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Introduction

Why Quantum Hall Effects are so interesting ?

Noncommutative geometry ➾ effective field theory ➾ quantum coherence
Theoretical predictions can be checked experimentally

Dynamics arises from noncommutative geometry

Spin coherence develops spontaneously

Charged excitations are CP1 Skyrmions

SU(4) quantum coherence develops in bilayer quantum Hall systems

Charged excitations are CP3 at ν = 1 and G4,2 Skyrmions at ν = 2

Interlayer coherence ➾ Josephson phenomena

➾ Single electron condensation

Fractional QH effects, Higher Landau levels, Edge phenomena, · · · · · ·
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Monolayer QH System
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Two-Dimensional World

QH state provides us with an ideal 2-dimenional world,
upon which noncommutative geometry is realized

A world of planar electrons
emerges between
two different semiconductors
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Classical and Quantum Hall Effects
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Noncommutative world develops in each plateau
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Hall Plateau

Excitations around ν = 1

N = NΦ at ν = 1
N < NΦ at ν < 1 ➾ holes excited (no spin excitation)
N > NΦ at ν > 1 ➾ electrons excited (spin excitation)

Hall plateau is generated when quasiparticles are trapped by impurities
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Spin Texture identified with Skyrmion (experiment)

Experimentally 3.5 flipped spins are observed around ν = 1
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Skrymions must be excited !

A skyrmion and an antiskyrmion
flips the same number of spins
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Lowest-Landau-Level Projection

Kinetic Hamiltonian generates Landau levels

HK = P2

2M
= 1

2M
(Px − iPy)(Px + iPy)+ 1

2
�ωc with Pk = −i�∂k + eAext

x

1/3 2/3 1
filling factor (ν)

1/2

3/2

HoC
Landau Levels

Lowest Landau Level

KIAS, Seoul (2004.10.25-27) – p.8/52



Lowest-Landau-Level Projection

Kinetic Hamiltonian generates Landau levels

HK = P2

2M
= 1

2M
(Px − iPy)(Px + iPy)+ 1

2
�ωc with Pk = −i�∂k + eAext

x

1/3 2/3 1
filling factor (ν)

1/2

3/2

HoC
Landau Levels

Lowest Landau Level

Electron coordinate x ➾ guiding center X and relative coordinate R

x = X +R with R =
(
− 1
eB⊥

Py,
1
eB⊥

Px
)

[X,Y] =− i�2
B, [Px, Py] = i�2/�2

B,

[X, Px] =[X, Py] = [Y, Px] = [Y, Py] = 0

KIAS, Seoul (2004.10.25-27) – p.8/52



Lowest-Landau-Level Projection

Kinetic Hamiltonian generates Landau levels

HK = P2

2M
= 1

2M
(Px − iPy)(Px + iPy)+ 1

2
�ωc with Pk = −i�∂k + eAext

x

1/3 2/3 1
filling factor (ν)

1/2

3/2

HoC
Landau Levels

Lowest Landau Level

Electron coordinate x ➾ guiding center X and relative coordinate R

x = X +R with R =
(
− 1
eB⊥

Py,
1
eB⊥

Px
)

[X,Y] =− i�2
B, [Px, Py] = i�2/�2

B,

[X, Px] =[X, Py] = [Y, Px] = [Y, Py] = 0

Electrons are confined to LLL if �ωc →∞

(x, y)➾ X = (X,Y) with [X,Y] = −i�2
B
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Noncommutative Geometry

Kinetic term is quenched by large Landau-level separation (�ωc →∞)
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Noncommutative Geometry

Kinetic term is quenched by large Landau-level separation (�ωc →∞)

Hamiltonian consists solely of static potentials

Coulomb and Zeeman interactions (monolayer systems)

Dynamics arises solely from noncommutative geometry
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with

b = 1√
2�B

(X − iY), b† = 1√
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Noncommutative Geometry

Kinetic term is quenched by large Landau-level separation (�ωc →∞)

Hamiltonian consists solely of static potentials

Coulomb and Zeeman interactions (monolayer systems)

Dynamics arises solely from noncommutative geometry

[X,Y] = −i�2
B ➾ [b, b†] = 1

with

b = 1√
2�B

(X − iY), b† = 1√
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Weyl Ordering

Weyl-ordering of a classical quantity f (r)

W[f ] = 1
(2π)2

∫
d2qd2r eiq(r−X)f (r) with X = (X,Y) [X,Y] = −i�2

B
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Weyl Ordering

Weyl-ordering of a classical quantity f (r)

W[f ] = 1
(2π)2

∫
d2qd2r eiq(r−X)f (r) with X = (X,Y) [X,Y] = −i�2

B

We apply this to the electron density f (r) = δ2(x − r) ≡ ρ(x)
Here, r is the electron trajectory, while x is the coordinate (parameter)

W[ρ(x)] = 1
(2π)2

∫
d2q eiq(x−X) ➾ W[ρ(q)] = 1

2π e
−iqX

Field-theoretical density reads

ρ̂(q) ≡ 〈Ψ |W[ρ(q)]|Ψ〉 = 1
2π
∑
mn〈m|e−iqX|n〉c†(m)c(n)

with electron field Ψ(x) confined within the LLL

Ψ(x) = 〈x|Ψ〉 =
∑
n
〈x|n〉c(n)
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Density Operators with Spin (Monolayer)

The observables in the monolayer system are the densities

ρ̂(q) = 1
2π
∑
mn〈m|e−iqX|n〉c†α(m)cα(n)

Ŝa(q) = 1
2π
∑
mn〈m|e−iqX|n〉c†α(m) 1

2 (τa)αβ cβ(n)
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Ŝa(q) = 1
2π
∑
mn〈m|e−iqX|n〉c†α(m) 1

2 (τa)αβ cβ(n)

The density algebra W∞(2) is the SU(2) extension of W∞

[ρ̂(p), ρ̂(q)] = i
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(
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p∧q

2

)
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�2
B
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2
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[Ŝa(p), Ŝb(q)] = i
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�2
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p∧q

2

)
+ i

4π δABρ̂(p + q) sin
(
�2
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p∧q

2

)
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[Ŝa(p), Ŝb(q)] = i
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Spin rotation ➾ U(1) density modulation ➾ Increase of Coulomb energy
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Landau-site Hamiltonian

Coulomb Hamiltonian ➾ LLL projection ➾ Landau-site Hamiltonian

KIAS, Seoul (2004.10.25-27) – p.12/52



Landau-site Hamiltonian

Coulomb Hamiltonian ➾ LLL projection ➾ Landau-site Hamiltonian

LLL-projection of Coulomb Hamiltonian

HC = π
∫
d2q V(q)ρ(−q)ρ(q) ➾ ĤC =

∑
mnij

Vmnij
∑
σ,τ
c†σ(m)cσ(n)c†τ(i)cτ(j)

Vmnij = 1
4π

∫
d2kVD(k)〈m|eiXk|n〉〈i|e−iXk|j〉, VD(q) = e2

4πε|q|e
−�2

Bq2/2

Vnnjj yields the direct interaction, while Vnjjn the exchange interaction
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Landau-site Hamiltonian

Coulomb Hamiltonian ➾ LLL projection ➾ Landau-site Hamiltonian

LLL-projection of Coulomb Hamiltonian

HC = π
∫
d2q V(q)ρ(−q)ρ(q) ➾ ĤC =

∑
mnij

Vmnij
∑
σ,τ
c†σ(m)cσ(n)c†τ(i)cτ(j)

Vmnij = 1
4π

∫
d2kVD(k)〈m|eiXk|n〉〈i|e−iXk|j〉, VD(q) = e2

4πε|q|e
−�2

Bq2/2

Vnnjj yields the direct interaction, while Vnjjn the exchange interaction

Homogeneous eigen states ➾ degenerate ground states

ĤC|g〉 = −εXNΦ|g〉, εX = 1
4π

∫
d2kVD(k) = 1

2

√
π
2

e2

4πε�B

|g〉 =
∏
n

[
sinθc†↑ (n)|0〉 + cosθc†↓ (n)|0〉

]
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Exchange Interaction

Exchange interaction is extracted by using the algebraic identiy for SU(N)

δσβδτα = 1
2

N2−1∑
A
λAστλ

A
αβ +

1
N
δστδαβ

Projected Coulomb Hamiltonian

ĤC =
∑
mnij

Vmnij
∑
σ,τ
c†σ(m)cσ(n)c†τ(i)cτ(j) = −π

∫
d2pVD(p)ρ̂(−p)ρ̂(p)

➾ ĤX = −2
∑
mnij

Vmnij[Sa(m, j)Sa(i, n)+ 1
2N
ρ(m, j)ρ(i, n)]

ĤX = −π
∫
d2pVX(p)

[
Ŝ(−p)Ŝ(p)+ 1

4 ρ̂(−p)ρ̂(p)
]

with VX(p) = �
2
B
π

∫
d2ke−i�

2
Bp∧ke−�

2
Bp2/2V(k) =

√
2πe2�B
4πε

I0(�2
Bp

2/4)e−�
2
Bp2/4
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Effective Field Theory

ĤX = −π
∫
d2pVX(p)

[
Ŝ(−p)Ŝ(p)+ 1

4 ρ̂(−p)ρ̂(p)
]
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Effective Field Theory

ĤX = −π
∫
d2pVX(p)

[
Ŝ(−p)Ŝ(p)+ 1

4 ρ̂(−p)ρ̂(p)
]

Landau-site Hamiltonian ➾ Derivative Expansion ➾ Effective Field Theory

For sufficient smooth configuration we make the derivative expansion

VX(p) =
√

2πe2�B
4πε

I0(�2
Bp

2/4)e−�
2
Bp2/4 = VX(0)− 2Js

πρ2
Φ
p2 +O(p4)

with ρΦ = ρ0

ν
= 1

2π�2
B
, VX(0) = 4�2

BεX, Js = 1
8π
εX
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Effective Field Theory

ĤX = −π
∫
d2pVX(p)

[
Ŝ(−p)Ŝ(p)+ 1

4 ρ̂(−p)ρ̂(p)
]

Landau-site Hamiltonian ➾ Derivative Expansion ➾ Effective Field Theory

For sufficient smooth configuration we make the derivative expansion

VX(p) =
√

2πe2�B
4πε

I0(�2
Bp

2/4)e−�
2
Bp2/4 = VX(0)− 2Js

πρ2
Φ
p2 +O(p4)

with ρΦ = ρ0

ν
= 1

2π�2
B
, VX(0) = 4�2

BεX, Js = 1
8π
εX

Exchange interaction leads to a nonlinear sigma model as an effective theory

H spin
X = 2Js∂kS(x)∂kS(x) with S(x) = ρ0

ν
S(x)
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Nonlinear Sigma Model

Heff = 2Js
∫
d2x ∂kSsky(x)∂kSsky(x)
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Nonlinear Sigma Model

Heff = 2Js
∫
d2x ∂kSsky(x)∂kSsky(x)

Topological solitons are Skyrmions associated with π2(CP1) = Z

Qsky(x) = 1
π
εabcεijSa∂iSb∂jSc = 1

π
4(κ�B)2

[r 2 + 4(κ�B)2]2

Skyrmion configuration (its size is fixed to minimize the energy)

S
sky
x =

√
1− σ 2

sky cosθ, S
sky
y = −

√
1− σ 2

sky sinθ, S
sky
z = σsky

with σsky(x) = r
2 − 4(κ�B)2

r 2 + 4(κ�B)2

The skyrmion scale κ is arbitral in 2-dimensional nonlinear sigma model
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Spin Wave (Goldstone Mode)

Effective Hamiltonian in the presence of the Zeeman effect

Heff = 2Js∂kS(x)∂kS(x)− ρ0∆ZSz(x)
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Spin Wave (Goldstone Mode)

Effective Hamiltonian in the presence of the Zeeman effect

Heff = 2Js∂kS(x)∂kS(x)− ρ0∆ZSz(x)

For small fluctuation, i.e., pseudo-Goldstone mode

Heff = 1
2
Js(∂kσ)2 + 1

2
Js(∂kϑ)2 + ρ0∆Z

4
(σ 2 + ϑ2)

with

Sx(x)= 1
2
σ(x), Sy(x)= 1

2

√
1− σ 2(x) sinϑ(x), Sz(x)= 1

2

√
1− σ 2(x) cosϑ(x)
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Spin Wave (Goldstone Mode)

Effective Hamiltonian in the presence of the Zeeman effect

Heff = 2Js∂kS(x)∂kS(x)− ρ0∆ZSz(x)

For small fluctuation, i.e., pseudo-Goldstone mode

Heff = 1
2
Js(∂kσ)2 + 1

2
Js(∂kϑ)2 + ρ0∆Z

4
(σ 2 + ϑ2)

with

Sx(x)= 1
2
σ(x), Sy(x)= 1

2

√
1− σ 2(x) sinϑ(x), Sz(x)= 1

2

√
1− σ 2(x) cosϑ(x)

Quantum coherence develops if coherence length � magnetic length

ξspin =
√

2ρs
ρ0∆Z

= 7.33√
B⊥
�B
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CP1 Skyrmion

Due to the W∞(2) algebra the spin rotation induces a density modulation

[Ŝa(p), ρ̂(q)] = i
π
Ŝa(p + q) sin

(
�2
B

2
p∧q

)

KIAS, Seoul (2004.10.25-27) – p.17/52



CP1 Skyrmion

Due to the W∞(2) algebra the spin rotation induces a density modulation

[Ŝa(p), ρ̂(q)] = i
π
Ŝa(p + q) sin

(
�2
B

2
p∧q

)

A Skyrmion excitation induces a density modulation

ρsky(x) ≡ 〈�sky|ρ̂(x)|�sky〉 Qsky(x)− ρ0

with the topological charge

Qsky(x) = 1
π
εabcεijSa∂iSb∂jSc
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CP1 Skyrmion

Due to the W∞(2) algebra the spin rotation induces a density modulation

[Ŝa(p), ρ̂(q)] = i
π
Ŝa(p + q) sin

(
�2
B

2
p∧q

)

A Skyrmion excitation induces a density modulation

ρsky(x) ≡ 〈�sky|ρ̂(x)|�sky〉 Qsky(x)− ρ0

with the topological charge

Qsky(x) = 1
π
εabcεijSa∂iSb∂jSc

Effective Hamiltonian for nonperturbative excitations

Heff = 2Js
∫
d2x ∂kSsky(x)∂kSsky(x)− ρ0∆Z

∫
d2x S

sky
z (x)

+ 1
2

∫
d2xd2y ρsky(x)V(x − y)ρsky(y)

KIAS, Seoul (2004.10.25-27) – p.17/52



CP1 Skyrmion in Microscopic Theory

A microscopic Skyrmion state

|�sky〉 =
∞∏
n=0

[
u(n)c†↓ (n)+ v(n)c†↑ (n+ 1)

]
|0〉, u2(n)+ v2(n) = 1

A hole excitation is a special one: u(n) = 0, v(n) = 1 for all n

|�sky〉 =
∞∏
n=1

c†↑ (n)|0〉

up-spin states

down-spin states
0

1

1/2

-1/2

0

0

Sz

up-spin states

down-spin states
0

1

0

Hole excitation Skyrmion excitation
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CP1 Skyrmion in Microscopic Theory (continued)

Density and spin modulations

ρsky(x) = 1
(2π)2

∫
d2q

∑
mn
〈m|e−iq(x−X)|n〉〈�sky|c†(m)c(n)|�sky〉

Ssky
a (x) = 1

(2π)2

∫
d2q

∑
mn
〈m|e−iq(x−X)|n〉〈�sky|c†(m)τa2 c(n)|�sky〉

➾

ρsky(x) = 1
2π

− 1
2π

1
ω2 + 1

e−
1
2 r

2
M(ω2;ω2 + 2; r 2/2)

Ssky
z (x) = 1

4π
− 1

4π
e−

1
2 r

2
M(ω2;ω2 + 1; r 2/2)− 1

4π
ω2

ω2 + 1
e−

1
2 r

2
M(ω2 + 1;ω2 + 2; r 2/2)

Ssky
x (x) = 1

4π

√
2ωx

ω2 + 1
e−

1
2 r

2
M(ω2 + 1;ω2 + 2; r 2/2)

Ssky
y (x) = 1

4π
−√2ωy
ω2 + 1

e−
1
2 r

2
M(ω2 + 1;ω2 + 2; r 2/2) M is the Kummer function

anzats: u2(n) = ω2

n+ 1+ω2 , v2(n) = n+ 1
n+ 1+ω2 , ω = √2κ�B (κ: Skyrmion scale)
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CP1 Skyrmion and Spin Flip

Skyrmion has a fixed scale to optimize the Coulomb and Zeeman energies

Skyrmion flips many spins coherently

Nspin = −1
2

∫
d2x

[
2Ssky
z (x)− ρ0

]

(a)

(b)

(c)

@1−

@1+

skyrmion antiskyrmion

rJ

rK

DZ

DZ

@1−

@1+ DZ

DZ

@1−

@1+ DZ

DZ

x

x

y

y

y

(a) (b)

(c)

(c)

x

(a) (b)

skyrmion

antiskyrmion

x

0

0

0

0

k

k

k

k
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Activation Energy and Skyrmions (Experiment)

Skyrmion excitation energy (E0
C = e2/4πε�B)

Esky 
{

1
4

√
π
2 + 0.26

2κ + 2g̃κ2 ln
(√

2π
32g̃ + 1

)}
E0

C
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Activation Energy and Skyrmions (Experiment)

Skyrmion excitation energy (E0
C = e2/4πε�B)

Esky 
{

1
4

√
π
2 + 0.26

2κ + 2g̃κ2 ln
(√

2π
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)}
E0

C

Skyrmion size (g̃ = ∆Z/E0
C)

κ  1
2

{
g̃ ln

(√
2π

32g̃ + 1
)}−1/3  1

Skyrmion spin

Nspin  3.5 at B = 7 Tesla
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Activation Energy and Skyrmions (Experiment)

Skyrmion excitation energy (E0
C = e2/4πε�B)
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4

√
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2 + 0.26
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C

Skyrmion size (g̃ = ∆Z/E0
C)

κ  1
2

{
g̃ ln
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Multicomponent QH System
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Monolayer QH System with SU(N) Symmetry

Kinetic Hamiltonian for N-component electrons with SU(N) symmetry

HK = 1
2M

Ψ†(Px − iPy)(Px + iPy)Ψ + 1
2
�ωc with Pk = −i�∂k + eAext

x

KIAS, Seoul (2004.10.25-27) – p.23/52



Monolayer QH System with SU(N) Symmetry

Kinetic Hamiltonian for N-component electrons with SU(N) symmetry

HK = 1
2M

Ψ†(Px − iPy)(Px + iPy)Ψ + 1
2
�ωc with Pk = −i�∂k + eAext

x

There are N2 densities: ρ(x) = Ψ†(x)Ψ(x), IA(x) = 1
2Ψ

†(x)λAΨ(x)
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Monolayer QH System with SU(N) Symmetry

Kinetic Hamiltonian for N-component electrons with SU(N) symmetry

HK = 1
2M

Ψ†(Px − iPy)(Px + iPy)Ψ + 1
2
�ωc with Pk = −i�∂k + eAext

x

There are N2 densities: ρ(x) = Ψ†(x)Ψ(x), IA(x) = 1
2Ψ

†(x)λAΨ(x)

Projected Coulomb Hamiltonian

ĤC = −π
∫
d2pVD(p)ρ̂(−p)ρ̂(p)

➾ ĤX = −π
∫
d2pVX(p)

[
Î(−p)Î(p)+ 1

4 ρ̂(−p)ρ̂(p)
]
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Monolayer QH System with SU(N) Symmetry

Kinetic Hamiltonian for N-component electrons with SU(N) symmetry

HK = 1
2M

Ψ†(Px − iPy)(Px + iPy)Ψ + 1
2
�ωc with Pk = −i�∂k + eAext

x

There are N2 densities: ρ(x) = Ψ†(x)Ψ(x), IA(x) = 1
2Ψ

†(x)λAΨ(x)

Projected Coulomb Hamiltonian

ĤC = −π
∫
d2pVD(p)ρ̂(−p)ρ̂(p)

➾ ĤX = −π
∫
d2pVX(p)

[
Î(−p)Î(p)+ 1

4 ρ̂(−p)ρ̂(p)
]

Low-energy effective Hamiltonian is SU(N) nonlinear sigma model

Heff
X = 2Js

∫
d2x ∂kI(x)∂kI(x) with Î(x) = ρΦI(x)

One Landau site can accomodante k electrons (k ≤ N)
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Grassmannian Field

SU(N) nonlinear sigma model ➾ with spontaneous symmetry breakdown

Heff
X = 2Js

∫
d2x ∂kI(x)∂kI(x)

There are N2 − 1 isospin densities I(x), but how may independent ones?
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Grassmannian Field

SU(N) nonlinear sigma model ➾ with spontaneous symmetry breakdown

Heff
X = 2Js

∫
d2x ∂kI(x)∂kI(x)

There are N2 − 1 isospin densities I(x), but how may independent ones?

Dynamical fields are Grassmannian fields at ν = k taking values on GN,k

GN,k = U(N)
U(k)⊗U(N − k) =

SU(N)
U(1)⊗ SU(k)⊗ SU(N − k) , GN,1 ≡ CPN−1

Dimension is 2k(N − k) ➾ 2k(N − k) Goldstone modes
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Grassmannian Field

SU(N) nonlinear sigma model ➾ with spontaneous symmetry breakdown

Heff
X = 2Js

∫
d2x ∂kI(x)∂kI(x)

There are N2 − 1 isospin densities I(x), but how may independent ones?

Dynamical fields are Grassmannian fields at ν = k taking values on GN,k

GN,k = U(N)
U(k)⊗U(N − k) =

SU(N)
U(1)⊗ SU(k)⊗ SU(N − k) , GN,1 ≡ CPN−1

Dimension is 2k(N − k) ➾ 2k(N − k) Goldstone modes

Topological solitons are GN,k Skyrmions at ν = k

according to π2

(
GN,k

)
= Z
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Charge-Isospin Separation

Spinless electrons are bosonized by attaching a flux ➾ composite bosons

ψ(x) = e−iΘ(x)φ(x) with εjk∂j∂kΘ(x) = 2πρ(x)

electron C-bosonC-boson

magnetic flux CS-flux

➔ ➔
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Charge-Isospin Separation

Spinless electrons are bosonized by attaching a flux ➾ composite bosons

ψ(x) = e−iΘ(x)φ(x) with εjk∂j∂kΘ(x) = 2πρ(x)

electron C-bosonC-boson

magnetic flux CS-flux

➔ ➔

U(N) electrons are also bosonized

ψα(x) = e−iΘ(x)φ(x)nα(x) with
∑
n†α(x)nα(x) = 1

There are N − 1 complex degree of freedom in nα ➾ CPN−1 field
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Effective Field Theory with CPN−1 Field at ν = 1

Relation between isospin field and CPN−1 field: IA(x) = n†(x)λA2 n(x)
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Effective Field Theory with CPN−1 Field at ν = 1

Relation between isospin field and CPN−1 field: IA(x) = n†(x)λA2 n(x)

Equivalence between the SU(N) sigma model and the CPN−1 model

HX = 2Js
N2−1∑
A=1

[∂kIA]2 = 2Js
N∑
α=1

(
∂jnα† + iKjnα†

)(
∂jnα + iKjnα

)

with Kµ = −i
∑
α nα†∂µnα
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Effective Field Theory with CPN−1 Field at ν = 1

Relation between isospin field and CPN−1 field: IA(x) = n†(x)λA2 n(x)

Equivalence between the SU(N) sigma model and the CPN−1 model

HX = 2Js
N2−1∑
A=1

[∂kIA]2 = 2Js
N∑
α=1

(
∂jnα† + iKjnα†

)(
∂jnα + iKjnα

)

with Kµ = −i
∑
α nα†∂µnα

There are N-fold degeneracy in the ground state

One ground state is chosen spontaneously with a CPN−1 Skyrmion on it

ng(x) =

⎛⎜⎜⎜⎜⎜⎝
0
...
0
1

⎞⎟⎟⎟⎟⎟⎠ ➾ nsky(x) =

⎛⎜⎜⎜⎜⎜⎝
κN−1

...
κ1

z

⎞⎟⎟⎟⎟⎟⎠
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Effective Field Theory with GN,k Field at ν = k
At ν = k there are N electrons in one Landau site

We need k CPN−1 fields to describe such a system: Grassmannian field

Grassmannian field: Z(x) = (n1,n2, · · · ,nk)

Isospin field: IA(x) = Tr
[
Z†(x)

λA
2
Z(x)

]
= 1

2

k∑
i=1

n†i (x)λAni(x)
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Effective Field Theory with GN,k Field at ν = k
At ν = k there are N electrons in one Landau site

We need k CPN−1 fields to describe such a system: Grassmannian field

Grassmannian field: Z(x) = (n1,n2, · · · ,nk)

Isospin field: IA(x) = Tr
[
Z†(x)

λA
2
Z(x)

]
= 1

2

k∑
i=1

n†i (x)λAni(x)

Equivalence between the SU(N) sigma model and the GN,k model

HX = 2Js
N2−1∑
A=1

[∂kIA]2 = 2JsTr
[(
∂jZ − iKjZ

)† (
∂jZ − iKjZ

)]

with Kj = −iZ†∂jZ
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Effective Field Theory with GN,k Field at ν = k
At ν = k there are N electrons in one Landau site

We need k CPN−1 fields to describe such a system: Grassmannian field

Grassmannian field: Z(x) = (n1,n2, · · · ,nk)

Isospin field: IA(x) = Tr
[
Z†(x)

λA
2
Z(x)

]
= 1

2

k∑
i=1

n†i (x)λAni(x)

Equivalence between the SU(N) sigma model and the GN,k model

HX = 2Js
N2−1∑
A=1

[∂kIA]2 = 2JsTr
[(
∂jZ − iKjZ

)† (
∂jZ − iKjZ

)]

with Kj = −iZ†∂jZ

One ground state is chosen spontaneously with a GN,k Skyrmion on it
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Bilayer QH System
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Pseudospins in Bilayer System

gate

(b)(a)

gate

dB

dW dW

d
1:1

1:2

B$

d

front layer

back layer
B3

B2

front layer

back layer

&s0

g
Py

Pz

Px

P

balanced

B
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Pseudospins in Bilayer System

gate

(b)(a)

gate

dB

dW dW

d
1:1

1:2

B$

d

front layer

back layer
B3

B2

front layer

back layer

&s0

g
Py

Pz

Px

P

balanced

B

Pseudospin (ppin) P is a powerful tool to elucidate bilayer system

HpZ =
∑
i [−∆SASPx(i, i)− eVbiasPz(i, i)] 〈Pz〉 = 1

2
σ0, 〈Pz〉 = 1

2

√
1− σ 2

0

Imbalace parameter Pz is controlled experimentally

σ0 ≡ ρ
front − ρback

ρfront + ρback = 2Pz, eVbias = σ0√
1− σ 2

0

∆SAS
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Quantum Hall Ferromagnets: Monolayer with SU(2) (review)

Coulomb Hamiltonian ➾ LLL-projection ➾ Landau-site Hamiltonian

Coulomb interactions induce spin coherence

HC = π
∫
d2q ρ(−p)V(p)ρ(p) ➾

Hspin
X = −π ∫d2pVX(p)

[
Ŝ(−p)Ŝ(p)+ 1

4 ρ̂(−p)ρ̂(p)
]

VX(p) = �
2
B
π

∫
d2ke−i�

2
Bp∧ke−�

2
Bp2/2V(k), V(k) = e2

4πε|k|

Hall current

electric field

x

y

z

B2field

magnetic - - - - - - - - - - - - - - - - - - - - -

+ + + + + + + + + + + ++ + + + + ++ + +
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Quantum Hall Ferromagnets: Spinless Bilayer with SU(2)

Coulomb Hamiltonian ➾ LLL-projection ➾ Landau-site Hamiltonian

Coulomb interactions induce interlayer coherence in bilayer system

HC = π
∫
d2q

[
ρ(−p)V+(p)ρ(p)+ 2Pz(−p)V−(p)Pz(p)

]
➾

Hppin
X = −π ∫d2p [VdX (p)

∑
a=xy P̂a(−p)P̂a(p)+ 2V−X (p)P̂z(−p)P̂z(p)

+ 1
4VX(p)ρ̂(−p)ρ̂(p)]

V±X (p) =
�2
B
π

∫
d2ke−i�

2
Bp∧ke−�

2
Bp2/2V±(k), V±(k) = e2

8πε|k|
(

1± e−d/�B
)

V±X (p) = 1
2

[
VX(p)± VdX (p)

]

x

yz

B2
m

ag
ne

tic
 fi

el
d
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Effective Hamiltonian in Spinless Bilayer with SU(2)

Hppin
X = −π ∫d2p [VdX (p)

∑
a=xy P̂a(−p)P̂a(p)+ 2V−X (p)P̂z(−p)P̂z(p)

+ 1
4VX(p)ρ̂(−p)ρ̂(p)]
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Effective Hamiltonian in Spinless Bilayer with SU(2)

Hppin
X = −π ∫d2p [VdX (p)

∑
a=xy P̂a(−p)P̂a(p)+ 2V−X (p)P̂z(−p)P̂z(p)

+ 1
4VX(p)ρ̂(−p)ρ̂(p)]

Landau-site Hamiltonian ➾ Derivative Expansion ➾ Effective Field Theory
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Effective Hamiltonian in Spinless Bilayer with SU(2)

Hppin
X = −π ∫d2p [VdX (p)

∑
a=xy P̂a(−p)P̂a(p)+ 2V−X (p)P̂z(−p)P̂z(p)

+ 1
4VX(p)ρ̂(−p)ρ̂(p)]

Landau-site Hamiltonian ➾ Derivative Expansion ➾ Effective Field Theory

Coulomb interactions induce interlayer coherence in bilayer system

Hppin
C  2

∫
d2x

⎛⎝ ∑
a=x,y

Jds [∂kPa(x)]2 + Js[∂kPz(x)]2

⎞⎠
Jds
Js
= −

√
2
π
d
�B
+
(

1+ d
2

�2
B

)
ed

2/2�2
Berfc

(
d/
√

2�B
)
, Js = 1

16π

√
π
2

e2

4πε�B
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Effective Hamiltonian in Spinless Bilayer with SU(2)

Hppin
X = −π ∫d2p [VdX (p)

∑
a=xy P̂a(−p)P̂a(p)+ 2V−X (p)P̂z(−p)P̂z(p)

+ 1
4VX(p)ρ̂(−p)ρ̂(p)]

Landau-site Hamiltonian ➾ Derivative Expansion ➾ Effective Field Theory

Coulomb interactions induce interlayer coherence in bilayer system

Hppin
C  2

∫
d2x

⎛⎝ ∑
a=x,y

Jds [∂kPa(x)]2 + Js[∂kPz(x)]2

⎞⎠
Jds
Js
= −

√
2
π
d
�B
+
(

1+ d
2

�2
B

)
ed

2/2�2
Berfc

(
d/
√

2�B
)
, Js = 1

16π

√
π
2

e2

4πε�B

Topological solitons ppin-Skyrmions : π2(CP1) = Z
➾ flipping many peudospins coherently
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Bilayer Quantum Hall Ferromagnets with SU(4)

Physical Variables

ρ(x) = ψ†(x)ψ(x), Sa(x) = 1
2ψ

†(x)τspin
a ψ(x)

Pa(x) = 1
2ψ

†(x)τppin
a ψ(x), Rab(x) = 1

2ψ
†(x)τspin

a τppin
a ψ(x)

with

τspin
x =

⎛⎜⎝ τx 0

0 τx

⎞⎟⎠ τspin
y =

⎛⎜⎝ τy 0

0 τy

⎞⎟⎠ τspin
z =

⎛⎜⎝ τz 0

0 τz

⎞⎟⎠
τppin
x =

⎛⎜⎝ 0 12

12 0

⎞⎟⎠ τppin
y =

⎛⎜⎝ 0 −i12

i12 0

⎞⎟⎠ τppin
z =

⎛⎜⎝ 12 0

0 −12

⎞⎟⎠
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Bilayer Quantum Hall Ferromagnets with SU(4)

Physical Variables

ρ(x) = ψ†(x)ψ(x), Sa(x) = 1
2ψ

†(x)τspin
a ψ(x)

Pa(x) = 1
2ψ

†(x)τppin
a ψ(x), Rab(x) = 1

2ψ
†(x)τspin

a τppin
a ψ(x)

with

τspin
x =

⎛⎜⎝ τx 0

0 τx

⎞⎟⎠ τspin
y =

⎛⎜⎝ τy 0

0 τy

⎞⎟⎠ τspin
z =

⎛⎜⎝ τz 0

0 τz

⎞⎟⎠
τppin
x =

⎛⎜⎝ 0 12

12 0

⎞⎟⎠ τppin
y =

⎛⎜⎝ 0 −i12

i12 0

⎞⎟⎠ τppin
z =

⎛⎜⎝ 12 0

0 −12

⎞⎟⎠

Effective Hamiltonian describes SU(4) coherence with SU(4) Skyrmions

HX = Jds
(∑
[∂kSa]2 + [∂kPa]2 + [∂kRab]2

)
+2J−s

(∑
[∂kSa]2 + [∂kPz]2 + [∂kRaz]2

)
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CP3 Skyrmions in Bilayer Quantum Hall Ferromagnets

Charge-isospin separation ➾ CP3 field n

ρ(x) = ψ†(x)ψ(x), Sa(x) = 1
2n

†(x)τspin
a n(x)

Pa(x) = 1
2n

†(x)τppin
a n(x), Rab(x) = 1

2n
†(x)τspin
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Experiments in Bilayer QH States (ν = 1&2)

n=1

n=2

A
ct

iv
a

tio
n

 E
n

e
rg

y 
(K

)

(deg)ΘTilted Angle
-0.8 -0.4 0.4

8

6

4

2

0

A
ct

iv
a

tio
n

 E
n

e
rg

y 
(K

)

0.0

r=1.4 
r=0.6

sImbalance Parameter

Θ
Btot

B⊥

(a) (b) (c)

coherent

r = 0.9

r = 0.6

r = 1.7

d
/$
B
&
r
4

DSAS/Ec& r4
1

6

4

2

0
6040200

Θ∗

s=0
r=0.7

s=0.45
r=1.0

s=0
r=1.0

s=0 Θ=0 Θ=0

s=0.45

s=0

r=1.0

s=0
r=0.7

6

5

4

3

2

1

0

A
ct

iv
a

tio
n

 E
n

e
rg

y 
(K

)

4020 600-0.4 0.4

8

6

4

2

0

A
ct

iv
a

tio
n

 E
n

e
rg

y 
(K

)

0.0

r=0.6

s=0 Θ=0 Θ=0

NO QHE

spin doublet
ppin doublet

spin singlet
ppin triplet

spin triplet
ppin singlet

r = 0.6

r = 1.5

d
/$
B
&
r
4

coherent

Θ
Btot

B⊥

(a) (b) (c)

✔Sawada et al, PRL80(1998)4534

KIAS, Seoul (2004.10.25-27) – p.35/52



Experimental Results I (ν = 1)

Bilayer QH system

➾ Isospin SU(4)
✔Ezawa, PRL82(1999)3512

Zeeman effect
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Bias voltage
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Bilayer to Monolayer QH Systems (ν = 1)
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Ppin CP1 Skyrmion ➾ CP3 Skyrmion ➾ Spin CP1 Skyrmion

Topological charge is the same: : π2(CP1) = π2(CP3) = Z

imbalance parameter: σ0 ≡ ρ
front − ρback

ρfront + ρback =2Pz
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CP3 Skyrmion vs Imbalance Parameter (ν = 1)
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CP3 Skyrmion vs Imbalance Parameter (ν = 1)
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CP3 Skyrmion vs Imbalance Parameter (ν = 1)
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CP3 Skyrmion vs Imbalance Parameter (ν = 1)
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Activation Energy vis Density Difference (ν = 1)
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Experimental Results II (ν = 1)

Bilayer QH system

➾ Isospin SU(4)
✔Ezawa, PRL82(1999)3512

Zeeman effect
➾ Spin Sz

Bias voltage

➾ Pseudospin Pz

Data by applying the parallel field
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Parallel Magnetic Field in Bilayer System
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Activation Energy of CP3 Skyrmions (ν = 1)
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✔Ezawa et al. PRB70(2004)125304
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Excitation of Ppin CP1 Skyrmions (ν = 1)
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Excitation of CP3 Skyrmions (ν = 1)
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Bilayer QH States (ν = 2)
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Bilayer QH States (ν = 2)
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Bilayer QH States (ν = 2)
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Bilayer QH States (ν = 2)

SAS -11 K (ppin phase)D(c)

2

1

3

DSAS - 1 K (spin phase)(a)

2

1

4

3

5

6

1 2

1

2

1 2 3 4 5 6

4

5

6

7

8

9

10

3

10

4

3

2

1

5

6

7

8

8

1 2 3 4 5

2

4

6

2

back gate voltage (V) back gate voltage (V)

fr
on

t g
at

e 
vo

lta
ge

 (
V

)

1.21.00.8

− 0.6

− 0.4

− 0.2

− 0.0

0.60.40.2 1.21.00.8

− 0.6

− 0.4

− 0.2

− 0.0

0.60.40.2 back gate voltage (V)
0.8

− 0.8

− 0.4

− 0.5

− 0.6

0.6 0.70.50.4

✔ Muraki et al, SSC 112(1999)625

KIAS, Seoul (2004.10.25-27) – p.46/52



Bilayer QH States (ν = 2)
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Grassmannian Soliton

In zero tunnelling gap (two electrons distinguishable)

Two layers behave independently ➾ two CP1 fields

one CP1 Skyrmion with charge e is excited
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Grassmannian Soliton

In zero tunnelling gap (two electrons distinguishable)

Two layers behave independently ➾ two CP1 fields

one CP1 Skyrmion with charge e is excited
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Grassmannian Soliton

In zero tunnelling gap (two electrons distinguishable)

Two layers behave independently ➾ two CP1 fields

one CP1 Skyrmion with charge e is excited

(a)

front layer

back layer

front layer

back layer

D       =1KSAS (b) D       =11KSAS 

In large tunnelling gap (two electrons indistinguishable)

Two layers behave coherently ➾ one Grassmannian G4,2 field

one G4,2 Skyrmion with charge 2e is excited

flipped spin number twice as much as that of CP1 Skyrmion

Grassmannian solitons arise based on

π2(GN,k) = Z, GN,k = SU(N)/[U(1)⊗ SU(N)⊗ SU(N − k)
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CP1 versus G4,2 Skyrmions (experiment)
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Josephson-like Effects

Josephson tunneling current (predicted by Ezawa&Iwazaki, 1992)
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Josephson-like Effects

Josephson tunneling current (predicted by Ezawa&Iwazaki, 1992)
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Josephson-like Tunneling (Experiments)

Layer coherence
➾
Coherent tunneling
(Ezawa-Iwazaki, 1993)
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Conclusions

An ideal system realizing 2nd Version Comming Soon !!
➾ noncommutatvie geometry

Noncommutative geometry

➾ quantum coherence

SU(2) spin coherence

➾ CP1 Skyrmions

SU(4) isospin coherence

➾ CP3 and G4,2 Skyrmions

Interlayer coherence

➾ Josephson-like phenomena

Condensation of single charge e
➾ Statistical transformation
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