Available online at www.sciencedirect.com

SCIENCE@DIHECT’ ADVANCES IN
Mathematics

ELSEVIER Advances in Mathematics 202 (2006) 401-450 —_—
www.elsevier.com/locate/aim

On the gluing problem for the spectral invariants of
Dirac operators

Paul Loya®*, Jinsung ParkP

dDepartment of Mathematics, Binghamton University, Vestal Parkway East, Binghamton, NY 13902, USA
bSchool of Mathematics, Korea Institute for Advanced Study, 207-43, Cheongnyangni 2-dong,
Dongdaemun-gu, Seoul 130-722, Korea

Received 3 May 2004; received in revised form 15 November 2004; accepted 30 March 2005

Communicated by Tomasz Mrowka
Available online 23 May 2005

Abstract

In this paper, we solve the gluing problem for the (-determinant of a Dirac Laplacian. To
do so, we develop a new approach to solve such problems which relies heavily on the theory
of elliptic boundary problems, the analysis of the resolvent of the Dirac operator, and the
introduction of an auxiliary model problem. Moreover, as a byproduct of our approach we
obtain a new gluing formula for the eta invariant au gratis.
© 2005 Elsevier Inc. All rights reserved.
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1. Introduction

Over the past several years there has been intense research activity in understanding
the behavior of geometric and spectral invariants of Dirac-type operators under gluing,
or surgery, of the underlying Riemannian manifold. This explosion has resulted in the
search for gluing or pasting formulas for these invariants and has been motivated both
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by geometers in regards to, for instance, applications to the Ray-Singer conjecture
concerning the equality of torsion invariants, index theory on manifolds with corners
and gluing formulas for Dirac determinant line bundles, and by mathematical physicists
because of the rdle of these invariants in Donaldson, Floer, and Seiberg—Witten theory
and especially in the development of topological quantum field theory where pasting
laws for (-determinants are required. For recent reviews, see Mazzeo and Piazza [33]
and Scott and Wojciechowski [41].

However, the gluing formula for the {-determinant of a Dirac Laplacian has remained
an open question due to the nonlocal nature of this invariant. The purpose of this paper
is to solve this gluing problem. To do so, we develop a new technique to attack such
problems by using the theory of elliptic boundary problems, the analysis of the resolvent
of the Dirac operator, and the introduction of an auxiliary model problem where the
gluing problem can be solved explicitly [28]. This technique can be adapted to more
general cases like noncompact manifolds or the nonproduct situation near the cutting
hypersurface where, in the forthcoming papers [27,29,30], we shall investigate similar
gluing problems.

We begin with a brief history and rough description of gluing problems; in a mo-
ment we shall make these notions precise. The basic statement is as follows: given a
partitioned compact manifold M = M_ U M into manifolds with boundaries, describe
the geometric and spectral invariants of Dirac operators on M in terms of the invariants
on My with suitable boundary conditions. Here, we consider the index as a geomet-
ric invariant and the eta invariant and {-determinant as spectral invariants. The gluing
problem for the index was the first to be solved. This was settled by Atiyah et al.
[1], and the solution used the local nature of the index. The Bojarski Conjecture, later
proved by BooB-Bavnbek and Wojciechowski [4], gives a general gluing formula for
the index in terms of the Fredholm index of the pair of Cauchy data spaces from M.
Later, we will see that Cauchy data spaces play significant rdles in the solutions of
each of the gluing problems. Next, the gluing problem for the eta invariant was solved.
The main difficultly in this case has to do with the nonlocal nature of the eta invariant,
in contrast to the local nature of the index. However, the variation of the eta invariant
is local, and because of this locality a variety of formulas and proofs for the gluing
problem have been found (many modulo Z), see for instance, Briining and Lesch [5],
Bunke [6], Dai and Freed [10], Douglas and Wojciechowski [11], Hassell et al. [18],
Kirk and Lesch [21], Mazzeo and Melrose [32], Miiller [34], Park and Wojciechowski
[37], Wojciechowski [47,48]; see the survey articles by Bleecker and Boof-Bavnbek
[3] and Mazzeo and Piazza [33] for more on this topic. Of these solutions, the one
by Kirk and Lesch [21] is the most complete and general and, as with BooB-Bavnbek
and Wojciechowski’s [4] solution to the index problem, involves the two Cauchy data
spaces from M.

Last in the chain of invariants is the {-determinant. Because of the highly nonlocal
nature of the {-determinant and its variation, the gluing problem for the {-determinant
has been the most difficult part of the gluing problems to solve. Nonetheless, the gluing
problem for the {-determinant of Laplace-type operators with local boundary conditions
was solved by Burghelea et al. [7] and has been further extended by Carron [9], Hassell
[17], Hassell and Zelditch [19], Lee [22], Loya and Park [25], Vishik [46], and many
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others. Compounding the nonlocal nature of the {-determinant and its variation with
the technical aspects inherent with the global pseudodifferential boundary problems
required for Dirac-type operators, the gluing problem for the {-determinant of Dirac-
type operators has remained an open problem. The purpose of this paper is to solve this
gluing problem under general pseudodifferential boundary conditions and to develop a
new method to attack such problems. As with Boof3-Bavnbek and Wojciechowski’s [4]
solution to the index problem and Kirk and Lesch’s [21] solution to the eta problem,
our solution involves the two Cauchy data spaces from My. As we will see later,
this is because the gluing problems for the eta invariant and the (-determinant are
not entirely separate problems, but are really just two aspects of one problem—the
phase and modulus of the same global data defined by the two Cauchy data spaces
from M4.

We now describe our situation more precisely. Let D be a self-adjoint Dirac-type
operator acting on C°°(M, S) where M is a closed compact Riemannian manifold of
arbitrary dimension and § is a Clifford bundle over M. We decompose the closed
manifold M into two submanifolds M_, M, with a common boundary Y such that

M=M_UM,., OM_=0M,=Y.

We also assume throughout this paper that the Riemannian metric of M and the Her-
mitian metric of S are of product type over a tubular neighborhood N =[—1,1] x Y
of Y where the Dirac operator takes the product form

D = G(3, + Dy).

Here, G is an endomorphism of Sy := S|y and Dy is a Dirac-type operator over Y
satisfying G? = —1d and DyG = —G Dy. Recall that if {4;} are the eigenvalues of D,
then the eta function of D is defined by

sign(Ag)
np(s) = Z %
i #0 k

and the zeta function of D? is defined by

(pa(s) = ) A%,
Ak #0

both of which are defined a priori for Re s >0 and extend to be meromorphic functions
on C that are regular at s = 0. The eta invariant #(D) is by definition the value 15 (0)
and the {-determinant is by definition

dety D? = exp ( — %‘S:OCDz (s)). (1.1)
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The eta invariant was introduced in the paper [1] by Atiyah et al. as the boundary
correction term in their index formula for manifolds with boundary. The {-determinant
was introduced by Ray and Singer in the paper [38] on the analytic torsion. Since
these papers, eta invariants and {-determinants have impacted geometry, topology, and
physics in several ways, cf. Singer [45,44] and Hawking [20].

To formulate the gluing problem, we need to introduce boundary conditions. By
restriction, D induces Dirac-type operators D1 over My and D_ over M_. For these
operators, we choose orthogonal projections P, P_ over L>(Y, Sp), that provide us
with well-posed boundary conditions for Dy, D_ in the sense of Seeley [43]. Then
we obtain Fredholm operators

Dp, : dom(Dp,) — L*(My, S),

where

dom(Dp,) :={p € H' (M, S) | P($|y) = 0}.

Amongst these projectors are the orthogonalized Calderén projectors C4 [8], which are
projectors defined intrinsically as the unique orthogonal projectors onto the closures in
L2(Y, So) of the infinite-dimensional Cauchy data spaces of D

{Dly | d € CZ(M, S), Drp =0} C CT(Y, Sp).

In order to define the eta invariant of Dp, and the (-determinant of Dzi, we need to
restrict to a subclass of projectors; a natural class of such projectors are those in the
smooth, self-adjoint Grassmannian Gr, (D+), which consists of orthogonal projections
P+ with two properties; (1) P+ —C4+ are smoothing operators; (2) GP+ = (Id—P1)G.
Examples of such projections are the generalized APS spectral projections P_ = Il +
1+2"‘ Iy, P+ =11 + 1+%Ho where I1_, I1., Iy are the orthogonal projections onto
the eigenspaces of the negative, positive, and zero eigenvalues of Dy, respectively, and
the o;’s are involutions on ker(Dy) anticommuting with G. For Py € Gr} (D+), the
eta invariant #(Dp,) and {-determinant dety D%i can be defined in the same way as
in the closed case, see Grubb [14,15], Loya and Park [26] and Wojciechowski [48].
The gluing problem for the spectral invariants is to describe the “defects”

n(D) —n(Dp,) —n(Dp_), (1.2)
log det; D* — log det; Dp_— log det; Dj_ (1.3)

in terms of recognizable data. These types of problems are also called surgery, pasting,
or splitting, problems of the spectral invariants. The aim of this paper is to provide
complete simultaneous solutions to these gluing problems and to develop a new method
to attack such problems.
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Before explaining our approach to the gluing problem, we first discuss the choice
of the projections P4+ imposing the boundary conditions. After Atiyah, Patodi, and
Singer introduced the APS spectral projector in their influential paper [1], the APS
spectral projector has been used, to some extent, in the gluing formulas for the eta
invariant; moreover, most of the formulas hold modulo an integer ambiguity, cf. [3].
This ambiguity was removed by Kirk and Lesch [21] where they formulated their result
in terms of the boundary conditions given by the Calderén projectors rather than the
APS spectral projectors. This suggests that it is more appropriate to use the Calderén
projector instead of the APS spectral projector in regards to the gluing formula for the
eta invariant. For the {-determinant gluing formula of the Dirac Laplacian, one can also
see the need to use Calderdn projectors by the work of Park and Wojciechowski [36,37]
on the adiabatic decomposition of the {-determinant. Here, ‘adiabatic decomposition’
means to investigate the limit of the ratio of the {-determinants of the whole manifold
and the decomposed manifolds as the length of the collar N = [—1, 1] x Y is stretched
to infinity. This limiting value is described by a ratio of determinants involving the
scattering matrices defined from the manifolds obtained by attaching half infinite cylin-
ders to the decomposed manifolds with boundary. Here, the scattering matrix is the
analog of the Calderén projector for manifolds with cylindrical end.

These phenomena lead us to first solve the gluing problem for the (-determinant
(1.3) with respect to the Calderén projectors P+ = C+ rather than the APS spectral
projectors (see Theorem 1.1), and then only after understanding this case, proceed to
general Py (see Theorem 1.2).

Because we choose to work with Calderén projectors and therefore have no explicit
form for the heat kernels of Déi, we have to proceed in a different way from the es-
tablished methods used to derive gluing formula of the eta invariant. As a consequence,
we develop a new method which relies on the theory of elliptic boundary problems, the
analysis of the resolvents of D and Dc_, and the introduction of an auxiliary model
problem. The basic idea is to introduce a family of operators K (1) over Y defined by
the Calder6n projectors of (Dy — ) on My. We then connect the operator K (1) to the
resolvents (D — A)~! and (D¢ .~ 7)1, and then connect the resolvents to the spectral
invariants. The operator K (4) describes how the two Cauchy data spaces of (DL — /)
over M1 match into the global data of (D — A) over M, which simultaneously contains
the phase data describing the eta invariants (1.2) and the modulus data describing the
{-determinants (1.3). From this view point, the gluing problems of the eta invariant
and the {-determinant simply represent two aspects of one problem. Another new fea-
ture of our method is the introduction of an auxiliary model problem over the finite
cylinder N = [—1, 1] x Y. We consider the corresponding gluing problem and family
of operators K¢(4) for the decomposition of N into its two halves N_ = [—1,0] x ¥
and Ny = [0, 1] x Y. The essence of our approach is to compare the original problem
over M with this model problem over N, where the gluing problem can be solved
exactly [28]. This enables us to avoid certain frace class issues involving the resol-
vents (D — 2)~! and (D¢, — /)~ and allows us to derive the gluing formulas with no
undetermined constants.

The use of resolvents in the study of spectral invariants can also be found in, for
instance, Forman [12] (cf. [23]), Burghelea et al. [7], Scott and Wojciechowski [40],
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Scott [39], and Loya and Park [25,26]. However, the papers [12,40,39,26] deal with the
relative invariant problem, and not the gluing problem, of the spectral invariants with
two different boundary conditions over a single manifold with boundary. Hence, there is
no gluing feature concerning the mechanism to which the two Cauchy data spaces from
M connect with the global data of the closed manifold M; in contrast, this is the crucial
point for the gluing problem. This distinction makes our analysis substantially different
from the analysis used for the relative invariant problem. The gluing formula for the
{-determinant of a Laplace-type operator over M with Dirichlet boundary conditions
was considered in [7,25]. In this case, the resolvents of the Laplace-type operators
(with Dirichlet boundary condition) over M (and M.) are linked through the sum of
the Dirichlet to Neumann operators defined over M. However, this operator cannot be
applied to the Dirac operator situation where one deals with global pseudodifferential
projections and not the local Dirichlet condition.

We now state our main theorem. The Calder6n projectors C+ have the matrix forms

1/ 1d k7!
Cr=- ( - ) (1.4)
2 K4+ Id

with respect to LZ(Y, So) = L2(Y, STY® L%(Y, S7) where ST are the subbundles of Sy
consisting of the (+i)-eigensections of G. Here, the maps x+ : L>(Y, ST) — L?(Y,S7)
are isometries, so that U := —K,K:L] iS a unitary operator over LZ(Y, S7). Moreover,
this operator is of Fredholm determinant class. We denote by U the restriction of U
to the orthogonal complement of its (—1)-eigenspace. We also put

hy hm
L:= ZVOUk ® voUk = Z (s 20Uk} L2(v.50) Vo Uk
k=1 k=1

where hy = dim ker(D), y, is the restriction map from M to Y, and {Ui} is an
orthonormal basis of the kernel of D. Then L is a positive operator on the finite-
dimensional vector space yq(ker(D)). The following theorem is the main result of our

paper.

Theorem 1.1. The following (-determinant gluing formula holds:

det; D? Loy ©—hy 21d+ U + 17—1>

2
(det £)2 dety ( 0

D2 . dets D2
deté DC+ detg DC,

where CD% (s) is the (-function of D%,, hy = dim ker(Dy), and detp denotes the
Fredholm determinant.

A brief sketch of the proof of Theorem 1.1 is as follows. We adopt the strategy of
Forman [12] and Burghelea et al. [7], by introducing a spectral parameter A and relying
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heavily on resolvents. For our problem, we consider the aforementioned operator K (1)
which depends on the Cauchy data spaces of (D4 — A) on My and the corresponding
operator K¢(J) over the model cylinder. We prove that K (1)K¢(4)~! is of Fredholm
determinant class and show that the A-derivative of log detz (K (A)K(2)~") equals a
relative trace of resolvents (D — A)~!, (D¢ L= 7)1 and the corresponding resolvents
over the model cylinder. On the other hand, for purely imaginary A, the A-derivative of
the log of a ratio of the {-determinants of D% — /2, D%i — )% and the corresponding op-
erators over the model cylinder can be expressed in terms of this relative trace. Hence,
we obtain a relation between detp (K (1) K€(A)~!) and a ratio of the {-determinants of
D22, D(zji — /2 and the corresponding operators over the model cylinder up to an in-

tegration constant. We then study the asymptotics of detg (K (1)K ()71 as I — +oo
to determine this constant. Finally, we study the asymptotics of detp (K (1)K ()Y as
/. — 0 and combine this with the exact gluing formula over the model cylinder to get
the desired formula in Theorem 1.1.

We can generalize the gluing formula stated in Theorem 1.1 in terms of other
boundary conditions if we combine Theorem 1.1 with the result in [26]. To explain
this generalization, let P; € Grli (D_) and P, € Gr} (D4). The projections P; and P,

determine maps k1 and x as in (1.4), so we can define unitary operators Uj := ;c_;cl_l

and U, = ;cgicjrl over LZ(Y , S7). As before, we let l7,~ denote the restriction of U; to
the orthogonal complement of its (—1)-eigenspace. We define the operator £ over the
finite-dimensional vector space ran(C_) Nran(Id — P;) by

L :=-PGR-'G P,

where R_ is the sum of the Dirichlet to Neumann maps on the double of M_, that
was introduced in [7], and P; is the orthogonal projection onto ran(C_) Nran(Id — Py).
In [26], we prove that £ is a positive operator so that det £ is a positive real number.
We define £, in a similar way. We can now state the general gluing formula for the
{-determinant.

Theorem 1.2. The following general gluing formula holds:

det; D?

*EDlz/ ©)—=h
2 2
detC 'D731 . deté D732

=2

v 5 Ad+ 0 + 0!
(det £)~2 dety (—4 )
) o

B 2Ad+ U + U1\ -1

xl_[(det L£)7? - detp (%) )

i=1

The gluing formula of the ({-determinant in Theorem 1.2 holds in particular for
the generalized APS spectral projectors P; = Il + 1+201 Iy, P, = I1. + 1+262 I,.
The resulting formula is not so simple in comparison to the formula in Theorem 1.1,

which reinforces the prominent role of the Calderdén projector in gluing problems over
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the APS projector. However, taking generalized APS projectors in Theorem 1.2 and
elongating the collar, and using the description of the adiabatic limit of the Cauchy
data spaces [35], we get a simple derivation of the aforementioned adiabatic decom-
position formula of the (-determinant of a Dirac Laplacian presented in [36], [37],
which was proved mainly using the Duhamel principle and small eigenvalue analysis
through scattering theory (cf. [31]). As we already mentioned, the method we use to
attack the (-determinant actually solves the gluing problem for the eta invariant au
gratis:

Corollary 1.3 (of proof). The following gluing formula holds:

- - N 1
n(D) —n(Dp,) —n(Dp,) = I Logdetr U;; mod Z,

where the tildes denote reduced eta invariants, e.g. 1(D) = (n(D) + dim ker(D))/2,
Log the principal branch of the logarithm, and Uy, = —lclkgl.

Remark 1.4. As shown in Section 9, the integer defect can be identified exactly in
terms of winding numbers involving the fundamental operator K (1), the corresponding
operator K¢(/) for the auxiliary model problem, and related operators from the relative
invariant problem in [26]; this is a new formulation of the integer defect. The eta
formula (with a different right-hand side) was first proved by Kirk and Lesch [21,
Theorem 5.10] using techniques from [5,40]. However, the proof of the eta gluing
formula we present is distinct from theirs and in our case it is proved ‘simultaneously’
with the {-determinant gluing formula.

The structure of this paper is as follows. In Section 2, we review some mate-
rial on elliptic boundary problems for Dirac-type operators. In Section 3, we intro-
duce the model problem over the finite cylinder N and compare this with our orig-
inal problem. In Section 4, we introduce a family of operators K (1) that links the
Cauchy data spaces of (Di — 1) with the resolvents (D — 2)~! and (D¢ L — J)~1
and we define the corresponding operator K¢(4) for the auxiliary model problem. We
also prove an equality between the variation of log detr (K (A)K€(2)~") and the rel-
ative traces of the resolvents. In Section 5, we discuss the asymptotic behavior of
dety (K(A)KS(A)~") for A near 0. This analysis enables us to determine the contribu-
tion det £ in the formula of the {-determinant. In Section 6, we study the limits of
the Calder6n projectors for (Dy — 1) as I1 — oo and we use this in Section 7 to
derive asymptotic expansions for detr (K (1)K (M)~ as 4 — +oo. In Section 8, we
express the spectral invariants of D, D¢, , and those on the finite cylinder in terms of
log detr (K (A)K€(2)™1), so that we can apply the results in the previous sections to
prove the gluing formulas of the spectral invariants. Finally, combining all the results
established in the previous sections, in Section 9 we prove Theorems 1.1, 1.2, and
Corollary 1.3.
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2. Elliptic boundary problems for Dirac-type operators

In this section, we review basic material on elliptic boundary problems for Dirac-type
operators. We follow the notation in the introduction.
Throughout this paper, we shall fix a union of sectors A C C of the form

A={1eC\{0}|gp< arg A< — gy or m+ g9 < arg A<2m — &o}, 2.1
where 0 < g9 < /2. For /. € A, we define
D) =D—J:H'(M,S)—> L*(M, S),

then its inverse operator D(2)~ ! is well-defined. We denote the restriction of D(1) over
My by Di(2). We denote the trace, or restriction map to Y, = {e} x ¥ C M by 7,.
Then 7y, is a well-defined map

1
ve : HY\(M, §) — H*"2(v,, So)
for k > % The Calderdn projectors of Dy (/) are defined by
Pi(l) = £y D)~ WEG 1 L2(Y, So) — L*(Y, Sp), (2.2)

where yg+ = lim,_, o+ y, and y; is the adjoint map of y, at {0} x Y. In [42,13], it
is proved that Py(4) are pseudodifferential projections, their images coincide with the
closures in L2(Y, So) of Cauchy data spaces of D (1)

He(D) = {19e ds | b1 € C¥(Ms, $), Di()gs = 0 over Mo\ Y|
and the following equality holds:
Pr(2)+ P_(2) =1d. (2.3)

With C+ denoting the unique orthogonalized Calderén projectors, which are by def-
inition the (unique) orthogonal projectors onto the closures of the Cauchy data spaces
H+(0), we define

S+(4)
Se()!

C+ P+ (M),
PY(WICLPL(A) + (Id — Co)(Id — PY(A)] ™" Cx,
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where P{ (1) are the unique orthogonal projections onto the closures of the Cauchy
data spaces Hi(4) given by (see [2,4])

PL(A) == P+(AD)PL(A)(P+(A)PL(Z) + (Id — PL(A)(Ad — Pi(z)))‘l.
Then S+(4) and S1(4)~! satisfy the following equations [13]:
Se(Se (M) =Cor S(D)T'SL(D) = Pi(D). (2.4)

Using these formulas and that S4 (A1) are holomorphic in A € A, it is straightforward
to show that Si(2)~! are holomorphic functions of i € A.

For the Dirac-type operators Dy (4), we impose the boundary conditions given by
C+ and denote the resulting operators by

De, (4) : dom(De, (4)) — L*(M. S),
where
dom(De. (1)) := {$ € H'(Mx, S)|Ciy9¢p = O}.
We define
Dr() ' =reD) e,

where r+ : H'(M,S) — H'(Mx,S) are the restriction maps from M to My and
eq L2(Mi, S) — L2(M, S) are the extension maps by zero out of M. The Poisson
operators of D¢, (1) are defined by

Koo () = Ke()Sz ()™ 2.5)
where K(4) = £D+(4)~193G. These operators K¢, (4) satisfy
(D= MHKc.(A) =0, Capoley () = Cy. (2.6)
Then the following equality holds [13]:

De, (W) =De() 7 = Ko, (W)CapoDL () Q2.7)
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3. Comparison with the auxiliary model problem

In this section, we compare our original problem with a corresponding auxiliary
model problem on the finite cylinder N, which is defined as follows.

We consider the restriction of the Dirac-type operator D(4) to N, whose boundary
consists of two components {1} x Y. Recall that I1., I, and 1y denote the orthog-
onal projections onto the positive, negative, and zero eigenspaces, respectively, of Dy.
By the cobordism invariance of the index [4], we have dim (ker(Dy) N C>®(Y, S1)) =
dim (ker(Dy) N C®(Y, S_)), so we can henceforth fix an involution ¢ over ker(Dy)
that anticommutes with G. We then impose boundary conditions C¢ = 1. + 1_T‘Tl_[o
at {1} x Y, CS =1II. + 1JFT‘TH() at {—1} x Y for the restriction of D(J) to N. Let us
denote the resulting operator with these boundary conditions by D¢(1). Then

D(J) : dom(DE (%)) — L*(N, S),
where
dom(D*(2) = {¢p € H'(N, ) |CS(y51¢) = O}
We denote the restriction of D°(4) to N_ = [-1,0] x ¥ by D°(4) and to Ny =
[0,1] x Y by DL(4). If K(D) = D"()V)_lng, then the usual arguments using the
rational symbolic structure of D)~ (cf. the proof of Theorem 6.1) show that if
@ € C®(Y, Sp), then (ICC(/1)<p)‘Ni € dom(D% (%)) and is smooth up to each side of

Y with at most a jump discontinuity at Y. In particular, we can define the Calderén
projectors P{ (1) of DL (4) by

PS(J) = 490D () 195G

One can show that D(0) is invertible and P{(0) = C§. In the following lemma we
summarize the properties of P{(A).

Lemma 3.1. For all 2 € AU{0}, the operators P{ (%) over C*°(Y, So) are projections
satisfying

P{(2) + PS(J)=1d (3.1
and the images of P{ (1) over C*(Y, So) coincide with the Cauchy data spaces
C) = {Voi(]si | ¢y € C®(Nx, S) Ndom(DL()), DL(D)dpy = O}.

Proof. The proof of this lemma is similar to Seeley [42, Theorem 5] (see also [13]).
We shall prove that P (1) is a projection with image H¢ (1); a similar proof works
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for P{(A). We first show that P°(4) =1Id on H¢ (/). Let ¢ = yp-¢_, where ¢_ €
C®(N_, S) ndom(DC (1)) and D¢ (A)¢p_ = 0, and define

| ¢_on N_,
¢'_{0 on N\ N_.

Since D¢ (A)¢p_ =0 and D (1) = G(0, + Dy) — 4, and the derivative of the Heaviside
function is the delta distribution, it follows that

DD = -0y ® Gp = —;Go,

since 75 = Jy ® - with Jdy the delta distribution concentrated at {0} x Y. Thus, ¢ =
—DC(/I)_ly(*;GgD, and so

PEQ)@ = =9 (DD~ 95G o) = 1-(¢) = .

Hence, P€(4) = Id on HE (/). We now show that P€(1)? = PS(2). Let ¢ € C®(Y, Sp).
Then by definition of P¢ (1), we have

PEDQ=70-¢, ¢ = —(DC(}“)_LVSG(P)‘N;

Note that ¢ € C*®(N_, S) Ndom (D (1)) and D ()¢ = 0. Thus, yo-¢p € HE (1), so
as we know that P€(1) = 1Id on HE (4), it follows that

PE()*p = PE(D(PE(DQ) = PE(W(v0-$) = 10-¢ = PE(Do.

We now prove that P€(2) + P{(4) = 1d. Let ¢ € C°((—1,1) x Y, S) and let ¥ €
C>®(Y, Sp). Denote the L2-pairing on ¥ by (,) and denote the distributional pairing on
N by parentheses. If (1) = DC(/I)_Iy(";G, then

(0. GY) = (5GY)(d) = (D (DK (DY) (¢)

1
= (K°Wy) (D (W)*¢) = / I(DC(A)*¢>, KEO)W) du. (3.2)

Since the function K¢(A)y is smooth off ¥ with at most a jump discontinuity at ¥ and
¢ CX((—1,1) x Y,S), we can write

1
/I(Dc(i)*gb,lCc(i)t//)du = lim (D(A)* b, KE(A)Y) du.

e=0" Jiy|>e
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Now observe that

/| DO K d /| GG+ Dy = D)o Koy d

- / (Guch, GKE G s
lu|>e

+/| (¢, (GDy — 2)K (W) du

- / 6. G (DY) du
lu|>e

4 / @K du

_(V—sq’)’ GV—e’CC(})lﬁ) + (ysd)’ G%KC(A)‘M,
(3.3)

where at the last step we used that D(A)K(1) = 0 off ¥ and the fundamental theorem
of calculus, recalling that ¢ is supported away from u = £1. Taking ¢ — 0T in (3.3)
and equating this with (3.2), and using the definition of P (/) and P{(4), we conclude
that

(709, GY) = (g, GPE(W) + (yod, GPL(W).

Since ¢ € C((—1,1) x ¥, S) and y € C®(Y, Sp) were arbitrary, it follows that
Id = PS(4) + P{(4), and our proof is now complete. [

We now compare the Calderén projectors of our original problem to those of our
model problem. To this end, we first define a space of parameter-dependent smoothing
operators. For any p € Z, we define ‘I’/_\oo’p (Y, Sp) as the space of smoothing operators
S(4) over Y depending smoothly on the parameter 4 € A such that as [4| — oo in A,
we have

S~ > 1A 85(0). (3.4)
j=0

where S;(0) € Y=Y, Sp) (the space of smoothing operators on Y) depends smoothly
on 0 := A/|4|. If S(/) happens to depend holomorphically on 4, then the asymptotic
sum (3.4) can be written with |4] replaced with 4 and where S; is independent of 0.

Note that W~(Y, Sp) € ¥, 0¥, Sy).

Proposition 3.2. The differences C+ — CS are in W~°(Y, So) and the differences
Pi(J) — PS(J) are in W,° (Y, Sp).
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Proof. We first prove the statement for the A-dependent operators. The main idea
follows from the observation that we can replace DA)~! by a suitable parametrix,
which involves the operator D°(4)~! up to a smoothing operator plus an integral
operator whose support is far from {0} x Y.

Let p(a,b) : [—1,1] — [0, 1] be a smooth even function equal to 0 for —a<u<a
and equal to 1 for b<|u|. We define

$r=1-pG. 9. dr=pG. D0 =pG. D ¥y =1- 1,

and then we extend these functions to be functions on M in the obvious way. We now
define a parametrix Q(A) for the operator D(1)~! by

Q()(x,2) = ¢1()D (D)~ (x, DYy (2) + d (DA~ (x, DY (2). 3.5

Then we have

D()QA)(x,2) = Id + G (3,01 (x) D (A) " (x, 2)¥1 (2)
+ G (8uhr) (x) DA™ (x, 2P, (2).

Hence,
DA)Q) = Id+ SA),

where S(4) is a smoothing operator whose kernel S(4)(x, z) is equal to O if the distance
from x to z is smaller than % Since the supports of J,¢; and ; are disjoint, it follows

from work in [16] that S(2) € ¥,° "' (M, ). Thus,
D' =00 =80, (3.6)

where S’'(1) = —D(V)~'SV) € lI’XOO’_Z(M , S). Finally, using the definitions of Py (4)
and P{(4) and the equalities (3.5) and (3.6), we obtain

Pi()) — PS(2) = 290 (D)™ = D) WG = £90::S (5 G.

It follows that Py (/) — PS(2) € ¥, ™ 72(Y, Sp).

We now prove that C_ — CS is in ‘Pioo‘O(Y So), with a similar argument holding
for the “+” operators. For this, we use that C_ is given by the formula (2.2) with
D(2)~! replaced by D~! where D is the 1nvert1ble double of D_ on M_ U (—=M_),
cf. [4]. Then replacing D(2)~! and D¢(2)~! by D! and DC(0)~!, respectively, in the
definition of the parametrix (3.5), and then proceeding as we did before, proves that
C- —C¢ s in W0, o). O
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We next compare the Poisson operators of our original problem to those of the model
problem. For DS (4), we impose the boundary conditions defined by the projections C§
at {0} x Y and we denote by Dci(l) the resulting operators. We also define DY (1)1

as we did for D4 (4)~!. Observe that the operators D"gt()v)_1 and Dﬁﬁ(/l)_1 can be

extended as the zero maps over L2(Ny, $)* ¢ L?(M,S) and we obtain operators
acting on L*(M, S); we use the same notations for these extensions. Just as we did in
(2.4) and (2.5) for the operators D4 (4), we can also define operators S§ (1), Si(/l)_l,
K< (4), and ICCi(i) for the operator DG (A). In particular, in an obvious way, we can

regard the operators K& (A) and ]CC;‘L(/D as mapping L2(Y, Sp) into L2(M, S). Then
using formulas (3.5) and (3.6) in Proposition 3.2, it is straightforward to prove

Lemma 3.3. The differences S+(2) — S$.(4) and S~ — Si(/l)_1 are smoothing
operators over L>(Y, Sp), Ke, (2) —ICCi(/l) : L2(Y, So) = L*>(Mx, S) has a smoothing
Schwartz kernel apart from a jump discontinuity at {£1} x Y in M4, and finally,
oD+~ =DL()™Y : L2(My, S) — L*(Y, So) has a smoothing Schwartz kernel
apart from a jump discontinuity at {1} x Y in M.

Note that the jump discontinuity in the kernel of K¢, (1) — Kéi (A) occurs because
]CE; (4) maps into L>(Nx, S), so IC“EE(/"L) is identically zero off N+ when considered

as a map into L?>(My, S). A similar remark holds for Yo(D+ M~ — i(i)_l).
Finally, we compare the resolvents of our original problem to those of the model
problem. First, we note that a similar formula to (2.7) holds:

D W '=Ds) - Ko (A)CSyoDL(H) L (3.7)
Second, we note that the Hilbert spaces L2(M ,9), L2(N , §) have the decompositions
L*(M,S)=L*(M,,S)® L>*(M_, S), L>*(N,S)=L*(N4, S)® L>(N_, S).
With respect these decompositions, D(4)~!, D°(4)~! have the matrix forms

PO _( DL()7! mﬂ)(&)‘le)
r-D) ey  D_(A)7! ’

DA =

( DS ()~ r+Dc()L)_le_> ' a8)

r-D)7 ey D!

Here, r4, r_ are the restriction maps to M4, M_ and e, e_ are the extension maps
by zero out of M4, M_. To simplify notation, from now on we put

D)™ =D, ()™ UDe (D™, Do)~ 1= Dge ()™ DG (M.
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Proposition 3.4. The following operator is of trace class:
D) Do) = (DW= D (DY over LA(M, 5).
Proof. By the formulas (2.7) and (3.7) for D¢, (A)~! and Déi (A)~Y, we have

D)™ = Do, (D)™ = (DL~ =D (D™

= —Ke, (DC70D+(D) ™! + Ko (ICL70DLA) ™.

By Proposition 3.2 and Lemma 3.3, it follows that the right-hand side is of trace class
over L2(M, S). Therefore, if Dy(1)~! and Dfi(i)’l are the operators defined by the
diagonal terms of the matrices (3.8), then the operator

Da()~' = D) = (D) = D5 (D)7

is of trace class over L2(M, S). The claim now follows from the fact the difference
of D(A)~! (D°(A)™") and Dy(2)~! (D5(A)~!) is given by off diagonal terms in the
decomposition (3.8).

For an alternative proof, one can take an arbitrary ¢ € L2(M ,S) and consider the
sections (1)~ g, De(A) "1, DE(A)~1¢, and Dg. (4)~'¢, and show that the alternating
sum of these sections is smooth over M, L M_ except with jump discontinuities at
{£1} x Y (because D(A)~'¢p, and DS.(2)~'¢ vanish outside of N); this implies that
the operator in question is trace class. [J

Remark 3.5. Proposition 3.4 is a crucial element in the proof of Theorem 1.1 because
the trace Tr(D(A)~' — Do (X))~ — (D (N~ — DE((},)’I)) is related to the variation of
the log of the ratio of the relative {-determinants of D> — 22, Dé — /2% and (D°)? —
22, (DEC)2 — 2% (see Proposition 8.4 where we set 4 = iv with v € R). We also
remark that we can regularize the trace of D)~ — Dec Mt by subtracting off other
operators instead of the model cylinder operators. However, the reason we choose
the finite cylinder operators is because the (-determinants of these operators can be
computed exactly (see Lemma 9.1). This ‘comparison with model problems’ technique
can also be found in [25,27] where we investigate similar gluing problems.

4. Variation of logdetr (K(A)K cA)~hH

In this section, we define the key operators of this paper, K (/1) and K¢(1), over Y,
which are defined through our various Calderén projectors.
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Recall from (1.4) that C+ have the matrix forms

1/1d ! 1/1d !
c+=§< +>, CZE( 4.1)
ky Id k- Id

with respect to L2(Y, So) = L2(Y, ST) @Lz(Y, S7), where the operators x4 are isome-
tries from L2(Y, ST) to L*(Y, S7). Now using this decomposition we define

Id 0 5 5
V= over L*(Y,ST) @ L*(Y,S). 4.2)
0 —K,KII

Then V is a unitary operator on L>(Y, Sp) and
vid-cyv-lt=c_.
For / € AU {0}, we introduce K (1), K°(4) acting on L(Y, Sp),

KOy =S, '+s_ () lcovad—cy),
K°(2) =SSO~ +sc(y~h

Remark 4.1. To see why these operators are primal to the gluing problem, consider the
following formal argument. Let us focus on K (). First of all, the factor C_V (Id —C4.)
in front of S_(/)~! allows K (2) to be written as a diagonal matrix with respect to the
following direct sums (the second is non-orthogonal) of L2(Y, So):

ran(C4) ran( Py (1))
Syt 0
KA = : D — D . 4.3)

0 S_(MH~lcovad —-cy) '
ran(Id — C4) ran(P_(4))

Second, recalling that S; (1) = C4Pr(4) = C+VO+D(}V)’IV?;G, proceeding formally (as
the following operators are not of trace class), observe that

Tr(0,5+(2) S+ (D)™ = Tr(Caypr D) 295G S ()7
= Tr(C170+ D) ' D) ™95G S ()7
= Tr(Dy (D) ~'95G St ()~ CopgD (D7)
= Tr(Ke, (WC:70D+(D)7")  (by (2.5))
= Te(D+() ™' =De, (D7) (by 2.7)).
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Thus, in view of the diagonal decomposition (4.3), formally we have

0, log detr K(2) = =Tr(D4 (W)~ = D¢, (W~ = Te(D-(A) ™' = De_ (A7)

~Tr(D() ™ = De(H)7H).
Making a similar formal argument with K€(1), we formally obtain
0, log detp (K(HKS(H™H
= —Tr(D() ™ = D)™ = (D)™ =D (™).

In Theorem 4.4 we shall establish this variation formula in a long, but careful, argument.
Now in view of Remark 3.5, we can see that 0, log detr (K(A)K€(A)~!) is related to
the variation of a ratio of relative {-determinants.

A basic property of these operators K (1), K°(A) is that they are holomorphic func-
tions of 4 € A. Another fundamental property is

Proposition 4.2. For . € A, the operators K (J) and K€(X) are invertible with inverses
given by
KO '=8S.0)+0d-covle_s_ ),

K™ =SS + S (D

moreover, K¢(0) =1d, so K°(A) is invertible even for 1 = 0.
Proof. First, from the identities (2.3) and (2.4) it is easy to see that
KWK = (S+() ' +s-(y~'covad - ¢y))
o (S4() +Ad—CpVIC_Ss_(D)

Sy () +S-(D)7IS_(2) = Py(A) + P_(A) =1d.

Second, using the equalities Py(4)P_(4) = 0, P_(1)P+(4) = 0, which follow from
(2.3), we also have

K)T'K() = (S4() +1d —CV'C_S_(2)
o (S T+ Ss_h~leovad - cy))
=Cy+(1d—Cy) =1d.

A similar computation shows that S (1)+ S (4) is the inverse of K(A). Since K¢(0) =
Sﬁr(O)_1 +8C0) ! = C$ +CS =1d, our proof is complete. [
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We remark that K(0) in general has a nontrivial kernel (see Section 5). In Eq.
(7.6), we will see that K(1)K¢(1)~! has the form Id + S(1) for a smoothing op-
erator S(/). Hence, we can define dety (K (2)K€(A)~!), which is holomorphic when
K(A)K¢(2)~! is defined. Although K (1) and K€(A) are defined over A U {0}, both
K (2) and K€¢(4) have meromorphic extensions over C with poles on the real axis.
Let us choose, and henceforth fix, an open simply connected region of the plane
containing all of A and an interval on the real axis, and a corresponding logarithm
log detz (K (A)K€(A)~") defined and depending holomorphically for / in this fixed re-
gion. We shall compute the variation of log detr (K (1)K (A7), but before we do,
we first need

Lemma 4.3. The following equalities hold:

0K, (1) = Do, (W' Key (), 0;Kg (2) = D (™' Ke ().

Proof. We prove this lemma for the “4” and “non-c¢” case, the other cases being
similar. We take the derivative of the equalities in (2.6) to get

—Kec, (A) +D4(A)0,Kc, (1) =0, Cyy90;Kc, (4) =0.

The second equality means that 0;K¢, (4) is in the domain of D¢, (4), and then the
first equality establishes our lemma. [J

The following theorem is the key ingredient in the proof of our main result, which
shows the importance of the operators K(4), K€¢(1) as explained in

Remark 4.1.

Theorem 4.4. For 1 € A, the following variation formula holds:

0, log detp (KWK (W)™ = =Tr(D() ™ = Do)~ = (DN~ = De(D)™H).

Proof. Noting that
0, log dety (KWK (W)™ =Tr(K() ™' 0,K(2) — KC() '8, K (D)
and using the formula for K ()L)’1 in Lemma 4.2, we obtain

K()'0,K() = (S1() + Ad = C1)V'C_S_(2)
0 0; (S M+ S_(7eovad - ¢y))

SL (N8N +ad—cpovlieZs_() a;5-(H)~'c_vad —Cy)

+ off diagonal terms,
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where “off diagonal” here means with respect to the decomposition L2(Y, Sy) =
ran(C4) @ ran(Id — C). By definitions and Lemma 4.3, we have

0,5+ (D) ™" = 9m0Ke, () = 700:Kc, (2) = 10De, (D~ Ke, (2.
Using this and the resolvent formula (2.7), we obtain

S+(2)0;8+()7!

S+(D70(D+ (D™ = Ke, (AC170D4 ()" )Ke, (DC
S+(A)70D+() ™' Ke, (AC+ = Cp0D+ (W)~ Ke, (DCs.

Using a similar formula for S_(2);S_(A)~', we can write

K(A)'0,K ()
= C+(S+(D70D+ (A~ 'Ke, () = C490D+ (D)~ Ke, (1)Ca
+(1d = CVIC_(S- (D P- (D)~ Ke_ (D)
—C_pD-()~'Ke_())C-V(1d = Cy)

+ off diagonal terms.

A similar formula holds for K€(4), so
d; log detr (K (WK (W)™
= Tr(Ke, (D84 (noD+(D) ™" = Koo (DS (10D ™)
= Tr(Ke. (DC+70D+ (D)™ = Kge (DCS70D5 (A7)
+Tr(Ke_ (DS—(A)yoD-(D)~" = K& (DS (peD ()7
—Tr(Ke_ ()C-99D-(A)~" = Kge (DCEpeDE (D7),

where the operators in parentheses are trace class according to Lemma 3.3. By (2.5),
we have K¢, (1) = K4+ (1)S4(2)~! where K4 (1) = D4 (A)~'95G, with similar formulas
for the “—” and “c” operators, which imply that

d; logdety (K (A)KS(A)™h
= Tr(K4 () P (DpoD1 ()~ = KL PS (D)D) ")
—Tr(Ke, (WC+70D+ (D)~ = K& (ACE0DL(A ™)
+Tr(K_ () P—(W)pyD- ()" = KE (W) PE(2)yoD.(A)~")
—Tr(Ke_(ADC_39D- ()" = K&_(C 3D (D7),
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Now we claim that the following sum vanishes:

Tr(K+ () P4 (D70D+ (D)~ = KS A PLAp DS ™)

+ Tr(K— (D P-()pyD-(2) " = KE (P (D). (4.4)
To see this, we note that as in the proof of Lemma 4.3, we can get
0,Kx(A) = D)™ K (2)
and therefore noting that Py (1) = yp=K4(4), we see that
0;P£(2) = 70+ D)™ K2 (A) = 7DD~ Kz (d)

with similar equalities holding for the remaining terms in (4.4). Now taking the deriva-
tive of Py(1) = Py(1)?, we obtain

0; P+ () = 0, P+(2) P+ (4) + P+ (2)0; P+ (1)
and similar equalities for the other projections, hence

Tr(K+ () P+ (7D+ (D)~ = KL P (D70DS(D) )
+Tr(K- (A P-(D)70D- (D)~ = KE() PE)pDE(A) )
= Tr(yoD+ (D) 'K (D PL(2) + 99D () K_(A) P_(2)
—90D5 (D)KL PL(A) — 9oDE(A) K () PE(L))
= Tr(0; P4+(A) P+ (2) + 0, P_(A) P_(1)
— 0, PS(APL(A) — 0, PE(APE(A))

=10, Tr(PL() + P_() — (PS() + PE(1)) = 0,
where we used the equalities (2.3), (3.1). Thus,

d; log detg (K (WK (A~
= —Tr(Ke., (DC+10D+(D) ™" = Kge (DC 70D ™)

—Tr(Ke_ (DC_pyD- (W)~ = K& (WCEpDE()7Y).
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Finally, using the notation as in the proof of Proposition 3.4, we see that the right-hand
side is exactly

~Tr(Ke, (MC470D+ (D™ = Kge (MCS30D5 (D7)
—Tr(Ke_ (ADC-_pyD- (W)~ = K& (DCE9oD(H)7")

= —Tr(Da(A)~" = De()~' = (D)~ = Dec(H)™H)

~Te(D() ™ = De()™ — (DD = De (™),

which completes our proof. [J

5. Asymptotics of dety (K (A)K€(4)~!) for small A

In this section, we investigate the asymptotics of detr (K (1)K¢(A)~") for small 4,
which enable us to extract the contribution of the nontrivial kernel of D to our main
results. We start with the following lemma.

Lemma 5.1. The following equalities hold:

hm
Pr(3) =£i" " 90Us ® GyoUs + Q= (2),
k=1

where hy = dim ker(D), {Ux} is an orthonormal basis of ker(D), and Qi (L) are
pseudodifferential operators over Y that are regular at /. = 0.

Proof. The usual analytic Fredholm theory implies that
hm
D=t ==2"") Ur ® Uk + R(A).

k=1

where R(4) is a pseudodifferential operator over M that is regular at 2 = 0. Applying
this equality to the definition of Py(4), we obtain

hy
Pr(J) = £70:(D = )96 = 47" Y 9Ur ® Ury§G + Q+(A),

k=1

where Q4 () are regular at A = 0. Now for ¢ € C*®(Y, Sp), denoting the L? pairing
on C*(Y, So) by (, ) and the distributional pairing by parentheses, we have

Ur(75G @) = oUi(G @) = (G @, 3Uk) = —(9, GpoUi) = —(GpoUi) ().
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Thus,
hy hy
FY 90Uk @ UrysG = £27" ) " 9Us ® Gy
k=1 k=1

which completes our proof. [

From now on, we put P* := %, which is the projection onto S*. We next make

the following observation.

Lemma 5.2. When W = Gyy(ker(D)), the following equalities hold:
ran(C-) Nran(Cy) = yg(ker(D)), dim W = dimker(D),
V=—iG on W:=Wa&GW.

Proof. By definition of the Calder6n projectors C, elements of the intersection ran(C_)
Nran(C4) are exactly the restrictions of elements of ker(D) to Y. This proves that
ran(C—) Nran(C1) = yy(ker(D)), and since G is an isomorphism, we also conclude that
dim W = dim ker(D) by the unique continuation theorem for D. From the expressions
(4.1) for Cx, it follows that k_ = k4 over WT := PTW = PTGW. Thus, from the
definition of V in (4.2), over either W or GW we have

<Id 0 )
V= . (5.1
0 -Id

i
Recalling that G = ( ) completes our proof. [l

0 —i
Now let us recall that
KW '=8,()+0d-cpvlc_s_().
Hence, by Lemma 5.1, we have
KW' =CeO 'L+ Q)+ Ud = CVIC_ (=i L+ 0- (D),
where

hm

L= Ui ® GyyUs.
k=1
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Therefore, we can rewrite K ()»)’1 as
KO) ' =Y -Vv L)+ 00, (5.2)

where Q(Z) is a pseudodifferential operator over Y that is regular at A = 0. From
Lemma 5.2, we recall that V = —iG over the space spanned by {y,Ux}. Hence, if we
look at the first term in more detail, we have

hM hM
N E-vTo = a7t (Zyon ® GoUk — Y_(=iG)poUs ® GVon>
k=1 k=1
hy N
="' (i = G)GyoUs ® GyoUx = 2~'2i P~GL. (5.3)
k=1

By (5.2), (5.3), and Lemma 5.2, we obtain
Proposition 5.3. For . =iv where v € R\ {0}, we have
K@)~ =v (2P GL) + 0(v), (5.4)

where Q(v) is a pseudodifferential operator on Y that is regular at v = 0. In particular,
the kernel of K(0) is W~ := P~ W =P GW.

We now analyze the residue operator 2P~GL of the right-hand side of (5.4). Re-

calling Wt =ptw = PiGyO(ker(D)), let us observe that P*G : vo(ker(D)) — w*
are isomorphisms and we define

Ly:=2P GLPT: W* > W™,
Then we have
Lemma 5.4. The following equality holds:
Li= (P G)LPEG)™ :WwE > w. (5.5)
Proof. From definition of £ := ZZ"; 1 20Uk ® 7oUsk, we have

((P=OILPEG)™)(PEGyU)) = (P=G) LU,

h
= (PiGV()Uk) <'))0U', V()Uk)s (56)
1

S

~
Il
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where ( , ) denotes the L2-inner product on Y. On the other hand, by definition of Zi,
we have

hm
Ly (PEGUj) =2 (P~ GyoU)(PEGyUj, PEGy ).
k=1

Now observe that

(voUj, voUx) = (GyoUj, GyoUk)

(PTGygUj, PYGyoUi) + (P~ Gy U;, P~ GygUx)
= 2PEGyUj, PEGyUy),

since (PTGyoU;j, PTGyoUx) = (P~ Gy Uj, P~ GyyUy). Hence,

hm
L+ (PEGyUj) =Y (P~ GpoUr) (2oUj 1oUi)- (5.7)
k=1

Comparing (5.6) and (5.7) proves (5.5) and completes our proof. [
Let us observe that W =W ® GW = W @ W—, then we have

Proposition 5.5. With respect to the decomposition L*>(Y, So) = W@®W, the operator
K (0) over L2(Y, Sy) takes the matrix form

Id 0

and the operator A : W — W is of the form A = < ) with respect to the
—KQ 0

decomposition W = W @& W™ where ko := ki |w+ = Kk_|w-+.

Proof. Using that K(0) = C4 +C_V(Id —C4) by definition of K(4), and that C.G =
G(d —Cy), for ¢ € W we have

Crop=0, C+:Gp=0Go.
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Using these formulas and the fact that V = —iG over W = W @ GW proved in
Lemma 5.2 (see the identity (5.1)), we find that

K0P o = (Cr+C_VAd-Ci)PTo=Vo=P op—P o,
KOP ¢ =Ct+C_VAd-C))HP @ =0. (5.8)
These equations show that K(0) : W — W and if A := K(0)|yy, then with re-
Id 0
spect to the decomposition YW = W' @ W~, we have A = ( ) since ¢ =
—ko O
(PTo, P~¢) = (PTo, —koPtp) € W = Gyy(ker(D)). Thus, our proof is finished
once we show that P)y1 K (0)Pyy =0 and Py K (0)PyyL = 0. That Py, K(0)Pyy =0
follows from the fact that K(0) : W — W. To prove that T := PyyK(0) Py, =0 it

suffices to consider adjoints and prove that 7% = Py, K(0)*P)y = 0. However, the
exact same argument shown in (5.8) can be used to show that

KOy =Cy+dd—CoHV'C_ W - W,

which in turn proves that 7* =0. O

From Proposition 5.5 and the fact that K(0) = Sj_(O)_l +50) ! = CL+CE =1d,
we have

Proposition 5.6. For small A = iv near 0, with respect to the decomposition L2(Y, So)
=W @ W we have

KWK ()™ = (A(V) ©0) )

OW) PpuyrK(©O)Ppy1 4+ O®W)

and with respect to the decomposition W = W+ o W~

( Id+ O®) 0(v)>
A@v) = .
—Kko+ O O®)

We are ready to determine the asymptotics of detr (K(iv)K ¢@iv)~1) for real v near
0. It follows from Proposition 5.6 that for real v near 0, we have

dety (K(v)KC(iv)~") = det A(y) - detyy1 K(0) - (1 +o(1)), (5.9)

where detyy . is the Fredholm determinant over the orthogonal complement of Y. In
the following lemma we investigate the factor det A(v) on the right-hand side of (5.9).
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Lemma 5.7. For real v near 0, we have
det A(v) = v (det £)7'(1 + o(1)).
Proof. If B(v) := A(v)™!, then it is sufficient to prove that for real v near 0,
det B(v) = v (det £)(1 + o(1)).

Now by Proposition 5.3, an elementary matrix computation shows that B(v) must have
the form

d+bL-'Li+0 b+ 0O
B(v):( ThL Ly +O0) O ) (5.10)

v’lz+ + p() v L+ q(v)

with respect to the decomposition W = Wt @& W™, where p(v),g(v) are regular at
v=0and b: W~ — WT. We can rewrite this as

d 0 Wd+bL- 'L +00)  b+0O®)
B(v) = - o - » .
0 v'go L'Co+vL p(y)  1d+vL'q()
Thus,
- WA+bL' L +00) b+0O@
det B(v) = v (det ﬁ_)-det< o ( N() )
L7'C+ vﬁilp(v) Id+vL'q(v)

Since det £_ = det £ by Lemma 5.4, we just have to prove that
d+bL7"L, b
det o =1.
L', Id

But this just follows from the fact

(1d+bE_1E+ b) (Id bZ_1>(1d o)
L2, W o £-'/)\L, L_

which implies that

(Id +bL'Ly b
det
L', Id

) — (det £=")(det £_) = 1.

This completes the proof. [
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For the second factor on the right-hand side of (5.9), we have

Lemma 5.8. The following equality holds:

detyy. K (0) = detr (Id + ﬁ).

Proof. Let us consider the equality

C c.c_vad-c
K(0)=C++C_V(Id—c+):<+ +C-V( +) )

0 (Id—Cy)C_V{d—Cy)

which is written with respect to L>(Y, Sp) = ran(C;) @ ran(Id — C,). Since W =
G(ran(C_) Nran(C4)) C ran(Id — C4) and GW C ran(C4), we see that

detyyr K(0) =dety (Id = C1)C_V(Id —Cy), (5.11)

where dety, 1 is the Fredholm determinant over the orthogonal complement of W within
ran(Id — Cy). Then for ¢ = (x, —k4x) € ran(Id — C;) written as a column vector,
using the formulas (4.1) and (4.2) for C+ and V, we have

(Id — C1)C_V(1d — Cy)g
1/ 1d —«"\1/1d x"\ (W 0 x
_§<—K+ Id )E(K Id > (0 —KK_T_I) <—K+x>
1 /1d — K_T_IK_ 0 X
_§< 0 Id—K_K_T_1> (—m_x)‘

In other words,

Id — x_x7! Id — xk_x7 !
(Id = C)C_V(d - Cy)p = (@1 T, (—K+)x>. (5.12)
Recalling that U := —K_K_T_l, we observe that for € LZ(Y, S$7),

~Uy=w_rx;"y=y ifandonlyif Yy e W™ =P W =P GW;

that is, the (—1)-eigenspace of U is exactly W~. Thus, if we define U as _the restriction
of U to the orthogonal complement of its (—1)-eigenspace, then Id + U is invertible
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on its domain. By (5.11) and (5.12), we obtain

d+ U
detyy1 K (0) = dety ( + ) 0
Combining (5.9) and Lemmas 5.7 and 5.8, we get
Theorem 5.9. For real v near 0, we have
d+U

dety (K(v)KS(@iv)™ Y =v"™ (det £)~! detp ( )(1 +o(1)).

6. Limits of dety (K(A)K (A)~1) as Y4 > oo
In this section, we investigate the limits of Py (1), S+(4), K (1), and the corresponding
operators on the model cylinder, as JA4 — doo within A. We begin with the Calder6n

projectors.

Theorem 6.1. For /. € A, we have

lim Pi(J)= lim P{(Z) = P¥

JA—00 A= 00

and

lim  Pi(l)= lim PL{(A) = P*,

JA——00 JA——00

where P* = %, the projections onto L*>(Y, SF).

Proof. Since the proofs of each limit are similar, we shall only prove the limit of
P_(2) as J4 — oo. Throughout this proof the parameter A is always restricted to A
with J4 > 0. Using the fact that

D' == =D+ D> -7,
we can write P_(A) as
P_(J) = —yo- (D + )(D* = 2~y

Since (D — 2)~! is smoothing away from the diagonal and vanishes to infinite order
as || — oo there [16], it suffices to work in a coordinate patch [—1, 1], x Rl
near the cross section Y, where R"~! is a coordinate patch on the cross section with
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n the dimension of the manifold M. For a compactly supported section (i, y) in this
coordinate patch, we can write

1

= —n/ MEYNG (u, y, &y M) W&, ) dEdn,
(27[) n

D+ (D> = H 7y
where d(u,y, &, n; 7) is the (complete) symbol of (D + A)(D? — 22)~1 and with l}
denoting the Fourier transform of . Thus, for a compactly supported section ¢ on the
cross section coordinate patch [R{”_l, we have

P_(A)p = —yo- (D + A(D* = 217 5Go)

1

= /R ey, 1) G d, ©6.1)

where
1 L.
c(y,n; A) = lim —/ ecdu,y, &y i)dé.
u—0- 2T R

To determine the symbol c(y,n; ) we proceed as follows. First, in view of the de-
composition D = G(J, + Dy) near the dividing hypersurface Y, the principal symbol
of Dis G (ié + b(y, ;1)), where b(y,n) is the principal symbol of Dy. Second, the
(complete) symbol of (D* — /12)_1 satisfies, cf. [16],

a2 TouaE I+ 1),

where |5]? is the (Riemannian metric on Y) square of the covector 1 and the second
term is a rational symbol in &, 5, and 4 that is O((|¢]+[n]+|4)~3). It follows that the
symbol d(u, y, &, n; /), which is just the symbol of the operator (D + 1)(D? — A1
is given by

GiE+bly,m)+4

du,y, & l) = -
E 42— 22

+ O+ Inl + 12D 7).

Thus,

| . 1 - Gi¢
¢ . _ ¢
nge'" d(u,y, &mA)dé = g/Rem de
L[ e QPO 12
2l 24P 2

1 .
+2—/ O + Il + 1)) dE. (6.2)
T Jr
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We can evaluate the first term on the right-hand side in (6.2) via the usual technique
of contour integration by writing

i eiuf Gi¢
nle S P-2

1 . Gi¢
= — elué dé
2ﬂ/R &+ iyn? = 2)( ~ iy P~ )

Here, for any 7 € R*~! and 4 € A with I1 > 0, |2 — 4 is never on the negative

real axis, so we can define /|y|% — 22 by taking —7 < arg(|r]|2 — 22) < 7. Now, shift
the contour R = {J(&) = 0} down to {J(&) = —oo} where at this last contour the
integral is zero since ¢S will decay exponentially as J(&) — —oo (here we use the
so-called Jordan’s inequality recalling that u < 0 in M_). Hence by Cauchy’s theorem,

the above integral is given in terms of the residue at & = —iy/|n|? — 22

1 f iué Gi¢

— | e dé

IR (i = 2) =ik - 2)
=_¢wvaﬂG“_i“mI_ﬂ)zwmeﬁg.

—2i\/|In2 = 22

Therefore,

1 : Gié 1
lim — [ e = a¢=_G.
u—0- 27 Jp &+ |17|2 — 2

For the second term on the right-hand side of the equality in (6.2), we make the change
of variables ¢ > &\/[n]2 — /2, to get

1 I 1y Inl2 =22 I |
Pyl M) —— A=~ 2 / 2 dé = :
2n JRr &+ n2 — 4 2n qn|2 -4 RE 41 o) /|17|2—i2

Thus,
1 = Gb(y, )+ 4 1 [ Gb(y.m+4
/elug ¢ (& ”)+2d5=—/ ' ) n)+ﬂ2d
R &+ —2 2nJR &+ > =4
Gb(y,m A
= + .
2P =22 22 -2
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One can analyze the last term in (6.2) and prove it is (’)((|§| +1Inl+ |/1|)’1). This shows
that

1 .
c(y,n; 4) = lim —/ e”‘éd(u, v, & A)déE
u—0- 21

lo, GbO, 11) _
= O((&] + Inl + 1))
\/|n|2 \/|n|2 12
Mo A |vou, 63)

V2 =22

Now back to (6.1), we see that

1 i
— y-n . 0
P00 = iy [ et 2 Gt d
1 iy 1 4 0
- _ |G+ ——|Gop(ndn
2 n—1 \/nfl ¢ 2
(2m) R JIn2 =22
+00h. (6.4)
Finally, taking A — oo, obtain
lim P_(Q)p = — ! / el ! [G+il Go(n)dn
J)—00 (27‘5)"_1 R-1! 2
1 G1ilG Id—iG -
e — 1] - =
2 ¢ 2

Corollary 6.2. For 1 € A, we have

| R (0 o0
lim S (DT = , lim  SL(A)~ ,
JA—Fo0 Ky Id JA—Fo0 Kg: Id

d x3! Id (k5!
lim Si(/l)1:< Ki), lim SS()~' = ( (%) )

Ry Foo O O I —F00 0 0

where the matrices are written with respect to L*(Y, So) = L>(Y, ST) & L*(Y, S7).
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Proof. We prove this lemma only for S, (2)~! when I/ — oo since the other cases
are proved similarly. By Theorem 6.1, as 34 — 00, Py(4) and consequently P} (4)

approach the projection P~. Hence, as J4 — 00,

C+PO(2) + (1d — C1)(1d — P2(2))

1(Id K+l> (o 0) 1( Id —K+1) <Id 0)
- — + =
2\iy @/ \o /) *\-k, w 0 0
10 «'\ 1/1d 0\ 1/1d «'
=3 3 =3 '
0 Id —K4+ 0 —K4+ Id
Finding the inverse of the last matrix, we obtain

[CLPS() + (Id—C)Ad — PYUN T — ( + ) )
K4 1d

Therefore, as IL — oo,

Se()h = PYICLPY(A) + (Id —C)Ad — PY(A)]7'Cy

(0 0) <Id —x;1)1<ld K;l)
— —
0 d/ \ry, 1 /?%\ky W
0 0
= . O
K4 Id
Corollary 6.3. For A € A, we have

Id —x7! 1d k7!
lim K (%) =< * ) 1lim  K(}) = ( * 1),
JA——00 K_ —KLK_T_

3/1*)00 K+ Id

, d —(x5)™! , d (k&) !
lim K°() = ( ) dim Ky = ).
JIA—00 Kc+ Id JA—>—00 _Ki Id

Proof. Let us consider the first case. By Corollary 6.2, as I/ — 00,

KA = SeW) ' +s_()lcovad—cy)
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(0 0) (Id K:1><Id 0 )1( Id —K;I)
— —+ —
ke 1d 0 0/\0o —xai'/?2\kp 1
—1 -1
_ (o 0)+<Id —x+>:<ld —K; )
K4+ Id 0 0 Ky Id
The limit limy;_, _», K(4) can be computed using a similar argument. For the remain-
ing cases, we can proceed in the same way and use the relation k = —x¢ to get the
claimed equalities. [

We are now ready to find the limits of dety (K(A)K(A)™h).

Theorem 6.4. For /. € A, we have

lim detg (K(HK (D)™ =1,
JA— 00

lim  detg (K(DKS(A)™") = detp U.

J)——00

Proof. We only prove the second claim since the first one can be proved in the same
way. By Corollary 6.3, we have

Id 7! Id cy-1\ !
lim detF(K(A)KC(i)‘1)=detF( N 1)( " ) '

JA——00 _
K_— —K_K+

() (Y
—x+ 0 —K 0

Then both A and A€ are unitary operators differing by a smoothing operator such
that A> = —Id and (A°)?> = —Id. Moreover, for any ¢t € R, the operator A(t) :=
(Id 4+ rA)(Id + tA€)~! is of the form Id 4 smoothing, and

-1
d o« d o (k5)!
K_ —lc,;cjrl —K Id
_ _ —1
(m 0 ) ( Id K+1> ( d (k%) 1)
= detg
0 —wx_xi'/ \=xp 1d/ \-x$ 1d

= detp (—rx_x}") - detp A(1).

Define
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Thus, it remains to show that detz A(1) = 1. To see this, observe that f(¢) := detp A(¢)
is a smooth function of 7 and f(0) = detrp Id = 1. We claim that f’ = 0. This shows
that f is constant and therefore completes our proof: detr A(1) = f(1) = f(0) = 1. To
prove that f/ =0, we make a short computation to obtain

F@) =Te(A') A@)™") = Tr((d + tA) ' A — (Id + 1 A9) 1 A°).

Now using that A2 = —Id and (A°)> = —Id, it is easy to verify that

ad +14)" = — LA (d4rAc)y = L ge
T14+22 1427 T 142 142

Replacing these formulas into the formula for f'(r), we get

vy — o AT A
;o= (T)

Since A — A€ is off diagonal, this shows that /' =0. O

7. Asymptotics of dety (K(A)K¢(4)~1) for large

We begin by briefly reviewing a class of parameter-dependent symbols in [24] that
are related to Grubb and Seeley’s weakly polyhomogeneous symbols [16,13]. Recall
that A C C is fixed as in (2.1).

For 1 € R and p € Z, we define S*P(R"~! x R"~!; A) as the space of functions
ae COR" ! x R x A), where A = AU {0}, such that for all multi-indices o, f,
y, and for all (y, 5, 4) € R"! x R x A, we have

1070700 a(y, s DI Copy(1+ PP (1 - [ + 12177,

The space SF7(R"™! x R"~!; A) consists of parameter-dependent symbols a € S&P
(R"~! x R"~1; A) such that if we set = 1/z and put

aly,n; z) :=zPa(y,n; 1/2),
then a(y, n; z) is smooth at z = 0, and

3n0tay,ms 1< Cop 4 =P (1 4 f2f 1y =17 (.1)
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f‘cf (R x R""1; A) be the space of elements

a e SHP(R™ x R"!; A) that, for every N € N, admit a decomposition

uniformly for |z|<1. Further, let S

N—1

a(y.n: ) =Y gmau—;j(y.m: 1)+ ry (v, n: ), (7.2)
j=0

where ry € SE VPRI x R A), 4 € CR(RY) with y() = 0 for In|<3 and
x(m) =1 for |y|>1, and where each a,_;(y, n; A) satisfies:

(D au—j(y,n; 2) is homogeneous of degree p— j, that is,
au—j(y, on; 02) = 5”_ja#,j(y, n; 2) ford > 0,

an Zpau—j()i w; 1/z) = zPa, (v, o; Z/|z|%) is smooth in all variables, where |w| = 1
and z € A, and is smooth down to z = 0.

We define the operator space ‘I’X P(Y, Sp) as those parameter-dependent operators A (1)
having the following properties: If ¢ € C°°(Y) has support in a coordinate patch on Y,
then @A(J)¢@ is a pseudodifferential operator on R"~! with a symbol in Sff cf (R x
R*': A). Here, n = dim M. If ¢, € C®(Y) have disjoint supports, then pA (L)Y €
‘P/_\oo’p (Y, So) where this space is defined in (3.4). These spaces have the following
composition rule [24]:

WP (Y, Sp) o WP (Y, Sp) € WEHOPT (v ). (7.3)
We remark that

(PR (Y. So) € W, 7P (Y, S),
u

where ‘I’[_\oo’p (Y, So) is defined is (3.4), and the composition rule (7.3) continues to
hold when either u or i’ is —oo.
In the following lemma, we put

A (2) =CPL(2) + (Id — Cx)(Id — PL(4))
and

AL (D) = CL(PD°(A) + (Id — C1)(Id — (PH)°(A)).
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Theorem 7.1. Outside a neighborhood of A = 0, each of P+(A), P{(4), A+(4),
Ax()7 AL(), ASD)T, S2(D)7Y, and S$(A)7" is in WRO(Y, So).

We remark that Py (1) are only smooth for 2 € A and not at 1 = 0, while all the
other operators are smooth at 4 = 0, hence the phrase “outside a neighborhood of
A =0" only refers to Py(4).

Proof. We shall prove these statements only for P_ (1), A_(A), and S_(1)~!; the proofs

for the other operators are analogous. To prove this for P_(1), from (6.3) and (6.4),
we see that

1 iy- N
P_(Dp = 2ot /R”*‘ e Me(y,n; ) ¢l dn,

where using the fact that b(y, n)G = —Gb(y, 1) (since this holds at the operator level),
we have c(y, n; 2) = co(y, 13 4) + O((E[ + Inl + 12D~") with

Gb(y, n) +J~]G _ l[ld_ by, n) +2G].
Vi =22 Vi =22

Moreover, going through the proof of Theorem 6.1, one can show that

1
coly,m; A) = _E[G +

c(y,m; ) =coy,m ) +ci(y,n,2), ¢ € SR x R A). (7.4)

We claim that co(y, n; A) satisfies (I) and (II) above with © = j = p = 0. The fact
that co(y, on; 04) = co(y, n; A) is clear. Set A = 1/z and n = w with |w| = 1. We shall
prove that co(y, w; 1/z) is smooth at z = 0. Because the branch of the square root in
the definition of cq is the negative real axis (see the proof of Theorem 6.1), one can
check that

Jimyz2 =202 =—u/i-2

Thus,

B b(y, ) + (1/Z)G] _

J1=1/22

It follows that co(y, w; 1/z) is smooth in all variables, including in z down to z = 0,
and this formula implies that

[Id TRt bi(y_’lw_) :2 G].

| =

1
coly, ; 1/2) = E[Id

co(y, 3 1/2)|.=0 = 3[1d — iG] = P™. (7.5)
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Thus, ¢y € Sg ’C?(IR”’l x R A) (outside 4 = 0; henceforth, we shall drop this phrase).

One can also show that ¢| € S_l’_l([RQ”’1 x R"1: A). This shows that P_()) €

r,cl

‘I’(/)\‘O(Y, So), and hence by the composition rule (7.3),
P_()P*()) + (Id — P*(2))(d — P_(2)) € ¥} (¥, So).
Moreover, by (7.4) the leading homogeneous symbol of this operator is
Py A) = co(y, m; ) co(y, s A" + (Ad — co(y, m; ") (A — co(y, 13 4).

The properties of co(y, n; 4) imply that p(y,n; 4) satisfies (I) and (II) above with
p=j=p=0.We claim that p(y,n; 2)~! also has these properties. This symbol
certainly satisfies (I), the only question is whether or not p(y, @; 1/z)~! is smooth at
z = 0, for perhaps the invertibility of p(y, w; 1/z) is destroyed at z = 0. However,
(7.5) implies that

p(y, w;1/2)|,=0 = PT(PT)*+dd — PH)*Ad — PT) = PT +1d— PT =1d.

This shows that p(y, w; 1/z)~! is smooth at z = 0. Now this fact plus the usual
parametrix construction, one can show that

(P_()P*(J) + (Id — P*(2)(1d — P_(1))~" e ¥3°(¥. 8p).

Composing this operator with P_(/)P*(1) and using the composition rule (7.3) we
obtain P°(A) € lI’(/)\’O(Y, So), and therefore (again by the composition rule (7.3)),

A_(2) = C_P2(J) + (Id — C_)(Id — P°(2)) € ¥3°(¥, So).
Another parametrix argument shows that A,()L)_1 € ‘{’?\’O(Y, So), which implies that
S_()7i= PP(YA_() el e RO, So).

Our theorem is now proved. [J

Corollary 7.2. Each of the differences Ax(2)~' — AL ()7L, S ()~ = 8$ ()7L, and
S_(W7lc_vad —Cy) =SS, is in ‘P[_\OO’O(Y, So).
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Proof. By Proposition 3.2, we have P, (1) — P{(4) € ‘PXOO’_2(Y, So) and C; —C§ €
lI’;OO’O(Y , So), hence it follows from our composition rule (7.3) that

AS (D) — A (D) = €5 0 (PO°(A) + (Id — C5) o (Id — (P$)°(A)
—Cto Pﬁ(l) —(Id—Cq)o(Id — Pi()»)) € ‘I’[_\OO’O(Y, So).
Since

Ar()T = AL T = A () TIHAL() — AL (DALY T

the composition rule (7.3) implies that A (1) ~! — A~ e ‘PK‘X"O(Y, So). A similar
proof works for the “— operators.

The third assertion is proved like the second assertion, so we shall focus on the
second one. By definition of S, (4)~! and Si(/l)’l, we can write

S =SS = L)AL () TICE — PE)AL(H)TICS.
By Proposition 3.2, we have P (1) — P$(2) € ¥ ™ *(Y,Sp) and Cy — C§ €
‘PXOO’O(Y, So), and by our first assertion, A1 (2)~! — AS()7! € lI’I_\C’O’O(Y, So), all

of which together with the composition rule (7.3), imply that S, (1)~! — Si(/l)_l €
0, Sp). O

Now by the definition of K (4) and K€(4), Corollary 7.2 implies that K (1) — K“(A) €
‘PXOO’O(Y , Sp). Therefore,

K(/l)KC()L)_1 =Id+ (K1) — KC(/I))KC(),)_l =1Id+ S, (7.6)
where
SU) = (K() — KCUNK ()~ e ¥, So),

since K¢()~! = SC(A)+ 85D € ‘P%O(Y, So). Hence, by the expansion (3.4) and the
fact that K(4) and K“(A) are holomorphic over A, we have

)
S(/{) 3= +o0 Z jvikS]j:
k=0

for smoothing operators Ski. Combining this expansion with Theorem 6.4, we get
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Theorem 7.3. For /. € A, we have
o0
detr (KK (D™ ~yimseo Y ap 47,
k=0

where ag =1 and a; = detp U.

8. The spectral invariants and dety (K (4)K¢(1)™1)
From now on we use the following notations:
De =D, UDe_, Do = Déi U Dge -
In this section we relate the relative eta invariant
1D, De) = n(D) —n(De)
and relative {-determinant

det;(D? 442
dets(D* +v*, Dj +1%) = *(—22)
dety(Dg + v7)
with similar relative invariant formulas holding for the operators on the cylinder N, to
log detz (K ()K(/)~"). The key result in this direction is
Proposition 8.1. The following equalities hold for 1 € A:
0, (log detp (K()K(2)~") — log detp (K(=DK (=)™ h)
D, D¢ De.
:—2Tr< 5 — s — >+ ¢ 2)
D2} Di—i* (D) -1 (DS)E—i

0, (logdetr (K (WK (1)~ +logdetr (K (=K (=1)™h)

T ( A A A n A )
= — T — — .
D22 DI-2 (D) -F (DL)E- 72

Proof. The proofs of these formulas are similar, so we shall focus on the first. If
F(J) = log detp (K (2)K€(2)™"), then from Theorem 4.4, we have

0,(F() — F(=2)) = 0;F(2) + (0,F)(—2)
=-Tr(D()~' =D~ = @D~ =Dec(D™H)
~Tr(D(=2) "' = De(=1)~" = (D (=)' = De(=)7H).
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Since

2D

DO+ D) =@ -+ @+ = PR

with similar formulas holding for the resolvents of the other Dirac operators, we get
our first equality. [J

Since for any holomorphic branch of log around a point ¢, we have log(c + z) ~
Yo cxzf as z — 0, by Theorem 7.3 it follows that log detz (K (A)K(2)~") has
expansions as JA — oo that resemble the expansions in Theorem 7.3. Therefore,
using the formulas in Proposition 8.1, we immediately obtain the following corollary.

Corollary 8.2. As |A] — oo for 1 € A, we have

D D, D¢ D5,
Tr( ¢ C

- - + = 00U,
D2 Di-iF (D)-F  (Dh)E-— 12> “

1 1 1 1
Tr — — + =007
<D2 -2 DI-F (D) -7 (DG - 12) )

In the following proposition, we write (D, D¢) in terms of resolvents.

Proposition 8.3. We have

n(D, De)

2 [ D De DS D,
=— Tr — - — + dv
© Jo D24y DI+ (D) +v2 (Dg)* +v?

Proof. Consider the formula

s+l
2

Ma) = Tr(AAD 5, (a3 = L / AT (AT =P da
i Jr

for the eta function of a self-adjoint operator A, where I" is the contour I' = {1 €
C|Re/ = 8} with & > 0 chosen so that the poles of A(A% — 22)~1 lie on [28, 00),
and where A7 is defined via the standard branch. Now, a straightforward computation
shows that D¢ and D, have symmetric spectrum, hence #pe(s) = e, (s) = 0. Thus,

with 6 > 0 chosen uniformly for D, D¢, D¢, and Dé[,, by Proposition 3.4 it follows
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that for Res>0, we have

np(s) = Npe(8) = Np(s) = Npe (s) — npe(s) +npe, (s)

i/ /l_sTr(D(Dz — ' = De(DE - H!
i Jr
—D((D)? = 237 + D& ((DE)? — xzrl) do.

According to the first estimate in Corollary 8.2, we can set s = 0 into this integral and
conclude that

n(D) —n(De)

— i/ Tr(D(D2 — A = De(DE - !
i Jr
—D(D)* — 23 + DL (DE)? — ,12)—1) da. (8.1)

Finally, because the poles of the resolvents lic on [20, c0), we can shift the contour I"
to the imaginary axis iR, and when we set A =iv in (8.1) we get our result. [J
Proposition 8.4. For v € R\ {0}, we have

(1) lim log det;(D* +v?, D§ + %) — logdet; ((D°)* + V2, (DE)? +v%) =0,
(2) V—>00
dy(log dety(D* +v?, D2 +v?) — log det;((D)* + 2, (DS)* +v7))

v v v v
=2T — - .
r(DZ +v2 Di+v: (D) +? " (Dge)? + Vz)

Proof. For Res >0, by Proposition 3.4 it follows that
Cp2y2(8) = Cp2 12 () = {pey2 a2 (8) + L, y2442(5)
= ﬁ /r 270G (v, A)dA, (8.2)
where
GO, = Tr(@D+12 = H7' = D+ = 1)

—(DP +32 = D7 (D +0P = H7)
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and where I' = {4 € C|Re A = d} with ¢ any positive real number such that 0 < J <
v2. (Note that the spectra of D? 4 v*, D + v*, (D)? + V2, (D) 4+ v* all lie in the
interval [v2, 00).) Here, 2™ is defined via the standard branch. By the second estimate
in Corollary 8.2, we have

G(v, J) = 0((2 . v2)—3/2). (8.3)

Taking the derivative of (8.2) with respect to s, multiplying the result by —1, and using
the estimate (8.3) to justify setting s = 0, we obtain

log detC(D2 +12, D% +1?) — log detC((D")2 +12, (Dé)2 +?)
1
= —/ log AG(v, 1) dA.
2ni Jr

Taking v — oo and using the estimate (8.3) implies (1). (2), we observe that ,G (v, 1) =
—2v0,G(v, A), which implies that

dy(log dety(D* +v*, D} +v?) — log det; (D) + %, (D) +1%))

=_L/ log 1.8,G(v, ) dJ.
i Jr

1
— 2 260 nas
ni Jr A

where we used the estimate (8.3) to integrate by parts. By Cauchy’s formula, the right-
hand side of this equation is exactly 2v G(v,0), which is exactly the right-hand side
of 2). O

The following theorem, which follows from Propositions 8.1, 8.3, and 8.4, is the
main result in this section.

Theorem 8.5. We have
(D
n(D, D¢)

= —ni/ dy(log detp (K (iv)K(iv)~ ") — log detr (K (—=iv)K (—iv)™ ")) dv,
tJo
(2) and for v € R\ {0},

av(log detg(D2 +2, Dé +?) — log det;((Dc)2 +2, (DE)2 + vz))

= &;(log dety (KWK @v)™") + log detr (K(—iv)KC(—iv)fl)).
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We end this section with the following result that we will need shortly.

Proposition 8.6. For positive v near 0, we have

det:(D* +v%, D +v1) = v . det(D?, D) (1 + (1)),

dety(D9)? +v2, (DS)* +v) = dety (D)2, (D5)?) (1 + o(1)).

Proof. If IT is the orthogonal projection onto the kernel of D, then we can write
Tre—z(D2+v2) _ e—tvare—tDz _ e—tvth + e—tvar(HJ_e—zDz)

Hence,

1
I'(s)

o0
(o2 (s) = v 2 hy + / e Te (e P dr. (8.4)
0

Since Tr(l'[le*tpz) vanishes exponentially as ¢+ — oo and e =1+ O(1v?), the
integral on the right-hand side in (8.4) equals {p2(s) + OW?). Taking the derivative
with respect to s and multiplying by —1, we find that as v — 0,

log detC(D2 +1?) = 2hy log v + log dety D? +o(1).

A similar argument shows that log detg(Dé +2) = log dety D%, +o(1) as v — 0T,
since D¢ is invertible by definition of the Calderén projectors C+. This proves our
proposition for detg(D2 +2, Dé +v?) as v — 0. A similar proof gives our result
for detg((DC)2 +12, (DE,C)2 +12) as v — 01, since in this case both D¢ and D¢, are
invertible. [J

9. Proof of the main theorems
For Theorem 1.1, we begin with formula (2) of Theorem 8.5, which implies that

det;(D* +v*, D} +v%)
det; (D)% 4+ v2, (D§)? +v2)

= Cdety (K(v)K(iv)™ ) - detp (K(—iv)K (—iv)™h), 9.1)

where C is a constant. To find the constant C, we take v — oo on both sides and use
(1) in Proposition 8.4 to see that the left-hand side of (9.1) tends to unity, and use

Jim_dety (K@vKeGiv)y ™ H =1, Jim_dety (K (—iv)K(=iv)™") = detp U,
)—> 00 — 00
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from Theorem 6.4, to get
C =dety (U™") = (=)™ dety (U,
where we used the definition of U. Substituting this expression into (9.1), we obtain

det;(D? 4+ v*, D} +1?)
det; (D) +v2, (Dg)? +v?)

= (=)™ detp (U~") detp (KGv)KE(iv)™") - detp (K (—=iv)KE(—iv) ™).

We can evaluate the right-hand side by Theorem 5.9: for positive v near 0, we have

d+0U
detr (K (£iv)KC(£iv) ™) = (1) (det £)~! dety ( + )(1 +o(1)),
therefore as v — 0,
det:(D? 4+ v?, D} + %)
det; ((D€)? + 12, (D)% +v2)
— 2" (det £)2detp (U )detp< ) (14 o(1))
Ad+U + U™
= (det £)72detp (=) (1 +0(D).
4
On the other hand, by Proposition 8.6,
dety(D* +v*,Dg +v?) by det:(D?, D2)(1 + o(1))

. =V : .
det; ((D)? +v2, (D§)? +12) det; (D)2, (D5)?) (1 + o(1))
Equating the previous two lines and then taking v — 0T, we conclude that

. , 2Ad+ U + 0!
det;(D?, D2) = det; (D)2, (D5)?) (det £)~2 dety (%)
The next lemma completes the proof of Theorem 1.1.

Lemma 9.1. We have

- 0)—h
det, (D2, (DG =2 7.
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Proof. By the main theorem of Loya and Park [28], we have

(2 (0)+h
(’Df,() v 2C

. . (2 (0)+h
det; (D)2 =2 L dety(De)? = (27980 )2

where C = (I'(s)~'¢ D2 (s — 1/2))'(0), and dividing completes the proof. [

Using Theorem 1.1 and the main result of Loya and Park [26], we prove the gen-
eral formula in Theorem 1.2 for other boundary conditions P; € Gri (D-), P, €
Gr} (D4).

To state the result proved in [26], we first need to recall some notation from the
introduction. Let x; : L2(Y,ST) — L2%(Y,S™) be the map that determines P; as
k+ does for Ci. Let P; be the orthogonal projection of L2(Y, So) onto the finite-
dimensional vector space ran(C—) Nran(Id — P;). Then we introduce a linear map L
over ran(C_) Nran(Id — P;) defined by

Li:=—-P,GR_'GP,,

where R_ is the sum of the Dirichlet to Neumann maps on the double of M_, that
was introduced in [7]. In [26], we prove that £; is a positive operator so that det £
is a positive real number. The main result of Loya and Park [26] is the following
comparison theorem.

Theorem 9.2. For the orthogonal projection Py € Gri, (D-), the following comparison
formulas hold:

detsz 21d + U + ﬁ—l
— Pl (det £1) - detr (#)
detg DC, 4

1
i(Dp,) —i(De_) = TLog detr Uy mod Z,
T

where Uy is the restriction of Uy := K,Kfl

(—1)-eigenspace.

to the orthogonal complement of its

Similar results hold for the corresponding objects over M with the proper changes
taking care of the orientation. We shall use the notations kp, Uz, and L, for the
corresponding objects associated to the pair (D4, P). Theorem 1.2 in the introduction
now follows easily: by Theorem 1.1, we have

detC D2
2 2
detg DC+ . detg ,DC,

_ 5y O

21d+l7+z71)

Y -2
(det £)72 dety ( -
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and by Theorem 9.2, we have

det; D2 20+ U, + 0!
C_;’I — (det £1)? - detp (#)
dety DC_ 4

det; D2 2Id + ﬁ + (7—1
Q—ZDZ = (det £2)2 . detF <#)7
dety DC+ 4

then combining these equalities we get exactly the formula of Theorem 1.2.
Recall that if f(¢) is a smooth nonzero complex-valued function on an interval [a, b],
then the winding number W(f) € Z of f is defined by the equality:

log f(b) —log f(a) = Log f(b) — Log f(a) + 2ri W(f), 9.2)

where log f(¢) is any continuous logarithm for f(¢) with ¢ € [a, b] and Log denotes
the principal value logarithm. An integral expression for the left-hand side is

b
« f()

log f(b) —log f(a) = dt. 9.3)

We now prove Corollary 1.3 by following almost verbatim the proof for the (-
determinant! By formula (1) of Theorem 8.5, we have

1
n(D, De) = ——,< lim (log detr K (iv)K“(iv)~' — log detr K (—iv)K“(—iv)™")
7Tl \ vV—>00

— lim_(log detr K (MK“(v)™" — log dety K(—inK“(=in™")).

v—0

By Theorem 6.4, we have
lim detg (KGv)KCGv)™ ) =1, lim detg (K (—iv)K¢(—iv)™") = detp U,
V—00 V—00

so by definition of the winding number (9.2), we have, modulo 27iZ,

vlirr;<> (log detp K(iv)KE(@iv)~' — log detp K(—iv)KC(—iv)_l) = —Logdetr U,

where the integer defect is just the winding number of detr (K (A)K€(A)~") from —ioco
to ico. We remark that via (9.3) this winding number can be explicitly computed by
quadrature of Tr(k’(A)k(A)~1) with k(1) = K(A)K(A)~! or in terms of the resolvents
as shown in Theorem 4.4. Similarly, by Theorem 5.9, for positive v near 0, we have

detr (K (£iv)KE(£iv)~") = (1) vi¥ (det £)~" detp (Id + U)(l +o(1))
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so by definition of the winding number (9.2), we have, modulo 27iZ,

lim (log detr K (iv)K“(iv)™" — log detr K (—iv)K*(—iv)~")

v—0t

)= 0, h s even
| —mi, hpodd,

where the integer defect is just the winding number of detz (K (1)K€(A)~") from —iv
to iv for v > O sufficiently small. These equalities imply that

- 1
n(D,D¢) = rLogdetp U mod Z,
Ui

where the integer defect consists of the aforementioned winding numbers if %, is even
or is shifted by (hy — 1)/2 if hys is odd. This completes the proof of Corollary 1.3
when P; = C_ and P, = C4. The general case considered in Corollary 1.3 follows
from applying the comparison Theorem 9.2 in a similar manner as we did for the (-
determinant case and recalling that the integer defect for the eta formula in Theorem 9.2
is given in terms of winding numbers that originate from completely natural operators
defined from P; and C_ [26].
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