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Abstract In this paper, we study the Ruelle zeta function and the Selberg zeta
functions attached to the fundamental representations for real hyperbolic manifolds
with cusps. In particular, we show that they have meromorphic extensions to C and
satisfy functional equations. We also derive the order of the singularity of the Ruelle
zeta function at the origin. To prove these results, we completely analyze the weighted
unipotent orbital integrals on the geometric side of the Selberg trace formula when
test functions are defined for the fundamental representations.
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1 Introduction

In his seminal paper [8], Fried extensively studied the zeta functions of Ruelle and
Selberg for certain compact manifolds. In particular, he showed that these zeta func-
tions have meromorphic extensions to the whole complex plane C although these are
a priori defined over a right half plane. The method Fried employed is the symbolic
dynamics of Axiom A flows developed in [2,35], which can be applied to the case of
the convex cocompact hyperbolic manifolds (see the paper of Patterson-Perry [32]).
Combining these results and the Selberg trace formula, he also derived the order of the
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singularity of the Ruelle zeta function at the origin and the relation of the coefficient of
its leading term with the Reidemeister torsion for compact hyperbolic manifolds in [9].

The main purpose of this paper is to extend some results of Fried [8,9] to noncom-
pact hyperbolic manifolds with cusps. We show that the Ruelle zeta function and the
Selberg zeta functions attached to the fundamental representations have meromorphic
extensions to the whole complex plane C and satisfy the functional equations. We
also derive the exact value of the order of the singularity of the Ruelle zeta function
at the origin. The relationship of the coefficient of the leading term of the Ruelle
zeta function at the origin with the analytic torsion is given in the companion papers
[30,31].

One of motivations of these works is to resolve the geometric analogues of some
conjectures raised in [6,24] for the Hasse-Weil zeta function. A study of this direction
about the geometric analogues of these conjectures was also given in [39] for compact
hyperbolic manifolds of dimension 3. This paper and [30,31] resolve these problems
for noncompact hyperbolic manifolds with cusps.

Let us explain our results in more detail. The real hyperbolic space of dimension d
can be realized as the symmetric space G/ K, where G = SOq(d, 1), K = SO(d). Let
usdenoteby I' C G adiscrete subgroup of G whichis torsion free and Vol(I'\G) < oo,
where the notation Vol denotes the volume with respect to the measure in (2.3).
Throughout this paper, the measure in (2.3) and the induced metric from it are nor-
malized so that the symmetric space G/K has the constant curvature (—1). Now let
us denote by Br the set of ['-conjugacy classes of I'-cuspidal parabolic subgroups in
G. We also assume that the discrete subgroup I" satisfies the condition

I'p:=NP=TNN(P) for P ePr, (1.1)

where N (P) denotes the unipotent radical of P. Note that this condition is satisfied
when I’ is neat, that is, the group generated by the eigenvalues of I" contains no root
of unity. Although this condition is rather restrictive, we assume it to avoid compli-
catedness for general case as in [4,11,28,37,42].

Now the resulting manifold Xr = I'\G/K is a noncompact hyperbolic manifold
with cusps. The Ruelle zeta function for Xt is defined by

Rewyi= ] det(ld- X(y)e—sucy))”

{yIr€Plhyp

for Re(s) > (d — 1). Here PI',y, denotes the set of I'-conjugacy classes {y}r of
the primitive hyperbolic elements y in I', (x, V) denotes a unitary representation of
I' so that det is taken over V,, and /(C, ) denotes the length of the closed geodesic
C, determined by a hyperbolic element y, where the length /(C,) is measured by
the normalized metric. The following theorem is the main result for the Ruelle zeta
function R, (s).

Theorem 1.1 For the co-finite hyperbolic manifold Xt with cusps, the Ruelle zeta
Sunction Ry (s) a priori defined for Re(s) > (d — 1) has a meromorphic extension to
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Zeta functions of Ruelle and Selberg 721

the complex plane C. In addition, the Ruelle zeta function R, (s) satisfies the following
functional equation

_ dim V, Vol(T'\G)
Ry(=s) R, ()~ = exp((—l)"*14(n+1)(2:) 1s) Vel

- Cy(d, s) Y(d, )% exp(—0,d,s)) if d=2n+1,
Ry (=s) Ry(s) = (=1)"dimVi EXr) (3 gin(s))d dim Ve EXr)

- Cy(d, s) Y(d, )% exp(—0,(d,s)) if d =2n.

Here C, (d, 5) is a meromorphic function defined by scattering operators C /; (0%, 8)’s,
Y(d, s) is a rational function, d.(x) is a non-negative integer given in (2.16), Q, (d, s)
is a polynomial, and E (Xr) denotes the Euler characteristic of Xr.

The precise definitions of C, (d, 5), Y (d, s), Q,(d, s) are given in Theorems 5.2
and 5.3. If d = 2n, the Euler characteristic £(Xr) is a rational multiple of (—1)"
Vol(I'\ G) by Proposition 4.9 under our normalization.

The results in Theorem 1.1 for the odd dimensional case were announced in [13].
We also remark that Theorem 1.1 have been proved in [3,12,20] assuming that X is
compact.

To prove Theorem 1.1, we use the usual relation of the Ruelle zeta function
Ry (s) with the Selberg zeta functions Z, (0%, s)’s attached to the representation oy of
M = SO(d—1) C K acting on A¥(C?~1). Then the results in Theorem 1.1 will follow
from the corresponding results for the Z, (0%, s)’s (see Theorems 4.6 and 4.15). To
prove these we follow the traditional way to use the Selberg trace formula as in Gang-
olli and Warner [11]. However, along this approach we have to compute the weighted
unipotent orbital integrals on the geometric side which have not been fully analyzed
for nontrivial K -types. Applying the result in [16], we completely analyze these terms
for our cases. These terms for the spinor bundle case were explicitly computed in [29]
and we continue this study for the bundle of k-forms in this paper. We also use the
multiple sine function introduced by Kurokawa [23] to deal with the Plancherel mea-
sures appearing in the identity orbital integral for the even dimensional case, which is
useful in the derivation of the functional equations of R, (s), Z (0%, ).

Our approach following Gangolli and Warner [11] seems to be traditional comparing
the approach in [3] employing analysis of differential operators. But a generalization
of the method in [3] to hyperbolic manifolds with cusps involves several nontrivial
analytic problems since we have to deal with continuous spectrum of the differential
operators. For instance, we need some regularization to consider the distributional
trace of the wave operator of the Laplacian for hyperbolic manifolds with cusps as in
[15]. An extension of the method in [3,15] to hyperbolic manifolds with cusps seems
to be highly interesting and worthy of extensive study, but it is beyond the scope of
this paper.

As a byproduct of the proof of Theorem 1.1, we can describe the locations of the
zeros and poles of Z, (oy, s) explicitly in terms of the spectral data of the Laplacian
Ay acting on spaces of k-forms twisted by x (see Theorem 4.6). Using this we can
obtain an explicit formula of the order Ny of the singularity of R, (s) at s = 0. Here
No denotes an integer such that lim,_, o s R « (5) is a nonzero finite value.
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Theorem 1.2 The following equalities hold,

No =22 (=D'n+1-kp

k=0

n—1
2n af2n—2 .
+§(—1)k+1bk(k)+dc<x><—1> (n_l) ifd=2n+1,

No = —ndim V,, E(Xr)
n—1
2n — 1 2n—3
+Z(—1>k+1bk( " )+dc<x)<—1)”—1( ! ) ifd =2,
= k n—72

where B = dimker(Ay) and by, is the order of the singularity of det Cf( (ox, s) at
d—1
s = > k.

This result for the odd dimensional case was announced in [13]. Theorem 1.2 is a
generalization of Corollary 1 and Theorem 3 in [19] and Theorem 3 in [9] to the case of
a noncompact hyperbolic manifold with cusps, where the second term (the scattering
contribution) and the third term (the cuspidal contribution from the unipotent term)
appear. Theorem 1.2 is an important ingredient in the study of the analytic torsion for
hyperbolic manifolds with cusps [30,31].

The structure of this paper is as follows: In Sect. 2, we review the basics of the
Selberg trace formula which we use as a main tool. In Sect. 3, we completely analyze
the weighted unipotent orbital integral appearing on the geometric side of the Selberg
trace formula for our case. In Sect. 4, we prove meromorphic extensions and functional
equations of the Selberg zeta functions Z, (oy, s)’s. In Sect. 5, we prove Theorems 1.1
and 1.2 using the results proved in Sect. 4.

The authors wish to thank Hoffmann for kind explanations to questions concerning
Corollary 7.2 in [17] and P. Loya for helpful comments which improved the exposition
of this paper. The authors also wish to thank the referee for careful reading of the first
version and many helpful suggestions for the revision of this paper.

2 Selberg trace formula
2.1 Notation and normalization

We denote the Lie algebras of G, K by g = so(d, 1), £ = so(d) respectively. The
Cartan involution 6 on g gives us the decomposition g = € @ p, where &, p are the
1, —1 eigenspaces of 0 respectively. The invariant metric of constant curvature (—1)
on G/K corresponds to the normalized Cartan-Killing form

(X,Y) = =3 : C(X,0Y), Q2.1

d—2

where the Killing form is defined by C(X, Y) = Tr(ad X oad Y) for X, Y € g.
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Zeta functions of Ruelle and Selberg 723

Let a be a fixed maximal abelian subspace of p. Then the dimension of a is one.
Let M = SO(d — 1) be the centralizer of A = exp(a) in K with Lie algebra m. We
put B to be the positive restricted root of (g, a) with ||8|| = 1, where the norm || - ||
is induced from (2.1). Let p denote the half sum of the positive roots of (g, a), that is,
p = ~——pB. Later on, we shall use the identification

ac=C by Af— A (2.2)

Let n be the positive root space of § and N = exp(n) C G. The Iwasawa decompo-
sition is given by G = N AK . From now on we fix the following Haar measure on G,

dg =a"**dnda dk, (2.3)

where g = nak is the Iwasawa decomposition and a % = exp(—2p(loga)). Here dk
is the Haar measure on K with f x dk =1, da is the Euclidean Lebesgue measure on
A given by the identification A = R viaa = exp(tH) with H € a, B(H) = 1,and dn
is the Euclidean Lebesgue measure on N induced by the normalized Cartan-Killing
form (-, -) given in (2.1).

Let us denote the irreducible fundamental representation of M = SO(d — 1) acting
on AY(C4 Y byoyifd = 2norifd = 2n+1with€ # n. Whend = 2n+1and € = n,
there are two irreducible half spin representations acting on A" (C>") denoted by of.
We denote by d(o¢) the dimension of representation space of o¢ unless d = 2n + 1
and £ = n, and by d(0,) the corresponding one of of if d = 2n 4 1. We also denote
the irreducible fundamental representation of K = SO(d) acting on A¥(C¥) by 7 if
d =2n+1ord = 2n with k # n, by r,f: if d = 2n. These representations of K
satisfy the following branching laws:

(1) Fork #nwithd =2nord =2n+1,
[tklp :oel =1 ifandonlyif oy =0r or op =op_1,
(2) Fork =nandd = 2n,
[ty ol =1 ifandonlyif o; =0y,
(3) Fork=nandd =2n+1,
[tulm :o¢]l =1 ifandonlyif oy =0,-1 or Ug:O'ni.

For other cases than listed above, [t¢ |y : o¢] = 0.

2.2 Selberg trace formula

Let us choose a unitary representation x of I on a finite dimensional hermitian vector
space V, . We now consider the right quasi-regular representation R, on

9y =1{p:G - Vylp(yx) = x(n)¢(x) fory €T,z €G, |lg]l € L*(T\G)}
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given by (R, ()¢)(y) = ¢ (yx). It is known that this representation R, of G on ),
decomposes into a discrete part and a continuous part. That is,

Ry =Ri€9R; actson ), =S§§ ® 95 -

The action Ri on Sﬁi is a direct sum of irreducible representations, each of them
occurring with finite multiplicity and the action of R} on £ is a direct integral, with
no irreducible subrepresentations, of principal series.

Let us denote by C”(G) the Harish-Chandra L?-Schwartz space over G. Here
CP?(G) is the space of all functions f € C°°(G) such that

2
sup (1 +0(9)"W(9) 7|D1D2f(g)| < oo forany m >0, Dy, Dy,
geG

where o (g) is the geodesic distance between the cosets eK and gK in G/K,

W(g) :/e—P(H(gk)) dk
K

for the Iwasawa decomposition gk = K (gk) exp(H (gk)) N (gk), and D1, D, denote
the right, left invariant differential operators, respectively. For a test function
h € CP(G) with 0 < p < 1, which is right K-finite, the induced operator Ri (h)
is of trace class and

Tr RY(h) = Tr /h(g) R%(g)dg = Z m, (7w) Tr 7 (), (2.4)
G 7eCG

where m,, () denotes the multiplicity of w € G in ﬁf( . Now the Selberg trace formula
applied to h € CP(G) with 0 < p < 1 has the following form,

Tr Rﬁ(h) =1, (h) + Hy(h) + Uy (h) + Wy (h) + Sy (h) + Jy (h). (2.5)

We refer to Theorem 6.3 in [42] for the equality (2.5) when yx is trivial. When yx is
nontrivial, it also can be derived in a similar way as in [42] combining the result in
Sect. 3 of [31]. Here I, H,,, U, are given by the identity, hyperbolic, unipotent orbital
integrals respectively. These orbital integrals are invariant tempered distributions on
G which were fully analyzed in [36]. These terms will be discussed in this section. The
next term W, is given by weighted unipotent orbital integrals, which are not invariant
and have been the main difficulty in the application of the Selberg trace formula for
hyperbolic manifolds with cusps. This term will be analyzed in the next section by
applying the result in [16]. The other two spectral terms S, J, are called scattering
and residual terms respectively.
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Zeta functions of Ruelle and Selberg 725

2.3 Identity orbital integral

Let us recall
I, (h) = dim V, - Vol(I'\G) - h(e).

By the Plancherel theorem,

1 oo
he)= 3 d@Ouh)+ Y o~ / O (h) (o, 1) di, (2.6)

weGy oeM —00

where d(w) denotes the formal degree of w € Gd and (o, A) denotes the Plancherel
measure corresponding to the unitary principal series 7, ;. Here 71,5 = Indg[ v ®
a’*P ® ly) is the (non-unitary) principal series representation of G for (o, A) €
M x aTC and Og ; (h) = Tr 7, 5 (h). By Theorem 3.1 in [25] (we use a different nor-
malization of Haar measure on G from [25]), the Plancherel measure corresponding
{0 7, 5., under our normalization, is given by

T
wlok, 1) = ST (1 1 1/2)2 ~d(ox) - p(k, )
k n
with pk, 1) =[] (Az Y-+ 1)2) I1 (Az + (- j)z)
j=1 j=k+1
if d=2n+1,
2.7

n(og, A) = A ()2 -d(ox) - p(k, A) - tanh(7T 1)

1 2
with p(k,k):AH(Az+(n—j+§) )

j=1
n—1 1 2
22 —j—= if d=2
X H ( +(n ] 2) ) 1 n,
Jj=k+1

where o, means o,- whend = 2n + 1.

Let us recall that for G = SOg(2n + 1, 1) there is no discrete series so that there
are no terms from éd on the right hand side of (2.6). For G = SOy(2n, 1), there is a
discrete series, hence the contribution from 601 is nontrivial in general. But, it is trivial
for a test function h = tr(f*), where f¥ : G — End(Vy,) is a 7;-radial function
constructed in Sect. 4.1 by Theorems 3.2, 6.5, 6.12, and 6.14 in [34].

2.4 Hyperbolic orbital integral

The term H, (h) is given by hyperbolic orbital integrals as follows,

Hy (h) = Z tr x(y) - Vol(T'y\Gy) - / h(g 'y d(Gyg). (2.8)
{yIr€lnyp G,\G
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where I'hyp denotes the set of the I'-conjugacy classes {y}r of the hyperbolic
elements y in I'. Here the measure d(G, g) on G, \G is induced from dg in (2.3)
and normalized such that

/w(g)dg= / /I/f(a?g)d:vd(Gyg)
G

Gy\G G,
for y € C3°(G). For the hyperbolic orbital integral, we may assume that a hyperbolic

element y € I has the form mya, € MAT, where AT = {a € A|a = exp(tH),
t > 0}. By Section 6 in [41], we also have

Vol(I',\G) - / h(g~'y9)d(Gyg)

G,\G
1 o

= 2 UCIM TP rolmy) o / O i (e 1 dxn,  (2.9)
oeil T

where [(C),) denotes the length of the closed geodesic determined by y, j(y) denotes

the positive integer such that y = yoj ") with a primitive yg and D(y) is given by

d—
D(y) = Dimyay) = ¢’z &)

det (Ad(mya,) ™" = 1dIn)

2.5 Unipotent terms

By the computation in [28], under our normalization the terms U, (h) and W, (h) are
given by the sum of the following terms

. d
Vol(I'p\N(P)) lim — (s ¢p(s, x)Tp(h, 5)) (2.10)
s—0ds
for P € ‘Br. Here the Epstein type zeta function {p (s, x) is defined by

tps, )= D, rxmIX,"@ Y for Re(s) > 0,
nel'p,n#e

where n = exp(X,) and |X,7|2 = (X}, Xy;). The other term Tp (h, s) is given by

1
Tp(h,s) = m//h(knk—ln1ogn|(d—1>sdkdn,
N K

where A(n) is the volume of the unit sphere in n. By Section 1 of [28] (and Sect. 7
of [42]), we know that s — Tp(h, s) is holomorphic on a certain strip containing the
imaginary axis.
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Zeta functions of Ruelle and Selberg 727

Now let us observe that x|, decomposes into one-dimensional representations
xo’s of I'p (since I' p is abelian by (1.1)) such that

d—1
Xo(n) = exp Qmi(nif) + -+ +na_16a-1)) for n=[]n},
Jj=1
where {n;} denotes a fixed basis of I'p. For P € ‘Pr, we decompose

V=Vp®Vpt,

where Vp C V is the maximal subspace on which x |, acts trivially, so that y decom-
poses into a direct sum of Idy, and xg’s with nontrivial 8 = (01, ..., 64—1), that is,
one of 6; is not an integer. Putting dp(x) = dim Vp, we have

tp(s, ) =dp(x) - D XTI e (X, TP,

nelp,n#e 6 nelp,n#e
@2.11)

where the second sum runs over the non-trivial 6. The first sum on the right side of
(2.11) is given by the ordinary Epstein zeta function which has a simple pole at s = 0.
The second sum on the right side of (2.11) is given by entire functions by Proposition
4.2 in [31]. Therefore we conclude

d ~
Lim, 75 (s ¢p(s, )Tp(h, ) =dp(x) (CpTp(M)+RpTp()+CpTp(h), (2.12)

where Cp, Rp denote the constant term and the residue of the Epstein zeta function
at s = 0O respectively, Cp denotes the sum of the constant terms of {p (s, xp) with
non-trivial  at s = 0, and

Tp(h) = ﬁ//h(knk*)dkdn,
N K

Th(h) = (i(_n)l)//h(knk—l)loguognmkdn.
N K

The term U, (h) is given by the sum over P € ‘Br of
Vol(Tp\N(P)) (dp(x)Cp + Cp) Tr(h), (2.13)

which is the invariant part of the right side of (2.12). Moreover, we have

1 T
Tp(h) = v %E / O (h) d. (2.14)
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The term W, (h) is given by the sum over P € Pr of the remaining part dp(x)Rp
T;, (h) on the right side of (2.12). By the computation in [5],

d—1

Vol(I'p\N (P)) Rp A

under our normalization. Hence

W, (h) :dc()()//h(knk_l)log|10gn|dkdn, (2.15)
N K
where
de(x)= D dp;(x). (2.16)
PjEK/BI‘

2.6 Scattering and residual terms

Let

L(M)= D ®d@)H,, Ry= ) &d)o

oeM oeM

be the decomposition of the right regular representation Ry, of M on L>(M), where
d(o) = dim H,;. A similar induction procedure to the principal series representation
starting with Ry, instead of 0 € M gives rise to a unitary representation of G,

Z @ (o, A) actson Z ® H(m(o, L)),

oeM oeM

where

d(o)7gs, ) ifwo =0

(o, A) = [ 2.17)

d(0)ts ) ®d(wo)mye, ifwo #o ’

and H(m (o, A)) denotes the representation space of 7 (o, ). Here w is the nontriv-
ial element in W(G, A). Now for P; € ‘Br with the corresponding decomposition
P; = MjAij, where P = ij()x;l, N; = l'le';l, Aj = xjA:C;l, M; =
x;iM x7! for certain xz; € K and Py = MAN, the above definitions carry over to
each M; with obvious changes of notation such as 7 (o(;), A(j)) for 1 < j < « with
« = |Prl. When [t]y; : o(j] # 0, we put H(oj), 7) to be the t-isotypic com-
ponent of H(m (o(;), A(j))). Let us remark that oy should not be confused with the
fundamental representation oy acting on A(C4~1).
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Zeta functions of Ruelle and Selberg 729

Now for P = P; € Pr and ® € Vp ® H(o, 7), where Vp denotes the maximal
invariant subspace of V,, under x|r,, the Eisenstein series attached to & is defined as

. d—1
E(P,®,5,2):= D> x(y)et+od "D (y~lz) for Re(s) > —

yel/Tp
(2.18)

where H(x) = H;(x) is given by the decomposition x = N;(x) exp(H;(x))K (x).
The infinite sum on the right hand side of (2.18) is absolutely and uniformly conver-
gent on compact sets in G over the half plane Re(s) > %, and E(P, @, s, x) extends
meromorphically to C. These facts can be proved as in [14,27]. For P;, P; € ‘Br, the

constant term of E(P;, ®, s, x) along P; is defined by

1

Ep (P, ®d,5,2) = ——F—— E(P;, D, s, d
P (Fi @5 0) = S A NN / (Pi, . 5, nz) dn
CNNj\N;
and has the following expression along P;,
Ep,(Pi, ®,5,7) = Z e(ws+p)(Hj(x)) (C]T.l.(w, s)CD) (),

wEW(A,',Aj)

where W(A;, A;) denotes the set of all bijections w : A; — A; defined by wa; =
zajz~) for z € K and

C]f-i(w,s) : Vpl. ®H(O‘(,‘), T) — ij ®'H(O‘(j), 1), we W(A;, Aj).

Now combining the operators ij.l. (miwm;l, x; - s) with the nontrivial element
w € W(A, A) defines the scattering operator

K
Ci(0.s) on Hy(o.7):= D & Vp, ®H(o(). 7).
j=1

When t = 74, we denote Ci (o, s) by C f( (o, s) for simplicity. The scattering operator
has a meromorphic extension to C and it satisfies the well-known functional equations

Cl(0.5)CL (0. —s) =1d, CL(o,5)" = CL(0.5). (2.19)
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730 Y. Gon, J. Park

Now the scattering term S, (k) and the residual term J, (h) are given by

1 oo
Sy == D [rlu 0] o / tr (C5 (0. =10 C (0, i1, (0, ) (1))

oceM —00

do) | o e
~ > [tly s o] O () (Cy (0, ~i2)3.C (0, 13)) d,

- 4m
oeM —00
d(o) .
Jey = X[l 0] == Ogo) tr (CL0.0))
oeM

where 7, (0, A) is the representation of G on H, (o, T) := Zj’:l ® Vp, ® H(o(j), 7)
defined by the 7 (o}, A¢j))’s. We refer to [1,31,37,42] for more details about these
terms.

3 Weighted unipotent orbital integral
3.1 Weighted orbital integral

Let us recall the intertwining operator
Tp1p(@, 1) © Hoa(P) = Ho s (P)

is defined by

(J};‘P(a, x)¢) (2) == /¢>(xﬁ)dﬁ
N

and satisfies
Jp1p (0, 1) 75 1 (P) (@) = 75,1 (P)(x) T p(0, ),

where the notation (77, (P), Hs 2 (P)) denotes the principal series representation
with its dependence on P = M AN. Now let

Jp(o, &2 h) = =Tr(o5(h) J5p (0. 1)~ 0ia T 5 p (0. 1)),

where 9;; denotes the derivative under the identification (2.2) for a family of operators
Jpip (o, A) acting on

L*(K,Hy) :={f: K — Hy | f(km) =o(m)~ k), || fIl € L*(K)},
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Zeta functions of Ruelle and Selberg 731

and the space H, , (P) is identified with L%(K, Hy) by restriction to K. Now we can
get the invariant part of W, (h) by subtracting the non-invariant part as follows,

Ip(h)://h(knk_l)log|logn|dkdn

1
-5 Zd(o)pv /Jp«m W di+ Y do )Q@)Go(h) :
aeM oeM

@3.1)

where the notation p.v. means the Cauchy principal value of the integral and 2n (o) is
the order of the zero of u(o, A) at A = 0.

To explain /p (h), we need to introduce some more notations. Let Tj; be a Cartan
subgroup in M sothat T = T); - A is a Cartan subgroup of G. Let X/ be the system of
the positive roots for (mc, tmc). We choose the system X 4 of positive roots of (gc, tc)
which do not vanish on ac so that ¥ 4 is compatible with X ;. Then the union of Xy,
with ¥ 4 gives the system of positive roots for (gc, tc), which is denoted by X¢. Let
H, € tc be the co-root corresponding to a € £, that is, a(Hy) = 2, &' (Hy) € Z
forall o, o’ € £¥, and let

1= H H,, (3.2)

which is an element of the symmetric algebra S (ty,c). We denote the simple reflection
corresponding to o by sy for o € . By Corollary on p. 96 of [16] (taking Ap = g
with B(Hg) = 2), under our normalization we have

Proposition 3.1 Forh € C*(G) — Cg(G), where CS(G) is the space of the cusp form
on G,

oo

1 1
Ip(h) = > I /Q(a, —A)Og a(h) dA, (3.3)
OGM*OO
where
Q. A)-zd(a)w(l)—— > B(Hy) H(f“ ")) (W (1o (Ha )+ (1= (Ho))) -

D(EEA

(3.4)

Here s is the digamma function and Ay — pyy is the highest weight of (o, L) € M xia,
where py denotes the half sum of the positive roots of .
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3.2 Computation for oy

To express Wy (h) in terms of the elements in 6 we use (3.1) and (3.4).
First, let us investigate the last term on the right side of (3.1). From (2.7), we have

nop) =1 0O<k<n-1), n(a,f):O ifd=2n+1,
nop)=1 0O<k=<n-1) if d =2n.

Next we consider the term given by Jp (o, A : h) in (3.1). For a fixed irreducible
representation t, it is known that the Harish-Chandra C-function C; (o, i 1) satisfies

TeJpp(0. ) 00 d 5 p(0,2) = Cr(0,iN) 01 Cr (0, iM)Ty, 3.5)

where T is the projection to t-isotypic component of H, ; (P). Hence, if & is T-type
and [7]y : o] # 0, we have

Jp(o, A h) = —Og;(h) Ce(o, i) ' 9;,Cz (0, ik). (3.6)

By Theorem 8.2 in [7], we can derive the following equalities:

(1) Whend =21+ 1,

1 1 1
9 log Co (0, i0) = ———— — ( — +--- :
ix 108 Tk(akl) i tn—k (l')x+ +ik+n)
1 1 1 G-
0i) log C )= — | — 4 .
plog Co Okt 1) = o T (ik+ +ix+n)

where 0, means o=

(2) Whend = 2n,

2
+2log?2, (3.8)

+(1ﬂ(l7») - (ik +n+ %))+2log 2,

1 1
iy log Cy (o, i) = S (1/f(ik) -y (i)» +n+ —) )
ir+n—k—3
0ixlog Cy (0p—1,iA) = m

where 7, means 7.-.

Now the remaining main task to compute W, (h) is to obtain an explicit form of
Q (ox, A) which express Ip(h) in terms of the principal series.
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Theorem 3.2 For the representations o of SO(d — 1) for 0 < k < [%], we have

d (o)
2

Qok, A) = — WAL —d-1D/2)+ Yy (=ir—d-1)/2) +¢(ir+1)

(—DF (4 - k)

=i+ 1)+
R (45L - k)

k—1 d—1
< | Do(=Didep+ D (=nitd(oy) | -Ph),
j=0 Jj=k+1

where o, denotes oni ifd =2n+ 1 and Pr(}) is an even polynomial of degree 2n — 4
ford =2n+1>5o0rd =2n > 4 and a constant for d = 3, 2.

The proof of this theorem will be given in the next subsection.
For i, ¢ with [tx |y : o¢] # 0, we put

1
(00, 1) i= —d(00) 5 (9i2 1og Cr (0¢, iA) — 035, log Cr, (0, —iN)) .

Then by the equalities (3.7), (3.8) and Theorem 3.2, we have
Corollary 3.3 The following equalities hold,

Q(og, A) + O (1, op, L)
(—D*(FE — k)

=—d(ox) WiIr+ 1) +¢Y(—=ir+1))+ m

k—1 d—1
x| D (=DVdio))+ D (=1 *d(e)) | — P,
j=0 Jj=k

Q(ox, A) + P(th+1, 0k, A)
(=D - k)

= ~dO) @+ D+ D)+ g h

k d—1
<[ Di=Did@p+ D (=1tld©)) | - P,
j=0 j=k+1

where Py(A) = Pr(A) if d = 2n + 1, Pe(L) = Pr(A) +2log2 ifd = 2n.

Remark 3.4 For the case of tp, the first equality in Corollary 3.3 coincides with
=DF k)
W24 k2
27;5(— 1)/*1d(o;) = 0. Recalling that O, ; (h) is even function of A and the factor

% in front of integral in (3.3), we can see that the formula for 2 (o9, A) + ® (19, 00, A)
coincides with (1.32) or (1.47) of [11], where the polynomial part also reduces to a
constant.

the formula in [11]. First, the rational part vanishes in this case since
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3.3 Proof of Theorem 3.2
Here we present the detail of the proof only for the even dimensional case. The odd
dimensional case can be dealt with in a similar way and its detail is given in [31]. For
convenience of the computation, we let n = % — 1 so that
d=2n+1)

throughout this subsection. The case of n = 0 can be computed as in the cases n > 1.
Hence we assume that n > 1 in the following proof.

With respect to the inner product on tg, induced from (-, -) in (2.1), we choose an

orthonormal basis {e;} of t7, such that e; € af.. Then we have

Se={e(1<i<n+1), e—e(1<i<j=<n+]1),
eitej(l1<i<j=<n+1}
Yp={el, er—ej(I<j=<n+1), er+ej(l<j=<n+D}

Let us write A4, in terms of {e;}. The highest weights j; of the representations oy of
M =SOQ2n+1) C K =S0O(2(n + 1)) are given by

pe=er+es+--+err O=<k=<n).

Recalling

we have
Ao, = irel + ur + oy

1 1 3
=ikel+(n+§)ez+(n—5)63+~~+(n—k+§)ek+1

1 1
+ (n—k—i)ek+2-~-+§en+1.

First we consider I1(syAs) for @ € X4, which are given by e, e1 — e, e1 + e¢ for
2 <{ <n + 1. Then we have

Sey(irer + i + pm)

1 1 3
=—ike1+(n+E)ez+(n—z)e3+~--+(n—k+§)ek+1
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S(e—ep) (IAe1 + Wik + pym)
im+(n+%)e2+~-~+(n—13+%)e1+--~+(n—k+§)ek+1
t(n—k—3) et +denss if 2<0<k+]1,
ikeg+(n—i—%)eg—i—-n—l—(n—k—i—%)ekH—l—(n—k—%)ekJrz
+oot =+ er 4+ depyr if k+2<C=<n+1,
S(ertep) (irer + i + pym)
—i)»eg+(n+%)ez+~~—(n—K—i—%)e]+--~+(n—k+%)ek+1
+(n—k—3)exsa+-+3enp1 if 2<L<k+1,
—ireg+(n+ et +n—k+3) e+ (n—k—1)eso
+o—(n—t+er+- -+ lepy if k+2<C<n+1.

Recall that X consistsof e; for2 <i <n+1,e; £e;for2 <i < j <n+1andthe
co-root H, of « satisfies «(Hy) = 2. By the Weyl’s dimension formula, for @ = ey,

I (s, (iher + pk + pm)) = d(o) 1 (owm).

For the other cases, it is a polynomial of A as follows:

[T(S(e) +ep) (iXe1 + pk + om))

ﬂ¢@m(ﬁwﬁgj”(mpﬁgy)(4L@4gy)“
() () ()

if2<tl<k+1,
IT(S(e) £ep) (PXe1 + pk + pom))

- Cé(zpix)(x2+ (w%)z)
(2 (2)) (24 (-2) ) (24 (- 2))
.(_xz_(n_z%)z)...(_kz_(%)z) ifk+2<t<n+l,

where
=2 ] b+12— a+12 - 11 c4a
¢ 2 2 2
0<a<b=<n 0<c<n
a,b¢{n—k,n—t} c¢{n—k,n—1}
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for0 <k <n,2 <¢ <n+ 1. By the above computation, we can put

Pl o(A) = T (sey e, (P1e1 + px + pur))

which is a degree 2n — 3 odd polynomial of X.

Second we compute the part (¥ (1 + Ay (Hy)) + ¥ (1 — Ay (Hy)) for o € X 4. For
this,

(irer + ik + pm)(Hy)

20 if @ = 2e

ik—(n—€+%) fa=e —e, 2<l<k+1

= ik—(n—€+§) ifa=e —epy, k+2<l<n+1
irt(n—t+3) fa=ete, 2=L<k+1
[ir+(n—€+3) ifa=e+e, k+2=<C=n+1.

From this, we can see that (Y (1+({Ae1+ux+om) (Hy)), v (1—(rer+ur+pm) (Hy))
is given by

YQik+ 1), Y(=2i% + 1) for o = 2ey,
Y(ir—n+e=3), Yy (-ir+tn—L+1) fora=e —e, 2<C<k+1
w(m—n+e—%),w(—ix+n—z+§) fora=e—e;, k+2<C<n+]1
Y(irtn—C+3), y(=ir—n+l-3) fora=e +e, 2<C<k+1
W(ik+n—€+%),w(—zk—n+ﬂ—§) fora—e +ep, k+2<C<n+l.

For the sum over & € X4 in (3.4), we first consider the term with « = e;. By the
results obtained above,

I (5¢; Ao
ﬂ( e|) l_ii )) (W(l +)LJ(H61))+¢’(1 _)\a(Hel)))

=d(op) (WQ2iA+1) + ¥ (=2ir + 1))

_ d(;’k) (w (,-A n %) iy (—m + %) F YA+ D+ P (=it + 1) +4log2)

_dton (¢ ( - n——)-l—lﬂ (—ik—n—%) L DA (—in 1)

-2. —2(m+3

—2+...+—)+410g2) (39)
224 (3) 224 (n+ 1)

+

NI— |1 o]—

by the properties of the digamma function ¥ (z). Now we take asum over e; +ey, e1 —ey
in(34).For2 <{¢<k+1,
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1 (s ho)
- Hy)) —2272 (4 (1 + Ay (Hy)) + ¥ (1 — Ay (Hy
za:;mm oy V¢ (Ha)) + ¥ ( (Hy)))
_ln(sel—e()\zf) L — +f—3 + i+ _£+7
i (4 CRBRES) RA USSR
—1/f(i)\+n—€+%)—Iﬂ(—ik—n+ﬁ—%))
1 TT(sey—eho) 4in ey 4in N i
00w ey e () )
(3.10)
and similarly fork +2 <€ <n+1,
1 H(sa)\o')
— H, 14 Ay (Hy 1 — Ay (Hy
Zoz:ezlliegﬁ( )H(pM) (W1 + As(Hy)) + ¥ ( (Hy)))
_ln(sewxa)( 4k 4ik . 2in )
2w \we() e ) -t
(3.11)

From the expression of IT(s,, —¢, Ao ), We can see that the termin (3.10), (3.11) consists
of a polynomial of degree 2n — 2 if d = 2(n + 1) > 4 and some rational functions
whose denominators are A2 + (n — k + %)2, M+ -+ %)2 when2 < ¢ <k+1

and A2 + (n—420+ %)2 when k +2 < £ < n + 1. The numerators of these rational
functions are given by

n
5 Do) k—t—1 1
M o) bi (i) = P -kt )den  for2sesk+
P ,(3) 5
idet =(n—€+—)d(ak) for2<e<k+1,
I(om) A=i(n—€+%) )
P, (3
ir ket

3
=n—Lt+3)d fork+2<t< 1,
H(pM)‘x=i(n—z+g) (n—L+3)dy) fork+2<t<n+

so that the sum of these rational functions over 2 < ¢ <n + 1is

_ 1
2 S Chdiey kD)
1<t=k 22+ (n—k+ 3)

—4 3
) Y (n—t+5)

5
st A2+ (n— €+ 3)
T+1

(3.12)
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Finally taking the terms in (3.9) and (3.12) with a polynomial denoted by Px(}), we
obtain

d(oy) . 1 . 1 .
Qog, M) = — > (w (z)»—n—§)+1ﬁ(—lk—n—§)+¢(1k+l)

(=D (n =k +3)
224 (n—k+ 1)

(=i + 1)) +

k—1 2n+1
< | D (=Didep+ D (=)Td(o)) | = P().
j=0 j=k+1

4 Selberg zeta functions
4.1 Paley—Wiener theorem

We put PWg(C) to be the set whose elements are entire functions 4 on C such that
for any n € N, there exists C,, > 0 with

Ih(M)] < Ca(1+ A "eRIMPI over 2 e C,
and P W (C) to be a subset which consists of even functions in P W (C). For 7 = 1,

we also put C°(G, K, 7) to be the set of r-radial function f : G — End(V;) such
that

flkigky) = t(ka) ™" f(@)T (k)™
for ki, ko € K, g € G and its support is in the closed ball B(eK, R) in G/K of hyper-
bolic radius R.If f € C;’;’(G, K, 1), tr(f) is a scalar function on G, where tr denotes
the trace over V;. By the Paley-Wiener theorem stated in Theorem 3 of [33], whose

full proof can be found in Theorem 6.5, 6.12, 6.14 of [34], there exists a tx-radial
function fk € CY(G, K, ;) such that

Oy (tr(fk)) —H'O), =k k—1
fork #n withd = 2n ord = 2n + 1if H*(0), H*~1(1) € PW§(C) with
H* (£idy) = H* ' (£idi_1), whered; = (d —1)/2—¢, 4.1
fork =nandd =2n + 1if H**(1) € PWg(C), H"~' (1) € PW§(C) with
H":() = H"F (=), H"™%0) = H" '(£i), (4.2)

for the case of k = nandd = 2n if H" (1) € PWg(C). Note that there is no matching
condition for this case since only o, satisfies [tnil M o] £ZO0.
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To apply the Paley-Wiener theorem explained above, for an even function g, (x) €
C2°(R) whose support lies in [-R, R] C R, we define

o0

H(ge, ») i= Ge(A) = / ge(x)e™ du,

—00

which lies in PW§ (C). When k # n withd = 2n ord = 2n + 1, we put Hk(n) =
H(gk, ») and Hﬁ*l(l) = hxH(gk-1,2), where hy = H(gk, xi di)H(gk—1,
+idy_1)"! for the matching condition in (4.1). When k¥ = nand d = 2n + 1,
we put H"* (1) = H(g,, ») and H*~'(1) = h, H(gn_1, 1), where h, = H™*(0)
H" (i)~ for the matching condition (4.2). When k = n and d = 2n, we put
H"(X) = H(gy,A). Now by the Paley-Wiener theorem, for k # n with d = 2n or
d = 2n + 1, we have 1;-radial function fk € C;’f(G, K, 1) such that

O (1) = H G = H(gi, ),

O (r(/5)) = H ') = hiH (ge, 2. 43)

For other cases, we also have the similar results.

Combining the results proved in the previous sections, the Selberg trace formula
applied to the test function tr( f k) € CP(G) (0 < p < 1) with the property (4.3) has
the following form:

S > mi@ H GG + 40 e 0y (Choe.0) = n(oo1a)

4
[tklm:oel#0 \ Jj

d(ap)

o0
d
4 k . k .
_m / H ().)'[I‘(CX(G(,—ZK)HCX(O'(,Z)\)) dx
—0oQ

o0

1

= > dimV, Vol(r\G).4—/H@(,\)M(og,,\)d,\
[klat 010 T

[ 7 .
+ 2 wxMUC)]T DO irorlmy) / H (e """ dx

{yirelnyp —o0
o0 d o0
+cX/H€(x)d)\+ Z(X)/H‘(,\)sz(ag,—)\)dx
TT
—00 —00
d.0do) [ d
X Oy N — .
_ﬁp.v. / HY(L) Cy (00, i1) ld—)LCrk(Gg,l)») dxr | . (4.4)
—0Q
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Here {2 ; 02+ (% —0)? | [Tkl am : o¢] # 0} is the set of the discrete eigenvalues with
multiplicities m ; (£)’s of the Hodge Laplacian Ay acting on the L?-space of k-forms
twisted by x, ¢, is a certain constant depending on .

Remark 4.1 Concerning (4.4), some remarks are in need for the case whend = 2n+1
and k = n. In this case the hyperbolic terms consist of a sum of the above expression
foro = ani. Since on+ , 0, are un-ramified, the scattering matrix C’, (o,, s) has the
size of 2d.(x) x 2d.(x). The last three terms on the right hand side have to be doubled
since we have the same values for o = cr,f. The forthcoming equalities for this case

should be understood as we remarked now.

Proposition 4.2 For H*(1) € P WZ(O), the following equality holds:

| 7 .
2 wxMUCHI T DO woklmy) / H*(0)e % dy,

{)’}Ferhyp —00
= > mjtk) H* (k) + @H"(O) tr (c§ (0%, 0) — n(ak)Id)
j
d(o%)

o0
- d
— k k ; koo o
e / H (A)tr(CX(ak,—lk)acx(ak,lx)) da
—00
1 o0
—dimV;, VOI(F\G)'4—/Hk(/\)/i(ok,k)dk
o1
—00

de(x) / H*) Q(or, 1) dn
47

o0
—cy / H*() do —
—00

de(x) d(or)

o0
oy d )
M—\/_—IP-V-/H"(A) Cy, (o, iA) lﬁctk(ak,l)\) dh. (4.5)
—0Q

When d = 2n + 1 and k = n, this equality should be understood as in Remark 4.1.

Proof For € =k, k — 1, we put

de(x) d(oe)

1 H (0) n(o¢)

If(ge) == D m;@) H (0, (©)) —

J

o0
1
—dimV, Vol('\G) - yo / HY L) (o, 2) dr
TT
—00
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— 3 ) HCH ) D oy 5 / HE e 1™ gy

{yirelnyp —00

—cX/H%)dk-%/Hf(x)sz(@,—x)d)\,

T{(ge) = d(or) /H‘()\)tr (Ck(og,—zk)—C (oe,zx)) d
de(x) d(ov) ¢ o d .
— /1 p.V./H (A) Cyy (0¢, i) dACrk(og,zA) di
d(U‘)H‘(O)t (e 0). (4.6)

From (4.4), we have the equality I,f(gk) + I,f_l(gk_l) = J,f(gk) + J,f_l(gk_l). Let
us consider

(115 - J;f) () = (J/f_l — Ilf_l) (Gk-1), 4.7)

where we regard both sides as the distributions valuated at the test functions g,
grk—1 € CP(R). Now we vary gr—1 along a family of even functions gx—1,; = ao +
ta; € CP(R), t € (-4, 5) with keeping g fixed, where «p, 1 are even functions
in C°(R). Taking the derivative with respect to ¢ of both sides of (4.7) valuated to
9k, gk—1, and putting ¢ = 0, we obtain

(J,f_l — I,f_l) (a1 — H(o, tide—1)H (e, Tidi—1) ' ag) = 0. (4.8)

Note that the even function «; — H (a1, idr—1) H (g, Ltidi—1) ‘oo can be arbitrary
in C°(R), hence we have I,f_l = J,f_l, which also implies / k J,f in the distribu-
tional sense by (4.7). Since the Fourier transform of an even function g¢(z) € C2°(R)
whose support lies in [-R, R] C R gives any element in P Wg(C) by the classical
Paley-Wiener theorem, the equality (4.5) holds for H(A) € P Wfi, (©). O

We multiply the inverse of the Harish-Chandra C-function Cy (o¢, s)~! with
C’; (o¢, ) to define

Sk (a1, 8) == Cy (01, 5) " Cy (01, 5), (4.9)

which acts on the same space as Ci‘( (0¢, ). Let us recall that Cy, (o¢, s) is a scalar
function satisfying (3.5).
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Corollary 4.3 For H k) e PWg(A), we have

o0 o0
p.v. / H*O) tr (a,-A S§+1(ak,i,\)) dy=p.v. / H*O) tr (a,-x S)’;(ak,i,\)) .
—0o0 —0o0

(4.10)
and tr(CX*1 0y, 0)) = tr(Ck (v, 0)).

Proof Recalling I,f‘H = I,f (by the definition) and the equalities I,f“ = J,f‘H,
I,f = J/f derived in Proposition 4.2,

V. / H GO tr (a,-,\si“(ak, i,\)) dj. — 7 HE(0) tr (Cf(“(ak, 0))

—00

=p.v. / HE Q) (955 01, 2) di = T HEO) r (Ch (01, 0))

—00

As in the proof of Proposition 4.2, we vary g along a linear combination of even
functions ag, a1 in CZ°(R) with keeping H k) = f OOOO gk (z) dx fixed. Then we can

conclude that the claimed equalities hold separately. O

Remark 4.4 The equality (4.10) also follows from the fact the operator S(h, w, o) in
Corollary 7.2 of [17] does not depend on K -type. Although this operator S(%, w, o)
does not reduce to the operator S;‘( (o¢, ) in our specific case, these are designed for
the same purpose to cancel out the dependence on K -type.

Let g9 be the minimum of /(C,,) for y € I'pyp. Let g(x) be a smooth even function
on R such that g(x) = 1 for |z| > &y and g(x) vanishes in some neighborhood of
zero. For A € C, let

o]

H) ::/g’(az)e”‘xdx.
0

Because of the properties of g(z), we see that ¢’'(z) € C°(R) and ¢'(z) = 0 if
|z] > €o. Hence H(0) = g(ep) = 1. The following lemma easily follows from the
definition of H(}).

Lemma 4.5 H()\) is an entire function on C. For any integer n > 1, we can find the
positive constants C,, such that

Co(T+ AN Im2 =0

HOT=1 0,01+ 14D exp(e| Im(0)l) Ima <0 °
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Now we choose a sequence of even functions ,, € CZ°(R) whichis 1 over [—m, m]
and has the support in (—m — 1, m + 1). For a fixed s € C with Re(s) > (d — 1), let
us consider the following even function

oo
Hyp (s, A) := / () g(x)e~ SN AT o where dy = (d — 1) /2.

—00

Since H,,(s, A) lies in PWfé (C) for R > (m + 1), the equality (4.5) holds with the
test function H¥ (A) = Hy, (s, A). Now, we want to let m — oo to these equalities. By
the dominated convergence theorem, the limiting equality holds and both sides take
a finite value if lim,,—, oo Hy (s, A) exits and the limit function also rapidly decays as
|Re(A)| = oo in the strip {A € C| — dp < Im()1) < dy}. Again using the dominated
convergence theorem, it is easy to see that as m — oo, Hy, (s, A) converges to the
following function,

H(s, X)) := / g(;p)g_(S—dO)\ﬂﬁl M gy
= (s—do—i\) " H (i(s — do)+ 1)+ (s — do+ir) " H (i(s — do)— ).

A.11)

Note that H (s, A) has no poles in the strip {A € C| —dp < Im(X) < dp} since
Re(s) > (d — 1), and rapidly decays as |Re(A)| — oo by Lemma 4.5. Hence, we
finally obtain the following equality: for Re(s) > (d — 1),

> wxMIC) i D) trormy,) exp (= (s — do) 1(Cy))
{¥)r€lhyp

- Zm,(k)H(s,Aj(k)H

J

d(oy)
4

d (o)
4

H(s,0)tr (C§ (o1, 0) — n(ok)Id)

p.v./H(s,X)tr (S;(ak,)»)SX(Uk,)»)_l) dx

—00

o0
1
~dimVy Vol("\G) - / H (s, A) u(ox, A) dA
T
—00

de(x) / H(s. %) Q(op, —A) dA
4

—Cy / H(s,\)dx —
=: Agis(s) + Ares(s) + Asct(s) + Aial(s) + Aup(s) + Awup(s)- (4.12)

Here S, (o, s) is Sﬁ‘(“(ak, s) or Si‘( (0%, s), which does not depend on K-type by
Corollary 4.3.
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4.2 Meromorphic extension of Selberg zeta function

For0 <k < [%], the Selberg zeta function is defined by

o0
Zy(oy,s) = H H det (Id —or(my) ® x(y) ® Sk(Ad(myaV)|ﬁ)e*5[(CV))
{y}r €PThyp k=0

R d—1
=exp[— D trx(i) ' D) rorlm, e TN (4.13)

Y €lhyp

for Re(s) > (d — 1). Here PI',y, denotes the set of I'-conjugacy classes {y}r of
the primitive hyperbolic elements y in I', S¥ denotes the kth symmetric power of
Ad(myay)|q, and n = On. The equality (4.13) can be proved as in Lemma 3.3 of [3].
Whend =2n+ 1, we put Zy (0, 5) = Z (o, 5)" Zy (0, ,s). Then we have

d T

—logZy @ s) = 3w xIC)j ()T D) i orlmy)e TN
{y}relnyp

= Hy(s) for Re(s) > (d — 1), (4.14)

where H, (s) denotes the sum of hyperbolic terms, that is, the left hand side in (4.12).
By (4.12) and (4.14), now we show that Z, (0%, s) has a meromorphic extension to C.

Theorem 4.6 For 0 < k < [d%]], the Selberg zeta function Z, (o, s) defined for
Re(s) > (d — 1) has a meromorphic extension to C with

(1) zeros at
s = % L i)j(k) of order mj(k), where X (k) + (% — k)2 isan eigenvalue
of Ax with multiplicity m j (k),
s = % + q of order d(oy)b, where det C§ (ok, 8) has a pole at s = q of order
b with Re(q) < 0,

(2) poles at
s =k of orderd.(x) e(d, k), where e(d, k) := (—1)k(21;:0(—1)-jd(0j)) >0if

d=2n-+1,
Id— k
s = % of order d(ok)—tr<n<ak) dzcx (m(,O))’
s = % — qj of order d(oy)bj, where det Cﬁ‘( (0k, s) has a pole at s = q; of

. d—1
order bj with0 < g; < -

s = L —tof order d.(x) d(oy) for € € N— {451 — k} (of order 2d.(x) d(o%)
fort e Nifd =2n+1andk = n).

(3) Ifd = 2n, Z,(ox, s) has the following additional zeros or poles (according to
their orders are positive or negative) at
s = k of order d-(x)d(d,k) + (—=1)’*! dim V,, E(Xr), where d(d, k) :=
d(ox) —e(d, k) = 0,
s =I\?€ of order —dim V,, E(Xr){(Z”ka_l) (“_2_1) + (zn-‘;f_l) (zn—’_f__lk_z)}for
¢ eN.
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Here E(Xr) denotes the Euler characteristic of Xr. When the locations of two zeros
or poles coincide, the orders of them are added.

Remark 4.7 Let S*" ~ SO(2n + 1)/SO(2n) be the 2n-dimensional sphere, A’;Zn be

the Laplacian acting on smooth k-forms A¥($>") and § be the codifferential on S

Put A’g(SZ”) be the subspace of §-closed forms of A’;Zn (AK(S?)). Tt is known that

the set of all the positive eigenvalues of A{;zﬂ acting on A’g(SZ”) is{ue=UL+k)(+
2n — k — 1)|¢ € N} and the multiplicity of uy, = (€ + k)(€ 4+ 2n — k — 1) is given by
(See (17) of [18].)

(204+2n—1) L+ (0+2) - (E+2n—1) _ (2n+£—l)(£+k—l) i (2n+€—l)(2n+£—k—2)
Rn—k—DIC+@+2n—k—1)  — \ t+k k k -1 )

Let us denote the 11-eigenspace by W,,. Then we see, in the last part of Theorem 4.6,
the order of Z, (0%, 5) at s = —£ can be written as

—dim Vy E(Xr) dim Wiy @+2n—k—1)-

See also Theorem 4 in [22] and Chap. 3 of [20].

Remark 4.8 The proof of Theorem 4.6 is an application of the equality (4.12). One can
also use the equality corresponding to / ,f“ = J,f‘“ instead of (4.12), then the zeros
and poles of Z, (oy, s) are described in terms of C;‘(H (0%, s) instead of Cf( (o, s). But
the description about zeros and poles of Z, (0%, s) is not changed since the change
from C i‘("’l (o, s) is canceled out by the one from Cy,_, (0%, s) by Corollary 4.3.

Proof To get ameromorphic extension of the Selberg zeta function Z, (0%, s), we con-
sider meromorphic extensions of Agis(s), Ares(s), . .., and Ayuyp(s) forRe(s) > d—1.
Discrete spectrum: This part becomes

H(i(s—5hH+a;(k)  HGis—F)—x;(0)
Agis(s) = (k - . (4.15
e ;m’()[ i) | (i) )

where m (k) is the multiplicity of A j (k). By using Lemma 4.5, this is a meromorphic
function of s and its simple poles are located at ‘% £k (k) with the residues m j (k).
Residual term: This part is given by

d(oy) (4.16)

tr(CK (0, 0) — n(op)1d) H (i (s — 451))
2 s—(7)

Recalling that C§ (o, O)2 = Id and n(ox) = 1 unless d = 2n + 1, k = n, and that
tr(C; (0, 0)) = 0 (by the fact that o is un-ramified) and n(a,f) = 0. Hence we can
see that the residue of this function at s = d%l is always an integer.

We split Sy (o, s) into C ;‘( (o, 5) and Cy, (0%, s) and consider them separately.
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Scattering term: We first recall that C;‘( (0%, §) has the following form,

det Ck (01 5) = det Ch (1. 0) p* [ St I1 SJ_rq 4.17)

S
0<gi<t51 " T Relg)<0

for some constant p. This equality can proved following the proof on p. 656 of [38]
or in Section 6 of [26]. Hence we have

d 1
— log det CX(oy, log p +
ds 8¢ x(Ok: s) =log p de s+q  S—qi
O<q,
1
+ D> — ) (4.18)
Re(q)<0 —4

The resulting term is given by

d(0) °°(H<(s——>+x>+H<i<s—d%>—x>)

B /_ _(d=L _(d=1 _;
4 1_C>O K (2 +1A) K (2 zk)

tr | Ck 7 dc" in) ) dx
X1ir X(Ukv_l )ﬁ X(Ukvl )

Since the integrand is an even function by (2.19), this can be reduced to

doy) [ H(i(s— 951 +2
N

_ ) tr (Ck(ok —iA )d K (on l)»))
271\/—_17 i) o '

SR .

We are now going to shift the contour of integration into the complex half plane with
Im(X) > 0. Let us consider the semicircle of radius R in the upper half plane centered
at 0. From (4.18) we can see that tr(C§ (o, —i)»)%c)]i (0%, 1)) has a simple pole at
A = —ig within the upper half plane if % logdet C f( (ok, s) has a simple at s = ¢
with Re(q) < 0. Such a set of g’s consists of ¢’s with Re(q) < 0 and —q;’s with
0 < gj < %5 Since the integration over the semicircle part vanishes as R — oo by
Lemma 4.5 and (4.18), using the Cauchy integral formula we can see that

H(i(s — 4L —
Als) = doy S =7~ 4))
Re(q)<0 S (T + q)

SR
+d(op) Z (’ b5 +a) (4.19)

Note that b, b; are positive integers.
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Term with the digamma function: We recall

o0

1 By
Y +2) ~ logz+ 5 - Zl a8 = (4.20)

where Bj, denotes the Bernoulli numbers. Using this and Fubini theorem, we see that
the concerned term becomes

o (s = 51 +4) (i(s=%5) =2
d(x)d()/( ( +h)  H ,\)

Glin) s — (5L —in)
X (Y + 1) + Y (=it + 1)) dh.

We just repeat the argument for the scattering term and obtain the following contribu-
tion

H(i (s — 45 +0))

—dc(x)d(o 4.21
(X)(k); P = (4.21)
since ¥ (z) has simple poles at z = 0, —1, —2, ... with the residue —1.
d-1_
Term with rational function: The term with the rational function M’Tk)z has the
form ’
d—1
(D! Z( D/d(o)) + D (=1 d(o))
j=0 Jj=k
o0
de) (H (=543  Hi(— 5 —2) ) ok
d—1 . d— . 2 .
ar ) O\ s = (i) s = (7 —i2) + (% —k)
We again repeat the same argument as above to obtain
< de(x) H(i(s — k)
k+1 j+1 -
D D (=Dido)) + Z( D) | =5
j=0 Jj=k
k— ;
- H(i(s —k))
= D00 | D (=id)) | ———=. (4.22)

—k

Term with even polynomial: For any even polynomial P (L), one can show that

TH(i(s— 450 +2)
POYdA=0 423
/ s — (G2 +ix) * 29

—00
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just repeating the previous argument since the even polynomial P()) has no poles
over C. In particular,

Aup(s) = 0. (4.24)

Ager(s) + Aywup(s): From (4.19), (4.21)—(4.23), we have

Asct(8) + Awap(s) =d (o) D b —
Re(q) <0 5= (T +‘1)

+d(oy) (—b)) —
2T )

H (i (s — 5 +0))

—dc(x)d

(x) (w)é =

= H(i(s — k)

+ (DGO | 2o (= o)) | ——
j=0

(4.25)

Term with Plancherel measure: If d = 2n + 1, u(ox, A) is an even polynomial and
the contribution from this is trivial by (4.23). Assume that d = 2n, then we have the
following contribution by repeating the similar argument as before (or by the same
proof on p.21 of [11] or on p. 263 of [40]):

o d—1 ‘
Aiq(s) = —i dim V, Vol(I'\G) Z H(i(s— ) +rj)

di.
j S_(%_'_irj) !

Here, {r; =i(j — %) | j =n—k, n+ £ (€ € N)}is the set of poles of u(ox, A) in the
upper half plane and d; is the residue of u(ox, A) at A = r;, given by

d(oy) ]
=zt (41 (1-3)

We can easily calculate that

d(ox) P(=D" %=1 2n —k — DIk
244 (n — D (n — 1)! 2

(=D fon— 1
=t T )
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J (=D n2n—1
Y N U

24—\ (C+k—1\ (2n+L—1\(2n+C—k—2
{CECT) T e

To deal with the residue of Ajq(s), we use

Proposition 4.9 For d = 2n, the following equality holds

m—1
Vol(r\c)#( ”n ) — (=1)" E(Xp). (4.26)

Proof The proof is a refinement of the computation given in the Appendix of [10],
where the equality (4.26) was derived up to a non-explicit rational number. Here we
follow the computation in the Appendix of [10] taking care of this rational factor.

Let b denote any subspace of g with orthogonal complement b. Let B, ..., B
be a basis of b and By, ..., B} be elements in g* such that B/ (B;) = §;j, Bf =0 on
bL. Then we can define the form wy, by

1
wp = (det(B;, Bj))? Bf AB5 A...A By,

where (-, -) is an inner product on b* induced from (2.1). The form wy, depends only
on b and not on the choice of the basis Bj, Ba, ..., Bp. This consideration implies the
following equality for g = € @ p,

wg = wg A wp,
where the form wg gives us a G-invariant volume form on G and wg, wy also induce
the invariant volume forms on K, G/K respectively.

From (3.5) and (3.8) in [10], we can find the following equality of the invariant
form v on G induced from the normalized Haar measure in (2.3),

v =CVol(K) ™' wg A wg A wn, (4.27)
where
=3 d
C=2"72 (d/2—-1Dln" 2. (4.28)
Let us remark that the normalized Haar measure is induced from (2.1), hence we have
the value in (4.28), which is different from the one in (3.8) of [10]. (Note that the

constant ¢ on p. 34 of [10] is just 1 under our normalization.) From (3.12) of [10], we
also have the following equality

wg=2""T wg A wg A wn. (4.29)
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By (4.27), (4.28) and (4.29), we have

_ ~d—2 _ -4 -1
v =29"2(d/2 = Dlr " IVol(K) " g
=292(d/2 = 1)lx~TVol(K) ™" wg A p. (4.30)

Now this implies
Vol(T\G) = 2972(d/2 — 1)z~ Vol(X1), 4.31)
where Vol(XT) is given by wp. By Theorem 3.3 of [21], we also have

d
Vol(Xr) = (-1)6’”% E(Xr), (4.32)

where $¢ denotes the unit sphere of dimension d. Recalling

25 @d+1)/2 2d/2+1.d/2

dy _ _
VIS = F@x 2 = @=nn

El

where (d — D! = 2n — D! = 2n — 1)(2n — 3) ---5 -3 - 1, and combining (4.31)
and (4.32), we obtain

__ (_1\193n—2 (n —1)!
Vol(T'\G) = (—1)"2 —(2n — 1)”E(Xr), (4.33)

which easily implies the equality (4.26). O

By Lemma 4.5 and Proposition 4.9, Ajq(s) is meromorphic on the whole C with
simple poles with integral residues for d = 2n:

poles of Ajq(s) residues

s=k (=D dim vy E(Xr) (4.34)
§=—¢ (Z c N) —dim VX E(Xr) {(znzr_fl:l)(@rifl) + (2n+k€—1)(2n+£e:lk72)}.

From (4.15), (4.16), (4.24), (4.25) and (4.34), we can see that U% log Z, (o, s) has
a meromorphic extension to C with simple poles with the integer residues. Therefore
we can conclude that Z, (0%, s) has a meromorphic extension to C with zeros and
poles as stated above. O

4.3 Multiple gamma functions and multiple sine functions

For the functional equations of Selberg and Ruelle zeta functions, we introduce the
multiple gamma function and the multiple sine function. First of all the multiple
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Hurwitz zeta function is given by

G = D> mAmt A DT =D Hy ()7

ni,ny,...ny>0 n=0

where , H, = ("jﬁ?l) This series absolutely converges for Re(s) > r. It is analyti-

cally continued to s € C by the following integral expression:

T —s) [ (=) e
&r(s,2) = — 71 d_ery dt.
Cc

The integral contour C starts at infinity on the positive real axis, circles the origin
once in the positive direction excluding the points &2nmi forn = 1, 2, ... and returns
to the starting point. Therefore ¢, (s, z) is holomorphic except for simple poles at
s=1,...,r.

Definition 4.10 We define the multiple gamma function I, (z) by

ad
1—‘I‘(Z) = exXp (a Cr(sv Z)'s:()) .

We noticed that I',-(z) is a meromorphic function of order r. We recall some fun-
damental formulas for the multiple gamma functions. The equality . H, = , H,—1 +
r—1H, implies that (s, z) = (s, z + 1) + &—1(s, z). So we have the following
formula.

Proposition 4.11 The following equalities hold for z € C:
Frz+ 1) =T T(2)
and
k o
Fut@ = [[Tu+ HTV O
j=0
Definition 4.12 We define the multiple sine function S, (z) by
$:(2) =T, "I, =)
Ifr = 1 then 'y (z) = 27) "2 T'(2), so we have S1(z) = ' (z) "' (1 —z)~! =
2 sin(rr z), the usual sine function. The multiple sine function was defined and studied

by Kurokawa, we recall some fundamental properties of the multiple sine functions
from [23].
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Proposition 4.13 The multiple sine function S, (z) satisfies the following equalities:

k ,
S GE+D =517 @, Sk @ =[] Sae+ VO,
j=0

d -1
—log S, (z) = (=t (Z )n cot(mrz).
dz r—1
We refer to Theorem 2.1 and 2.5 in [23] for the proof of these equalities.

4.4 Functional equation of Selberg zeta function

First we put

Zi(s + k) = ;—Slogzx(crk,s +k) — (dc(x)d(ak)l/f(s —do+k+1)

n dc(x)d(d,k))

N

d
= - log (ZX (0%, s + )T (s —do + k + 1)*‘16(”d<"k>s*df<><>d(d”<)) :
N

where dy = d%l. Then it is easy to see

Ri(s) = Zx(s + k) + Z,2do —k —5) + P(s + k — do) + Cr(do — k — )
is an even entire function of s by the proof of Theorem 4.6, where

®(s) :=dim V, Vol(I'\G) (0%, is), Ci(s) 1= d(ok)dd—s log det C; (0%, $).

Proposition 4.14 The following equality holds for s € C,

Zi(s + k) + ZeQdy — k — $) + 2P (i (s — do + k) + P (s + k — do)

= —Cr(dy — k — 5).
Here ﬁk (s) = —d‘éX) ~k (s) + 27y, where ¢y is the constant in the unipotent term of

(4.40).

Proof We let h(s) be an entire function which decreases sufficiently rapidly as
| Im(s)| — oo with the property h(s) = h(2dy — 2k — s). We consider the contour
integral

1
£ = 5 [ W25 + ods,

k
LT
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where L’} is the rectangle with the corners a; +i7T,ay +iT with —k — € < a; < —k
and 2dy — k < ap < 2dy — k + €. The Cauchy integral theorem gives

tr(Ck (ox, 0)—n(oy)1d)
2

lim L4 =2 mj(k)h(do—k + inj(k))+d(or)

T—o00
J

+d(ox) D, b-hdo—k+q)+d(oy)
—dp<Re(q)<0

x D> (=bj)-h(do—k—q))
0<gj<do
+ 8d.even (=) dim vV, E(XT) h(0). (4.35)

h(do—Fk)

Here, 84 even = 1 when d is even and 84 even = O otherwise. On the other hand, we
have

ay—ioo
1
lim 5 = — / h(s) (Zi(s + k) + Z2dy — k — 5)) ds
T—o00 2
aj+ioo
5 ar+ioco
+ — / h(s)Z(s + k)ds. (4.36)
2mi
ap)—ioo

Shifting the integral line to Re(s) = do — k for the first integral on the right hand side
of (4.36),

ay—ioo
ﬁ / h(s) (Zr(s+k)+ Z:Qdy — k — 5))ds
aj+ioo
do—k—ioco
= sz / h(s) (Zi(s + k) + 2 2dy — k — s)) ds
do—k+ioo
+doy) D b-h(do—k+q)+dow) D (=bj)-h(do—k—gq;)
—dy<Re(q)<0 0<q;<dy
+ 84.even (— )M dim vV, E(XT) 1(0). (4.37)

Shifting the integral line to Re(s) = do — k for the second integral on the right hand
side of (4.36),

ay+ioo 1 do—k+ioo
1
— / h(s)Zr(s +k)ds = — / h(s)Zr(s + k)ds. (4.38)
2mi 2mi
ar—ioo do—k—ioo
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We combine (4.35), (4.37) and (4.38) to obtain

tr (C (on, 0) = n(op)1d)

2> mj(h(do — k + ik (k) +d(or) 5 h(do — k)
j
5 do—k-+ioo 1 {
=— / h(s) (Zk(s +k)+=Cr(do —k —5)+=-D(s +k — do)) ds

2mi 2 2
do—k—ioo
] do—k—ioco

+5- / h(s) (Z(s + k) + Z1(2dy — k — )

do—k+ioo
+Ck(do — k —5) + ®(s + k — dp)) ds. (4.39)

The first integral on the right side of the equality (4.39) become to
2 b 1 1
— / hdo —k +ir) | Zi(do +ir) + =Ci(iX) + =PGEL) ) dAr
2 2 2
—0o0

| -
=2( 5 > wxMIC) i) D) rogim,)

Y€l hyp
o0
x / h(dy — k +ir)e M E) g
—0Q

— M /ooh(d() —k+iA) (d((fk)lﬁ(i)\ + 1)+ M) di
2 do—k+ix

o0
1
+—/h(d0—k+ik)Ck(ik) dxr
4

—00
| 00
+ dim VXVol(F\G)4— / h(do —k +iA) p(ox, M) dAr | . (4.40)
T
—o0

The equalities (4.39) and (4.40) with the equality (4.5) applied to H k() = h(s) with
s =do — k + i imply

do—k—ioo
e / h(s) (Rk(s) + 2P (i(s — do + k))) ds =0

2mi
do—k+ioo
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for the even polynomial 13k(s) = —%ﬁk (s) + 2mcy, where ¢, is the constant in
the unipotent term of (4.40). This holds for arbitrary function 4 (s) with the properties
described before, we can conclude

Zi(s+k)+ 21 (2dy — k — )+ 2P (i (s —do 4 k) + D (s + k—do) = —Cr(do—k—s)

over the whole complex plane. O

From the above and Remark 4.1 we introduce the following notations:
Ford =2n+1and0 <k <n — 1, put

Zy (01, 5) i= Zy(0k, 8) T(s — do + 1)~ (0400 (5 _ fy=dcGOd(d.l)

s dim V, Vol(™\G) [
A 1m (0]
- exp /Pk(iz)dz exp X > (MG) /,u(ak,iz)dz
0 0
(4.41)
Ford =2n + 1 and k = n, put
Zy(0n,5) i= Zy (0,7, 5)Zy (0, , ) T(s — do+1)~2dcC0 d(on)
s—d s—d
cexp (2 /ﬁ,,(iz)dz exp [dim V, Vol("'\G) /M(an,iz)dz
0 0
(4.42)

Ford =2nand 0 <k <n — 1, put

Zy (01, 5) i= Zy (0%, 8) T(s — do + 1)~4c0d0@0) (5 _ jy=de GO d(d. k)
s—doy

-Ta(ox, s) exp / Pi(iz)dz |, (4.43)
0
where
k —dim V, E(Xr)
Cy(og, s) = |:H Tals —OTg(s + £+ 1))(_1)Z(kil):|
=0

and I'4(s) is the multiple gamma function of order d. (See Definition 4.10.)

Theorem 4.15 We have the following equality for s € C:

Zy (0. 2do—s)=Zy (0k. 5) - det C% (o1, s—dp)* ) det CX (0, 0)1). (4.44)
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Proof We get the following equality by Proposition 4.14:

d
d_ log (ZX (0%, s +K)C(s —do + k + 1)_dc(X)d(o'k)s_dc()()d(dak))
S

+2P (i (s — do + k)) + dim V;, VOI(T\G) (o, i (s + k — do))

d
= - log (ZX (01, 2do — k — $)T(do — k — 5 + 1)~deC0 (D)
S

X (2(dy — k) — s)*dc()()d(d,k))
d

+ d(ox) — log det CX (ox, do — k — ).
ds bt

From the above and Remark 4.1, the following equality holds for s € C:

Zy(ok,s) (s — do + 1)—dc(X)d(0k)(S _ k)_dc(X)d(dak)

s—dy

-exp | dim V, Vol(I'\G) /,u(ak, iz)dz
0

= Z, (0x,2dy — s)['(dg — s + 1) 44O gy — 5 — f)~de(0 d(d.k)
s—do
- det C% (ox, do — $)*%) det C% (o1, 0)7") exp [ —2 / Piiz) dz
0

unless d = 2n + 1 and k = n, and for this case

Z, (05, 9)Z, (0,7, 5) (s — do 4 1)72dc00 d(on)

s—do

x exp | 2dim V, Vol(T'\G) / w(oy,,iz)dz
0

= Z, (0,7, 2dy — $)Zy (0, 2dy — $)T(dp — s + 1) 240 d(@n)

s—do
~det C} (0, do — $)* det Clt (04, 0) ™) exp [ —4 / Py(iz)dz
0

When d = 2n the factor from Plancherel measure is

s—do

exp | dim V, Vol(I'\G) /u(ak, iz)dz
0
(=1)*dim V, E(XT)

s—n+%
/ 2 d(o) pk,i7) 7 tan(ra)d
= X _— O] . T tan(mw
P @n— 1y TP o
0
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By Proposition 7.5 in [12], the above integral is evaluated as

' dim V,, E(Xr)
[H (Sau(s =€) Sauls + £ + 1))“)((%)}

£=0

_ ﬁ( [op(s —4) Iy(s+€+1) )(_I)K(khz)
- T2, 2n =5+ 0) T2,2n —s — € — 1)

£=0

—dim V, E(Xr)

The rest is clear. O

5 Ruelle zeta functions
5.1 Meromorphic extension of Ruelle zeta function

The Ruelle zeta function R, (s) is defined by

—1
Ry(s):= [ det (Id - X(y)e—”<cv>)
{V}Feprhyp

for Re(s) > d — 1. Here the determinant denoted by det is taken over the representa-
tion space Vy of x,and [(C, ) denotes the length of the prime geodesic C,, determined

by y.
Let us recall the following equality which holds for Re(s) > d — 1,

d—1

Ry(s) = [ Zx(on.s + )V, (5.1)
k=0

where Z, (0,, s +n) = Z, (CANK +n)Z, (o, ,s+n)whend = 2n + 1. Combining
this equality and Theorem 4.6, we can easily obtain

Theorem 5.1 The Ruelle zeta function R, (s) defined a priori for Re(s) > d — 1 has
a meromorphic extension to C.

Proof of Theorem 1.2 1f d = 2n + 1, we have

n—1
ket
Ry(s) = [ [Zx (k.5 + k) Zy(0r.s + 20 — k)] ™"
k=0
_1yn+l
-(Zx(af,s+n)ZX(an_,s+n))( b= 5.2)

We see that the orders of zeros or poles of Z, (0%, s) at s = k and s = 2n — k may
contribute to the order Ng by the above expression of R, (s). Let m (k) be the number
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of j’s such that A ; (k)2 + (n — k)2 = 0 for 0 < k < n, that is, the number of the zero
eigenvalues of 74, 3 (Ag) by Theorem 4.6. Since m (k) + m(k — 1) = By, we have

m(k) = B — Br_1 + - - + (=¥ By.

Hence, noting e(d, n) = 0 we have

n n—1
No= =2 (=DM (B = Bt + -+ (=1 o) + D (=D d(obe
k=0 k=0
n—1

+de(x) D_ (=) e(d, k)

k=0

n n—1
2n —2
=2> (D +1-bp + D (=D d(on)bi +dc(x>(—1>"(n"_ )

k=0 k=0 !

Here, we used the identity:
n—1 k n—1
- (2n 2n —1 2n —2
— k! —1)/ = (=1 = (—1)" .
Z()Z()j 20T SR
k=0 j=0 k=0

If d = 2n, we have

n—1 (7l)k+l
Ry ) =[] [Zx s+ Zy(ors +2n =1 =)' (53
k=0

We see that the orders of zeros or poles of Z, (oy, s) ats = k and s = 2n — k — 1 may
contribute to the order Ny by the above expression of R, (s). Hence, we have

n—1 n—1
No=—> (=DM (=DM dim vy E(Xr) + D (=D M d(0p)br
k=0 k=0

n—1
—d.(0) D (=D, k)

k=0

n—1
2n —
= —n dim V, E(Xr) + > (=D'd(o)br + de(x) (—1)"‘( " 3).
par n—2

This completes the proof of Theorem 1.2. O
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5.2 Functional equation of Ruelle zeta function
We can derive the functional equation of R, (s) from Theorem 4.15.

Theorem 5.2 When d = 2n+1, the Ruelle zeta function R (s) satisfies the following
functional equation,

_1 \ dim V, Vol(T'\G)
Ry (—s5) Ry(s)"" = exp ((—1)"—1 4+ () ls)

XY (d, )% 0C,(d, s)exp (—Qy(d,s)).
Here

Y(d,s): =Y, s)Ya(d,s),

where

1 (=¥ a(d k)
s+ (n—k)
Yid,s) : ||(S_(n_k)) ,

2 — k) D R
e =[1(:25075)

with a(d, k) := 2e(d, k) — d(ox) = =X d(oy) and
- (~1* d(o)
= — O
Cy(d.s) =[] (det Cy(ox.5)) ¢
k=0
with
Cy(ok.5) i= Cy (o, n — k —5) Cy (o, —(n — k) = 5)

forO <k <n-—1and

Cy(on, 5) := C}j(on, —5) C} (o, 0),

and

N

Qy(d, s) = Z(—nk/zﬁk(i(z —n+k)dz.

k=0

-
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Proof By Theorem 4.15, we have

Z, (ok, 2do — 5 — k) Zy (o, s + k)"
Mdy—s—k+1) de(x) d(ox) 2dy — s — 2k de(x)d(d k)
:(r(s+k—do+1)) ( )
~det C§ (ox. s — do + k)™ det C} (o, 0)*¥

N

s+k—do s+k—doy
-exp [ dim x Vol(T'\G) / w(ow,iz)dz | exp [ 2 / Piiz)dz (5.4)
0 0

unless d = 2n + 1 and k = n, and the similar functional equation for Z, (cr,:r , )
Zy (0, ,5). By (5.2) and (5.4),

”‘l[zx(ak,zn—s—k) Z, (01, —s + k) T”k“

Ry (=s)R, () ' =
K (9 Ry () kEIO Zy(on stk Zylow, 2n+s — k)

Zy(on  n+5)Zy (00 ,n+5)

= Y1(d, )% Yy(d, 5)% 0 C, (d, 5) exp(—Q,(d, 5))
% god(s)dim Vy Vol(I\G)

(71)n+1
|:Zx(c7n+,n —$)Zy (0, n —s):|

The five functions on the right hand side of the last formula are given as follows.
First rational factor:

Vs e TG =kt D TG +n—ktD) (=Dt d(ow)
, 8 :=||
! T(—s+n—k+tD)D(—s—n+tk+1)

k=0
(=¥ d(op)

n

1 I(s)2 ”ﬁl s+i\2 s+m—k)
| T ( )'s—(n—k)
= j=1

s—1J

_’ﬁ s+ (n— k) TV e@
N s—(n—k)

k=0
and the index (— l)k a(d, k) is calculated as
k . n—=k
22 (=D7d(@)) = (=D'd(or) = (=D" {2e(d, k) = d(o0)} = (= 1) — d(op).

j=0

@ Springer



Zeta functions of Ruelle and Selberg 761

Second rational factor:

n—1

k
s 2n — 2k + 5\ (7D 4@
Ya(d.s) =[] (2 )

0 n—2k—s —s

s+ 2(n—k) (=htdd.b
_H(S—Z(n—k)) :

Scattering factor:

_1\k
n-l |:detC§(ak,n—s—k) det CX (a1, 0) ]( D dlw)

C d, =
x(d,s) ,E) det C(0y,0)  det Ck(ox.n + s — k)

|:det C" (00, —s) } (=Ddion
det C% (on, 0)
n—1
= Hdet {Cf((ak, —s+n—k) Ci(ak, —s—n+k)
k=0

}<—1>k d (o)

n n (=1)"d(on)
- det {Ch (o0 —5) C (02,0} .

Polynomial factor in the exponential function:

n—1 s+k—do n—1 —s+k—dy
0yd.5) = > (=D / 2P(iz)dz — D (—DF / 2P (iz) dz
k=0 0 k=0 0
s+n—do
+ (=" / 4P,(iz)dz.
0

N

n—1 S
= > 0 [2htie+k—mde + 1" [ 2h,00dz
k=0 _

-5

Plancherel factor:

n s+k—n
¢a(s) = exp [ D (=D / (o, i) dz
k=0 —s+k—n

s

= exp Z(—1>k+1/u(ok,i(z—n+k)) dz

k=0

)
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Then we have

d
o log a(s) = Fy(s) + Fu(—s),
s

where F;(z) is the polynomial defined by
n
Fa2) = D (=D ok iz —n+ k).
k=0

By Theorem 4.4 in [3], F},(s) + F,,(—s) is a constant function. By the explicit formula
of w(og, A), we can see that

) 4nin! (=1)ntk \

ok, i(—n +k)) = (2n)!(2n)!d(ak) > K'2n—k)! O<k=<n-1),
. 4n'n!

u(oy, i(—n +n)) = Wd(on) n!n!.

Thus we have
" 2n\ !
Fo(0) = D (=" oy i(=n + k) = (=1)"'@2n + 2)( ) :
n
k=0
Finally we have

s

@a(s) = exp /Fn(Z) dz | =exp(2F,(0)s + Cy)

—S
for some constant C,,. Put s = 0 then we have C,, = 0. m]

Theorem 5.3 When d = 2n, the Ruelle zeta function R, (s) satisfies the following
functional equation,

RX (_S) RX (S) — (_l)n dim VX E(Xr) (2 Sin(ﬂ:s))d dim VX E(Xr) Y(d, S)d(-()()
x Cy(d,s)exp(—Q,(d,s)).

Here
Y(d,s):=Yi(d,s)Y2(d,s),

where

nl 1 1\ CDFan
= (s (-6-3)) (- (-+-3))
k=0
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with a(d, k) := 2e(d, k) — d(ox) = 2552 d(0x) and

20 T 1 1y Y edn
2(d,s) =5 kl})((s—i—Z(n—k—z))(S—Z(n—k—z)))

with a(n) = (=1)" (*"~)) and

n—2
n—1 _ o
C,d,s) = Hdet (Cx(Gk,S))(_ )" d(ox)
k=0
with
C . k 1 L 1
Cx (0K, 8) := Cy \ 0> 5 — ”—k—z G\ ok —s — n—k—E
and

el x+(n—k—%)
0y, s) =D (- / 2P(iz) dz.
k=0 s—(n—k—1)

Proof By Theorem 4.15, we have

Z, (ok, 2do — 5 — k) Zy (o, s + k)"
Tdy—s—k+1) de(x) d(ox) 2dy — s — 2k dc(x)d(d,k)

(For=rs) (=)

~det C§ (ox. s — do + k) det C (o, 0)*

N

s+k—dy s+k—dy
-exp [ dim V, Vol(I'\G) /u(ok,iz)dz exp | 2 /ﬁk(iz)dz . (5.5
0 0

By (5.3) and (5.5),

n—1 (=¥
|:ZX(Uk,2n —1—s—k)Zy(ox,2n —1+s —k)i|

R, (—s)R =
x (=) Ry (s) kll) Z, ok, s + k) Zy (ok, —s + k)

=Y, S)dc(x)yz(d, s)dc()() detC, (d, s) exp—Q, (d, S))(pa'(s)dim Vi
The five functions on the right hand side of the last formula are given as follows.
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First rational factor:

1)k
_1|:F(—s+n—k—|—é) F($+n—k+%) :|( DH¥d(or)

n
Yi(d,s) =
kl;[O F(s—n+k+3) T(—s—n+k+3)

(=¥ d(op)
Mo ) ()|
(s+5—n+k)(s—+n—k) 2 2

j=0

n-1 ! | (—D*a(d.k)
0" ] ((s -5+ (n—k)) (s +3- - k)))

k=0

and the index (—1)f a(d, k) is calculated as

k
. —2k
2> (=1 d(op—(=Ddon) = (=) {2e(d, k) —d(01)} = (=) ——=d(o0).
j=0
Second rational factor:
n—1 (—=Dkd(d k)
2n—1—s—2k2n—1+s—2k
Yod.s) =[] ( - )
=0 N N
n—1 .
SO = 14200 =) (s + 1 =2 — ky)) V" 440
k=0

with

n—1k—1

n—1
a(n) =— > (=Drdd. k) =D D (~1)/d(o))
k=0

k=1 j=0

= 2n -3
:Z(—l)k(n—l—k)d(ok)z(—l)”(n )
n—2

k=0

Scattering factor:

n—1
1
Celd,s) =[] |:det ck (ak, s+5—n +k) det C% (0%, 0)

k=0
:|(1)kd(‘7k)

1
- det C} (ak, —s 43— n+k) det C} (0%, 0)

n—1 | 1 (=Dkd(or)
HdetICk (Uk’s+§ —n+k)C (Uk’_s+§ —n—l—k)] .
k=0
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Polynomial factor in the exponential function:

s+k—doy —s—+k—dp

n—1 n—1
0.9 i= >0 [ 2hndz+ T [ 2k
k=0 0 k=0 0
nel s+n7k7%
=Z(—1)’< / 2P (iz) dz.
k=0 s—n+k+%

Plancherel factor:

_ _ 1)kt .
S Doons+k) oo, —s+k) ]CDTTEGD
®a(s) :

ig LT2n 0k, =5 +2n — k) Toy (0%, s 4 2n — k)

_ n - (—DF E(XT)
nl ﬁ(r‘gn(2n—s—k+l) rzn(zn—s—k—l—1))<—1>‘(k20 :
Tou(s +k—1) Top(s +k+14+1)

k=0 L¢=0

(=D¥ E(Xr)

n-l (an(2n+s—k+l) rz,,(zn+s—k—l—1))<”‘(kz"z)
U k= s vk + 1+ D)

n—]|:

k=0

irF ok (—D* E(Xr)
¢ 2n
11 [H (San(—s +k — 1) Sp(—s +k+1+ 1))<1>’(H)}

k=0 L{=0

k (—DF E(Xr)
2n
| | (Son(s +k = 1) Son(s +k+1+ 1))(_1)%_[)}
£=0

=

)" E(Xr)

(—4sin’(rs) = (=X 2sin(rs))? EED)

For the equalities in the last line, we used the formula of multiple sine functions on
p. 276 of [12]. O
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