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© Formulation of perturbations
@ Issue of mapping
@ General matter Lagrangian
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@ Effective single field theory
o 2-field case
e Effective single field theory: quadratic action
@ Reduction of cubic action

@ Distinctive phenomenology

@ Curved trajectory
@ Power spectrum
@ Bispectrum

o Field space geometry
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What is inflation?

Multi-field inflation: Formulation, effective theory and phenomenology Jinn-Ouk Gong



o Accelerated phase of expansion: &> 0

@ Special form of matter: p< —p/3

@ (Quasi) de Sitter expansion: H = constant
«0O0>» «F>r» «=» < o>
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Why inflation?
Hot big bang Inflation
@ Horizon problem o Single causal patch
o Flatness problem o Locally flat
@ Monopole problem o Diluted away
o Initial perturbations @ Quantum fluctuations

Currently, inflation
@ can dynamically provide initial conditions for hot big bang

@ is strongly supported by observations: WMAP, SDSS, etc

Multi-field inflation: Formulation, effective theory and phenomenology Jinn-Ouk Gong



Introduction Formulation of perturbations Effective single field theory Distinctive phenomenology Conclusions
00®000 00000000 0000000 000000 o

Why non-linear perturbations?

Non-linear perturbations
e Higher order contributions to observable quantities

@ Observationally accessible: Planck, CMBPol, ACT, Euclid- -
@ Invaluable information

@ Inflation models and the physics behind
@ Nature of non-linear evolution

A crucial probe to the early universe

Multi-field inflation: Formulation, effective theory and phenomenology Jinn-Ouk Gong
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Multi-field inflation

Why multi-field inflation?
@ No inflaton candidate in SM: inflation = BSM

cf. E L. Bezrukov and M. Shaposhnikov, Phys. Lett. B 659, 703 (2008): SM Higgs = inflaton?
@ Plenty of scalar fields = inflaton candidates
© Rich phenomenology : isocurvature pert, non-Gaussianity- - -
@ Both theoretical and phenomenological motivations
In this presentation
e Fully covariant, easily extendable formulation of perturbation
@ Reduction to effective single field theory

@ Associated observational signatures

Multi-field inflation: Formulation, effective theory and phenomenology Jinn-Ouk Gong
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Generation and evolution of perturbations

classical perturbation
perturbation —  inamountof —_— curvaure
in clock expansion perturbation

N U U N N

horizon

AVAVAVAVAVAVAV

density perturbations

[ J o ®
quantum fluctuations o °
in clock galaxies, etc
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quantum fluctuations ®
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Action formulation
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Generation and evolution of perturbations

6 N formalism, Einstein equation

classical perturbation
perturbation — in amount of ——
in clock expansion

N U U N N

curvature
perturbation

horizon

AVAVAVAVAVAVAV

density perturbations

quantum fluctuations
in clock galaxies, etc

Action formulation
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6 N formalism, Einstein equation
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Higher order action and correlation functions

Free & interaction Hamiltonian: H = Hy + Hjnt

%)

(&, )6 () Uinc (1, 1) 0)

(e—i S Hou')df)* & (e—i I Ho(t”)dt”)

(@(n):<9

+
Uint

= lim <0
fin——00(1—i6)

o0 t In
=Y i"| dm dt,,_lmf
I5

7] ~

dty (O|[Hine (1), [Hine (22), - [Hine (tn), (0] ---]] | 0)
n=0 fin fin in
“In-in”, or “closed time path” formalism

St
—oo(l-i5)

\y/

—wo(l+i5) t Rt

2% = free field: expansion using cre / ann ops £ = ak@ rt+ a}}@,’;
(RRR) ~ (0| RRR exp (RRR)|0)

Even numbers of cre / ann ops: non-zero 3-point correlation fct

Multi-field inflation: Formulation, effective theory and phenomenology Jinn-Ouk Gong



Introduction Formulation of perturbations Effective single field theory Distinctive phenomenology Conclusions
000000 ®0000000 0000000 000000 o

Field fluctuations in field space

tangent space
stemming from

¢, (t)

¢ (1)
“\_background
trajectory

¢' (t,x)

field space
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Expansion near the background trajectory

ol dg) dg
Rl T o i e
a2 Tk =0
ap'y  _
dA la=o

Geodesic equation : Di(/)l =

Initial conditions : ‘PI|/1:0 = (/)6, DMPI|,1:0 =

Multi-field inflation: Formulation, effective theory and phenomenology

Conclusions
o

Jinn-Ouk Gong



Introduction Formulation of perturbations Effective single field theory Distinctive phenomenology Conclusions
000000 0®000000 0000000 000000 o

Expansion near the background trajectory

ol dg) dg
Rl T o i e
a2 Tk =0

dI
e
A=0

Geodesic equation : Di(bl =

Initial conditions : ‘PI|/1:0 = q)é, DMPI|,1:0 =

Expansion of <p1 A=¢€)fromA=0

deg!
di

1 d2 1
€+ = ¢
1—o 2 dA?

1 d3 I
€2+__(p €3+...
1—o 3! dA3

A=0

A=) =¢| o+
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Expansion near the background trajectory

2 p1 K
ot od dot

Geodesic equation : Di(/)l = Uy =

d 1
Initial conditions : ‘PI|/1—0 = (/)6, DMPI|,1_0 = 4 =
- - dA |a=o
Expansion of <p1 A=¢€)fromA=0
d(PI 1 dZ(pl 1 d?)(/)[
I I 2 3

/l = = + — + — + — + .-

PA=a=¢lio+ 7 o T2 L T and |y

Multi-field inflation: Formulation, effective theory and phenomenology Jinn-Ouk Gong



Introduction Formulation of perturbations Effective single field theory Distinctive phenomenology Conclusions
000000 0®000000 0000000 000000 o

Expansion near the background trajectory

2 p1 K
ot od dot

Geodesic equation : Di(/)l = Uy =

d 1
Initial conditions : (p’|1_0 = (/)6, D,lgblh_o = 4 =
- - dA |a=o
Expansion of <p1 A=¢€)fromA=0
d(PI 1 dZ(pl 1 d?)(/)l
I I 2 3

/l = = + — + — + — + .-

PA=a=¢lio+ 7 o T2 L T and |y

Settinge =1,

1 1
B -0y =60 = QT QO (T T ) Qe
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e.g. k-inflation, DBI inflation

P=Pli=o+ DaPli=€+ 3 D2P|/1 o+ = D3P|/1 0+
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First try

1
pP=p G[],XU = _ngVa“('bIav(p]’('bI)
e.g. k-inflation, DBI inflation

P=Pli=o+ DiPli-€+ 3 D2P|;L = D3P|/1 0+

© No problem with the linear term

opP -
— D (/) (W — Py : symmetrization

Multi-field inflation: Formulation, effective theory and phenomenology Jinn-Ouk Gong
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First try

1
pP=p G[],XU = _ngVa“('bIav(p]’('bI)
e.g. k-inflation, DBI inflation

P=Pli=o+ DiPli-€+ 3 DZPU = D3P|/1 0+

© No problem with the linear term

opP g OP opP -
DyP=— X7 Dy X +6¢)I D (/) axi Py : symmetrization
——
=Py _P,,

@ Problem with the quadratic term
DiPZ DiXUP(U) + DAXU (D/IPU])) + DA(/)I (D/1Py1)

e Covariant and ordinary derivatives mixed
e Not commute, not covariant: Pyyy,x = P — F%KP< Ly — FfKP( 1L

Multi-field inflation: Formulation, effective theory and phenomenology Jinn-Ouk Gong
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Effective single field theory
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Assumption: P depends on ¢! only through tensors ] vJna )
P=P|Gy X", £, (")
e.g. potential V(¢): field space scalar

opP

P Jugda = 57
nala T Tng
0fa

] ...]’la
DyP= D;LXUPg]) + Z o ;IDA(PIP{A “Jnata
a

Up to cubic order ] 1Jna are all scalars for simplicity)

P=P|y_o+ P<U>5X]+ Pt
1 1
+ 5 Panxy0 X Vo XX + Ppyad X" 5, + o1 Fabdfadfy
1 1
+ 3—P<ID(1Q)(MN)5XU§XKL5XMN + —p<[D(IQ)45X1]5XKL5fa

+ = P(I])ab5X 6fa5fb + — Pabcafaéfb(sfc
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Gauge choice
Einstein gravity + total n scalar fields

— n+4 scalar degrees of freedom, 4 vector d.o.f. and 2 tensor d.o.f,

-

n from matter, 4 from gravity we neglect them

@ Eliminate 2 out of n+4: from 1 temporal and 1 spatial gauge
transformations

@ Eliminate 2 out of n+ 2: from the Hamiltonian and momentum
constraint eqs

@ Total nd.o.f. — all contained in 7 scalar fields
ADM form: ds* = ~N?dr*+y; (N'de+ dx') (Nde+ ), = @ (05

“Flat gauge”

Multi-field inflation: Formulation, effective theory and phenomenology Jinn-Ouk Gong
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Including metric perturbations
N, N — £%: expand ¢% in € as
YA =€) =Ef + &G e+ EG e+
Constraint equations

55
6&%

Action expansion with respect to ¢ f‘n)

1 628

0S8
= Slé’a @ + - —
" ‘%m) 0 2 5%, 80, o -

~ v
g

é(n)é(n)
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Including metric perturbations
N, N — £%: expand ¢% in € as
YA =€) =Ef + &G e+ EG e+

Constraint equations

8S _,_ 08 628 6,1 58 e
5&a —r T 5 57’):0 ﬁéf“ a 3(”) 2 5EPSEYSE fﬁ’):og(ﬂ)"(m
=0(e" =0(e")

Action expansion with respect to % )

2
. 1 8%

oS
( R
5%) "2 see och o

. v
g

§=Slez, =0 é(ﬂ)f(n)
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Including metric perturbations
N, N — £%: expand ¢% in € as

YA =€) =Ef + &G e+ EG e+

Constraint equations

8S _,_ 08 628 6,1 58 e

5&a - 5 5“):0 ﬁ(ggta a J(n) 2 5EPSEYSE fﬁ’):og(mg(n]
=0 —6(em

Action expansion with respect to &% o

58 1 6%8
S=S§|za g f‘n)+— e )6
n (I’l)
= 55(,1) 2 66?11)66{3") & =0
(n)
:@‘(:I‘Zn)
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Including metric perturbations
N, N — £%: expand ¢% in € as

YA =€) =Ef + &G e+ EG e+

Constraint equations

8S _,_ 08 628 6,1 58 e

5&a - 5 5“):0 ﬁ(ggta a J(n) 2 5EPSEYSE fﬁ’):og(mgm]
=0 =0(e")

Action expansion with respect to &% o

58 1 6%8
S=S§|za g f‘m+— e )6
n (I’l)
= 55(,1) 2 66?11)66{3") & =0
(n)
:@‘(:I‘Zn)

Up to the cubic orderine, ¢ ?2) not necessary: linear solutions only

Multi-field inflation: Formulation, effective theory and phenomenology Jinn-Ouk Gong
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Linear, quadratic and cubic order actions

Metric perturbations in flat FRW BG: N =1+ Ny, Ni= N(il) = ai)(

Q From linear action, we can obtain BG equations
5 5 T .
S = f dxd® [(3mP1H +Py— P<,,>¢0<p6) Ny + Py De Q) + Pafa;IQI]

@ From quadratic action, we can find the sols of metric perts Njj), ¥

Sy = fd4xa{ Py (RIKLM(,b]qbg/[QKQL+DtQIDtQ] Yja QIa]Q])+Pafa;IIQIQ]

+P<1]><KL>DrQI<l>6DtQK¢(L)+2P<U>aDtQI¢(])fa;KQK+Pabfa;lfb;]QIQ]]
+ Ny |~ Pap DeQ' ¢+ Pafia1 Q" = (Poap ity Dr Q66 + Pupyafusic )|
Ny
2 2 oY T KL 2 i
= (—GmPIH + Py bbbl + gy xay b b i (,bO)—ZmPlHN(l)N(’U‘i
n,
(1) pfiod (1) i i J
~ Py NG 0iQ' by + (N Ny + N NG =20 N, )}
e From cubic action, we can calculate bispectrum
§3 = next page

Multi-field inflation: Formulation, effective theory and phenomenology Jinn-Ouk Gong
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Cubic order action

( D7~ 2
SgM) =fd4m3 [(81)1/KQIQ’QK+(32)1/1<DtQIQ’QK + (33)1/1<DtQIDtQ]QK+(84)1/1<DzQIDzQIDtQK

+(gaJUQI<3iQIN(iD + (gb)I]DthaiQ]N(iD + (gclI]KQIYijainanK+(gd11]KDtQIYijaiQ]0jQK]

2
(G) _ 2 203 I S I 2
s 7fd4xa3{3mPlH NGy +2mpyH NGy = o 1 [17x,4- @02 Nqy

Coefficients [A] = P<U>d}6/(2m%lH]]

@)K = é (Peuay B ik b6 00 + Paf iy +3PuanaR” yn9y' 66 fak +3Pablasnifisk * PabelastfinfaK)

+ %WK [~ Pany REgN G500 + Pafasiy + Panlasfny - 698" (Puanyiarm R o + Pusnalair + Pusnavla )|

+ %W] N (P ala1¥§ 48 + Piapy coyalui P4 9595 6F)

— NN ( 2P B9 + Poasycoy OBIG 68 + & Pam ccoyer $95§ SR8 )

(&K = é (Pecany R i + 3P sy R ) 99" + %PUL)u‘bgfa;]K + %PUL)(AB) R randgo9p" + %PUL)ab‘i’(%fa:lflr.K

- Mg (P<1L>u4>5fa;] + Paryany a5 o B fa;}) + NN (PUL) ok + gP(ILMMN) oEobt ol + %PUL)(MN) ap S5 Y B )
(@)K = *%WK [Pap +3(Pap cwan + Penyann ) 9696" + Pary vy amy B5b" 60 b6 | + % (Papa+ Panyamnadbdt”) fasxc
@K = 3 Pap i+ 5 Pan o 9§80 @ = 1 (Pso o + P o 6588 - Puroatsr o

@ =~Pap ~Paoun ¥ 6§ o = 341 (~Puro + Puroamn 5T - 5 Puroatar  Edik =5 Panaio o
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Symmetry principles
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Simplest case: 2-field inflation in new basis

¢2 N¢

T(l
nL >0
Na
L
Ta
nL <0

Yab— Yapeiel =6y with I, ] =T, N
¢5

T9=z ———
\ Yad§dh L N (DTt
b c -1/2 a = Hd)O dr - T
Necs DT? DT DT
=W\ Yo dt
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Full reduction vs. perturbation

@ Quadratic action = free theory

S=8[TT]+ S[NN] + S [TN]+ Sz+---
—

free theory interaction

@ Quadratic adiabatic action = free theory

S=SI[TT)+ S2[NN]+ So[TN]+ S5+ -+
—— N ~ .
free interaction

Justifiable since expansion parameter niHZ/ M <1

@ Pros of 1st approach: we gain full control
@ Pros of 2nd approach

@ Quick estimate
@ Well-known free solution is available
© Free from (or more suppression of) higher derivatives

Multi-field inflation: Formulation, effective theory and phenomenology Jinn-Ouk Gong
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Quadratic action in new basis

Canonical 2-field Lagrangian: P = Gap X -V
Conformal time dr = dt/a, rescaled field v; = aQy, { = aHn

1 )
S» :f d4x§ [UT’Z — (Vup)? = (Qrr— %) UTZ] function of vy
1 .
+fd4x5 [UN,Z—(VUN)Z—(QNN—(Z) UNZ] function of vy
+ [ d*xun (—Qon + ' +200;) vy interaction
Qrr=a®Vrr— @ H*(2—€) —2a’ H*e(3+€—21,)
Qan :aZ(VNN + em%lHZIR) —PH*2—¢) ([R = Rypog TON? TCNd)
" ——

=M?
QN =a2VTN+2a2H2€nL

Multi-field inflation: Formulation, effective theory and phenomenology Jinn-Ouk Gong
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Effective single field quadratic action
Schematically
1 1 .
S = E[d4vaATTvT+ Efd4vaANNVN+‘[d XvNO vt
Evaluation of the Gaussian integral over vy as
Sett[U7] 1 4t a1
e =exp 5 xvrArrvr| | [Dylexp d xi UNANNUN + UNO vT

=exp (detAy) Y2

1
5 f d4x(l/TA TTUT — @UTAZ_V}V@’ UT)

Green’s function in the Fourier space: M — cutoff of the theory

Ay = Gl x) = - G, 15k = k

Eramw ot

D+QNN—(2

Multi-field inflation: Formulation, effective theory and phenomenology Jinn-Ouk Gong
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Footprint of heavy isocurvature mode

Partial integration and redefinition u = ef/? vy

1
Seft = f drd® ks [u’2 —e POR 2 QT k) uz]

'[j M2 -1 ) HZ
1+47M —-2+€— nl+ 21 ~1+417le
" 7\ 2
. Qo_%_(g) i)

5 3 ; 1
Qo =2a*H* (1 +e— 57 +e*—2en + zn”f) — single field

Single field action with non-trivial speed of sound ¢ = e™¥

Multi-field inflation: Formulation, effective theory and phenomenology Jinn-Ouk Gong
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Reduction of cubic action

Effective single field cubic order action
1 1
Slvr, vl =§f VTATTUT+f UZTKTTTUT+ 5[ vN [AnN + 2vTKrnn] vn
+[ [@UT-I- U%"KTTN] UN +f V%VKNNNVN
Taking similar steps with the aid of external source term
1
Slvrl =§f vTATTUT +f Ve Krrrvr
1 _
- Ef [Cvr+ UZTKTTN] [AnN +2vrKrnn] ™ [Ovr+ VZTKTTN]

- f {{AnN +2vrKnn] ! (O vr + Vi Ky }3 e

> [ dtxad "’;ni F=0(cn?)
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Example: A turn in the trajectory

7, is the phenomenological parameter

(max)

Un

Distinctive phenomenology
®00000

nL

" cosh? [2(N = Ny)/AN]

A single turn between otherwise straight trajectories

¢2

ny. >0

Features in the correlation functions
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Features in the bispectrum

Correlated enhancement of the bispectrum: A strong support for
multi-field inflation?

10 ‘ >20

09 I
_o08
=
&
<07

06

05 0

00 02 04

06 08 10
k3 /ky

Dimensionless shape function (k; k» k3)2Bg (ki, ks, ks): Local!

A S 15en7 ~0(3)
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How to interpret?

Correlated features in the power and bispectra

@ Mode mixing between || & L
e Curvilinear trajectory
e (Iso)curvature modes before # (iso)curvature modes after:

mixing

@ Massive particle production
e Excitation of quanta = particle
e Heavy modes — damping away quickly

@ Deviation from geodesic

e Departure from min =75 H*/M?
e Reminiscent of linearized grav wave

Multi-field inflation: Formulation, effective theory and phenomenology
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Curvature effects on isocurvature perturbation

Constant curvature of 2D surface R%cq = K (6%:Gpa — 6% 4Gpc)

Only non-zero component of the Riemann tensor = Ryy7y

enhanced (K < 0)

S22 f d4xRNTTN(bOT¢OTQNQN - _Kf d4x([)(2) Q%V - { suppressed (K > 0)

No effect on the curvature perturbation

Multi-field inflation: Formulation, effective theory and phenomenology Jinn-Ouk Gong
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Enhancing isocurvature perturbation
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Conclusions

@ Action of general multi-field system

e Flat gauge: physical d.o.f. in field fluctuations
e Covariant derivative w.r.t. field space:

p=p [GU,XU,fz{lm]"“ (¢I)]

Conclusions
o

e A straightforward approach to obtain higher order action easily

and systematically
@ Effective single field inflation

e Integrating out the heavy isocurvature modes
e Non-trivial speed of sound dependence
e Or perturbation from curved trajectory

© Phenomenology of multi-field system

e Oscillation in the power spectrum + correlated enhancement of

the bispectrum
e Isocurvature perturbation

Multi-field inflation: Formulation, effective theory and phenomenology

Jinn-Ouk Gong
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