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Introduction

Why Quantum Hall Effects ‘are so interesting ?

Noncommutative geometry = effective field theory = quantum coherence

Theoretical predictions can be checked experimentally

Dynamics arises from noncommutative geometry

Spin coherence develops spontaneously

Charged excitations are CP' Skyrmions

SU(4) quantum coherence develops in

Charged excitations are CP> at v = 1 and G*? Skyrmions at v = 2
Interlayer coherence = Josephson phenomena

=

Fractional QH effects, Higher Landau levels, Edge phenomena, - - - - - -
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Two-Dimensional World

QH state provides us with an ideal 2-dimenional world,

upon which noncommutative geometry is realized

A world of planar electrons
emerges between
two different semiconductors

Si  AlGaAs

I/ A

planar electrons

ground state
dy,,~10nm

A electron makes cyclotron motion
occupying an area 21t

>
EB — \/h/eBJ_

Hall current by Lorentz force

Hall current
—>

magnetic

electric field

X
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Classical and Quantum Hall Effects

Hall resistivity

V. 1 21Th
e Jiotal v e? .
: 21thp) N n :
= = = — .
with v oB, No - (quantized )
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Classical and Quantum Hall Effects
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Classical and Quantum Hall Effects
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Hall Plateau

Excitations around v =1
N =Ny atv =1
N < Ny at v < 1= holes excited (no spin excitation)
N > Ng at v > 1 = electrons excited (spin excitation)

Hall plateau is generated when quasiparticles are trapped by impurities
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Spin Texture identified with Skyrmion (experiment)

Experimentally 3.5 flipped spins are observed around v = 1
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Barrett et al, PRL74(1995)5112

KIAS, Seoul (2004.10.25-27) — p.7/52



Spin Texture identified with Skyrmion

(experiment)

Experimentally 3.5 flipped spins are observed around v = 1

Skrymions must be excited !

A skyrmion and an antiskyrmion
flips the same number of spins

—_k
o

\
\electron

skyrmion ..

B, =7.05 Tesla

71Ga Knight Shift (kHz)

6)]
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Filling Factor v

Barrett et al, PRL74(1995)5112
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Lowest-Landau-Level Projection

Kinetic Hamiltonian generates Landau levels

P’ 1

He'= 331 =am

Rwg Landau Levels

Lowest Landau Level

1/3 2/3
filling factor (V)
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Lowest-Landau-Level Projection

Kinetic Hamiltonian generates Landau levels

P 1
- 2M 2M

Hi (P — iP,) (Py + iPy) + %hwc With Py = —ihdg + eA™

Electron coordinate x = guiding center X and relative coordinate R

: 1 1
x=X+R with R= <_eBL Py, EPX) R Landau Levels

[X,Y]=—-il3, [Py, Py]=ih*/{5,
[X,Px] :[X,Py] — [Y,Px] — [Y,Py] =0

Lowest Landau Level

1/3 2/3
filling factor (V)
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Lowest-Landau-Level Projection

Kinetic Hamiltonian generates Landau levels

P 1
- 2M 2M

Hi (P — iP,) (Py + iPy) + %hwc With Py = —ihdg + eA™

Electron coordinate x = guiding center X and relative coordinate R

: 1 1
x=X+R with R= <_eBL Py, EPX) R Landau Levels

[X,Y]=—-il3, [Py, Py]=ih*/{5,
[X,Px] :[X,Py] — [Y,Px] — [Y,Py] =0

Lowest Landau Level

Electrons are confined to LLL if hwe — o 173  2/3
filling factor (V)

(x,y)=> X =(X,Y) with [RSEEE14:
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Noncommutative Geometry
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Noncommutative Geometry

Kinetic term is quenched by large Landau-level separation (hw¢; — )

Hamiltonian consists solely of static potentials
Coulomb and Zeeman interactions (monolayer systems)

Dynamics arises solely from noncommutative geometry

x,1) - it}

with

bzl

V203

1
V203

(X —iY), bl = (X +1iY)
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Noncommutative Geometry

Kinetic term is quenched by large Landau-level separation (hw¢; — )

Hamiltonian consists solely of static potentials
Coulomb and Zeeman interactions (monolayer systems)

Dynamics arises solely from noncommutative geometry

[X; Y] = —1'3123 = [b,bT] -1 i

with .
b = X-iY), b'= X+1iY
\EEB( ) \/QBB( )
The Fock space Hy is made of the states
In)=i(lfr)”|0) n=0,1,2,---
\/m ) y Ly <y

QH system is governed by noncommutative geometry

Landau site
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Weyl Ordering

Weyl-ordering of a classical quantity f (r)

WIf] = »ey [d2qd?r elT—Xf (7) with X =(X,Y) IO

(277)?
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Weyl Ordering

Weyl-ordering of a classical quantity f (r)

WIf] = »ey [d2qd?r elT—Xf (7) with X =(X,Y) IO

(2717)2

We apply this to the electron density f(r) = 6?(x — r) = p(x)
Here, r is the electron trajectory, while x is the coordinate (parameter)

Wip(%)] = Gz [dPq €130
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Weyl Ordering

Weyl-ordering of a classical quantity f (r)

WIf] = »ey [d2qd?r elT—Xf (7) with X =(X,Y) IO

(2717)2

We apply this to the electron density f(r) = 6?(x — r) = p(x)
Here, r is the electron trajectory, while x is the coordinate (parameter)

Wip(x)] = (Z}T)z [d2qel1*=X) | = | W[p(q)] = 5-e 19X
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Weyl Ordering

Weyl-ordering of a classical quantity f (r)

W[f]:(

L [d2qdPreldrXf(r) | with X=(X,Y) (RO

We apply this to the electron density f(r) = 6?(x — r) = p(x)
Here, r is the electron trajectory, while x is the coordinate (parameter)

Wip(X)] = Gy [d?q 97X | > Wip(q)] = zre79X
Field-theoretical density reads
p(@) = (Y IWp(@)]Y) = 5= > mn(mle 9% n)ct (m)c(n)

with electron field ¥ (x) confined within the LLL

¥ (x) = (x|¥) = > (x|n)c(n)
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Density Operators with Spin (Monolayer)

The observables in the monolayer system are the densities

P(@) = 5= 3 unimle 19X [n)ck (m)c(n)

Sa(q) = 5= S nimle X n)c(m) 3 (T2) wp cp(n)
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Density Operators with Spin (Monolayer)

The observables in the monolayer system are the densities

P(@) = 5= 3 unimle 19X [n)ck (m)c(n)

Sa(q) = 5= S nimle 19X n)ck(m) i (14) g cp(n)

The density algebra W« (2) is the SU(2) extension of W,

P(p), p(@)] = Lp(p +q)sin (£329)
Sa(p) p(q)] = ISa(l?Jrq)sm (ﬂz”“’>

$a(P),Sp(@)] = 3-€ancSe(p + q) cos ((3B2) + ;=58P (p + q) sin ((322)
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Density Operators with Spin (Monolayer)

The observables in the monolayer system are the densities

P(@) = 5= 3 unimle 19X [n)ck (m)c(n)

Sa(q) = 5= S nimle X n)c(m) 3 (T2) wp cp(n)

The density algebra W« (2) is the SU(2) extension of W,

5(p),p(@)] = £p(p + q)sin (£3%2)
Sa(p),0(@)] = £Sa(p + q) sin (¢77)
Sa(p), Sp (@) = 5€aveSe(p + @) cos ((555) + 370450 (p + @) sin (4357

Spin rotation = U(1) density modulation = Increase of Coulomb energy
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Landau-site Hamiltonian

Coulomb Hamiltonian = LLL projection = Landau-site Hamiltonian
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Landau-site Hamiltonian

Coulomb Hamiltonian = LLL projection = Landau-site Hamiltonian

LLL-projection of Coulomb Hamiltonian

Hc = njdzq V@)p(=q)p(q) = Hc = > Vimnij >, ck(m)cg(n)cl(i)er ()

mni j o,T

1 : L . 82 P2 2
Vimnij = g szkVD(k)(mleleln)(He R Vbo(q) = 47T5|q|e 03q% /2

Vunjj yields the , While Vi, in the
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Landau-site Hamiltonian

Coulomb Hamiltonian = LLL projection = Landau-site Hamiltonian

LLL-projection of Coulomb Hamiltonian

Hc = njdzq V@)p(=q)p(q) = Hc = > Vimnij >, ck(m)cg(n)cl(i)er ()

mni j o,T

1 : L . 82 P2 2
Vimnij = g szkVD(k)(mleleln)(He R Vbo(q) = 47T5|q|e 03q% /2

Vunjj yields the , While Vi, in the

Homogeneous eigen states = degenerate ground states

felg) = —exNo |q) e—iJa‘PkV(k)—l\/E e’
clg/ = —€exNel0y, X= A D\R) = 5N 2 drels

19) =[] [sin 0c{ ()10) + cos Oc/ (n)[0) |

n
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Exchange Interaction

Exchange interaction is extracted by using the algebraic identiy for SU(N)

N?—1

1 1
Sopdra = 5 D AG AL + ~OoT0up
A

Projected Coulomb Hamiltonian
He = > Vianij . ch(m)co(n)ct(i)er(j) = —Wszv Vo(p)p(-p)p(p)
mnij o,T

A _ _ 1 : )
= Hx = -2 Z anij[Sa(m,J)Sa(l,n) + 2Np(m,J),0(l,n)]
mnij

Ay = -1 [d’p Vx(p) | S(-p)S(p) + 10(-p)P (P) |

21Te?lp
41T E

2
with  Vx(p) = %B szk e 1P K o= Uyp? 12/ (k) = I, (£2p?/4)e~lip* 14
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Effective Field Theory

Ay = -1 [d*p Vx(p) [S(-p)S(p) + 3P (-P)P (D) |
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Effective Field Theory

Ay = -t [d’p Vx(p) | S(-p)S(p) + 15 (-p)p (D) |

Landau-site Hamiltonian = Derivative Expansion = Effective Field Theory
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Effective Field Theory

Ay = -t [d’p Vx(p) | S(-p)S(p) + 15 (-p)p (D) |

Landau-site Hamiltonian = Derivative Expansion = Effective Field Theory

For sufficient smooth configuration we make the derivative expansion

- BP°/4 _ 25 p? 4
Vx(p) 1e lo(Cgp7/4)e Vx(0) 2P +O(p™)
with  pg = 22 = : > Wx(0) = 4lgex,  Js = — €X

v  2mlp 81T
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Effective Field Theory

Ay = -1 [d*p Vx(p) [S(-p)S(p) + 3P (-P)P (D) |

Landau-site Hamiltonian = Derivative Expansion = Effective Field Theory

For sufficient smooth configuration we make the derivative expansion

_ 4o BrtI4 _2s 0 4
Vx(p) Arre Iy({zp~/4)e Vx (0) Trpc%p + O(p™)
with  pg =20 - 1 Va(0) = 402¢ Jo= L

Ty 21103’ A B=X ST g X

Exchange interaction leads to a nonlinear sigma model as an effective theory

TNy E PO ted  with  S(x) = %su)
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Nonlinear Sigma Model

Heotr = 25 [d?x 0r 8% (x) 0k 8 (x)
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Nonlinear Sigma Model

Hest = 2J fdzx akSSky(X)akSSky(X)

Topological solitons are Skyrmions associated with | 70, (CP') = 7

1

sty(x) = FgabcfusaaigbaJSC = (klp)

T [12 + 4(klp)2]?

Skyrmion configuration (its size is fixed to minimize the energy)

sky 2 sky 7 . sky
x = \/1 — OgiyC0s 0, 8" = —\/1 — OgiySin0, 87" = Osky

r2 — 4(klp)?
r2 + 4(ktp)?

with Osky (X) =

The skyrmion scale | k | is arbitral in 2-dimensional nonlinear sigma model
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Spin Wave (Goldstone Mode)

Effective Hamiltonian in the presence of the Zeeman effect

Hett = 2J50kS(X) k8(X) — poAzS,(X)
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Spin Wave (Goldstone Mode)

Effective Hamiltonian in the presence of the Zeeman effect

Hett = 2J50kS(X) k8(X) — poAzS,(X)

For small fluctuation, i.e., pseudo-Goldstone mode

1 | A
Hott = 5J5(3k0)? + 5 J5(9)? + p°4 PO2Z (52 4 92

with

Sx(x)=%a(x), Sy(x)=%\/1—02(x)sin9(x), SZ(X)=%\/1—02(X)COS9(X)
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Spin Wave (Goldstone Mode)

Effective Hamiltonian in the presence of the Zeeman effect

Hett = 2J50kS(X) k8(X) — poAzS,(X)

For small fluctuation, i.e., pseudo-Goldstone mode

1 | A
Hotr = 5J5(@k0)% + 5 J5 (69)* + p°4 POSZ (52 4 92)

with

Sy (X) = %a(x), Sy (X) = %\/1 — 02(x)sin9(x), S,(x)= %\/1 — 02(x) cos 9 (x)

Quantum coherence develops if coherence length > magnetic length
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CP! Skyrmion

Due to the W, (2) algebra the spin rotation induces a density modulation

NG ({3
[Sa(p),p(q)] = ;Sa(p + q) sin (7%61)
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CP! Skyrmion

Due to the W, (2) algebra the spin rotation induces a density modulation

A " i A R
[Sa(p), p(q)] = —5a(p + q) sin (7’31%61>
A Skyrmion excitation induces a density modulation

P (X) = (Saky | (X) | Bsky) = Q% (x) — po
with the topological charge

1 -
QSky(X) = ;Eabcfugaaisbajsc
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CP! Skyrmion
Due to the W, (2) algebra the spin rotation induces a density modulation
A ~ N . (3
[Sa(p), p(@)] = —Sa(p + q)sin| —"pAq

A Skyrmion excitation induces a density modulation

P (X) = (Sekyl P (X) | Seky) = QY (x) —

with the topological charge
QSky(X) _Ealocfugaa Sba Sc

Effective Hamiltonian for nonperturbative excitations

Heit = 2J5 [d?x 0183 (X) k8 (X) — poAz [d?x 857 (x)

+ 2 [d2xd%y pY (x)V (x — y)pSH (y)
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CP! Skyrmion in Microscopic Theory

A microscopic Skyrmion state

| Ssky) = 1_[ [u(n)cf(n) + v(n)cf(n + 1)] 10), u’(n) +0v*(n) =1

n=0

A hole excitation is a special one: u(n) =0, v(n) =1 forall n
Geky) = [ [ ¢f (n)10)
n=1

Hole excitation Skyrmion excitation

down-spin states down-spin states
Qo—o—o0—0—0—0— 0

;

up-spin states up-spin states
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CP! Skyrmion in Microscopic Theory (continued)

Density and spin modulations

1 ix
PV (%) =Gz J4a > (mle XD n) (Serylct (m)c(n) | Seky)
o mn
k I
Sa” (x) =~ G d’q > (mle 1x=%) |n><@sky|c*<m>—c<n>|@sky>
mn
=
111 1
PR (X) = — e M(w* w? + 2:17)2)
1 1 1 2
SV (x) =— — —e 2" M(w?; w? + 1;72/2) - eI M(w? + 1 w? + 2:72/2)
41t 4711 41T w2 + 1
1 V2
S (x) = fz“j"l e 3" M(w? + 1; w? +2;72/2)
2 . .
SyY(x) =4 {f{ M(w? + 102 +2;72/2) M is the Kummer function
anzats:  u’(n) = w’ 02(n) = — - 1 w = V2klp (k: Skyrmion scale)
' - n+ 14+ w?’ - n+ 1+ w?’ - b - O
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CP! Skyrmion and Spin Flip

Skyrmion has a fixed scale to optimize the Coulomb and Zeeman energies

Skyrmion flips many spins coherently

NSpin _ _% szx [25§ky(x) . p()] skyrmion

()

skyrmion antiskyrmion

ol ~ i E ¢+1/2Az
VA -G e
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Activation Energy and Skyrmions (Experiment)

Skyrmion excitation energy (E2 = e?/41relp)
Egxy = { \/7+ 220 4 25K> ln<g + 1)}}58
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Activation Energy and Skyrmions ()

Skyrmion excitation energy (E2 = e?/41relp)
Egxy = { \/7+ 220 4 25K> ln<g + 1)}}58

Skyrmion size (g = Az/ER) Skyrmion spin

—{gln<g+1>}_l/3 ~ 1 NsPin ~ 35 at B =7 Tesla
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Activation Energy and Skyrmions ()

Skyrmion excitation energy (E2 = e?/41relp)
Egxy = { \/7+ 220 4 25K> ln<g 1)}E8

Skyrmion size (g = Az/ER) Skyrmion spin
Vi3 g .
2 {gln ( 25 T 1>} ~ 1 N°PN ~ 3 5at B =7 Tesla

o0
L
S~
<

>
(@]
S

o

C

o

C
9

e

©

=

—

(®)

<

o
—h

0.01 0.02 _ Schmeller et al, PRL75(1995)4290
0
Zeeman energy Az/Ec
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Monolayer QH System with SU(N) Symmetry

Kinetic Hamiltonian for N-component electrons with SU(N) symmetry

Hk = ﬁTT(PX —iP))(Px +1iP))¥Y + %hwc with Pr = —iho + e A
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Monolayer QH System with SU(N) Symmetry

Kinetic Hamiltonian for N-component electrons with SU(N) symmetry

Hk = ﬁTT(PX —iP))(Px +1iP))¥Y + %hwc with Pr = —iho + e A

There are N? densities: p(x) =VYT(x)¥(x), Ia(x)= %\I’T(X)AA\I’(X)
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Monolayer QH System with SU(N) Symmetry

Kinetic Hamiltonian for N-component electrons with SU(N) symmetry

Hk = ﬁ‘{’T(PX —iP))(Px +1iP))¥Y + %hwc with Pr = —iho + e A

There are N? densities: p(x) =VYT(x)¥(x), Ia(x)= %‘I’T(X)AA‘I’(X)

Projected Coulomb Hamiltonian
Ao = -1 [d*p Vo(p)p(-p)(p)

> Hy = -1 [d®p Vx(p) [1(=p)1(p) + 15 (-p)p(p)]
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Monolayer QH System with SU(N) Symmetry

Kinetic Hamiltonian for N-component electrons with SU(N) symmetry

Hk = ﬁTT(PX —iP))(Px +1iP))¥Y + %hwc with Pr = —iho + e A

There are N? densities: p(x) =VYT(x)¥(x), Ia(x)= %‘I’T(X)AA‘I’(X)

Projected Coulomb Hamiltonian
Ao = -1 [d*p Vo(p)p(-p)(p)
= Hy = —m [d’p Vx(p) [1(-p)1(p) + }p(-p)P(p) |
Low-energy effective Hamiltonian is SU(N) nonlinear sigma model
HET = 2], [d2x 0 I(x)kT(x)  with T(x) = peI(x)

One Landau site can accomodante k electrons (k < N)
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Grassmannian Field

SU(N) nonlinear sigma model = with spontaneous symmetry breakdown

H" =27 [d?x 9kT(x) kT (X)

+ There are N? — 1 isospin densities J(x), but how may independent ones?
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Grassmannian Field

SU(N) nonlinear sigma model = with spontaneous symmetry breakdown

H" =27 [d?x 9kT(x) kT (X)

+ There are N? — 1 isospin densities J(x), but how may independent ones?

Dynamical fields are' Grassmannian fields [at| v = k | taking values on G:X

. U(N) . SU(N)
" UK eUN-k U1)eSUK 8 SUN-K)'

BIERERREMIAOEN IR 2k (N — k) Goldstone modes

GN,k GN,I — CPN—I
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Grassmannian Field

SU(N) nonlinear sigma model = with spontaneous symmetry breakdown

H" =27 [d?x 9kT(x) kT (X)

+ There are N? — 1 isospin densities J(x), but how may independent ones?

Dynamical fields are' Grassmannian fields at| v = k | taking values on G:X

~ U(N) 5 SU(N)
CUk)oUIN-k) UQ)®SUk)® SUNN —k)’

D EHE NI AN IR 2k (N — k) Goldstone modes

Topological solitons are GV* Skyrmions [at v = k

according to

GN,k GN,I — CPN—I

KIAS, Seoul (2004.10.25-27) — p.24/52



Charge-Isospin Separation

Spinless electrons are bosonized by attaching a flux => composite bosons
Y(x) =e X p(x)  with &x0;0kO(x) = 21 (x)

magnetic flux CS-flux

003 - B - 999

electron C-boson C-boson
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Charge-Isospin Separation

Spinless electrons are bosonized by attaching a flux => composite bosons
Y(x) =e X p(x)  with &x0;0kO(x) = 21 (x)

magnetic flux CS-flux

003 - B - 999

electron C-boson C-boson

U(N) electrons are also bosonized
PYu(x) = e OXp(x)ng(x)  with > nf(x)ng(x) =1

There are N — 1 complex degree of freedom in n, = CPY ! field

KIAS, Seoul (2004.10.25-27) — p.25/52



Effective Field Theory with CPY~! Field at v = 1

Relation between isospin field and CPN-! field: Ja(x) = nT(x)%‘n(x)
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Effective Field Theory with CPY~! Field at v = 1

Relation between isospin field and CPN-! field: Ja(x) = nT(x)%‘n(x)

Equivalence between the SU(N) sigma model ‘and the CPN~! model

N?—1 N
Hx =2]s > [0kTA)? = 2J > <8jn‘” + inno‘Jf> (511’1"‘ + inn“>
A=1 x=1
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Effective Field Theory with CPY~! Field at v = 1

Relation between isospin field and CPN-! field: Ja(x) = nT(x)%‘n(x)

Equivalence between the SU(N) sigma model ‘and the CPN~! model

N?—1 N
Hx =2]s > [0kTA)? = 2J > <8jn‘” + inno‘Jf> (511’1"‘ + inn“>
A=1 x=1

There are N-fold degeneracy in the ground state

One ground state is chosen spontaneously with a CPY ! Skyrmion on it

(0 (Rt

ng(x) = | - = Reky (X) =
0 K1

1 z )
\ / \ KIAS, Seoul (2004.10.25-27) — p.26/52




Effective Field Theory with GNX Field at v = k

At v = k there are N electrons in one Landau site
We need k CPN-! fields to describe such a system:

Grassmannian field: Z(x) = (ny,ny, ---,ng)

k
Isospin field: Ja(x) =Tr [ZT(X)ATAZ(X)] = % Z n;r(x)AAni(x)

i=1
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Effective Field Theory with GNX Field at v = k

At v = k there are N electrons in one Landau site
We need k CPN-! fields to describe such a system:

Grassmannian field: Z(x) = (ny,ny, ---,ng)

Isospin field: Ja(x) =Tr [ZT(X)—Z(X)] Z nJr(x)AAnl(x)

1 |

Equivalence between the SU(N) sigma model ‘and the GNX model

N?-1 +
Hy =2J S [Ial? = 2J,Tr [(ajz - iK,;Z)' (8,7 - inz)]

A=1

with KJ' = —l'Z]LaJ'Z
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Effective Field Theory with GNX Field at v = k

At v = k there are N electrons in one Landau site
We need k CPN-! fields to describe such a system:

Grassmannian field: Z(x) = (ny,ny, ---,ng)

Isospin field: Ja(x) =Tr [ZT(X)—Z(X)] Z nJr(x)AAnl(x)

1 |

Equivalence between the SU(N) sigma model ‘and the GNX model
N?-1 +
Hy =2J S [Ial? = 2J,Tr [(ajz - iK,;Z)' (8,7 - inz)]

A=1

with KJ' = —l'Z]LaJ'Z
One ground state is chosen spontaneously with a FCRERSIfulllg] on it
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Pseudospins in Bilayer System

® back layer
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Pseudospins in Bilayer System

® back layer
Pseudospin P is a powerful tool to elucidate bilayer system
_ _ 1 1 5
HpZ:Zi[_ASASPx(lyl)_evbiaspz(l,l)] (Pz) = 50_0, (Pz) = 5 1 - oy

Imbalace parameter P, is controlled experimentally

back 00

m ALY

front
oo = P p

= = 2Py, eVoias =
pfront 4+ pback
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Quantum Hall Ferromagnets: Monolayer with SU(2)  (review)

Coulomb Hamiltonian => LLL-projection => Landau-site Hamiltonian

Coulomb interactions induce spin coherence

He — anqu<—p>v<p>p<n> N

HY" = —1 [d®p Vx(p) [S(-p)S(p) + 15 (-P)A (D) ]

02
41T | K|

2
Va(p) = 2 | ke tlirke-tir iy, vk -

Hall current

rore y.

: S 2Iectric field
X
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Quantum Hall Ferromagnets: Spinless Bilayer with SU(2)

Coulomb Hamiltonian => LLL-projection => Landau-site Hamiltonian

Coulomb interactions induce interlayer coherence |in bilayer system

Ho =1 | da [p(-p)V* (9)p(p) + 2P, (-p)V - (D)P,(p)] =

HYP™ = —11 [d@2p [VE (D) S acry Pa(—p)Pa(p) + 2V (p)P,(~p) P, (p)
+1Vx(P)p(-p)p(p)]

6123 2 - 2 p? e
+ _ b —ilgpnk ,—Cgp? /2y + + _
Vi (p) - Jd ke e V=(k), V—-(k) p—h

Vi(p) = 5 |Vx(p) = Vi (p) |

o
2
(S
O
)
()
c
(®)]
©
S
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Effective Hamiltonian in Spinless Bilayer with SU(2)

HP™ = —10 [2p [VE(P) Saexy Pa(—p)Pa(p) + 2Vx (p)B,(~p) B, (p)
+1Vx(P)p(-p)p(p)]
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Effective Hamiltonian in Spinless Bilayer with SU(2)

HP™ = —10 [2p [VE(P) Saexy Pa(—p)Pa(p) + 2Vx (p)B,(~p) B, (p)
+1Vx(P)p(-p)p(p)]

Landau-site Hamiltonian = Derivative Expansion => Effective Field Theory
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Effective Hamiltonian in Spinless Bilayer with SU(2)

HP" = —10 [d®p [VE(P) Saexy Pa(~P)Pa(p) + 2Vx (P) P, (—p) P, (p)
+:Vx(P)P(-p)p(p)]

Landau-site Hamiltonian = Derivative Expansion => Effective Field Theory

Coulomb interactions induce interlayer coherence [in bilayer system

HP" ~ 2Jd2x ( > JakPa(x)]* + Js[akﬂ’z(x)]z)

a=Xx,y

d 2 d d d2 /202
TN IR, S
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Effective Hamiltonian in Spinless Bilayer with SU(2)

HP" = —10 [d®p [VE(P) Saexy Pa(~P)Pa(p) + 2Vx (P) P, (—p) P, (p)
+:Vx(P)P(-p)p(p)]

Landau-site Hamiltonian = Derivative Expansion => Effective Field Theory

Coulomb interactions induce interlayer coherence [in bilayer system

HP" ~ 2Jd2x ( > JakPa(x)]* + Js[akﬂ’z(x)]z)

a=Xx,y

d 2 d d d2 /202
(T (o T

Topological solitons ppin-Skyrmions : ™ (CP') = Z
= flipping many peudospins coherently
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Bilayer Quantum Hall Ferromagnets with SU(4)

Physical Variables

p(x) = Yt OY(x), Sa(x) = 39T ()T "W (x)
Pa(x) = gt 0T w(x), Rap(x) = S@t ()Tt @ (x)
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Bilayer Quantum Hall Ferromagnets with SU(4)

Physical Variables

spin

p(x) = PTx)yp(x), Sa(X) = 2LIJJF(X)T W (x)
Pa(x) = Lyt )8 w(x), Rap(x) = 2@t ()"t (x)

Effective Hamiltonian describes SU(4) coherence with SU(4) Skyrmions

Hx = J¢ (2 [08al” + [kPal® + [kRap]’)

+2J5 (2 [08al” + [k P2)* + [0k Raz]’)
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CP? Skyrmions in Bilayer Quantum Hall Ferromagnets

Charge-isospin separation => CP? field n

p(x) = Pyt (X)P(x), Sa(x) = tnt ()T "n(x)

Pa(x) = tnt ()TEP"M(X), Rap(x) = nt ()T TE " n(x)
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CP? Skyrmions in Bilayer Quantum Hall Ferromagnets

Charge-isospin separation => CP? field n

p(x) = Prx)w(x), Sa(x) = tnt ()TN (x)

Pa(x) = tnt(X)TRP"N(X), Rap(x) = Int ()T TP "n(x)

CP3 Skyrmions

(n® (0 k)
n"t | [0 L |
nB* | | 0 T ke

e ) o)UY

/n”(x) \ [ zJT+00+KpJ1—00 \
n' (x) Ksy/1 + 00 + Kra/1 — 09
n'(x) Z\J1 — 09 — Kp~/1 + 0y
K”bl(x) / \Ksm— Kry/1 + 09 /
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Experiments in Bilayer QH States (v = 1&2)

N

spin doublet
ppin doublet

N

Activation Energy (K)

Activation Energy (K)
w

o

(a) v=2

spin triplet

ppin singlet
spin singlet
ppin triplet

N

Activation Energy (K)
N

Activation Energy (K)

| 1 | 1 1 1 | O \M...
08 -0.4 0.0 0.4 20 40
Imbalance Parameter o Tilted Angle ©(deg)
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Experimental Results | (v = 1)

Bilayer QH system
= Isospin SU(4)

Zeeman effect
= Spin §,

Bias voltage
=>  Pseudospin P,

3
>
O
-
)
C
LL
C
O
-
©
=
-
@)
<

Data by changing the density balance

Aspas=10.9K

0.2 0.4 0.6 0.8 1.0
Density Difference 0y
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Bilayer to Monolayer QH Systems (v = 1)

— /. — —
antisymmetric state antibonding state

AgaB ’

bias potential

balanced state imbalanced state monolayer state

System is controled continuously from balanced point to monolayer limit

Pseudopin textures [in bilayer = Spin textures 'in monolayer

Pseudospin SU(2) = SU(4) = Spin SU(2)

Ppin CP! Skyrmion | = CP? Skyrmion | = Spin CP' Skyrmion

Topological charge is the same: : ™, (CP!') = m,(CP?) = Z

front back
p"" —p

pfront 4 pback

imbalance parameter: oy = 2P,
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CP? Skyrmion vs Imbalance Parameter (v = 1)

Ppin-Skyrmion in balanced point Spin-Skyrmion in monolayer limit
K pf

Agpas <Az pf Agpas > Az

N ) >
b =k front layer
~— | > ]

back layer

CP? Skyrmion interpolates ppin Skyrmion to spin Skyrmion continuously

( nA! \ / K, \ (n”(x) \ /ZMJerm \

nA! Kp n™ (x) Ks+/1 + 09 + Kp/1 — 09

Ny (X) = | ey | = Ks |’ n°l(x) | | zyT=00— kpyT+ 00
\ne ) Nz /)  \nP@ ) \keyT=00- /T 00 )
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CP? Skyrmion vs Imbalance Parameter (v = 1)

Ppin-Skyrmion in balanced point Spin-Skyrmion in monolayer limit
K pf

Agpas <Az pf Agpas > Az

N ) >
b =K front layer
ERVAER "™ T e -
e § > ]

back layer

CP? Skyrmion interpolates ppin Skyrmion to spin Skyrmion continuously

( nA! \ [ K \ (n”(x) \ [ ZJT+ 00+ KkpJT =09 \

nA! Kp n' (x) Ks+/1 + 09 + Kp/1 — 09

sk (X) = B || ke |V n°l(x) | | zyT=00— kpyT+ 00
e ) \z )  \nw ) \kw/T-o0- kTt 00

ppin CP! Skyrmion (Kspin = Kres = 0; Kppin # 0) is excited at balanced point
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CP? Skyrmion vs Imbalance Parameter (v = 1)

Ppin-Skyrmion in balanced point Spin-Skyrmion in monolayer limit
K pf

Agpas <Az pf Agpas > Az

K ’ }
, . . front layer
P bias potential pb
ﬁ | [~ @ ]

back layer

CP? Skyrmion interpolates ppin Skyrmion to spin Skyrmion continuously

( nA! \ [ K \ (n”(x) \ [ ZJT+ 00+ KkpJT =09 \

nA! Kp n' (x) Ks+/1 + 09 + Kp/1 — 09

sk (X) = B || ke |V n°l(x) | | zyT=00— kpyT+ 00
e ) \z )  \nw ) \kw/T-o0- kTt 00

ppin CP! Skyrmion (Kspin = Kres = 0; Kppin # 0) is excited at balanced point

isospin CP? Skyrmion (Kspin # 0; Kppin* 0;Kres = 0) is excited in general
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CP? Skyrmion vs Imbalance Parameter (v = 1)

Ppin-Skyrmion in balanced point Spin-Skyrmion in monolayer limit
K pf

Agpas <Az pf Agpas > Az

K ’ }
, _ . front layer
P bias potential pb
ﬁ ~— | [ >~ ]

back layer

CP? Skyrmion interpolates ppin Skyrmion to spin Skyrmion continuously

( nA! \ / K, \ (n”(x) \ /ZMJerm \

nA! Kp n™ (x) Ks+/1 + 09 + Kp/1 — 09

Ny (X) = | ey | = Ks |’ n°l(x) | | zyT=00— kpyT+ 00
\ne ) Nz /)  \nP@ ) \keyT=00- /T 00 )

ppin CP! Skyrmion (Kspin = Kres = 0; Kppin # 0) is excited at balanced point
isospin CP? Skyrmion (Kspin # 0; Kppin* 0;Kres = 0) is excited in general

spin CP! Skyrmion (Kppin = Kres = 0; Kspin # 0) is excited in monolayer limit
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Activation Energy vis Density Difference (v = 1)

ppin-skyrmion

3
>
(@)
| -
o
c
LL
c
O
-
©
=
-
@)
<

p=1.25x10"'cm?>

0.2 0.4 0.6 0.8
Density Difference 0y

ppin CP! Skyrmion (kspin = Kres = 0; Kppin = 0) is excited at balanced point
isospin CP? Skyrmion (Kspin # 0; Kppin® 0;kres = 0) is excited in general
spin CP! Skyrmion (Kppin = Kres = 0; Kspin # 0) is excited in monolayer limit
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Experimental Results Il (v = 1)

Bilayer QH system
= Isospin SU(4)

Zeeman effect
= Spin §,

Bias voltage
=>  Pseudospin P,

=
>
(@)
S
)
C
L
C
9
e
©
=
i)
(@)
<

Data by applying the parallel field

o O'0=1.0 L 2 O'0=0.3
¥ 00=0.7 O 0p=0.0

Tilting Angle O [deg]
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Parallel Magnetic Field in Bilayer System

front layer

y

back layer

The effect of parallel magnetic field
Y (x;B)) = exp [1()/ — V) 0m — %5%%] Y (x) without coherence
Y*(x;B)) = exp (1%5mx> Y (x) with coherence
CP? Skyrmion is modified only by phase in coherent phase
edB,

Nsky (X; Byj) = eXP( %5m><) Nsky (X) |, Om = 5L
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Activation Energy of CP? Skyrmions (v = 1)

B||<BTT B||>B’|T

Commensurate Phase * Incommensurate Phase
1

Excitations require the exchange, Coulomb, Zeeman and tunneling energies

_ |

A9 = g*upB. V1 + tan?®, Ngpin(Ks) o< k2, Nopin (Ks) o Ky, K> =K+ K,

r \/ll_—agASAs 21Td JS (1— 02) tan’® for O < OF

AO =
SAS 27Td JS

~ AgAs — (1 - 0f)tan®>@* for © > O*

-0y
where ©* is commensurate-incommensurate transition point, tan ®* = B;" /B,
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Excitation of Ppin CP! Skyrmions (v = 1)

Activation Energy (K)

Activation Energy (K)

p=1.25x10cm
Agps = 0.81 K

30 40 50 60

Agpg = 0.83 K

8
7
6
5
4
8
2
1

10 20 30 40 50 60
Tilting Angle © (degree)

p=1.20 x10 cm
Agps = 4.43 K

Nspin=0

p=1.21x10cm
Agpg = 8.53 K

10 20 30 40 50 60
Tilting Angle © (degree)

Murphy et al., PRL72(1994)728
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Excitation of CP? Skyrmions (v = 1)

(Asas=10.9K)

Nspin=1 4

—_
X
—
>
(©))
—
o
<
w
c
Q
e
@
=
4
&)
<

- DD W s~ 01 O N ©

(ASAS=1O'9K) (ASAS=1O'9K)

Nspin=0.32 Nspin=3.5
Nppin=0

Activation Energy (K)

40 60 80 20 40 60 80
Tilting Angle © (degree) Tilting Angle © (degree)
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Bilayer QH States (v = 2)

® back layer

KIAS, Seoul (2004.10.25-27) — p.45/52



Bilayer QH States (v = 2)

Composition of two spins (two pseudospins)

v=2: 282=1&3
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Bilayer QH States (v = 2)

Composition of two spins (two pseudospins)
v=2: 282=163

Two types of QH states
spin-singlet and ppin-triplet ppin-phase

spin-triplet and ppin-singlet spin-phase

KIAS, Seoul (2004.10.25-27) — p.45/52



Bilayer QH States (v = 2)

(c )ASAS ~11 K (ppin phase) (a) Agag = 1 K (spin phase)

-0.0

—~~
2
()
(@)
©
=
o
>
[0
—
©
(@)}
—
c
o
—
[—

-087 |
0.4 0.5 0.6 0.7 0.8

| > | v L v
02 04 06 08 . . back gate voltage (V)
back gate voltage (V)

back gate voltage (V)
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Bilayer QH States (v = 2)

spin triplet

ppin singlet
spin singlet
ppin triplet

(o)}

I

[\

—~~
X
~—~
>
(@)]
| .
)
c
L
=
9
o
@©
2
e
O
<

o

-0.8 -0.4 0.0 0.4
Imbalance Parameter o Tilted Angle ©(deg)

Two types of QH states
spin-singlet and ppin-triplet ppin-phase
spin-triplet and ppin-singlet spin-phase
Is the spin-phase unique?

Is It an or a

KIAS, Seoul (2004.10.25-27) — p.47/52



Grassmannian Soliton

In zero tunnelling gap (two electrons distinguishable)
Two layers behave => two CP! fields

one CP! Skyrmion with charge e |is excited
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Grassmannian Soliton

In zero tunnelling gap (two electrons distinguishable)
Two layers behave = two CP! fields

one CP! Skyrmion with charge e |is excited

front layer %ﬁﬁ% front layer W«—;%);%
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Grassmannian Soliton

In zero tunnelling gap (two electrons distinguishable)
- Two layers behave => two CP! fields

one CP! Skyrmion with charge e |is excited

front layer %ﬁﬁ% front layer W«—;%);%

In large tunnelling gap (two electrons indistinguishable)
- Two layers behave => one Grassmannian G*? field

one G*? Skyrmion with charge 2e 'is excited

- flipped spin number twice as much as that of CP! Skyrmion
Grassmannian solitons arise based on

m(GNK) =7, GNK=SUN)/[U() ® SUN) ® SU(N — k)
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CP! versus G** Skyrmions

(experiment)

o
w

o
)V

o
—h

®)
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c
L
Q
©
Q)

o
o

bilayer
B v=2 p=12

[ V=1 p=06
monolayer
I I

11
xX10 cm

-2

yo)

o ©
NG bilayer

X P
) RO ) x10 cm
e v=1i p=06

monolayer

L4
L4
L4
L4

¢
RO )
/&

I

/ I

0.00

0.02

0.04

Zeeman Energy AIE

front layer

back layer

0.06 0.00

0.02 0.04
Zeeman Energy AZ/EC

front layer %ﬁr%
back layer %—g%%
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Josephson-like Effects

Josephson tunneling current (predicted by Ezawa&lwazaki, 1992)
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Josephson-like Effects

Josephson tunneling current (predicted by Ezawa&lwazaki, 1992)
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Josephson-like Tunneling (Experiments)

Layer coherence

==

(Ezawa-lwazaki, 1993)

@)

o
c
=
=
=
N
H
=
D
o
C
@©
-
(S)]
>
©
=
(©)
&)
(@)
=
©
=
5
=

‘Tunneling current (pA)

—_
 ©
i

-2 0 2 4
Interlayer Voltage Vjync (mV)

Spielman, Eisenstein, PRL84(2000)5808;PRL87(2001)36803
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Conclusions

An ideal system realizing 2nd Nersion Gomming Qdoon 11
=> | noncommutatvie geometry

Noncommutative geometry = s lmimimies s e e se e
=>  quantum coherence

SU(2) spin coherence Quantum Hall Effects
=>  CP! Skyrmions

Field Theoretical Approach
and Related Topics

SU(4) isospin coherence
=> CP? and G*? Skyrmions

l.'ll.'ll.'lz'u"":";L. AapH

Interlayer coherence ! MMM

= Josephson-like phenomena Zyun F. Ezawa
Condensation of single charge e sufuaguaguegueneiuaiupuapuepuepueiauinuduapusp
=> Statistical transformation ||| ||

World Scientific
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