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1. Introduction

For a closed Riemannian 3-manifold M, the Chern—-Simons invariant CS(M) and the
eta invariant n(M) are two of the most important invariants which play central roles in
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the study of the geometric structures of M. Although they are introduced from totally
different origins, they satisfy the following surprising equality

2CS(M) =3n(M) mod Z. (1.1)

The Chern—Simons invariant was introduced by Chern and Simons as a secondary charac-
teristic class in [5]. Because of a choice of framing needed to pull back the Chern—Simons
3-form to the base manifold, this is well-defined only up to integer. The eta invariant
was discovered by Atiyah, Patodi, and Singer in [2] as the boundary defect term for the
signature theorem for manifolds with boundary. Since the eta invariant is well-defined
without any integer ambiguity, the eta invariant can be understood as the lifting of the
Chern—Simons invariant from the circle to the real line. We refer to [3] for the proof of
(1.1) and other related materials.

The Chern—Simons invariant is particularly important in the study of hyperbolic
3-manifolds since this invariant and the hyperbolic volume together define a com-
plex valued invariant naturally for hyperbolic 3-manifolds. For finite volume hyperbolic
3-manifolds with cusps, they define a local holomorphic function over an open neigh-
borhood of the origin in the deformation space of the incomplete hyperbolic structures.
This had been conjectured by Neumann and Zagier in [19] and was proved by Yoshida
in [21].

There is another class of hyperbolic 3-manifolds whose hyperbolic volumes are infi-
nite, that is, convex co-compact hyperbolic manifolds. Although one cannot obtain a
nontrivial meaningful invariant from the honest hyperbolic volume for these hyperbolic
3-manifolds, a renormalization process to define a nontrivial invariant was introduced
by Krasnov in [14] for Schottky hyperbolic 3-manifolds. This has been generalized to
a class of convex co-compact hyperbolic 3-manifolds, which includes quasi-Fuchsian hy-
perbolic 3-manifolds, in [20,15]. This invariant is now referred to as the renormalized
volume.

One of the motivations of this paper is to introduce a Chern—Simons invariant
for convex co-compact hyperbolic 3-manifolds, in particular, for Schottky hyperbolic
3-manifolds, and to study its properties under the change of geometric structures. This
is a natural problem since the aforementioned renormalized volume for these hyperbolic
3-manifolds encodes many interesting geometric meanings [14,20,15]. In particular, it
turns out that the function defined by renormalized volumes is a Kéhler potential of the
Weil-Petersson Kéahler 2-form over the deformation space of the hyperbolic structures
for Schottky hyperbolic 3-manifolds.

Although our approach can be easily generalized to the same class of convex co-
compact hyperbolic 3-manifolds as in [20,15], in this paper we restrict to the case of
the Schottky hyperbolic 3-manifolds for simplicity, and for its application to the relation
with other invariants. In the study of the Chern—Simons invariant of Schottky hyper-
bolic 3-manifolds, one of the new features is that the Schottky hyperbolic 3-manifold
has a boundary Riemann surface after a proper compactification, which is referred to
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as a conformal boundary. In general, the Chern—Simons invariant can be defined for
manifolds with boundary, but the resulting Chern—Simons invariant depends on the
choice of the framing over the boundary. This phenomenon also occurs for the case of
finite volume hyperbolic 3-manifolds with cusps and Yoshida used a special framing
over flat torus, which can be understood as the boundary of the cusp, to define the
Chern—Simons invariant in [21]. In our case, the Schottky hyperbolic 3-manifold has a
Riemann surface boundary of higher genus in general, so there is no natural special
framing as in the case of hyperbolic manifolds with cusps. Hence it is natural to re-
gard a choice of framing over the boundary Riemann surface as another parameter when
we consider a function defined by the resulting Chern—Simons invariant for Schottky
hyperbolic 3-manifolds.

To explain in more detail, let us introduce some basic notions related to Schottky
hyperbolic 3-manifolds. Each marked compact Riemann surface X of genus g > 1 has
a Schottky uniformization given by a unique marked normalized Schottky group I'; by
its action on hyperbolic 3-space, the group also naturally defines an infinite volume
hyperbolic 3-manifold Mx whose conformal boundary is X. Hence, the space of the
marked normalized Schottky groups can be considered as the deformation space of the
marked hyperbolic structures for Schottky hyperbolic 3-manifolds. This space is referred
to as the Schottky space, denoted &4, and it is known that its universal covering space is
the Teichmiiller space ¥,. A holomorphic 1-form @ on X determines a singular framing
on X, and there exists a singular framing s on Mx which extends the framing on X in
a sense we prescribe. In Section 4 we define an invariant CS(M, s) for a certain class of
3-manifolds M and singular framings s on M. The value of CS at a point corresponding
to (X, ®) is then defined to equal CS(Mx, sg). Our definition of CS(M, s) is motivated
by the work of Meyerhoff [18] and Yoshida [21] for finite volume hyperbolic 3-manifolds
with cusps. In Section 4.5 we show

CS(M, 5) = %W(M) +2CS(M, s), (1.2)
where W (M) is the aforementioned renormalized volume of M (see [14,20,15]; we use the
definition of Section 8 of [15]), and CS(M, s) is the integral over M of the pull back of the
Chern—Simons 3-form by the framing s, together with a correction term corresponding to
the singularities of the framing. Let us remark that CS(M, s) is finite by our construction
without any renormalization process and is well-defined only up to %Z.

Our construction of CS(M,s) follows the one in [18,21] in principle, and this
can be also understood in terms of sly(C)-flat connections. For a closed Riemannian
3-manifold M, a representation p : w1 (M) — PSLy(C) defines a PSLy(C)-principal
bundle P, over M with an sly(C)-flat connection. Using this connection one can de-
fine the Chern—Simons form over P,, and the corresponding Chern—Simons invariant
CS psr,c)(M, p) is complex valued. In particular, if M is a closed hyperbolic manifold
and p is the holonomy representation induced by the hyperbolic structure on M, the
pull-back of the Chern-Simons form over P, to the SO(3)-frame bundle of M can be
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given in terms of the Chern—Simons form and the volume form (with an exact form)
defined by the hyperbolic metric. Then we have

08 psta(e) (M. p) = 20S(M) = = Vol(M) (1.3)

where CS(M) and Vol(M) denote the Chern—Simons invariant and the volume of M
for the hyperbolic metric respectively. For more detail about this, we refer to [8,4].
(Note that the term 2CS(M) on the right hand side of (1.3) means the notation CS(M)
in [8,4].) Comparing (1.2) with (1.3), our invariant CS(M,s) may be understood as
a generalization of iCSpgr,c)(M,p) for a class of noncompact 3-manifolds of infinite
volume.

From the above construction, we can see that the invariant CS(Mx, sg) defines a
function CS over the space consisting of pairs (X,®) where X is a marked Riemann
surface of genus g > 1 and @ is a holomorphic 1-form on X . For simplicity, we assume that
@ has only simple zeroes throughout this paper. The resulting space consisting of such
pairs (X, ®) is denoted by 7:19. Forgetting the holomorphic 1-form & data, one obtains
a natural projection from ?:Lq to 4. Now one might expect that the resulting complex
valued function CS would behave as in the case of finite volume hyperbolic 3-manifolds
with cusps, for instance, it might be a holomorphic function over 7:lg. But this cannot
be true since its real part, the renormalized volume, does not define a harmonic function
over 7:[9. Hence, we need to modify the real part to make the resulting function become
a holomorphic function. For this we introduce a real valued invariant I(X,®), which
can be considered as a regularized Polyakov integral, interpolating the hyperbolic metric
on X and the singular flat metric determined by ®. We refer to (6.1) for the precise
definition of I(X,®) and to Corollary 6.2 for the Polyakov type formula. Then we work
with the following complex valued invariant

1 4 1
47CS(Mx, s¢) + —I(X,P) = =W (Mx) + —=I(X,P) + 81iCS(Mx, ). (1.4)
T T T
The main result of this paper is the following theorem.

Theorem 1.1. The complez valued invariant exp(4nCS(Mx, sp) + L1(X, D)) determines
a holomorphic function over ’}:lg, g > 1, and the following equality holds:

1
3 = cexp (47T(CS + —I) F24 (1.5)
T

Here 75 is the Bergman tau function defined by Kokotov and Korotkin in [12], with
the property that 73! is a globally well-defined holomorphic function on #,. The ¢
represents a constant, depending on g and a topological choice that will be explained in
Remark 4.11. The function F' is the lifting to '7':lg of the holomorphic function over &,
defined by Zograf in [22]. We refer to the Sections 2.1 and 2.2 respectively for the precise
definitions of 73 and F' and remarks about the related works.
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Remark 1.2. The construction of CS(Mx,sg) involves a topological choice of singular
framing over Mx, and this depends on the Teichmiiller marking on X rather than the
Schottky marking of X. Hence the function exp(47CS + %I ) cannot descend to a fiber
space over &, whose fiber is the space of the holomorphic 1-forms with simple zeroes.
For more details, see the paragraph before Theorem 4.10, and Remark 4.11.

The equality (1.5) allows us to interpret the Bergman tau function as a higher genus
generalization of the Dedekind eta function. When g = 1, it is known that 75 = n(7)?
and F = [[>_,(1 = ¢™)? on H; ~ T, x C* where ¢ = ™7, 7 € H? ~ T;. By some
computations given in Section 4.6 we have CS = i7, and it is easy to see that I = 0 from
the definition. Consequently in this case, Theorem 1.1 reduces to the 48-th power of the
defining equation of the Dedekind eta function

1

n(r) = g2t

18

(1—q™).

m=1

In [11,12], it was shown that 73! satisfies a modular property with respect to the mapping
class group, which reduces to the modular property of n*® in genus 1.

The relation between objects on the 2-manifold X and the bounding infinite volume
3-manifold Mx given by Theorem 1.1 fits well with principle of “holography”—for ex-
ample, see [16] and [20]. In this context, the Schottky uniformization provides a natural
choice of bounding 3-manifold Mx.

To state a corollary of Theorem 1.1 which is a generalization of (1.1) for Schottky
hyperbolic 3-manifolds, we need a result about the phase of F. In [7], it is shown that the
eta invariant n(Mx) of the odd signature operator over My is well-defined, without any
additional renormalization, and it is proved that the phase of F at X is exp(f%in(M x)),
whenever the marked Schottky group I" has exponent of convergence § < 1. We refer to
[7] for more details. Combining this with (1.5), we have

Corollary 1.3. The following equality holds

24
exp(8miCS — 12win) = C(T—B)
|75

over the subset of 7-Lg, g > 1, for which the corresponding marked Schottky group I' has
exponent of convergence § < 1.

Comparing the equality (1.1), which holds for closed 3-manifolds, with Corollary 1.3,
we can see that this is a generalization of (1.1) for Schottky hyperbolic 3-manifolds, where
the boundary Riemann surface X produces a defect term given by the phase of 5.
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2. Preliminary background
2.1. Bergman tau functions

We define the space H, to be the moduli space of pairs (X, ®) where X is a compact
Riemann surface of genus g > 1 and @ is a holomorphic 1-form with only simple zeroes
over X. For more details about this space, we refer to [13]. (Note that H, denotes the
moduli space of pairs (X, ®) without the simple zero condition of ¢ in [13].)

Following [12], we introduce a covering ’7'-29 of H4 consisting of triples (X, @, {a;, b; |
1 < i < g}) where {a;,b; | 1 < i < g} denotes a Torelli marking on X, that is,
a canonical basis of H;(X,Z). Cutting the Riemann surface along the cycles given by
a Torelli marking {a;,b; | 1 < i < g}, we get the fundamental polygon X. Inside of
X we choose (29 — 3)-paths [; which connect the zero p; with the other zeros p; for
Jj=2,...,29 — 2. The set of paths a;,b;,[; gives a basis in the relative homology group
Hy(X,(®),Z) where (?) = Z?iﬁ p; denotes the divisor of @. As in [12], we introduce

local coordinates on 7:lg as follows:

A; ;:/qﬁ, B; ;:/45, Z; = /@, (2.1)

a; b; lj+1

where e =1,...,gand j = 1,...,2g — 3. For simplicity, we also use another notation (;
for the coordinates defined by

Gi = Ay, Cgti = By, Cog+j = Zj. (2.2)

Define cycles s; fori =1,...,49—3 by s; = —b;, sg45 = a; fori =1,..., g and define the
cycle s244; to be a small circle with positive orientation around p; ;1. Note that the above
construction is valid even for the case of g = 1 where there are only Ay, By coordinates.

The Bergman kernel on a Riemann surface X with a Torelli marking is defined by
B(p, q) = dydglog E(p, q) for p,q € X where E(p,q) is the prime form on X. Near the
diagonal p = ¢, the Bergman kernel B(p, ¢) has the expression

B(2(p), 2(a)) = ((2(p) — 2(¢)) "> + H(=(p), 2(q)) ) d=(p)d=(q)

where z(p), z(q) are local coordinates of points p,q in X, and the Bergman projective
connection Rp is defined in a local coordinate by

Rp(z(p)) = 6 lim H(z(p), 2(q)). (2.3)

q—p

In [12], Kokotov and Korotkin define the Bergman tau function 75 over H, to be a
holomorphic solution of the following compatible system of equations:
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810gTB -1 RB_RQS .
= dz T =1,...,49—3 2.4
pe =N [ PR fori=1 g3, (24)

Si

where ®(z) = h(z)dz for a local coordinate z. Here Rg is the projective connection
given by the Schwarzian derivative S( f @) with respect to a local coordinate z. For a
holomorphic function f, the Schwarzian derivative S(f) is defined by

sn- () -5

It is shown in [12] that 75 does not depend on the choice of the I;, and that 73! is a

globally well-defined function on ’;f{,g.

Originally the Bergman tau function was introduced over the space I:Igm in [9,11].
The space flg,n is the space of equivalence classes of [A : X — (C]P’l] where X is a
compact Riemann surface with a Torelli marking and A is an n-fold branched covering
with only simple ramification points. In this case, dA plays the role of @ in (2.4). Over
ﬁg,m the Bergman tau function 7p satisfies the equality T§2 = 77 where 77 denotes
the isomonodromic tau function of Dubrovin (see [10]). We also refer to (6.14) for the
holomorphic factorization formula of the regularized determinant of the flat Laplacian
defined by &, which is given in terms of |75|? over .

Finally we introduce covering space 7:[9 of 7—29 by marking an ordered set of generators
{a;,bi | 1 <i < g} of 71 (X) rather than of H;(X,Z). There is a canonical map from H,
to the Teichmiiller space T, of marked Riemann surfaces of genus g. Note that 73! can
be lifted to 7:19.

2.2. Schottky groups, Schottky spaces, and Zograf F-functions

Given a compact Riemann surface X of genus g > 1, there exists a Schottky uni-
formization of X, described as follows. A subgroup I" of PSLs(C) is called a Schottky
group if it is generated by Lq,..., L, satisfying the following condition: there exist 2g
smooth Jordan curves C,., r = £1,...,£g, which form the oriented boundary of a do-
main D c C=CU {o0} such that L,C,. = —C_,, r = 1,...,g where PSLy(C) acts on
C in the usual way and the negative signs indicate opposite orientation. Any Schottky
Ler YD is the set of

discontinuity of the action of I" on C, and every compact Riemann surface arises in this

group gives a compact Riemann surface X = I'\{2 where 2 = |J

way. A Schottky group is marked if it is equipped with a particular choice of ordered set
of free generators Li,..., L. If the Riemann surface X is marked, then requiring the
bi,...,by € m(X) to map to Li,..., Ly fixes the marked Schottky group up to overall
conjugation in PSLy(C).

We define a Schottky 3-manifold to be a smooth 3-manifold with boundary that is
topologically a closed solid 3-dimensional handlebody M := M U X, where M is the cor-
responding open handlebody, and the boundary X is a compact smooth 2-dimensional
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surface. We call a Schottky 3-manifold hyperbolic if it is equipped with a complete hy-
perbolic metric gps on M, and we call it marked if it is equipped with an ordered choice
of generators of w1 (M).

Any compact Riemann surface X with a uniformization by a marked Schottky group
I' gives a marked Schottky hyperbolic 3-manifold M U X in the following way: The
action of I' on C = §H? canonically extends to the action on H? where H3 := H3 U C.
Then M = I'\H?® with X = I'\{2 has the inherited topology on from H3. The choice
of the ordered set of generators L1, ..., L, gives the marking on 71 (M), by identifying
elements of I" with deck transformations of the universal cover of M. Conversely, by
means of the developing map, every marked Schottky hyperbolic 3-manifold M arises
from a marked Schottky group in this way, and the group is unique up to an overall
conjugation in PSLo(C). When a marked Schottky group I' and a marked Schottky
hyperbolic 3-manifold M U X correspond in this way, we will say that the group I
uniformizes the manifold M = M U X.

In summary, given a compact marked Riemann surface X, we obtain a unique marked
Schottky hyperbolic 3-manifold M U X whose conformal boundary is X. We will some-
times write M = Mx if we want to emphasize that the manifold M is determined by
the marked surface X.

For a fixed g, the Schottky space of genus g, denoted by &, is the set of all marked
Schottky groups with g generators, modulo overall conjugation in PSLy(C). It is known
that &, has a canonical complex manifold structure of dimension 3g — 3, and its uni-
versal cover is the Teichmiiller space €,, with the covering map being holomorphic. The
generators L;, i = 1,..., g, are holomorphic maps from &, to PSLy(C). In view of the
uniformization discussed above, we implicitly identify &, with the deformation space of
marked Schottky hyperbolic 3-manifolds.

In [22], Zograf defines a holomorphic function F' on &, which can be characterized by
the following equality

1

F
g 6w

(Rp — Rs). (2.5)
Here O denotes the (1,0) component of the deRham differential d on &, and Rg is a
projective connection defined by S (7r§1) with the Schottky uniformization 7g : 2 — X.
The function F' was discovered as one of the ingredients for the holomorphic factorization
formula of the regularized determinant of the hyperbolic Laplacian which also involves
the classical Liouville action. We refer to (6.13) for a brief explanation of this equality
and [22,17] for more details.

The function F was shown in [23] (see also [17]) to have an infinite product expansion
on a subset of G:

F=]] ﬁ(l—q;”). (2.6)

{v} m=1
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Here the first product runs over all primitive closed geodesics v in Mx, and the complex
number ¢, has modulus e~'ength(v) and argument given by the holonomy around v in
an orthogonal plane. Eq. (2.6) is valid whenever the exponent of convergence § of I" is
strictly less than 1. Recalling the chain of coverings 7:[9 — Ty — G4, note that F' can be
lifted to the space H,.

3. Framings over Schottky hyperbolic 3-manifolds

In this section, M = M U X will denote a marked Schottky hyperbolic 3-manifold
with conformal boundary X. We define what we mean by a “singular framing” over M
or over X, and we define a class of “admissible” singular framings which we will use to
define the Chern—Simons invariant. We then describe how to assign, to each holomorphic
1-form @ on X with only simple zeroes, an admissible singular framing on X. Finally,
we prove that an admissible singular framing on X “extends” (in a sense to be defined
below) to an admissible singular framing on M.

3.1. Admissible singular framings

Let F(M) denote the SO(3) frame bundle with the projection map p : F(M) — M.
For a subset U C M, by a framing over U we mean a section of F(M) over U.

Let £ denote a union of disjoint simple curves in M. A framing over £ in M, written
as (e1(y),e2(y),e3(y)) € TyM & T, M &T,M for each y € L, is called a reference framing
on L, if e1(y) is tangent to L at each y € L.

Let A¢(L) be an e-neighborhood of £ in the metric gps. A choice of reference framing
K over L allows us to construct the deleted e-tube around L, which by definition we take
to be a map

a:(0,6) x L x S'— (N(L)) C M,

constructed as follows: for each (p,y,v) € (0,¢) x £ x S, we take the unique geodesic
starting at y with initial vector cos(v)ea(y) + sin(v)es(y), and travel a distance p from y
to the point a(p,y,v).

Given a reference framing x on £, we define the corresponding reference framing of the
deleted e-tube around L by parallel translating the reference framing x along the unique
geodesic connecting y and «a(p, y, v). This gives a lifting

a:(0,e) x Lx S'—p N (N(L)) C F(M)
of the map «a. The standard cylinder over L is the map
Y Lx St —p L) C F(M)

which takes the point (y,v) € £ x S! to the framing
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P(y,v) == (e1(y), cos(v)ez(y) + sin(v)es(y), — sin(v)ea(y) + cos(v)es(y))

at the point y.
A matrix function

A:(0,€) x L x St — SO(3)

acts on a framing @ of the deleted e-tube around £ by fiberwise right multiplication:

3 3 3
(61762763) 'A(/Lyav) = E €iQi1, E €;a;2, E €iai3 |,
i=1 i=1 i=1

over a point a(p,y,v) where a;; denotes (¢, j)-entry of A(p,y,v). We denote the resulting
framing by @ - A. A matrix function A : £ x S — SO(3) acts on the standard cylinder
1) to give 1 - A in the same fashion.

For a connected simple curve £ C M, the special singularity of index n at £ is the
framing & - A,, over the deleted e-tube around ¢, where & is the reference framing on the
deleted e-tube around ¢, and A,, is the matrix function on (0,€) x £ x St defined by

1 0 0
An(p,y,v) = | 0 cos(nv) —sin(nv)
0 sin(nv) cos(nv)

For fixed y € £ and v € S', the limit of & - A,, as p — 0 exists, and equals the framing
(e1(y), cos(nv)es(y)+sin(nv)es(y), — sin(nv)es(y) +cos(nv)es(y)) over y. Hence the map
consisting of these limits as p — 0 for all y € £ and v € S! is given by n-copies of the
standard cylinder over ¢. Here a negative integer n indicates opposite orientation. For
L a disjoint union of simple curves, we say that a framing F over M \ L has a special
singularity at L if F o o has the special singularity of index n for an integer n on each
connected component of (0,¢) x £ x S'. Let us remark that n could be different over
each component of £. Our definition of special singularity coincides with Meyerhoff’s
[18] when n = 1.

For a connected simple curve £ C M, the admissible singularity of index n at £ is the
special singularity framing of index n at ¢, acted on by a matrix function A:

a-A,-A:(0,€) x £ x ST = pTH(N(0)) C F(M), (3.1)

where A : (0,€) x £ x S — SO(3) satisfies the condition that lim, g A(p,y,v) exists
and is independent of v, for all y € £ and v € S'. We say that a framing F over M \ L
has an admissible singularity at L if the limit of F o o as p — 0 exists for all y € £
and v € S! and the map given by this limit is the same as the map given by the limit
of &- A, -Aas p— 0, that is, n-copies of the standard cylinder acted by A over each
connected component of L.
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3.2. Standard admissible framings

Every Schottky hyperbolic 3-manifold is conformally compact: in some neighborhood
N C M of X, there exists a smooth boundary defining function r : N — Rxq such that

i) r>0on NNM,r=0on X, and dr = 0 restricted to X,
ii) the rescaled metric g := r2gy; extends smoothly to N N M,
iii) |dr|2 =11in N.

We also write g for the extension of the metric § to N N M. The conformal class of
the metric g|rx is independent of the choice of boundary defining function; hence the
choice of a metric g induces a unique conformal class of metrics on the conformal
boundary X. For genus g > 1, in each conformal class of metrics on X, there is a unique
hyperbolic metric gx of constant curvature —1. For genus g = 1, in each conformal class
of metrics on X there is a unique flat metric gx in which Area(X) = 1. We will need a
parametrization of a neighborhood N C M of the conformal boundary X. If we demand
that g|rx is equal to the metric gx, then the boundary defining function satisfying
the conditions above is unique. For a sufficiently small a > 0, this defining function r
determines an identification of X x [0, a) with a subneighborhood Njy .y C N, by letting
(p,t) € X x [0,a) correspond to the point obtained by following the integral curve ¢; of
Vgr emanating from p for ¢ units of time. Throughout the rest of the paper, we will fix
such an a. For this defining function r, the ¢-coordinate is just » and Vgr is orthogonal
to the slices X x {t}. Hence identifying ¢ with r on X X [0, a), the hyperbolic metric g/
over M has the form

gy =177 (gr +dr?) (3.2)
over Njg q), Where g, denotes a Riemannian metric over X" := X x {r}. See [6] for more
details.

An admissible singular framing (F, k, L) over M consists of a union of disjoint simple
curves L in M, a reference framing x over £, and a framing F over M \ L, satisfying

i) the closure £ is smooth in M, and L is orthogonal to X in § at the intersection,
ii) the framings r~1F and r~!x extend smoothly to M \ £ and L respectively,
iii) the first vector e; of F is tangent to the gradient flow curves of r over N \ £ for
0<e<a,and
iv) the framing F has an admissible singularity at L.

Let ¢1,...,4,4 be closed curves in M representing the marked generators of m (M),
with the property that there exist discs Dy, ..., Dg—1 such that M \ | D; is the disjoint
union of g solid tori ¢; x D, where D is the unit disc. Given an admissible singular
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framing (F, x, L), define £ to be the disjoint union of connected components of £ that
are closed, and define £2? := £\ £!. Then (F, &, £) will be called standard if

i) F has a special singularity of index 1 at each curve in £! where the set £! is a subset
of | 1Y_, ¢; and
ii) the index of the admissible singularity of F at each curve in £2 is —1.

3.8. Admissible singular framings associated to holomorphic 1-forms

We define an admissible singular framing on a surface X with a metric gx. Let Z
consist of finitely many points in X. A reference framing on Z is a choice of a frame
(ea,e3) at each point z € Z, orthonormal with respect to the metric gx. A reference
framing on Z defines a geodesic polar coordinate a : (0,€) x Z x St — N¢(Z)\ Z which
takes (p, z,v) to the point at distance p from z € Z along the geodesic with initial vector
cos(v)ea(y) + sin(v)es(y). Parallel translation gives a corresponding reference framing &
over (0,¢) x Z x S1. The special singularity of index n at z € Z is the framing & - A,, on
(0,€) x {2} x S* where & denotes the reference framing and A,, is the matrix function
given by

A(p,0) = (cos(nv) — sin(nw) ) |

sin(nv) cos(nv)

An admissible singularity of index n at z is the special singularity, right-multiplied
by a matrix function A(p, z,v) with the property that lim, ,o A(p, z,v) exists and is
independent of v. An admissible singular framing (F, %, Z) on X consists of a finite set
Z in X, a reference framing on Z, and a framing F of X \ Z such that the limit of F as
p — 0 exists for all v € S and the map given by this limit is the same as the map given
by the limit of an admissible singularity at each point of Z.

Suppose that X is a Riemann surface, with a metric gx compatible with its complex
structure. We now describe how to assign, to a holomorphic 1-form & with only simple
zeroes, an admissible singular framing with index —1 singular points at the zeroes of ®.

The metric gx is a collection {€?>|dz,|?}aca on an atlas {(Uy,2a)} aca of X for
which the functions ¢, € C*>°(U,,R) satisfy

ba +10g|fos(25))* = b5 on Us N U, (3.3)

where fag = 2o © zgl 0 28(Ua NUB) — 24(Uy NUg) are the holomorphic transition
functions. A holomorphic 1-form @ on X is a collection {h,dzs} for the atlas {(Uq, 24)}
for which h, is a holomorphic function on U, satisfying

haf(;ﬁ(Z@) =hg on U, NUg. (3.4)

The phase function e~ := h, /|h| is well-defined over X \ Z where Z denotes the zero
set of @. The transformation law (3.4) implies
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10, + log M = 2'95 on U, NUg. (3.5)
| fos(28)]

Note that 6, is defined only up to an integer multiple of 27. By (3.3), (3.5), it follows
that e®«/2%%a 2 defines an orthonormal co-framing ws, w3 given by

Wog = e¢”/2(cos Ondxe — sinb,dy, ), W3q = e¢“/2(sin Ondxo + cosb0,dys)
on U, \ Z where z, = 2, + iy. Now we obtain an orthonormal framing

Fo = (f2, f3) where fo = w3, f3 = w;

over X \ Z, which has admissible singularities at Z of index —1.

For the singular part Z, let z;, denote the co-ordinate of a zero of @ in a patch U,,.
Then h, has an expression h, = (24 — zm)izm, where fzm is non-vanishing at the zero.
Now we put eilia = ;Lla/|illa| Since h;, is non-vanishing at the zero, 6;,, is well-defined
at the zero up to an integer multiple of 27r. By (3.3), (3.4), it follows that e ($atifia)dy
defines the following orthonormal co-framing at the zero,

Do = €Po/? (cos(éa/Z)dma - sin(éa/Z)dya),
D30 = e22/? (sin(éa/Q)dza + cos(éa/2)dya), (3.6)

and the corresponding orthonormal framing ( f27 fg) at the zero. By the transformation
law for h, this orthonormal framing transforms correctly under change of coordinate.
Note however that this co-frame and frame are well-defined only up to sign.

We select g — 1 of the points in Z to have the framing ( fo, fg), and let the other
g — 1 points in Z have the framing (fa, —f3); we denote the resulting framing at Z
by k. When we extend the framing Fg to M, these will correspond to “outgoing” and
“incoming” endpoints of curves in M respectively.

3.4. Ezistence of admissible extensions

On a subset of X, we can identify any SO(2) framing with respect to gx with an SO(3)
framing with respect to g, by taking each framing (fa, f5) to the framing (f1, f2, f3),
where f; is the inward unit normal vector to X with respect to g. We say that an
admissible singular framing (Fx, kx, Z) has an admissible extension to M if there exists
an admissible singular framing (F, &, L) over M such that 9 = Z, and such that the
extension of 771 F and r~'k equals the given framing Fx and kx, respectively, under
the identification above.

Now, our goal is to show that, for a holomorphic 1-form @ with only simple zeroes
on X, the associated admissible singular framing (Fg, ks, Z) on X extends to an ad-
missible singular framing (F, s, L) on M. (A similar proof shows that any admissible
singular framing on X extends to M.)
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Before proving the existence of such an admissible extension, we establish two lemmas.

Lemma 3.1. Suppose W = W UOW is a marked smooth 3-dimensional closed handlebody
of genus p with metric gy, and suppose that Faw is a smooth (non-singular) SO(3)
framing of OW. Then there exists an admissible extension of Fow to W which has a
special singularity of index 1 at L'. Its set of singular curves L' may be taken to consist
of at most p closed curves, each representing a distinct marked generator of m (W).

Proof. There exists a smooth embedding of W into R3, which gives a global framing
Fo on W, by which we can identify any other framing on W with a map to SO(3). Let
L° be the union of p closed simple curves representing the marked generators of 1 (W).
Given a connected curve ¢ in £, there exists a disc D in W such that W \ D is the
disjoint union of a handlebody of genus p — 1 and a solid torus T satisfying T'N L0 = ¢
and 0T ~ ¢ x S*. Since D is homologically trivial in W, it is a commutator in w1 (OW)
and so its image in SO(3) under the framing Fyw is homotopically trivial. Hence Faw
can be smoothly extended to D C (W \ D). In this way the problem reduces to finding
a framing on each solid torus T'. If w1 (T) is represented by ¢, identify 9T with £ x S?.
The image of this S! in SO(3) given by Faw is either homotopically trivial, in which
case the framing extends smoothly to all of T', or it is homotopically nontrivial, in which
case the framing has the same homotopy type as a special singularity framing of index 1
around ¢ and can thus be extended to a framing on 7'\ ¢ with this singularity. O

We will apply Lemma 3.1 to a handlebody of genus p = 2g—1 made by removing some
parts of M in the proof of Theorem 3.3. From now on, we put a; = § for simplicity, where
a neighborhood of the conformal boundary X in M can be identified with X x [0, a) (see
Section 3.2).

Lemma 3.2. Let M = M UX be a marked Schottky hyperbolic 3-manifold, and let a > 0 be
such that the neighborhood Nig ,) C M of X exists. Let & be a holomorphic 1-form with
only simple zeroes on X and (Fg,ke,Z) be the associated admissible singular framing
as defined above. Then (Fg, ke, Z) has an admissible extension to N q,)-

Proof. If Z is the singular set of the framing F$ on X, then we can take the set of
singular curves to be the gy geodesics given by £ = {¢,.(z) : x € Z,r € (0,a1]}. Given
an admissible singular framing Fg = (f1, f2, f3) over X \ Z with respect to g = gy,
one can find an admissible singular framing F = (e, e2, e3) with respect to gas that is
parallel near infinity and extends Fg, by rewriting the parallel transport equation for e;
with respect to gas in terms of b;, where e;(r) = rb;(r) = r(b}(r) 2 +b3(r) 2 + b‘?(r)a%).
The parallel transport equation along the gradient flow curve ¢, becomes

rbin (r) + b7 (r +rZ k(D) GLbE(r) =
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and we use the solution, with initial conditions b;(0) = f;, to define e;. We extend the
reference framing on £ in the same manner, using the reference framing on Z as the
initial condition. O

Theorem 3.3. If M = M U X is a marked Schottky hyperbolic 3-manifold and & is a
holomorphic 1-form with only simple zeroes on X, then the associated admissible singular
framing (Fo, ke, Z) on X extends to an admissible singular framing (F, k, L) on M. The
framing (F,k, L) can be taken to be standard.

Proof. We begin by defining the £2 part of the singular curve of F. In Lemma 3.2, the
L£? part in N(o,2) is defined to be the gradient flow curves. Now we extend them by
taking pairs of two ends in X' of those curves and making curves to connect them
smoothly within N ,). We may assume that each connected curve ¢;, i =1,...,9 — 1
in £2 meets level surface X¢ at two points for a; < € < 5 and at one point for € = 3. By
construction, the end points of £? are given by the zero set Z = {p1,...,pag_2} of . As
we mentioned in the end of Section 3.3, we may assume that if the reference framing is
taken to be (f2, f3) on one end of ¢;, then the reference framing is taken to be (fz, —f3)
on the other end of /¢;.

Let us choose a reference framing 2 on £2 which extends (f3, f3) and (fa, —f3) at
each end point respectively, and which satisfies the parallel condition over £2 N No,a11-
We also let F be the admissible extension of Fp on the set N(g 2] guaranteed to exist
by Lemma 3.2. Note that F has an admissible singularity of index —1 at £2N N0,a1) by
definition.

Now we define F over N¢(£?) N Ni,, ) so that F has an admissible singularity of
index —1 at £2N Nia,,q)- Let B; be a diffeomorphism from ¢; C M to [—1,1] which maps
the end with the reference framing ( fs, fg) o —1 and the end with the reference framing
(f2,—f3) to 1, and maps £; N Niay.a) to [=3, 3]. Let € be a smooth increasing function
on the interval [—1,1] whose derivative is supported in (=3, 3) whose values are 0 on
[—1,—2] and 7 on [$,1]. We define x : £2 — [0, 7] by the composition of £ and 3; over
¢; and let

cosx(y) 0 —sinx(y)
A(p,v,y) = 0 1 0 on (0,€) x (L2 N Nz o)) x S* (3.7
sinx(y) 0  cosx(y)

and A over (0, ¢€) x (£2 N Ng,,2)) X S1 is defined to connect the above matrix in (3.7) and
the matrix A determining the admlss1ble framing F over N¢(£?)N X . We may assume
that lim, o A(p,v,y) exists and is independent of v, for all y € £? and v € S*. Then,
for the reference framing & of the deleted e-tube around £ obtained from x2, we define
F by the equality Foa = &-A_1- A over N(£2)N Nia, ,a), which extends the previously
constructed framing F over N(g q,]- Note that this extension of F is independent of the
choice of a reference framing x2 on £2? satisfying the conditions above. In particular, the
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extension of F does not depend on the choice of signs in kg. By definition, this framing
F has an admissible singularity of index —1 at £2 N Nig, o).

So far an admissible framing F has been constructed over N 4, U N<(L£?). Now we
extend it over M \ (£! U £?) by appropriately choosing £!. First let Wy denote the
closure of M \ N¢(£?) where M = M \ N(gq,)- Then there is a homotopy which
deforms Wy to a closed handlebody Wi of genus 2g — 1. Given a set of generators of
w1 (M) ~ 71 (M®*), there exist (g — 1)-closed discs D; C Wy, i =1,...,¢9 — 1 such that
these decompose W7 into one handlebody of genus g and solid tori T3, i = 1,...,g — 1
satisfying the following conditions: the decomposed handlebody of genus g contains the
homotopic images of loops realizing the given generators of 71 (M ). For a generator 7;
of m1(T;), there is a closed curve ~; in W, given by the (inverse) homotopic image of the
loop realizing 4;. By this construction, the set G of generators of m (Wy) is given by the
union of the chosen generators of 71 (M ') by marking and the set of v1,...,74-1.

Applying Lemma 3.1 for the framing defined as above over the boundary of the closure
of Wy, we obtain an admissible extension of (Fg, ke, Z). To show that we can take it to
be standard, we have to modify the construction so that £! consists of representatives
of the marked generators of mi(M). Suppose that £! contains a representative of a
generator ;. Then we may replace the reference framing & with another framing with
an additional rotation 27 along the corresponding part of £2. This will change the
homotopy type of the admissible singular framing JF along it since 71 (SO(3)) = Z/27Z.
Hence it can be extended over the subset of Wy corresponding to T; without removing
a curve representing ;. This means £! can be taken to represent a subset of the given
generators of w1 (M). Then this completes the proof. O

4. Definition of the invariant CS
4.1. The form C on PSLy(C)

If H?3 is the hyperbolic space of dimension 3, the frame bundle F/(H?) can be identified
with PSL2(C) canonically. Let

1 0 0 1 0 0
=00 5) (o) =)
Then {h,e, f} form a base of the Lie algebra sly(C) of PSLy(C). Let {h{,ef, f&} be
its dual base of Homg(sl2(C),C). In Section 3 in [21], Yoshida defines the form C as

the left-invariant differential form on PSLo(C) whose value at the identity is given by
Lhi Aef A fE, and proves the following:

Proposition 4.1. The form C on PSLy(C) is complex analytic, closed, and bi-invariant,
and has the following expression
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1
C= m(‘lal/\eg/\93—d(91/\6‘23+92/\931-‘1-93/\912))

+ Z12?(‘912/\013/\923 _612/\91/\92—913/\01/\93—923/\92/\93>.
Here 0; and 8;; denote the fundamental form and the connection form respectively on
PSLy(C) of the Riemannian connection of H>.

Since H?® has constant sectional curvature —1, £2;j = —0; NO; for 1,5 = 1,2,3 where
{2;; denotes the curvature form of the connection form 6;;. Thus C'is a complex analytic
form on PSLs(C) whose real part, up to scalar multiplication, is the volume form plus an
exact form, and whose imaginary part, up to scalar multiplication, is the Chern—Simons
form defined in [5]. Using the equalities df; = — Zj 05 NOj, dbi; = — > Oire N\ Orj + $2i5,
one can obtain

Proposition 4.2. The form C on PSLy(C) has the following expressions

i

1 1
= 7R(d923 A6+ do; A 923) + R(d@gg A BOa3 — dB A 91),

where n = 01 — i6s3.

For an oriented smooth hyperbolic manifold M = I'\H? of dimension 3, let M be
the universal cover of M and d : M — H? be a developing map. Taking the differential
of d, we obtain the SO(3)-bundle map d : F(M) — PSLy(C). Since the form C is left
invariant, d*C projects to a closed form on F(M) = I'\F(M) which by abuse of notation
we denote also by C.

Now, for the rest of this section, suppose that M is a marked Schottky hyperbolic
3-manifold. For an admissible singular framing (F, x, L) over M, we introduce a map

st (M\L)UL— F(M) (4.1)

defined by the admissible singular framing F over M \ £ and the reference framing s
on L. For 0 < € < a1, we now define

CS“(M,s) = / C - Z %ﬁr) / (01 — iba3) (4.2)

s(Me\L) s(€5)

where M€ := M \ N(g,), ¢; denotes a connected component of £, and 65 = 4; N M.
Here the sum is over the connected components ¢; of £ and n(j) is the index of the
admissible singularity of F at £;. The complex valued invariant we define will be a
suitably regularized value of CS®(M, s) as € — 0.
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For a standard admissible framing (F, &, L) over M, the singular curve £ consists of
two parts: £! is a union of simple closed curves and £2 is a union of curves connecting
two end points in X = dM. Then the quantity defined in (4.2) is given by

CS*(M, s) = / c—% /(91—¢923)+% /(91—¢923) (4.3)

s(Me\L) s(£h) s(£%<)

where £%€ := £2 N M°€.
4.2. Boundaries of s(M¢\ L)

For a standard admissible framing (F, x, £) over M, we investigate the structure of the

boundaries of s(M¢ \ L) where the closure is taken in F'(M). The boundary d(s(M¢ \ L))
consists of three parts which we are going to describe below.

One part of the boundary 9(s(M¢ \ L)) is given by the closure of s(X¢\ £?) in F(M),
which we denote by B%€. Note that the boundary of B%¢ consists of a disjoint union of
circles.

The second part of the boundary d(s(M<\ £)) is given by [, ¢ 01 lims—o s(Ss(y)),
where Ss(y) denotes the circle consisting of points in the orthogonal disc to £ of distance
§ from y € L. For y € L1, the limit of s(Ss(y)) as § — 0 exists since the framing F has
a special singularity of index 1 at £'. We denote this part of boundary, which does not
depend on ¢, by B'. Actually B! is given by the standard cylinder over £!: there is a
map

L xSt = p (L) c F(M)
which takes the point (y,v) € £ x S to the framing

Uy, v) = (e1(y), cos(v)ez(y) + sin(v)es(y), — sin(v)ea(y) + cos(v)es(y))  (4.4)

at the point y € L. Here (e1,ez,e3) is the reference framing x! on £!. The bound-
ary orientation of B! is induced from F and is given by (m(%,zp*%) so that ¢ is
orientation-preserving.

The remaining part of boundary d(s(M<\ £)) is given by ¢ ro.c lims—o s(S5(y)).
For y € £?, the limit of s(S5(y)) as 6 — 0 exists since the framing F has an admissible
singularity of index —1 at £2. We denote this part by B*¢. Note that B%¢ has circle
boundaries which are the boundaries of B%€ with the opposite orientation. As the case
of B, B% = lim._,q B> can be described in terms of the standard cylinder over £2 with

some modification. There is a map
¥ L2 x S' = p (L) C F(M)

which takes the point (y,v) € £2 x S! to the framing given by
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Y(y,v) = (e1(y), cos(v)ea(y) + sin(v)es(y), — sin(v)ea(y) + cos(v)es(y)),  (4.5)

where (e1, ez, e3) is the reference framing x% on £2. We denote by B2 the image of 1. We
take the orientation (3f B2 to be given by (s 8%’ — 1 %), so that 1) is orientation-reversing
by definition. The B? and B? do not coincide completely, but we can describe their
difference explicitly:

Lemma 4.3. The fiberwise right multiplication of A appearing in Eq. (3.1) induces an
orientation preserving diffeomorphism A of p~Y(N<(L2)) C F(M) mapping B? to B>

over L2,

Proof. The claim follows directly from the definition of admissible singularity. O
4.3. Real part of CS*(M, s)
We start with

Lemma 4.4. For s corresponding to an admissible singular framing (F, k, L), the following
equalities hold over N(g q,) \ L2,

W1z = ,U(eg, 62)W2 + ]I(eg, 62)0.)3, w1z = I](eg, 63)0.)2 + II(eg, 63)0.)3,

where w; = §*0;, wij = s¥0;; denote the fundamental forms and connection forms pulled
back by s respectively, and II(x,x) denotes the second fundamental form.

Proof. By definition of F = (e1, e2, e3), €1 is tangent to a geodesic which is also trajectory
of the gradient flow of the defining function r and eq, e3 are tangent to the level surface
X with r = e. We use the equality w;;(er) = —gm(Ve,€i,¢e;) to obtain wij(er) = 0
and wij(ey) = —gm(Ve,e1,€e5) = I (ex,e;) for j = 2,3, k = 2,3. This completes the
proof. O

The mean curvature H is defined to be the trace of II. (Note that H is defined to the
half of the trace of IT in some of the literature.) In [15], W-volume of M€ is defined by

W (M) = Vol (M) — ¢ / H dvol
XE

where Vol(M*€) denotes the volume of M€ and dvol denotes the area form over X¢©
induced by gas. One nice property of W-volume proved in Lemma 4.5 in [15] is the
following equality: for 0 < € < ag,

W (M) =2m(1 — g)loge + Wi, (M), (4.6)
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where W (M) := lim¢ o Wi (M€) exists and defines the renormalized volume W (M)
of M as in Section 8 of [15].

Proposition 4.5. For s defined by a standard admissible singular framing (F, &, L),

1

ReCS*(M,s) = PW(ME) for0<e<a.

Proof. By the definition, we have

1
/ ReC = ) / (491/\92/\93—d(@l/\923+92/\931+93/\912))
/I8

s(M<\L) s(M<\L)

1 1
(M) — —
Vol(M,) 2

T2

/ 01 N\ Oa3 + 05 A 031 + 03 A O15. (47)

A(s(M\L))

For the second equality in (4.7), we apply Stokes’ theorem. Now we consider the integrals

over the boundary d(s(M¢\ £)) = B%U B! U B?¢. For the boundary integral over B%¢,
we have

1
- / 01 A O3 + 02 A b31 4 03 N 012
47

BO.e
:R w1 N\ wag + wa A wsy +ws A wig
XE
1 1
:—R/trﬂwg /\wgz—m/Hdvol, (4.8)
Xe Xe

where X € is oriented by ws A w3 and the second equality follows from Lemma 4.4.

For the boundary integral over B!, recall that the boundary B! is diffeomorphic to
L' x S by ¢ in (4.4), and that 1,2 is a vertical vector field and ¢*61;(2) = 0 for
j = 2,3 by definition of B!, hence ¥*(fz A 031)(%,*) =0, ¥*(f5 A 912)(8%,*) = 0.
Moreover, by definition, w*egg(%) = —1. This implies

1

_W/91A023+02/\031+93/\912

Bl
1 *
- / " (01 A )

L1x St

L 1L
—%/¢91—§/891—2ﬂ/91~ (4.9)
Pl Pl

s(LY)

Hence the boundary integral over B! cancels the real part of the second integral in (4.3).
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For the boundary integral B?*,

1

B2«

P A" (01 A O3 + 02 A O31 + 03 A B12),

21

where v is given by (4.5). Using A*0 = A~! -0 and A*© = A=t . dA+ A71 .6 - A with
9 - (01a02303)t7 6 = (91])7

A (01 A O23 4 02 A 31 + 05 A b12)

=01 ANla3+ 05 ANO31 + 03 A Bqo

3
+ Zej A (aleg -dAs + CLjQAg -dA; + angl . dAz)

Jj=1

(4.10)

where aj;, denotes the entry in A and A; denotes the column vector of A, and A; - dAy
denotes the inner product of two vectors. By Lemma 4.3 and (4.10), and repeating the
computation of the integral over B,

o

w*A* (91 A 023 +6s A 031 + 93 A 012)

3
Z@j A (aleQ -dAs + anAg -dAy + (ngAl . dAQ)
j=1

)

Here we use that ¢ : £2 x S — B? in (4.5) is orientation reversing, and that the form
involving A vanishes on the vertical vector field . % Hence the boundary integral over

B?%< cancels the real part of the third integral in (4.3). This completes the proof.

4.4. Imaginary part of CS(M, s)

Now we prove

Proposition 4.6. For s corresponding to an admissible singular framing (F,k,L), the
imaginary part of CS (M, s) converges to a finite value as € — 0.
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Proof. Over N(gq,) \ L2, the pull back of the imaginary part of C' by s is given by

ypo) (w2 Awig Awaz —wia Awi Aws —wig Awp Aws —waz Aws Aws).  (4.11)
The first and the last terms in (4.11) vanish respectively since they are sum of triple
wedge products of wg, ws by Lemma 4.4. The second and the third terms in (4.11) cancel
each other by Lemma 4.4 and the fact I (es, e3) = II(e3, e2). Hence the imaginary part of
the first integral in (4.2) is finite and independent of 0 < ¢ < ay. For the imaginary part
of the line integral over £, note that for ¢; € £?, the integral [, £;1N}..,,, W23 TeASUres the
total rotation of xk with respect to parallel translation on £; N N 4,]. Since r~ 'k extends
smoothly to M by definition, the limit of the line integral as e — 0 has a finite value.
This completes the proof. O

Proposition 4.7. For a given marked Schottky hyperbolic 3-manifold M, if sg, s1 are
defined by standard admissible framings (Fo, ko, Lo) and (Fi,k1,L1) on M which are
related by a homotopy of standard admissible framings which are fixed outside of M,
then

Im CS*(M, s9) = Im CS*(M, s1).

Proof. Let (F,, Ky, Ly), with u € [0,1] be the homotopy connecting (Fo, g, Lo) and
(F1, k1, L1). The framing F,, defines a section s : W, — F(M) over W, := [0,1] x M*\
{(u, yu) | Yyu € Lu,u € [0,1]}. Denoting by @ the imaginary part of C, we have

oz/do— / Q- / Q+/Q (4.12)

s(Wo) s1(Me\L1) so(Me<\Lo)

The boundary Byy consists of three parts 30, Bl, and EQ, consisting of the trajectories
under the homotopy Fu of B¢, Bl and B?€ respectively. For the integral over the part
B, 0;(s, 2 52) = 0 and 0;;(s. 6u) =0 over B® = B% ¢ F(M). Therefore

/ Q=0. (4.13)

The boundary B! is diffeomorphic to [0,1] x £ x ST by

¥(uy,v) = {u} x (e1(y), cos(v)e2(y) + sin(v)es(y), — sin(v)e2(y) + cos(v)es(y))

€ L'. Here and

3 —%) on [0,1] x

L' x S makes 1) orientation preserving. As before, z/)*Qij(av, x) =0 for 1 <i,j7 <3,
(1 012)(Z) =0, (¥*013)(Z) = 0, and (¢*0a3)(Z) = —1. From above facts, we have

where (e1(y),e2(y), e3(y)) denotes the reference framing &, (y) for

Iww

below, we identify £. with £! = £} implicitly. The orientation (i,

u
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Q= Rz[; (612 A O13 A b2z + 023 A (293) = m¢ (023 N db23),

and
P a3 = —dv + q* 5" 023,

where ¢ : [0,1] x £! x ST — [0,1] x £! is the natural projection, s, : £ — F(M) is
the section defined by k., and s : [0,1] x £! — F(M) is the corresponding family given
by s(u,-) = s,. It follows that ¢¥*Q = —;23dv A d(q*s*623). With the above orientation

convention, by Stokes’ theorem, we have

o= [ wo-- [ andasom)
B! [

0,1]xL£1x St [0,1]x L1 x S
1 , 1 " x
= % d(S 023) = % 81023 — 80923 . (414)
[0,1]x L1 il sl

The right hand side of (4.14) is the same as the difference of the imaginary parts of the
second integrals for u = 1 and w = 0 in the definition of CS*(M, s) in (4.3).
For the boundary integral over B¢, as in the proof of Proposition 4.5 we have

/Q= / BAQ
B2 [0,1]x £2:¢x St

where 9 is the orientation reversing diffeomorphism defined in (4.5). We also have
* 1 —1 3
1 A A PO PO
+ md(elg ANdAy - Ay + 013 NdAy - Ag + 033 ANdAs - Ag) (415)

where flj denotes the row vector of A. Hence, in a similar way as (4.14),

1
/ Q = —%< / 8?923 — / 88923)
B2 [2.€

L2:€

1 A A A
oo ([ i di- [ i da)
L2:€ L2:€

1
= _%< / ST023 — / 88023> (4]‘6)

L£2:€ L2:€

where 17 and g represent ¢ taken at w = 1 and u = 0. Here the first equality follows
from that ¥*0,2, ¥*013, and the form involving A vanish on the vertical vector field
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Vs 8%' The expression (1/27) fﬁze deAQ - A3 can be shown to be the total rotation angle
of Ay about the axis A; along £2€. Since A is fixed at the endpoints of £2¢ through the
homotopy, this total rotation angle does not change, so the second equality follows. The
right hand side of (4.16) is the same as the difference of the imaginary parts of the third
integrals for u = 1 and w = 0 in the definition of CS*(M, s) in (4.3). Combining (4.12),
(4.13), (4.14) and (4.16) completes the proof. O

4.5. Definition of the invariant CS(M,s) and the function CS

For s : M — F(M) corresponding to an admissible singular framing (F,x, L) as
explained after Eq. (4.1), we define the Chern—Simons invariant of (M, s) to be

1
CS(M,s) = 3 gii%Im(CSE(M, ),

where the limit exists by Proposition 4.6. By Proposition 4.7, CS(M, s) is independent
of a homotopic change of an admissible singular framing (F, x, £) inside of M*. We can
now define the invariant CS(M, s).

Definition 4.8. For s : M — F(M) corresponding to an admissible singular framing
(‘F7 K7 E)?

CS(M, s) := lim ((CSe(M, s)+ %(g —1)log e).

e—0

By (4.6) and Proposition 4.5, as we stated in (1.2), we have

CS(M,s) = %W(M) +2i1CS(M, s).

Now, suppose we are given a compact marked Riemann surface X and a holomorphic
1-form @ on X, with a corresponding admissible singular framing (Fg, ke, Z) over X.
Then we have associated to this data a unique marked Schottky hyperbolic 3-manifold
My and s¢ : Mx — F(Mx) corresponding to a standard admissible singular extension
(F,k,L) over Mx constructed in Theorem 3.3. We now consider to what extent the
invariant CS(Mx, s¢) depends on our choice of admissible extension s¢. We have already
shown in Proposition 4.7 that it is independent of a homotopic change of (F,k, L) in
M. Now we show

Proposition 4.9. The quantity exp(4rCS(Mx, s¢)) is independent of the choice of signs
in ke and of the choice of k.

Proof. Note that the modulus of exp(4mCS(Mx, s¢)) depends only on Mx by Propo-
sition 4.5. For the argument of exp(4nCS(Mx, ss)), there is a choice of a reference
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framing s which can rotate along £, but a change of a rotation number results in only
an integer difference in the imaginary part of CS(Mx, sg) through the second and third
integrals in (4.3). There are sign ambiguities in the definition of the reference framing
at zeroes of @ mentioned just after (3.6). Hence the imaginary part of CS(Mx, s¢) is
well-defined only up to addition of a half-integer, but this ambiguity will disappear for
exp(4nCS(Mx, sp)). O

To state the main result of this section, we need to introduce an auxiliary space. For
each point (X, ®) in 7:lg, we attach the data of a choice of isotopy class of g — 1 simple,
pairwise disjoint curves in Mx \ | [{_, ¢; whose endpoints are the zeroes of & where the
set {1,...,4,} represents the marked generators of 7 (Mx) (see the last paragraph of
Section 3.2). Here we distinguish two choices of isotopy classes of g — 1 simple pairwise
disjoint curves if they are not isotopic to each other in Mx \|_|l 1 i The resulting space
7—[* is locally isomorphic to ’Hg, and there is a natural projection map to 7—[ corresponding
to forgettlng the added data. Note that each connected component of "H; covers ’H. by
this projection map.

Theorem 4.10. The expression exp(4nCS(Mx,ss)) determines a globally well-defined
function exp(4wCS) : 7:[; — C.

Proof. Given a point in ’;Q;, we use Theorem 3.3 to construct a standard singular admis-
sible framing on My, whose £2 curves are isotopic to the given g — 1 curves. It is clear
from the construction that any two such framings are related by a homotopy, which is
an isotopy of the corresponding set of curves L. It then follows from Propositions 4.7
and 4.9 that the value of exp(4nCS(Mx, s¢)) is uniquely determined by this data. O

Remark 4.11. The proof of Theorem 1.1 in Section 7 will show that, in fact, the function
exp(4wCS), restricted to any connected component of ?:[;, descends to a well-defined
function on Hy. But, restricting to a different connected component of Hj will give a
different function on #H, differing by a multiplicative constant. This results in a different
constant ¢ in (1.5) of Theorem 1.1. On the other hand, the function exp(4wCS) on #,
cannot descend to the space of triples (X, &, {b1,...,bys}) where {b1,...,b,} denotes a
Schottky marking of 7 (Mx) given by the set of curves {{i,...,¢;}. This is because
L£? curves are distinguished if two choices of them are not isotopic to each other in
Mx \ |J{_, ¢, that is, the isotopy type of £? curves makes sense in 71 (Mx \ [|7_, ¢:),
not in m (Mx).

4.6. The case of genus 1
For a complex number 7 with Re7 > 0, an elliptic curve X, is defined by the action

¢r - w = q;w for g, = exp(2mit), w € C\ {0}. That is, X, = (C\ {0})/{g-). Then the
Schottky hyperbolic manifold M, with OM, = X, can be realized by the quotient of
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H? ={(t,w) e R x C} under the action ¢, - (t,w) = (g-t, g-w). (4.17)

In this case, the complex valued invariant CS(M,, s¢) can be computed explicitly where

&= c%" (c= 27r\/1m) is the holomorphic 1-form on X .
The following flat metric

dw |® e _
%U =c? (i + dgpQ) for w = le** € C\ {0} (4.18)

|Q5|2 — CQ 62

descends to X, since it is invariant under the action of ¢, on C\ {0}. Then the co-framing
on X, associated to @ = c‘%" is given by

al
(IJQ:C?, w3 = cdy.

To consider the standard admissible co-framing on M, which is the extension of (ws, w3),
let us recall that the hyperbolic metric gys on H? is given by

P2dy? + de? + 02 cos® 9 dgp2)

gHe = 2 sin? 9

where t = £sin®, w = £cos¥e’®. It is easy to see that gys is invariant under the action
in (4.17), hence it descends to the hyperbolic metric gps. on M,. Taking the defining

function r = W, the metric gy has the following form, which is claimed in (3.2),
dr? 1 de?

g, = 3+ 3 (c)z(r)f—2 + ﬁ(r)d<p2> (4.19)

where a(r) = 402%, B(r) = 4c? (170053512)2:(:)052 %) The metric 04(7")%2 +

B(r)de? extends to the flat metric |@|? in (4.18) as r — 0. Now the orthonormal co-
framing with respect to (4.19), which is the standard admissible extension of (ws,ws), is
given by

dd 1 d¢ cosY
Wy = —, Wy = w3 = d
sin ¥

(4.20)

sing ¢’ sing ¥

Note that this co-framing is not defined along curve £! which is the quotient of the line

w = 0 under the action in (4.17). From this and using dw; = — > ;jwij A\ wj, we obtain
cos ¥ df 1
- =—d =0. 4.21
Y127 S Y17 Sino " 2 (421)

Now let us compute CS*(M,, P) for a small € > 0 using all these preliminary formulae.
Recalling the definition in (4.3), the real part of the first integral is given by



A. MclIntyre, J. Park / Advances in Mathematics 262 (2014) 1-58 27

ReC

sa(M\LY)

1 1
— [ wiAwa Aws — — / d(01 A O3 + 02 A O31 + 05 A 012)
T 47

WE sa(ME\LY)
1 1 1
:ﬁ W1AW2AW37R/H(1VOI+§ / 91
Mce Xe s(LY)
1 1 1 1 1 1
= (~loglg:) [ —— 1) = Z(~log|g:|) [ —— — = ) + —(~log|qr
7'('( ol |)<sin2195 ) 7T( 08 |q |)(51112196 2) + 27T( og |4 D
=0 (4.22)

where 9. is defined by € = 25(13;17?;2195). For the second equality in (4.22) we used equalities

(4.8) and (4.9) in the proof of Proposition 4.5. By (4.21), we can easily derive that
Im C' = 0. Hence, for the imaginary part of the first integral of CS*(M,, $) we have

Im C = 0. (4.23)

se (ML)

For the second line integral in (4.3), we need a reference framing x defined over a tubular
neighborhood of £!, for which we take the following co-framing

1 1
wi = Wy = g(cos Bdx + sin Bdy), w3 = g(* sin Bdz + cos Bdy)

where § = QWReTlolgffqt| and dw = dx + idy. With respect to this co-framing, the

corresponding connection 1-form wog is given by

2nRer 1

= —————(tdt d dy).
wa3 log|q7|€2( + zdx + ydy)
Then we have
1
1 . 1 ) .
— / (01 - 2623) = —— / W1 — oz = 17T. (424)
2 2
sk (L) lgr|

Combining (4.22), (4.23), and (4.24), we conclude that
CS(M,,P) = liH(lJ CS*(M,, D) = it. (4.25)
e—

Note that, in genus 1, CS*(M,, ®) is in fact independent of ¢, for sufficiently small € > 0.
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5. Variation of the invariant CS

Suppose we are given a contractible open set U in 7—2; By the results of the pre-
vious section, the invariant CS(Mx, sg) determines a function CS : U — C, which is
well-defined up to addition of %m for n € Z. In this section we find expressions for the
derivatives CS and OCS of this function.

Before beginning the proof of this variation formula for CS, it may be helpful to
explain the underlying idea and the structure of the proof, since the computation is
somewhat lengthy and technical. The invariant CS is a regularized limit of CS¢, as
stated in Definition 4.8; and, as explained in Section 4.1, the key term in CS® is an
integral of the constant 3-form C, over a domain in PSLy(C). The domain is obtained
by taking a fundamental domain in the hyperbolic 3-space H? for the group I" defining
our 3-manifold Mx, deleting both a neighborhood of infinity and the link £, and lifting
to PSL2(C) (i.e. the frame bundle) by our choice of framing s. We choose a basepoint
in 7—2’; and a one-complex-parameter deformation, and we pull the form C back to the
domain in PSLs(C) associated to the basepoint by the corresponding deformation map
of H3. We then apply Stokes’ theorem to the compactification of this domain. This is
the same strategy used by a number of previous authors, in particular [18,21], and [8].
The main differences in our case are the presence of additional boundary components,
the limit near infinity, and the translation to the deformation theory of the Riemann
surface X, each of which complicates the analysis.

In Section 5.1, we introduce some (admittedly involved) notation to explain the do-
main precisely, which is needed for the application of Stokes’ theorem. Because of the
singular curves £ and the conformal boundary X of M x, our domain is rather compli-
cated. Since this domain is varying depending on the variation parameter, we need to
introduce the pull back map H in order to apply Stokes’ theorem to a fixed domain with
boundary. In Section 5.2, we start with the equality (5.2) which is a modified version
of Stokes’ theorem. In this step, we take our domain to be the subset corresponding to
M rather than the whole domain. We deal with the boundary contributions in (5.2)
arising from singular curves £ in Lemmas 5.1, 5.2. In Lemma 5.3, we deal with another
boundary contribution corresponding to dM$ . Then in Section 5.3, we analyze the limit
of this boundary contribution as ¢ — 0. Since the hyperbolic metric gj; blows up as
we approach to X, a careful analysis is needed to deal with this limit and the exact
result for this is given in Proposition 5.7. The final step is to translate the formula in
Proposition 5.7 in terms of the (meromorphic) quadratic differential and the Beltrami
differential on X. This is done in Section 5.4 and the main results of this section are
given in Theorem 5.14 and Corollary 5.15. The main tool for this part is the holomorphic
variation technique developed in [24,17].

In summary, combining the techniques developed mainly in [21,24], we obtain a vari-
ation formula of CS, which is given in terms of a certain integral over the boundary
Riemann surface X with some additional data at the zeroes of @. This variation formula
will be also given in terms of the coordinates (2.1) in Proposition 7.1.
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5.1. Basic notations for variation

Each point u € U determines a compact marked Riemann surface X, together with
a holomorphic 1-form &, on X,. We fix a basepoint uy € U, and for simplicity we
write X = X, and similarly below. We will always assume that X, is uniformized by
a marked Schottky group, X,, = I',\{2,, where I, is a marked Schottky group with
marked normalized generators {Lq(u),...,Ly(u)} and ordinary set §2,,. The group I,
simultaneously defines a marked Schottky hyperbolic 3-manifold M, := My, = I,\H®.
For each u € U, we have a quasi-conformal mapping f, : 2 — £2,,. Define P¢ : 2, — H3
to be the map translating points along the integral curve ¢, of V4, 7, emanating from
z € §2,, for € units of time, where g and r are defined as in Section 2.2. Then we define
amap f, : Ugeocq, P(2) = H? by

fulpe(a) = Po fuo (P) " (5.1)

(Here ay = ¢, where a is defined as in Section 2.2.) This map extends to a diffeomorphism
f, : H3 — H3, satisfying f, oy = 7, o f, for all v, € I,.

Corresponding to the family @, and the given homotopy class of g — 1 curves in M,
connecting the zeroes of @,,, we take a smooth family of sections s, := sg, : (M \ Ly,)U
L, — F(M,), constructed as in Theorem 4.10. Here £? is taken to be isotopic to the
given g — 1 curves, and £, = f,(£). We also denote by L, and s, the corresponding
liftings £, € H® and s, : (H?\ £,) U L, — F(H3) = PSLy(C). The family defines a
map s: U x H3 = {(u,z) |u € Uyz € (H*\ L,)UL,} — PSLy(C). We let K be the
unique map K : U x so((H?\ £) U L) — PSLy(C) satisfying

K o (id, sg) = s o (id, ),

where s o (id, f)(u,z) := s, o f,(z) for (u,z) € U x H3. As observed in Section 4.2,
the closure so(H? \ L) of so(H?\ £) in PSLy(C) provides a natural compactification of
so(H?\ £), and K extends smoothly to U x (so(H3\ £) U 50(£)) (we also denote the
extension by K). Note that the generators L,(u) of I,, r = 1,...,g, can be considered
as giving holomorphic functions

L, : U = PSLy(C).

We let D be a fundamental domain for the action of I" on H?, such that 8D C H3
consists of 2g smooth surfaces D,., —L,.(0)D,., for r = 1, ..., g (the negative sign indicates
opposite orientation). Define D,, := f,(D). Considering H? as {(t,z,y) € R3[t > 0},
define D and C). to be the intersection of the closure of D and D, respectively with
the set t = 0. Then D is a fundamental domain of the action of I" on (2, 0D consists
of smooth curves C,., —L,.(0)C,., and we define D, := f, (D). We denote D’ := D\ L,
and define A := s5(D’). As above, the closure A of A in PSLy(C) provides a natural
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compactification of A. Let T, := so(D,) for r = 1,...,g. The boundary components
of A consist of B®U B U B? as defined in Section 4.2, and |J?_, (T, — L.(0)T}). We
denote by D¢ and A€ the subsets of D and A respectively corresponding to M¢€. Define
D¢ := D N P¢(D). The boundary components of A€ consist of B%€ U B* U B> and

_ (T =L (0)T¢) where B%€ is diffeomorphic to B, and B> and | J?_, (T — L, (0)TY)
are subsets of B? and | J?_, (T}, — L, (0)T;.) respectively. The notations D/,, A,, etc., denote
the corresponding constructions for D,,.

Since we will always be working in a fixed fundamental domain D,,, from now on,
we will write £, = £} U La to mean the intersection £, N D,. The boundary points of
L}, U L2 consist of finitely many matched pairs y;(u) and L,;)(u)y;(u), j € J, together
with 2¢g — 2 points which are the zeros of the holomorphic 1-form @,. We may assume
that every curve in £} has exactly two points y;(u), Ly(j)(u)y;(u) in its boundary, and
we assume the orientation of L1 given by the reference framing . is such that the
component connecting L,.(;)(u)y;(u) to y;(u) is oriented towards y;(u).

Under the canonical map from 7—2; to &4, a holomorphic tangent vector w in THU
at ug maps to a holomorphic tangent vector in 7'1:° S, which corresponds to a harmonic
Beltrami differential ¢ € H =11 (£2, I'). Then u defines a quasi-conformal mapping f,,, :
X — X, for all w in some neighborhood W of the origin in C. There exists a holomorphic
family {®(w)}, where &(w) is a holomorphic 1-form on X,,, such that the derivative at
ug of the complex curve in U given by the family {(X,,, ®(w))} is w. (Here we are using
the local isomorphism of 7:{,; and ’}:lg.) In this way we obtain a complex curve u : W — U,
such that % = w and % =0 (with w a local coordinate in W).

For the curve u : W — U we define f : W x 2 = C by f(w,2) = fuw)(2) = fuu(2)
and f:= W x H® — H? by f(w, ) = £, (2). We also define

H =Ko (u,id) : W x (so(H3\ £) Uso(L)) = PSLy(C),
and
o=so(u,f): W x H> — PSLy(C).
5.2. Contributions of boundaries

For technical reasons we consider the holomorphic variation of CS rather than CS.
To derive a variation formula for CS, we start with the following equality:

I / 1 !
0:/ H*dé:/(dWerA)H*é:dw/ H*éf/ H*C
Ac Ac Ac dA«
/ _ / _ g / _
:dw/ H*C — / H*C — / H*C. (5.2)
Ae

BO:cUBLUB2:e r=lre’p, Te

r
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Here the notation [ éﬁ denotes the partial integral: we consider the integrand as a form
on A taking values in forms on W, and integrate over {w} x A€, obtaining a 1-form on
W. The notation d = dw + da denotes the splitting of d on W x A in the obvious way.
Note that we use the orientation from W x A; for this reason, we have dy, fi H*C =
féé dw H*C, but when we apply Stokes’ theorem, we have fé daH*C = — f{;& H*C.
We use a similar convention for partial integrals throughout this section.

The next three lemmas deal with the partial integrals fjgl H*C, fé% H*C, and
f}/go,e H*C respectively.

Lemma 5.1. Let u : W — U be a complex curve as defined above, with w € W. Then we
have the following equality of 1-forms over W :

/H*C——dw/ 91 +iby3) = —— Z 91 +Z923)|

yeaLt

Proof. Recall that the integral over B! is independent of e for small € > 0. As in the
proof of Proposition 4.6, we have the diffeomorphism

YW x LY x St — W x B!

defined by

w(wJ/,U) = {w} X H(’LU, ')_1

% (e1(y), cos(v)ea(y) + sin(v)es(y), —sin(v)ez(y) + cos(v)es(y))

for w € W, y € £ and v € S'. The notation H(w,-)~! denotes the inverse of H(w,-)
restricted to its image. The orientation of £! x S is given by (-2 ay, 61;) As in the proof of
Propositions 4.5 and 4.6, we have (¢*H™*6 )( ) = (1/1*H*011)( ~)=0(i=1,2,3) and
(1/J*H*923)(8U) —1. It follows that

’l/}*H* (923 A\ d923).

1
WHC =~ H (d(0y A b23)) —

A2
Let ¢: W x L' x ST — W x L! be the natural projection. Then
’L/)*H*923 = —dv + q*0*923.

It follows that ¢¥* H* (025 A dba3) = —dv A d(q*0*633). From the above orientation con-
vention, by Stokes’ theorem, we have
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1 ! N
o) / O H*(d(61 A 023))
L1x St
1 ! 1 !
= de / w*H*(Gl N 923) — 4—71_2 ’(/J*H*(el AN 923)
L1x St L1 xSt
- ——dW/ ot o Y ol (5.3)
yEBL‘l
and
1 /
o= / Y H* (623 N dbas3)
L1x St
1 ! 1 [
= —R / dv A d(q*a*agg) = —g/ d(U*egg)
L£1xS1 L
:7—dw/ g 023+— Z 0'*923‘34. (54)
Ll y€8£1
Combining (5.3) and (5.4) proves the lemma. O

Lemma 5.2. We have the following equality of 1-forms over W :

15%(/1{ +—dW/ 01+1923>_g%—7r Z

B2« L2.€

Proof. We define the map H : W x B2 = B2 by H = A~!

a*(91 + i923)|y.
yeaL2e

o Ho(id, A) where A denotes

the diffeomorphism introduced in Lemma 4.3. As in the proof of Propositions 4.5 and

4.6, by (4.10) and (4.15) and denoting A1

[we= [warwe- [ e

B2:€ 2.e L2,exS1

(B>) by B**,

= T3 / ¢*H* (d(ol A 923)) + “,/)*Ij[*(gzg A d923)

j=1

/ 3
47‘[‘2 / w*H*d<203 AN (aleg . dA3 + (leAg . dAl + angl . dA2)>

- — / i1/)*ﬁ*d(012/\d/11 ~/12—|-913/\d1211 'A3—|—023 /\d/ig Ag)

1 /
472
L2ex St
1 /

{ * TT* — 3
GV H Tr((A7'dA)").
L2exS1
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By ¢*H*(0:)(5;) = 0, " H*(01;)(F;) = 0, " H*(dA;)(£) = 0, and " H*(dAy)(F;)
= 0, all the integrals vanish except the integral of ¥* H*d(623 A dAs - A3) for the terms
on the last three lines of the above equalities. But we have the following equality:

1 ! - X X
m w*H*d(egg ANdAsg - Ag)
L2:ex St
dW/ GUH(dAy - Az) — — > ¢ H*(dAy - Ag)l,,.

[£2:€ ye@ﬁQ €

The first term in the second line can be shown to give the variation with respect to w
of the sum of the total rotation angles of A, around A; along the components of £,
But by our assumptions on the framing, the matrix A defined in (3.7) limits to the
identity at the boundary 8£2N D. Hence the limit of this term as e — 0 gives an integer,
which is invariant under the deformation. The last term is 0 since the contributions from
boundary points in the interior of M cancel by an invariance under identification by the
L, (u(w)), and at the remaining boundary points, ¢* H*(dAs - A3)|, — 0 as € — 0. From
these equalities, we have

i
li_I}’(l) H*C = !1_1}1(1) —m / Y H*(d(01 A b23)) + ip* H* (023 A dbas).
B2¢e L2,exS1

Now, repeating the derivation in (5.3) and (5.4) and recalling that v is an orientation
reversing diffeomorphism in this case, completes the proof. O

Now we deal with the partial integral over B%¢. Recall that D€ is the subset in D = Dy
corresponding to X¢. First we have

Lemma 5.3. We have the following equality of 1-forms on W :

! _ / _
/H*C’: / oc*C

Bo. De\L
1 I
=12 / (dpwas A (x1 + ix23) + was A (dp(x1 + ixas) + idwwas))
(D\L)

where d = dw + dp over W x D¢. Here x1 and x23 are defined by 0*01 = w1 + x1 and
0%023 = was + X23, where wi|rw = wa3|rw = 0 and x1|rpe = X23|7Dc = 0.

Note that wy, wag, x1 and 23 depend on w € W.
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Proof of Lemma 5.3. By Proposition 4.2, it is easy to see

_ 1 . .

o'C = *m(d(w% + x23) A (w1 + dwag + X1 + ix23))
i . .

+ m(d(m + x1) A (w1 + dwas + X1 + iX23))-

Now, note that dpw; = 0 by Lemma 4.4, and that w; vanishes on tangent vectors of
(D \ £). Also note that

! ! /

0= dW / Wa3 Nwyp = / (dwwzg) Nwyp — / Wa3 AN (dwwl),

D\L DL D\L

SO fj/je\ﬁ wasz A (dwwi) = 0. Now, recalling that the orientation of D€ is opposite to that
of B%¢, the result follows from direct computation. O

5.8. Limit of contribution over B%¢

down to the boundary D C

Now we want to push the expression of Lemma 5.3
5.7. First we need to prove some

C c 9H3. This will be accomplished in Proposition
preliminary results, which will also be useful later.

By the uniformization of X by I', we identify X with I'\{2. Then the hyperbolic
metric gx of constant curvature —1 on X (or the flat metric gx of area 1 in the case
that X has genus 1) gives a metric e?(*)|dz|? on £2, invariant under the action of I". The
invariance implies that

$(2) = d(vz) +log |/ (2)[? (5.5)
forall ze 2 and ye I

Proposition 5.4. The set D¢ in H? is given by D = {(t,z,y) € H3 | t = t(¢, ,y)}, where
t is a function satisfying

(=

He,m,y) = ce 2" 4 k(e,z,y)é,

where k, k; and k, exist and are bounded on D U D.

Proof. Let us recall that there is a unique defining function r over a collar neighborhood
N of X in M such that the rescaled metric g := r2gy extends smoothly to M, its
restriction to X is the hyperbolic metric gx (or the flat metric gx of area 1 in the case
that X has genus 1) and |dr|2 = 1. Let us denote the lifted defining function over the
inverse image of N in H® by the same notation r, and write 7 := 7. Then the three

conditions on g imply that # extends smoothly to D U D, lim;_,o #(¢, z,y) = e%, and
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constant C', and therefore

o(z,y)

Pt ,z,y) =€ 2 —l—oz(t,a:,y)tz7 (5.6)

where « is uniformly bounded.
Similarly, since #; = 0 on D, we have 7,; = 0 on D. Again, since 7 is smooth, we
obtain |(F — e%)z| < Ct? for some uniform constant C. This implies

N o (x,y)
P (t,x,y) = (6 2 )I + ocgc(t,:c,y)t2

where «, is uniformly bounded, and similarly for #,. This implies the claimed expression
for t. Now, since k = —ae_%f_?’, and 7 is nowhere zero on D, the result follows. 0O

A holomorphic 1-form @ with only simple zeroes over X is given by h(z)dz over 2
with h(y2)y'(z) = h(z) for v € T'. The phase function e?*) := h(z)/|h(2)] is well-defined
over 2\ U,crvZ where Z := {z1,...,204_2} denotes the zero set of h(z) in a fixed
fundamental domain D of I'. The transformation law of h(z) implies

i0(z2) = i0(~2) + log gg;' (5.7)

for v € I'. Note that 6 is defined only up to an integer multiple of 27. By (5.5), (5.7), it
follows that e®(*)/2+9(2)qy = )y + jws is invariant under the action of I'; in particular,

wo = e?/?(cos Odx — sin Ody), ws = e®/?(sin Odx 4 cos Ody)

provides us with an orthonormal invariant co-frame (w2, ws) over 2\, crvZ. Now we
obtain an orthonormal framing

Fo = (f2, f3) where fo = w3, f3=w;

over D' :=D\ Z.

Near a zero z; € Z, h(z) has an expression h(z) = (z — zx)hg(2) such that hy(z) is
non-vanishing at z. Now we put e+() .= hy, (2)/]hx(2)|. Since hy(z) is non-vanishing
at z = zi, Ox(2x) is well-defined only up to an integer multiple of 27. As in (3.6), we
define

Qg = e%/2 (cos(ék/Q)da: - sin(ék/Q)dy),
@ = e?/? (sin(0x/2)dz + cos(0x/2)dy) (5.8)

at z; € Z. Then the duals ( fa, fg) of (W9, w3) define an orthonormal framing at z;, € Z.
That this orthonormal framing is well-defined up to sign follows from the fact that
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h(v2z)y'(z) = h(z) and the following equality for v € I" and z, z), € £2:

Nf=

(v2 = 721) = (2 — 21)7:(2) 772 (21) 2.

Proposition 5.5. The one form wez on D’ extends smoothly to a form on D' U D’. We
have

(¢ — 2i6).dz — (¢ + 2i6)=dz),

lim Wo3 =
t—0

DO | =

where the convergence in the global coordinate on H? is uniform on D' U D'.

Note that the extension of wez to D’ coincides with the connection form of the hyper-
bolic metric e?|dz|?, with respect to our choice of orthonormal frame Fp.

Proof of Proposition 5.5. By the Koszul formula, we have

W2z = g([€2, es], 62)w2 + 9([627 es], 63)w3

for an orthonormal frame (ej, e, e3) where ey is orthogonal to T'D€. Here g denotes the
hyperbolic metric over D’ that is the lifting of gjp;. By the asymptotics of the boundary
defining function r in (5.6), we have

er = (14 26262 + 62)) F (4.0, + b10,0, + 01) + O(F).

€2 = (ip2€3 + a3e€3, €3 = (322 + (3363

with

=

e =t(14 3t%¢2) % (0, — Lt$,0,) + O(),
&2 = t(1+36202) 71 (9, — 3t6,0)) + O(¢?).

Here and below, we use O(t*) to indicate a function of the form a(t, x, y)t* with respect
to the global coordinate on H?3, where a is uniformly bounded in D’ U D’. To compute
g([e2, e3],e2), g([ea, e3], e3), we consider [es, e3] first. By an elementary computation,

[e2, e3] = (2033 — apzaizz) (€2, €3]
+ (22€2(as2) — az2€2(22) + (2383 (i32) — aizzs(aigz))éa

+ (o2282(ais3) — 322 (a23) + 33 (ass) — aszes(ans))es. (5.9)

Using Proposition 5.4, we have

0.23] = (120,)0, — (1%6.)0), + O(¢"),
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from which we also have

g([éz,é3],€2) = 0422(% Dy ) +0423( %t‘bw) +O(t2)
1y
2

1t(cosf ¢y +sinf ¢,) + O(t?),
g([ég,ég],eg) = 0432( ¢ ) +OZ33( 1t¢z) +O(t2) = %

t(sinf ¢, — cosf ¢,) + O(t?).

Here we used the fact ags = a3z = cosf + O(t), asz = —aza = —sinf + O(t). Denoting
by E the sum of the terms in the second and third lines on the right hand side of (5.9),

g(E, e3) = —t(cos 06, —sin 6 6,) + O(t?),
g(E,e3) = —t(sin 66, + cos06,) + O(t?).

Finally we need
wy =t~ (cos fdx — sin fdy + O(1)), w3 =t~ (sin Odz + cos fdy + O(1)).

Combining all the proved equalities, we have
1 1 . . .
Wy = (5 cosf ¢, + 3 sinf ¢, —cos 66, + sm00y> (cos O dx — sin 6 dy)
1 1 .
+< sin 6 ¢, — cos@qﬁx—smﬁﬁ —cosf 0 )(51n0dm+cosﬂdy)+0(t)

=df + - (¢ydx ¢zdy) + O(t).
This completes the proof. O

Now, we define ¢; = Xl(a%) and co3 = X23(3%), where y; and xs23 were defined in

Lemma 5.3, and w is a local coordinate in W. We will write ’ for the derivative with

respect to w, for instance, ¢’ = % .

Proposition 5.6. The functions c1,ca3 on W x D’ extend smoothly to functions on W X

(DU D). We have

t—0

1
lim01=—§¢’0f, }%62329/0f+i<§—i9> f,
z

and the convergence in the global coordinate on H® is uniform on D’ UD’. We also have
limy 0 x1(7%) = €1, limy0 x23(2%) = Cos.

Proof. Observe that ¢y is given by

(s o (u, f))*Hl(%) =0 (s “*a ) +s*0, (f U aw) =w (f’),
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where the second equality holds since s,u. 68 is vertical. Recall that the level surface
D¢ is given by {(t,z,y) € H3 | t = t(e,z,y) = e 2y +O(€®)}, and that the definition
of f near the boundary given by (5.1) involves translation along gradient curves for r.

Since translation from D to D¢ introduces an error of O(e?), and since f, and f. are
bounded on D, we have

f(w, (t,2)) = (t(rt, 2), f(2)), f(2)) + O(t?).

Here and below we understand O(t?) to be uniform as discussed in the previous propo-
sition. Therefore we have

B = '3 = (5t(¢" o [+ 0-F)) 33 + O(1)-

The one form w; is the dual of the first component e; of the orthonormal frame over the
level surface D¢ so that

— (14 262(¢2 + 02)) 217 (htdodz + Ltdadz + dt) + O(F).

Hence, we have

n(F) = 30:8" = 500 f = 56.5 +0() = 56 o f + O(1),

from which it follows

1
%gr(l) ¢ = hH(lel (f) = —§¢’ o f. (5.10)

As above, co3 is given by

(S o (U,, f))*923(%) = 03 (S*U* 0 ) + 57093 (f u*a ) = 03 (S/) + w23(f').

Now, we have 023 = L7 ,(—2(ih)") and limtﬁo(ﬁgfl)*s*u*(a%) = —10,(ih), where
h=(y") €s(C) and L, is the left translation by g € PSLy(C) (see Section 3 of

[21]). By this and Proposition 5.5,

}%62321%(923( )+W23( )) —Qlof—l—l(g—29> f (5.11)

z

The equalities (5.10) and (5.11) complete the proof of the first two equalities. Replacing

% with z= in the computations above gives the last part of the statement. O

We denote by the same notations was, 1, c23, the restriction to W x D’ of the exten-
sions of wag, €1, a3 respectively, obtained in Propositions 5.5 and 5.6.
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Now let us introduce some additional notation. The local coordinate expression for
the members of the family {@(w)} can be identified with a map h : {(w, 2y()) : w €
W} — C. We define 2z, : W — C to be the coordinates in £2,(,) of the zeroes of &(w),
that is, h(w, zx(w)) = 0 for all w € W. Near each z;(w), we define hy, by

h(w,f(w,z)) = (f(w,z) — f(w,zk(w)))hk(w,f(w,z)) (5.12)
for all w € W.

Proposition 5.7. The limit of the 1-form

!

lim [ H*C (5.13)
e—0
BO.e

over W is finite, and its (1,0) part equals

1

!
2 / (dDqu3 A (1 + icag)dw + waz A (dD(c1 +icoz) A dw + iawwgg)) (5.14)

D/
where d = dy + dp = Oy + Oy + dp over W x D.

Proof. We have that

/ ! !
lim H*C = lim / H*C = lim P's*H*C.
e—0 e—0 e—0

BO:e s(Pe(D")) D’

Propositions 5.5 and 5.6, and the definition of admissible singularity, show that s*H*C
extends continuously to D’, and is uniformly bounded. Therefore we can exchange limit
and integral in the last integral. Hence, the integral (5.14) equals the (1,0) part of (5.13)
by Lemma 5.3, Propositions 5.5 and 5.6. Now we prove the integral (5.14) is finite. By
Eq. (5.12), near z € Z we have

(e1 +iez)(2) = 5 (6~ 2i0) 0 1)/ (2)
_ 1 f(2) = f(zk) = £ () ()
2

Z — Zk

(6~ logh) o f)'(2)

Note that dpwss is a constant times the volume form and ¢; + ico3 is singular at Z by
the above equality, but its wedge product with the volume form is integrable. For the
second term, we use the following formula,

dp (01 + iCQg) A dw ~+ 10,,wa3
= ($ 0 fF- + bz 0 fTo")dz ndw — (80 fF= + bz 0 [T f")dZ N dw
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where ¢ = f(z), which can be derived from Propositions 5.5 and 5.6. Although w3 is
singular at Z, its wedge product with the expression above is integrable. This shows that
the integral (5.14) is finite, hence (1,0) part of (5.13) is finite. Similarly, the (0,1) part
of (5.13) is equal to the complex conjugate of (5.14) and is therefore also finite. O

5.4. Holomorphic variation of CS

We begin this subsection with
Proposition 5.8. Over W C C, we have

!/
_ —_ 1 ]
d(U*CS) :/ H*C — % E O'*(Gl +’Lt923)|y
BO yedL!

1 g9 / _
bor X dOrita),+ > [ HT
yeors =l LT

Here the sums over LY and OL? are taken with signs inherited from the orientations on
LY and L2

Proof. First, note that lim¢_,o dw (u*CS®) = dw (u*CS) since the diverging term 2(1 —
g) log € in Definition 4.8 vanishes under dy . By Proposition 5.7, the partial integral over
BY%¢ in (5.2) converges to a finite limit as € — 0. By Lemma 5.2 and a similar analysis
in the proof of Proposition 5.6, the right hand side of the equality in Lemma 5.2 also
converges as € — 0. Hence this is also true for the last terms in (5.2) given by the sum
of the partial integrals over (7)€ — L, T). Taking e — 0 on both sides of (5.2), and using
Lemmas 5.1 and 5.2 we have the result. O

The remainder of this section is devoted to finding an explicit expression for d CS(w)
in the case that @ € T*YU at wug is a holomorphic tangent vector. The final result is
given in Theorem 5.14.

Lemma 5.9. For the holomorphic curve u: W — U, we have
0'*(01 + i023)|yj(0) - 0'*(91 + i923)|Lr(j)(u(0))yj(O) = 7(L7.(j) ] u)*(01 + Zpgg)
where (Ly(;y o u)*(01 +i023) is a (0,1)-form on W for j € J.

Proof. For brevity we write L,(;(w) := Ly¢)(u(w)) and y; := y;(0). The map w
a(w, Ly(;1(0)y;) = Ly¢jy(w)o(w,y;) is the composition of the maps

L.y xo(y;
R

W Ly PSL(C) x PSLy(C) S5 PSLy(C)
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where G denotes the multiplication map. Since 61 + ifo3 is a bi-invariant 1-form on
PSLy(C), we obtain G*(01 + i623) = pj (01 + ib23) + p5(01 + i623) where p; denotes the
projection onto i-th factor PSLy(C). It follows that

(L) (0)y;)" (61 + i6a3)
= ((Lr(]) o u)a(yj))*(ﬁl + i023) = (Lr(j) o U,)*(el + Zﬂgg) + a(yj)*(01 + i623).
Hence,
0'*(91 + 7;923)|y]. — 0'*(91 + i023)|Lr(j)(0)yj = —(L,,.(j) e} u)*(91 + iegg).

Since Ly(;y ou : W — PSLy(C) is a holomorphic map, and 6 + if23 is a (0, 1)-form on
PSL5(C) (see the section 3 of [21]), the statement follows. O

Lemma 5.10. The partial integral > 9

Y, fi’“r—LrTT H*C is a (0,1)-form over W.

Proof. For each w € W and z € D",

H(w,s0(Lr(0)x)) = s(u(w), f(w, Ly (0)x)) = s(u(w), Ly (w)f(w,z))
= Ly (w)s(u(w), f(w,z)) = Ly (w)H (w, so(z)),

where L. (w) := L.(u(w)). Hence H : W x L,T,, — PSLy(C) can be considered as the
composition of the maps

W x T, —2, PSL,(C) x PSLy(C) -%5 PSL,(C)

where (L, x H)(w, so(z)) = (L. (w), H(w, so(x))) and G denotes the multiplication map.
The pull back of C' by G is given by G*C = piC + (G*C)?! + (G*C)*? + p3C, where
p; : PSLa(C) x PSLy(C) — PSLy(C), i = 1,2, are the projections from the two factors,
and where superscripts on a form indicate the degree in the two factors. Taking the pull
back of G*C by L, x H, we have

(G(Ly x H))'C = LiC + (L, x H)"(G*C)™ + (L, x H)*(G*0) " + H'C.
Hence we have the following equality for the partial integrals:

!/ / !
/H*C‘— / H*C‘:—/(Lr x H)*(G*C)"*.
T’r‘

L,.T" "

Since the map w € W +— L.(w) € PSLy(C) is holomorphic, the dw term in
(L, x H)*(G*C)“? vanishes under the above partial integration. Hence the 1-form on
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W obtained by the partial integration of f;r_ e H *C does not involve dw, that is, it
is of type (0,1). O

From now on, ~ will denote the derivative with respect to w at w = 0, for instance,

b = %|w:0¢. By the results on varying the hyperbolic metric in [1], we have, for all
z € 12,

(The same is true for the flat metric of area 1 in the case that the genus of X is 1.) From
this, we also have

Since 2if = log h — log h,

2i6, = % 2i0; = ——=,  6.:=0. (5.17)
Since @ is a holomorphic family, we also have
f:=0. (5.18)
It will be convenient in what follows to make the definition ¢ := ¢ — 2i6.
Lemma 5.11. The following terms are invariant under the action of I,
—f. = (i) — (2i0).f =+ . f.

Proof. The equality follows from ¢+ ¢, f + f. = 0. To see the invariance under the action
of I', we note

(¢ —2i0)"(2) = (¢ — 2i0)"(v2) + (¢ — 2i0)(72)7(2),
(¢ - 27’9),2(2) = ((b - 2l9)z(72)7z(z)7

which follow from (5.5) and (5.7). Combining these and f oy = 4 + v, f completes the
proof. O

From now on, for convenience, we abbreviate z;(0) to zx, and 24(0) to 2.
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Proposition 5.12. For w € TY°U at ug € U, we have

OCS(w) = y /dw23 A (c1 +icag) + wag A (d(cr + icaz) — ithas)
D
L > (fz + 1(10g71k)' + 1(logilk)zf - (¢ - llogﬁk> fzék) (2k)
A 2 2 .

where Z denotes the set of zeros of ® in the fundamental domain D of I' and hy is
defined by Eq. (5.12).

Proof. By Proposition 5.8 and Lemma 5.9, 9CS(w) is equal to the evaluation of the one

form
! — 1
/ H*C + n(j)% Z(LT(]) o u)*(91 + i923)
Bo JjeT
1 J ! _
tor Y clritml+). [ #T
y€(8L2ND) r=1 (T.~L,T,)
on -2 Here n(j) is the index of the singularity at the corresponding component of £,
ow
so n(j) =1 or —1 if the points y;(0), L,(;(0)y;(0) are in L' or OL? respectively. By

Lemma 5.3 and Proposition 5.7, the evaluation of the first term on % is given by

/dLUQg A (Cl —+ 7:023) + w23 A (d(01 —+ 7:023) — ZWQg)
D

472

The second and fourth terms vanish on 6%’ since they are (0, 1)-forms by Lemmas 5.9
and 5.10. Using Lemma 5.2, and following the proof of Proposition 5.6, we find that the
third term evaluated on % is given by

(;ﬁ > 0*(6’1+i923)|y> <a‘1>

y€(0L2ND)

= ﬁ ((6— i)+ (6 — i) f + (¢ —i0). f. 1) (zx)
2LE€EZ

z2L€Z

Here the last equality follows from (5.8) and (5.15). This completes the proof. O

Proposition 5.13. The following equality holds:
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1 . . ..
ﬁ /dOJgg A (Cl + 2623) “+ wo3z A (d(q =+ 2623) — ZLU23)
D

_ Ly 1o 2 . 2
=33 %lﬂ%/(qj)“ 2¢Z 20; 2202Z>,udz

Ds

_ i Z (2fz + (log ilk) + (lOg Bk)zf + (¢ - log Bk)zfzzk)(zk)’

zZL€Z

where Ds is a subset of D whose §-open neighborhoods of Z are removed and d?z =

%dz NdZz.

Note that, since infinitesimal circles are preserved to first order under holomorphic change

of coordinates, the limit as § — 0 is independent of the choice of local coordinates.

Proof. By Proposition 5.6,
. 1 .
1 iy = —5(V 0 f)
1 . . y . U
= _§(¢ + o, f —2i0 — QZezf) = (7,9 +i0,f + §fz>

where we used (5.15) for the third equality. From (5.19), we can also derive

d(Cl + i023) = _% ((wz + wzzf + 7ﬁzfz)dz + (¢2 + wzif. + d)zfi)dg)'

By Proposition 5.5,

DN | =

—iwg3 =
Again by Proposition 5.5 and (5.17),
dwos = —i¢,zdz Ndz = —ip,zdz A\ dz.
Combining this and (5.19), (5.20), (5.21), we get
dwag A (€1 + ica3) = —ith,z (10 +i0, f + %fz)dz Adz,

which is an invariant (1, 1)-form under the action of I" by Lemma 5.11 and

(5.19)

(5.20)

(5.21)

wns A (dler +iess) — i) = —abu(Bs + Gu )z Nz = Lba (9 s+ for)dz Az

where we used (5.16) for the last equality.
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By the above equalities and (5.17), (5.18),

/dUJ23 A\ (Cl + i023)

Ds

z—i/¢zz<i9—|—i92f—|—%fz> dz A dz
Ds

—i/wz<i92fz+%fzz>dz/\dz+i / wz<ié+i92f+%fz)dz

DS 8D§

. . 1 ; _ . PR 1 A
:'L/<w2192 - iwzz)fde/\dZ‘Fl / 'l/)z <20+292f+ §fz>dz+ §¢zf5d2

Ds 9Dy

(5.22)

where 0D; has the induced orientation from Dg. In the integral over dDs, the contribu-
tions from C" and —L,(0)C" cancel, since the integrands concerned are invariant. We
also have

/wgg A (d(C1 +ico3) — iwgg)

Ds

%/¢z(¢zf2 + sz) dz Ndz
Ds

% /('(/)z(bz - wzz)fz dz N\ dz + % / wzf:gdz, (523)

Ds aDs
where once again the contributions from C" and —L,(0)C" cancel in the integral over
0Ds. By (5.19), (5.22) and (5.23),
/dw23 A (61 + ngg) + wa3z A (d(Cl + ’iCQg) — ’id)gg)

Ds

= %/(wz'(/_}z _2'(/)zz>f:2d2’/\d5—% / 1/)z(1b0f)dz+z / ’(/)Zfzdz, (524)

Ds 0Ds 0Ds

For the last integral on the right hand side of (5.24), we have

i [udai==i Y[ (- o)) s

0D Zk€Z|zfzk|:5
. 1.
R _Zgz / — 5 A+ 000) = 00). (5.25)

|z—zk|=0



46 A. McIntyre, J. Park / Advances in Mathematics 262 (2014) 1-58

To analyze the second integral on the right hand side of (5.24), we use (5.12). This
implies that, near z; € Z, we have

F(2) = fzi) = fo(2) 2

z — Rk

(6 —2i) 0 f)"() = — +((6—loghu)o f) (). (5.26)

Therefore, we can rewrite the second integral of (5.24) as

~5 [ vello-2t)0 )z

oDs
- %Zkze:z(p—z/m_a <_Z—1zk +(¢ - logﬁk)z> <—f(z) - f(;k_);cfz(%)ék> o
+ / <_Z _12k + (¢ — Ingzk)z> ((¢ —loghy) o f)(2) dz)
o= Snl=d
== 3 (len) + (0 = ogT)- ()20 = (10 = ogTu) 0 1) (20) + 00
= ZG:Z(zf'z + (loghi)" + (log i) f + (& — log hu)- Lo (z1) + O(6).

Combining this with (5.24) and (5.25), we conclude

(%H% dwgg A (Cl —+ iCQg) + W23 A\ (d(Cl —+ iCQg) — id)Qg)
—

Ds
= lim / (62 — 26, + 402 + 4if..) fz d*~
6—0
Ds

—7 Y (2fs + (loghw) + (log hy)- f + (¢ —log ) f-2k ) (2)-

ZLE€EZ
Recalling that fg = p completes the proof. O

Note that we have the formulae

1 h 3 h?
-1 2 2z z 2 .
= ¢z — 5 =2 S =2 =99242
S(J ) Dz 2¢z, S(he) W 5 72 07 + 20,
where S denotes the Schwarzian derivative, J : H? — 2 is the universal covering map
of £2, (or J : C — (2 in the case of genus 1), and hg is a multi-valued function such
that dhg = @. By these formulae and Propositions 5.12 and 5.13, we have the following
theorem.
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Theorem 5.14. For w € TOU at ug € U, and the corresponding p € H=11(£2, ),

J— 1
ICS(w) = ~5.3 (%13(1) (S(J7) — S(ha))ud?z
Ds

- 3 (3 Sonh) + SonTn)os - J0gTn).fin ) (20

ZKEZ
Corollary 5.15. For @ € TYU at ug € U, and the corresponding p € H=41(02, ),

i
0CS(w) = yes lim S(he)pd*z
Ds

-z Z (3fz S (log hy)" + g(lOgiLk)zf_ %(bgilk)zfzik)(zk)-

Zk €z

Proof. This follows from directly from Theorem 5.14, since we have

1
CS(M)(, qu) = FW(M) + QiCS(Mx,Sgs),

and, by [15,24], it is known that OW = 1¢? — 1¢.. = —1S(J71). O
6. Regularized Polyakov integral over X

In this section, we introduce a regularized integral defined in terms of the metric gx
and the holomorphic 1-form @ over X. We assume that gx is the hyperbolic metric if
the genus of X is greater than 1, and the flat metric of area 1 if the genus equals 1. We
assume that @ has only simple zeroes and we denote by Z its zero set.

Now we define

I(X,®) _hm</|wz|2d2z+ > / (¢~ 2log A=) z)

cz zZ— Zk
PREZ 5 (21)

—7 Y (¢ —log |h]) (21)- (6.1)

PLEZ

Here z, in the integral around py, represents a local coordinate near py, with z; = z(pg).
The set X5 denotes the complement of §-open discs |z — z;| < & centered at each z, € Z
in X, and Ss(zx) denotes a part of 9Xs which is the d-circle centered at z, with the
induced orientation from Xjs. Note that each of the terms in (6.1) are independent of
the choice of local coordinates, by the transformation laws given in Section 3.3. Note
also that, since circles are preserved under change of coordinates, the limit as § — 0 is
independent of the choice of local coordinates. Hence I is a well-defined function on H,.
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Suppose that w is a tangent vector at ug € H4, and that U is a neighborhood of
ug. We define a corresponding curve v : W — U, for W C C, and a corresponding
deformation map f(w,-): X — X,, for each w € W, in the same way as in Section 5.1.
We also define the local coordinate expressions h, hi and z; in the same way as the
discussion before Eq. (5.12), except that here we do not assume a global uniformization
coordinate, only local coordinates near the zeroes of @. For convenience we abbreviate
2;(0) to zg, and 2;(0) to Zg.

Theorem 6.1. For @ € TV%H,, at the point (X, ®P) and the corresponding p € H~H1(X),

0I(w) = 2 lim (@Z - lqbi — 202 — 21'022) pd’z
5—0 2

Xs

b 3 (3F. 4 Sllogh + Sllogh).f - 5oxhn)-f.5) ()

PLEZ

Here ¢, — %gbz — 202 — 2if,, is a meromorphic quadratic differential over X .

Proof. The domain X,, s is given by deleting the dJ-discs centered at the f(w,zx(w))
for z, € Z. Its boundaries are given by the circles Ss(f(w, zx(w))). Now we consider
the pre-image domain, denoted by the same notation, of X,, s by f,, in X which has
boundaries denoted by Bj(zi(w)). Let us take dp such that the dp-disc centered at z
contains Bs(zx(w)) for each z;, € Z, and take w in an open neighborhood W of the origin
in C. Then X, 5 in X decomposes into X5, U As, 5. Here A5, 5 =
the region As, s5(z;) has two boundaries S5, (2x) and Bs(z,(w)).

2E€EZ Asy.(zr) where

For the integral |¢,|2d?z over As, 5, we have

R

Asy,6(25)

- [ e [ O,

z — zp(w)
A5015(zk) A50a5(zk)
z — Zp(w)
Asqy,5(zk)
~ 2 o 7 ((b—logzk)
= —loghy).|" d — =

/ |(¢ = log h)-|" d*2 + 5 / )
A50~5(Zk) 8‘45015(%)
i (6~ 2108 ]hl) .

2 zZ — Z(w)

0Asq,5(2k)
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Hence,

/\wz\2d2z+ > / (0= 2log|h]) .

z — Zp(w
PREZ B (24 (w)) w)

N ; _logh
/ |¢Z‘2d22+ / ‘ 10ghk)2’2d22’+% / wdz
z — zi(w)
Asg,s 0Asq,5

+% 3 / (¢ —2log|A]) . (6.2)

z — zi(w)
pkezsso(zk)

where Bs(zx(w)) and Ss,(2x) have the orientation induced from A, s(2x) and Xs, re-
spectively.

Now, we consider the holomorphic variation of each of the terms on the right hand
side of (6.2). First, we deal with the term Is, = fxéo |1.|? d?2. For this, observe that

5u(wzd'z) = (wz + 1/1zzf)dz + sz(fzdz + flgdé)y
Ou(W02d2) = (s + s )2 = (9= + 6=. f)d=.

Here, §,, denotes the Lie derivative. See Section 2.3 of [17] for details. Combining these
facts with (5.16) and Lemma 5.11, we have

0L, (@) = —5 [ 0(6ufc+ fer)dzndz

Xs,
~ % / D (fr + (200)- + ((200)-f)_) dz A d=. (6.3)

Let us denote the two terms on the right hand side of (6.3) by (91s,(w)); for i = 1, 2.
Recalling that v, fzdZ is an invariant (0, 1)-form, we have

(8]50(w))1 = _i( d’z(z’zf.EdZ/\dZ_ ¢zzf.2d25/\d5+ %fzdi)
? Xs/ Xs/ 3/

50

where 0Xs, has the induced orientation from Xs,. For (015,(w))z2, by Lemma 5.11 and
(5.17), (5.18),

(915, (w)

l\DIN

( / Yoz (f2 + (200) + (2i6). f) dz A dz

/ Vs (f2 + (2i0) + (2i0). f) dz)

9Xs,
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— ;( / Vs (foz +(200). f5) dz N dz

X

- / (f. + (200) + (2i6). f)(z/JZdz—i-z/szz)).

09X,

Dealing with the term 1, fzg as before,

(8150 (ZU))2 = _% < / ¢z(2i9)zfz dz Ndz — / T/Jzzfz dz Ndz

XJO X50

+ / U fzdz + / (fz+(2i0)'+(2i9)zf)(¢zdz+wzdz)).

6X50 3X50
Combining computations for (015, (w)); and (9Is,(w))2, we get

6150<w>——;(/zpzqzzf;dmdzd/wzzf;dmdz

Xsq Xsq

+2 / U frdz + / (fz+(2i9)'+(2i9)zf)(1/fzdz+1/1zdz)). (6.4)

BX(;O BXSO
Now let us deal with the integrals over 0Xs,. First, by (5.25) we have
[ iz [ (0 20).fed: = OG0, (6.5)
X5, X5,

For the other boundary integral given in the last line of (6.4), using (5.26), near p, € Z
we have

—(f2 + (200)" + (2i0). f) (¢ — 2i6).dz + (¢ + 2i0):d%)
((6 — 2i0) o f) (¢ — 2i6).dz + (¢ + 2i6):dZ)

_ <_f(z) — fiz?%fz(zk)zk + (<¢ _ logﬁk) o f)>

. ((_lek + (¢—log71k)z>dz+ (—i + (¢_10g}:lk)z>d5>.

Using this and some computation as before, we obtain
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_% / (f: + (2i0) + (2i0).f) (¢ — 2i6).dz + (¢ + 2i6)=d2)

X5,
__1 ORI R ACICAYARE. IS S
o 2p§z(|zz/|_6 ( Z— Zk )( z—zkd z—zkd>
+ (— f=) - f(;k_)z_k fZ(Zk)2k> ((¢ —log hi,).dz + (¢ — log ;Lk)gdg)
- . 1 1 _
+ ((¢ —loghy) o f)'(2) (_z — dez 5T 5kdz)> + O(dp)
=7 Y (¢ —loghw)=(2k) f=(2x) 2 + O(d0).- (6.6)

PLEZ

y (6.4), (6.5) and (6.6),
( / 0 ) =)

= / (2q5zz — qbg — 493 - 4i022)fg d*z + 7 Z (¢ — log Bk)z(zk)fz(zk)zk + O(dy).

XJO PLEZ

(6.7)

The holomorphic variation of the second term fA.s , (¢ —log hi).|? d?z on the right
0>

hand side of (6.2) can be analyzed as above, but the integrand |(¢ — log hy,).|? is regular
over As, s for any 0 > 0. Hence, we can see that

o1 [ 16— togh).[* = ) @) = 06 (6.5)
Asg,s

The limit of the third term on the right hand side of (6.2) as § — 0 is given by

> Z_Zgh’“)d  n(dw —log i) (Flw, (@) (6.9)
kGZ |z—zK|=6d0

where ¢, Bk,w denote (local) functions over X,,. For the holomorphic variation of the
first term in (6.9), we have

o3 [ e

|z—zk|=d0
-y [ TR G gk s
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+¢3+¢zf

zZ — Rk

= —m(¢+ 6.1+ @fzz'k)(zk) + 0(60).

ds _|_¢ Oghk

(fodz + fzdz)

For the second term in (6.9), we have

8(77<¢w - log ;Lk,w)(f(wa Zk(w)))) (w) = 7T<¢ + ¢zf + d)zfzzk)(zk)

Hence,

a<hm3 / wdz)(w):O(do). (6.10)

6—0 2 z — z(w)
50,8

In a similar way, we can show the following equality for the fourth term on the right
hand side of (6.2),

=7 Z (fz — (¢ — logilk)' — (¢ — logﬁk)zf)(zk) + O(dp). (6.11)

PLEZ

Combining the equalities (6.7), (6.8), (6.10), and (6.11), we have

i f ooy, [ OO

PEEZ By (2 (w))

1 % — 462 — 44 g2
i, [ (26— 62 102 a0,

Xsq

+7 Z (fz —(¢— logfzk)' —(¢— logﬁk)zf + (o — logﬁk)zfzz’k)(zk). (6.12)
PLEZ

Finally combining (6.2), (6.12) and the following equality

0(w > (o 1og|ﬁk|)<Zk>)<w>

prEZ

= 3 (o rouin) + (9= Jiowhe) G+ 150 )(a)

PLEZ

completes the proof. O
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The quantity I(X,®) in (6.1) is related to a Polyakov type formula which describes
the difference of two regularized determinants of Laplacians defined by two different
metrics. In [22] (see also [17]), it was shown that for g > 1

det Ahyp 1 9
—wpP - F 1
Ay Aot (0, Bp) cexp 127rS |F|* over &, (6.13)

where Ayyp, is the Laplacian in the unique metric of constant curvature —1 on X, Ay, is
the area of X in that metric, {®1,...,P4} is a basis of holomorphic 1-forms normalized
with respect to the marking, and S is the real valued classical Liouville action functional
over &,. Note that this is distinct from the usual expression of det Apyp, in terms of
the Selberg zeta function; in particular, F' is holomorphic in moduli. It is known that
S(X) = —4W(Mx), when Mx is related to X as above (see [14,20,15]). In [12], Kokotov
and Korotkin showed that for g > 1

det Aﬂat

_ oo —Hat ¥ 6.14
cAﬂat e[, D) over H, ( )

ITB|* =

where Ag,t is the Laplacian in the flat (singular) metric defined by @, and Ag,y is the
area of X in that metric. Combining (6.13) and (6.14), we have

4 det Agay A 2 _
|TB|?* = cexp(;W) < eAﬂ f: L. T hAy;’ ) |F|** over H,. (6.15)
a YP

By Theorem 1.1 and (6.15), using the fact that I descends to H,, we have the following
Polyakov type formula,

Corollary 6.2.

det Agat Ahyp 1
. = — T Hg, g > 1.
Agat det Anyp cexp 127 over Ttgs 9

Note that the usual argument proving the Polyakov formula for two smooth metrics
does not apply in our case, since the domains of Ag,; and Ay, are different. This formula
was first proved by Kokotov and Korotkin, in a slightly different form (combine results
from [9] and [12]).

7. Proof of Theorem 1.1

In this section we collect the formulae proved in the previous sections to prove Theo-
rem 1.1. Since we already proved the claimed equality in Theorem 1.1 for g = 1 case by
an elementary computation, we assume g > 1 throughout this section. For this, first we
recall a property of the Schwarzian derivative:
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S(hy 0 hy) = S(h1) 0 ha(hh)” + S(ha). (7.1)

Let 7 : H?> — X and 7g : 2 — X denote the Fuchsian and Schottky uniformization
maps respectively. Then the universal covering map J : H? — 2 satisfies m1p = 7g 0 J.
Applying this to the composition of multi-valued functions J ! = 71';1 omg, we obtain

S(I7) = S(mp") oms(w)” — S(wg) o ms (ms) .

Similarly applying (7.1) to the composition of multi-valued functions he = ( f “®)orms
for a local coordinate z over X, we obtain

z

Sthe) = 5( [ #) oms(et)” = S(r5?) oms )

Let us recall that S(7'), S(7g5'), S([* ®) define the projective connections Rp, Rs,
Rg over X respectively.

Lifting the coordinates (;, ¢ = 1,...,4g9 — 3 over a contractible open set containing
(X, ®), defined in (2.2), to U C 7:[;, we have

Proposition 7.1. The following holomorphic variation formulae hold fori=1,...,4g—3,

oGEW) _ g‘/Rs—RF 0
0 h ’

¢
o(8miCS) i / Rs—Ry
a¢; o h ’
8(%1) i /RF — Rg
== [ g,
8@ ™ h

Si

a(IOgF24) - %/RB *RS

a6, = h dz (7.2)

Si

where the functions W, I, F denote the lifted ones to 7—2; and @ = hdz. In particular,
exp(4nCS + 11) is a holomorphic function on U.

Proof. Since the proof is essentially same for each case, we prove the formula for z’i(Sg—éiCS).
Given a point ug € U C 7:1;“], with U a contractible open set, and a tangent vector
w € THOU at ug, we have a corresponding p € H~11(X), family of deformations
fuwp and holomorphic family of holomorphic 1-forms @(w). From Corollary 5.15, we
have
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0(8miCS)(w)
_ %;E% (Rs — Ro)pud’=
Xs
3 3. 1,
+ Z (3fz + i(log hi) + §(log hi).f — §(log hk)zfzzk) (2x)- (7.3)
PrEZ

For the first integral in (7.3), we have

2
- /(RS — Ry)ud’z
™

Xs

i / s ZR9) o ((+ hef + hfo) d= + () d2)

m h
Xs
:_%/d(/(h+hzf+hfz)dz+(hf')zdg.MC&)
Xs 21

Here (h+hz f+h fz) dz+(hf)s dz is given by the holomorphic variation of the holomorphic
family {@(w) o fu,} so that its line integral defines a well-defined function. As in the
proof of the Riemann’s bilinear relation to the last line in the above equalities, we have

2
= /(RS — Rp)pud*z
T

Xs

: g
—%<_i_1b/@dz~ (/(h"i‘hZerhf.z)dZ—i-hf'zdz)

ag

g
+Z/(RLhR¢>dz. (/(h+hzf+hfz>dz+hfzdz)
=1

b;

+gz_: / (/(h+hzf'+hfz)dz+hf2dz>@dz>. (7.4)

k=1 |z—z|=6 “z1

To deal with the last term in (7.4), we consider the following expression % near z € Z

Ray 3 1 1

=
—~
0
~—
|
I
[\
>
—~
N
x>
~
—~
I3
I
N
tad
~—
w
~— [~~— N | —
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where h = hy, for &(z) = (z — z;,)hxdz. Putting (B2), = (-

m) near zj, the following equality

1 1 1 ha(2i)
h(zk) (z—2x)3 +

[\Sl[98)

2 h?(z)

g%% 3 / </(h+hzf+hfz)dz+hfzd2> <%>Sdz

pk€Z|zfzk\:§ 21

.3 = .. 3 ~ .1 ~ )
= Z <3fz + 5(10g hi)" + g(log hy) f — 5(102; hk)zfzzk> (2k) (7.5)
pPLEZ
follows from some elementary computations

z

. . . . _ 1
(/(h+hzf+hfz)dz+hfzdz> mdz
|z—zp|=0 “z1
=2mi(h+ h. f + hf.)(z) + O(8) = —2mi(he f-)(zr) 2 + O(5),
</(h+hzf+hfz)dz+hfzdz>;dz

z—z)3
|z—zk|=0 “2z1 ( k)

= mi(h. + hoof + 2ha fo + hfoz) (20) + O(0)
= mi(2fahi + hi+ hia(f — £220)) (21) + O(8).
By (7.3), (7.4), and (7.5),

A(8miCS)(w)

- g
:%<_;b/@d2« </(h+hzf+hfz)dz+hf'zdz>

a;

g
+Z/Mdz~ (/(h+hzf+hfz)dz+hf;dz>
=1,

K

oy / Md%(/(h—l—hzf-i-hfz)dz—i—hfzdz)). (7.6)

Z1

Let us observe that the holomorphic variation of the coordinates A; (given in (2.1)) is
given by

04;

- / (h+ hof + hf.) dz + b dz,

and similar equalities hold for B;, Z). Comparing this with (7.6) completes the proof for

o(8mwiCS)
—ac O
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Combining the equalities in (7.2) the holomorphic variation of the holomorphic func-
tion exp(47CS + L11)F?* is given by

dlog(exp(4nCS + 1)) 2i / g —Re (7.7)

oG o h
Si

for i = 1,...,49 — 3. Hence, by the definition of 75 in (2.4), the two holomorphic
functions 73! (lifted to U) and exp(47CS+ 1 1) F?* have the same holomorphic variations.
Consequently, the liftings of 73! and exp(47CS + %I )E'?* to any connected component of
7-2; are equal up to a multiplicative constant. But the holomorphic function 73" descends
to 7:[97 hence the holomorphic function exp(4wCS + %I )E?* descends too. This proves
Theorem 1.1. The constant ¢ appearing in the theorem depends on our choice of a
connected component of 7-2;, which depends on the choice of the isotopy type of L2
curves as remarked in Remark 4.11.

Remark 7.2. By the equalities in (7.2), we have

O(4rCS+ L1 ) -
OUrCS + 31) +”)—%/7RS L (7.8)

8Q N ™ h
Si

Note that the Fuchsian projective connection Rp—which is defined by the hyperbolic
structure on X—does not appear on the right hand side of this equality. This suggests
that, although we use the hyperbolic metric over X in our definitions of CS(Mx, s¢) and
I(X,®), the combined invariant 47CS(Mx, s¢) + 21(X,®) could be defined without it.
Actually, we may define CS(Mx,ss) and I(X,®) using any other smooth metric in
place of the hyperbolic metric on X, in which case simple modification of the variational
arguments in Sections 5 and 6 then show that 47CS(Mx, sg) + L1(X,®) is invariant
under smooth conformal changes of the metric on X that we use. Consequently, the
hyperbolic metric only plays a subsidiary role in our definitions and proofs; the final
results actually depend only on the conformal class of smooth metric on X (which is
determined by the metric on the 3-manifold Mx). Actually, it was suggested to us by
D. Korotkin that we use the flat singular metric defined by @ in place of the hyperbolic
metric on X, since this would eliminate both an arbitrary choice of metric, and the
awkward looking term I(X,®), which would simply equal zero in this case. However,
we encounter additional technical difficulties in this case, which we were not yet able to
resolve.
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