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Abstract: We study the Liouville action for quasi-Fuchsian groups with parabolic and
elliptic elements. In particular, when the group is Fuchsian, the contribution of ellip-
tic elements to the classical Liouville action is derived in terms of the Bloch—Wigner
functions. We prove the first and second variation formulas for the classical Liouville
action on the quasi-Fuchsian deformation space. We prove an equality expressing the
holography principle, which relates the Liouville action and the renormalized volume
for quasi-Fuchsian groups with parabolic and elliptic elements. We also construct the
potential functions of the Kihler forms corresponding to the Takhtajan—Zograf metrics
associated to the elliptic elements in the quasi-Fuchsian groups.

1. Introduction

In this paper, we study the Liouville action for quasi-Fuchsian groups with parabolic
and elliptic elements. We also prove an equality expressing the holography principle,
that is, a relationship between the Liouville action and the renormalized volume for
quasi-Fuchsian groups. This work can be considered as a continuation of the previous
papers [7,9] where we studied restricted types of the quasi-Fuchsian groups. In [7], we
considered the case of quasi-Fuchsian groups with only parabolic elements. A main
novelty of this paper is the derivation of the contributions of the elliptic elements to the
Liouville action and the holography principle. Interestingly, such new contributions are
given in terms of the Bloch—Wigner functions, which are variants of the dilogarithm
functions.

Now we introduce some notations to explain main results of this paper. Let I be
a quasi-Fuchsian group in PSL(2, C) with its region of discontinuity 2 = Q| U Q5.
Let X >~ I'\2] and Y =~ I'\2; be the corresponding Riemann surfaces with opposite
orientations. We allow I to have some parabolic elements and elliptic elements, so that
the Riemann surfaces X and Y have possibly punctures and ramification points. We also
assume some topological conditions so that X and Y can be equipped with hyperbolic
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metrics. The first part of this paper deals with the Liouville action for these Riemann
surfaces. Since these Riemann surfaces have punctures and ramification points, we need
to check behaviours of the metrics near these points in order to define the Liouville
action. By some estimates, we show that the Liouville action can be defined for the
hyperbolic metric for Riemann surfaces with punctures and ramification points. The
Liouville action defined for the hyperbolic metric is called classical. The new results
of the first part are descriptions of the classical Liouville action over the deformation
space D (I") of the quasi-Fuchsian groups. For the precise definitions of these, see the
Sect. 2.2 and the paragraph near equality (2.3) respectively. In particular, we derive the
contribution of the elliptic elements to the classical Liouville action when the group I" is
Fuchsian and obtain the first and second variational formulas of the classical Liouville
action over ©(IT"). The following theorem is given at Theorems 2.5, 3.3, and 3.5 with
more explanations.

Theorem 1.1. When I is Fuchsian, the classical Liouville action S[¢] for the hyperbolic
metric e¥@|dz|? is given by

Sle]l =87 x(X)+4) D (ef"nj)

Jj=1

Here x (X) is given by (2.1), D(z) denotes the Bloch—Wigner function given in (2.20),
and mj denotes the ramification index for j = 1,...,r. For the classical Liouville
action S = S[¢] on the deformation space ®(T"),

aS=19, 005 =-"2iowp.

Here v denotes the (1, 0)-form over ®(I') corresponding to the holomorphic quadratic
differential 2¢,, — (p? and wy p denotes the Weil-Petersson symplectic form over D(I").

Although the above results of the Liouville action hold only along the hyperbolic
metrics, the Liouville action can be defined for any metrics which have same singular
behaviours as the hyperbolic metric near punctures and ramifications points. We denote
the set of such metrics over X LI Y by CM(X U Y). By the holography principle, the
Liouville action of a metric is expected to have a relationship with the renormalized
volume of a hyperbolic 3-manifold, which has the given pair of Riemann surfaces X LIY as
conformal boundaries [5,7,9]. Such a hyperbolic 3-manifold M is given by the quotient
of the hyperbolic 3-space by the quasi-Fuchsian group I'. Since we allow punctures and
ramification points for X and Y, correspondingly the manifold M has rank one cusps
and conical singularities of codimension 2. The second part of this paper deals with
the proof of this relationship expected from the holography principle. The main task
for this is to elaborate the analysis of contribution from rank one cusps and conical
singularities. The case of rank one cusps was also discussed briefly in [7] and these
singular structures did not produce any additional terms, but the conical singularities of
codimension 2 produce some additional terms expressed by the Bloch—Wigner functions.
A metric e?@|dz|? € CM(X L Y) is used to renormalize the hyperbolic volume of M
near conformal boundaries X LI Y as in other works [3,5,9], but we also need other
regularization process near rank one cusps and conical singularities of codimension 2.
In this way, we can regularize the hyperbolic volume of M and define the Einstein—Hilbert
action E[¢] by (4.12), which is the same as — 4 times of the renormalized volume. The
following theorem is given at Theorem 4.8 with more explanations.
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Theorem 1.2. For e?®|dz|? e CM(X LY),

El¢] = Sio /f 9D a7z — 8y (X)log?2 — 4ZD<%’T>.

Xuy

In the above equality, the terms given by the Bloch—Wigner functions are derived from
the conical singularities of codimension 2 of M. Correspondingly, as we stated in The-
orem 1.1, the exactly same terms appear as the contribution of the elliptic elements to
the classical Liouville action S when I' is Fuchsian. A hyperbolic manifold with coni-
cal singularities of codimension 2 is called a hyperbolic manifold with particles in [4].
Hence, it seems to be interesting to understand the terms given by the Bloch—Wigner
functions in Theorem 1.2 from the viewpoint of [4].

Recently Takhtajan and Zograf introduced a metric associated to a ramification point
over a Riemann surface in [11]. The precise definition for this is given in Sect. 5. For
a quasi-Fuchsian group with elliptic elements, this metric can be defined for each pair
of ramification points in X U Y determined by an elliptic element. Considering Theo-
rems 1.1 and 1.2, one would naturally ask about the construction of potential functions
of the Kidhler forms corresponding to these metrics on the quasi-Fuchsian deformation
space D (I'). Employing machinery to prove aforementioned theorems, we construct
such potential functions in two ways. The first one is constructed analytically from the
hyperbolic metric over X LI Y, and the second one is constructed geometrically from M.
The precise definitions of these and the corresponding results are given in Sect. 5.

Now we explain the structure of this paper. In Sect. 2, we construct the Liouville
action over quasi-Fuchsian deformation space ©(I") and derive the elliptic contribution
to the classical Liouville action when I' is Fuchsian. In Sect. 3, we prove the results
for variation formulas of the classical Liouville action. In Sect. 4, we prove the equality
relating the Liouville action to the Einstein—Hilbert action. In Sect. 5, we construct
potential functions of the Takhtajan—Zograf metric associated to elliptic elements in I.
In “Appendix A”, we provide some estimates for the hyperbolic metric near punctures
and ramification points.

2. The Liouville Action Functional on Quasi-Fuchsian Deformation Spaces

Consider a Riemann surface of finite type X, with genus g, n > 0 punctures, and r > 0
ramified points with ramification indices my, mo, ..., m;, where 2 < m; < mp <

- < m,. We say that the Riemann surface is of type (g, n; my, ma, ..., m;). The
characteristic of the surface X is given by

1
x(X) =2g — 2+n+2(1—m—l>. 2.1)

i=1

In this work, we assume that x (X) > 0 so that the surface X is a hyperbolic surface.
Then we can realize X as a quotient space I"\U, where U is the upper half plane, and
I' is a Fuchsian group of the first kind. Here I' is a finitely generated cofinite discrete
subgroup of PSL(2, R) which has a standard representation with 2g hyperbolic gen-
erators o, f1, ..., og, Bg, n parabolic generators ki, ..., K, and r elliptic generators
T1,..., T of orders my, ..., m, respectively, satisfying the relation

—1 -1 —1p-1
aipia; B ...agﬂgozg /Sg Kl...kuTy ... T, =1,
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where I is the identity element in I". The group is normalized by prescribing three of the
fixed points of the generators. For example, if ¢ > 1, the group is normalized so that the
attracting and repelling fixed points of o are 0 and oo respectively, and the attracting
fixed point of By is 1.

Assume that 3g —3+n+r > 0, so that the moduli space of X has positive dimension.
In this section, we discuss how to construct the Liouville action on the quasi-Fuchsian
deformation spaces. The construction is similar to our previous works [7,9] for quasi-
Fuchsian deformation spaces of compact Riemann surfaces and Riemann surfaces with
punctures, but we have to take care of the elliptic elements.

Given a marked, normalized, quasi-Fuchsian group I, its region of discontinuity
2 has two invariant components 21 and €2, separated by a quasi-circle C. Let X =~
'\ and ¥ >~ I'\Q; be the corresponding marked Riemann surfaces with opposite
orientations. We say that the quasi-Fuchsian group is of type (g, n; my, ma, ..., m;) if
both the Riemann surfaces X and Y are of type (g, n; my, ma, ..., m,). There exists a

quasiconformal homeomorphism J; of C such that
QF1 Jj is holomorphic on U and J; (U) = @y, Ji (L) = 2, J1(R) = C, where U and
L are respectively the upper and lower half planes.
QF2 J fixes 0, 1 and oo.
QF3 T = Jl_l o I" o Jj is a marked, normalized Fuchsian group.
This implies that X >~ I'{\U. There is also a quasiconformal homeomorphism J, of
C, holomorphic on L, with a Fuchsian group I'; = J, YoT o0 Jy sothat Y ~ I'>\LL. The
hyperbolic metric e @)dz12 on Q = QL is given explicitly by
2

).

‘Im (J;](Z)> s ifze@ i=12 2.2)

p(Z) = e¢hyp(z) =

This is a pull-back by the map J~! : ©; U Q; — U UL of the hyperbolic metric on
Uul, where J|U = J{|U and J|L = J|L.

Denote by ©(I") the deformation space of the quasi-Fuchsian group I'. It is a complex
manifold of dimension 6g — 6 + 2n + 2r. It is known that

D) =TT x E(M) (2.3)

where T(I";) is the Teichmiiller space of I'; for i = 1, 2. For details about the definition
of ®(I"), we refer the readers to [9]. The holomorphic tangent space of O (I") at the
origin is identified with Q~!!(I")—the complex vector space of harmonic Beltrami
differentials. The Weil-Petersson Kéhler form on ®(I") is induced by the pairing

(i, v)wp = / / 1w(@2)v(@)p(2)d*z (2.4)

Xuy

for u, v e Q~LII).

In the following two subsections, we present the construction of the Liouville action
over D (I"). For this, basically we follow the construction in [9] where the quasi-Fuchsian
group I' is assumed to have no parabolic and elliptic elements. Since these type elements
are allowed in this paper, we take care of these in the construction and explicate the
difference when they contribute nontrivially. To avoid much repetition, we will skip
some part of the construction and refer to the section 2 of [9] for details.
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Fig. 1. The convention of the fundamental domain F

2.1. Homology construction. Start with a marked Fuchsian group I' of type
(g,n;my, ma, ..., m,), the double homology complex K, , is defined as S, ®zr B.,
a tensor product over the integral group ring ZI', where S, = S,(U) is the singu-
lar chain complex of U with the differential 3’, considered as a right ZI'-module, and
B, = B.(ZI) is the standard bar resolution complex for I with differential 3”. The
associated total complex Tot K is equipped with the total differential 8 = 9’ + (—1)”3”
onK, ;.

There is a standard choice of the fundamental domain F C U for I" as anon-Euclidean
polygon with 4g + 2n + 2r edges labeled by a, a;, by, bx; 1 <k < g,c¢;,¢i;1<i<n
and dj,d’; 1 < j < rsatisfying oy (ap) = ak, B (b) = be, 1 < k < g, i (c]) =

¢i,1 <i<nandr; <d;) =dj, 1 < j < r. The orientation of the edges is chosen
such that

g n r
a’F=Z(ak+b,;—a,Q—bk)+Z(ci—c;)+2(d,-—d}). (2.5)
k=1 i=1 j=1
Set d'ax = ar(1) —ax(0), 3'by = br(1) —br(0), d'c; = ¢;(1) —¢;(0), 3'd; =d;(1)—
d;j(0),sothat a;(0) = br—1(0); 2 < k < g,¢i(0) =¢;_;(0), 2 <i < n,c1(0) = bg(0),
a1(0) = d/.(0). The relations between the vertices of F and the generators of I" are the
following: o ' (ax(0)) = b (1), B ' bk (0)) = ax(1), 1 < k < g5y (b(0)) =
bi1(0), 2 <k < g y1 (b1(0) = a1(0); k7 (€ (0) = civ1(0), 1 < i <n—1;
7' (dj(0)) =djs1(0), 1 < j <r — 1. Here yx = [o, Bl = e fre ' B
According to the isomorphism S, >~ K, o, the fundamental domain F is identified
with F ® [ ] € Ky,0. We have 3" F = 0, and it follows from (2.5) that

n

IF = Xg: (,Bk_l (i) — by —a ' (@) +ak> -3 (:c,-‘l (ci) — Ci)
k=1 i=l

- Z(ff] (4)) — ;)

— BNL,
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where L € Kj ; is given by

8 n r
L= @Bl -a®la) =Y i ®kl—Y» di®[t;].  (26)

k=1 i=1 j=I

There exists V € Kg 2 such that
n r
L=9"V-) x®kl-) z;®[l 2.7

Here x; = c; (1) are representatives of the punctures of the Riemann surface X = I'\U
on R U {oo} and z; = d;(1) are representatives of the ramification points of X on U.
In the presence of ramification points, the expression for V is much more complicated.
One can verify that it is given by

8
V=" (a(0) @ Lol Bel = bx(0) @ [Belen] + bi(0) @ [y e i |
k=1

- n—1

Z CO [y T e @@kl @8)

=1 i=1
+ch(0)® ek T1 T T ]
j=0

Define
YX=F+L-V.
Then

—Zx,' ®[K,’]—ZZ]' ® [7)]
i=1 j=I

When I" contains parabolic or elliptic elements, X is not a cycle.
Finally, we also define W in the following way. Let P be a I'-contracting path (see
[9] for the definition of I"-contractible) connecting O to by (0). Then

8
wW=>" (Pk—l ® ok | Bkl — P ® [Brlo] + P ® [yk—1|ak,3k])
=1

g—

1 n—1
- ZPg ® I:)/g_1 ..'Vk:-%h/k_lil +ZPg ® [rq - - kiliciva]
k=1 i=1

r—1
+ZPg®[K1...Kn‘E1...‘L’j|‘L’j+1].
J=0

If " is a quasi-Fuchsian group, let I'1 be the Fuchsian group such thatI'y = J 1_1 olo
J1. The double complex associated with = €2 LI€2; and the group I' is a push-forward
by the map J; of the double complex associated with U L L and the group I';.

1= =F+L; -V,
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Xh=Jp (i) =FR+L,— VWV,

where Fi = Ji(F), F2 = Ji(F), L1 = Ji(L), L2 = Ji(L), Vi = Ji(V), V2 = Ji(V).
Note that ¥ — X is a cycle only when there is no elliptic elements in I". In the general
case we consider in this paper, X1 — X7 is not a cycle.

2.2. Cohomology construction. The corresponding double complex in cohomology
C** is defined as C” = Homc (B,, A”), where A® is the complexified de Rham
complex on Q@ = Q; U ;. The associated total complex TotC is equipped with the
total differential D = d + (—=1)?§ on C p.q» Where d is the de Rham differential and 8 is
the group coboundary. The natural pairing ( , ) between C”¢ and K, , is given by the
integration over chains.

Let ¢ = ¢nyp, where e |dz|? is the hyperbolic metric on € given by (2.2).
Denote by CM (X U Y) the space of conformal metrics on ['\Q2 = X U Y satisfying
certain regularity conditions at the parabolic and elliptic fixed points of I'. That is, every
ds> e CM(XUY)is represented as ds? = e?@|dz|?, where ¢ is a smooth function on
Q satisfying

poy+logly'*=¢ VyeTl,

and

¢(2) —ex) =0()

as z approaches the parabolic and elliptic fixed points of I". Since J ! is univalent on
Q1 U 7, from (2.2), we find that ¢(z) is regular when z approaches the elliptic fixed
points, and so does ¢ (z).

The Liouville action is a function on the space of conformal metrics. Its construction
is as follows. Starting with the 2-form

wl¢] = <|¢z|2 + e¢) dz Adz € C*9, (2.9)

we have

Swlp] = db[g],
where 6[¢] € C! is given explicitly by

5 1 Ly 5 y// W _
0,-1l¢p] =\ ¢ — 5 log|y’|” —2log2 —log|c(y)| —dz—=dz|). (2.10)
2 J// y/

. . . . . a b .
Here c(y) is the element c¢ in the linear fractional transformation y = <c d) . Notice

that 6, -1[¢] = 0if c(y) = 0.
Next, set

it = 86[¢] € C12.
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From the definition of 6 and §2 = 0, it follows that the 1-form 7 is closed. An explicit
calculation gives

. 1 le(r) v
i1 =—(=logly/]? +1og ~S2N oy1y dz——om/ dz
v (2 ! eGP oy T

1 //
+<—10g|y2'oy1|2+10g—| (V2V1)2| ) d _n z).
2 le(yDl 2t yl/

Remark 2.1. Notice that for a linear transformation y,

ey = L@ 2.11)

(v'(2)?

Hence, 9y_| [¢] and L?y_l y; 1 can be rewritten as
1 72

" o
6,161 = (¢ —log |- v’ Yoar - Laz), (2.12)
v/ 14 v’
2 ” i
. vy 1% % — .
i, -1 =—|log 2oy 2 oyyldz - :2/03/1 v dz
172 Vs Vs Vs

+(1og 2oy P\ (2o ", o) .
(r2on) (2o (r2om)

) (Vl dz — " Yig ) (2.13)
Vl )/1

For ¢#©@ |dz|2 € CM(X 1Y), the Liouville action is defined as

SI91 =5 ((@I9]. Fi = F2) = G191, Ly = Lo) + (i Wi = W2)) . (214)

where W = J{ (W) and W, = Jl(W). When e? = ¢ is the hyperbolic metric, S[¢] is
well-defined by Theorem A.5. For a conformal metric e?@|dz|?> € CM(X UY), S[¢]is
also well-defined since ¢ (z) — ¢(z) = O (1) as z approaches the parabolic and elliptic
fixed points.

Remark 2.2. When I" contains elliptic elements, 31 — X is not a cycle. Hence, it is not
clear that the Liouville action defined above is independent of the choice of fundamental
domains. By Theorem 4.8, the Liouville action is equal to the renormalized volume of the
corresponding hyperbolic three-manifold defined by I" up to some constants. This shows
that the Liouville action is indeed independent of the choice of fundamental domain.

Remark 2.3. In [9], the Liouville action was originally defined by
191 = 2 (0ll, Fi — F) = 0l9), Ly~ L)+ ©,vi = v2))  @15)

where © € C%2 with d® = 7. It can be shown that the definition in (2.15) is equivalent
to the definition in (2.14) by

(il, Wi = Wa) = (dO, Wi — Wa) = (0, (W) — Wa)) = (0, Vi — V1)
where we used ' (W) — Wo) = V| — V.
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2.3. Classical Liouville action for Fuchsian groups. Let e9?|dz|? be the hyperbolic
metric on Q = 2 U 2. The critical point of the Liouville action along a conformal
family of metrics appears at the hyperbolic metric. We call

i ~ .
§ = Slgl = 5 ((@. Fi = F2) = (0. L1 = La) + (it Wy — W)
the classical Liouville action. Here,
» = wly], 0 =dlgl.

Let us consider the case where I' is a Fuchsian group. In [9] we prove that if I is a
cocompact Fuchsian group, then the classical Liouville action is equal to 87 (2g — 2),
where g is the genus of the compact Riemann surface I'\U. In other words,

S =87 x(X)

when I'\U =~ X is a compact Riemann surface. It is natural to ask whether this is still
true when I'\U >~ X is a surface of type (g, n; my, mo, ..., m;).
When I' is a Fuchsian group,

o =2e%dz A dZ,
so that 8w = 0. Hence df = 0. This implies that 6 = d s« for some . It follows that
(it, Wi = Wa) = (8d s, W) — Wa) = (83, Vi1 = Va) = (56, 3" (V1 = V2)).

Applying the equality of (2.7) to the double complex associated to the action of the
Fuchsian group on U U L, we find that

n r
L —3'L,=3"V| — Zvi ® [ki] — ZZJ' ® [7;]
i—1 =1

n r
_ 3/’V2+Zvi ® [kl +ZZj ® [75]
i=1 j=1
.

="Vi—9"Va = > (2 —2j) ® 111, (2.16)
j=1
Hence,

(it, Wi — W) = (6, Ly — L) +Z(%, (zj — 7)) ® [1;]).
j=1

Therefore, when I is a Fuchsian group, the classical Liouville action is given by

r

S:2//XU}_(e‘pdzz+%Z<%v (zj —2j) ® [1D). (2.17)

j=1
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This shows that when I" does not contain elliptic elements, we indeed have S = 87 x (X).
When I' contains elliptic elements, there is an additional term given by

i = )
3 D (e (2 —25) ®[77]).
j=1

Let us compute this term. By the definition of sz, we have

(5. (zj — 2j) @ [1)]) = 22, (z)) — 341, ()

%
Z[ Oz;
5

J

12 _ —
zj ) ; 17 tj 17 tj 17 i
= —f log y~ + log T T—l/dZ - = /dz

Zj i i ;

J J J T;

-1
Now z; = pjAm;p; ", where
—we_‘“f' w.elolz_ emj 0
p] = < _we—iol] w.eiaj ’ )‘m/- = _mi ) (218)
0 e "

where « is a constant and w2 = (zj — Zj)_l. Hence,

iy = @z e~ o5 (P e V)
= (e —eiB)z — (zjeif — zje~F)

where 8 = 7 /m . It follows that

Tj_l//(Z) B 2 (e’ —e™iF)

Vo) (P —e )z (3jel — e )

We can choose the integration path from z; to z; to be the straight line from z; to z;.
Using the parametrization

.+_.+ R
Sel=l 1] —> ()= UFHESEG ZL)

2
we find that
1 204 «in .
_ s7(4sin” B) cos B +issin B
(3. (Zj—Zj)®[fj]>=2/ log ————dlog —
—1 |cos B +is sin B cospB —issinf
s2(4sin® B) cos B +issinf

1
=4 lo o -
/o g|cos,3+issin,3|2 gCOS,B—issm,B
1 ..
+
=8f logs dlog S5 +issinp
0 cos B —issinf

1 . .
+4log (4 sin? ﬁ) / dlog M
0

cosB —issinf
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1
—4/ 10g|cos;3+issin,3|2dlog
0
= (D) + dAD + (II).

Let us recall the dilogarithm function

“log(l —1)
— —dt
/=

Log(1 —
:_/ og( Zt)dt
0 t

Lizr(2) :

1
/ logt dlog(l — zt).
0
This gives

! l+istan
D=8/ 1 dlog ——
@ /0 08s Ogl—istanﬂ
= 8Lip (—i tan B) — 8Liy (i tan B) .

It is straightforward to find that

cos B +issinf

1
II) =4log (4 sin® ,3) /o dlog
— 8if log (4 sin? ,3) .

cos B —issinf

The computation of (III) is more complicated. It is given by the lemma below.

Lemma 2.4. Let x and y be constants with x > 0 and x* + y*> = 1. Then

AILLA log(2x) log

X — 1Sy by

. [(x—1iy
+ L .
”( 2 )

X +1iy
— iy

1
/ log |x +isy|2d log
0

Proof. Letu = x +isy,v=x —isy. Then

X +isy

1
I:/ 10g|x+isy|2d10g -
0 X —isy

1
=/ (logu dlogu +logv dlogu — logu dlogv —logv dlogv) .
0

On the other hand, integration by parts gives

1 .
+
I = —/ log il z.sy dlog |x+isy|2
0

X —1isy

1
:—/ (logu dlogu +logu dlogv —logv dlogu —logv dlogv) .
0

cos B —issinf

cos B +issinfB

(2.19)
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It follows that
1
f (logu dlogu —logv dlogv) =0
0
and

1
1 =/ (logv dlogu — logu dlogv)
0

1
= / (log(x —isy) dlog(x +isy) —log(x +isy) dlog(x —isy)).
0

Now

1 X+iy dt
/ log(x —isy)dlog(x +isy) = / log(2x — t)T
0 X

e dt
— ﬁ (log(2x) +log(1 — 1)) I’

2

X +iy . [ x+iy (1
= log(2x) log — Lip P +Lir (= ).

X

Changing y to —y gives

X

1 . . |
/ log(x +isy)dlog(x —isy) = log(2x) log AL Lip (x zy> + Lip (—) .
0 X

It follows that

+ + + -
/ log |x +isy|’d log T2 = log(2x) log > —Liz(x ly)“iz(x ly)-
0 X —1isy X

X —iy

From Lemma 2.4, we find that

! ) cos B +issinf
() = —4/ log|cos B +issin B|“dlog ————F——
0 cos B —issinf

= —8if log (2cos B) +4Liy (ﬁ) —4Lip (ﬁ) .
Hence,
(. (2 = 7)) @ [17])
— 8Liy (—i tan B) — 8Li» (i tan B) + 8if log (4 sin? ,6)

‘ s (1

— Slﬁ IOg (2 COS ,3) + 4L12 <1+e—_21ﬂ) — 4L12 (1 N ezl-ﬂ)

25in2,3
cosp

: o : . 1 :
= —16i ImLi; (i tan B) + 8i ImLi, (1_,_6—21/3) + 8if log
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Now let us recall that the Bloch—Wigner function D(z) is given by [13]:

D(z) = Im (Lip(z)) +arg(l — z)log|z| for z eC. (2.20)
Since
loe li 1 sin 8 {  los(
og|i tan f| = log cos B’ Sl e e og(2cos fB),
. 1
arg(l —itanB) = —fB, arg <1 _ 1+e——21ﬂ> = -8,
we find that

(2 (zj — 2j) ® [7;1)
= _16i <D (i tan B) + B log z;:@ +8i (D (ﬁ) — ﬂlog(2005ﬂ))

) 2 sin? B
+ 8if log cos

S . 1
= —16i D(ltan,B)+81 D <1+e——2lﬂ> .

(2.21)
Using the identity (see [13])

po=1[p(2)+n (115) e (10=2)].
2L\ -1z -5

[D(—l) +D (—e*”ﬁ) +D (ezl'ﬁ)] .

we find that

D(itan B) =

N =

By definition,

o .
0\ _ sin n6
D(e )_ E PO

n=1

Hence, D(—1) = 0. On the other hand, we also have the identity (see [13])

D(z)=D<1—1>.
Z

1 _ —2ip

Hence,

Therefore,
(. (zj = 2) ® 1) = =8i D (2.

Gathering the results above, we have
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Theorem 2.5. When I is a Fuchsian group of type (g; n; m1, mo, ..., m;), the classical
Liouville action S is given by

r i
S=8nX(X)+4ZD<e”’!’>,

j=1

where x (X) is given by (2.1).

3. Variations of the Classical Liouville Action

In this section, we want to compute the first and second variations of the classical
Liouville action on ©(I"). Most of the computations are similar to the one given in [9]
when I does not contain parabolic or elliptic elements. However, we have to be careful
when analysing the possible singularities at the parabolic and elliptic fixed points. There
might also be extra terms appearing at the elliptic fixed points since the double complex
31 — ¥, is not a cycle.

Given a harmonic Beltrami differential u, let f#* be the unique quasi-conformal
mapping with Beltrami differential p that fixes the points 0, 1, co. Notice that f¢*
varies holomorphically with respect to ¢ and thus

ifsu 0.
e e=0
Let
f=p
de e=0

It follows from the definition
= enftt
that
fo=n
For any linear fractional transformation y, let
y = oy o (fH7.

Then y " varies holomorphically with respect to & . We collect some formulas in the
following theorem.

Lemma 3.1. Let v be a harmonic Beltrami differential of T'. On ®(I"), we have the
following variation formulas:

. a EL o FEM 2
2 (¥ or | pen -
@ 838 (e ‘fz | ) £=0 0
sy epn ep - _ -
(i) 888 ((p of ) o fo
i) == (o fH1f)| =—f
e=0
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9 El o fpon FE —
@) 2 (o0 o 74 )80‘0’
d . .
3_<1 o fH ) = froy — fz
& =0
i (yeu)// g,u 8M> o o .
88 < SM) /. o = fuzoyy Sz
I L A e R R .
(vii) 9e <(yw)/ of > o = frzoyy Sz V Sz

Proof. The proof of (i) follows from the classical result of Ahlfors [1]. The equalities
(i1), (iii), (v) and (vi) are given in p.213-214 of [9]. For (iv), we start with the following
equality given in (3.6) of [9]:

0 - .
_(ga?uof‘mf;lt) = _(¢zf2+fz2)
de e=0
—(pzp + p1z)
Since w is a harmonic Beltrami differential, i.e.,
n=e*q
for some holomorphic quadratic differential g, it follows immediately that
Qb+ pz =0, (3.1)

and (iv) is proved. (vii) follows immediately from (vi). O

Lemma 3.2. We have the following formulas:

)y Myﬁ

Juzovy —fu=3 (fz°7/+fz V c(y)?’

(3.2)

"

froyy — fu= fz% . (3.3)

Proof. Here we give a proof for (3.2) that is much simpler than the one given in [9].
From (2.11), we have

2

//
1
log 2¢(y)I? log = 5 log|y"*.
It follows from (vii) and (v) of Theorem 3.1 that
V
frzoyy' = fu = o
C('}/) Z JZZ )// Zz 1 (f: f)
= _—— e} —
) v 2 VeV

from which (3.2) follows immediately. The equation (3.3) follows immediately by dif-
ferentiating the identity

oy
sz)/7=fz

with respectto z. 0O
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The Lie derivatives of the smooth family of (/, m) tensors @ on ©(I") along the vector
field determined by u are defined as

a —_—
Lyw= — Wt o FEI (fzs,u)l <fze,u)m ,
de e=0
a —\ M
Liw= | oo () (77)
e e=0 '
Let
_ 2
V(2) = 20,7 — 7
25 (17N @, if zey
s () @, i ze
where

is the Schwarzian derivative of 4.

Theorem 3.3. On the deformation space O (),
L,S= // 9 (2)u(z)d’z.
r\Q
Equivalently,
s =v.

Proof. By definition,
LS = 5 ({Luw. Fr = F2) = (Lub. L1 = Lo) + {Lyit. Wy = W))

Asin p. 217 of [9], we find that

Lyw= —(pgfzzdz ANdZ
=vudz ANdz — d§,

where

§= 290zfzd2 - wdf'z = _2]C'z2dZ - (ﬂdfz~
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Here we have used the equality (3.1). It follows that

(Luw, FI — F2) = (Oudz AdZ, Fi — F2) — (d§, Fi — F»)
= (Opdz Adz, F| — F») — (86, L1 — L») .

The second equality follows from Theorem A.11 and
3'(F1 — F2) = 3"(L1 — Lo).
Now as in p.218 of [9], using the equality (3.3) we obtain
66,1 =2 (fzoyy = fz)dZ—gd (froy — f) +logly'Pd (f07).

Now, for the second term (LMGV, L1 — L), by (v) of Lemma 3.1,

L —11 12 -21log2 —1 2
wlo Eoglyl og oglc(y)l

;1 o ) 1 c(y)
=—f; ) (fz oy — fz) () =73 (fz f) ()
_ _fzz oyy — fzz
- v

y/

where the last line follows from (3.2) and

7/// W . .
Ly | 572 = =542 ) =Lyd log ' 1P=d(fiov—f).

Hence,
. 1 ) .
Lyuby-1 = (go — 5 logly'I* = 2log2 — log |c<y>|2) d(fov = 1)
: o) (2 )
oy + 2—d —dlog|y'|
(2 (fz 4 fz) ) g1y
1 . )
= (so - EIOg ly'|* — 2log2 — log Ic(y)lz) d(fzoy — f2)
. . ( )
—2(fuzzoyy = fu)dz+ ( (fooy+fo)+ ﬁ> dlog|y'>.
Let
X =08E+L,0.
It follows that
Xy—l =dly—|,
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where

gty P oy + f+2X®
Ly _210g|V| <fZ y+fz+2c(3/)>

— (10g|c(y)|2+2+210g2) (fooy—1).

By Lemmas A.7 and A.10, [, is well-defined when z approaches the fixed point of «;
on C. Hence, we have

(86 + L6, Ly — Ly) =(dl, Ly — Ly)
=(I, B/Ll — a’Lz).

Since
Lyt =L,80 = 8L,0 = 8y = 8dl = dsl,
we have

(Lyit, Wy — Wa) =(81, 0" (W) — Wa))
=L, Vi —Va)
=(1,0"Vi — 93" Wa).

From this it follows that

LS = %((z&‘udz AdZ, Fi — F>) — (I,3'L; — 'Ly — 3" Vy + 8”V2)>.
Let v; € C be the fixed point of the parabolic generator «;, and let w1; and w;; be the
fixed points of the elliptic generator 7; in £ and 2> respectively. Then

n r
VL = 0'Ly=09"Vi =Y v @[kl — Y wi; @[]
i=1 j=1

n r
—93"V, +Zv,~ ® [ki] +Zw2j ® [7/]
i=1 j=1

=93"Vi—93"V, — Z (wij —w2j) ® [1].
j=1

Hence,

. r
l —
L,S= 3 (Opdz Adz, F1 — Fa) + <l, Z;(wlj —w2;) ® [Tj]>
l:

Using Lemma A.6 and the fact that 7 (w1;) = wy;, Tj(w2;) = wa;, one finds that

<l, Z(wij —w2;) ® [Tj]> =0.
j=1
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Hence, the presence of elliptic fixed points does not contribute additional terms. This
concludes that

L,S Z%(ﬁudz ANdz, F1 — F,),

which is the assertion of the theorem. 0O

Before going to the second variation, let us collect some additional variation formulas.

Lemma 3.4. Let ;« be a harmonic Beltrami differential of T'. On ©(I"), we have the
following variation formulas:

0 <
D (ofH o FEM — _
) 95 ((P S ) o fz
)
1) — (QFH o FEM FEM —
(i) o= (o2 o /1 1 )Lo 0
o 0 et repn2 N
i) gz (it 0 17 (7))| = 3%

Proof. (i) is the complex conjugate of the formula (ii) in Lemma 3.1. Differentiate this
formula with respect to z, we have

0 N <
P A A +ol o [P = —fz
€ e=0
Using fz = [, we have
a _ _
o5 W o fULM)| = =iz — gz = 0. (3.4)
€ e=0

The last equality follows from (3.1). Differentiating (3.4) again with respect to z, we
have
=0.

9 ) _
(o2 £ () 2 £ ST 4 g0 o £ £

e=0

This gives

a -
2 (oetorn ()| = v

e=0

Then (iii) follows from the fact that the hyperbolic metric e? ()| dz|? satisfies the Liouville
equation
@z = ze %
O

Theorem 3.5. Let ww p be the symplectic form of the Weil-Petersson metric on D(I").
On®),

d9 =008 = —2iwwp.

Hence, —S is a Kdhler potential of the Weil-Petersson metric on ().
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Proof. By the definition of (, )wp in (2.4), we need to show that

L;L,S = — / / 1@v()p()d’z.

rQo

Using the result of Theorem 3.3, the fact that Lyu = 0, as well as (ii) and (iii) in
Lemma 3.4, we have

% <L§ (2<pzz(z) — ¢z (z)2> wdz Adz, Fj — F2>

__ / / W@V Dp ().

re

LyL,S =

The result follows. O

4. Renormalized Volume of Quasi-Fuchsian 3-Manifold
The group PSL(2, C) acts on the hyperbolic three space
U ={Z=(z10|z€C, t>0)

and its closure. Given y = <i 2) € PSL(2, C), let

1

J(Z)= ———>——.
y(2) lez +d|? + |ct|?

Then y maps Z to y Z, where

W(yZ) = <(az +b)(cz+d) + a5t2> 1,(2).
t(yZ) =tJ,(2).

Given a quasi-Fuchsian group I' ¢ PSL(2,C), let M = I'\U? be the quotient 3-
manifold, which is called quasi-Fuchsian 3-manifold. The boundary of M is 'M =
X UY ~ I'\Q. In this section, we want to define the renormalized volume of M and
prove its relation to the Liouville action.

4.1. Rank one cusps. Let ¢ be a parabolic fixed point of a quasi-Fuchsian group I" and
Stab; be the parabolic subgroup fixing ¢. We call ¢ a rank one or two cusp if Stab; has
one or two generators respectively. From now on we consider only the rank one cusp.

The quotient of the horoball H; = {(z,¢) € U?|¢ > s} by the rank one parabolic
subgroup Stab; may or may not be embedded in M = '\ U3. Once it is embedded for
some ¢ = sy, it is also embedded for all larger values of sg. In this case, the embedded
image is the same as 7 (H,,), where 7 : U? — M denotes the projection map. This
subset is homeomorphic to {0 < |z| < 1} x R. We refer to this as a solid cusp tube
and its boundary m (07H,,) as a cusp cylinder. A solid cusp tube has an infinite volume
and a cusp cylinder has an infinite area. For a sufficiently large s, y (H) N 'Hy = @ for
y ¢ Stab;, while y (H;) = H; for y € Stab,.
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A solid cusp tube is related to two punctures on the boundary X LI Y. There exists
a pair of punctures p; on X, pp on Y, uniquely associated with the conjugacy class of
the rank one cusp. If ¢y in X, ¢ in Y are small circles retractible to p1, p» respectively,
there is a pairing cylinder C in M, which is a cylinder closed in M, and bounded by
c1, c2. It bounds a subregion of M called a solid pairing tube, which is homeomorphic
to C x (0, 1]. The solid pairing tubes corresponding to the different conjugacy classes
of rank one cusps can be chosen to be mutually disjoint in M. The circles ¢y, ¢» can be
chosen so that the pair lifts to a round circles in €2 mutually tangent at the fixed point ¢.
Such a pair of circles is called a double horocycle at ¢.

Let us consider a special case when I' is a Fuchsian group. Suppose yp : z — z+11is
a generator of a rank one parabolic subgroup. Then {z € C|Im(z) = %b} for a constant
b > 1 is a double horocycle at the fixed point co. Let Py C U? denote the vertical
planes rising from them and consider Q = {(z, t) € s | —b <Im(z) < b,t > 0} they
bound. Truncate Q by the half space K = {(z,1) € U?|¢ > a} for a constant a > 1.
The relative boundary in U3 of the resulting tunnel Q\K projects to a pairing cylinder
in M. We refer to the section 3.6 of [6] for more explanations about rank one cusps.

When the rank one cusp v; = oo is associated to the parabolic subgroup generated

by ki = <(1) qli), we have

2
o o = <1 1), where o; = 9i 01 , 4.1)
0 g

i 0 1 !

and o; maps a horoball H; onto H,4,s. Hence, for v; = oo with the associated parabolic
element <(1) qf) , we define H; . to be Hy; /e = 0i(H1/¢). When the rank one cusp v;
is finite and associated with the parabolic subgroup generated by
L+givi  —qiv}
K = i), 4.2
' ( qi I —givi (4-2)

we have

o kio; = <(1) _1) ,  where o; = 9i ]Ui —4i . (4.3)
qiz 0

1

In this case,

Lemma 4.1. For the element o; € PSL(2,C) and an open horoball H;, the image
0; (Hy) is an open horoball tangent to C at o;(00) = v; and with radius (2|q;|s)~".

Proof. It is well known that the image by o; of an open horoball H; is a open horoball
tangent to C. Hence, it is sufficient to find the tangency point of the horoball and its
radius. For Z = (z, t), the image of o; in (4.3) of Z is given by

1 z 1 t
0i(Z2) = <v,~ — _— —> . 4.4)

gi 121> +127 gl |z]> +12
Using this, one can check that for a fixed x( the image of a circle

{(z,1) e U |z =x0 +iy, 1 = s} U {00}
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Fig. 2. Q¢ and Q; ¢ := p;(Qe)

under o; is a circle satisfying |Z — Zo|> = (2|¢;|s) "> where Zo = (v;, 2lgi|s)™ ).
Moreover it is easy to check that this circle is tangent to C at v;. The claim follows from
this. O

Using Lemma 4.1, for finite v; we define H; . to be the image by o; of an open horoball
H1/e, which is an open horoball tangent to C at 0; (c0) = v; with radius £/2]g;]|.
For s > 0, we consider /s defined by

ICS = {(Z,t) €U3|Z=X+iy’|)’| >S}.

Note that the boundary of H; U ks for s > 0 projects to a pairing cylinder in M if oo is
a rank one cusp. For v; = oo, we put K; ¢ to be s with s = e~1/2_ For other finite v;,
we define K; . to be the image by o; of g with s = g1/,

4.2. Conical singularity. For an elliptic element 7; of order m; with fixed points w;

and wy, we have that 7; = pjAp; ,oj_l, where

i

- (—wmeT%w,  wel®w oo e o0 @5)
Pi=\ _we wel® |’ " 0 e s '

for some o and w? = (w; — wz)_l. Note that the ¢-axis in U? is fixed by Amj and it is

mapped to the geodesic i ; by p; which is a semicircle in U3 with two end points w1
and wy. We consider a neighborhood of the 7-axis defined by

Qr ={(z,1) e U3 |t > &7z}

Then the neighborhood Q, is mapped to a neighborhood Q; . := p;(Q,) of the geodesic
h ;. Note that this subset Q j.¢ 1s invariant under the action of ;.

For a sufficiently small ¢ > 0, the quotient of Q; . by the finite group generated
by 7; can be embedded into M, and the images corresponding to pairs of elliptic fixed
points can be mutually disjoint in M. The hyperbolic metric over these regions has the
conical singularity of codimension 2 since the angle around the projection image of the
geodesic i is 2 /m ;.

A direct computation gives the following result.



Liouville Action and Holography

Lemma 4.2. For sufficiently small ¢ > 0, two points (0, ¢) and (0, e~V in the t-axis are
mapped by p; to two points in the geodesic h j whose coordinates are given by

p; ((0.)) = (w1 + (w2 = wi)e? + O(e"), w1 = wal(e = &%)+ O(Y)).

pj ((0, 8_1)) - (wz +(wy — w2 + O™, Jwy — wal(e — &3) + 0(55)) .

4.3. Chain complex of the quasi-Fuchsian 3-manifold. When I is a Fuchsian group, we
can choose a fundamental region R for the action of I" in U in the following way. R is

bounded by the hemispheres which intersect ¢ along the circles that are orthogonal to R
and bound the fundamental domain F. The fundamental region R is a three-dimensional
CW-complex with a single 3-cell given by the interior of R. The 2-cells—the faces
Dy, D, Ex,Ek=1,...,8,G;,G!,i = 1,...,n,Hj,H;,j =1,...,r are given by
the parts of the boundary of R bounded by the intersections of the hemispheres and the
arcs ay — ak, a, — a, by — by, by — I;,/{, ci —¢i, ¢, — ¢, dj — Jj, d} - cf} respectively.
The 1-cells—the edges, are given by the 1-cells of F; — F> and by e,?, e,i, f,?, fkl, Sk
k=1,...,8; g?,i =1,...,n andh(}, h}.,j =1, ..., r, defined as follows. The edges
eg are intersections of the faces Ex_; and Dy joining the vertices ay(0) to a(0), the
edges e,i are intersections of the faces Dy and E ,/{ joining the vertices ax (1) to ax(1);
fkO = eg .1 are intersections of Ey and Dy joining by (0) to by (0), fk1 are intersections
of D and Ej joining br (1) to b (1); sy, are intersections of E; and D, joining a; (1) to
a,’c(l); g? are intersections of G’j_1 and G joining ¢;(0) to ¢;(0); h(j). are intersections of
H]’._1 and H; joining cz/ (0) tod;(0); and h} are intersections of H]/. and H; joining cz,' €))]
to d;(1). Finally, the O-cells—the vertices, are given by the vertices of F'. This property
means that the edges of R do not intersect in U>. When I" is a quasi-Fuchsian group,
the fundamental region R is a topological polyhedron homeomorphic to the geodesic
polyhedron for the corresponding Fuchsian group.

As stated in p. 176 of [2] (this proof is given for a Riemann surface with punctures,
but its proof works for our case verbatim), one can show that there exists an open set O

in U3 such that R C O and a function n € C*® (U3 U Q) such that

(i) 0 <n < landsuppn C O.
(ii) Foreach Z € U3 U Q, there is a neighbourhood U of Z and a finite set A of I" such
that n|, ) = 0 foreach y € I'\A.

cen _ 3
(iii) Zyer n(yZ)=1forall Z e U3U Q. B

(iv) The only parabolic fixed points of I" that lie in O are v;, i =1,..., n.

(v) Fora fixed constant o, put the region W; := ON (Hi,e, U Kjgy)- Then g,y = 0

for y € I'\{id, «;, Kfl }, where «; is the parabolic transformation with fixed point
v;.

For a given ds” = e¢?@|dz|?> € CM(X LY), we define

1e?@/2  for(z,1) € O and 1 < ep/2,
1 for (z,t) € O and t > &,

fzn=
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and extend it to be a smooth function f on O. Then let

F@) =Y nr2)f(y2),

yel

which is a I'-automorphic function on Uy cry R. As in [9], one can show that
f(Z)=1e?92 101 as t >0

uniformly on compact subsets of U, cry R. Note that we allow the case v; = oo in the
above construction of f. Near oo we have the following fact for f.

Lemma 4.3. Over the set {(z,t) € Ki ¢, |t < £0/2} for a sufficiently small g9 > 0, the
level defining function f is given by f(Z) = te?@/2,

Proof. First, let us observe that

(Z)_az+b HyZ) = t
z\y - d s Y _|d|2

b

for a parabolic element y = (g d)' Hence, for the parabolic element y = i

i )
t(yZ)e¢(VZ)/2 — t|d|—ze¢(yz)/2 _ te‘/’(Z)/z,

where we used e?¥9/2 = e#@/2|¢cz + d|? at the second equality. Over the region
Win{(z,t) € Kig |t < e0/2}, we have n|,w,) = 0 for y € I'\{id, «;, Ki_l}. Hence,
for Z e {(z,1) € Kig It < e0/2},

f(Z)= (nte‘p/z) (Z)+ (nte¢/2) (kiZ) + (nte¢/2) (/cl._IZ>
= (12 + 06 2) + (7' 2)) 167D = 1P D2,

O

Due to the rank one cusps and conical singular lines, some arguments (for instance,
the Stokes’ Theorem) do not work properly without truncating some parts near rank one
cusps and conical singular lines. Hence, we truncate a noncompact domain R using the
level defining function f near the bottom boundary of R in addition to removing parts
near rank one cusps and conical singularity lines as follows:

n r
R: =RN{f =¢}\ ('Ul Pie 'Ul Qj,s) s
1= j=
where P; . := H; ¢ U K; .. By construction, we have
Y(R) =y (R) Ny (Uf = Dy (U Pie Uiy Qs

for y € I'. The boundary of R, produced by truncations consists of

—Fe=0R:N{f=¢), TS :=0RNPie, T{ :=3RNQje.
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Let us note that TC projects to a subset in a pairing cylinder of the i-th rank one cusp
corresponding to vl Hence the boundary of R; is given by

g
a/Rs — —Fg + Z (Dk,&‘ — D//(,a — Ek,g + El/c,s)
k=1

n n
+ Z (Gisé‘ - G;,s) + Z T,
i=1 i=1
lr 1 .
+ 3 (Hye = Hje) + 375
j=1 Jj=1

Note that Dy ¢, D; ., Exe, E; , are truncated by removing parts {f < &}, and that
Gig, G; . are truncated by removing parts {f < ¢} and P; ¢, Hj ¢, H . are truncated
by removing parts {f < e} and Q; . respectively. Hence G; ., G, have a common
boundary with Tl.fg, and Hj ., H j/ . have a common boundary with T; . respectively. Put

. -1 .
gil’g = Gje N T, so that k; gilyg = G/ N Tl"g, and put h}’g = Hj: N Tje)s so that
1,1 _ / e
olhl, = H), 0T, Let

F4 n r
=Y (Exe® Bl = Dre®lr]) = Y Gie @il — Y Hje®[1)]
k=1 j= =

Then we have
ORe = —F. +TS+TS +9"B,,

where

Z Z e

Let L, denote the truncated object for L. Then

8

9B =L — Y (= 10.) @181 — (ehe — el.) @ ]
k=1

—i(g28®[Kl)+ (g,5®[ic,)
i=1

=

—_

r r

X (e otm)+ (1 e 1),
j=1

Jj=1

Let

8
-x (efe @ LewlBel = £, @ [Belen] + £, ® [y o))
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g—1 n—1

_Zfs?,s@[ Vk+1|7’k ]“‘Zg?,g@[m“-/cil/cm]
k=1 i=1

"‘Zg?,g ® k1 knT1 - Tj[Tj41].

Then
9B, =L, + L+ LY — 9"E,,

where

=Y gl ®lal, Zh ® [7)].
i=1

We also have
E, =V,

where
g

Ve =" ((@0e(0) = a1 (0)) @ o By

k=1
— (b (0) — by £ (0)) ® [ Brlowe]

+ (ke (©) = b 0) ® [y o ] )

o
= e @ = be O @ [y vt
k=1
n—1
+ ) (c1,6(0) = E1(0) ® [1 - kil ]
i=1
r—1

+) (€160) = E1e(0) @ [re1 -+ st TylTj01 ]

j=1

4.4. Renormalized volume and holography. As in the section 5 of [9], let
1
w3 = t—3dx/\dy/\dt
be the hyperbolic volume form in U3, and define

i _
wy) = — —=dz ANdZ,
412

i 5 y// W B
(W) == ¢ log (|ct| J,,(Z)) <7dz - 7511 ,
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so that
w3z =dwy, dw; = Sws.

Here ¢ = ¢(y) and (w1),-1 = 0if ¢(y) = 0. Since U3 is simply connected and w
is closed, there exists wqg such that Sw; = dwg. As in [9], we can choose wg so that
Swo = 0.

Denote by V,[¢] the hyperbolic volume of M,—the truncated 3-manifold of F\TU3
obtained by identifying appropriate faces and edges of R,. Then

Velg] = (w3, Re)
(dwz, e)

= (wa, —Fe + TS + TS +0"B)
<w27F8> (wZﬂT >+<w27 ) (8“}2,35)

= —(wy, Fy) + (w2, T) + (wa, T ) + (wy, Le + LS+ LE — 9" E,)
= <w2’ > <w]7 ) <w07 VE)
+(w2, T€>+<w1,L£)+<w2, T8)+<w1,L:;>. 4.6)

Denote by A.[¢] the area of 3’ M, in the induced metric. When ¢ — 0%, as in the proof
of Theorem 5.1 of [9], one can show that

(w2, Fe) = —%Ag[m + §<w[¢1, F)— %// e?@d?z +o(1),
F

(w1, L) = 27 x(X) (log2 — loge) + é <é[¢], L> +o(1).

(wo, Ve) = ;(u W) +o(1).

oo

Here x (X) is defined in (2.1). Combining (4.6) and these equalities,

1
Velo] — EAe[cb] =27 x(X) (log2 —loge)

— & (twlo1, )~ (iig1, 1) + (i / [ o

+ <w2, T;) + <w1, Lg) + (wz, T >+ (w], Lg) +0(1)

=27 x(X) (10g2—10gs)—% s[¢]_// RO L
F

+ <w2, T;) + <w1, Lg) + (wz, Te> + (w], Lg) +o(1). 4.7)

&

In the following, we are going to compute the terms (w», T), (wy, LE) from rank one
cusps, and the terms (w», Tf), (wy, L¢) from the conical smgularltles
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4.4.1. Computation of (wy, T). Here we deal with only the case when v; is finite since
the other case is easier. For y € PSL(2, C),

Bwa),-1 =y w2 —wy

i +d c(cz+d
= %JV(Z) <|c|2dz Ad7— @dz Adt+ @dz A dt) .

Using this with y = o;, we have

<w2, T,‘S) = (ai*wz, T&E) = <(5w2)0;1 + wy, T()‘;8>

i 1 1 _ zdz—zdz dt .
L LI P ATV s N YR
2<<|z|2+t2 2t2) hermE e NG °’€>

A

1 1
g = {(z,t)|z=x+iy, 0§x§1,|y|§—,t=—}

. . 1
T,:={(z0lz=x+iy, 0<x<l,|yl=ft—,Ve<tr<-1.
Je &

Note that we used Lemma 4.3 to determine the domain fg. Then,

‘ (wz, TzC€>

<‘i// ! ! d/\d"+‘i// L iy n &
=2 \gpvr ™ 22) TR ) i g2 T

< c(e33/2 +el/? log ¢)

for a constant ¢ > 0. Hence, (wz, T) does not contribute as ¢ — 0%.

4.4.2. Computation of (w2, T¢). Recall that p in (4.5) maps the #-axes to the rotation
axes of the elliptic element 7. For our purpose, we may assume that « = 0 in the
expression of p in (4.5). For such a p,

|lwy — wo| z—1

Jp(Z) = m, —C(CZ+d) =

lwi — wa|’
Using these, we find that
<w2’ Tfs) = (p;sz’ T(is)

((Sll)z)p_—l + wy, T({s>
i 1 1

= ((——— — = Jdzrdz. TE
2<(|z—1|2+t2 2t2> chde °’g>

i (z —1dz (z — 1dz dt
+ - - ANSLTELY.
2<(|Z—1|2+t2 lz — 112 +12 t 0
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Here Tj, is a subset in the surface {(z,?) [t = e z|} with 0 < arg(z) < 27” and

ag <t <be ! forsomea > 0,b >0 by Lemma 4.2. Hence, we have

1 1 _
'<(|z EETENYE R ﬁ) dandz, T(’e’8>

'<(|(Z—l)dz (z — Ddz >/\ﬂ’ T(is>

2= 12+12  z—12+12) " 1
_ |1 &= Ddz—(z—Ddz g’ T
- \2 |z — 1z &

< C182 loge,

< cpeloge

for some ¢; > 0, ¢z > 0. Hence, as ¢ — 0% the term (wy, T¢) does not contribute.

4.4.3. Computation of (w, L°). We only deal with the case when v; is finite since
the concerning term is trivial when v; = oo by the definition of (w;), -1. Recalling

LE=370, gilyg ® [«i], we consider
<w15 gil,g ® [Ki]> = ((LU])KI., gil,8> = <Ui*(w1)l(,'7 g&)
= (w1 + @)y, = WD, ge).

Here we may assume that g, = g. U g, where

A . 1 1
gsz{(z’t)ew3lz=1+zy,|y|s%f=g},

1 1
ge=1@nNeWz=l+iy,y=4t—Je<1<-
JE &

by Lemma 4.3. For (§w;)_-1 x> We use (5.11) in [9] to obtain

(Gwi), 1,

= % (—log (Izl2 +t2)) (dlog |z + 1|2>
— % (— log (Iz +117+ t2)) (d log |z|2)

B % (10gt2 — log (|Z|2 +t2) —log (|z+ 1|2+t2>> (R(z.t) + R(z,1)),

where R(z,1) = (|z]> + ) 2(z+ 1)~} (—lel2dz +z62d7 + 2t|z|2dt). Combining this
and (5.10) in [9],

(5w1)gi—l,,ﬁ. + (wl)(,lil,(i - (wl)(,i—l
i _
= 200 (dlog lz+172 —dlog|z®> — R(z, 1) — R(z, t)) :

where

®(z,1) == log > — log <|z +1)2+ t2) ~log (|z|2 + z2) .
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Then we can see that
|®(z, )| < c1]loge|

over g, for a constant ¢; > 0. Using this, it is easy to show
[ ocnre ke n)| < aclioge

for a constant ¢; > 0. The other integrand ®(z, ) (d log |z + 112 —-d log |z|2) vanishes
over g.. Hence, we need to check the integral of this over g.. For this, we have

(1+&2(y? +4))>

CD(Z, l) = 210g8 — log <m

over g.. Hence,

‘f Dz, 1) (dlog|z+1|2 —dlog|z|2>‘

‘[ 210g8 dlog(y +4) — dlog(y2+l)>‘

(1+2(y? +4) ) )
+ ‘ /_871/2 log (m) (d log(y* +4) — dlog(y~ + 1)) ‘

< c3e|loge|
for a constant c¢3 > 0. Let us remark that the integral in the second line vanishes since

the one form d log(y* +4) —d log(y? + 1) is odd with respect to y. Combining the above
computations, we have

’((‘Swl)o;‘,x,- @), = W, s ge)| = celloge

for a constant ¢ > 0. Therefore, the term (w;, L¢) does not contribute when we take
e — 0.

4.4.4. Computation of (wi, L¢). Let us recall that

l’ y//
(wi), 1 = — log (|ct|2]y(Z)> ( dz — y—d )

Recall that h} . = HjNT; and we can see that

r r
:Zh}x@[rj]—)Le:Zhj@[rj] as ¢ — 0%,
i=1 j=1

where £ is the geodesic connecting the two fixed points w; and w; under the action of
the elliptic element 7;. It starts at w; and ends at wy.

r

lim (wl, Lg) = Z((wl)rja hj>~

e—0* .
j=1
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For this geodesic /; which is the Euclidean semicircle in U3 perpendicular to C at w

and w7, we use the following parametrization of £ :
s €[0,1] — hj(s) = (z(s), 1(s)),
where z(s) = s(w; — wp) +wy and £(s) = |w| — wa|v/s — s2 satisfying

wi + wy

‘2+t(s)2 -

z(s) —

wl—w22
2

For the elliptic element 7;, we have

(wre’® — wge_iﬁ)z — wlwz(eiﬁ —eih
(e —e7iF)z — (wre —wie~iP)

’

rj_l(z) =

where e/ = e/7/™ Hence,

(wi — w2)?

-1
(2) = |
v (' — e=1B)z — (wael — wieiF))’

Lemma 4.4. Along the curve h (s),

d

o log J_[j—l (hj(s)) =0.
Proof. Notice that

d
75 log Jt;1 (hj(s))

_cds) (@) + d)+¢7'(s) (cz(s) +d) + 21 ()t (s)|c|?
N lcz(s) +d|? + |ct (s)|2

’

where
c= c(tj*l) =ef — e_iﬂ, d= d(tjfl) = wle_iﬂ — wzeiﬂ,
Z(s)=wy—wy, 2()E'(s) = (1 —29)|wy — wal*.
Using
cz(s) +d = (w) — wy) (seff‘ +(1— s)e—fﬂ) ,
one can show that the numerator vanishes. 0O

Lemma 4.5. For y = 7:]._1, the equality

p — iB_ o—ifyg 4 o—if
Yotz = Lodz = —2diog & ke

y y (e=iP —eiP)s +eif

holds along the curve z(s).

Proof. This follows from the equality (4.8) and (4.10). O

(4.8)

(4.9)

(4.10)
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By Lemmas 4.4 and 4.5,

1-3;
/ (wl)rj
3o
e? —e Pys+e P

i 1-6; 5
— Z/s log (|Ct| J,,(Z)) dlog = 5=

0

10 iB_ o—iB —ip
i 2 (e e ‘P)s+e
T4 [; d (10g (lCt| JV(Z)) +log (=P —eif)s + P )

0

15y iB _ o—ifyg 4 o—if
— i/ log G - ¢ .)s ¢ — d log (lct|2>
4 Js, (e7iP —eiP)s + ¢l

=D+ 1D

for some small 8 > O withi =0, landy =7;".

Lemma 4.6. Ass — Oors — 1, Jrj—l(hj(s)) — |w; — wa| 2

Proof. This follows from the equality (4.9). O

Now we take §p and J; to be the parameters whose images of the curve £ (s) meet
the hypersurface defined by f(z,t) = €. Since the f-coordinate of the hypersurface is
given by r = ee /2 + 0(&3) and 1(5)? = |w; — wa|*(s — 5?), we have

S0 = &2 Py —wy| 72 + 0(e),

81 =2 Wy —ws| 2+ 0(3).

By these,

i ip _ o—iP =i\ q1-51
i 00 e’ —eP)s+e ]
(I) - 4 <log(|c| |w1 w2| thl(Z)) : IOg (e_i,ﬁ - eiﬁ)s + eiﬁ 5

(eiﬂ — efiﬁ)s + efiﬁ 1-61
(e=iF —eiP)s +eiP > ]50

+ % (log(s — %) - log
—_28 (log leif — e—fﬂ|) +0(e)
- g (4loge —4log|wi — wa| — ¢(wi) — d(w2)) + O(e)
= g <4log8 — (p(wy) + P (w2)) +4logle”? —e | — 4log |w; — w2|> +0(s).

For the term (II),

(H) i /151 J 1 1 | (e — e B)s +e B
= —— S| — — (0] n n n
4 Js s 1-s5) % (e=iF —eif)s +eif

0

;[0 11
/ ds2iB <- + )
P s 1—s

l
4

I | 1+s¥F —1)
- - ds - log ————————
5 s 1+s(e 2P —1)



Liouville Action and Holography

—ifl_ald 1 | 1+ (1 —s)E2 —1)
1), P15 Blrd-se -1
= (IID) + (IV) + (V).

For (III),
(II) = —g (—4loge + (¢(w1) + ¢ (w2)) +4log |wi — wa|) + O(e).
Using the definition of dilogarithm function (2.19), we have
(V) + (V) = (L12(1 )~ Liz(1 = e7)) + 0(e).

Note that the diverging terms in (I) and (IIT) cancel each other. Hence, we can formulate
the concerning integral in terms of the principal value of the integral. Combining all
these computations, we have

(wl» Le> = va/h (wl)rj
=1 j

--3 (1log <4sin2 l) _L <Li2 (1 —eif.fi> ~Lis (1 - E;i,)))
=1 m; m; 2
27i
_—Z ( ) (4.11)

Using the Bloch—Wigner function D(z) (2.20) and the identity
D(z) = —D(1 —z),

we can rewrite the equality (4.11) as follows:

r 2m
(wy, L) D( )
1

J=

Theorem 4.7.

For e?@|dz|?> € CM(X LUY), as in [9], we define the regularized on-shell Einstein—
Hilbert action functional as

Elg] = —4 lim <V8[¢ - —A (] + 27 x (X) logs) 4.12)

In other words, £[¢] is —4 times the renormalized volume of the hyperbolic three
manifold M ~ F\U3. The computations above shows that £[¢] is the Liouville action
up to some topological data of the quasi-Fuchsian 3-manifold. More precisely,
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Theorem 4.8. Fora quasi-Fuchsian group T of type (g, n; m1, ..., m,) ande?@|dz|* e
CMX uY)where X =T\Q1,Y =T'\Q),
2mi
£19] = S[p] - [/ #0428y (X)log2 — 43D (e ) (4.13)
ne j=1

Notice that there are contributions from the elliptic fixed points which do not depend on
moduli parameters.

Corollary 4.9. The Liouville action functional defined by (2.14) is independent of the
choice of fundamental domain.

Of particular interest is when I" is a Fuchsian group. Using Theorem 2.5, we find that

Theorem 4.10. When T is a Fuchsian group and ¢ = ¢ is the hyperbolic metric,
Elp]l =4n x (X)(1 —2log?2).
In other words, the renormalized volume of M ~ T'\U? is equal to
mTx(X)2log2 —1).

When I' contains elliptic elements, the appearance of the terms given by the Bloch—
Wigner functions in (4.13) might be seemed intriguing. However, such a term already
appears in the classical Liouville action. In fact, as shown in Theorem 4.10, this term
cancels out when I' is a Fuchsian group and ¢ is the hyperbolic metric. In general,
the Bloch—Wigner function term is an attribute of the Liouville action when I contains
elliptic elements.

5. Potential of the TZ Metric for an Elliptic Fixed Point

Given a quasi-Fuchsian group I' of type (g, n; m, ma, ..., m,), let t; be an elliptic
generator with fixed points w; and wy; on €1 and £2; respectively. Corresponding to
7;, there are Takhtajan—Zograf metrics on the Teichmiiller space (I"1) for the Riemann
surface X >~ I'\Q; =~ I'1\U and the Teichmiiller space ¥(I">) for the Riemann surface
Y >~ I'\Q >~ I'’\LL. They are given by

ell 1

(virz ;= // G(wij, 2)u(v(@)p(2)d*z,

Qg
(1, v)§5% = //G(wz,,z)u(z)v(z)p(z)ar2
Qs

respectively. Here G(z, z') denotes the integral kernel of (Ao + %)_1 where A is the
hyperbolic Laplacian acting on the space of functions. We refer to [11] for more details
about these metrics where a potential function has also been constructed on the Schottky
deformation space. In this section, we want to construct a potential function for this
metric on the quasi-Fuchsian deformation space.
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Consider the function

(o]

i 51T

on the Teichmiiller space for the Riemann surface X ~ I'\2;. Here wy; is chosen so

51 = @(wy;) = log

that it varies continuously with respect to moduli parameter. Since Jfl is a univalent

function on 1, (Jl_l)z(wlj) # 0 and this is well-defined.
Choosing a different representative w;; = ywj; for some y € I', we find that

s1j = @(wij) = @@1y) +logly'(wi))? = 51 +log |y (wi ).
Since y varies holomorphically with respect to moduli, we find that
LyLysi;

does not depend on the choice of the representative point wy ;.
On the Teichmiiller space for the Riemann surface ¥ ~ I'\2;, one can define the
function s2; = @(wy;) in the same way. The same properties as above hold for s, ;.
On the deformation space ®(I"), the function
sj = @wij) +p(waj) +2log [wij — wy;|*

does not depend on the choice of representatives. Indeed for any y € I", we have

2
oy (i) + @y (w2))) +2log [y (i) — y (wa))]
2
= @y (1)) + 9y (w2))) +log |y (wi)I* +log |y (wrj)|* +2log [w; — wa;
= p(wij) +@(w2)) +2log [wi; — wa; |
Theorem 5.1. Let a)eTlélj be the symplectic form of the Takhtajan—Zograf metric on the
Teichmiiller space X(I';) for i = 1,2 corresponding to the elliptic element t;. Then

- el = - ell2
00s1; = iwr7 i 00s2; = w7

Hence, 25 is a well-defined potential over D (I') ~ T(I'1) x T([2) of the Takhtajan—
Zograf metric for the ramification point corresponding to t;.

Proof. Tt suffices to prove that for a harmonic Beltrami differential u over X >~ '\,
1 -
LiLysij= 5// G(WIj,Z)M(Z)M(Z)p(Z)dZZ.
r\Q;
Let ji = J{ i and let p be the hyperbolic metric on U. From the commutative diagram

[UF—W>TU

T
»
Q L ot
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we have

2
0" o £ +log| f* =log (F*™5) o Ji™! + log

()

From this and the Ahlfors formulae [1]:

O e =0,
de e=0
91 perny —,
e e=0

and the Wolpert’s formula [12]:

82
dgde

efix A 1. ([~ 1 - ~12
F p=5p Ao+§ [t

e=0
where Ay is the hyperbolic Laplacian over U acting on functions, we have

32 2
dz0e

&
§7, = ——
1j =
£—0 dgde

L N,
=5 Ao+§ [i2]” o J; (wr;)

@° o [ (wj)
e=0

1

LA ICT
== - wy
3 0 3 M 1j

1 —
=3 // G(w1j,z)M(Z)M(Z)p(Z)d2z,
Q)

This and the similar result for i = 2 complete the proof of the first claim. The second
claim follows from the fact that w1 ; and wy; varies holomorphically. O

For the geodesic & ; connecting two fixed points wy and w», its renormalized length
is defined by

Length(h;) =f.p. linz)length(R‘8 Nhj),
E—>

where the length is measured by the induced metric on the geodesic /2 ; from the hyper-
bolic metric. By the isometry carrying & ; to the 7-axes given by ,ofl in (4.5), the renor-
malized length can be computed by the length of the corresponding subset of the 7-axes.
By Lemma 4.2, we can see that the intersection points of /; and the hypersurface
f(z,t) = & are mapped to the following points at ¢-axis:

t=ee P2l —wp| M+ 0@, =MD 2wy —wy| + O(D).

Hence, the length of /1 ¢ is

2 dt 1
f T = —2loge + E(go(wl) +@(wy)) +2log|w; — wa| + O(e).
141
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Now we can see that the renormalized length is
1
Length(h ;) = 5 () + @(w2)) +2log |wy — wa],

which is just the same as %s j- By Theorem 5.1, this does not depend on the choice of
the fundamental domain, and we have

Theorem 5.2. 4 Length(h ;) = 2s; is the potential of the Takhtajan—Zograf metric on
DT) =~ EI'1) x T(2) corresponding to the elliptic element ;.

Appendix A: Boundary Behavior of the Hyperbolic Metric

In this appendix, we collect some facts about the boundary behaviours of ¢. First we
quote some important results about univalent functions on the unit disc (see Theorem
2.4 and Theorem 2.5 in p. 32 of [8]).

Theorem A.l. If f : D — C is a univalent function on the unit disc normalized such
that £(0) = 0 and f'(0) = 1, then
1+ z|

@ |f (@D = m,

@) 2P | 4kl
f@ =P T =z

(b)

Given an arbitrary univalent function f : D — C, let

f @) — f(0)
fro
Then g(0) = 0 and g’(0) = 1. From this, we obtain

g(2) =

Corollary A.2. If f : D — C is a univalent function on the unit disc, then
16/ f'(0)]

a)|f'(@) < ——=,

@1 @I s

of"@ 20z

fl@  1—1z?

4)z]
S N I4E

(b)

From (a) of Corollary A.2, we obtain

Corollary A.3. If f : D — C is a univalent function on the unit disc, then as |z| — 17,

, _ 1
”@”_0<a—umg'

Let o be the linear fractional transformation
z—1
740

0(z) =
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Then o maps U onto D. Given a quasi-Fuchsian group I' with domain of discontinuity
Q1 U, let 2 = Jy oo~ L. Then E maps I biholomorphically onto 2. The hyperbolic
metric e?@|dz|? on Q; satisfies

= 4
e(po;u(z) 2 z 2 _ )
[E(2)| T—P2 EBE
From this, we find that
@0 B(z) = log4 — 2log(l — |z|*) — log | E'(2)|?, (A.1)
=/ =
E"(z) 27
-~ —~/
o8B E Q)+ ——m = ———. A2
¥z (2)E(2) @) I — 22 (A.2)
Lemma A 4. As z approaches the limit set C,
a1,4]? -1 2
o) =0 (log(1-]zg (z)‘ — 0 (1og (Im J; (z)) .
Proof. From (A.1), we have
0() =logd —2log (1 - 127! @) — log &' (2~ @)
By Corollary A.3, we have
log |2 (8~ @) = 0 (log (1 - 157 @)?))
The assertion follows from the fact that
41Im
1—lo@P = ——=.
|z +1]
O

Theorem A.5. Let Q21 be a component of the domain of discontinuity of the quasi-
Fuchsian group T, and let F\ be a fundamental domain for the action of T on Q21. Then

the integral
// (|<pz|2 +e‘p) d*z
Fi

is well-defined.
Proof. The group

[f=2'oToE&

is a subgroup of PSU(1, 1). Let vy, ..., v, be the parabolic fixed points of I" and let
x; = E-1(v;) be the corresponding parabolic fixed points of I'y. Define

Ff =P\ JEdlz—xil <.

i=1
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We want to show that the limit
lim // (|<pz|2+e‘p) d*z
e—0*
FY
exists. Notice that
// el ser)dz= [[ (oco2@E@P +e=SOIE@R) a2
I(Fé

By (A.2) and Corollary A.2,

~// =
E"(2) 27 4
-~ —~/
o B()E ()| = — < .
9.0 BDE@I= gy T T S To kP
Therefore,
0 BE(2) B (2)|? +e° B8 (2))?) d?z <5 //
// 9z 0 E@E (@) &)1 (1—|z|2>2
5-1(F)) 271 (Fp)
As e — 07,
d*z
// (1—|Z|2)2
I(FF

gives the hyperbolic area of the Riemann surface X = I"\ 21, which is finite. This proves
the assertion of the theorem. O

Lemma A.6. Assume that wy and wy are the fixed points of the elliptic element T €
PSL(2, C) of order m, then

@ |7 (w))| = lr’(uz)z_)l =1,
vy 2(% 1)

(b = :
T/ (wy) wy — w22 .
r”(wz) B 2 (1 - 677)

© = — = :
/(wy) w] — w3

Proof. A direct computation from the expression of t in (4.5) gives the desired
result. O

Lemma A.7. Assume that v # 00 is a fixed point of the parabolic element k =

2
(1 +qv qu ) € PSL(2,C), then as z — v,
q 1 —qv

(@ «'(2) =1+ 0((z —v)),

K//(Z)
(®) —— =-2g+0((z—)).

«'(2)
Proof. A direct computation from the expression of « in (4.2) gives the desired
result. O
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Theorem A.8. The classical Liouville action S[¢] is well-defined.
Proof. Recall that the classical Liouville action is defined as
i

Stg1 =3 ((@lel. Fi = F) = (@1g]. Li = La) + (it Wy = W2)).

Theorem A.5 shows that (w[¢], F1 — F3) is well-defined. Lemmas A.4 and A.7 show
that (6[¢], L1 — L;) is well-defined. Lemmas A.6 and A.7 show that (i, W; — W») is
well-defined. 0O

In the following, we want to justify the applicability of the Stokes” Theorem in the
proof of Theorem 3.3.

Given u € Q~11(I"), we can write it as & = 1 + 2, where j; has support on €2;,
i =1, 2. Let us just concentrate on . It can be written as

11(z) =e*90(),

where Q(z) is a cusp form of weight 4 for I'. Let v be the fixed point of the parabolic
element k € I". There is a biholomorphism J : U — 1 such that J(oco0) = v, and

1 (1 1
J OKOJ—(O 1).

Notice that X ~ F\U, where T = J !0l o J.
T
H= 017

is a cusp form of I It has an expansion of the form

o0
Ia(z) — y2 Zake—%nkz.

k=1
Therefore,
2 [ele} By J—l/(z)
2) = (tm J ! z) wme mikiTl L&)
@ =(mJ @) Y G
Hence,
2
@I~ ¢ (mJ~'@) exp (~27Im I @) > 0 (A3)
as z — VL.

Lemma A.9. Let v be the fixed point of the parabolic element k € T. Then f.z(z) — 0
asz — v.

Proof. Recall that fz (2) = n(z) = n1(2) + n2(z). Then, by this and (3.1),
f2(2) = = (Dp1(2) — 9 (D2 (2).

Lemmas A.4 and (A.3) show that f.; - Oasz — v. O
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Now we consider £ (z), f.(z) and f..(z). Recall that

() = — ni@) zz—1 e // pa@) 2z=1 o
T n£y<c—mc@—1) C-nec-Dn"°

= A(2) + B(2).

It suffices to consider A(z).

AR) = —— // mi@) zz=1 , L // wi(¢) Z(Z_l)dzg,
C-ote—1n* C-2¢C-1D
= M e
A()_——// (é“)( Lo )dzg
(Z) = = M1 (C—z)z TCY
[t —z|<e
- // &) ( L )dzg
" NG )
_z M@ o, 2 // m©
zz(Z) // (é' —2)3 C ({ — 2)3
|§ 7|<e ; >e

These together with (A.3) imply that A(z), A;(z) and A;;(z) are bounded when z — v.
Hence,

Lemma A.10. Let v be the fixed point of the parabolic element k € T'. Then f@), f:(2)
and f,;(z) are bounded when 7 — v.

Using the notation in Theorem 3.3, we have

Theorem A.11.

(dg, Fy — F2) = (§,9'(F1 — F2)).

Proof.

£ =—2fzdZ — ¢ fzdZ — ¢ f.dz.

Lemmas A.4, A.9 and A.10 prove the assertion. O
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