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What is inflation?

Accelerated phase of expansion: ä > 0
Special form of matter: p <−ρ/3
(Quasi) de Sitter expansion: H ≈ constant
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Accelerated phase of expansion: ä > 0

Special form of matter: p <−ρ/3

(Quasi) de Sitter expansion: H ≈ constant
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Why inflation?

Hot big bang

Horizon problem

Flatness problem

Monopole problem

Initial perturbations

Inflation

Single causal patch

Locally flat

Diluted away

Quantum fluctuations

Currently, inflation

1 can dynamically provide initial conditions for hot big bang

2 is strongly supported by observations: WMAP, SDSS, etc
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Why non-linear perturbations?

Non-linear perturbations

Higher order contributions to observable quantities

Observationally accessible: Planck, CMBPol, ACT, Euclid· · ·
Invaluable information

1 Inflation models and the physics behind
2 Nature of non-linear evolution

A crucial probe to the early universe
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Multi-field inflation

Why multi-field inflation?
1 No inflaton candidate in SM: inflation = BSM

cf. F. L. Bezrukov and M. Shaposhnikov, Phys. Lett. B 659, 703 (2008): SM Higgs = inflaton?

2 Plenty of scalar fields = inflaton candidates

3 Rich phenomenology : isocurvature pert, non-Gaussianity· · ·
4 Both theoretical and phenomenological motivations

In this presentation

Fully covariant, easily extendable formulation of perturbation

Reduction to effective single field theory

Associated observational signatures
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Generation and evolution of perturbations
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Higher order action and correlation functions

Free & interaction Hamiltonian: H = H0 +Hint

〈
Ô (t)

〉=〈
Ω

∣∣∣∣∣
(
e
−i

∫ t
tin

H0(t′)dt′
)†

Ô

(
e
−i

∫ t
tin

H0(t′′)dt′′
)∣∣∣∣∣Ω

〉

= lim
tin→−∞(1−iδ)

〈
0
∣∣∣U†

int(t, tin)Ô (t)Uint(t, tin)
∣∣∣0

〉
=

∞∑
n=0

in
∫ t

tin

dtn

∫ tn

tin

dtn−1 · · ·
∫ t2

tin

dt1
〈

0
∣∣[Hint(t1),

[
Hint(t2), · · ·[Hint(tn), Ô (t)

] · · ·]]∣∣0
〉

“In-in”, or “closed time path” formalism

t
)1( i

)1( i tt

R = free field: expansion using cre / ann ops Rk = akR̂k +a†
kR̂∗

k

〈RRR〉 ∼ 〈
0
∣∣RRR exp(RRR)

∣∣0
〉

Even numbers of cre / ann ops: non-zero 3-point correlation fct
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Field fluctuations in field space
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Expansion near the background trajectory

Geodesic equation : D2
λφ

I = d2φI

dλ2 +ΓI
JK

dφJ

dλ

dφK

dλ
= 0

Initial conditions : φI
∣∣
λ=0 =φI

0 , Dλφ
I
∣∣
λ=0 =

dφI

dλ

∣∣∣∣
λ=0

= QI

Expansion of φI (λ= ε) from λ= 0

φI (λ= ε) = φI
∣∣
λ=0 +

dφI

dλ

∣∣∣∣
λ=0

ε+ 1

2

d2φI

dλ2

∣∣∣∣
λ=0

ε2 + 1

3!

d3φI

dλ3

∣∣∣∣
λ=0

ε3 +·· ·

Setting ε= 1,

φI −φI
0 ≡ δφI = QI−1

2
ΓI

JK QJ QK + 1

6

(
ΓI

LMΓ
M
JK −ΓI

JK ;L

)
QJ QK QL +·· ·
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First try

P = P

(
GIJ ,X IJ ≡−1

2
gµν∂µφ

I∂νφ
J ,φI

)
e.g. k-inflation, DBI inflation

P = P|λ=0 + DλP|λ=0ε+
1

2!
D2
λP

∣∣
λ=0ε

2 + 1

3!
D3
λP

∣∣
λ=0 ε

3 +·· ·

1 No problem with the linear term

DλP = ∂P

∂X IJ︸ ︷︷ ︸
≡P〈IJ〉

DλX IJ+ ∂P

∂φI︸︷︷︸
≡P,I

Dλφ
I

(
∂P

∂X IJ
→ P〈IJ〉 : symmetrization

)

2 Problem with the quadratic term

D2
λP = D2

λX IJ P〈IJ〉+DλX IJ (
DλP〈IJ〉

)+Dλφ
I (

DλP,I
)

Covariant and ordinary derivatives mixed
Not commute, not covariant: P〈IJ〉;K = P;K 〈IJ〉−ΓL

IK P〈LJ〉−ΓL
JK P〈IL〉
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Second try

Assumption: P depends on φI only through tensors f
J1···Jna

a (φI )

P = P
[

GIJ ,X IJ , f
J1···Jna

a (φI )
]

e.g. potential V (φI ): field space scalar

DλP = DλX IJ P〈IJ〉+
∑
a

f
J1···Jna

a ;I Dλφ
I P{J1···Jna }a

(
P{J1···Jna }a ≡

∂P

∂f
J1···Jna

a

)

Up to cubic order (f
J1···Jna

a are all scalars for simplicity)

P =P|λ=0 +P〈IJ〉δX IJ +Paδfa

+ 1

2!
P〈IJ〉〈KL〉δX IJδX KL +P〈IJ〉aδX IJδfa + 1

2!
Pabδfaδfb

+ 1

3!
P〈IJ〉〈KL〉〈MN〉δX IJδX KLδX MN + 1

2!
P〈IJ〉〈KL〉aδX IJδX KLδfa

+ 1

2!
P〈IJ〉abδX IJδfaδfb +

1

3!
Pabcδfaδfbδfc +·· ·
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Gauge choice

Einstein gravity + total n scalar fields

→ n+4 scalar degrees of freedom︸ ︷︷ ︸
n from matter, 4 from gravity

, 4 vector d.o.f. and 2 tensor d.o.f.︸ ︷︷ ︸
we neglect them

1 Eliminate 2 out of n+4: from 1 temporal and 1 spatial gauge
transformations

2 Eliminate 2 out of n+2: from the Hamiltonian and momentum
constraint eqs

3 Total n d.o.f. → all contained in n scalar fields

ADM form: ds2 =−N2dt2+γij

(
N idt +dxi

)(
N jdt +dxj

)
, γij = a2(t)δij

“Flat gauge”
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Including metric perturbations

N , N i → ξα: expand ξα in ε as

ξα(λ= ε) = ξα0 +ξα(1)ε+ξα(2)ε
2 +·· ·

Constraint equations

δS

δξα
= 0

= δS

δξα

∣∣∣∣
ξ
µ

(n)=0︸ ︷︷ ︸
=O (εn)

+ δ2S

δξβδξα

∣∣∣∣
ξ
µ

(n)=0
ξ
β

(n) +
1

2

δ3S

δξβδξγδξα

∣∣∣∣
ξ
µ

(n)=0
ξ
β

(n)ξ
γ

(n) +·· ·︸ ︷︷ ︸
=O (εn)

Action expansion with respect to ξα(n)

S = S|ξα(n)=0 +
δS

δξα(n)

∣∣∣∣∣
ξ
µ

(n)=0

ξα(n) +
1

2

δ2S

δξα(n)δξ
β

(n)

∣∣∣∣∣∣
ξ
µ

(n)=0

ξα(n)ξ
β

(n) +·· ·

︸ ︷︷ ︸

=O (ε2n)

Up to the cubic order in ε, ξα(2) not necessary: linear solutions only
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S = S|ξα(n)=0 +
δS

δξα(n)

∣∣∣∣∣
ξ
µ

(n)=0

ξα(n) +
1

2

δ2S

δξα(n)δξ
β

(n)

∣∣∣∣∣∣
ξ
µ

(n)=0

ξα(n)ξ
β

(n) +·· ·

︸ ︷︷ ︸

=O (ε2n)

Up to the cubic order in ε, ξα(2) not necessary: linear solutions only
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Including metric perturbations
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2 +·· ·
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ξ
µ
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=O (εn)
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∣∣∣∣
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∣∣∣∣∣
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∣∣∣∣∣∣
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Linear, quadratic and cubic order actions

Metric perturbations in flat FRW BG: N = 1+N(1), N i = N i
(1) = ∂iχ

1 From linear action, we can obtain BG equations

S1 =
∫

d4xa3
[(

3m2
PlH

2 +P0 −P〈IJ〉φ̇I
0φ̇

J
0

)
N(1) +P〈IJ〉Dt QI φ̇J

0 +Pafa;I QI
]

2 From quadratic action, we can find the sols of metric perts N(1), χ

S2 =
∫

d4x a3
{

1

2

[
P〈IJ〉

(
RI

KLM φ̇J
0φ̇

M
0 QK QL +Dt QI Dt QJ −γij∂iQI∂jQJ

)
+Pafa;IJ QI QJ

+P〈IJ〉〈KL〉Dt QI φ̇J
0Dt QK φ̇L

0 +2P〈IJ〉aDt QI φ̇J
0fa;K QK +Pabfa;I fb;J QI QJ

]
+N(1)

[
−P〈IJ〉Dt QI φ̇J

0 +Pafa;I QI −
(
P〈IJ〉〈KL〉Dt QK φ̇L

0 +P〈IJ〉afa;K QK
)]

+
N2

(1)

2

(
−6m2

PlH
2 +P〈IJ〉φ̇I

0φ̇
J
0 +P〈IJ〉〈KL〉φ̇I

0φ̇
J
0φ̇

K
0 φ̇

L
0

)
−2m2

PlHN(1)N i
(1),i

−P〈IJ〉N i
(1)∂iQI φ̇J

0 +
m2

Pl

4

(
N (1)

i,j N
i,j
(1) +N (1)

i,j N
j,i
(1) −2N i

(1),iN
j
(1),j

)}
3 From cubic action, we can calculate bispectrum

S3 = next page
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Cubic order action

S(G)
3 =

∫
d4xa3

3m2
PlH2N3

(1) +2m2
PlH

∆

a2
χN2

(1) −
m2

Pl
2a4

[
χ,ijχ,ij − (∆χ)2

]
N(1)


S(M)

3 =
∫

d4xa3
[

(g1)IJK QI QJ QK + (g2)IJK Dt QI QJ QK + (g3)IJK Dt QI Dt QJ QK + (g4)IJK Dt QI Dt QJ Dt QK

+(ga)IJ QI ∂iQJ Ni
(1) + (gb)IJ Dt QI ∂iQJ Ni

(1) + (gc )IJK QIγij∂iQJ ∂jQK + (gd )IJK Dt QIγij∂iQJ ∂jQK
]

Coefficients [NI ≡ P〈IJ〉φ̇J
0/(2m2

Pl
H)]

(g1)IJK = 1

6

(
P〈LM〉RL

IJN ;K φ̇M
0 φ̇N

0 +Pafa;IJK +3P〈LM〉aRL
IJN φ̇M

0 φ̇N
0 fa;K +3Pabfa;IJ fb;K +Pabc fa;I fb;J fc;K

)
+ 1

2
NK

[
−P〈LM〉RL

IJN φ̇M
0 φ̇N

0 +Pafa;IJ +Pabfa;I fb;J − φ̇L
0 φ̇

M
0

(
P〈LM〉〈AB〉RA

IJC φ̇
B
0 φ̇

C
0 +P〈LM〉afa;IJ +P〈LM〉abfa;I fb;J

)]
+ 1

2
NJ NK

(
P〈AB〉afa;I φ̇

A
0 φ̇

B
0 +P〈AB〉〈CD〉afa;I φ̇

A
0 φ̇

B
0 φ̇

C
0 φ̇

D
0

)
−NI NJ NK

(
1

2
P〈AB〉φ̇A

0 φ̇
B
0 +P〈AB〉〈CD〉φ̇A

0 φ̇
B
0 φ̇

C
0 φ̇

D
0 + 1

6
P〈AB〉〈CD〉〈EF〉φ̇A

0 φ̇
B
0 φ̇

C
0 φ̇

D
0 φ̇

E
0 φ̇

F
0

)
(g2)IJK = 1

6

(
P〈LM〉RL

JKI +3P〈IL〉RL
JKM

)
φ̇M

0 + 1

2
P〈IL〉aφ̇L

0 fa;JK + 1

2
P〈IL〉〈AB〉RA

JKM φ̇B
0 φ̇

L
0 φ̇

M
0 + 1

2
P〈IL〉abφ̇

L
0 fa;J fb;K

−NK

(
P〈IL〉aφ̇L

0 fa;J +P〈IL〉〈MN〉aφ̇L
0 φ̇

M
0 φ̇N

0 fa;J

)
+NJ NK

(
P〈IL〉φ̇L

0 + 5

2
P〈IL〉〈MN〉φ̇L

0 φ̇
M
0 φ̇N

0 + 1

2
P〈IL〉〈MN〉〈AB〉φ̇L

0 φ̇
M
0 φ̇N

0 φ̇A
0 φ̇

B
0

)
(g3)IJK =− 1

2
NK

[
P〈IJ〉 +3

(
P〈IJ〉〈LM〉 +P〈IL〉〈JM〉

)
φ̇L

0 φ̇
M
0 +P〈IL〉〈JM〉〈AB〉φ̇L

0 φ̇
M
0 φ̇A

0 φ̇
B
0

]
+ 1

2

(
P〈IJ〉a +P〈IL〉〈JM〉aφ̇L

0 φ̇
M
0

)
fa;K

(g4)IJK = 1

2
P〈IJ〉〈KL〉φ̇L

0 + 1

6
P〈IL〉〈JM〉〈KN〉φ̇L

0 φ̇
M
0 φ̇N

0 (ga)IJ =NI

(
P〈JK 〉φ̇K

0 +P〈JK 〈LM〉φ̇K
0 φ̇L

0 φ̇
M
0

)
−P〈JK 〉afa;I φ̇

K
0

(gb)IJ =−P〈IJ〉 −P〈IK 〉〈JL〉φ̇K
0 φ̇L

0 (gc )IJK = 1

2
NI

(
−P〈JK 〉 +P〈JK 〉〈LM〉φ̇L

0 φ̇
M
0

)
− 1

2
P〈JK 〉afa;I (gd )IJK =− 1

2
P〈IL〉〈JK 〉φ̇L

0
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Simplest case: 2-field inflation in new basis

φ1

φ2

Na

T a

T a

Na

η⊥ < 0

η⊥ > 0

γab → γabea
I eb

J = δIJ with I , J = T , N

T a ≡ φ̇a
0√

γabφ̇
a
0φ̇

b
0

Na ≡ sN

(
γbc

DT b

dt

DT c

dt

)−1/2
DT a

dt


→ η⊥ ≡ NaVa

Hφ̇0

(
DT a

dt
=−Hη⊥Na

)
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Full reduction vs. perturbation

Quadratic action = free theory

S = S2[TT ]+S2[NN]+S2[TN]︸ ︷︷ ︸
free theory

+ S3 +·· ·︸ ︷︷ ︸
interaction

Quadratic adiabatic action = free theory

S = S2[TT ]︸ ︷︷ ︸
free

+S2[NN]+S2[TN]+S3 +·· ·︸ ︷︷ ︸
interaction

Justifiable since expansion parameter η2
⊥H2/M2 ¿ 1

Pros of 1st approach: we gain full control
Pros of 2nd approach

1 Quick estimate
2 Well-known free solution is available
3 Free from (or more suppression of) higher derivatives

Multi-field inflation: Formulation, effective theory and phenomenology Jinn-Ouk Gong
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Quadratic action in new basis

Canonical 2-field Lagrangian: P = GabX ab −V

Conformal time dτ= dt/a, rescaled field vI = aQI , ζ≡ aHη⊥

S2 =
∫

d4x
1

2

[
vT

′2 − (∇vT )2 − (
ΩTT −ζ2)vT

2
]

function of vT

+
∫

d4x
1

2

[
vN

′2 − (∇vN )2 − (
ΩNN −ζ2)vN

2
]

function of vN

+
∫

d4xvN
(−ΩTN +ζ′+2ζ∂τ

)
vN interaction

ΩTT =a2VTT −a2H2(2−ε)−2a2H2ε(3+ε−2η⊥)

ΩNN =a2
(
VNN +εm2

PlH
2R︸ ︷︷ ︸

≡M2

)
−a2H2(2−ε)

(
R≡ RabcdT aNbT cNd

)
ΩTN =a2VTN +2a2H2εη⊥
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Effective single field quadratic action

Schematically

S2 = 1

2

∫
d4xvT∆TT vT + 1

2

∫
d4xvN∆NN vN +

∫
d4xvNOvT

Evaluation of the Gaussian integral over vN as

eSeff[vT ] =exp

(
1

2

∫
d4xvT∆TT vT

)∫
[Dψ]exp

(∫
d4x

1

2
vN∆NN vN +vNOvT

)
=exp

[
1

2

∫
d4x

(
vT∆TT vT −OvT∆

−1
NNOvT

)]
(det∆N )−1/2

Green’s function in the Fourier space: M → cutoff of the theory

∆−1
NN = G(x;x′) = 1

ä+ΩNN −ζ2 → G(τ,τ′;k) = 1

k2 +ΩNN −ζ2 (1+·· · )
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Footprint of heavy isocurvature mode

Partial integration and redefinition u ≡ eβ/2vT

Seff =
∫

dτd3k
1

2

[
u′2 −e−β(τ,k)u2 −Ω(τ,k)u2

]
eβ =1+4η2

⊥

(
M2

H2 −2+ε−η2
⊥+ k2

a2H2

)−1

≈ 1+4η2
⊥

H2

M2

Ω=Ω0−β
′′

2
−

(
β′

2

)2

−aHβ′ (1+ε−η∥
)

Ω0 =2a2H2
(
1+ε− 3

2
η∥+ε2 −2εη∥+

1

2
η∥ξ∥

)
→ single field

Single field action with non-trivial speed of sound c2
s ≡ e−β
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Reduction of cubic action

Effective single field cubic order action

S[vT ,vN ] =1

2

∫
vT∆TT vT +

∫
v2

T KTTT vT + 1

2

∫
vN [∆NN +2vT KTNN ]vN

+
∫ [

OvT +v2
T KTTN

]
vN +

∫
v2

N KNNN vN

Taking similar steps with the aid of external source term

S[vT ] =1

2

∫
vT∆TT vT +

∫
v2

T KTTT vT

− 1

2

∫ [
OvT +v2

T KTTN
]

[∆NN +2vT KTNN ]−1 [
OvT +v2

T KTTN
]

−
∫ {

[∆NN +2vT KTNN ]−1 [
OvT +v2

T KTTN
]}3 +·· ·

⊃
∫

d4xa3 Hφ̇0

2m2
Pl

η2
⊥Q3

T =O
(
ε2η2

⊥
)
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Example: A turn in the trajectory

η⊥ is the phenomenological parameter

η⊥ = η(max)
⊥

cosh2 [2(N −N0)/∆N]

A single turn between otherwise straight trajectories

φ1

φ2

η⊥ > 0

η⊥ = 0 η⊥ = 0

Features in the correlation functions

Multi-field inflation: Formulation, effective theory and phenomenology Jinn-Ouk Gong
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Features in the power spectrum
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Features in the bispectrum

Correlated enhancement of the bispectrum: A strong support for
multi-field inflation?

Dimensionless shape function (k1k2k3)2BR(k1,k2,k3): Local!

fNL . 15εη2
⊥ ∼O (3)
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How to interpret?

Correlated features in the power and bispectra
1 Mode mixing between ∥ & ⊥

Curvilinear trajectory
(Iso)curvature modes before 6= (iso)curvature modes after:
mixing

2 Massive particle production
Excitation of quanta = particle
Heavy modes → damping away quickly

3 Deviation from geodesic
Departure from min = η2

⊥H2/M2

Reminiscent of linearized grav wave

Multi-field inflation: Formulation, effective theory and phenomenology Jinn-Ouk Gong
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Curvature effects on isocurvature perturbation

Constant curvature of 2D surface Ra
bcd = K

(
δa

cGbd −δa
dGbc

)

Only non-zero component of the Riemann tensor = RTNTN

S2 ⊃
∫

d4xRNTTN φ̇
T
0 φ̇

T
0 QN QN ∼−K

∫
d4x φ̇2

0 Q2
N →

{
enhanced (K < 0)

suppressed (K > 0)

No effect on the curvature perturbation
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Enhancing isocurvature perturbation

isocurvature“ridge”

curvature

g

Supporting negative effective mass

positive bare mass

negative curvature m2
cur ∼ εm2

PlH
2R

}
→ m2

eff < 0 : significant iso?
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Enhancing isocurvature perturbation

isocurvature“ridge”

curvature

g

Exponential 
gro th ofgrowth of 
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along tachyonic
direction
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positive bare mass

negative curvature m2
cur ∼ εm2

PlH
2R

}
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Enhancing isocurvature perturbation
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curvature

g
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Supporting negative effective mass

positive bare mass

negative curvature m2
cur ∼ εm2

PlH
2R

}
→ m2

eff < 0 : significant iso?
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Conclusions

1 Action of general multi-field system
Flat gauge: physical d.o.f. in field fluctuations
Covariant derivative w.r.t. field space:

P = P
[

GIJ ,X IJ , f
J1···Jna

a (φI )
]

A straightforward approach to obtain higher order action easily
and systematically

2 Effective single field inflation
Integrating out the heavy isocurvature modes
Non-trivial speed of sound dependence
Or perturbation from curved trajectory

3 Phenomenology of multi-field system
Oscillation in the power spectrum + correlated enhancement of
the bispectrum
Isocurvature perturbation
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