then ^HF (Y, t_{can}) = Z_2 ⊕ Z_2 with a distinguished generator g. Moreover, ^HF (Y, t) = 0 for all spin^c structures distinct from t_{can} satisfying ⟨c_1(t), F ⟩ = ⟨c_1(t_{can}), F ⟩, where F denotes the homology class of the fiber of Y → S^1.

In specifying the distinguished element of ^HF (Y, t_{can}) one has to use another version of Ozsváth–Szabó homology groups (namely the group HF^+(Y, t_{can})) and the map connecting the two theories — we will not go into the details of the definition of g.

Proof (sketch). The argument rests on a simple application of the surgery exact triangle together with a sample computation. Let T = {t ∈ Spin^c(Y ) | ⟨c_1(t), F ⟩ = ⟨c_1(t_{can}), F ⟩}. In the first step we show that the group ⊕_{t∈T} ^HF (Y, t) does not depend on the monodromy of the fibration, just on the genus of the fiber. To this end, suppose that Y_1, Y_2 → S^1 are two given genus–g fibrations. There is a cobordism between them which is a Lefschetz fibration over the annulus; by induction we may assume that the fibration has a unique singular fiber, that is, Y_2 is given as (−1)–surgery (with respect to the fiber framing) along the nonseparating vanishing cycle of the singular fiber. Writing down the exact triangle, it is easy to see that the third group is zero, since 0–surgery (with respect to the fiber framing) reduces the genus of the fiber, hence the adjunction inequality implies the result. The sample computation can be carried out for the result of the 0–surgery along the (2, 2g + 1) torus knot. (A related exact triangle reduces this computation to simple algebra.)

Recall that g ∈ ^HF (Y_B, t_{can}) ∼= ^HF (−Y_B , t_{can}) denotes the distinguished generator of this homology group. When turning the cobordism of the above 0–surgery upside down, we get a cobordism W from −Y_B to −Y . The contact invariant c(Y, ξ) of a contact 3–manifold is defined by F_W (g) ∈ ^HF (−Y ). The proof of the fact that the resulting element is an invariant of the contact structure (and not only the open book decomposition) proceeds in two steps. First we show the following:

Proposition 5.4 (Ozsváth–Szabó, [28] Lemma 4.4). Suppose that an open book decomposition on Y with monodromy φ is given, and denote the element corresponding to this decomposition via the above recipe by c(φ) ∈ ^HF (−Y ). Then for every positive integer h ∈ N there is an element c(φ, h) ∈ ^HF (−Y ) such that c(φ, h) = c(φ^′) for any monodromy φ^′ we get by applying 2h positive stabilizations to the given open book decomposition.

The proof of the proposition follows the same line of argument outlined in the proof of Lemma 5.3 above. Using induction, it would be sufficient to show that c(φ) = c(φ, 1). This identity is, however, hard to deal with directly, since the two open book decompositions correspond to different genera, hence the fibrations we get by the 0–surgeries are not connected by any natural cobordism. Therefore one has to use more sophisticated tools in proving that the invariant c(φ) is an invariant of the compatible contact structure, rather than only the open book decomposition.

This second step of the proof of invariance relies on the knot invariants introduced in [29]. Ozsváth and Szabó noticed that the knot group ^

HF K(Y, L, t) of the binding (with an appropriate relative spin^c structure determined by the genus of the page) is cyclic, and the image of its generator in ^HF (Y ) can be easly seen to be invariant under simple positive stabilizations of the open book decomposition. Finally, an explicit computation with appropriate Heegaard diagrams show that this knot invariant is equal to the element c(φ) defined above. This last step verifies that our definition provides a contact invariant.

Basic properties. Recall that the Ozsváth–Szabó homology groups split as a direct sum ^HF (Y ) = ⊕_{(t,d)∈P} ^HF_d(Y, t) where P is the set of homotopy types of oriented 2–plane fields on Y and the pair (t, d) stands for the spin^c structure and the 3–dimensional invariant determined by a given oriented 2–plane field. The first property of the contact invariant is that it is an element of the summand corresponding to the 2–plane field of the contact structure:

Lemma 5.5. For a contact 3–manifold (Y, ξ) the contact Ozsváth– Szabó invariant c(Y, ξ) is an element of ^HF_{−dξ} (−Y, t_ξ).

The next property provides a way for computing the invariant for contact structures given by contact surgery diagrams.

Theorem 5.6. Suppose that (Y_2, ξ_2) is given as contact (+1)–surgery along the Legendrian knot L ⊂ (Y_1, ξ_1); the corresponding cobordism is denoted by X. Then

F_{−X} (c(Y_1, ξ_1)) = c(Y_2, ξ_2).

Proof. Fix an open book decomposition of Y which contains L in a page such that the contact framing and the surface framing on L coincide. A simple modification of the argument given in the proof of Proposition 5.4 now provides the argument.

Using the definition, it can be shown that

Lemma 5.7. The contact invariant c(S^3, ξ_{st}) ∈ ^HF (S^3) = Z_2 of the standard contact 3–sphere is nonzero.

Proof. Consider the standard open book decomposition on S^3 with the trivial knot as binding and apply the definition.

From the transformation rule of Theorem 5.6 the following important vanishing and nonvanishing results can be easily deduced.

Proposition 5.8. If (Y, ξ) is overtwisted then c(Y, ξ) = 0.

Proof. It is not hard to see from the classification of overtwisted contact structures that there is a contact structure ξ^′ on Y such that (Y, ξ) is given as contact (+1)–surgery along the Legendrian knot of Figure 4, located in a Darboux chart of (Y, ξ^′). Since the cobordism corresponding to this surgery contains a sphere of square (−1), after reversing orientation it is clear that c(Y, ξ) = F_{−X} (c(Y, ξ^′)) = 0 independent of the value of c(Y, ξ^′).

Proposition 5.9. If (Y, ξ) is Stein fillable then c(Y, ξ) ≠ 0.

Proof. Using Eliashberg’s theorem it can be shown that any Stein fillable contact 3–manifold can be given by a sequence of contact (−1)– surgeries on one of the contact 3–manifolds η_k, where η_k is a contact structure on #_kS^1 × S^2 (k ≥ 0) given by doing contact (+1)– surgery along the k–component Legendrian unlink. It can be shown that c(#_kS^1 × S^2, η_k) ≠ 0 (see Exercise 5.10), and since it is given by a sequence of contact (+1)–surgeries on (Y, ξ), we get that for some cobordism W the equation F_W (c(Y, ξ)) = c(#_kS^1 × S^2, η_k) holds, implying that c(Y, ξ) ≠ 0.

Exercise 5.10. Using induction on k verify that the contact invariant c(#_kS^1 × S^2, η_k) is nonzero.

6. Applications

After having discussed the basic properties of the contact Ozsváth– Szabó invariants, we present some results relying on these notions.

Surgery along knots in S^3. First we examine the problem of the existence of tight contact structures on 3–manifolds of the form Y = S^3_r (K), i.e., Y can be given by a single Dehn surgery on S^3. Let us recall that the maximal Thurston–Bennequin number T B(K) of a knot K ⊂ S^3 is defined by

max{tb(L) | L is smoothly isotopic to K and Legendrian in (S^3, ξ_{st})}.

The slice–genus (or 4–ball genus) g_s(K) of K ⊂ S^3 is by definition

max{g(F ) | F ⊂ D^4, ∂F = K ⊂ S^3}.

Using gauge theory it has been proved that T B(K) ≤ 2g_s(K) − 1.

Theorem 6.1. If T B(K) = 2g_s(K) − 1 > 0 is satisfied for a knot K then S^3_r (K) admits a positive tight contact structure for any r ≠ T B(K).

Notice that if K is the (p, q) torus knot T_{(p,q)}, then for p, q ≥ 2 and relative prime it has T B(T_{(p,q)}) = pq − p − q, which is equal to 2g_s(T_{(p,q)}) − 1, hence those knots satisfy the assumptions of the theorem. For example, the right-handed trefoil knot T depicted in Figure 8 satisfies the assumptions. (For a more detailed and simpler proof of Theorem 6.1 for T = the trefoil knot, see the contribution [22] in this volume.) In fact, any nontrivial algebraic knot does the same, and there are many other knots with this property. For example, if for the knots K_1, K_2 we have T B(K_i) = 2g_s(K_i) − 1 then the same equation holds for their connected sum K_1#K_2.

Figure 8. The right-handed trefoil knot

Proof. Let L be a Legendrian knot smoothly isotopic to K with tb(L) = T B(K). Let k ≥ 0 be a fixed integer and consider L_1, . . . , L_k, L_{k+1} Legendrian push–offs of L, while C_1, . . . , C_t is a chain of Legendrian unknots linked to L_{k+1}. Fix a rational number r ≠ T B(K).

Lemma 6.2. For any rational number r ≠ T B(K) there is an integer k ≥ 0 and suitable stabilizations of L_{k+1}, C_1, . . . , C_t, such that a sequence of contact (+1)–surgeries on L_1, . . . , L_k and contact (−1)– surgeries on the stabilized L_{k+1}, C_1, . . . , C_t yields a contact 3–manifold (Y, ξ) such that Y is diffeomorphic to S^3_r (K).

Proof (sketch). Let r^′ = r − T B(K) ≠ 0. If r^′ < 0 then take k = 0 and the stabilizations are directed by the continued fraction coefficients of r^′. In case r^′ =^{p′}_{q′} > 0, take k > 0 satisfying q^′ − kp^′ < 0 and repeat the above recipe for^{p′}_{q′−kp′} . For a more detailed description of the algorithm see [3, 20].

Having the above lemma at hand we have candidate contact structures on S^3_r (K); in the following we will use contact Ozsváth–Szabó invariants to prove their tightness. Let (Y_k, ξ_k) denote the contact 3–manifold we get by performing only the (+1)–surgeries, k ≥ 0; in particular, (Y_0, ξ_0) = (S^3, ξ_{st}). Since contact (−1)–surgery on a contact 3–manifold with nonvanishing contact Ozsváth–Szabó invariants is tight, c(Y_k, ξ_k) ≠ 0 will imply that all the contact structures defined by Lemma 6.2 are tight, concluding the proof of Theorem 6.1. The fact c(Y_k, ξ_k) ≠ 0 can be proved by induction — this is the step where the assumption T B(K) = 2g_s(K) − 1 is used. To start the induction, we notice that for k = 0 the statement clearly holds. Since (Y_{k+1}, ξ_{k+1}) is given by contact (+1)–surgery along a Legendrian knot in (Y_k, ξ_k), for the corresponding cobordism X_k we have F_{−Xk} (c(Y_k, ξ_k)) = c(Y_{k+1}, ξ_{k+1}).

Therefore induction together with the injectivity of F_{−Xk} implies the result. This latter claim of injectivity can be proved by applying the surgery exact triangle for the cobordism −X_k.

For the sake of simplicity we sketch the proof of this last step for the case when K is the right-handed trefoil knot depicted by Figure 8 (the general case follows a very similar pattern). In this case the surgery triangle induced by the handle attachment along the (k + 1)st Legendrian trefoil is given by Figure 9. If V_k denotes the cobordism from Y

Figure 9. The exact triangel induced by −X_k

to −Y_k, then a simple geometric arguments shows

Proposition 6.3. The 4–manifold V_k contains a torus of self– intersection k + 1.

Now the proof of Theorem 6.1 can be easily completed for the special case when K = T : By the adjunction formula for cobordisms, Proposition 6.3 implies that the induced homomorphism F_{Vk} is trivial, hence the injectivity of F_{−Xk} follows from the exactness of the triangle. This concludes the proof of Theorem 6.1.

Exercise 6.4. Find a genus–g_s(L) surface Σ ⊂ V_0 with [Σ]^2 =tb(L) for general L satisfying tb(L) = 2g_s(L) − 1. Let t denote tb(L). For k > 0 find a surface of genus^1_2 (t(t − 1)k + t + 1) with self–intersection t^2k + t in V_k. (For the solution see [20].)

Notice that the above result deals only with surgeries satisfying r ≠ T B(K). This assumption plays an important role in defining the candidate tight contact structure; for r = T B(K) the previous strategy would provide an overtwisted structure. It seems to be a more subtle question to understand what happens on the 3–manifold S^3_{T B(K)}(K). Below we give a partial answer to this question, concentrating on some particular families of torus knots.

A sample computation. Using convex surface theory it can be proved that the oriented 3–manifolds S^3_{2n−1}(T_{(2,2n+1)}) admit no positive tight contact structures once n ≥ 1 [21]. It is natural to ask what happens with other knots for which Theorem 6.1 applies, when we perform the critical surgery with coefficient T B(K). Below we show that in one sample case the corresponding 3–manifold admits a positive tight contact structure. This computation generalizes to a wider family of knots, see [21].

Proposition 6.5. The 3–manifold Y = S^3_5 (T_{(3,4)}) admits a tight contact structure.

The proof will obviously follow from

Theorem 6.6. The contact structure ξ defined by the contact surgery diagram of Figure 10 on Y is tight.

Proof. Consider the contact structure ξ^′ given by the diagram of Figure 10 after deleting one of the (+1)–framed surgery curves. The underlying 3–manifold will be denoted by S. It is easy to see that c(S, ξ^′) ≠ 0, since, according to the diagram, ξ^′ is given by a sequence of (−1)–surgeries on the tight S^1 × S^2. Let X denote the cobordism defined by the second contact (+1)–surgery. Our aim is to show that c(S, ξ^′) is not in ker F_{−X} , i.e.,

c(Y, ξ) = F_{−X} (c(S, ξ^′)) ≠ 0.

Figure 10. Tight contact structure on Y = M(−^1_2 ,^1_4 ,^1_7 ) = S^3_5 (T_{(3,4)})

In order to analyze the map F_{−X} , consider the exact triangle defined by the cobordism −X. Here we will follow the convention of denoting the 3–manifolds by solid surgery curves, while the cobordisms are denoted by dashed curves.

It is not hard to verify that the 3–manifolds S, Y and L are all L–spaces, that is, dim ^HF (S) = |H_1(S; Z)| = 89, dim ^HF (Y ) = 5 and dim ^HF (L; Z) = 84. In particular, for a given spin^c structure t (on any of the above three 3–manifolds) the corresponding Ozsváth–Szabó homology group (with Z_2–coefficients) admits a unique nontrivial element a_t, which we will denote by the spin^c structure itself. Let U denote the cobordism given by attaching a 2–handle along the dashed curve with framing 0 in Figure 11 and V the third cobordism of the same figure.

Figure 11. The exact triangel induced by −X

By exactness we get that F_U = 0, therefore F_V is injective and F_{−X} is surjective. The 3–manifold L is the connected sum of three lens spaces, more precisely L = L(7, 6)#L(4, 3)#L(3, 1). It admits two spin structures t_1 and t_2 and a simple geometric argument shows that exactly one of them (say t_1) extends to V as a spin structure and t_2 extends to U as a spin structure. The crucial step in the argument is the following observation:

Proposition 6.7. If t_e denotes the unique spin structure on Y then for the gradings of the corresponding Ozsváth–Szabó homology elements we have gr(t_e) − gr(t_2) =^1_4 .

Remark 6.8. There are several ways to prove this proposition. For example, we can directly compute the gradings of the two elements: For lens spaces the gradings are fairly easy to determine, for the small Seifert 3–manifold Y it is a little more complicated, but can be done using [27] or [23]. A less explicit, but possibly shorter argument considers the triangle induced by the cobordism −U between L and −Y , and shows that the image of the spin structure t_2 has t_e as nonzero component, from which it is a simple task to deduce the above proposition.

Since t_2 is self–conjugate under the Z_2 action induced by conjugating the spin^c structures, its image F_V (t_2) decomposes as a + Ja for some a ∈ ^HF (−S). Injectivity of F_V implies that a and Ja are not in ker F_{−X} . In a way similar to the proof of Proposition 6.7 it can be checked that ⟨F_{−X} (a), t_e⟩ = 1, hence a has a homogeneous component a_1 with the same property. By determining the spin^c structure of a_1 and comparing it to t_ξ′ we will conclude that the spin^c structures coincide, hence a_1 = c(S, ξ^′), implying F_{−X} (c(S, ξ^′)) ≠ 0. From Proposition 6.7 the determination of the spin^c structure of a_1 is a simple task: the degree shift between t_2 and a_1 is at most^1_4 (−^{84k2}_{89} + 1) and k^2 > 0 since t_2 does not extend as a spin structure to this cobordism. Similarly the degree shift between a_1 and t_e is^1_4 (−^{5l2}_{89} + 1) and l^2 > 0 since there is no spin structure on the cobordism −X. Since gr(t_e) − gr(t_2) =^1_4 , it follows that k^2 + l^2 = 2, hence k = ±1, which specifies the spin^c structure of a_1 in terms of the spin structure t_2, which is easy to describe. Now a simple homotopy–theoretic computation verifies that t_{a1} = t_ξ′ or t_{a1} = Jt_ξ′ , concluding the proof. For details of the steps only sketched above the reader is advised to turn to [21].

Fillability. As it turns out, many of the tight contact structures found by Theorem 6.1 are nonfillable. In fact

Theorem 6.9. The manifold S^3_r (T_{(p,pn+1)}) with p, n ∈ N and r ∈ [p^2n − pn − 1, p^2n + p − 1) supports no fillable contact structure.

Proof. The proof proceeds roughly as follows. First, using the surgery exact triangle, the fact that (pq − 1)–surgery on T_{(p,q)} is a lens space, and the adjunction formula for cobordisms, one can show that the 3–manifolds encountered above are all L–spaces. According to [30] a weak symplectic filling of an L–space has vanishing b^+_2 invariant. Kirby calculus and some elementary algebra shows that the manifolds encountered above can be given as boundaries of positive definite 4– manifolds with intersection forms which do not embed into any diagonal definite lattice. By reversing the orientation of these 4–manifolds and gluing them to potential fillings we end up with a closed, negative definite 4–manifold with nonstandard intersection form, contradicting Donaldson’s famous diagonalizability theorem. This shows that no filling of the above manifolds can exist.

By analyzing the freedom of putting stabilizations on the Legendrian knots C_i we get

Corollary 6.10. For any n ∈ N there is a rational homology sphere M_n which carries at least n pairwise nonisomorphic tight contact structures, none of them fillable.

We conclude this chapter by showing examples where the manifold carries both fillable and nonfillable tight contact structures. To this

Figure 12. Nonfillable tight contact circle bundle

end, notice that by Theorem 6.1 contact (+1)–surgery on the Legendrian trefoil knot with Thruston–Bennequin invariant 1 and rotation number 0 provides a tight, nonfillable contact 3–manifold. Choosing a particular such knot (as is given by the Legendrian trefoil of Figure 12) and doing two contact (+1)–surgeries along the Legendrian unknots we get a contact structure which is still not fillable. Its tightness can be proved by viewing it as contact (+1)–surgery on the tight contact S^1 × S^2#S^1 × S^2. The analysis of the induced map shows its injectivity as before, hence the contact Ozsváth–Szabó invariant of the contact structure of Figure 12 is nonzero, conluding the proof of tightness.

It is not hard to see that the above contact structure is defined on the circle bundle over the torus with Euler number equal to 2. Stein fillable structures on this 3–manifold were given by Gompf in [14]. From the above example appropriate contact (−1)–surgeries provide a family of tight, nonfillable structures on many Seifert fibered 3–manifolds over T^2. A small modification of the argument (by starting with the connected sum of n copies of the trefoil) extends to Seifert fibered 3– manifolds over higher genus surfaces.

References

[1] S. Akbulut and B. Ozbagci, On the topology of compact Stein surfaces, Int.

Math. Res. Not. 15 (2002), 769–782.

[2] F. Ding and H. Geiges, A Legendrian surgery presentation of contact 3- manifolds, Proc. Cambridge Philos. Soc. 136 (2004), 583–598.

[3] F. Ding, H. Geiges and A. Stipsicz, Surgery diagrams for contact 3- manifolds, Turkish J. Math. 28 (2004), 41–74.

[4] Y. Eliashberg, Classification of overtwisted contact structures on 3- manifolds, Invent. Math. 98 (1989), 623–637.

[5] Y. Eliashberg, Topological characterization of Stein manifolds of dimension > 2, International J. of Math. 1 (1990), 29–46.

[6] Y. Eliashberg, A few remarks about symplectic filling, Geom. Topol. 8 (2004), 277–293.

[7] J. Etnyre, Introductory lectures on contact geometry, arXiv:math.SG/0111118 [8] J. Etnyre, On symplectic fillings, Algebr. Geom. Topol. 4 (2004), 73–80. [9] J. Etnyre, Lectures on open book decompositions and contact structures, in this volume.

[10] J. Etnyre and K. Honda, On the non-existence of tight structures, Ann. of Math. 153 (2001), 749–766.

[11] H. Geiges, Contact geometry, to appear in the Handbook of Differential Geometry, vol. 2.

[12] P. Ghiggini, P. Lisca and A. Stipsicz, Classification of tight contact structures on small Seifert 3–manifolds with e_0 ≥ 0, Proc. Amer. Math. Soc., to appear, arXiv:math.SG/0406080 [13] E. Giroux, Contact geometry: from dimension three to higher dimensions, Proceedings of the International Congress of Mathematicians (Beijing 2002), 405–414.

[14] R. Gompf, Handlebody construction of Stein surfaces, Ann. of Math. 148 (1998), 619–693.

[15] R. E. Gompf and A. I. Stipsicz, 4-manifolds and Kirby calculus, Graduate Studies in Mathematics, vol. 20, American Math. Society, Providence 1999.

[16] K. Honda, On the classification of tight contact structures, I., Geom. Topol.

4 (2000), 309–368.

[17] P. Kronheimer and T. Mrowka, Witten’s conjecture and Property P , Geom.

Topol. 8 (2004), 295–310.

[18] P. Kronheimer, T. Mrowka, P. Ozsváth and Z. Szabó, Monopoles and lens space surgeries, arXiv:math.GT/0310164

[19] P. Lisca and G. Matić, Tight contact structures and Seiberg-Witten invariants, Invent. Math. 129 (1997), 509–525.

[20] P. Lisca and A. Stipsicz, Ozsváth–Szabó invariants and tight contact three– manifolds I., Geom. Topol. 8 (2004), 925–945.

[21] P. Lisca and A. Stipsicz, Ozsváth–Szabó invariants and tight contact three– manifolds II., arXiv:math.SG/0404136 [22] P. Lisca and A. Stipsicz,, Ozsváth–Szabó invariants and contact surgery, in this volume.

[23] A. Némethi, On the Ozsváth–Szabó invariants of negative definite plumbed 3-manifolds,arXiv:math.GT/0310083.

[24] H. Ohta and K. Ono, Simple singularities and topology of symplectically filling 4-manifolds, Comment. Math. Helv. 74 (1999), 575–590.

[25] P. Ozsváth and Z. Szabó, Holomorphic disks and topological invariants for rational homology three-spheres, Ann. of Math. 159 (2004), 1027–1158.

[26] P. Ozsváth and Z. Szabó, Holomorphic disks and three-manifold invariants:

properties and applications, Ann. of Math. 159 (2004), 1159–1245. [27] P. Ozsváth and Z. Szabó, On the Floer homology of plumbed three-manifolds, Geom. Topol. 7 (2003), 185–224.

[28] P. Ozsváth and Z. Szabó, Heegaard Floer homologies and contact structures, arXiv:math.SG/0210127 [29] P. Ozsváth and Z. Szabó, Holomorphic disks and knot invariants, arXiv:math.GT/0209056 [30] P. Ozsváth and Z. Szabó, Holomorphic disks and genus bounds, Geom.

Topol. 8 (2004), 311–334.

[31] P. Ozsváth and Z. Szabó, An introduction to Heegaard Floer homology, in this volume.

[32] P. Ozsváth and Z. Szabó, Lectures on Heegaard Floer homology, in this volume.

[33] A. Weinstein, Contact surgery and symplectic handlebodies, Hokkaido Mathematical Journal 20 (1991), 241–51.

[34] H. Wu, Tight contact small Seifert spaces with e_0 ≠ −2, −1, 0, arXiv:math.GT/0402167.

Rényi Institute, Budapest and Institute for Advanced Study, Prince- ton E-mail address: stipsicz@math-inst.hu and stipsicz@math.ias.edu