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I. INTRODUCTION:
Galaxies as a Cosmological Probe − What is the Problem?



• current and future surveys:
• Baryonic Oscillation Spectroscopic Survey 

• Dark Energy Survey

• Panoramic Survey Telescope & Rapid Response System

• Hobby-Eberly Telescope Dark Energy Experiment

• Wide Field Multi-Object Spectroscoph

• Large Synoptic Survey Telescope

• future space missions:
• EUCLID, Supernova Acceleration Probe

• Cosmic Inflation Probe 

• Wide-Field Infrared Survey Telescope 

I. INTRODUCTION: Galaxies as a Cosmological Probe − What is the Problem?

Dark Energy Surveys



I. INTRODUCTION: Galaxies as a Cosmological Probe − What is the Problem?

Legend of Galaxies

• current and future dark energy surveys:

• better precision and larger scales!

• galaxies as cosmological probes:

• BAO signature: DA, Ωb/Ωm,  k~0.06 h/Mpc

• galaxy power spectrum: ns, Ωk, Ωmh, k~0.01 h/Mpc

• primordial non-Gaussianity: fNL, ns, k~0.001 h/Mpc

a “clean” cosmological probe in linear regime
BUT is our faith well founded?



δg = b δm −
1 + z

H

∂V

∂r

δg = b δm + (5p− 2) κ

I. INTRODUCTION: Galaxies as a Cosmological Probe − What is the Problem?

Cosmological Probe

δg = b δm

• z-space distortion:

• gravitational lensing:

• precision cosmology!

• galaxies trace underlying matter

• biased tracer:
 
 
 • contributions are added in adhoc manner!

is this everything? or are there more contributions?
we need unified treatments!



δg = b δm −
1 + z

H

∂V

∂r

∇2ψ ∼ δm ∼ 0 ?

I. INTRODUCTION: Galaxies as a Cosmological Probe − What is the Problem?

Relativistic Perspective

• theoretical inconsistency in galaxy clustering

• standard description:

• synchronous gauge (e.g., CMBFAST, CAMB)

• free falling frame 

• Poisson equation

ψ = V = 0

galaxy clustering is based on Newtonian description!



δm, ψ, Pm(k), · · ·

I. INTRODUCTION: Galaxies as a Cosmological Probe − What is the Problem?

Gauge Issues

• theoretical predictions in cosmology

• compute perturbations such as  

• compare to observable quantities

• perturbations are gauge-dependent

• so are many theoretical descriptions!

• observable quantities

• gauge-invariance is a necessary condition

theoretical predictions vs observables: gauge issue!



II. LARGE-SCALE STRUCTURE:
General Relativistic Description − New Perspective



II. LARGE-SCALE STRUCTURE: Relativistic Description − New Perspective

Cosmology

• modern cosmology: general theory of  relativity

• cosmological framework:

• described by Einstein equations

• homogeneous & isotropic FLRW universe

• inflation, big bang nucleosynthesis, CMB

• galaxies in cosmological framework?

• Newtonian, no GR description

• automatic disqualification?



1 + zobs = (1 + z)
�
1 + V (z)− V (0)− ψ(z) + ψ(0)−

� r

0
dr� (ψ̇ − φ̇)

�
.

n̂ = (θ,φ)

(δr, δθ, δφ)
µ � 1 + 2κ

II. LARGE-SCALE STRUCTURE: Relativistic Description − New Perspective

Galaxies in General Relativity

• what are observables?

• geodesic equations of  photons from galaxies

• time component: Sachs-Wolfe effect

• observed redshift

• spatial component: gravitational lensing effect

• observed position

• lensing displacement

• magnification



• construct a galaxy fluctuation field:

• total number of  observed galaxies 

• observed volume             given

• fluctuation field

• relation to true number density:

• number conservation

• volume element

• note 

Ntot

dVobs (zobs, n̂)

Ntot = ntrue dVtrue = nobs dVobs

δobs =
nobs

�nobs�
− 1

ztrue �= zobs , dΩtrue �= dΩobs

dVobs =
r
2(zobs)

H(zobs)
dzobs dΩobs

II. LARGE-SCALE STRUCTURE: Relativistic Description − New Perspective

Effects on Galaxies



• observable:

• volume effects:

• redshift-space distortion:

• lensing magnification:

• source effects:

• magnification bias:

• complete description of  different effects

∂Ω
∂Ωobs

∂f

∂fobs
� 1

µ2

n̄obs(fobs) � n̄(fobs/µ)

= 1− 4 κ

II. LARGE-SCALE STRUCTURE: Relativistic Description − New Perspective

Unified Treatment

∂z

∂zobs
� 1 + z

H

∂V

∂r

Ntot = ntrue dVtrue = nobs dVobs



• what are “true” volume and  number density?

• true number density:

• number density in local inertial frame

• true volume:                                                ?

•         ,     in FLRW universe

• at what coordinate system (gauge)?

           e.g.,                     ,                               

• fully relativistic theory:

• quest for true volume

• better understanding of  gauge issues

ztrue = z(t) ρ̄m = ρ̄m(t)

ntrue = nphy

ztrue ŝ

II. LARGE-SCALE STRUCTURE: Relativistic Description − New Perspective

Subtle Issues

dVtrue =
r
2(ztrue)

H(ztrue)
dztrue dΩtrue

not really “true!”



II. LARGE-SCALE STRUCTURE: Relativistic Description − New Perspective

Correspondence

• cosmological perturbations:

• inhomogeneous physical spacetime 

• homogeneous fictitious background

template



II. LARGE-SCALE STRUCTURE: Relativistic Description − New Perspective

Gauge Freedom

• general covariance in GR:

• free to choose a coordinate system

• change in correspondence to background



II. LARGE-SCALE STRUCTURE: Relativistic Description − New Perspective

Gauge Issues

• gauge-dependent quantities

• change its value depending on coordinates
• cannot be directly associated with observables!

• theoretical descriptions of  observables

• should be gauge-invariant

• but surprisingly not for most!

• Newtonian limit

• unambiguous hypersurface of  simultaneity



II. LARGE-SCALE STRUCTURE: Relativistic Description − New Perspective

More Subtle Issues

• observed mean vs ensemble average

• observed mean is gauge-invariant

• ensemble average is gauge-dependent

• spatial gauge transformation (unphysical)

• mapping is invariant, time is fixed

• observer position

• also gauge-dependent



II. LARGE-SCALE STRUCTURE: Relativistic Description − New Perspective

Complications

• perturbations along photon geodesic:

• observed angle and redshift

xa(λ) = x̄a(λ) + δxa(λ)
zobs(λ) �= zsrc �= zh

x̄a(λ)
zobs(λ) = zsrc = zh

δF (λ) = F [xa(λ)]− F̄ [x̄a(λ)]
�= δF [xa(λ)]

Sasaki, MNRAS, 1987



• observed redshift:

• observer’s point of  view:

• true redshift z from observed redshift zobs

• new perspective:

• true redshift is fictitious & gauge-dependent

• in another coordinate                     change!z, V, ψ

II. LARGE-SCALE STRUCTURE: Relativistic Description − New Perspective

Observed Redshift

1 + zobs = (1 + z)
�
1 + V (z)− V (0)− ψ(z) + ψ(0)−

� r

0
dr� (ψ̇ − φ̇)

�
.



zobs = zs
obs

r
2(z)

H(z)
�= r

2(zs)
H(zs)

II. LARGE-SCALE STRUCTURE: Relativistic Description − New Perspective

Observed Redshift

• observed redshift:

                                                                       (synchronous)

• gauge transformation:

• true redshift

• true volume element

• observed redshift is gauge-invariant

1 + zobs = (1 + z)
�
1 + V (z)− V (0)− ψ(z) + ψ(0)−

� r

0
dr� (ψ̇ − φ̇)

�
.

= (1 + zs)
�
1 +

1
6

� r

0
dr� (ḣ + 3 ḣ�

αβeαeβ)
�

z �= zs



• observed position:

• lensing displacements:                         &

• true position:

• magnification:

• gauge-dependent quantities:

• standard weak lensing is gauge-dependent!

ŝ = (θ + δθ, φ + δφ)

µ �
����
d2n̂

d2ŝ

���� = 1 + 2 κ

δτ

II. LARGE-SCALE STRUCTURE: Relativistic Description − New Perspective

Gravitational Lensing

n̂ = (θ,φ)

(δr, δθ, δφ)

δr, δθ, δφ, ŝ, κ



• definition is inaccurate!

• coordinate-independent definition:

• luminosity in local inertial frame

• measure flux & redshift

• magnification is physical!

• in a homogeneous universe using        , not

fobs & zobs

µ = fobs

�
L

4πD2
L(zobs)

�−1

zobs ztrue

II. LARGE-SCALE STRUCTURE: Relativistic Description − New Perspective

Magnification

L

DL(zobs) = (1 + zobs) r(zobs)



• observed flux and intrinsic luminosity:

• includes Sachs-Wolfe and lensing effects

• shift in affine parameter

• distortion in wave vector expansion          

• gauge-invariant

DL(zobs) =

�
L

4πfobs
≡ DL(zobs)(1 + δDL)

= DL(zobs)
�
1 +

δλ

rs
− 1

2

� rs

0
drδθ

�

δθ ∼

II. LARGE-SCALE STRUCTURE: Relativistic Description − New Perspective

Luminosity Distance

Sasaki, MNRAS, 1987

δDL

δλ ∼ δz

κ



• relation to magnification:

• prevalent gauge issues in cosmology:

• observed magnification is physical

• but usual parametrization is gauge-dependent

• source effect

µ = fobs

�
L

4πD2
L(zobs)

�−1

=
�

DL(zobs)
DL(zobs)

�2

= 1− 2 δDL � 1 + 2 κ

n̄obs = n̄[fobs(1 + 2δDL)]

II. LARGE-SCALE STRUCTURE: Relativistic Description − New Perspective

Luminosity Distance



• we still need “true” volume!

• total number of  observed galaxies:

• observables

• physical volume:

• occupied by observed galaxies

• trace backward photon geodesic!

Ntot, n̂ = (θ, φ), zobs

=
�

nphydVphy

II. LARGE-SCALE STRUCTURE: Relativistic Description − New Perspective

Observed Number of Galaxies

Ntot =
�

dzobsdΩobs nobs
r
2(zobs)

(1 + zobs)3H(zobs)

dVphy



• integral of  3-form in 4D spacetime manifold:

• observables

• photon geodesic path

• Sachs-Wolfe and gravitational lensing effects

• distortion in local Lorentz frame

• manifestly gauge-invariant

             Levi-Civita symbol          , comoving velocity

xa(λ) = x̄a(λ) + δxa(λ)

Ntot =
� √

−g nphy εabcd ud ∂xa

∂zobs

∂xb

∂θobs

∂xc

∂φobs
dzobs dθobs dφobs

εabcd ua

II. LARGE-SCALE STRUCTURE: Relativistic Description − New Perspective

Matias’s Magic

zobs, θobs, φobs



• fun and/or pain in perturbation expansion!

=
�

nphy
r
2 sin θ

(1 + z)3H
dz dθ dφ

�
1 + 3D + V + 2

δr

r

Ntot =
� √

−g nphy εabcd ud ∂xa

∂z

∂xb

∂θ

∂xc

∂φ
dz dθ dφ

+H
∂

∂z
δr +

�
cot θ +

∂

∂θ

�
δθ +

∂

∂φ
δφ +

r̄
2

r2
H

∂r̄

∂z

�

≡
�

nobs
r
2 sin θ

(1 + z)3H
dz dθ dφ

II. LARGE-SCALE STRUCTURE: Relativistic Description − New Perspective

Observed Number of Galaxies

• subscript “obs” is omitted!



• so far, we have

• volume effects:

• source effects:

nobs = nphy

�
1 +

�

µ

δµ

�

n̄obs → n̄phy [fobs(1 + 2δDL)]

dnphy/dL ∝ L−s

p = 0.4 (s− 1)

II. LARGE-SCALE STRUCTURE: Relativistic Description − New Perspective

Observed Number Density

= n̄phy(Lthr)(1− 5p δDL)

BUT why do we care about galaxies?



δgal = b δm

II. LARGE-SCALE STRUCTURE: Relativistic Description − New Perspective

Galaxy Bias

δm

• galaxies trace underlying matter!

• standard relation                          (      : perturbation)
but in what gauge?

Pm : Newtonian gauge

Pm : Synchronous gauge



• galaxy formation

• described in a local coordinate (proper time)

• time slicing in observation

• observed redshift defines simultaneity

• measured at observed redshift

1 + zobs = (1 + z)(1 + δz)

e =
d ln n̄phy

d ln(1 + z)
, 1 + zobs = (1 + z)(1 + δz)

nphy = n̄phy(zobs)[1 + b δ(v)m − e δz(v)]

II. LARGE-SCALE STRUCTURE: Relativistic Description − New Perspective

Galaxy Bias

nphy = F [ρm] → nphy = F [ρm, tp] ,



• accurate relation to underlying matter

δg = b δm −
1 + z

H

∂V

∂r
+ (5p− 2) κ

δg = b δm −
1 + z

H

∂V

∂r

δg = b δ(v)m − e δz(v) + αχ + 2 ϕχ + V − Cαβ eαeβ

II. LARGE-SCALE STRUCTURE: Relativistic Description − New Perspective

Cosmological Probe

δg = b δm• most cases :

Yoo, Fitzpatrick, Zaldarriaga, PRD, 2009

Yoo, PRD, 2010

• prudent work :

• best efforts so far :

• this work :

+3 δzχ + 2
δR

r
−H

∂

∂z

�
δzχ
H

�
− 5p δDL − 2 K ,



Pδ(k)
Pη(k)

Pδ(k)

Pv(k)
Pψ(k)

II. LARGE-SCALE STRUCTURE: Relativistic Description − New Perspective

Scales of Interest

• Synchronous
(CMBFast, CAMB)

• Newtonian

horizon

Newtonian 
is ok

linear theory 
invalid

Newtonian 
invalid



Pδ(k)
Pη(k)

Pδ(k)

Pv(k)
Pψ(k)

II. LARGE-SCALE STRUCTURE: Relativistic Description − New Perspective

Scales of Interest

• Synchronous
(CMBFast, CAMB)

• Newtonian

z=6, 3, 1, 0.5



II. LARGE-SCALE STRUCTURE: Relativistic Description − New Perspective

Hubble Horizon

• horizon scale ~ 3 Gpc/h (today), ~ 3 deg. (recomb.)
relativistic effects are order one at horizon scale!



• fully gauge-invariant general relativistic description

• standard method: gauge-dependent!

• galaxy clustering

• gravitational lensing

• in Newtonian limit: Do not worry!

• general relativity reduces to Newtonian

II. LARGE-SCALE STRUCTURE: Relativistic Description − New Perspective

Summary



III. APPLICATIONS:
Impacts on Current Surveys − Why Bother?



III.A: Cross-Correlation of CMB Anisotropies with Large-Scale Structure

Systematic Errors

• theoretical predictions:

• new cal. (correct) 

• standard (incorrect)

• standard method:

• underestimate the 
observed signals by      
a factor two at  low 
multipoles

standard predictions

correct predictions

                                                       NVSS 

δg = b δsync
m + (5p− 2) κ



III.A: Cross-Correlation of CMB Anisotropies with Large-Scale Structure

Systematic Errors

• theoretical predictions:

• new cal. (correct) 

• standard (incorrect)

• 3.7-σ detection, but 
observed signal is 
larger by 2 at low 
multipoles when all 
tracers are combined

• anomalous large signal
Ho, Seljak et al., PRD, 2008

standard predictions

correct predictions

                                                       NVSS 



III.A: Cross-Correlation of CMB Anisotropies with Large-Scale Structure

Primordial Gravity Waves

• integrated Sachs-Wolfe effect for gravity waves

• tensor-to-scalar ratio r=0.1

            QSO auto                                  QSO cross



δm

mδ = δm − 3 δz

�m, �g �m �= �g �= mδ

1 + zobs = (1 + z)(1 + δz)

ρ̄m(t)

zobs, ρ̄m(zobs)

ρm = ρ̄m(t)[1 + δm] = ρ̄m(zobs)[1 + mδ]

III.B: Applications − Observed Galaxy Power Spectrum

Galaxy Power Spectrum

• matter fluctuation:

• gauge-dependent

• gauge-invariant, observable

• Bardeen’s gauge-invariant                (                      )

• time slicing (hypersurface of  simultaneity)

• constant coordinate time for      ,

• observed redshift

• matter rest frame, zero-shear frame

δm

correct “real-space” matter fluctuation!

Yoo, PRD, 2010



PN
m (k)

PS
m(k)

Pmδ(k, µk)

III.B: Applications − Observed Galaxy Power Spectrum

“Real-Space” Power Spectrum

• no longer isotropic,  neither           , nor

• real-space matter power spectrum

Pv(k)
Pψ(k)Pmδ(k

�)
Pmδ(k

⊥)

PN
m (k)PS

m(k)



III.B: Applications − Observed Galaxy Power Spectrum

“Real-Space” Power Spectrum

• appear as an underdense region on large scales

• characteristic scale and shape change

Pmδ(k
�)

Pmδ(k
⊥)



Pg(k�)
Pg(k⊥)

III.B: Applications − Observed Galaxy Power Spectrum

Full Galaxy Power Spectrum

• largely similar to real-space matter power spectrum

• redshift-space distortion boost



III.B: Applications − Observed Galaxy Power Spectrum

Systematic Errors

• Baryonic Oscillation Spectroscopic Survey (BOSS)



IV. SUMMARY AND PROSPECTS:
What do We Learn from This?



• new perspective on 

   galaxy clustering as a cosmological probe

• unified treatment:

• redshift-space distortion, magnification bias, ...

• subtle gauge issues: observables 

• redshift, magnification, galaxy bias

• general relativistic description:

• gauge-invariant formalism

• tensor as well as scalar contributions

IV. SUMMARY AND PROSPECTS

New Perspective on GC



• with optimal weighting and multi-tracer method

      GR effect in galaxy clustering reality & measurable

• future work: 

• constraints on modified gravity on horizon scales
           complementary to the Solar system constraints

• constraints on dark energy models with 
superhorizon perturbations

IV. SUMMARY AND PROSPECTS

Relativistic Effects



• galaxy clustering as a worked example

• many theoretical predictions in cosmology

• gauge-dependent, unobservable

• how to remedy other probes?

• follow observational procedure

IV. SUMMARY AND PROSPECTS

New Perspective on Cosmology
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